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Fuzzy Linear Programming

In this chapter, based on the general fuzzy linear programming, we first aim at
discussing how to solve an optimal judge problem of Zimmermann arithmetic;
then we put forward “the more-for-less paradox” of fuzzy linear programming,
inquiry into the one with various fuzzy coefficients, and study a new linear
programming model with T- fuzzy variables. Finally we make some extension
to fuzzy line programming.

6.1 Fuzzy Linear Programming and Its Algorithm

Suppose that x = (x1,22, - ,2,)T is an n-dimensional decision vector,
¢ = (c1,¢2,++ ,¢,) is an n-dimensional objective coefficient vector, A =
(ai;)(1 < i < m;l < j < n)is an m x n-dimensional constraint coeffi-
cient matrix, b = (by, b2, -+ ,by,)T is an m-dimensional constant vector, and
fuzzify objective and constraint function in the ordinary linear programming,
then

max (or min) z = cx
s.t. Az <b, (6.1.1)
x>0,

we call it a fuzzy linear programming. Let the rank(A4)=m. “<” denotes the
fuzzy version of “<” and has the linguistic interaction “essentially smaller

than or equal to” [Zim76][LL01]. max represents fuzzy maximizing, written
n

n
as cx = ), ;x5 Ax = (3 aijTj)mxn(l < i <m).

j=1 j=1
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140 6 Fuzzy Linear Programming

The membership function of fuzzy objective g(x) is

n
=30 ey
j=1

n

0, when Y ¢jz; < 2o,
n / ! n
= (> ¢jwj — z0), when zp < > cjzj < 20 + do,
do j=1 j=1
n
1, when Z Ccjxj > 2o+ do,
j=1

n
written as to = Y ¢jz;, the image of §(to) is shown as Figure 6.1.1.

Jj=1

1g(to) ()
1 1
0 - 0
20 20+ do to b; b + d;
Fig. 6.1.1. Image of g(to) Fig. 6.1.2. Image of f(t;)

The membership functions of fuzzy constraints f(z) are:

= aiz))
j=1

n
1, when )" aj;x; < by,
1 n =1 n
=<¢1- (Z Q;jjTj — bz), when b; < Z ai;ri < b; + d;,
d; "j=1 j=1
n
0, when > cjz; > b + d;,
=1

(6.1.2)

~
ST

(6.1.3)

n ~
written as t; = ) a;jx;, the image of f(t;) is shown as Figure 6.1.2, where

j=1
d; > 0(0 < i < m) is a flexible index by an appropriate choice.

Consider a symmetrlc form fuzzy linear programming (6.1.1), written as
pg = S 7 and pg =M ¢, and we call it condition and unconditional fuzzy

superiority set of f concerning constraint S , respectively.
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6.1.1 Replacement Solution Method in Fuzzy Linear Programming
Theorem 6.1.1. For a symmetric type programming, we have

~(z) = - (2)). 1.4
max ps (2) arg[%ﬁ](anHggqu(x)) (6.1.4)

Proof: From Decomposition Theorem, we denote fuzzy constraint S for

ps(@) =\ /A Sa(x), then

a€l0,1]
Bp) = Paw N\rs@) =na@ N (@ Sa(2))]
ael0,1]
=\ lua@) N\ Sa(2))]
ael0,1]
where S, (z) = {(1): i ; ga, Hence
Enea))éub(x) = \/ \/ [na(@) /\(a/\Sa(x))]
z€X a€l0,1]
=V ALV (ua@) A\ Sa@)])}
ael0,1] zeX
while
V la@) A\ Sa@)] ={ \/ [na@) A Sa@} VLV ta@) A Sa@)]}
zeX €S ¢ Sq
=\ nal)
€Sy

Therefore, (6.1.4) is certificated.
For the sake of the convenience, let
(1) @3 0,1] = [0,1], wle) = max g (o)
) %: (0,1 = [0,1], ¥(a) = a Apla).
Obviously, ¢ has the properties:
0 _ ()
17 (0) = max pg(2);
20 ¢ is a gradually decreasing function.

Asai, Tanaka et al have given ¢ a sufficiency condition of continuity [TOA73]:
If fuzzy constraint S is a strict convex fuzzy set, then function ¢ is a
continuous function in [0,1].

Theorem 6.1.2. If ¢ continues in [0,1], then ¢ has a unique fived point.

Proof: If f(a) = o — ¢(a), we know ¢(«) is a continuous function in [0,1],
f(«) also is a continuous function in [0,1].
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Because f(1) = 1 — ¢(1) > 0, which comes from value region of ¢(«)
decision at [0,1], similarly, we have f(0) =0 — ¢(0) < 0.

Therefore, point o* at least exists in the continuous function ¢(«) in [0,1],
such that f(a*) =0, i.e., o* = p(a*).

Now prove uniqueness. In reverse suppose of af,as, all satisfy ¢(af) =
o, o(as) = ab, when of < o, then ¢(aj) < ¢(a3). This is impossible,
and because of p(«) definition, we have of < o <= p(af) = ¢(a3); hence
o] = o3.

Theorem 6.1.3. The fized point «* of the continuous function («) is all the
fized point of the function (), i.e., Y(a) = a*.

Proof: (a*) = a* A p(a*) = a* ANa* = a*.

Theorem 6.1.4. If v is continuous, then
max pup(z) = P(a”) = a
to fuzzy adjudge pj(x), where o is the fized point in .
Proof: Because max pp(x) = max ¢(a),(a*) = a* A p(a*) = oF, it only
zeX a€l0,1]

proves max ¥(a) = (a*).
ael0,1]

Therefore,
Va € [0,1], ¥(a) < ¢(a®),
ie.,
Y(a*) = max Y(a).

Theorem 6.1.5. If o* is a fixed point of the continuous function (), then

ot = max i, (x), that is, the fized point o of () is a determination optimal
re

judgment value x*.
From Theorem 6.1.4, it easily gets a* = max p 3 () = max pp(x).
z€Se 0 zeX
Thus, we converse fuzzy linear programming into a process to solve an
ordinary linear programming.
In (6.1.1), we only discuss finding maximum problem in objective function

f(z) (to find a fuzzy minimum problem, we can convert it into finding a fuzzy
maximum of — f(z)).
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Concrete steps of solution to (6.1.1) shown follows.
1% Solve two linear programmings
(I) min cx
s.t. Az < b,
x>0,

(IT) max cx
s.t. Az < b,
x> 0.

Find the minimum m = mincz and maximum M = maxcz are obtained,
respectively. If zero stays in the feasible region of Problem (I), and coefficient
¢ is all not negative, then m = 0 can be got directly.

29 Determine replacement accuracy € > 0.

According to Theorem 6.1.1, we take vy € (0, 1), suppose k = 1, and change
the problem into finding a linear programming

max (1 5, ()

s.t. Az < by,
x>0,
cr—m
where g, (2) = 57 " bay = {(1 = a)pr + bi, (1= an)pa + bayeo (1
ak)pm +bm}
We can get a maximum gy = max pz (7).

TESa,

3% A calculation error: e, = g — u.

If |ex| < €, then to Step 4°. Otherwise, suppose a1 = i, +YxEx, Where vy,
is a replacement modifying coefficient, it needs appropriately selecting, such
that 0 < a1 < 1. Then, we change k into k + 1, and turn to Step 2°.

49 Let o* = ay,. Then solve the linear programming

max 5 ()
s.t. Ax < by,
x> 0.
From the knowledge of Theorem 6.1.5, the obtained optimal solution sets is
an optimal solution to (6.1.1)(determination judgement).
Theoretically, there exists uncountably infinite o in Step 3° at [0,1]. In

fact, it can’t be compared with one by one calculation. In order to solve the
problem, we shall apply the concept and theory of a fixed point.

6.1.2 Zimmermann Algorithm to Fuzzy Linear Programming

Reconsider problem in (6.1.1). In order to find an optimal solution to a fuzzy
objective function under the fuzzy constraint, we can convert a fuzzy objective
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function into a fuzzy constraint condition cx 2 zg, correspondingly, it has a
fuzzy set G € Z(z) (the fuzzy objective set) in X, its membership function

< b, a fuzzy set S; in

~

n
s (6.1.2), and for every constraint condition > a;x;
j=1
X corresponds to it and its membership function is (6.1.3).

Let S = 5152~ Sm € F(X). Then we call it fuzzy constraint set
corresponding to constraint condition Ax < b,z > 0, when d; = 0(1 < i < m),
S is changed into an ordinarily constraint set S, and at this time, “<” s
changed into “<” in constraint equations.

Definition 6.1.1. Suppose 15 (), 13, (*) is in turns the membership function
of fuzzy objective and i-th fuzzy constraint, then we call fuzzy set D satisfying

pp(x) = pa(x) A( /\ pg, (), > 0 is fuzzy decision in (6.1.1), but point z*

satisfying pp(2*) = \/ fp(x) is an optimal solution in (6.1.1).
reX

Fuzzy programming (6.1.1) can be written as

—cx < —zo,
Az < b, (6.1.5)
x>0,

where z( is an expecting value for objective and it is a constant. We can see it
easily at pg(z) = 1, ps(x) = 0, and hope to make the objective value bigger
than zp, but must be lower than pg(x), caring for fuzzy constraint set S with

a fuzzy objective set G at both sides, according to the definition we can use
fuzzy judgement D = G S, i.e.,

(@) = i) N\ ) = s @) AL s, ()
N y Z‘; (6.1.6)
= Alsg,(B)] = min (7 (P

o<i<m

where (Bz); denotes an element of matrix (Bz) in i-th row. B = (—¢, A)7,
b = (—z, b)T.

' _ (Bz);
Let « = min (°* (Bz)

o<i<m i

), then p5(z) = o, hence we can get the follow-
ing.
Theorem 6.1.6. Mazimization [15(x) is equivalent to linear programming

max G =«

1 n
s.t. 1—d(Zaijxj—bj)>a (I1<i<m),
ti =1 (6.1.7)

1
(X ¢jwj —20) 2
0 j=1

Oéaél,xl,-“,xn}().
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Again according to Definition 6.1.1 and Theorem 6.1.6, and obviously.

Theorem 6.1.7. Suppose z* = (x%, x5, ,x;a*)T is an optimal solution

in (6.1.7), then x* = (a3, x5, -+ ,2:)T is an optimal solution in (6.1.1), and

they have constraint and optimization level of c.

Zimmermann initiated an arithmetic to Problem (6.1.1)[Zim78]. Here we
introduce its solution as follows:

1% First find an ordinary linear programming

maxz = cr

s.t. Ax < b
x>0
and
max z = cx
s.t. Ax < b+d,
x>0,
we obtain a maximum value zg and zg + do, where b+d = (by +dy, -+ , b +

d,)T. Here, zg is an object function maximum under the constraint condition
Az < b obeyed strictly (the membership degree is pg(z) = 1 at this time).
zo + dp is an object function maximum when the constraint condition to be
relaxed as Az < b+d (the membership degree p15(x) = 0 at this time). zp and
zp + dg corresponds to two extreme cases pug(x) = 1 and pg(x) = 0, which
can adequate lowers membership degree pg(x), such that the optimal value is
improved, lying between zp and zo + dg.

20 Construct a fuzzy object set G € .%(x), its membership function is like
(6.1.2), hence, fuzzy judgement in (6.1.5) is that in (6.1.6). Then finding the
optimal point x*, such that

pp(a®) = paa) N ps®) =\ nel@) \ng@)).

zeX

zeX

According to Theorem 6.1.6, this is the ordinarily linear programming with
the parameter
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max G =«

n
s.t. Zaijffj +dia < b +d;, (1 <i<m),
j=1

n
E cjxj —doo = zo,
Jj=1

0<O&< 1,1‘1,"' s Ly 20
We find its optimal solution z* = (x%, 23, -+ ,2%;a*)T by use of a simplex
method, thus optimal point x* = (z%,23,--- ,2%)T in (6.1.1) is obtained by

Theorem 6.1.7; corresponding, the objective function value is z* = cz*, the
optimal level is pp(2*) = a*.

6.2 Expansion on Optimal Solution of Fuzzy Linear
Programming

6.2.1 Introduction

We consider a form of linear programming with fuzzy constraint in (6.1.1)
being -
(LP) max z = cx
s.t. Az < b,
z =0,

its corresponding parameter linear programming presents as follows:

(LP,) max ¢’z
st. Ax < b+ (1 —«)d,
x>0,

where a € [0,1]. Let (), a € [0,1] denotes an optimal solution to linear
programming (LP, ), and B, denotes an optimal basis, z, denotes an optimal
value.

After Zimmermann’s algorithm [Zim78] has been given, people always sim-
plify it and obtain the optimal value at o* = 0.5 [Fu90], [Pan87], [LLI7].
However, the above results hold in the case that the optimal basis of (LFP)
is identical to that of (LP;). If the optimal basis of (LFy) is not identical to
that of (LP;), what is the value of o when its optimal solution is obtained?

6.2.2 Relevant Theorems of Parameter Linear Programming (LFP,)

Lemma 6.2.1. Assume (1) = (:vgl), e ,SE%),O, —,0)T, its corresponding
optimal basis is By, consisting of the first m columns of A. If By *(b+d) >0

does not hold, there will be (%1 Zj) 20 <b-50-d> .
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Corollary 6.2.1. Suppose 0 < a1 < as < 1, without loss of generality, let
ploz) — (xga("), e ,ngfz),(), - ,0)T. Its corresponding optimal basis is B,
which consists of the first m columns of A. If By (b+ (1 —az)d) > 0 does not

hold, there will be (Bgl ]}7> 2l0) £ <b+ (10— al)d) .

Theorem 6.2.1. Let 0 < a1 < ag < 1. Suppose that the optimal solution
to linear programming (Lq,) is x(®2) = (x§°‘2), e ,x$,?2),0, 00T, and the
corresponding optimal basis is Ba,, there exits

(1) I BX(b+ (1 —as)d) > 0, then @ = <Bc721(b+ (- O‘l)d)) is the

optimal solution to (La, ).
(2) If By} (b+ (1 — az)d) >0 does not hold, there is ¢’z > zq, .

Proof:
(1) Tt can be immediately proved by a simplex method of the linear
programming.

(2) Without loss of generality, we only consider aq = 0, e = 1, that is, we
only prove that if By *(b+ d) > 0 does not hold, there exists

—1
g <31 (g+d)> o 2= T,

Transforming x by
L .
By N 2. aijrj, (1<i<m),
=0 1 )r=
0, (m+1<i<n).

Since Bj is a feasible basis of (LP;), this transformation is full rank. There-
fore, objective function can be transformed into function with respect to £ as
follows:

-1 _p-1
f(x):ch:cT(B(l) B} N>§:lel+"'+cngn-
According to the Theorem 2 of [Fu90], we have

¢ 20,(1<i<m),¢; <0, (m+1<i<n).

Now we consider linear programming (LFP).
By Lemma 6.2.1, we obtain

(57)em 4 (75%)

Since (9 is the optimal solution to (LP,), there is Az(®) < b+ d.
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We obtain it because, at least, one of the following inequality holds,
j=1

fl-(o):xgo) >0(m+1<i<n).

Such that we have

m n
(0) 205(0)<ZCZ +d;)+ Z ¢ 0
i=m+1

_ T (B6 —B}1N> (bgd) _ T (Bll(g%—d)).

20 = f(29) =Tz < ¢ (Bll(b+d)) ,

Therefore,

0
the proof is completed.

Theorem 6.2.2. The optimal value zo of the linear programming (LP,) has
a linear relation with o and the slope increases with the decrease of a.

Proof: It follows from Theorem 6.2.1 that
cngflb < cguBglb
and
¢, B (b+ (1 —a)d) < e, By H(b+ (1 — a)d),

so that

—cngfld —cB B 'd.
Similarly, if 0 < a1 < as < 1, then
—cp, Ba,d < —cp, Bld
Furthermore, the optimal value Z,, of (LP,) with respect to parameter, « is
zo =cp By '(b+ (1 —a)d) = cp B, ' (b+d) — acg, B, 'd.

Therefore, the results hold, which completes the proof.

From the theorems we can get the z, diagram as Figure 6.2.1 and Figure
6.2.2.
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Zot

20

21

o
—_
Q

Fig. 6.2.1. By '(b+d) #0and By'b # 0

2ot

20

21

o
—_
Qe

Fig. 6.2.2. By'(b+d) > 0o0r By'b>0

6.2.3 Optimal Solution and Algorithm for Fuzzy Linear
Programming

From the methods of Zimmermann, its representative method is to transform
fuzzy linear programming (LP) into general linear programming as follows:

max «

st. Ar +da<b+d

o — doav >
«

z>0,0<

(LP)
21,
<1
where do = z9 — 21.

Suppose (a*,2*) denotes an optimal solution to (LP), we discuss the rela-
tion between (a*,2*) and (LP,+), then the results are obtained as follows.

Theorem 6.2.3. If (a*,z*) is the optimal solution to (LP), then x* is the
optimal solution to (LP,x~).

Proof: Disproof. Suppose z* is not an optimal solution to (L P, ). Since it is
a feasible solution, we have ¢’ 2* < z,. By Theorem 6.2.1 and Theorem 6.2.2,
there exists aq € [o*, 1] such that

e < zq, = L) < o
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and
Az = b4 (1 — ay)d.

Let dy = z9 — z1. Since zp, z1 is the optimal solution to (LFPy) and (LP),
respectively, we have dg > 0, then

clploen) — 5 cTrr — 2 N

> Za,
do do

T ,.%

Za* — R1 cr —z

o > > o,
do do

Za* — %

d ' and take a = min(aq, az). Then
0

Let ag =

Az =+ (1 —ay)d < b+ (1 —a)d

and
clala) — 2z

do -

— *

a>ar,

ie., Az(@) +ad < b+ d, ) —doa > 2.
So (@, z(*1)) is a feasible solution, but & > a*, which contradicts with the
conditions in this theorem, which completes the proof.

Therefore, we only consider the optimal solution o and optimal value z, to
the linear programming (L P, ) for the fuzzy linear programming. That is, we
only consider the function z,.

Moreover, a membership function of fuzzy objective sets is defined as C,, :
Za = 21 + dpa, where dy = zg — z1, which is a simple fuzzy number, and its
image is a straight line. Therefore, for the fuzzy linear programming, when
the ‘intersection’ operations denote the fuzzy decision, their optimal solution
equals the intersection point of Figure 6.2.1 (or Figure 6.2.2) and the straight
line. It is the intersection point of object function Sy, : zo = z1 4+ dpar and the
constraint function

zo = cp By (b4 (1 — a)d).
From above results, we have the following conclusions.

Theorem 6.2.4. Suppose that the By and By are optimal basis of (LPy) and
(LPy), respectively.

1) If By'b >0, or By (b+d) = 0, then fuzzy decision of (LP)is a = 0.5.
2) If By'b # 0 and By ' (b+d) % 0, then fuzzy decision of (LP) is a > 0.5.

Proof: 1) When Balb > 0, from the Theorem 6.2.2, the relation between
zq and « in linear programming (LP,) presents as follows:

2o = cp, By (b+d) —ach By'd=ch By (b+d) — ach, By 'd.
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Its intersect with the object set
Sa i 2o = 21 + doot = 24 = cngl_lb—i—acngl_ld

is o = 0.5, 24 = 5 By (b+0.5d).

As a similar argument,we can prove that the optimal solution is o = 0.5
when By ' (b+d) > 0.

2) When the two conditions in 1) are dissatisfied, from the Theorem 6.2.2,
the function

za = cp By'(b+d) — acp B,'d

is a fold line whose slope increases with a decreases.

Moreover, it is a cave function and the membership function of fuzzy ob-
jective sets is a monotonously increased line segment whose slope is dy, i.e.,
the line segment AB in the Figure 6.2.3. Therefore, z,, intersection with mem-
bership function of objective set is shown in Figure 6.2.3

Za D B
20
\
E
zZ1 A \C
0 1 T

Fig. 6.2.3. B;'(b+d) #20and B;'b# 0

Link (0, z9) and (1, z1), its line segment C'D stands under the fold line CD.

Obviously, C'D intersect AB in the point E(0.5, 20 —;— 21

0.5, we have that AB and fold line CD have no intersection joint. Otherwise, con-
tradict with the concave property of z,. It follows that their intersection point
satisfies a > 0.5, i.e., fuzzy decision a > 0.5. So the proof is complete.

). Therefore, when o <

It is easy to know from Theorem 6.2.1 and Theorem 6.2.2 that the function
2a = cp By'(b+d) — acp B,'d
is a sectional function. Then the function can be expressed as
za = cp, By (b+d) — acl, By 'd (6.2.1)

and
za = cp, By ' (b+d) — ach, By''d, (6.2.2)

when the function z, cross through (0, zp) and (1, z1), respectively. The inter-
section point of the above straight line is
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O/—cBl b+ d) =k Byt (b+d)
B & By'd—c% By'd '

Suppose that By '(b+ (1 —a’)d) > 0, then we have By '(b+ (1 — a/)d) > 0.
In fact, if By '(b+ (1 —a’)d) # 0, and since By ' (b+ (1 — a/)d) = 0,z is
an optimal solution to (LP,).
By Theorem 6.2.1 and Theorem 6.2.2, we obtain ¢’ > 24/, i.e.,

2ot = CB’lT(Bl_l(b +(1—a)d) > za,
which self-contradicts, so
o+ (1—a))d) = 0.
Therefore, the function z, is subsection function below:

= L By'(b+d) —ack By'd, 0<a<d,
¢k Brt(b+d)—ack Bi'd, «o

It follows from the above theorems that the optimal solution is the inter-
section point of S,: 2z, = 21 + dpa and z,,. L

However, when By ' (b+(1—a’)d) # 0, the method to (LP) represents very
complicated. We can obtain the optimal solution to fuzzy linear programming
by solving the corresponding linear programming (LP).

We suggest the algorithm to (LP) below:

19 Obtain the optimal solution z(9), z(1) to linear programming (LPy),
(LPy). We denote their corresponding optimal basis as By, Bi, its correspond-
ing objective function coefficient as cp,,cp, and its optimal value as zp, 21,
respectively.

29 Compute the intersection point of two straight lines z, crossing through
(0,20) and (1, 21), respectively, denoted by o’.

3% Determination. If By '(b+ (1 —a’)d) = 0, go to 4°; otherwise, go to 7°.

49 Compute the intersection point of the function z, and S, we obtain
(a1,20,). If @ > aq, go to 5% if o’ < ay, then go to 6°.

59 Write a = ; ZZO+_C;1 B4’ the optimal solution to programming
0 — 21 +cp by
. . By'(b+ (1—a)d .
(LP) is « = < o ( O( ) )), the optimal value equals to z,, =
cgoBal(b + (1 — a)d). It ends.
Brtd
0 : CBl . . .
6” Write a = the optimal solution to programming
0 —2z1 + CB B 14’
(LP) is z = (b +O(1 a a)d)) , the optimal value is zo, = c5 By '(b+

(1 —a)d). Tt ends.
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7% Solve linear programming (fﬁ) and we obtain optimal solution x of the
(fﬁ) and the optimal value z. It ends.

If the intersection point o satisfies the condition By (b + (1 — a/)d) > 0,
it is easy to get a conclusion as follows.

Theorem 6.2.5. Assumption condition of 2) holds in Theorem 6.2.4, o is
an intersection point of (6.2.1) and (6.2.2). If By'(b+ (1 —a')d) > 0, then
the linear programming (LP,) is degenerative [Cao91c], and that is the basic
variable By '(b+ (1 — &’)d) in optimal basic solution with a zero value.

6.2.4 Example

Example 6.2.1: Find
max xi1 + Tg
s.t. x1 + 222 < 100,
1 < 50, (6.2.3)
e < 20,
r1 =2 0,29 > 0.

Step 1. Let d = (0,5,5)”. Then optimal basic of corresponding (LP;) is By,

1-1-2
and By'=(0 1 0 sepr = (0,1,1).
00 1

Solve linear programming
max Ii -+ T2
s.t. x1 + 229 < 100

and we get an optimal solution z(!) = (xgl),:v(;),yg) = (55,22.5,2.5) as well
as an optimal value z; = 77.5.
Let d = (0,2,2)7. Then optimal basic of corresponding (LP,) is By, and

0.5 —0.50
By'=[0 10 sepor = (1,1,0),
0.5 0.5 1

and optimal value is zg = 70.

Step 2. Solve
L B (b+d) — ¢k Byt(b+d)

o] =
T p-1 T p-1 )
cp, By d—cp By d

1
we get v = 3
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Step 3. Since

1-1-2 100 0
B'b+(1—-ap)d)=101 0 50+§ = 50+§ ,
00 1 20+ 3 20 +

we turn to Step 4.

Step 4. Given the optimal value z, in parametric linear programming (LP,)
with respect to the function of parameter o as follows:

; _{80—10a, y<a<l1
* 7775250, 0 < o <

and the objective function is S, = 70+ 7.5a.. Solve the intersection of the two

functions, we obtain the interaction point (‘71, 530). Since ‘; > g,), we have
_ 365 155 25
ep = B0+ (- a)d) = (O, 10,
Therefore, the optimal solution in fuzzy linear programming (6.2.3) is ob-
. 4 365 155 . 520
tained as a = 7,x1 = . , Ty = - and optimal value denotes z = .

6.2.5 Conclusion

From the relation between linear programming (fﬁ) and parameter o, we
know that optimal problem (fﬁ) can be transformed into solving the inter-
section of two linear functions. It is a fuzzy optimal solution obtained directly
from the optimal solutions (1), z(9) of programmings (LP;) and (LP,) and
optimal basis B; and By, so that it is unnecessary to calculate the more
complex linear programming than (LP;) and (LF).

6.3 Discussion of Optimal Solution to Fuzzy
Constraints Linear Programming

6.3.1 Introduction

In this section, we focus on the fuzzy constraint linear programming. First
we discuss the properties of an optimal solution vector and of an optimal
value in the corresponding parametric programming, and propose a method
to the critical values. Then we present a new algorithm to the fuzzy constraint
linear programming by associating an object function with an optimal value
of parametric programming. -

The normal form of a linear programming with fuzzy constraint is (LP) as
Section 6.2.1
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(LP) max z = cx
s.t. Az < b,
x>0,

the representative method to (f]g) is to turn it into a classical linear pro-
gramming [Cao02a]. We will try to explain the number that its fuzzy decision
usually is 0.5 found by Researchers [Cao02a|[Fu90][LC02][Pan87]. Here we

shall propose another algorithm to (LP).

6.3.2 Analysis of Fuzzy Linear Programming

Suppose z,, denotes an optimal solution to (LP,), B, and z, an optimal basis
matrix and an optimal value of (LP,), respectively, and then we consider

(LP,) max z=clz
st. Az < b+ (1 — a)d,
z =0,

where « is a parameter on the interval [0,1], d > 0, b + (1 — a)d will vary
with parameter av. Its optimal solution is B, (b+ (1 —a)d). If we solve (LP,)
by using a simplex method, there is no relationship between discriminate
number ¢ = ¢y — cg B~'N and parameter «, so the variation of an optimal
basis matrix is decided only by z,.

6.3.2.1 Properties of the Parametric Linear Programming

Definition 6.3.1. Let B be one of the optimal basic matrix of (LP,). If
an interval [, ag] exists, satisfying that B is an optimal basic matrix of
(LP,) (Yo € [aq,a]) while B is not an optimal matrix for each a€lay, aql,
we call that aq and s critical values of (LP,) and |1, as] a characteristic
interval.

Theorem 6.3.1. (LP,) has a finite characteristic interval on the interval
[0,1].

Proof: Let us assume B is an optimal basis matrix of (LFP, ), and there are two
characteristic intervals [a;_1, ;] and |41, aita], (0 < @jt1) corresponding
to B. The optimal solution to (LP,) is (v, zx)T, where

rp = Bil(b—F (1 — Od)d) > 0,a € [ai_l,ai] U [ai+1,ai+g],

N =0,0; < aqr.

Soxp = B 1(b+ (1 — a)d) > 0 when « € [, a;+1], this means an optimal
matrix of (LP,) is also B on the interval [a;, aj1]. Therefore the character-
istic interval where the optimal matrix keeps invariant is [c;—1, a;y2]. So the
optimal matrix has only one corresponding characteristic interval. Because
the coefficient matrix of (LP,) keeps invariant on the interval [0,1], and an
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optimal matrix is finite, the number of characteristic intervals is finite. This
means (LP,) has finite characteristic interval on the interval [0,1].

Theorem 6.3.2. Let B be an optimal basis matriz of (LP,) on a character-
istic interval (a1, as]. If (B71b); # 0(1 < i < m), then

ar = max[[B(_B(bl—g)?)]i,O | (B~1d); < 01 <i < m)], (6.3.1)
= min[[B(;(_bl_;)f)]i 0] (B7'd); > 0(1<i< m)] (6.3.2)

is derived, where (B~1(b+d)); and (B~1d); are the i-th components of B~ (b+
d) and B~1d, respectively.

Proof: We can use partitioned matrices to represent the simplex method to
a linear programming [LL97]. Since

(CE; czjfv b+(1z— a)d> . (CZ B:VN B—l(b+z(1—a)d)>

I B7IN B71(b+ (1 —a)d)
Ocy —cgB™'N z—cpB 1 (b+ (1 —a)d) )’

where IV is a non-basis matrix corresponding to B, there is no relationship
between variable o and the discriminate number. B=1(b + (1 — a)d) > 0 is
only required in order to make the optimal matrix of (LP,) invariant. This
means

Vi, [B7H(b+ (1 - a)d))i >0,

ie.,

Y i,[B~Hb+d)]; — a(B~'d); > 0.

By solving this inequality, we can obtain a € [a1,as], where oy and ay are
represented with (6.3.1) and (6.3.2). It is obvious that the optimal matrix of
(LP,) will change at a > a2 or a < 1. Therefore the characteristic interval,
corresponding to the optimal basis matrix B, is a1, ag].

Based on the above conclusion, we can easily get the properties of optimal
value function Z, as follows.

Property 6.3.1. Let B be an optimal matriz of (LP,) on the characteristic
interval Jo;, aj]. Then zo = B~ (b+ (1 —a)d)(a; < o < o) is a linear vector
function about variable o. The optimal value function zo = cg B~1(b+ (1 —
a)d) is a linear function about variable o and decreases with the increase of
variable «.

Property 6.3.2. The optimal value function z, of (LP,) continues on the
interval [0,1].
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6.3.2.2 Optimal Solution to Fuzzy Linear Programming

Theorem 6.3.3. Let S be the fuzzy constraint, G the fuzzy objective function
on domain X, then the optimal solution z* to the fuzzy optimal set D = GAS
satisfies

pp(2”) = max pp(2)

= oza, (o e s ()

where Sy = {z|r € X, ps(x) > a} [Cao02a).

The fuzzy objective function can be defined as G, : zo, = 21 + dp«, we can
use the intersection of the fuzzy objective function G : zo = 21 + doa and
fuzzy constraints S, : 2o = cpo By 1 (b+ (1 — a)d) to find an optimal decision

of (EIS), shown as in Figure 6.3.1.

Zaok
Z0 SO‘
Z1 Ga
0 |1 > (6%

Fig. 6.3.1. The Intersection of G, and S,

6.3.3 Algorithm to Fuzzy Linear Programming

Let z; be an optimal value of (LPy), and zy be an optimal value of (LFp),
dy = zp — z1 > 0. Based on the above conclusions, we give a new algorithm to
fuzzy linear programming as follows.

Step 1. Solve linear programmings (LFPy) and (LP;).
Let the optimal solutions be xg,z1, the optimal values be zg, 21, and the
optimal matrix of (LP,) be By.

Step 2. Solve
[Bo~'(b+ (1 — a)d)]; = 0.

Assume the solutions as
Qq, - ,Oén_l,(0<041 <<l ap—r < 1).
Let g =0,a, =1, a=aq,k = 1.

Step 3. Solve (LP,).
Let the optimal value be z,. If z, < 21 + dpa, turn to Step 4, otherwise let
k=k+1,a=ag, turn to Step 3.
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Step 4. Solve the optimal decision

* Zlay = Zlag_1 — Zog_1ax T Zagak_ 1

a p—
Zag, — Zag_1 — xdo + ag_1dp

Step 5. Solve linear programming (LP,~), and we can obtain an optimal so-
lution z,+ and an optimal value z,x.

Example 6.3.1: Calculate

max 31 + 5o
s.t. Txy + 229 < 66,
bx1 + 3x9 ,S 61,
r1 + 2o ,S 16, (633)
T 5 87
T2 ,S 57
T = O(i = 1,2),

where diy = do = d3 = dy = 0,d5 = 7 is a flexible value of a object and
constraint function, respectively.

We obtain zg = 72,21 = 49, dy = 23 by calculating (LFPy) and (LP;) corre-
sponding to (6.3.3), respectively. The inverse matrix of the optimal matrix in
(LPy) is By' = (by, - ,bs), where

by = (17 0,0,0, 0)T7 by = (07 1,0,0, 0)T7 b3 = (_77 =5,1, -1, 0)T7
by = (0,0,0,1,0)", b5 = (5,2,-1,1,1)".

By calculating the equations

[B;'(66,61,16,8,12—7a)"]; =0,(i =1,--- ,5),
. . 5 2 4
respectively, we obtain vy = | ;a0 = _, a3 =

Assume oy = 0,4 = 1, and we use Lindo software to solve the linear
programming (LP,,) before we obtain an optimal value z,, = zs =67.

Because Z 5 > 7+ 154 dy, we must continue to solve the linear programming
(LP.,).

By calculating linear programming (LP,,), we obtain an optimal value
Zay = 22 =66.04. Because z2 > z1 + gdo, we must continue to solve the linear
programming (LP,,).

By calculating linear programming (L P, ), we gain an access to an optimal
value zo, = 22 =61.429. Because za <z + ‘;do, the optimal decision is a* =

0.557.
By calculating (LPp 557), we obtain

ro.557 = (6.8606,8.8990)7
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and
Zo.557 = 65.0768.

So the optimal solution to the example is 2* = (6.8606,8.8990)” and the
optimal value is z* = 65.078.

6.3.4 Conclusion

We know that optimal decision of the fuzzy constraint linear programming does
not necessarily equal 0.5, and the optimal value function figure of (LP) is not
necessarily a segment. Based on the properties of the optimal value function, we
have proposed a new algorithm to fuzzy constraint linear programming.

6.4 Relation between Fuzzy Linear Programming and
Its Dual One

6.4.1 Introduction

Let a linear programming primal problem like

min z = cx

s.t. Az = b, (6.4.1)
z =0,
while
max yb
s.t. yA<c (6.4.2)
y=0
is a dual linear programming in (6.4.1)[Dan63], where x = (z1, 22, -+ ,2,)",

y = (Y1,92, * ,Ym),¢ = (c1,¢2,+ ,¢n) b = (b1,b2, -+ ,by)7T is a variable
and constant vector, respectively, A = (a;;j)mxn I8 an m x n matrix.
We discuss relation between them as follow.

6.4.2 Case with Fuzzy Coefficients

Consider a linear programming with fuzzy coefficient to be
min z = cx
s.t. Az = b, (6.4.3)
x>0,

where ¢ is a fuzzy coefficient; its dual form is

max w = yb
s.t. gA < ¢, (6.4.4)
y =0,

where ¢ denotes a fuzzy variable vector.
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Lemma 6.4.1. The dual form of (6.4.3) is (6.4.4). If there exists an optimum
solution in one, then there exists an optimum solution in the other, with there
existing the same fuzzy optimum value in (6.4.3) and (6.4.4) for a continuous
and strictly monotone function é

Proof: According to formula (1.5.3) in Section 1.5, (6.4.1) is turned into the
following problem for solution:

min cx,

s.t. pgle) 2 1—a,ae(0,1],
Ax =b,ce Z",
x> 0.

If we define [Ver84]: Ve € Z", pz(c) = inf,ud;j(cj)(l <i <Ll < n)e =
J
(cr,e2, -+ ,cn). Butif puz(c) > 1 — o, then

infug (¢j) 21—a<=p; () 21 —a(l <j<)
J J J
= ¢j >;L¢;j_1(1—a).

Therefore, we have

n

min Z CijTj
j=1

St ¢ > g (1—a) (1<5 <),
J
Az =b,a € [0,1],
x> 0.

This problem is equivalent to

min Z CiTj
j=1

s.t. C; = uéjl(l — 04)
Az =b,a € [0,1]
x>0

< min ;. (3)x
st. Az =10,08¢€10,1], (6.4.5)
x>0,

where § =1 — «; the dual form of (6.4.5) is
max yb

s.t. yA = ,udg,l(ﬁ),ﬁ € [0,1] (6.4.6)
y=0
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<= maxyb
s.t. pglc) = B
yA=c
y=>0,8€0,1]
<~ (6.4.4).

We can see that the lemma holds because of the same parameter solutions
to (6.4.4) as well as to (6.4.6), by the equivalence of (6.4.5) with (6.4.3), and
(6.4.6) with (6.4.4), and by the mutual dual problems of (6.4.3) and (6.4.4).

6.4.3 Case with Fuzzy Variables

Consider fuzzification of linear programming
> b, (6.4.7)
0

called a linear programming with fuzzy variable [AMA93], where Z = (Z1, #2,
-, Zn)T an n—dimensional fuzzy variable vector, 0 < ¢ € Z",b € (F(Z))™

a fuzzy vector, respectively, and A € Z™*" represents an m X n matrix.
The dual problem of (6.4.7) is denoted by

max = yb
s.t. yA < ¢, (6.4.8)
y =0,

where ¢ € Z#", A € #™*", y € B™, b e (F(R))™.

Z is said to be a fuzzy feasible solution to (6.4.7) if and only if Z satisfies
the constraints of the problem. By an optimal fuzzy solution to (6.4.7) we
denote a fuzzy feasible solution, say #°, such that ¢z’ < ¢& for all & belong
to the set of all fuzzy feasible solutions to (6.4.7).

The relation between fuzzy linear programming (6.4.7) and its dual pro-
gramming (6.4.8) is as follow.

In order to solve programming (6.4.7), we shall find an optimal solution to
problem (6.4.8). However (6.4.8) is, in fact, a linear programming with fuzzy
coefficient, and we already know how to solve this. It follows that we shall
discuss the relationships between the primary and dual programmings.

Lemma 6.4.2. If & is any fuzzy feasible solution to (6.4.7) and y is any
feasible one to (6.4.8), then yb < cZ.

Proof: Straightforward.

Lemma 6.4.3. If 2° is a fuzzy feasible solution to (6.4.7) and y¥ is a feasible
one to (6.4.8), such that y°b = ci°, then y° is an optimal solution to (6.4.8)
and 7° is a fuzzy optimal one to (6.4.7).
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Proof: Straightforward.

Theorem 6.4.1. If the dual problem (6.4.8) has an optimal solution, then
problem (6.4.7) has a fuzzy optimal solution.

Proof: We first transform (6.4.7) into the form

max w = yl~)

s.t. yA+ysI = c, (6.4.9)
Y, ys = 0,
where w = (W, W, -+ ,Wy,), ys represents a slack variable and I is a unit

matrix.
Let A’ = (A, )Ty = (y,95),¢ = (c,0)T. Formula (6.4.9) is simplified as
follows: _
min @' = y’b
sty Al =, (6.4.10)
y > 0.

Let y}; be an optimal basic solution to (6.4.10). Such that @; — b; > 0 for
all j; thus, bp B~'A > b, where B is a basic matrix corresponding to A.

If we write # = bp B!, we can see that & is a fuzzy feasible solution to
(6.4.7). On the other hand, we have

Z=ci=bgB ‘'¢c=ygbp =w.
Hence, Z is an optimal solution to (6.4.7).

Lemma 6.4.4. If problem (6.4.8) has an unbounded solution, then problem
(6.4.7) has no fuzzy feasible solution.

Proof: Straightforward.

We conclude that, in order to solve a linear programming with fuzzy vari-
ables, it is sufficient to solve its dual problem. We can then obtain the fuzzy
optimal solution to our problem by using the theorem and lemmas of this
section, and vice versa.

Let pg be (1.5.3) in Section 1.5. If a fuzzified form of (6.4.1) is (6.4.3), its
primal programming with parameter is

min (m + Bdn~1)x
s.t. Ax =0b,0€10,1], (6.4.11)
z =0,

where m, n are real numbers, with ¢ > m + fdn™' <= ¢ =m + Bdn"', d
denoting a flexible index, 6 = 1 — «, ¢ is freely fixed in the value interval
[m, n], while the dual problem in (6.4.11) is

max yb
st. yA=m+ Bdn=1,8€0,1], (6.4.12)
y = 0.
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Theorem 6.4.2. Let pg : Z — [0,1] be a continuous and strictly monotone
membership function. xo is a unique solution to (6.4.1) if and only if xo
remains a parameter solution to (6.4.5) VG € [0,1](f =1 — ).

Proof: Similar to the proof of Ref.[Man79], then
xo is a unique solution to (6.4.1)

<= Vd/n € %", 3x,y,a € Mt
Ar —ba >0, —yA+ca=0,y >0
yb—cx >0, —dn 'z +dn"tzoa > 0,00 > 0
= Vdn~' € #", 3z, u,y, k,r € FrImHE2
—Ax+bk+u=0
yA — (ke + Bdn™1) =0, —yb+cx +dntzgB+17 =0
u, k7> 0,8€[0,1],8+7r>0
= Vdn~' € %", 3x,y, k € FTTT!
Ax > bk, cx = kexg, k = 0
yA = ke + Bdn1 yb > (ke + Bdn~ 1)z, 3 € [0,1]
= Vdn~t € %™, Iy, k €
yA = ke + Bdn=t, yb = (ke + Bdn~ 1)z
k>=0,8€0,1]
(cx + Bdn~ 'z < yb < yAzo = (ke + Bdn~")xo)
= Vdn~' € #", Iy € #™
yA=c+ Bdn~1 yb= (c+ Bdn~")xg
£ e€0,1], and let k =1
<= Vdn=! € #",36 € [0,1],

so a solution to (6.4.5) is found to be .

Because o denotes a feasible solution to (6.4.5), ¥ is a feasible one to
dual problem (6.4.6) coming from (6.4.5), with b = (m + Bdn~1)zo, where
y=y(p).

But, the fuzzy solution to (6.4.7) is given by an optimal solution to the
parametric linear problem [Ver84], therefore, the theorem holds.

Similar to a corollary in Ref.[Man79], we can confirm the following.

Corollary 6.4.1. The dual optimal solution y is unique to (6.4.2) associated
with a primal optimal solution xg to (6.4.1), if and only if, for a continuous
and strictly monotone membership function B # — [0,1], such that V3 €
[0,1], y remains a dual optimal parameter solution to the perturbed linear
programming (6.4.12).

Theorem 6.4.3. Let pg : Z — [0,1] be a continuous and strictly monotone
membership function. A solution xq is unique to linear programming (6.4.1) if
only if xo is still a fuzzy optimal solution to fuzzy linear programming (6.4.7).

Proof: From Lemma 6.4.1, we know (6.4.7) <= (6.4.5), so, from the result
where Theorem 6.4.2 is applied to (6.4.5), zo is a unique solution to (6.4.1)
if and only if zp remains a parameter optimal solution to (6.4.5). But the
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minimization in (6.4.7) is equivalent to that in (6.4.5), and x¢ is a parameter
optimum solution to (6.4.5) if and only if z¢ is a fuzzy optimal solution to
(6.4.4).

Corollary 6.4.2. The dual optimal solution y to (6.4.2) corresponding to
the primal optimum solution xo to (6.4.1) is unique, if and only if, for a
continuous and strictly monotone membership function K Z — 0,1],7 is
still a dual optimum solution to the programming (6.4.3).

Proof: Let 115 be Formula (1.5.3) in Section 1.5. Then we have

(6.4.3) <= min z = cx
st. Az =b,pz(c) = 8,8 €[0,1]
x>0
e (6.4.11)

by Ref. [Ver84]. Apply Corollary 6.4.1 to (6.4.11) and the conclusion holds.

Definition 6.4.1. Let p 3 (2), 17 (z) be membership functions of fuzzy ob-

jection and fuzzy constraint. Then we call a fuzzy set D satisfying u plz) =
B, (@) A pp(x),z > 0 a fuzzy decision for the programming

cx Z b()
s.t. Az S b, (6.4.13)
x>0,
while we call a point x satisfying pp(z*) = m;i(}){{(l —pi, (@) A pp(r)} an
x/
optimal solution to (6.4.13).

Theorem 6.4.4. The mazimization of pp(x) is equivalent to linear
programming
min (m + BMon~1)x
s.t. Az < by + BBby ' + da,a, 3 € [0,1], (6.4.14)
z =0,

d denoting a flexible index; My and B representing the length in intervals
[m,n] and [b1, bs], respectively.

Proof: From Formulas (1.5.3) (1.5.4) and (1.5.5) in Section 1.5, we have

max ptp(z) <= max (—¢)x
st. Az <b
x>0
<= min cz
st pgle) =8
Az < b—|—da,uq~5(b) > f
B €l0,1]
x>0
< (6.4.14),



6.5 Antinomy in Fuzzy Linear Programming 165

where ¢ b can be freely fixed in the close value interval [m,n] and [by, bo], its
degree of accomplishment is determined by Formula (1.5.3).

6.4.4 Conclusion

The method in this chapter indicates that we can change a linear program-
ming with fuzzy variables into a dual programming with fuzzy coefficients for
solution, such that the problem is solved easily.

6.5 Antinomy in Fuzzy Linear Programming

6.5.1 Introduction

In 1971, Charnes and Klingman initiated the more-for-less paradox or the less-
for-more paradox of the allotment model [Ck71]. If a constant b in (6.4.1) in-
creases by d(> 0), then an objective value z decreases instead. If constant ¢ in
(6.4.2) decreases by d(> 0), then an objective value yb increases instead. Such
a strange phenomenon is called “antinomy” in mathematics. Again in 1986,
Lin discussed antinomy of the general linear programming [Lin86] by taking its
expansion. In 1987, Charnes, Duffuaa and Ryan also discussed “more-for-less
paradox” of the general linear programming [CDR&7]. In 1991, Yang and Jing
again put forward another sufficiency and necessary condition in antinomy of
the general linear programming and condition of the non-linear programming,
where antinomy appeared [YJ91]. In 1991, author initially used the method
of fuzzy sets to study antinomy of the linear programming [Cao91c].

We introduce antinomy problem in fuzzy linear programming, and present
a fuzzy set method for its investigation.

6.5.2 Reason for Antinomy Emergence

Definition 6.5.1. Suppose 2° is a basic feasible solution to (6.4.1). If its basic
variable value are all positive, then we call 2° a nondegeneration basic feasible
solution; if there are some basic variable value equalling to zero, then we call
2% a degeneration basic feasible solution.

If all basic feasible solutions in the linear programming are nondegeneration,
we call them nondegeneration.

Example 6.5.1: Consider finding

min z = 2z + 3x9 + 3 + 224
st. w1 4+ xo + a3+ 14 = b,
4o + 223 + 624 = blz,
5x1 + 6xo + dxy + 4y = bé,
21,%2,%3,T4 > 0,

where b, = b, + d;(1 = 1,2, 3).
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If we suppose =1, z2, 3 to be basic variables, accordingly, a basis matrix B
as well as an inverse matrix B~ is denoted respectively by

111
B=|(042
5695

and

Blt=|-50 1

When assignment volume of three products b = (9,12,46)" is increases to
b = (10,18,50)T, the minimum cost 2 = cpxp decreases from z = 15 to
z = 11. Why? If the problem nondegenerates and when a negative component
exists in y = cgB~" or in a certain evaluation coefficient z, < 0, then the
objective function is
cgB™ YW = yb' = yb+yd
< yb= cz*
or
cprp =cgB W =cgB b+ cpB P,

=cx" 4+ dzs < cx”,

so that antinomy appears.
Therefore, we have a discussion as follows [CDR87][Lin86]:

Corollary 6.5.1. Let a basic solution z* = (xp,xn) in (6.4.1) be a nonde-
generation optimum solution. If Jjo : z;, < 0, then antinomy takes shape in

(6.4.1).
Proposition 6.5.1. Let a basic solution * = (xp,xy) in (6.4.1) be a nonde-
generation optimum solution. Antinomy arises if and only if a negative com-
ponent exists in y = cgB~L.

Does the conclusion above hold if programming (6.4.1) degenerates?

Proposition 6.5.2. If definition (6.4.1) denotes a degeneration linear pro-
grammying, then

n
min{cx|Az = b+ Zz—:ij =b(e),z > 0,e > 0 sufficiently small}  (6.5.1)
j=1
is a linear programming of nondegeneration.

Theorem 6.5.1. If any basic feasible solution is e = 0 in (6.5.1) when ¢ is
sufficiently small, a basic feasible solution can be obtained to a degenerated
linear programming (6.4.1).
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Proposition 6.5.3. If a basic solution z*(0) = (zp(0),xn) denotes a de-
generation optimum solution to linear programming (6.4.1), then there exists
antinomy if and only if a negative component exists in y = cg B~ 1.

Proof: Take a basic solution 2*(¢) = (zp(¢),xn) in (6.5.1) into consideration,
where

xp(e) =B 'bg+ep+ B 'Ney — B 'Nay = B 'b(e) — B~ 'Nay

is nondegeneration. According to Proposition 6.5.1, if zp(g) is a nondegener-
ation optimum solution, then there appears antinomy if and only if a negative
component exists in y = cg B~'. When ¢ is sufficiently small and if we suppose
¢ = 0 in any basic feasible solution to (6.5.1), we can obtain a basic feasible
solution to (6.4.1). If (6.5.1) is solved when ¢ is sufficiently small, we can get
a list of basic feasible solutions z(g) = {2°(¢),z'(g), -} until we have an
optimal solution z* (). If ¢ = 0, we also have a list of basic feasible solutions
z(0) = {2°(0),2%(0),---} to (6.4.1). Since the coefficient matrices and the
objective functions are all equal in (6.5.1) and (6.4.1), accordingly, the test
numbers are identical in basic feasible solutions z*(g) and z*(0). Therefore,
2*(0) is also an optimal solution to (6.4.1). This demonstrates that z*(g) serv-
ing as a nondegeneration optimum solution to (6.5.1) is equivalent to z*(0)
serving as a degeneration optimum one to (6.4.1). At this time, the objective
function denoted by

cgB7 (¢) = yb' () —yNzy
= ybo(e) + 0yT —yNzy
< yby(e) = cx™(e)

holds when a negative component exists in y and there exists cg B~1'(0) <
cx*(0) for € = 0. Therefore the proposition holds.

Corollary 6.5.2. Antinomy arises in (6.4.1) under the condition of Proposi-
tion 6.5.8 and in the event of 3jo : 2, < 0.

Proof: Because they have identical coefficient matrices and objective func-
tions, and (6.4.1) and (6.5.1) have the same test numbers in their basic feasible
solutions z?(¢) as well as %(0), we know a negative component must exist in
y, in the event of z;, = cg B~ P; = yP; < 0, with

CB.’L‘B(E) = CBB_lbo(é) + (5CBB_1PS — CBB_lN.’L‘N
=cz"(e) + d0zs < cx™(g)
(0 > 0 sufficiently small), so, cgzp(0) < cz*(0) for ¢ = 0. Therefore, the
corollary holds.

In conclusion, whether a classical linear programming degenerates or not
results in the fact that antinomy comes into being. If we try to keep antinomy
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from being contrary, we only change the equal-sign into an inequality sign in
constraint condition.

Proposition 6.5.4. Let 1 be a continuous and strictly monotone function. If

T

a basic solution ©* = (xp,xN)" nondegenerates in fuzzy linear programming

min zZ = cx
s.t. Ax = b, (6.5.2)
x>0,

then antinomy arises if and only if a negative component exists in a fuzzy
shadow price § = ¢gB™".

Proof: Necessity. Since (6.5.2)<=(6.4.5) and (6.4.4) <= (6.4.6), if § =
égB™! > 0 «—= y(p) = (kg1 (8))pB~" = 0, and then to VT' > 0, when
b — b+ T, for any feasible solution in this problem with a soft constraint, we
know
tp(@) = pg-(B)z = y(b+T)
> yb=pz(B)r" = ppa”)

from a dual theorem of ordinary parameter linear programming, such that
cx > yb = cx*.
m
Sufficiency. If there exists a negative component in g, then 37" > 0, > t; > 0,
i=1
such that
JT<0 <= ps. (B)B~'T <0.

Let b = b+ dT(§ > 0). Then the problem with a soft constraint concerning a
basic solution in basis B is

zp =B ' =B b+ 6B7T,
IN = 0.

*

x* nondegenerates on the proposition assumption, zp > 0 means a basic
feasible solution having test numbers unchangeable when § > 0 is sufficiently
small. Therefore it also belongs to an optimal solution with soft constraints
and § = égB~" is still a fuzzy optimal solution to the dual problem. But the
objective value V(3 € [0, 1] is denoted by formula below, i.e.,

(g1 (B)BB~Y =y(B)' = y(B)b + dy(B)T
< y(B)b = cz*
= B~ = b = b+ 64T
< gb = éx*,

such that antinomy arises in (6.5.2).
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Corollary 6.5.3. Let 1 be a continuous and strictly monotone function. If
a basic solution * = (zvp,xN) to (6.5.2) denotes a nondegeneration optimum
solution, then the condition where antinomy arises is 3jo, such that zZ;, < 0.

Proof: From the proof of Proposition 6.5.4, we know
sup pug, () = sup pg (v5)
Ax=b
= sup (uz-1(8))BrB

Bel0,1]
= ﬁs?opl]{(qufl(ﬁ))BB‘lb + Pjo(pg(8)p B~ PiT}
€,

< sup (151 (3)s B P,
pel0,1]
(Because z; = (,ud;_l(ﬂ))BB*Pj < 0, where 5 = B~'b + 6B 'T,zy = 0,
we know there must exist a negative component in y(3) = (f15-: (8))BB™1).
It is equivalent that there must be a fuzzy negative component in ¢ from
the knowledge of z; = EBBfle =yP; < 0, such that we have

¢prp = Cr* +0Z; < éx”.

Proposition 6.5.5. If definition (6.5.2) serves as a degeneration fuzzy linear
programming, then

min zZ = cx

n.oo.
sit. Az =b+ ) &' P;j =b(e) (6.5.3)
j=1
x =20

serves as a nondegeneration fuzzy linear programming, where & is a suffi-
ciently small positive number.

Proposition 6.5.6. Let 7 be a continuous and strictly monotone function.
If a basic solution x*(0) = (xp(0),xN) to (6.5.2) denotes a degeneration opti-
mum solution, then antinomy appears if and only if a fuzzy negative component
exists in §j = cgB~ .

Corollary 6.5.4. Let p; be a continuous and strictly monotone function.
Suppose that a basic solution x*(0) = (xp(0),zN) to (6.5.2) is a degeneration
optimum solution, then the condition where antinomy arises is 3jo, such that
éjo < 0.

In fact, because

min cx
s.t. Az =b(e) (6.5.4)
x>0

is equivalent to
min 151 (8)
s.t. Az =10b(e), 8 € [0,1], (6.5.5)
x>0,
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the dual form of (6.5.5) is

max yb(e)
s.t. yA= ,ué;—l(ﬂ))ﬂ € [0,1],
y=0.

Therefore, (6.5.4) is equivalent to

max gb(e)
s.t. yA=¢,
§=0

From Proposition 6.5.3 and Corollary 6.5.1, we know properties as follows:

a. If there exists a degeneration optimum basic solution z*(0, 3) in the clas-
sical linear programming (6.5.5) with parameter variable 3, then the antinomy
appears if and only if a negative component exists in §j = égB~!.

b. Under the condition of a, if Jjo < 0, then antinomy appears in (6.5.5).

6.5.3 Example

Example 6.5.2: The fuzzy linear programming corresponding to Example
6.5.1 in this section is

min z = 2x1 + 322 + x3 + 214
st. x1+x2+ 23+ SO,
5x1 + 6x2 + bxg + 4y ,S 46,
x; 200@=1,---,4).

Assume dy = 1,dy = 6,d3 = 4 and we make a parameter programming, then
(6.5.6) is turned into

min z = 2x1 + 3x9 + 3 + 224

s.t. x1 + o+ x3 4+ x4 + x5 = 10,
4o + 223 + 624 + 6 = 18,
5x1 + 629 + drg + 44 + 7 = 50,
1‘120(2'21,“- ,7).

Under the unchangeable condition of basis matrix B, an optimal parameter
solution denotes

1 1
= B'b(a) = (4 - 32a,1 —4a,4+82a)T,

and optimal value is
1
=15—-10_a.
z o®
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When b is added from b = (9,12,46)T to b’ = (10,18,50)T, z decreases from
z = 15 to 11. Therefore, antinomy comes into being because negative compo-

nents exist in a solution vector for o > 4

6.5.4 Conclusion

On the whole, no matter whether (6.5.2) is a generation or nongeneration
fuzzy linear programming, antinomy appears in both of them. If we prevent
antinomy in fuzzy linear programming from being contrary, the constraint
equal-sign can be turned into a soft constraint.

Overall, if antinomy is changed into formula (6.4.12) for solution, the anti-
nomy of a fuzzy linear programming is not contrary. If the optimal solution in
a primal linear programming is unique, then antinomy does not exist, which
can be concluded as solutions to fuzzy linear programming (6.5.2). In the
light of Theorem 6.4.4, an ordinary linear programming is only a particular
example of fuzzy linear programming (6.4.12) for d; = 0. Therefore, it can be
changed into finding solutions by a fuzzy set method no matter whether it is
antinomy of linear programming or fuzzy linear programming.

6.6 Fuzzy Linear Programming Based on Fuzzy
Numbers Distance

6.6.1 Introduction

In the section, we discuss the constraint conditions with fuzzy coefficients,
whose standard form is:

max z = cx
s.t. Az < b,
x>0,

where ¢ = (¢1,¢2,+ -+ ,¢,) is an n-dimensional clear row vector, A= (@ij) is
an m X n fuzzy number matrix, b= (51,52, e ,Zm)T is an m-dimensional
fuzzy line vector and z = (21,72, -+ ,2,)7 is a decisive vector. Solving this
kind of fuzzy linear programming is based on an order relation between fuzzy
numbers, by which we can transform fuzzy linear programming into clear

linear programming.

6.6.2 Distance

A. Distance between Interval Numbers

Assume a = [a1,a2] and b = [by, b2] to be two interval numbers, a = b <
a1 = by and agy = bs.
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Similarly to Ref. [LiuHO04], we also consider the different value between
corresponding point and point in the intervals, giving a new definition on the
distance between interval numbers.

Definition 6.6.1. Let a = [a1, az2] and b = [by, b2] be two interval numbers.
Then define

d(a,b) = /_ ™ "2”2 +oas—a)] - [0 "2”’2 + by — by)][dz (6.6.1)

as the distance between a and b.

Regarding the distance d(a,b) between interval numbers as a proposition,
we can verify satisfaction of the three conditions in distance.

In fact, let

b1 + by
2

a1 + as

fa)=1 ", " +alaz—a)] - + (b2 = b1)]]-

Since f(z) is a simple function about z, it concludes that f(z) is continuous,
so d(a,b) is integrable.

(1) Since f(x) > 0, also by the continuity and integrable character of f(z),
we have d(a,b) > 0. If d(a,b) = 0, then f(z) =0.

When f(x) = 0, we have [al T +xz(ag—a1)]—]
byt b 11
fe, (M2 0y s —ar) = (ba— b1)] = 0 (Vo € [ s o ))s which

satisfies a1 = by, as = ba, hence a = b.
On the contrary, when a = b, i.e., a; = by, a2 = by, we have f(x) = 0. Thus

by +b
P a(b—b1)] = 0,

d(a,b) = /_ 21 f(z)dz = 0.

(2) d(a,b) = d(b,a) holds obviously.

(3) For any interval number ¢, where ¢ = [c1, ¢2], denote a, = a1 ;—ag
by +0b
z(az = a1),bs = 1—; * + z(b2 — b1), ¢ = “ ;CQ + 2(ca — ¢1). Then 0 <

|az — bs| < |ag — ¢o| + |cz — by satisfies

1 1 1

2 2 2
/ |az — by ldr < / |az — ¢ |dx +/ |z — by|da.

1 1 1

T2 T2 2

It follows that d(a,b) < d(a,c) + d(c, b) holds.
In the distance formula, the integralled function f(x) = ||

bi+b
a) - 9 ’ 1 1
point and point in two intervals. At x = o f (—2) is the distance between

a1 + as
2

+ x(ba — b1)]] is the distance function between corresponding

+x(ag —
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1 1
left endpoints of the two interval numbers; at x = 9 ! (2) is the distance

between right endpoints of the two interval numbers.

B. Distance between Fuzzy Numbers

Definition 6.6.2 [TD02]. The fuzzy set A in the real number set is called
an L-R fuzzy number. If its membership function is:

as — I
L( 7a1<x<a23
as — aq
1 as < x < ag
pi) =3 7 4 g, SRS (6.6.2)

R( ),a3<x<a4,
a4 — a3
07 x<a1,x>a4,

where L, R are strictly decreasing functions in [0, 1], and satisfy
L(z) = R(z) =1(z <0); L(z)=R(z)=0(z > 1),
the fuzzy number is denoted by A= (a1,a2,a3,a4)LR-

Especially, when L(z) = R(z) = 1 — , fuzzy number defined in (6.6.2) is
a trapeziform fuzzy number, denoted by A= (a1,a2,as,a4); when L(z) =
R(z) = 1 — 2 and az = ag, fuzzy number defined in (6.6.2) is a triangular
fuzzy number, denoted by A= (a1,a2,as).

Vo € [0, 1], a-level curve of fuzzy number A denotes an interval number:

Ao = [Ar(0), Ap(a)),
where Ar(a) = as — (a2 — a1) L, (a); Ag(a) = a3 + (a4 — a3) R ().
By the distance between interval numbers, we define the distance between
fuzzy numbers as follows.

Definition 6.6.3. Let A and B be two fuzzy numbers, and

Ao = [AL(a), Ap(a)] = [az — (a2 — a1) L (a), a3 + (a1 — az) R (a)],

Ba = [Br(a), Br(a)] = [ba — (b — b1) L5 (@), bs + (ba — b3) Ry (a)].

Then we define the distance between A and B by

D(A,B) = /01 d(Aq, By)da, (6.6.3)

where
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In fact, let
Fle.a) = (MO T 4 (ag(a) — ase)
Pe@ 0RO () — by @)

2

Since f(z, ) is a simple function about , f(z,a) is continues; it concludes
that d(Aa, Ba) is also continuous, so D(A, B) is integrable.

(1) Since d(Ay, B) = 0, also by the continuity and integrable character of
d(Aq, By), we have D(A, B) > 0. If D(A, B) = 0, it satisfies d(Aq, By) = 0.

When d(Aa, Ba) = 0, by the distance definition between interval numbers,
we know ar(a) = br(a), ar(a) = br(a), then A = B.

On the contrary, when A = B, ie., ar(e) = by(a), ar(e) = bg
d(ga Ea) = 0, the result holds clearly true. So D(A, E) = fl d(ﬁa, B,)da =
0.

(2) D(A,B) = D(B, A) holds obviously.

(3) For any fuzzy number C, by the distance definition between interval
numbers:

0< d(Avaa Ea) < d(Avaa éa) + d(§a7 éa)v
where Cy, = [CL(a), Cr()] = [Cy— (Co— C1)Lot (a),Cs+(Cy—C3)R5 ()],

SO
1 1 1
/ (A, Bo)do < / d( Ay, Co)do + / d(Co, Bo)da
0 0 0

6.6.3 Ranking Fuzzy Numbers

holds.

Here, we present a ranking idea about fuzzy numbers: before ranking fuzzy
numbers, we fix a real number M as refereing object (M is supremum about
support set of A and support set of E) The nearer a fuzzy number to M, the
larger it is; that is, the smaller the distance to M, the larger a fuzzy number
is.
Definition 6.6.4. If M = sup(s(A) U s(B)), we call M the supremum of A
and B, where s(A) and s(B) are the support sets of A and B, respectively.
By Definition 6.6.3, we can obtain the distance from fuzzy number A to M:

/ { / s - (DT 4 an(a) — az(@))])da)da,
Ve € [0, 1]. Coordinate:

_ 1 _ 1
D(A, M) :M—“Z;“%“Z ) “1/ Lyt (a)- " ) “3/ RN ). (6.6.4)
0 0
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Similarly

~ by+bs  by—br [ ba—bs [
D(B,M)=M — 2+ 0s | 02 1/ L' ()= 3/ R5'(a). (6.6.5)

2 2 2 J
Thus, we can obtain the definition of ranking fuzzy numbers as follows in light
of this.

Definition 6.6.5. Let A and B be two fuzzy numbers, and M be the supre-
mum of A and B. Then

(1) When D(A, M) < D(B, M), we call A > B;
(2) When D(A, M) = D(B, M), we call A= B;
(3) When D(A, M) > D(B, M), we call A < B.

Especially, when A and B are trapeziform fuzzy numbers or triangular
numbers, respectively, we can get concrete expressions:

1° When A and B are trapeziform fuzzy numbers A= (a1,az,as3,a4), B =
(b1, b2, b3,bs), then

a; +az + a3+ as

biAba+bs+ by
4 ’ '

D(B,M)=M A

D(A, M) =M —

By Definition 6.6.5:

(1) a1+a2+a3+a4>bl+bz+b3+b4<:>%>§;
(2) a1+a2+a3+a4:bl+bz+b3+b4<:>4:§;
(3) a1 +as+az+ag <by+bs+b3+bs s A<B.

20 When A and B are triangular numbers A= (a1,a2,as), B = (b1, ba, b3),
then

ay + 2az +az

b1+ 2by + b3
4 k '

D(B,M) =M A

D(A,M) =M —

By Definition 6.6.5:

(1) a1—|—2a2—|—(13>b1—|—2b2—|—b3<:>%>§;
(2) ay + 2as + a3 = by + 2bs + b3 & A = B;
(3) a1 + 2as + a3z < by +2by + b3 & A < B.

6.6.4 Linear Programming in Constraint with Fuzzy Coefficients

Assume that the linear programming in constraint with fuzzy coefficient is

defined as follows:
max z = cT

st. Az <b, (6.6.6)
x>0,
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denoted as:
max z = €1&1 + CaXo + -+ + Cpy
s.t. apmy + Giere + -+ Ay < by, (6.6.7)
T1,X2, ", Tn 2 0= 172a"' ,m,

where fuzzy numbers are triangular fuzzy ones, i.e.,

i1 = (@i11, @12, 6i13), Qi = (@1, Gi22, @i23), - -,

Qin = (@in1, Qin2, @in3); bi = (bi1, biz, biz).
By Zadeh’s extension principle, the sum of any triangular fuzzy numbers is
still a triangular one. Formula (6.6.7) is equivalent to the format as follows:

max z = €121 + CoT2 + - -+ + CpTp

s.t. (a1 + @212 + - - + Qin1 Ty, Gi12%1 + Qi22T2 + - + Ain2Tn,
;1371 + i23%2 + - + Qin3Tn) < (bi1, bz, biz),
T1,@2, -y =20 1=1,2,--+ m.

(6.6.8)

By Definition 6.6.5 and the method to ranking triangular fuzzy numbers,
we transform Formula (6.6.8) into a linear programming as follows:
maxz = C1x1 + Coxo + -+ + Cpy
s.b. (@11 + a1 Ta + - F Ain1y)

+2(ai1221 + a2 + - - + Ain2Tn) (6.6.9)
+(@i1371 + @i3T2 + - + Qin3Tn) < biy 4 202 + bis,
1,02, n 20 1=1,2,--- m.

6.6.5 Numerical Example

Example 6.6.1: Find solution to the linear programming in constraint with
fuzzy coeflicients:
max z = 3x1 + 4xo
s.t. @111 + a12we < b~17
a2171 + G227 < ba,
x1, 22 20,

where d11 = (3,4,4),d12 = (20,20,21), a1 = (11,12, 13), dos = (5.4,6.4,7.4),
by = (4500, 4600, 4800), by = (4600, 4800, 5250).

Solution: By Formula (6.6.9), transform the fuzzy linear programming into
a clear linear programming

max z = 3x1 + 4xo
s.t. (3z1 + 20x2) + 2(4xy + 2022) + (a1 + 2122)
< 4500 + 2 x 4600 + 4800,
< 4600 + 2 x 4800 + 5250,
x1,22 2 0,

(6.6.10)

we obtain x] = 315 x5 =170 2} = 1625.
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By the ranking idea from Ref. [LiR02], we transform the fuzzy linear pro-
gramming into a clear linear programming as follow:

max z = 3x1 + 4zo

s.t. 3x1 + 2022 < 4500,
4x1 + 202 < 4600,
4xq1 + 21xo < 4800,
1121 + 5.425 < 4600,
1221 + 6.4x2 < 4800,
1321 + 7.4xo5 < 5250,
x1, 22 2 0,

(6.6.11)

and we obtain 27 = 308 25 =168 25 = 1598.

Obviously 27 > z3, at the same time, the number of constraint conditions
in (6.6.10) reduces by four times compared to the numbers in (6.6.11), which
indicates the ranking rule in the paper is superior to the ranking rule in Ref.
[LiR02], consequently we gain a better optimal value of the linear program-
ming in constraint with fuzzy coefficients.

6.6.6 Conclusion

We propose a new distance between fuzzy numbers based on the distance
between interval numbers. In sighting the ranking idea, we get a ranking rule
about fuzzy numbers. On the basis of the ranking rule, we gain a new approach
to linear programming in triangular fuzzy numbers with coefficients. At the
same time, we use the simplicity of triangular fuzzy numbers in solving the
problem. But it remains to research the linear programming in general fuzzy
coeflicients.

6.7 Linear Programming with L-R Coefficients

6.7.1 Introduction

Consider linear programming

< b, (6.7.1)

s.t. Az
x>0,
where ¢ = (¢, ,én),l; = (51, e ,Bm)T are L-R vectors, A = (@ij)mxn an
L-R matrix, 5]' = (Cj,C]', C]')LR, b,’ = (bi,bi, bi)LR and &ij = ((lij, aij, aij)LR
L-R numbers, and z = (z1, 2, ,2,)7 an ordinarily variable vector.

Now two kinds of situations are discussed as follows respectively.
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6.7.2 Linear Programming in Constraints with L-R Coefficients

Consider
max 2 = cx
st. Az <b, (6.7.2)
x = 0.

Because a;;, bi(1 <i<m,1<j<n)areall L-R numbers, and x; = 0, then
n n n n
> ;= (O airy, > aywi, > ai;Ts)Lr
j=1 j=1 j=1 j=1
is still an L-R number, hence
n
> iy < bi
=1
n
< Z(lijl‘j < bi,
j=1
n
Z a;;T; = b,
j=1

n
E a;;zj < b,
Jj=1

written down as A = (ai;), A = (a;;), A = (aij),b = (b1,ba,- - ,bn)",b =
(by, by, ,b,)T, b = (by,ba, -+ ,by)T. Therefore (6.7.2) can be rewritten
as the following ordinary linear programming with 3m linear inequality con-

straints, i.e.,

(6.7.3)

b
b, (6.7.4)
b

Tt is worthwhile to point out that turning (6.7.2) into (6.7.4) is irrelevant
with choice of concrete appearance in reference function L and R in L-R
number.

We only consider two variable linear programming, and illustrate a method
to it (may also use a simplex method to it).

Example 6.7.1: A person on a business trip, needs to take two kinds of
goods, each wrapped heavy by “6 kg possibility more” of Goods A (denoted
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as 6 = (6,0,1)r), worth 20 dollars. Goods B wrapped heavy by “2 kg or
s0” (denoted as 2 = (2,1,1)r), worth 10 dollars. This person wishes to take
“about 21 kg” at most once (it can be denoted as 21 = (21,1,5)1r), hoping
the total value of goods he takes is the greatest.

Solution: Suppose that Goods A he takes is package x1, and B is package
2o, then the problem involves finding a solution to linear programming in
constraints with fuzzy coefficients as follows:

max z = 20x1 + 1022
s.t. 6$1 + ng < 2~1,
1 2 0,
X9 2 0.

(6.7.5)

It is equivalent to a solution to an ordinary linear programming

max z = 20x1 + 1022
s.t.  6x1 4+ 2z9 < 21,
T2 2 ]-a
T1+ T2 <O
1 2 0,
€To 2 0.

Use an illustrating method to the problem (see Figure 6.7.1), the optimal
10

1
,x5 = , the optimal value is z* = =77 _.

solution is to get x7 =
g 1 4 4 5

4

To A
20x1 + 10x2 = 77.5
6x1 + 220 = 21

)

xr1+x2 =5

>

0 T

Fig. 6.7.1. Illustrating Method to (6.7.5)

3
If the goods allow to be torn open, then Goods A he takes can be 24

1
packages, B 2 4 packages, total worth 77.5 dollars. If the goods must be taken
by whole packages, it needs taking an integral for the restrict z1, z2, and that
is, to solve it with an integral programming method. The result is that Goods
A he would take is 2 packages, B is 3 packages (or A is 3, B is 1), the total
value amounting to 70 dollars.
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6.7.3 Linear Programming in Object with L-R Coefficient

Consider the problem as follows:
¢
s.t. Az <D, (6.7.6)

Because L L
= (1, ,Cn), ¢ = (¢jy¢j, ¢ LR,

n n n
Z=(22 2)pr=()_cz;, ¥ ;x5 Y ¢xi)LR
=1 =1 =1

are all L-R numbers, and according to approximately formula of max, (6.7.6)
is approximately equivalent to a linear programming with 3 objectives

j=1
n

min(z = ) ¢;z; = cx)
J:TLl

max(z = ) ¢;jz; = cx)
j=1

s.t. Az < b,

x> 0.

Example 6.7.2: Find fuzzy linear programming as follow:

max 2 = 20z + 10z,
s.t. 6x1 + 229 < 21,
z1 =0,
9 2 0,

where 20 = (20,3,4)1r, 10 = (10,2,1)r.
This problem is approximately equivalent to

max z = 2021 + 10z,
min Z = 3z + 2x9
max Z = 4x1 + xo
s.t. 6%1 + 21’2 < 21,
1 2 0,
i) 2 0.
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Find an optimal solution to each objective respectively

Do, 2V =10.5, 20 =105, when z® =21, 2" = 10.5.
22 =0, z ( ) —0 7@ — 0, when 2® = 2% — .
D =35, Y =0, Z® =14, when 2® =70,z = 10.5.

Subjectively give a flex index for d; = 5,dy = 20,d3 = 4, and we construct
three fuzzy objective sets My, My, Ms: My, My, Ms:

tr, () = f1(20z1 + 1022)

0, 20z; + 1022 < 100,
=q¢1- ;(105 — 20x1 — 10x2), 100 < 2021 + 1022 < 105,
1, 20z + 1029 = 105;
Iy, (2) = fa(3z1 4 222)
0, 311 + 212 > 20,
{ 1— 20(3901 +2x9), 0 < 3x1 + 2w < 20;
tg, (2) = fo(dxy + x2)
0, 41 + 22 < 10,
=<1- i(14—4x1 —x9), 10 < 4wy + 29 < 14,
1, 4aq + 29 > 14.

Let M = M, ﬂMgﬂMg Then the problem is changed into an ordinarily

linear programming

max «

s.t. 1— ;(105 —20x; — 1022) > «
1— ! (321 + 222) > «,
20
1-— i(14—4$1 —1‘2) 2 a,
6x1 + 229 < 21,
0<ax<,

& 9

0
0

\VAR\Y

€2 9
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ie.,
max o
s.t. 20z + 1029 — 5 > 100,
3x1 + 222 + 20 < 20,
4x1 + 9 — 4o > 10,
6x1 + 222 < 21,
0<a<,

T,z = 0.
The optimal solution
x] = 0.488, x5 = 9.035, " = 0.022
is obtained, correspondingly,
2" =100.11, 2* = 19.534, z* = 10.987.
And then the approximately fuzzy optimal value is

z* = (100.11,19.534,10.987) 1. r.

6.7.4 Conclusion

As for the object and constraint with L-R coefficient in the linear program-
ming, we integrate the method above, which can also be changed into to a
fuzzy optimal solution to multi-object linear programming.

Meanwhile, determination of this model may cause the constraint field of
linear programming to be empty sets after subjectively the flexible indexes
dy,ds,ds are given. At this time, the problem has no optimal solution in
them, so this needs to be adjusted appropriately to a flexible index, in order
to guarantee the existence of an optimal solution.

6.8 Linear Programming Model with T-Fuzzy Variables

6.8.1 Introduction

Theoretically, we build a new linear programming model on the basis of T-
fuzzy numbers, study its dual form, nonfuzzify it under a cone index J, and
turn a linear programming with T-fuzzy variables into a linear programming
depending on a cone index J. In such a theoretical framework, we can trans-
plant many results of the linear programming into a linear programming with
T-fuzzy variables [Cao96a].
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6.8.2 Linear Programming with 7-Fuzzy Variables

Definition 6.8.1. Let fuzzy linear programming be

(fﬁ) min c&
s.t. A% <D, (6.8.1)
7>0,

where ¢ is a real 1 xn matrix, A a real m xn matrix, T a real n—dimensional T-
fuzzy variable vector, and b= (l~)1, b, -, Bm)T a real m—dimensional T-fuzzy
vector.

If # and b are T-fuzzy data defined as in Ref. [Cao89b,c|,[Dia87] and
[DPr80], i.e., # = (1,72, ,%n)T; here & = (ml,fl,fl)(l <1l <n)l=
(1,1,1) and (6.8.1) is called a linear programming with 7T-fuzzy variables.

But we call

(LP(J)) min > U
=1

n
s.t. ZailUl <hi(T)A <i<m),
=1
U>0

alinear programming depending on a cone index 7, where U = (Uy,Us, -+ ,Up)"*
3M [,

is an n—dimensional vector, U; = ) 5 ]& and b;(J) is a number depending on
i=1

a cone index 7.

Theorem 6.8.1. Let the linear programming be given from T-fuzzy variables
as (LP). Then (LP) is equivalent to (LP(J)) for a given cone index J, and
(LP(J)) has an optimal solution depending on a cone index J, equivalent to

(LP) with a T-fuzzy optimal one.

Proof: Let {Z;} be a column T-fuzzy variable satisfying (f]g), where &;; =
(21,€,,, &a)r(1 < i < m;1 < 1 < n). We classify vectors of the column by

subscripts, and might as well let [ = 1,---, N correspond to a smaller fluc-
tuating variable, and the other variables correspond to [ = N 4+ 1,--- 3]V.
€, T8

Then fori =1,--- ,M and each [, U;; = x; + sfore=M+1,--- 2M

¢, =0, .
T 511 J_l for i+ = 2M +1,---,3M and each I,
v+, =1
r+&y, =
wl_g»la jl:

(2

into LP(J)).

and each [, U; = {

Uy = ’ So, under a given cone index J, (LP) is changed
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From the equivalence of (fﬁ) and (LP(J)), we know that (LP(J)) has an

optimal solution depending on a cone index J, which is equivalent to (LP)
with an optimal T-fuzzy solution. Therefore, the theorem holds.

Theorem 6.8.1 shows us that (fﬁ) can be turned into an ordinary para-
metric linear programming (LP(J)) depending on a cone index J, where
(LP(J)) has many methods and an optimal one to it can be found in any
literature on linear programming.

6.8.3 Dual Problem

For the linear programming with T-fuzzy variables, there always exits a dual

linear programming with T-fuzzy parameter corresponding to it.
3M ¢!

Let U; = i Th
et U = x; —|—i=1 a0 en
(LP(J)) <
S e+ 3 )
min clz; + !
=1 i=1 3IM 6.8.2
n 3M ¢l (6.8.2)
t ) <bi(T),
S z;a”<xl+i; SM) ()
1201 <i<m;1<l<n),
. / /
where &, is 5;1 (resp. —f;l) or &, (resp. —&;;).
3M ¢! 3M ¢!
Substitute x} = x; + Py 3]’\14, and then we might as well let z; > Z; 3;\2,

and turn (6.8.2) into

min Y ¢x)
=1
Ny _ (6.8.3)

ie.,
min cz’
s.t. Az’ < b(T),
' >0,

while the dual form of (6.8.3) is

max yb(J)
st. ATy >c, (6.8.4)
y = 0.

Theorem 6.8.2. Suppose linear programming (fﬁ) 18 deduced from T'-fuzzy
variables. Its dual form is
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max yb
st. ATy>¢ (6.8.5)
y=0

and (fﬁ) has an optimal T-fuzzy solution equivalent to (6.8.5) having an
optimal solution, and (LP) has the same optimal T-fuzzy values as (6.8.5).

Proof: As (f]g) can be changed into (LP(J)) under above cone index 7,
and the dual form of (LP(J)) is equivalent to (6.8.4), then (6.8.5) can be
changed into (6.8.4) under the cone index J above. Again, (fﬁ) is known to
be mutually dual with (6.8.5) due to the equivalence of (fﬁ) with (LP(J)),
and (6.8.5) with (6.8.4), and the mutual duality of (LP(J)) and (6.8.4).

Again, (LP(J)) and (6.8.4) are, respectively, an ordinary primal linear
programming and a dual linear programming depending on the same cone
index J. As for (LP(J)) and (6.8.4), applying Theorem 2 in Section 4.2 in
Ref. [GZ83], we know that if one of them has an optimal solution, so has
the other. They contain the same optimal values, therefore the theorem holds
from the arbitrariness of the cone index 7.

Theorem 6.8.3. Suppose that (fﬁ) is deduced from T-fuzzy variables, then

dual programming (flg) and (6.8.5) have optimal T-fuzzy solutions and opti-
mal solutions, respectively, if and only if they have T-fuzzy feasible ones and
feasible ones, respectively, at the same time.

Proof: Necessity is apparent and sufficiency is proved as follows.

(LP) can be changed into (LP(J)) and (6.8.5) into (6.8.4) under the given
cone index J. Meanwhile (LP(J)) with (6.8.4) is mutually dual under the same
cone index J. In a similar way to the proof of Theorem 1 in Section 4.2 in Ref.
[GZ83], we can prove that (LP(J)) and (6.8.4) have feasible solutions depending
on a cone index 7 if and only if they contain optimal solutions depending on a
cone index J. Again, we know the theorem holds because of the equivalence of
(LP)and (LP(J)), and (6.8.5) and (6.8.4), and the duality of (LP) and (6.8.5).

Corollary 6.8.1. If z° is a feasible T-fuzzy solution to (flg) and y° is a
feasible solution to (6.8.5), with ez’ = yO, then 2° is an optimal T-fuzzy
solution to (LP) and y° is an optimal solution to (6.8.5).

Proof: Straightforward.
6.8.4 Numerical Example

Example 6.8.1: Find
max (3% — Z2)
s.t. 2@ — &y <2, where 2 =(2,0,0),
# < 4, where 4 = (4,0,0),
T1,%2 =0, where 0 = (0,0,0),
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and give a column of T-fuzzy data:

F1: 1. (21,05,1.2), 2. (21,0.8,1), 3. (z1,1,1.4);
Fo: 4. (22,0,04), 5. (22,0.6,1), 6. (22,1.5,0.9).

Solution:

(i) Number the data by means of 1-6

Group the data into three parts from Definition 3.1.4: I, No. 1,4; II, No. 2,5;
jo = 0,55 = 1; and III. No. 3,6; j3 = 1,j6 = 0, here j; = 1 for odd numbers
and j; = 0 for even numbers.

(ii) Nonfuzzification

Let 21,22 be

(1 +0.85) + (1 — 0.8) + (z1 + 1.4)
3
(x2 +0.2) + (2 + 1) + (z2 — 1.5)
3

= z1 + 0.483,
= T — 0.1.

(iii) Obtain a linear programming corresponding to (6.8.2) as follows:

max (3x1 —x2 + 1.55)
s.t. 2z1 — a9 +1.07 < 2
r1+0.483 <4
r1,29 =0
= max (3x; — x2 + 1.55)
s.t. 2x1 — 29 < 0.93,
r1 < 3.52,

T1,T2 2 0.

The optimal solution depending on a cone index J is 1 = 3.52, x5 = 6.11,
and the optimal value is 6.00. If x; stands for an expensive resource, then
2o stands for a cheap resource. Decrease x1 and increase xo properly and we
obtain the same optimal value as in the non-crisp case. Obviously it decreases
its cost.

6.8.5 Conclusion

The linear programming with T-fuzzy variables can always be turned into
a parameter programming for solution, which is called a prime problem for
fuzzy linear programming.

Since a close connection exists between the prime problem and the dual
one, we can find an answer to the latter more easily than the former.
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6.9 Multi-Objective Linear Programming with T-Fuzzy
Variables

6.9.1 Introduction

There are a lot of fuzzy and undetermined phenomena in the realistic world.
If we describe such phenomena with T-fuzzy numbers [Cao90][Dia87], we can
get more information. Here we will extend the model in [Cao96a] into a multi-
objective linear programming with T-fuzzy variables, and discuss its algo-
rithm, which tests the effectiveness of the model and method by a numerical
example.

6.9.2 Building of Model
Consider an ordinary multi-objective linear programming:

V—max Wz (1<j<r)

s.t. Az < b, (6.9.1)

x>0,
where, x = (11,22, ,2,)" is an n dimension vector, b = (b1,ba, -+ ,by)"
an m dimension constant vector, ¢) and A denote 7 x n and m x n matrix,

respectively.

Because of practical problems, we extend (6.9.1) into the problem of a linear
programming with 7T-fuzzy variables. Introducing T-fuzzy data into (6.9.1),
then

V-—max Wz (1<j<r)
st. Az <b, (6.9.2)
>0,

we call (6.9.2) a multi-objective linear programming model with T-fuzzy
variables, where, & = (21,2, - ,@n)T is an n dimension T-fuzzy vector,

b= (by,bg,--- ,by)T an m dimension T-fuzzy constant vector, & = (21, 3 &)

a T-fuzzy variable, and b; = (b, b;, b;) a T-fuzzy number.

) Ve

6.9.3 Non Fuzzification of Model

Theorem 6.9.1. If (6.9.2) is given by T-fuzzy variables, then, to the given
cone index J, (6.9.2) can be turned into

V—max DUJT)1<j<r)
s.t. AU(J) < b(T), (6.9.3)
Uu(7) >0,
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where

n
U(F) = U1 <j<r);
=1

AU(T) =) aali(1 < i <m);
=1

U(T) = (Ui(T), Ua(T), -+, Un(T)T
Z?ﬁ Ua(T)

and Uy(J) = u are a vector and a variable with cone index T,
respectively. b(J) = (b1(J),b2(T), -+ ,bm(T))T and b;(J) are a constant
vector and a constant with cone index J. And (6.9.3) has a satisfactory solu-
tion depending on cone index J, which is equivalent that (6.9.2) has a fuzzy
satisfactory one.

Proof: Let {Z;} be a column T-fuzzy variables tallying with (6.9.2), where
Ty = (i, €, ) (1 < i <my1 < U< n). We classify vectors of the column by
subscripts, and might as well let [ = 1,2,--- , N correspond to smaller fluc-
tuating variables, while the other variables correspond tol =N +1,--- 3N,
then to i =1,2,---, M and each [,

§, &
Ui =za + “2 ;

toi=M+1,---,2M and each [,
Uil _ {xil +£il’ Zf .7:1 = Oa
Til — gila Zf J = 17
toi=2M+1,---,3M, and each [,
Uy = {xil - g’l’ Zf jl =0,

Tip+ &y if =1
Then, under the given cone index J, (6.9.2) is turned into (6.9.3), such
that (6.9.3) can be found out.

Since (6.9.2) is equivalent to (6.9.3), a parameter optimal solution in (6.9.3)
depending on cone index J is equivalent to an optimal T- fuzzy one in (6.9.2).

We conclude the solutions to Model (6.9.2) as follows.

19 To the given T-fuzzy variables &;, we partition natural number set
{1,2,---,n} into three parts by subscription.
£, &
I: Ujg =z + i 9 Zl,
1I:

i1=1,2,--- , M and each [,

Uil _ {xil - gil’ Zf .7:1 = Oa
Tl +§ila Zf J = 17

i=M+1,---,2M and each .
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IIT:

v, - [Tt i i=0,
' zio =& if =1,
i =2M +1,---,3M, and each .
20 Nonfuzzified ;.
We take

3N f*
— il
Uil =Ty + Z 3;\]3
=1
il

where £ be (¢, + 5 ),or £&,, or £&;.

30 Substitute U;; for #; in (6.9.2) and we can get (6.9.3).

49 Determine a satisfactory (or effective) solution to problem (6.9.3) by the
aid of solution to an ordinary multi-objective linear programming and we can
get a fuzzy satisfactory solution to (6.9.2).

There are a lot of methods to finding satisfactory (effective) solutions to
programming (6.9.3). Here, we advance two ways to nonfuzzification (6.9.2):

1) Nonfuzzification before a weighted method

Turn (6.9.2) into a linear programming (6.9.3) with cone index 7.

Give weight to r objective functions

n 3M
) =34 ")),
=1 =1

we have
fU) =nhHO) +y2fo(U) + -+ £r(U),

where v;(j = 1,---,7) is a factor of weight, satisfying with 0 < ~; < 1 and
Y1+t +y =1
Turn (6.9.3) into a single objective linear programming
max f(U(J))
st. AU(J) < b(J), (6.9.4)
U(J) =o.

2) By a weighted method before nonfuzzification
Consider (6.9.2), and r fuzzy objective functions to (6.9.2) are weighted:

f@) =nfi(@) +72f2(2) + -+ 7 fr(T),
Programming (6.9.2) is changed into
max f(Z)
st. Az <D, (6.9.5)
Tz > 0.

Now nonfuzzify (6.9.5) by the method mentioned, and we can obtain (6.9.4).
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6.9.4 Finding Solution

We have many algorithms, such as genetic and simulated annealing algorithm
(algorithm process is omitted) by which, to single objective linear program-
mings (6.9.4) and (6.9.5), we can finally get a satisfactory solution with prac-
tical value. Now we are searching for a better algorithm since the overall
optimum constraint by a single algorithm code fails to show the result and to
ensure its convergence for the optimum solution.

Assume that there are computer programmings for solution in (6.9.2) or
(6.9.3) in order to discuss theoretically the searching (omitted here), we con-
sider the following example.

Example 6.9.1: Find

max (21, Z2)
Z1 = 5T1 + To
Zo = T1 + T2
st. &1+ 39 <6,
0< &1 $5,82 20,
where 5 = (5,0,0),6 = (6,00).
We take T-fuzzy variables as follows:

(1'171;0)7 (1'170;1)7

1. 2. (x1,2,1).
(ig : 4. (1'2,0, 1); 5. (1'2,1,0);

3.
6. (x2,2,2).

Now, divide the data into there groups including No.1,4; No.2,5 and No.3,6.
As for data No.1.4, we get a value by Formula I. For the rest, we use the
formulas corresponding to j, = 1 and j, = 0 in Formula II and III, when odd
numbers and even numbers appear, respectively.

So, we can nonfuzzified T, Zo

T : [(1‘1 + 05) + (33‘1 — O) + (33‘1 + 1)]/3 =x1 +0.5,
To : [(1‘2 + 05) + (33‘2 — O) + (33‘3 — 2)}/3 =x9 — 0.5,
f(Z) =v121 + v222 : f(U(J)) = 621 + bxg when vy = 5 = 1.

Such that, a linear programming corresponding to (6.9.5) appears as follows:

max z = 6x1 + dxs
s.t. x1 4+ x9 <6,
ngl <5,£L’2>O

Its corresponding superior solution is 1 = 5,20 = 1,21 = 26, 20 = 9.
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6.9.5 Conclusion

Therefore, we know that we can turn (6.9.2) into an ordinary multi-objective
parameter linear programming (6.9.3) depending on cone index J. And as
to (6.9.3), we adopt the methods to multi-objective programming, such as
methods by which we change a multi-objective majorized problem into a single
one or series of single ones.



	Fuzzy Linear Programming
	Fuzzy Linear Programming and Its Algorithm
	Replacement Solution Method in Fuzzy Linear Programming
	Zimmermann Algorithm to Fuzzy Linear Programming

	Expansion on Optimal Solution of Fuzzy Linear Programming
	Introduction
	Relevant Theorems of Parameter Linear Programming $(LPα)$
	Optimal Solution and Algorithm for Fuzzy Linear Programming
	Example
	Conclusion

	Discussion of Optimal Solution to Fuzzy Constraints Linear Programming
	Introduction
	Analysis of Fuzzy Linear Programming
	Algorithm to Fuzzy Linear Programming
	Conclusion

	Relation between Fuzzy Linear Programming and Its Dual One
	Introduction
	Case with Fuzzy Coefficients
	Case with Fuzzy Variables
	Conclusion

	Antinomy in Fuzzy Linear Programming
	Introduction
	Reason for Antinomy Emergence
	Example
	Conclusion

	Fuzzy Linear Programming Based on Fuzzy Numbers Distance
	Introduction
	Distance
	Ranking Fuzzy Numbers
	Linear Programming in Constraint with Fuzzy Coefficients
	Numerical Example
	Conclusion

	Linear Programming with L-R Coefficients
	Introduction
	Linear Programming in Constraints with $L-R$ Coefficients
	Linear Programming in Object with $L-R$ Coefficient
	Conclusion

	Linear Programming Model with $T$-Fuzzy Variables
	Introduction
	Linear Programming with $T$ -Fuzzy Variables
	Dual Problem
	Numerical Example
	Conclusion

	Multi-Objective Linear Programming with T-Fuzzy Variables
	Introduction
	Building of Model
	Non Fuzzification of Model
	Finding Solution
	Conclusion




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




