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Interval and Fuzzy Functional and their
Variation

The writer put forward the concept of an interval and a fuzzy (value) func-
tional variation on base of the classic function and functional variation in 1991
[Cao91a]. In 1992, he extended the research of convex function and convex
functional into the consideration of the interval and the fuzzy environment.
Later he processed the research for a conditional extremum variation problem
in interval and fuzzy-valued functional [Cao0Ole] and the functional variation
with fuzzy functions [Cao99a].

In this chapter, interval and fuzzy-valued functional variation are discussed
as follows.

Section 1, Interval functional and its variation

Section 2, Fuzzy-valued functional and its variation

Section 3, Convex interval and fuzzy function and functional

Section 4, Convex fuzzy-valued function and functional

Section b, Variation of interval and fuzzy-valued functional condition ex-
tremum

Section 6, Variation of condition extremum on functional with fuzzy func-
tions

10.1 Interval Functional and Its Variation

In chapter 1, we can find the definition of interval numbers, its operation
and interval functional. In this section, we discuss some properties of interval
functional and its variation, introduce extremely valued condition for interval
functional.

Definition 10.1.1. If each function y(z) is a certain interval function y(x) =
[y~ (x),y" ()] and IT has some interval value corresponding to it, the interval
variable is called a functional dependent on function g(x), written as Il =

Iy~ (x),y* (x)].

Definition 10.1.2. Suppose that the interval functional IT(g(x)) is defined
on interval [a,b], and if point z € [a,b], 0y~ = y~(x) — y; (x), and dy™ =
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328 10 Interval and Fuzzy Functional and their Variation

yt(z) —y (z) exist, where y; (), y; (z) and y~(z), y* (=) are ordinary func-
tions which belong to the domain of a functional, the functional IT[g(x)]
is called the interval-model-variable variationableness, and [min(dy~,dy™),
max(dy~,dyT)] is called variation at z for ¥, i.e.,

&y £ [min(sy~, 6y ™), max(dy~, oy ™)),

at 0y~ (zo) < dyT(xo) (or dy (zo) = dyT(w0)), ¥ is the same order (or an-
titone) variationableness at xo. For Va € [a,b], 0y = [0y, dy"] (or dy =
[y, dy~]) is called the same order (or antitone) variation on [a, b].

Definition 10.1.3. If for Ve > 0,30 > 0, and when dH(;U(k)(x),;U(()k) () C
(—0,9), we have dg (ITy(x), ITgo(x)) C (—e&,€), calling the functional ITg(z) a
k-th approaching continual interval functional on o (z), where, dgy denotes a
Hausdorff metric.

Definition 10.1.4. For Vz € [a, b],

’ ’

y;(l‘) < yfr(x),y_ (l‘) < y+(x),y_ (a’:) < y+ (a’;)’ - 7y—(”)(x) < y+(n)(x)

if and only if functional IT(y~(x)) and IT(y™* (x)) approach to continue by k-th
ony~(z) = y; (z) and yT (z) = yi (z) [Ail52], respectively, ITy(x) is called an
k-th approaching continual interval functional on § = ;.

Definition 10.1.5. For the interval functional I7(y(z)), 8819]7(17 + 907)]v=0

is called the 1st variation for the interval functional and, by 611, we deduce

_ .0 _ _ 0
oM = [min{ 1y~ + 98y~ )lo=0, 5o I1(y" +9dy™)|o=o},
(10.1.1)

0
Iy~ + 90y~ )o=o, 5y (Y™ +90y")lo=o}]

At 5619]7(?/_ + 90y ) |o=0 < 5619H(y+ + 90y+)|9—o, the functional IT is the

same order variationableness, and
61_7—[6H(_+195 )| 8H(++195 ) |o=o]
represents the same order variation of functional.
0 0 _
At 819H(y+ + 90y 1) |9=0 < 819H(y_ + 90y~ )|9—o, the functional IT is an
antitone variationableness, and

o = 2

0
59 Iyt +96y™)|v—o, aﬁﬂ(y_ + 90y~ ) |v—o]

represents the antitone variation of functional.
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The next step is only to consider the same order variation since the antitone
variation can be done in the same way. Therefore, (10.1.1) can be simplified
into

_ 0 0
olI = [a,&H(y_ +19(5y_)|19=07 aﬂﬂ(y-i_ +196y+)‘19=0]~

_ o

Definition 10.1.6. For the interval functional IT = IT(g(x)), Sum II(g +

967)|9=o is called n-th variation for the interval functional and, by sign ™11,
n

0 _
Py II1(g 4+ 907)|9—0. We call §™IT (n > 2) a higher variation.

Definition 10.1.7. We call F(z,3(z), ¥ (z)) an interval-compound function,
writing

writing 6" 1T =

’

F(,y(2),'(x) £ [F~(z,y™ @),y (@), F (2,57 (2), 5" (2))]

Definition 10.1.8. For the interval-compound function F(z,g(x), 7 (z)), if
fixing variable x, we define

oF

SF =~ (2,9 +967,7 +9(69))]o=o

as the lst-interval variation of the interval-compound function F),

oF"
819n

is called its m-th interval variation.
Similarly, we can define the variation of

F[x’g(x)’gl(x)v ’g(n)(x)]’ ¢[m,g(m),2(m)]

Theorem 10.1.1. For interval model variation, we have

(1) (69) =67, (69)™ =o' (2) 6(6y) =0.

"F = (z,§ + 969, 5 + 9(65)")|9=o0

Proof: (1) Let the interval-compound function be
F = Fla,j(x),§'(x)] = ¢ Flz,5+905,5 +9(0y)'] =5 +9(39)"
Under the meaning of the same order variationableness, we have
oF
oy (7 +909,5' +9(6y)') = (89)"
Therefore, we obtain

oF

5F:5y’:8ﬁ

(2,7 + 905,75 + 9(67) ) |90 = (67)".
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Similarly, we can prove that the formula holds under the meaning of an
antitone variationableness, hence

(35) = o7
In the proper order, we can prove
(5@(”) - 5:g(n)_
(2) Let the interval-compound function be
F(x,y(x)) = 0y, F(x,y+ 96y) = 0%.

Then
oF
o

So, the theorem holds.

_ F
(x,g+196g):0:>6F:8

Py (2,5 + 967)|9—0 = 0.

Theorem 10.1.2. Let F, Iy, F5 be interval-compound functions with the vari-
ationable same order. Then

(1) 6(Fy+ Fy) = 6F & 6F,

(2) (5(F F) F15F2+F2(5F1,
(3) o(k-F) = koF,

(4) 8(5) =P FoR(p, 2 0),

(5) 6F" =nF"~ 15F
(6) & [ Fde= [ 6Fduz.

Proof: We only prove (2) and (6):
(2) Let F(z,y(x),7(z)) = Fi(z,y(x),y (z)) - Fa(z,5(2),7 (x)). Then
OF

g (@9 + 99, y +00y")

B
=5 ﬁ{Fl(:c,yﬂ%y,y’+19517/)}F2<:v,17+1%y,y’+q95g') (10.1.2)

0
Fy(z,§ + 067,y + 96y').

Fy (2,5 + 967, 7 + 967
+ Fi(x,y +96y,7 + y)aﬁ

From this, we obtain
SF = F15F2 + F25F1.
(6) Let F'= F(x,y(x),y (x)). Then
b b b
5 [ Fg) g @)ds = o [ P+ 050,54+ 059 -ods
a ) 5
= / 819F($’ g + 195@3 gl + 795?7/)‘19:0d$

b
- / 5F (2, 5(2), § (2))da.
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Lemma I. (Basic interval variation lemma) The interval function ¢(x) re-
mains continuous on (a,b) and as for arbitrary function n(x), it satisfies with
the following.

(1) n(x) has kth continuous derivative on (a, b);

(2) n(a) =n(b);

(3) In(z)| <&M ()| <€, [n"(x)| < e, where e is a small arbitrary
positive number,

we have f; é(z)n(x)dz =0, then ¢(z) =0 on [a,b].

Proof: Because

/ab¢<x>n<x>dx=[/:¢-< 2)da, / 6" (2)(2)da] = 0,

by condition, we notice ¢(z) = [¢~ (z), pT (z)].
If by applymg the variation lemma [Ail52] into ¢ f x)dx and
f ¢t (z)n(z)dz, we have ¢~ (z) = 0 and ¢>+( ) = O respectlvely

Hence the lemma holds.

The extreme value of the interval functional.

Definition 10.1.9. If the value of interval functional IT(y(z)) in any curve
approaching to 3 = go(z) is smaller than I1(7o(z)), i.e., if AIl = I (j(z)) —
II(go(x)) C O(or = 0), functional II(yo(z)) reaches the maximum (or a strict
one) on § = Yo.

The minimum (or a strict one) of II(y(x)) can be defined by imitation, and
maximum (or minimum) of I7(g(z)) is called an extreme value.

Theorem 10.1.3. Ifthe interval functional I1(y(z)) with variation reaches maz-
imum (or minimum) on § = §o(x), then, on § = Fo(x) there exists §II = 0.

Proof: Consider
(o (x) +967) = $(9)
= [(yy (x) +96y7), [ (yg () +90y™)] = [¢7 (), 6T (V)]

when y, (z) and dy~, yd (z) and Syt are fixed, respectively, #(¥9) is an in-
terval function of . By assumption, ¢(0) is taken for extreme value <
6 (0).67(0) 5. |

Therefore, ¢~ (0) =0,¢" (0) =0,
ie.,

¢'(0) = 0 = 611 (ijo(z)) = 0.

It is not difficult to extend the results above into the interval functional
dependent upon multi-model-variable II(g;(x), y2(x), -+ , Jn(z)) and upon a
model interval functional of multi-variable or upon its variety of model interval

functionals _
H(y(l'l,l'g, e axn))v
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or
H(Zl(xla T, 7l"n)a ZQ((E], Zo, - 7l"n)7 e wgn(xla Zo, - 7xn))

Theorem 10.1.4. If the interval functional I1(y(z)) with 1st and 2nd interval
variation 611, 6211, and when §j = yjo(x), SII(go(x)) = 0, and 6211 (yo(x)) # 0
hold, then an extreme value is taken for functional II(§(z)) on § = yo(x).
When 6*11 (jjo(z)) C 0, mazimum exists and when 6211 (fjo(x)) D 0, minimum
exists.

Proof: Let the interval functional be ¢(9) = II (o (z)+99%), if 11 (o (x)) = 0,
821 (go(x)) C 0, then

s =00 co— {7,000 =0

. ¢~ (0), maximal value is taken
¢7(0), maximal value is taken

<= ¢(0), maximal value is taken,

€., I (go(z) + 967) < I (§o(z)).

Therefore, maximal value is taken for I7(go(x)).
Similarly, we can prove the states of the minimum.

10.2 Fuzzy-Valued Functional and Its Variation

10.2.1 Introduction

We aim at extending conception of functional variation under interval meaning
into fuzzy state, having put forward the conception of fuzzy variation. In
this section, we discuss some properties of fuzzy-valued functional and its
variation, educe extremely valued condition for interval functional.

10.2.2 Variation of Fuzzy-Value Functional at Ordinary Point

In [DPr78] and [Luo84a,b], we can find some definitions of fuzzy number, its
operation, and those of the fuzzy-value function.

Definition 10.2.1. Let
(1) g:[a,b] = Z,x — g(x),y(x) is a fuzzy-value function defined on [a, b];

(2) Yo :la,b] = Ez = {[e, flle < f;e, f € Z},
= Ja(2) = (§(2))a = [Ya (2), ya (2))-
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Then 7, is called an a-cuts function for ¢, which is an interval function defined
on [a,b].

Definition 10.2.2. If for a kind of fuzzy-value function (z), each function
g(x) has some fuzzy numbers IT(g(z)) corresponding to it, then IT(g(z)) is
called a fuzzy-valued functional of such function g(z), and we write it down
as IT = I1(§(x)).

Definition 10.2.3. Let the fuzzy-valued functional be defined on [a, b]. If for
Ya € (0, 1], there exists 0¥q = Ja(z) — Y10 (), such that

U adte= |J alal@) - 51a(@)),

a€e(0,1] @€e(0,1]

then it is called a fuzzy-model-variable variation in functional I7(g(x)), written
as

0y = y(x) — g1 (x).

Definition 10.2.4. Let §(z) be defined on [a, b], for Va € (0, 1], yo(x) is the

same order (or antitone) variationableness, 6g(z) = |J «@dy, is called the
a€(0,1]
same order (or antitone) variation for g(x).

Definition 10.2.5. Let
Jo : a,b] = Eg, ©— Jo(zx),
IIo : Bz — [g,h], §o > I (ga(2)).
Then I1(gq) is called an a-cuts functional of 77, if only if for Va € (0,1],

(
when II(y,) approaches to continue by kth on g, = goa(x), a fuzzy-valued
functional ITg can be called a kth approaching continuation on § = go(x).

@l @l

Definition 10.2.6. For the fuzzy-valued functional I1(g(z)), we call

0
819]7@ + 907)|9=0 the 1st variation of a fuzzy-valued functional, by sign
811, then
fY = U ya “Fﬁéga)‘ﬁ:Oa
€(0,1

2

0
call 8192]]@ + 907)|9=o the 2nd variation of a fuzzy-valued functional, and

by sign 6211, then

ﬁé U ya +'l95ya)|19 0-
€(0,1

Definition 10.2.7. For a fuzzy-valued functional of type IT = II(§(z), 2(x)),
II = II(u(x,y)), whose 1st variation is
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- B
s = | 0 oo 1T (o + 905s 2 + 09200,
ae(0,1]
5t = | o) (i +950) o
o9 o=
a€(0,1]

Similarly, we can define the 2nd variation.

Definition 10.2.8. We call function like F'(z, y(x), ¥’ (z)) a fuzzy-valued com-
pound function with

F(a,§(2),7'()) & |J aF(2.ga(@).y o).

Definition 10.2.9. If fixing variable x for a fuzzy-valued compound function
F(z,5(x)),7 (z)), we define

I 8 ~ ~ ~/ ~\/
SF = 819F(x’ 7+ 967,79 + 9(69) ) |v=0

F (2, Yo + U, Yo + 9695 ) |9=0,

(>
Q
S,
;j\
I
(-
Q

ae(0,1] a€c(0,1]

which is called the 1st fuzzy-valued variation.

And then
. om B o ~
6P = o Pl + 983,5 + 9(59)') o=
2 |J a"Fa= | @ g o (@ T+ 905 T + 905, =0,
a€e(0,1] a€(0,1]

which is called an nth fuzzy-value variation.

In the same way, we can define the fuzzy-valued variation of

F(l’,g(l’),gl(l'), e ’g(n)(x))’ ¢(x,gj(:v), 2(1’))

Theorem 10.2.1. For fuzzy valued-model-variable variation, we have

(1) (6g) =67, (59)™ = o5 (10.2.1)
(2) 6(6y) = 0. (10.2.2)
Proof:

a) Let the fuzzy-valued compound function be

F=F(z,jx),7(x) =7 Fz,j+965,7 +965)") =7 + 9(63)".
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Under the same order variationable meaning, we have

0 ~ ~ ~\/
o F 053, + 9(57)')

A a — — —/ —/ — ! A ~\/
= eLgl]aaﬁF(x,ya+z96ymya+z95ya): U al6a) 2 59"

a€e(0,1]
Therefore, we obtain

- 5 o B o 5 B
§F =6y = oy (@ + 957, 7 4 9(69)")lo=o0 = (67)".

We can prove similarly that the formula holds under the variationable
meaning in antitone, so (67)" = 67’

By mathematical induction, we can prove (53])(”) = 63" in proper order.

So, (10.2.1) holds.

b) Let the fuzzy-valued compound function be

F(z,g(z)) = 0y, F(z,§+96y) = 07.
Then
0
oY
Therefore

- o B _
5F = o P+ 95) a0 = 0,

i.e., (10.2.2) holds.

Theorem 10.2.2. Let F, F}, Fy be fuzzy-valued compound functions with
the same order variationable. Then

(1) &(F iFg) = 0F| £ 65,

(2) O(Fy - Fy) = F15F2+F25F1,
(3) (k- F)=kéF,

4) &)= F25F1F2F15F2 (Fy #0),
(5) OF™ =nFn1§F,

(6) Jf;ﬁ‘dx:fféﬁdx.

Proof: Only (2) and (6) are proved, and the others can be proved similarly.
(2) Let F(z,9(x), 9 (z)) = Fi(z,y(x),y () - Fo(z,g(x), ¢ (x)). Then
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OF
5y (@ 7+ 997, g +90y")

)
= g 1 F1(@, g+ 987, g + 967 ) Fa(x, g + 96,7 +907')}

oF
Uo + V00, U + 90y
:}ae%l]aaﬁ(%y + G, b, + VT

OF
= U gy @00 + 9570, 5 + 9670) 1o, Go + 007, U + 0574
a€e(0,1]

OF:
+ Fi (2, 9o + 0570, 5 +900,) j (&, Gor + D85y Ty + 05T

(6) The conclusion holds from proof of (6) in Theorem 10.1.2 and from
expressive theorem of fuzzy numbers.

Lemma II. (Basic fuzzy variation lemma) The fuzzy-valued function ¢(x)
continues on (a,b), and an arbitrary function n(x) satisfies with a classical
variation lemma condition [Ail52], i.e.,

19 n(z) with a kth continuous derivative on (a, b),

20 n(a) = n(b),

3% (@) <e MM (@) < e, [n%)(2)| < €, where € is a small arbitrary
positive number, we have ff o(x)n(x)dz =0, then ¢(x) =0 on [a,b].

Proof: Since fab o(x)n(z)de 2 | afab é(z)n(z)dz, for an arbitrary o €
a€e(0,1]

(0,1], we have ¢(z) = 0,z € |a,b] from variation Lemma I and expressive
theorem of fuzzy numbers.

The extreme value of the fuzzy-valued functional is below.

Definition 10.2.10. If the fuzzy-valued functional IT(g(x)) is smaller than
II(fo(x)) on an arbitrary curve near to § = jo, ie., if AIl = IT(§(x)) —
II(go(x)) C O(or = 0), functional I7(§(x)) is known to reach the maximum
(or a strict maximum) on curve § = go(x).

The minimum valued curve can be defined similarly as above.
Theorem 10.2.3. If the fuzzy-valued functional I1(j(x)) with variation

reaches mazimum (or minimum) on § = Yo(x), then, there is 6II = 0 on
¥ = o(x).

Proof: As

(o () + 169) = ¢(V)
e |J all(oa(x) +965.) = | ada(¥),

ae(0,1] ae(0,1]
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for an arbitrary a € (0, 1] holds, then the conclusion holds from Theorem
10.1.3.

It is not difficult to extend the results above into the fuzzy-valued functional
of other types.

Theorem 10.2.4. If the fuzzy-valued functional I1(f(x)) has the 1st and 2nd
fuzzy-valued variation I and 6211, and, at § = fo(z),

I (go(x)) =0,  O*I(go(x)) # 0,

holds, then the extreme value is taken for the fuzzy-valued functional I1(g(z))
on § = go(x). At 6211 (Go(z)) C 0, mazimum exists, and at §*II(go(z)) D 0,
minimum, exists.

Proof: Let the fuzzy-valued functional be ¢(9) = I (go(z) + 967). Whiie

&(0) = I (jo(x) + V57)
2 | aga® = |J all(goa(z)+ 957a),

ae(0,1] a€e(0,1]
for an arbitrary « € (0, 1], the conclusion holds from Theorem 10.1.4.

With L-R fuzzy functional variation discussed, we can obtain the same
conclusion corresponding to the results above.

10.2.3 Variation of Ordinary or Fuzzy-Valued Functional at Fuzzy
Points

Let ITy be a variationable ordinary functional on [a,b] and 61Ty be variation
of ITy. Suppose that X is a fuzzy point, i.e., it is a convex fuzzy set on %,
and a support of X is

s(X) = {z € Z|lug(x) >0} C [a,b].

Since §Ily is also a function on [a,b], and by using one-place extension
principle, we have the following.

Definition 10.2.11. Suppose that 6Ily(X) = |J adlly(X,) is the Ist
ae(0,1]

variation of ordinary functional at fuzzy point X, where 6ITy(X,) = {z|3z €

Xo;0ITy(z) = z}, and its membership function is

Nany(k)(z): \/ g (),
0ly(x)==2

2

we call 88192 I (y(X) + 96y(X))|9—o the 2nd variation of ordinary functional

at fuzzy points, writing 62ITy(X), i.e.,
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s yX) = a, (Xa) + 90y(Xa))o=o-

a€e(0,1]

The variation property of an ordinary functional at ordinary points can be
extended into the state of an ordinary functional variation at fuzzy points by
Definition 10.2.11.

Definition 10.2.12. Let ITy be one-place fuzzy-valued functional, which can
be variationable on [a, b], where variation §II7 is mapping from [a, b] to
F(Z). By the extended principle, let X be a fuzzy point and S(X) C [a,b]
be a support. Then the variation of IT§ at fuzzy point X can be defined by

o(X) = | adllj(Xa) € F(F (),
ae(0,1]
where 011 (§(Xo)) = {7 € F(%£)|3x € Xq;0lly(x) = 7}, its membership
function represents

ﬂang(f()('?) = \/ px (),
611§ (x)=5
2

9 By 3
we call 592 I(g(X)+967(X))|v=o the 2nd variation of the fuzzy-valued func-

tional at fuzzy points, writing 6”?@()2) as

smyx) 2 @, Xa) + 905(Xa))lv=o0-
ae(0,1]
The corresponding results of Section 10.1 and Section 10.2.2 can be used
into the state of ordinary or fuzzy-valued functional on fuzzy-pointed varia-
tion, which is omitted here.

10.2.4 Conclusion

The author has put forward the basic conception and properties of varia-
tion for interval and fuzzy functional in this section, and discussed its further
results which will be widely used in fuzzy physics, engineering theory and
approximate calculation. The variational calculus on border and direct al-
gorithms in variational problems under fuzzy environment will be discussed
next.

10.3 Convex Interval and Fuzzy Function and
Functional
10.3.1 Introduction

On the foundation of interval and fuzzy function, we introduce a concept on
convex interval and convex fuzzy function with functional, give the definition
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of a convex function and convex functional about an interval and a ordinary
function at fuzzy points, and judge their convexity condition.

10.3.2 Convex Interval Function with Functional

1. Convex interval function

See Ref.[Cen87] about the definition of interval function.

Definition 10.3.1. Let J(y) = [J(y), J " (v)](J ™ (y) < J™(y)) be an interval
function defined on [a,b] C D C # (D is a convex region and % a real field).
If VA € [0,1] and y, z € D, there always exist

T~ Qg+ (1= 0)2) AT~ () + (1= A (2)
and
JTQOy+ (1=X)2) < AT (y) + (1 =N JT(2),
o TOw + (1= N)2) C AF(y) + (1— A)J(2), (10.3.1)

we call J(y) a convex interval function.

For interval function J(y), if J is convex, then —J(y) £ [~J*(y), —J~ (y)]
is a concave function.

Definition 10.3.2. Suppose J(y) to be an interval function and if at yo €
[a, b], there exists common nth derivatives J =) (yo) and J ™) (yo)(n = 1,2),
meaning that J(y) has nth derivable at yo, and

[in{ 7= (o), T (o)}, max{ T~ (yo), T+ (o)}

is nth interval derivative in J(y) at yo.
When J~™ (yo) < JH™ (y), [J~™ (yo), J*™) ()] is mth interval same

order derivative in J(y) at yo. Otherwise, [JH™) (yo), T~ (yo)] is nth inter-
val antitone derivative in J(y) at yo.

We assume the function to be all the same order derivable in the book.
In the binary situation (n(> 3)-variate circumstance is discussed similarly),

we call B
PJ(yiuk) 02T (i, uk) 02T (vi, uk)
iy Qyiye  OyiOys
the 2nd partial derivative in binary interval function .J.
It is not difficulty to get the definition of interval matrix and interval Taylor
theorem [JM61] by using the definition of interval function.

}

Theorem 10.3.1. If J(y) is the 2nd differentiable interval function, with an
2

interval matriz being ( ) 20, then J is a convex interval function.

0y Oy
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Proof: According to the proof in Ref. [JM61], we suppose

ft)y=J(ty+ (1 —=1)z),
since _
0%J

8yi8yk)|ty+(l_t)z’

Fre)y=> (i — z)(yr — 21)(

ik
the right is non-negative, such that f(t) = 0. As for functions f~ (t) and
ST (t), we apply Taylor theorem [JM61], respectively and get

FO)=f) =0 =N+ ;(1 =N 2 (=N, (10.3.2)
where )\ is a number between 1 and \.
Similarly, - - -
F0) = F'(N) 2 =Af'(N). (10.3.3)

A x (10.3.2) + (1 — A) x (10.3.3), then

AF(D)+ (1 =X2F0) = (V) 20,

this is (10.3.1), J being a convex function by Definition 10.3.1. The theorem
is certificated.

Note 10.3.1. The interval function derivative is no more an interval number
[WLS85].

2. Convex interval functional

Definition 10.3.3. Let
A1

(y,y) =/ F(z,y,y)dx &
Ao N N (10.3.4)
T~ (y,y), T (y,y)] = A F~(z,y,y)dz, . F(z,y,y)dx].

Then we call (10.3.4) an interval functional, where F is an interval function.

Definition 10.3.4. Let IT be an interval functional defined in convex region
D.If for 0 < A< 1;9,y'; 2,2 € D, we always have

O y+ (1 =Nz, Ay + (1= N2 | C A (y,y) + (1= NII(z,2"), (10.3.5)
calling the interval functional IT a convex in D.

If I1(y,y') is a convex interval functional, then —II(y,y') £ [~ (y,),
—IT(y,y")] is a concave one.

Theorem 10.3.2. Let Fyryy 20 and FyyFyry — (Fyyr)?> 2 0. Then F(x,y,y')
is a conver interval function concerning two variable numbers y(x),y' (x). If
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y(z),y' (x) are regarded as two independent functions, then II(y,y') is called
a convex interval functional in Definition 10.3.5.

Proof: It is similar with Formal (10.3.1), for 0 < A < 1;4,9;52,2" € D,
(10.3.5) always holds. Similarly to the proof in Theorem 10.3.1, we only prove
2

ot?

But, from Formal (10.3.4) in Definition 10.3.3, we can see that the left of
Formal (10.3.6) is

Ity + (1 —t)z,ty' + (1 —t)2") 2 0. (10.3.6)

/[(Fyy)(y - 2)2 + 2(Fyy’)(y —2)(y - )+ (Fy’y’)(y/ - z’)z]dx, (10.3.7)

where (F,), etc., represents Fy,(z,ty + (1 —t)z,ty’ 4+ (1 —t)z’) etc., and by
an assumption, we know

(Fy) = 2 + 2(F )y = )y = ) + (Fp, )y = 2')* >
(Fy)(y = 2)* +2(Fy )y — )y =) + (F, )y =) >

Therefore

(Fyy)y —2)* +2(Fyy )y — 2)(y — 2) + (Fyy ) (' — 2')? 20,

ie., (10.3.7) 2 0, such that (10.3.6) holds.

10.3.3 Convex Function with Functional at Fuzzy Points

1. Convex function at fuzzy points

Suppose J to be an ordinary differentiable function defined on [a, b], and & to
be a fuzzy point (i.e., a convex fuzzy set on ), and its support is

S(z) ={x € Z|pz(x) > 0} C [a,b].
Suppose again y(Z) means also a fuzzy point, and its support is
S(y()) = A{y(x) € Z|py@)(y(x)) > 0} C e, d],

then we have the following by an extension principle.
Suppose J to be a one-place function defined on [a, b], if S(y(Z)) C [c,d],

then we define
J@) 2 | al(y(@a)).
ae(0,1]

Definition 10.3.5. Let J(y(Z)) be an ordinary function defined on [a,b].
Then we call J(y(Z)) a convex function at fuzzy point Z if for VA, a € [0,1]
and y(Z), (%) € #Z, we have
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JAy(@) + (1= N)2(2)) € M (y(7)) + (1 = N)J(2(2))

2 ofI0w(Ea) + (1= N2(2a)}
e (10.3.8)

U O‘{)‘J(y(i'a) + (1 - )‘)J(z(i'a))}

a€e(0,1]

N

Definition 10.3.6. Let J(y(Z)) be an ordinary function defined on [a, b]. If the
derivative J™ (y(Zoa))(n = 1,2) there exists Va € (0,1] at point y(Zoa) € %,
then we call n-th derivative of J(y(Z)) existence at fuzzy point y(Zo), written

as
T y(E0) = | o™ (y(@0a)),
ae(0,1]

where
T (y(Zoa)) = {713y(z0) € ¥(Toa), J™ (y(z0)) = 7},

its membership function is

[y (y(z0)) (V) = \/ Iy(30) (Y(0))-
JM) (y(z0))=7

In the binary situation (n(> 3)-variate circumstance is discussed similarly),

we call
0%J (yi (%), yn(E)) _ U o 02T Wi(Ta), yi(7a))

0y Oy @€ 0,1] 0y Oy

the 2nd partial derivative in a binary ordinary function at fuzzy points, and
its membership function is

[ 020y @)y @ (V) = \/ {ty, (@) (i) /\Myk(fc) (yr)}-

Oy; Oy,
1k 827 (y; (2), g () _
Oy Oy v

Theorem 10.3.3. Let y(&) be a fuzzy point. If J is the 2-nd differentiable

2

ordinary function, with a matriz being ( ) 20, then J(y(Z)) is a convex

. . yiOys
function at fuzzy points.

Proof: According to the assumption and definition of fuzzy numbers, let

f(t) = J(ty(z) + (1 —1)2(2))
be only the function concerning ¢. Then

02J

£ = S 0(@) ~ 2@ (@) ~ 2@, o

ik

)‘ty(fc)+(1—t)z(5c)a
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and the right end is not negative because the right end of
- - - N 9%J B
ZZ};(yz‘(ff) — () (yr (%) — Z’“(x))(ayiayk Ney@)+a-23) =
_ _ _ _ 0%
U oD wi@a) — z(2a)) (r(a) — 24(Za ))(ay,ay MNey(@) +(1-1)2(@) }

a€e(0,1] i,k

obviously it is not negative, hence f"(¢) > 0. From the extension principle
and by applying Taylor theorem, we get

F) = fN) =0 =XNf(\)+ ;(1 A"V (=N (N, (10.3.9)

where )\ is a number between 1 and \.
Similarly,

F0)— F/(0) 2 AF'(). (10.3.10)
A x (10.3.9) 4+ (1 — A) x (10.3.10), then
A1)+ (1 =XA)f(0) = f'(A) 20,
i.e., (10.3.8). Hence J(y(Z)) is a convex function at fuzzy points in Definition

10.3.5 and the theorem holds.

2. Convex functional at fuzzy points

Definition 10.3.7. Suppose II to be an ordinary functional and & to be a
fuzzy point at Z, then we call

A1
H(y(f),y/(:%)):/A F(&,y(2),y(%))dz £

0

U CkH( ( U /)\ xaayxa y(i’a))dl'

a€e(0,1] a€(0,1]

(10.3.11)

a functional at fuzzy points, where F' is an ordinary function.

Definition 10.3.8. Let II be an ordinary functional defined in convex region
D. If in fuzzy points y(Z), 2(Z) € # for arbitrarily A € [0, 1], there is

I (Ay(2) + (1= N)z(2), Ay (7) + (1 = N)2'())
C MI(y(2),y/' (7)) + (1 = N (2(2),2'(2)) £
o) +

U AT Ow(@a) + (1= N2(2a). M (2a) + (1= N2 (@)} (10.3.12)
a€e(0,1]
C U efAIy(@a), ¢ (@) + (1 = N (2(2a), 7' (2a))},
a€(0,1]

then IT is called a convex functional at fuzzy points in D.
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Theorem 10.3.4. Let Fy,y D 0 and FyyFyy — (Fyy)> 2 0. Then F(Z,y(2),
y'(Z)) is a convex function concerning two fuzzy variable numbers y(T) and
y'(2). If y(Z) and y'(Z) are regarded as two independent fuzzy functions, then
we call II(y(Z),y' (%)) a convex functional at fuzzy points defined by (10.3.11).

Proof: It is similar with Formal (10.3.8), for 0 < A < 1, we always have
(10.3.12) hold. Similarly to the proof in Theorem 10.3.3, we only prove

82
ot?

But, from Formal (10.3.11) in Definition 10.3.7, we can see that the left end
of Formal (10.3.13) is

H(ty(@) + (1 — £)2(2), ty/ (%) + (1 — £)2/(z)) 2 0. (10.3.13)

/[(Fyy)(y(i) = 2(2))? + 2(Fyy ) (y(2) — 2(2))(y' (@) — #'(2))
+ (Fyy)y' () = #(2))%]da,

where (F,,), etc., represents F, (Z,ty(Z) + (1 — t)2(2), ty' (&) + (1 — t)2/ (7)),
etc. And by an assumption, we know

(10.3.14)

+ (Fyy) (Y (Ta) — 2/ (Ta))* 20,
= (Fy) (@) — 2(2))* + 2(Fyy ) (y(&) — 2(2)) (v (&) — 2/())
+ (Fyy) (' (2) = 2'(%))? 20,

ie., (10.3.14) D 0, such that (10.3.13) holds.

10.3.4 Conclusion

In this section, we expand the concept of a classic convex, establish the theory
frame of the convex interval and fuzzy functions with convex functionals. In
the next section, we will advance cove fuzzy-value function and functional.
Under this frame, we can develop a lot of researches to optimizing problems
concerning static, more static and dynamic cases under interval and fuzzy
environment. The work concerning this aspect will be researched continuously.
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10.4 Convex Fuzzy-Valued Function and Functional

In this section, on the foundation of fuzzy-valued function and functional vari-
ation, we put forward the next [Cao09].

(1) Developing a concept on convex fuzzy-valued function with functional.
(2) Discussing the convexity in fuzzy-valued function and functional at
ordinary and fuzzy points, respectively.

10.4.1 Convex Fuzzy-Valued Function and Functional at Ordinary
Points

1. Convex fuzzy-Valued Function at Ordinary Points

Fuzzy-valued function with functional can be defined similarly as the above
section.

Definition 10.4.1. Suppose J (y) to be a fuzzy-valued function defined at
[a, b], and
Ty | ahy= U alliw, 13w,

ae(0,1] ae(0,1]

if for VA € [0,1] and y, z € #Z, we have

JOy+ (1= X)z2) CA(y) + (1 =N J(2), (10.4.1)
then we call J(y) the convex fuzzy-valued function.
Here
(10412 | ofday+(1=-22}< | ofMa) + (1= N Ja(2)}

ae(0,1] ae(0,1]

= J ollaOy+ -0 < | ol @)+ 1= NI (=)

ae(0,1] ae(0,1]
U oddiOw+0-0231< | oMEw) +1=-NI5 ()}
ae(0,1] ae(0,1]

If J(y) is a convex fuzzy-valued function, then —J(y) = U a[-JF (y),
a€(0,1]
_J-

~ (y)] is a concave one.

Definition 10.4.2. Let J(y) be a fuzzy-valued function defined at inter-
val [a,b]. If at some point yo € (a,b], there exists nth interval derivative
_o(,n)(yo)(n = 1,2) for Ya € (0,1], then we call that nth fuzzy-valued deriva-
tive exists in J(y) at yo, written down as
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Ty = |J oI wo)= |J elJa™ o), 75 (wo),
ac(0,1] a€(0,1]

its membership function being
1500 (30 (Y = \/{alJs ™ (o) =, or JF M (yo) =7}

As for the binary situation (n(> 3)-variate circumstance is discussed simi-
larly), we call

82~ s 0 8704 iy
J(y yk): U a ( Ja(y yk))

0y Oy, aco.1] Oy 0y;
(Y, yw) o (yisyr)
- U a{ LU o« }]
acio] 5y Oyx oclo.1] 3y28yk

2nd partial derivative in binary fuzzy-valued function .J, its membership func-
tion being

ymyk) 82J;(yiayk)
Mazf(ytyyk) \/{ ‘ = or :Py}

dy; Oy, 8?/ Oy ’ 0y Oy

Theorem 10.4.1. If j(y) is the 2nd differentiable fuzzy-valued function, with
S

a fuzzy-valued matriz being ( ) 20, then J is a convex fuzzy-valued

OyiOyx
function.

Proof: According to the assumption and definition of a fuzzy-valued function,
let

Ft) = J(ty+ (1 —t)2).

Because the right of £ (£) = S (yi — 2:)(yr — 2zk)( 07 Mty+(1—1)- is not
ik 0Y; 0y

negative, such that f” (t) = 0, from an extension principle and by applying

Taylor theorem, we get

FO) = F) = =N+ ;(1 “ N2 2 (L=NF ), (104.2)
where \ is a number between 1 and A. Similarly,
FO) = ') 2 =AF' (). (10.4.3)
A x (10.4.2) + (1 — A) x (10.4.3), then
A1)+ 1 =NF0)-F (N 20,

which is (10.4.1). Hence J is a convex fuzzy-valued function by Definition
10.4.1 and the theorem is certificated.
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Note 10.1. The derivative of fuzzy-valued function is not necessarily a fuzzy
number [WLS85].

2. Convex fuzzy-valued functional at ordinary points

Definition 10.4.3. We call the formal

(y,y') = / F(z,y,y")dx
A

0

2 aluy.y)= | ollI; (v.y). 11} (y.y))]
a€(0,1] a€(0,1]

A1 _
— U a/ F,(z,y,y )dz
ac(0,1] Ao

(10.4.4)

a fuzzy-valued functional, where F is a fuzzy-valued function.

Definition 10.4.4. Let fY(y, y') be a fuzzy-valued functional defined in con-
vex region D. If VA € [0,1];y,y'; 2,2’ € D, we always have

g+ (1= Nz Ay + (1= N2') S ATy, ) + (1= V(2. 2)

2 | allaQy+ (1= Nz M + (1- 1))
@€(0,1] (10.4.5)

+ (1= NI, (2,2},

N
Q
—_
S
é:]\
=
t:\

calling the fuzzy-valued functional IT (y,y') convex in D.

If fY(y,y’) is a convex fuzzy-valued functional, then —fY(y, y') = U af
a€e(0,1]
—IIf(y,y"), =11, (y,y')] is a concave one.

Theorem 10.4.2. Let Fyry D 0 and FyyFyy — (Fyy)? D 0. Then F(z,y,y')
is a convex fuzzy-valued function concerning two variable numbers y(x) and
y'(x). If y(x) and y'(z) are regarded as two independent functions, then we
call II(y,y') a convex fuzzy-valued functional by Definition 10.4.3.

Proof: It is similar with Formal (10.4.1), for 0 < A < L;9,¢/;2,2' € D, we
always have (10.4.5) hold. Similarly to the proof in Theorem 10.4.1, we only

prove
2

0° ~
12 H(ty + (1 —t)z, ty' + (1 —t)2') D 0. (10.4.6)
But, from Formal (10.4.4) in Definition 10.4.3, we can see that the left of the
Formal (10.4.6) is

/[(Fyy)(y — 22+ 2(Fyy )y — 2) () — &) + (Fyy)(y — 2)?)dz,  (10.4.7)
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where (F),), etc., represents Fy,(z,ty + (1 —t)z,ty’ + (1 —t)2’), etc., and by
an assumption, we know

(F Jyy(y — ) + 2(Fa)yy’(y - Z)(ZU/ —2')+ (Fa)y’y’(y/ - Z/)Q 20,
therefore,
U o{(Fa)yy(y — 2%+ 2(F)yy (y = 2)y' = 2') + (Fa)yy (v — 2 *} 20,

ae(0,1]

= (Fyy)(y - 2%+ 2(Fyy’)(y = 2) Y =)+ (Fyy )y — 2?20,
ie., (10.4.7) D0, such that (10.4.6) holds.

10.4.2 Convex Fuzzy-Valued Function and Functional at Fuzzy
Points

1. Convex fuzzy-valued function at fuzzy points

Suppose that J is a one-place fuzzy-valued function defined at [a,b]. By ex-
tension principle, if y(Z) is a fuzzy point and its support is S(y(Z)) C [c,d],
then

Jy@) = |J aly@)) € F(F (%))
a€e(0,1]
is a fuzzy-valued function defined at the fuzzy points, where Jy(@) =1{7¢€
F(#)|Fy(x) € y(Zo), J(y(x)) =7}, its membership function being
/’(’j(y(;f;))(;?) = \/ fy(z) (Y(2)).
I (y(x)=7

Definition 10.4.5. If VA € [0, 1] and fuzzy points y(Z), 2(Z) € %, there is

Ty (@) + (1= N)J(2(2)] € M (y(@)) + (1= A)J (2(2))
= o)}

af{JAy(Ta) + (1 = N)2(z

N

S
U o)) + (L= N)J(2(2a))},

then we call J a convex fuzzy-valued function at fuzzy points.

Definition 10.4.6. Suppose J(y(z)) to be the fuzzy-valued function defined
at interval [a,b], if Yoo € (0,1], 7 (y(Zoa))(n = 1,2) exist at certain point
y(Toa) € Z, then we call that nth derivative of J(y(z)) exists at fuzzy point
y(Zo), written down as

JM (y(do)) = U aJ ™ (y(2oa)) € F(F (X)),

a€e(0,1]
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where J®(y(z00)) = {7 € F(#)y(w0) € y(Toa), I (y(z0)) = 7}, its
membership function being

H 5 (y(z0)) () = \/ Hiy(z0) (Y(@0))-
T (y(20))=7

In the binary situation (n(> 3)-variate circumstance are discussed simi-
larly), we call

0°J (ys(7), yx (7)) _ U T (i(3a), ys(7a)

c F(F (%
0y Oy 0y Oy ( ( ))

ae(0,1]

the 2nd partial derivative in binary fuzzy-valued function at fuzzy points,
where

02T (Yi(Za), yu(Ta))

Dys0u = {i\ﬂfyi(x),yk(x)) € yi(Za) X yu(Za),
J

9? (yz(x)’yk(x)) — :Y}
Oy 0yp, ’
its membership function being

o2 5 (i @y @) (V) = \/ {tye () Wi (@) N\ 1y ) (ur(2)) -

dy; Oy, -
1k 025 (y; (2),y5 (@) _x
Oy, 9yy, 2

Theorem 10.4.3. Let y(Z) be a fuzzy point. If J is a 2nd differentiable fuzzy-
-

J ~
) 20, then J is a

valued function, with a fuzzy-valued matriz being ( S
YiOYk

conver fuzzy-valued function at fuzzy points.

Combine Theorem 10.3.1 with Theorem 10.3.3 and we can get a proof
immediately in this theorem.

2. Convex fuzzy-valued functional at fuzzy points

Definition 10.4.7. Suppose II to be a fuzzy-valued functional and Z to be a
fuzzy point in Z, then we call

g
ISX
<
—~
S
:_/
tﬁ\
—~
8
S~—
S—
QU
5]
Il

A
(@), v (7)) = /

A
U el @) = | o A F(Far y(Ta), /(7o) de

a€(0,1] a€(0,1] 0

a fuzzy-valued functional at fuzzy points.

Definition 10.4.8. Let IT be a fuzzy-valued functional defined in convex
region D. If in fuzzy point & € # for arbitrarily A € [0, 1], there is
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I(y(F) + (1= N)z(2), Ay (&) + (1= A)2'
MI(y(i ) (7)) + (1= N (2(2), 2

U T(A\y(Ta) + (1= Nz(Za), A (Ta) + (1= V)2 (2a)}

> 1N

c U a{AH (Y(Za), ¥ (Za)) + (1 = VI (2(Za), 2 (Za))},

a€(0,1]
then we call IT a convex fuzzy-valued functional at fuzzy points in D.

Theorem 10.4.4. Let Fyy D 0 and FyyFyy — (Fyy)? D 0. Then F(,
y(Z),y'(Z)) is a convexr fuzzy-valued function concerning two fuzzy variable
numbers y(Z) and y'(%). If y(Z) and y'(T) are regarded as two independent
fuzzy functions, then we call II(y(Z),y (%)) in Definition 10.4.7 a convex
fuzzy-valued functional at fuzzy points.

Combine Theorem 10.3.2 with Theorem 10.3.4 and we can get a proof in
this theorem immediately.

10.5 Variation of Condition Extremum on Interval and
Fuzzy-Valued Functional

10.5.1 Introduction

In this section the interval and fuzzy valued variation is going to be extended
into a functional condition extremum, developing that of an interval and fuzzy-
valued functional and verifying an effectiveness of the extension with a nu-
merical example.

10.5.2 Variation of Condition Extremum in Interval Functional

Definition 10.5.1. We call

xr1
II = / F(z,y;y')da
. - (10.5.1)
= [/ F~(z,y;9)dx, / F(z,y;y/ )da]

Zo Zo
an interval functional dependent on n unknown functions, wherey = y1,y2,- - - ,
Yns Y =YLYs Y

In [Cao91a] [Cao0le] and [Luo84a,b] you can find the definition on interval

value and its functional variation.

Theorem 10.5.1. Suppose that functions y1,y2, - ,Yn enable extremum to
exist in the interval functional (10.5.1) under the condition
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@i(z,y) =0 (i=1,2,--- ,m;m <n) (10.5.2)

with (10.5.2) independent, i.e., in m-order interval function determinants,
only one determinant is not zero, i.e.,

D(Sblasb%"' a@m)

0, 10.5.3
D(ylvaa"'vym) 7/: ( )

then proper chosen factors \i(z) and y;(i = 1,--- ,m;j = 1,2,--- ,n) tally
with Euler equation determined by interval functional

= / Z x)@; dx—/ F*dz, (10.5.4)

0

while functions X\;(z) and yj(z)(i = 1,2,--- ,m;j = 1,2,--- ,n) are deter-
mined by the interval Fuler equations and interval ones

Fy = Fp=0(=12".n) (10.5.5)
;=0 (i=1,2-,m) (10.5.6)

respectively. If y1,vy2,*+ ,yn and Xl(x), Ao (), A (2) are all regarded as
model-variable of interval functional IT*, then (10.5.6) can be considered as
FEuler equations of internal functional IT*, where

D(py. om) D(ef, b))
10.5.3) & ! rrmL, ! rrmlL .
( ) D(ylvvym) 7& D(yl;»ym) 7&

Proof: According to interval definition [Cao0Ole] and basic condition of ex-
tremum (Ref.[Cao91a]. Theorem 1.1), we have

r, N =, m _
= 1 — SOZ d 8F
0" =0« A oyjdx =0
0 ]231 ayj Zz:: 3yj Cdz 8yj] vi
m
/ ;ﬁ)dyjdxzo
xo ] 1
Fr dF*—O j=1,2 10.5.7
= yj—dl‘ v; (‘7* ) v"'vm)v ( )

where F* = F + Y \;j(7)@;. Besides, since (10.5.7) represents an interval
i=1 _

linear group with respect to A; and when (10.5.3) holds, we have the solution

Ni(z) = [N (2), A\ (@)] (i = 1,2,---,m). As for such \;(z), the necessary

n
o . . xr '
condition of the extremum in fxol S(E?
Jj=1

VT g F’y*j/)dyjdx = 0 can be changed
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n _ d _
into f;l >, (Fy — | Fy)dyjdr = 0. Because of the arbitrary of dy;(j =
0 Jj=m+1 / dl‘ 7
m-+1,---,n), all of items are made to be zero, except one of them, by turns,
and by applying basic variation Lemma I in Section 10.1, we have

ij dxFy =0(=m+1,---,n). (10.5.8)

By combination of (10.5.7) and (10.5.8), we enable a condition extremum
function of functional required by IT; and factor A;(z) all to tally with (10.5.5)
and (10.5.6).

Theorem 10.5.2. Suppose that functions yi,ys, - ,yn enable extremum to
exist in the interval functional (10.5.1) under the condition

bi(z,y;y) =0 (i =1,2,--- ,mym <n) (10.5.9)
with (10.5.9) independent, i.e., there exists an m-order interval function
determinant o _

D(¢17¢27"' a¢M)
then proper chosen factors \;(z) and y;(i = 1,--- ,m;j = 1,2,--- ,n) enable

the interval functional in (10.5.1) to reach the condition extremum curve, i.e.,
1ts extremum curve

#0, (10.5.10)

1

17*:/ (F+ZS\i(x)zﬁi)d5E:/ F}dx,
o i=1 xr

0

where Ff = F 4+ > N\i(2)¢;, and

[NgE

o B -
(10510) £ D(wl ’ZZ]Q T ’ujm) # O, D(wl »¢2 s m)

£0.

Proof: The theorem can be proved as Theorem 10.5.1.

10.5.3 Variation on Fuzzy-Valued Functional Condition Extremum
at Ordinary Points

Definition 10.5.2. Call
~ T1
H:/ (z,y;9)dv = | / o(z,y3y )de (10.5.11)
To a€e(0.1] To

a fuzzy-valued functional depending upon n unknown functions, here
Folz,y3y') = [Fy (z,y39), F (2, 539)].
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The definition can be found in Ref.[Cao91a] [Cao0le] and [Luo84a,b] with
respect to fuzzy value and its functional variation.

Theorem 10.5.3. Suppose that functions y;(j = 1,2,---,n) make an ex-
tremum exist in (10.5.11) under the condition

Gi(z,y1,  yyn) =0 (i=1,2,--- ;mym <mn) (10.5.12)

with (10.5.12) independent, i.e, there exists an m-order fuzzy-valued function
determinant
D(@h@%"' vQBTn)
D(y1,y2,* ,ym)
then, the proper chosen factors \i(x) and y;(i = 1,2,-++ ,m;j = 1,2,--+ ,n)
satisfy Fuler equation determined by fuzzy-valued functional

~ x1 m - T1
I+ / Z)\ dx—/ F*da, (10.5.14)

0

#0, (10.5.13)

while functions 5\,(56) and y;(x) are determined by fuzzy-valued Euler equations
and a fuzzy-valued one

Fr - o o =0 (j = 1,2, ,m), (10.5.15)
Gi=0(i=1,2,--,m), (10.5.16)

respectively. If we regard S\Z(x) andy;(i=1,---,m;j=1,---,n) as the vari-
ables of fuzzy-valued functional IT*, we can regard (10.5.16) as Buler equations
of fuzzy functional IT*, where

D(Gra, Boos -+ P
(10513)2 | J « (P1a, P2 P
a€(0,1] D(y1,y2,-+ ym)

Proof: According to fuzzy-valued (or fuzzy-valued functional) definition
[Cao0le] and its basic condition of extremum ([Cao91a], Theorem 2.1), we
have

SIT* =0
U o SE
& —  Fr . )oydr =0
ag(0,1] VO =1 duw % ' (10.5.17)
% d * -
= U aF. - xFya)—O(]:1,2,~~-,n),
a€(0,1]

where F* = F,+ Z i (T)Pio - Besides, (10.5.17) is a fuzzy valued linear group

with respect to )\,a When (10.5.13) holds, as for a certain «, we can get the
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solution Aia () = [Ai, (), Af,(@)](i = 1,2,---,m) by the proof in Theorem

? k163

10.5.1. As for such \;o (), the necessary condition of fuzzy extremum

N d _
U a/r Z(ija—dxFy;_a)éyjdazo

a€(0,1] 0 j=1
is turned into
d RE]
U / dxFy}a)(Syjda =0.
ac(0,1]  “T0 j= m+1

Because dy; is arbitrary, all of items are made to be zero, except one of them,
in turns and, by the application of basic variation Lemma II in Section 10.2,
we have

Tk d * .
U o, - dxFyJ )=0(=m+1,---,n). (10.5.18)
a€(0,1]

By combining (10.5.17) and (10.5.18), as for arbitrary o € (0, 1], the condition
extremum obtained by fuzzy-valued functional IT and factor \;(z) should all
meet with (10.5.15) and (10.5.16) from Theorem 10.5.1. Now the theorem
holds.

Theorem 10.5.4. Suppose that functions y;(j =1,2,---n) enable extremum
to exist in (10.5.11) under the condition

Gir,yiy) =0 (i=1,2,- ;m;m < n) (10.5.19)
with (10.5.19) independent, i.e., there exists an m-order fuzzy-valued function
determinant o ~

D(wlvaW o ad]m)
D(yivyé’ U 7y4n)
then proper chosen factors 5\,(33) and y;(i=1,---,m;j=1,2,---,n), enable

the fuzzy-valued functional in (10.5.11) to reach the condition extremum curve,
e., its extremum curve

40, (10.5.20)

m

ﬁ*:/ F+ZA z/Jde—/ Frde,

where Ff = F 4+ 3 \i(z)4;, and

Dy, N

(10520) £ U . (ﬂ’m»%a, 7wma) £0,
D(yh,yb, -, yh)
ae(0,1] 192 »Im

+ +
U aD(%aﬂ/sz“'ﬂ/me)#O.

!/ L /
aE(O,l] D(ylv y23 vym)
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Proof: The theorem can be proved like Theorem 10.5.3.
10.5.4 Numerical Example

Example 10.5.1: Find fuzzy functional extremum S = f;ol ydz under the
equal circumference

] _ ~
/ V14 y2de = 1.
zo

Make a supplementary functional IT* = fx (7 + A\/1 + y'2)dz, and fuzzy

Euler equation is F' — g/ ~y, =y, ie.,

—~ 1.2

IS Ay ~
7+ M/1+y? - Jitoa = (10.5.21)
+y

For a certain determined «, (10.5.21) is

_ A2 _
U a{ Yo + Aa(\/l + y/2)a - Yo b= U a{Cia}.
ae(0,1] V14+9%)a  acoq
We first find 5
Yo — Cla = - “ _,
V1+72

by introducing parameter ¢, such that §’ = tg ¢, then

Ya — C’la = _S\QCOS t;

dYe _ Aasin tdt
tgt  tgt

dy -
Yo _ tg t, therefore, dz, = = Aqcos tdt;
x

To = Coq + Agsin t.
Then, when extremal equation is represented by parameter form, we have

Ta — Caa = Aosin ¢
Yo — C_’la = —j\aCOS t

and by canceling ¢, then
(ja - CQQ)Z + (ga - C_’Za)z = 5\2’

such that
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It is curve variety of functional extremum we find, where C,, C’ja, Ay, M\ (=
1,2) are constants and parameters; Cia, Ao (i = 1,2) are interval constants

and parameters; C, A are fuzzy constant and parameter.

10.5.5 Conclusion

The functional condition extremum problem mentioned in this section con-
tains more information than a classical one. We notice that for a € (0, 1], it
is difficult for us to find all the curves. But, in practical application, we find
a solution to some « (or finite ) according to the requirement. It is worth
mentioning that we can obtain the more satisfactory result in 0.618 searching
way.

The result discussed here can be easily extended into a condition extremum
variation of ordinary or fuzzy-valued functional with fuzzy function ,(j =
1. ,n).

10.6 Variation of Condition Extremum on Functional
with Fuzzy Function

10.6.1. Introduction

By Definition “nest of set”, a condition extremum variation problem of an
ordinary and fuzzy functionals on ordinary function are extended into function
being a fuzzy state. In this section, we discuss the first condition extremum
variation of functional with function, and extend it to variation of fuzzy-valued
functional condition extremum with fuzzy function.

10.6.2 Condition Extremum Variation of Functional with Fuzzy
Function

Let F be an ordinary differentiable functional defined on [xo,z1] C Z, 3;(j =
1,2, ,n) be fuzzy functions (i.e., a convex fuzzy set on %) and the support
of g; be

s(9;) = {z € Zlpy,; (x) > 0} C [a;, bs].

By the extension principle, we have the following.

Definition 10.6.1. Let’s call

_ 1 x1

1T = / F(z,3;9 )dz = / U aF(z,ga:9)da (10.6.1)
To o aelo,1]

an ordinary functional depending on n fuzzy functions, where g0 = [y;,,, y;fa],

Ui = min(y}y, yih), max(yiy, 50, and ¥y, Tias Yin, Y denote a fuzzy
derivative, an interval value one and interval value left and right ones of gj,
respectively, and
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Fa,5,7)= |J aF(®9a.95),

ael0,1]
its membership function is
pregan =\ {ms@) A py @)},
F(zy,y")=~

where

F(2,Ja,¥a) = {732,y 9) € X x Yo x Y7, F(z,y,y') =},
g = (glag% T agn)ag/ = (giagéa e ag;,);
Ya = (glavg2av t agna)a g/a = (gllaa g/zaa to vgila)
From Definition 10.6.1, we know that the ordinary functional dependent on
n fuzzy functions can be changed into an interval one for a certain determined

« value. Therefore, it is easy to find definitions of the functional variation
according to Ref.[Cao91a] [Ail52] and [Cao91b].

Definition 10.6.2. Let us call

ij(xagvgl): U Oéij(l‘,:Ua,ﬂg),
a€l0,1]

Fy;(x’gyﬂ/): U aFy;(l"ga,gl&) (j:1’27... ’n)
a€l0,1]

a partial derivatives of ordinary functional F' on fuzzy points (z, g; §') with re-
spect to g; and gjg (j =1,2,---,n), respectively, whose membership functions
are respectively

KF,, (@.,9) (V) = \/ g (y) A py (y')] =
F'yj (zy,y")=v
V (g, (Y1) A+ A g () A (g (1) A=A gy ()]
Eyi (g1, yniyl e yn) =Y
pey i =\ ) Apg ()] =
! Fyg_ (z,y,9")=>
\/ gy (1) A== A g, () A (g (1) A= A g (9n)]

FU3 (r,y1,--- ,yn;y{f" ’y’:L):A/

where z,v € Z,y = (y1,Y2, -+ ,yn) and vy’ = (¥}, 45, -+ ,y),) are real function
vectors on real region Z.

Theorem 10.6.1. Suppose that fuzzy functions y1,9s2,- - - ,Yn enable ordinary
functional (10.6.1) under the conditions
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Gi(x,g)=0(=1,2,--- ,mym < n)) (10.6.2)

to realize extremum and (10.6.2) are independent, i.e., there is an m-order
fuzzy function determinant with fuzzy function

D(¢1 (l’,g), ¢2("Tag)a T a¢m($ag))
D(glvg% e 7@7’1)

then the proper chosen factors ki(z) and y;(i = 1,2,--- ,m;j = 1,2,--- ,n)
satisfy Fuler equation given by an ordinary functional with fuzzy function

xr1
H*:/ xg,~’+Zk Vi (z,9)]dax
xr

0 (10.6.4)
x1
- / F* (e, 5,7 )de,
To

while functions k;(x) and §;(z) are determined by Euler equations with fuzzy
function

40, (10.6.3)

. s d ,

and by Equations with fuzzy function

di(x,5) =0 (1 =1,2,--- ,m). (10.6.6)

Ifg; and ki(z)(j = 1,2,--- ,m;i =1,2,--- ,m) are regarded as fuzzy-model-
variable of functional IT*, (10.6.6) is regarded as Euler equation of IT* with
fuzzy function.

Proof: If for an arbitrary a € [0, 1], the basic condition of extremum is

0T =0 |J adll; =0
ael0,1]

n

d
<:>/ U az y; (T, Yos U )0y — (x Yo> Ui, )Oyjldz = 0,

o aglo,1]  j=1

or we intergrade by part the second item in each middle bracket. And by
using the definition of the interval value (or function) in Ref. [Ca093c]|, and
the basic condition of extremum in Theorem 1.1 in Ref. [Cao91al, we have

d o
/ U az (T Yos Toy) — . Fy (2, Yo, Yo)10yjdz = 0, (10.6.7)
o aglo,1]  j=1

o = (U1asTY2as"** » Una), Obeys the independent constraints of m

U ad)i(xaga) =0 (Z:1327 7m)'

ael0,1]
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As for this formula, we find variation with

U Za¢zxya 3—0( B 7m)7

ac0,1]  j=1

where there are n—m variation arbitrations in dy;, for example, say 04m41,- -,
0y, arbitration, then

/ U Zad)lzya .}dx:()(izl,Za"'am)'

aEOl] Jj=1

Add them with satisfied equation (10.6.7) from admitted variation dy;, re-
spectively, then

m

/m U Zanymya _|_Zk afi)szya)_

acl0,1]  j=1 9y
d aF(xagaaga)

[0yjdx =0

dx Y} J ’
F*(2,J0:T0)=F (2,70 ) +2 121 Kia (2) i (2,7a)
________________ T

d . o

a€l0,1]  J= 1

and then we change it into

d .. _
/ U Z (%, Yo, Ub) — dxFyg(x,ya,y;)}éyjdx:O. (10.6.8)

a€l0,1]  j=m+1

Again because 0y;(j = m + 1,m + 2,--- ,n) is arbitrary, we make all of
above function equations be zero except one of them by turns. For Va € [0, 1],
by applying basic Lemma I in variation of Ref.[Cao91a], we have

* - d * -
U Od[ij (xv Yo, y/a) - dl’ij ($, Yo, y/a)] =0
a€l0,1] (1069)
(GJ=m+1,m+2,---,n).
Combine (10.6.8) and (10.6.9), we enable the function of conditional extremum

realized by functional IT* and factor k;(x) to all satisfy equations (10.6.5) and
(10.6.6), so, Theorem 10.6.1 holds.

Theorem 10.6.2. If we change (10.6.2) in Theorem 10.6.1 into differential
equation with fuzzy function

¢1(xagag/) =0 (Z:L am;m<n)a

while the other conditions are unchanged, the conclusion is still true.
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10.6.3 Variation of Fuzzy-Valued Functional Condition
Extremum with Fuzzy Function

Definition 10.6.3. We call
T = / Pz, §:7)ds € F(F(#))

U / (T, Yo, Yo )dx

ael0,1]

(10.6.10)

a fuzzy-valued functional dependendent on n-fuzzy functions, where g, and
y., are defined by Definition 10.6.1, with

A
F(l” g’ gl) = U aF(x’ ga’ﬂ(’l)’
ael0,1]
F(2,90,90) = {7 € F()3(z,y,y') € X x Yo x Y., F*(2,y,y) =7},

and its membership function is

Piwan M = NV ) Ay ()}
F(z,y,y)=%
Definition 10.6.4. Let’s call
Fy@gd) = | oFy (@ 0e0l) € F(F()),
a€[0,1]
559) = |J aFy (@ 0e:50) € F(F(@) (G =12, ,n)
a€l0,1]
a partial derivation of fuzzy-valued functional F on fuzzy point (z,7;9") with
respect to y and y/, respectively, where
") € X x Yo x Y, Fy(2,y:9') =
N eX XYy x Y Fr(z,yy) =
J

b
b

N

Fy (2,003 Ua) = {313(x, y5y
Ey (2, 50; 70) = {73, y3y

N

their membership functions are
KB, o590 () = \/ (g () \ 1o (v))
Fy; (2,y39')=7
1, oy () = \/ (5) \ b )
’ ﬁ T,y )=
n) make when

Theorem 10.6.3. Suppose that fuzzy functions §;(j = 1,2, -
fuzzy-valued functional (10.6.10) with fuzzy function under the condztwn
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Gi(x,g) =0 =1,2,--- ,m;ym < n) (10.6.11)

reached extremum, and (10.6.11) is independent, i.e., there is an m-order fuzzy-
valued function determinant with fuzzy function

D(¢1(x’ g)a ¢2($, g)’ T ¢m(l‘,?j))
D(y)

Then, the proper chosen factors ki(x)(i = 1,2,--- ,m) and g;(j = 1,2,--- ,n)
satisfy BEuler equation obtained by fuzzy functional with fuzzy function

i = [ (g )+ ke oo = [ PG50,

0 0

#0. (10.6.12)

while functions k;(x) and y,;(x) are determined by fuzzy-valued Euler
equations

and by fuzzy-valued equations:
¢j(z,9)=0(i=1,2,---,m). (10.6.13)

If we regard k;(x) and y;(i = 1,2,--- ,m;j5 =1,2,--- ,n) as the model vari-
able of fuzzy-valued functional IT*, we can write (10.6.13) as Euler equations of
fuzzy-valued functional IT*, where

106 12 U a :v ﬂa),ff)m(m,ga),... ,Qsma(x,ga)) 7£O

agl0,1]

Theorem 10.6.4. If we change (10.6.11) in Theorem 10.6.3 into fuzzy dif-
ferential equations with fuzzy functions

¢i(xag;g/):0 (22172a am;m<n)

with the other conditions unchanged, the conclusion holds.

10.6.4 Conclusion

The condition extremum problem, functional, ordinary or fuzzy-valued, with
fuzzy function is advanced, and a method to it is obtained for them contain-
ing fuzzy functions by the aid of the variational methods. This model will
contain more information than a classical one and will be of extensive use in
engineering act fields, the application examples remains to be completed by
readers.



	Interval and Fuzzy Functional and their Variation
	Interval Functional and Its Variation
	Fuzzy-Valued Functional and Its Variation
	Introduction
	Variation of Fuzzy-Value Functional at Ordinary Point
	Variation of Ordinary or Fuzzy-Valued Functional at Fuzzy Points
	Conclusion

	Convex Interval and Fuzzy Function and Functional
	Convex Interval Function with Functional
	Convex Function with Functional at Fuzzy Points
	Conclusion

	Convex Fuzzy-Valued Function and Functional
	Convex Fuzzy-Valued Function and Functional at Ordinary Points
	Convex Fuzzy-Valued Function and Functional at Fuzzy Points

	Variation of Condition Extremum on Interval and Fuzzy-Valued Functional
	Introduction
	Variation of Condition Extremum in Interval Functional
	Variation on Fuzzy-Valued Functional Condition Extremum at Ordinary Points
	Numerical Example
	Conclusion

	Variation of Condition Extremum on Functional with Fuzzy Function
	Introduction
	Condition Extremum Variation of Functional with Fuzzy Function
	Variation of Fuzzy-Valued Functional Condition Extremum with Fuzzy Function
	Conclusion




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




