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Abstract. We investigate the problem of the maximum number of cubic
subwords (of the form www) in a given word. We also consider square
subwords (of the form ww). The problem of the maximum number of
squares in a word is not well understood. Several new results related to
this problem are produced in the paper. We consider two simple problems
related to the maximum number of subwords which are squares or which
are highly repetitive; then we provide a nontrivial estimation for the
number of cubes. We show that the maximum number of squares xzx
such that z is not a primitive word (nonprimitive squares) in a word of
length n is exactly L;J —1, and the maximum number of subwords of the
form z*, for k > 3, is exactly n — 2. In particular, the maximum number
of cubes in a word is not greater than n — 2 either. Using very technical
properties of occurrences of cubes, we improve this bound significantly.
We show that the maximum number of cubes in a word of length n is

45 4
between |, n and ; n.

1 Introduction

A repetition is a word composed (as a concatenation) of several copies of an-
other word. The exponent is the number of copies. We are interested in natural
exponents higher than 2. In [4] the authors considered also exponents which are
not integer.

In this paper we investigate the bounds for the maximum number of highly
repetitive subwords in a word of length n. A word is highly repetitive iff it is
of the form x* for some integer k greater than 2. In particular, cubes w? and
squares o2 with nonprimitive x are highly repetitive.

The subject of computing maximum number of squares and repetitions in
words is one of the fundamental topics in combinatorics on words [T6/T9] initiated
by A. Thue [25], as well as it is important in other areas: lossless compression,
word representation, computational biology etc.
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The behaviour of the function squares(n) of maximum number of squares is
not well understood, though the subject of squares was studied by many authors,
see [TRIT5]. The best known results related to the value of squares(n) are, see
[ITT3/14):

n —o(n) < squares(n) < 2n — O(logn)

In this paper we concentrate on larger powers of words and show that in this
case we can have much better estimations. Let cubes(n) denote the maximum
number of cubes in a word of length n. We show that:

45

4
100 n < cubes(n) < 5 n

There are known efficient algorithms for the computation of integer powers in
words, see [TI3I0I20021].

The powers in words are related to maximal repetitions, also called runs. It
is surprising that the bounds for the number of runs are much tighter than for
squares, this is due to the work of many people [2IBGIT2IT7ITR222324).

Our main result is a new estimation of the number of cubic subwords. We
use a new interesting technique in the analysis: the proof of the upper bound is
reduced to the proof of an invariant of some abstract algorithm (in our invariant
lemma). There is still some gap between upper and lower bound but it is much
smaller than the corresponding gap for the number of squares.

2 Basic Properties of Highly Repetitive Subwords

We consider words over a finite alphabet A, u € A*; by € we denote an empty
word; the positions in a word u are numbered from 1 to |u|. For u = uy ... ug, by
uli..j] we denote a subword of u equal to u; ...u;. We say that a positive integer
p is a period of a word u = uy...uy if u; = uj4p holds for 1 < ¢ < k —p. If
w* = u (k is a non-negative integer) then we say that u is the k" power of the
word w.

The primitive root of a word u, denoted root(u), is the shortest word w, such
that w* = u for some positive k. We call a word u primitive if root(u) = u,
otherwise it is called nonprimitive. It can be proved that the primitive root of a
word u is the only primitive word w, such that w* = u for some positive k. A
square is the 2" power of some word, and an np-square (a nonprimitive square)
is a square of a word, that is not primitive. A cube is a 3" power of some word.

In this paper we focus on the last occurrences of subwords. Hence, whenever
we say that word u occurs at position i of the word v we mean its last occurrence,
that is v[i..i +|u| — 1] = w and v[j..j + |u| — 1] # u for j > i. The following lemma
is used extensively throughout the article.

Lemma 1 (Periodicity Lemma [I0/19]). If a word of length n has two such
periods p and q, that p+ q < n+ ged(p, q), then ged(p, q) is also a period of the
word.
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root(y) /\

root(x)

Fig. 1. The situation when one hr-word is a (long) prefix of another hr-word implies
that root(x) = root(y), consequently x is a suffix of y

We often use, so called, weak version of this lemma, where we only assume that
p+qg<n.

A word is said to be highly repetitive (hr-word) if it is a k" power of a
nonempty word, for k > 3.

Lemma 2. If a hr-word x is a prefix of a hr-word y and |z| > |y| — |root(y)|,
then x is also a suffiz of y.

Proof. Due to the periodicity lemma, both words have the same smallest period
and it is a common divisor of the lengths of their primitive roots, see Figure 1.
Consequently, we have root(z) = root(y) and z is a suffix of y. O

Lemma 3. Assume that x and y are two hr-words, where y = z° and x is a

|1"OOt(z)|—‘
2

subword of y starting at position j < [ + 1 and ending at position

k > |22|. Then, |root(x)| = |root(y)|.

Proof. Let = w”, for some k > 3. First, let us note that if the hypothesis of
the lemma holds, then |z| > 3|z| — this can be verified by careful examination
of simple cases: for even and odd values of |z|. Let us also observe, that |root(z)|
and |root(y)| are both periods of 2. Moreover:
. k—1 2
ol = k| = o + el >l + 2al > hul + |2] > lrooi(@)] + [root(y)|

From this, by the periodicity lemma, we obtain that g = ged(|root(z)|, |root(y)|)
is also a period of x. However, root(z) and root(y) are subwords of x, so g =
[root(x)| = |root(y)]. |

3 Some Simple Bounds

In this section we give some simple estimations of the number of square subwords
with nonprimitive roots and cubic subwords.

Lemma 4. Let u be a word. Let us consider highly repetitive subwords of u of
the form v¥, for k > 3 and v primitive. For each such subword we consider its
(last) occurrence in u. For each position i in w, at most one such subword can
have its (last) occurrence at position i.
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Proof. Let us assume, that we have two different hr-words x and y with their
last occurrences starting at position ¢, and let us assume that z is shorter. Then,
we have: |z| > |y| — |root(y)|, otherwise the considered occurrence of x would
not be the last one.

Now we can apply Lemma [2] — x is not only a prefix of y, but also its suffix.
Hence, x appears later in the text and the last occurrence of z in u does not
start at position . This contradiction proves, that the assumption that the last
occurrences of x and y start at position i is false. O

The following fact is a straightforward consequence of Lemma [l

Theorem 1. The maximum number of highly repetitive subwords of a word of
length n > 2 1is exactly n — 2.

Proof. From Lemma [ we know, that at each position there can be at most one
last occurrence of a nonempty hr-word. Moreover, the minimum possible length
of such a word is 3. So, it cannot occur at positions n and n — 1. On the other
hand, this upper bound is reached by the word a™. a

As a corollary, we obtain a simple upper bound for the number of cubes, since
cubes are hr-words.

Corollary 1. Let us consider a word u of length n. The number of nonempty
cubes appearing in u is not greater than n — 2.

We improve this upper bound substantially in the next section. However, it
requires a lot of technicalities. Another implication of Theorem[lis a tight bound
for the number of np-squares.

Theorem 2. Let u be a word of length n. The mazimum number of nonempty
np-squares appearing in u is exactly LZJ —1.

Proof. Each nonempty np-square can be viewed as v% for some nonempty prim-
itive v and 7 > 2. However, each such np-square contains a subword v*~!, which
is not an np-square, but still a hr-word. Hence, the number of nonempty sub-
words of the form v?~! (for primitive v and i > 2), appearing in the given word,
is not smaller than the number of nonempty np-squares.

Please observe, that Theorem [ limits the total number of both subwords of
the form v?* and v?*~!, by n—2. Hence, the total number of nonempty np-squares
appearing in the given word is not greater than 3 — 1, and since it is integer, it
is not greater than LSJ — 1. On the other hand, this upper bound is reached by

the word a”. 0

4 The Number of Cubic Subwords

In this section we show, that the upper bound on the number of different cubes in

a word of length n is gn. We also show example words containing 0.45n different

cubes. The following lemma states the main idea of the proof of the upper bound.
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Lemma 5. Let v3 and w? be two nonempty cubes occurring in a word u at
positions i and j respectively, such that:
. |root(v)]
1 <7< 1+ 9

Then either |root(w)| = |root(v)| or |root(w)| > 2 - |root(v)| — (j —i — 1).

Proof. Let us denote p = |root(v)|, ¢ = |root(w)|, and let k be the position of
the last letter of w3.

Let us first consider the case, when the (last) occurrence of w? is totally
inside v3. Please note, that k& must then be within the last of the three v’s, since
otherwise w® would occur in u at position j + p or further (see also Fig. B).
Hence, due to Lemma [B] we obtain g = p.

In the opposite case, let = be the maximal prefix of w? that lays inside v3.
If p # ¢ then, by the periodicity lemma, p + ¢ must be greater than |z| (please
note that if p + ¢ < |z| then obviously both root(v) and root(w) are subwords
of x). Therefore:

pAaq> x| > [0 = (j —i) > 3p—(j — 1)
and hence ¢ > 2p — (j — i) + 1. |
Let us introduce a notion of p-occurrence.

Definition 1. A p-occurrence is the (last) occurrence of a cube with primitive
root of length p.

It turns out, that the primitive roots of cubes appearing close to each other
cannot be arbitrary. It is formally expressed by the following lemma.

Lemma 6. Let ay,ag,...,apy1 be an increasing sequence of positions in a word
u, such that aji1 < aj +p for j = 1,2,...,p. It is not possible that there are
p-occurrences at all these positions.

Proof. Let us assume, to the contrary, that at each of the positions a1, as,
...,apt1 there is a p-occurrence. Please note, that the inequalities from the
hypothesis of the lemma imply that the primitive roots of cubes occurring at
these positions are all cyclic rotations of each other. There are only p different

k

\ i
beginniw

Fig. 2. The situation from Lemma 3]
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Fig. 3. Positions of cubes v® and w? for the case I < k: aj+1 is not the last occurrence
of w®

3

Fig. 4. Positions of cubes v* and w?® for the case k < I: a; is not the last occurrence

of v3

rotations of such primitive roots, so due to the pigeonhole principle, some two
of them must be equal.

It suffices to show, that all these cubes have the same length, because then
two of them must be equal, and one of them is not the last occurrence of the
cube.

So, let us assume to the contrary, that some of the considered cubes have
different lengths. Let a; and a1 be such two considered positions, that cubes (v?
and w? respectively) occurring at these positions have different lengths (3kp and
3lp respectively, for k # 1). Let us consider two cases. If | < k, then 3kp—3ip > 3p,
and w3 occurs in u at position aj4+1 + p or further.

On the other hand, if k& < [, then 3lp — 3kp > 3p and v3 appears in v at
position a; + p or further. So, in both cases we obtain a contradiction. Hence it
is not possible, that the lengths of the cubes differ. a

Let us introduce a notion of independent prefixes.

Definition 2. We say that v is the independent prefix of u if it is the shortest
prefix of w, that is:

1. a I-letter word, if there is no occurrence of a cube at the first position of u,
or otherwise

2. such a word v, for which the last occurrence of a cube in u, that starts within
v is a g-occurrence (for some q > 1), and after this occurrence there are
exactly [4] positions (within v) without any occurrences of cubes (in u).

It is not obvious, that the above definition is valid. Therefore, we prove the
following lemma:
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Lemma 7. For every word u, there exists an independent prefix v of u.

Proof. If there is no occurrence of a cube at the first position of u, then obviously
v = u[l..1]. In the opposite case, let us assume that the independent prefix does
not exist. Let ¢ be the maximum such value, that some g-occurrence exists in
u, and let 7 be the rightmost position in u, that contains a g-occurrence. From
Lemma B [] positions following i do not contain any occurrences of cubes.
So, the prefix u[l..i 4+ []] satisfies the properties of an independent prefix — a
contradiction. O

Lemma 8. Let v be the independent prefic of uw. The number of different
nonempty cubes that occur in u and start within v is not greater than §|U|.

Proof. Please note, that if v satisfies the first condition of Definition 2] then the
conclusion trivially holds. Therefore, from now on we assume that |v| > 1.

Let ¢; be a sequence describing the occurrences starting within v: ¢; = 0 iff
there are no occurrences in position v[i], and ¢; = ¢ iff there is a g-occurrence in
position v[i]. Please note that:

a) Let ¢ < j be such indices, that ¢;,¢; > 0 and ¢j41 = ... = ¢j—1 = 0. If
j—i> [ ], then the prefix of u of length i+ [ | or shorter is an independent
prefix of u — a contradiction. So, for any such i and j we have j —i < [ .

b) From Lemma [5l we obtain that ¢; > 2¢; — (j —i — 1).

¢) From Lemma [6 and due to a) we have that no ¢ + 1 consecutive positive
elements of ¢ can be equal g.

From now on, we abstract from the actual word u, and focus only on the prop-
erties of sequence c. We show, that the ratio R of non-zero elements of ¢ to the
length of ¢ does not exceed g.

Let us observe that if ¢ contains such a pair of equal elements ¢; = ¢; > 0,
that all the elements between them are equal zero, then all the elements between
¢; and ¢; can be removed from ¢ without decreasing R. Also, if ¢ contains a
subsequence of consecutive elements equal to ¢ (¢ > 0) of length less than ¢ then
this subsequence can be extended to length ¢ without decreasing R. Let ¢’ be
a sequence obtained from ¢ by performing the described modification steps (as
many times as possible). Please note that none of these steps violates properties
b) or ¢). We will show, that even for ¢’ the ratio of non-zero elements does not
exceed g.

Every possible sequence ¢’ can be generated by the (nondeterministic)
pseudocode shown below. The following variables are used in the pseudocode:

— p — the value of the last positive element of ¢/

— len — the length of the sequence ¢’ without [p/2] trailing zeros

— occ — the number of positive elements in ¢’

[ — the gap between consecutive different positive elements of ¢’

o — the difference between the actual value of a positive element of ¢/ and
the lower bound from Lemma [l
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33305...50020...20 0...0 34...34 ©0...0
\VJ ~ ~ - \v/ N~ ~~ 4 \v/
5 times 20 times 6 times 34 times 17 times

Fig. 5. An example of sequence ¢’. The length of the sequence is 88 and it contains 62
positive elements. The ratio is 62/88 ~ 0.70 < 4/5.

Each step of the repeat-until loop corresponds to extending sequence ¢/, i.e.
adding [ zeros and p elements of value p.

Note that the algorithm specified by the pseudocode is nondeterministic in a
few different aspects — the initial value of p, the number of steps of the repeat-
until loop and values of [ and «.

p := some positive integer;
occ:=p; len := p;
output: p...p

~ ~ -
p times
repeat

Invariant I(p,occ,len) :, °°¢, < ‘51.

len+8 —
| := some integer from interval [0, [5]);
« := some non-negative integer;
p:=2p—Il+q
occ 1= occ + p;
len :=len + 1 + p;
output: Qvggvg

! times p times

until done

In order to prove the ‘51 bound, we need to show that inequality

oce - 4
len + [12’-‘ -5

holds for every possible execution of the above pseudocode. But this inequality
is a consequence of the fact that I(p, occ,len) is an invariant of the repeat-until
loop (Lemma [). O

Lemma 9 (Invariant Lemma). Inequality I(p,occ,len):

occ 4
<
len+%5 = 5

18 an tnvariant of the repeat-until loop from the above pseudocode.

Proof. 1t is easy to check that before the first execution of the repeat-until
loop inequality I(p,occ,len) holds. Therefore, we only need to prove that if
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n  word #cubes ratio

20 01110101011011011000 7 0.35

30 000000110110110101101011010101 11 0.36

40 1101101101110111011100010001000100100100 16 0.40

50 11111111110010010010100101001010100101010010101000 20 0.40

60 10100101001010010101001010010101001010010101001010 25 0.41
1001010100

70 00000011011011010110101101010110101101010110101101 30 0.42
01011010101101010111

80 11011011010110110101101101011010110101011010110101 34 0.42
011010110101011010101101010111

90 11101101101110110110111011011011101101110110110111 40 0.44
0110111011011011101101110110111011101110

100 10001010100101010010101001010010101001010010101001 44 0.44
01001010010101001010010100101010010100101001010111

200 00001000100010000100010001000010001000100001000100 91 0.45

00100010001000010001000100001000100001000100010000
10001000100001000100001000100010000100010000100010
00100001000100001000100001000010000110111011101110

Fig. 6. Examples of words with high number of distinct cubic subwords

I(p, oce,len) holds then I(p’, occ’,len’) also holds, where p’, occ’ and len’ are the
values obtained as a result of a single step of the repeat-until loop, i.e.:

p=2p—1l+a, occ =occ+2p—I1+a, len’=len+2p+a
Let us restate I(p’,occ’,len’) equivalently in the following way:

2p — 1
5-0cc+10p — 5l +ba < 4-len+8p+4a+4- P 2+a (1)
Since I(p, occ, len) can be expressed as 5 - occ < 4 -len+4 -4, in order to show
(D, it is sufficient to prove that:

10p—5l+ba<8p+4a+2-2p—I1+a)—2p (2)

As a result of some rearrangement, (2)) can be expressed as 0 < 31 + « and this
inequality trivially holds. O

Theorem 3. The number of different nonempty cubes that occur in a word of

: 4
length n is not greater than  n.

Proof. This theorem is a consequence of Lemmas [1] and [§ — it can be proved
by simple induction on n, where the inductive step consists of removing the
independent prefix. O

Theorem 4. For infinitely many positive integers n there exist words x of length
n with at least 0.45 - n different nonempty cubic subwords.
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Proof. A trivial lower bound on the number of different cubic subwords is the
word a” with |7 | cubic occurrences. The table presented in Figure [ contains
examples of some words with higher number of cubic subwords. These words
have been computed using extensive computer experiments. For example, we
have found a word w of length 200 over binary alphabet containing 91 different
nonempty cubic subwords. For any positive integer k we can construct a word
x = wyws ... wy (over the alphabet {0,1,...,2k—1}), where w; is a word created
from w by replacing all occurrences of letter 0 by 2(i — 1), and 1 by 2i — 1. Such
word = has length 200k and contains at least 91k cubic subwords (91 in each
subword wy;). This gives a ratio 91/200 - n > 0.45 - n. O

5 Conclusions

In this paper we prove a tight bound for the number of nonprimitive squares
in a word of length n. Unfortunately, this does not improve the overall bound
of the number of squares — the main open problem is improving the bound for
primitive squares.

We also give some estimations of the number of cubes in a string of length
n. Although they are much better than the best known estimations for squares
in general, they can still be subject to improvement — both the lower and the
upper bound do not seem to be tight.

References

1. Apostolico, A., Preparata, F.P.: Optimal off-line detection of repetitions in a string.
Theor. Comput. Sci. 22, 297-315 (1983)

2. Baturo, P., Piatkowski, M., Rytter, W.: The number of runs in sturmian words.
In: Ibarra, O.H., Ravikumar, B. (eds.) CIAA 2008. LNCS, vol. 5148, pp. 252-261.
Springer, Heidelberg (2008)

3. Crochemore, M.: An optimal algorithm for computing the repetitions in a word.
Inf. Process. Lett. 12(5), 244-250 (1981)

4. Crochemore, M., Fazekas, S.Z., Iliopoulos, C.S., Jayasekera, I.: Bounds on powers
in strings. In: Ito, M., Toyama, M. (eds.) DLT 2008. LNCS, vol. 5257, pp. 206-215.
Springer, Heidelberg (2008)

5. Crochemore, M., Ilie, L.: Maximal repetitions in strings. J. Comput. Syst.
Sci. 74(5), 796-807 (2008)

6. Crochemore, M., Ilie, L., Tinta, L.: Towards a solution to the “Runs” conjecture.
In: Ferragina, P., Landau, G.M. (eds.) CPM 2008. LNCS, vol. 5029, pp. 290-302.
Springer, Heidelberg (2008)

7. Crochemore, M., Rytter, W.: Squares, cubes, and time-space efficient string search-
ing. Algorithmica 13(5), 405-425 (1995)

8. Crochemore, M., Rytter, W.: Jewels of Stringology. World Scientific, Singapore
(2003)

9. Damanik, D., Lenz, D.: Powers in sturmian sequences. Eur. J. Comb. 24(4), 377
390 (2003)

10. Fine, N.J., Wilf, H.S.: Uniqueness theorems for periodic functions. Proceedings of
the American Mathematical Society 16, 109-114 (1965)



11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.
25.

On the Maximal Number of Cubic Subwords in a String 355

Freankel, A.S., Simpson, J.: How many squares can a string contain? J. of Combi-
natorial Theory Series A 82, 112-120 (1998)

Giraud, M.: Not so many runs in strings. In: Martin-Vide, C., Otto, F., Fernau, H.
(eds.) LATA 2008. LNCS, vol. 5196, pp. 232-239. Springer, Heidelberg (2008)
Tlie, L.: A simple proof that a word of length n has at most 2n distinct squares. J.
of Combinatorial Theory Series A 112, 163-164 (2005)

Ilie, L.: A note on the number of squares in a word. Theoretical Computer Sci-
ence 380, 373-376 (2007)

Iliopoulos, C.S., Moore, D., Smyth, W.F.: A characterization of the squares in a
fibonacci string. Theor. Comput. Sci. 172(1-2), 281-291 (1997)

Karhumaki, J.: Combinatorics on words. Notes in pdf

Kolpakov, R.M., Kucherov, G.: Finding maximal repetitions in a word in linear
time. In: FOCS, pp. 596-604 (1999)

Kolpakov, R.M., Kucherov, G.: On maximal repetitions in words. In: Ciobanu, G.,
Paun, G. (eds.) FCT 1999. LNCS, vol. 1684, pp. 374-385. Springer, Heidelberg
(1999)

Lothaire, M.: Applied Combinatorics on Words. Cambridge University Press, Cam-
bridge (2005)

Main, M.G.: Detecting leftmost maximal periodicities. Discrete Applied Mathe-
matics 25(1-2), 145-153 (1989)

Main, M.G., Lorentz, R.J.: An o(n log n) algorithm for finding all repetitions in a
string. J. Algorithms 5(3), 422-432 (1984)

Puglisi, S.J., Simpson, J., Smyth, W.F.: How many runs can a string contain?
Theor. Comput. Sci. 401(1-3), 165-171 (2008)

Rytter, W.: The number of runs in a string: Improved analysis of the linear upper
bound. In: Durand, B., Thomas, W. (eds.) STACS 2006. LNCS, vol. 3884, pp.
184-195. Springer, Heidelberg (2006)

Rytter, W.: The number of runs in a string. Inf. Comput. 205(9), 1459-1469 (2007)
Thue, A.: Uber unendliche zeichenreihen. Norske Vid. Selsk. Skr. I Math-Nat. 7,
1-22 (1906)



	On the Maximal Number of Cubic  Subwords in a String
	Introduction
	Basic Properties of Highly Repetitive Subwords
	Some Simple Bounds
	The Number of Cubic Subwords
	Conclusions



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




