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Abstract. There are known crossing numbers of Cartesian products of
stars with all graphs of order at most four. In this paper we are dealing
with the Cartesian products of stars with graphs on five vertices. We
give the exact values of crossing numbers for some of these graphs and
we summarise all known results concerning crossing numbers of these
graphs. In addition, we give the crossing number of the join product of
star and the cycle Cs with one additional edge.
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1 Introduction

Let G be a simple and undirected graph with vertex set V(G) and edge set E(G).
The crossing number cr(G) of the graph G is the minimum number of pairwise
intersections of edges in all drawings of GG in the plane. It is easy to see that
a drawing with minimum number of crossings (an optimal drawing) is always a
good drawing, meaning that no edge crosses itself, no two edges cross more than
once, and no two edges incident with the same vertex cross. The investigation
on crossing numbers of graphs is a classical and however very difficult problem.
Garey and Johnson [4] have proved that this problem is NP—complete. According
to their special structure, Cartesian products of special graphs are one of few
graph classes for which the exact values of crossing numbers were obtained. (For
a definition of Cartesian product, see [I].)

Let D (D(G)) be a good drawing of the graph G. We denote the number of
crossings in the drawing D by crp(G). Let G; and G, be edge-disjoint subgraphs
of the graph G. We denote by crp(G;, G;) the number of crossings between edges
of G; and edges of G, and by ¢rp(G;) the number of crossings among edges of
G; in D. It is easy to see that for any three edge-disjoint subgraphs G;, G, and
G, of the graph G the following equations hold:

crp(Gi UGj) = crp(G;) + erp(Gy) + erp(Gi, Gj) ,
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CTD(GiUGj,Gk) ZCTD(Gi,Gk)—FCTD(Gj,Gk). (1)

Let P, and C,, be the path and the cycle of length n, respectively, and the star
Sy, be the complete bipartite graph K7 5. In [I] Beineke and Ringeisen asked on
the crossing numbers of Cartesian products of small graphs with paths, cycles
and stars. For the path, the crossing numbers of G x P,, are known for all graphs
G of order at most five, see [SITOITTITE], and for the cycle, the crossing numbers
of G x C,, are given for all graphs G with at most four vertices [ITOITIT6].
In [15], the known crossing numbers of G x C,, are summarised for graphs on
five vertices. The crossing numbers of stars and all graphs of order three or four
are given in [IIBITOJIT]. For some graphs of order five, the crossing numbers of
Cartesian products with stars are given in [I3]. We extend these results and
we establish the crossing numbers for Cartesian products of stars with several
graphs of order five.

In this paper, some proofs are based on Kleitman’s result on crossing numbers
of complete bipartite graphs. More precisely, in [9] he proved that

o= (3" I s

For convenience, the number |7']| ™, [ %]["5"] is often denoted by Z(m,n)
in our paper. In the proofs of this paper, we will often use the term “region”
also in nonplanar drawings. In this case, crossings are considered to be vertices
of the “map”.

2 Cartesian Products of Stars and Graphs of Order Five

In the Table 1, one can find all 21 connected graphs on five vertices. In [2]
Bokal proved the conjecture given by Jendrol’ and Scerbova [8] that cr(K7y,, x
Pn) = (m—1)[2][";"] for the path P, of length m. Hence, cr(Gy x S,) =
cr(Py x Sp) = 3[7]|™;"]. The same author in [3] proved that for every tree
T with ny vertices of degree two and ns vertices of degree three cr(T x S,) =
2] ((n2 + 2n3) ™5 | + 1). Thus, er(Gs x S,) = 3| 5]["5" ] + [%]. As there
is a drawing of the graph G4 x S, with 3|7 ]|";"] + [5] crossings and the
graph G4 x S, contains G3 x S, as a subgraph, cr(Gy x S,) = 3|5 ][";"'] +
L’QLJ In [I3], the crossing numbers of the graphs Gi; x S, and G4 x S, are
given. Huang and Zhao proved in [7] that the crossing number of the complete
tripartite graph K1 4., is n(n —1). As the graph S x S, is a subdivision of the
graph Ky 4p, cr(Ss x Sp) = cr(Ga x Sy,) = n(n — 1). Both graphs Gg and Gy
contain the graph Gs as a subgraph and therefore, cr(Gg x S,,) > cr(Ga x Sy,)
and cr(Gg x Sp,) > er(Ge x Sy). It is not difficult to find drawings of both
graphs Gg x S, and Gg x S,, with exactly n(n — 1) crossings. This implies that
cr(Gg x Sp) = er(Gg x S,) = n(n — 1). The crossing number of the graph
Gio x Sy is 4[5 | L”glj + 2n, see [12]. The graph Gi7 x S, contains G X S,
as a subgraph and hence, cr(G17 X Sy,) > ¢r(Grp X Sp). As there is a drawing
of the graph G17 x S,, with 4] % |[","| + 2n crossings, the crossing number of
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Table 1. The known crossing numbers for Cartesian products of stars and graphs of
order five

cr(G;x Sn) cr(G; x Sp)
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the graph Gi7 x S, is 4[5 || ", "] 4 2n also. He and Huang [5] proved that the
crossing number of the Cartesian product Gig x Sy, is 4[5 [["5'] +2n+ [ 5 ].
In the next sections we give the exact values of crossing numbers of the graphs
G; x S, for i = 13,15, and 18.

3 The Crossing Number of G153 + nK;

Our aim is to establish the crossing number of the graph Gi3 x S,,. To prove

that cr(Giz x Sp) = 4[5]["5"] + |5], we need to know the crossing number

of the join of the graph G13 with n isolated vertices. The join product of two
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Fig. 1. The graph Gi3 +nki

graphs G; and G, denoted by G; + G, is obtained from vertex-disjoint copies
of G; and G; by adding all edges between V(G;) and V(G;). For |V(G;)| = m
and |V (G;)| = n, the edge set of G; + G, is the union of disjoint edge sets of the
graphs G;, Gj, and the complete bipartite graph K, , . In this section, we denote
the graph G13 by H. The graph H consists of one 5-cycle, denoted by C5(H) in
the paper, and of one additional edge. The graph H + nK; consists of one copy
of the graph H and n vertices t1, to, .. ., t,, where every vertex t;, i = 1,2,...,n,
is adjacent to five vertices of H. Let for i = 1,2,...,n, T denote the subgraph
induced by five edges incident with the vertex ¢; and let F* = H UT". For the
simpler labelling, let H,, denote the graph H + nK7, in this paper. In Figure 1
one can easily see that

H+nK1=Hn:HuK5,n=Hu<UTi>. (3)
i=1

Theorem 1. cr(H +nKy) =4[5 ]["; |+ | %] for n>1.

Proof. The drawing in Figure 1 shows that cr(H+nkK1) < Z(5,n)+| 5] and that
the theorem is true if equality holds. We prove the reverse inequality by induction
on n. As the graph H+ K is planar, the case n = 1 is trivial. The graph H+2K;
contains a subgraph homeomorphic to K5 and hence, er(H+2K;) > 1. A suitable
drawing of the graph H + 2K; with one crossing shows that cr(H 4+ 2K;) < 1,
and the case n = 2 is also true. Suppose now that for n > 3

cr(Hp—2) 2 Z(5,n—2) + {n ) 2J

) 4

and consider such a drawing D of H,, that

erp(Hy) < Z(5,n) + LZJ . (5)

Assume that there are two different subgraphs 7% and 77 that do not cross each
other in D. Without loss of generality, let crp (T~ !, T™) = 0. The subdrawing of
T"=1UT™ induced from D divides the plane in such a way that no three vertices
of degree two (the vertices of H) are placed on the boundary of some region. If
the edges of T"~'UT™ cross in D the cycle C5(H), then crp(H, T"*UT") > 1.



328 M. Klese

Otherwise the vertices t,,—1 and t, are placed in D in different regions in the
view of the subdrawing of C5(H). In this case the edge of H not belonging
to Cs5(H) crosses some edge of T""1 UT™ and crp(H,T" ' UT™) > 1 again.
Moreover, as cr(Ks3) = 4, in D every subgraph T%, i = 1,2,...,n — 2, crosses
T"=1UT™ at least four times. Since H,, = H +nK; = H,, o U (T"*UT") and
H,_ 5= Ks,-2UH, using (1) we have

crp(Hy) =crp(Hy—2) + CV“D(T”*1 urTm) + ch(K5’n,2,T”*1 urTm)
-2
Ferp(H,T""YUT™) > Z(5,n — 2) + {"2 J FAn—-2)+1

> Z(5,n) + m
This contradicts (Bl).
Hence, crp(T%, T7) # 0 for all 4,5 = 1,2,...,n, i # j. Moreover, using ([
and @) together with cr(K5,) = Z(5,n) we have

crp(Hy) = crp(Ksn) +crp(H) + crp(Ks pn, H)
> Z(5,n)+crp(H) +crp(Ksn, H) .
This, together with the assumption (&), implies that

erp(H) + erp (Ko, H) < | 1 | (6)
and hence, in D there is at least one subgraph 7" which does not cross H.
Without loss of generality, let crp(H,T™) = 0 and let F™ be the subgraph
H UT" of the graph H,,. In the drawing D there is at least one subgraph 7,
i €{1,2,...,n—1}, for which crp(F™, T%) < 2, otherwise, as H,, = K5 ,,_1UF™,
we have

C?"D(Hn) = C?"D(K5’n,1) + CTD(Fn) =+ C?"D(.Kv5)n,17 Fn)

> Z(5,n—1)+3(n—1) > Z(5,n) + LZJ .
This contradicts (B). Consider now the subdrawing D* of F™ induced by D.
Our next analysis depends on whether or not the 5-cycle C5(H) has an internal
crossing in D*.

Assume first, that the edges of C5(H) do not cross each other. Since the edges
of T™ do not cross the edges of H, all edges of T™ are placed in D* in one of
two regions, say outside, in the view of the subdrawing of C5(H) and the edge
of H not belonging to C5(H) is placed inside the cycle Cs5(H). The unique such
drawing D* is shown in Figure 2. It is easy to see that if, in D, some vertex
ti, i € {1,2,...,n — 1}, is placed in the region (i, then H is crossed by at
least two edges joining t; with the vertices of H. Moreover, as T crosses T,
erp(F™, T%) > 3. Consider now the region 35. One vertex of H does not appear
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Fig. 2. The subdrawing of F'" = HUT"

on the boundary of this region. So, if ¢; is placed in D in the region [, then
erp(H,T%) > 1 and erp(T™, T%) > 1. On the boundary of the region «; there
are only two vertices of H, and therefore, if the vertex ¢; is placed in D in the
region ay, crp(F™,T%) > 3. For crp(F™,T%) = 3, the necessary condition is
that one edge of T joining t; with the vertex of H on the boundaries of the
regions aw and 31 crosses the edge of H on the boundary of a1. If no edge of T*?
crosses this edge of H, then crp(F™, T%) > 4. Regarding to the symmetry of D*,
the same holds for the region as. For the remaining three regions of D*, three
vertices of H do not appear on its boundary and one of them does not appear
on the boundaries of the neighbouring regions. So, if ¢; is placed in D in some of
the mentioned three regions, then the edges of 7% cross the edges of F™ at least
four times.

Let r be the number of vertices ¢;, ¢ € {1,2,...,n—1}, which are placed in D
in the region . In the drawing D, every such subgraph T crosses F" at least
two times and at least one of these crossings appears on the edges of H. Let s be
the number of vertices ¢; placed in D in the region (3; and such vertices ¢; placed
in the regions a; and ap for which 77 crosses F only three times. Every such
subgraph T* crosses also H. Since crp(F™,T7) < 2 for some j € {1,2,...,n—1},
we have r > 1, and it follows from (@) that r 4 s < [} |. Now

crp(Hyp) = crp(Ksn—1) + erp(F") + crp(Ks -1, F™)
>Z0B,n—1)+2r+3s+4n—r—s—1)
-1
:Z(5,n)—4tn2 J +4n—4—-2r —s.

This, together with the assumption (&), gives

2r+s>4n—4—4tnglJ - m :?{;J.

On the other hand, r + s < [ | and the inequality
n
2r+s > 3{2J > 3(r +s)

implies that
r+2s<0.
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This contradiction with » > 0 and s > 0 confirms that there is no drawing of
the graph H,, with fewer than Z(5,n) + [} | crossings in which the edges of the
5-cycle C5(H) do not cross each other.

Assume now that the edges of Cs(H) cross each other in D. We remark
that in D there is at least one subgraph 77, j € {1,2,...,n — 1}, for which
erp(F™,T7) < 2. As erp(T™,T%) # 0 for all i = 1,2,...,n — 1, the inequality
erp(F™, T7) < 2 implies that c¢rp(Cs(H), T7) < 1. Since c¢rp(C5(H), T™) = 0,
the vertex t, of T™ lies in D* in the region with all five vertices of C5(H)
on its boundary, and the condition crp(Cs(H),T7) < 1 enforces that in the
subdrawing of C5(H)UT™ there is a region with at least four vertices of Cs(H)
on its boundary. This is possible only in the case when two edges incident with
a common vertex of C5(H) cross, a contradiction with the requirement that the
drawing D is good. This completes the proof. O

4 The Crossing Number of G; X S,, for : = 13,15, and 18

Let K be a connected graph on five vertices. Consider a graph G obtained
by joining all vertices of K to five vertices of a connected graph G such that
every vertex of K be adjacent to exactly one vertex of G. Let G be the graph
obtained from Gk by contracting the edges of K.

Lemma 1. If G is a connected graph and K = Gh3, then cr(G) < cr(Gk).

Proof. Assume an optimal drawing of G . Let z1, 22, ..., x¢ denote the numbers
of crossings on the edges of the graph K in this drawing as shown in Figure 3(a).
The drawing in Figure 3(b) shows that if 24 < x5 +x5, then K can be contracted
such that the resulting drawing does not have more crossings than the original.
Due to symmetry of the graph G13, the same holds if z5 < 7 + 24.

Assume that the statement of Lemma 1 is not true. Then there is a good
drawing of the graph Gx in which x4 > x9 + x5 and x5 > x1 + z4. Combining
these inequalities we have the inequality

Tg4 > To +T5 > To+ T+ Tg,

which implies that

(b)

Fig. 3. The contraction of Gi3
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T1+ 29 <0,

This contradiction with x; > 0 for i = 1,2,...,5 completes the proof. O
Lemma 2. If G is a connected graph and K = G5, then cr(Gy) < er(Gr)—1.

Proof. As the graph K = G5 contains K5 3 as a subgraph and the graph K» 3
is not outer-planar, in every good drawing of the graph G there is at least
one crossing on the edges of the Kj s3-subgraph of K. In the graph Gk, the
subgraph K contains two vertices of degree five and three vertices of degree
three. Let us denote by vy and vy the vertices of degree five and let ey, es, e3 and
f1, f2, f3 be the edges of the K 3-subgraph of K incident with the vertices v; and
vg, respectively. Assume an optimal drawing of the graph Gg. If some of the
edges e1,e2, and ez is crossed, then the subdrawing obtained by deleting the
edges e, ez, and ez has at least one crossing less than the original. If none of
the edges eq, €3, and eg is crossed, then there is at least one crossing on the edges
f1, f2, and f5. In this case, the subdrawing of the subgraph Gx —{ f1, f2, f3} has
at least one crossing less than the original. Both subgraphs Gk — {e1, e2, e3} and
Gr — {f1. f2, f3} are homeomorphic to the graph G}, and therefore cr(Gj;) <
er(Gg) — 1. O

Theorem 2. cr(Gis x Sp) =4[ 2] "5 + | ] for n>1.

Proof. In Figure 4 there is the drawing of the graph G153 x S, with 47 |[ "] +
| ] crossings. Hence, cr(Gis x S,) < 4[%2]["5"'] + [%]. To prove the reverse
inequality we assume that there is a drawing of the graph Gi3 x .S, with fewer
than 4% |[ ", '] + [ %] crossings. As contracting the edges of every non—central
copy of G13 in the graph Gi3 X S, results in a graph isomorphic to the graph
G13+nKy, in accordance with Lemma 1 we have cr(G13+nKy) < 4[4 | L”;lj +
| 5]. This contradiction with Theorem [Il completes the proof. O

Theorem 3. cr(G15 x Sp) = cr(Gis x Sp) =4[5 ][" ' +2n+ 5] for n>1.

Fig. 4. The graph G153 X S,
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Fig. 5. The graph Gis X Sn

Proof. In Figure 5 there is the drawing of the graph G15 x S, with 4|7 ][ "' +
2n+ || crossings. Hence, cr(Gis x S,) < 4|5 ]|™;" | +2n+ | %]. To prove the
reverse inequality we assume that there is a drawing of the graph G5 x S, with
fewer than 4% |[","] + 2n + [} | crossings. As contracting the edges of every
non—central copy of G5 in the graph G5 % S,, results in a graph isomorphic to the
graph K1 1 3., in accordance with Lemma 2 we have cr(K1,1,3,) < 4|3 ][ "5 ']+
n+ |4 ]. This is in contradiction with the result of Ho Pak Tunk [6] which states
that cr(K11,3,) =4[5 ]["5"] +n+ | 3] for all n > 1. Hence, cr(Gys x Sy,) =
a7 ¥ 2n+ |3

In Figure 5 it is possible to draw n + 1 edges (one edge in every copy of G15)
without increasing the number of crossings and obtain the drawing of the graph
Gis x Sp with 4|7 ][ "5" ] +2n+ || crossings. Thus, we have the upper bound.
On the other hand, the graph Gis x S, contains G5 X S, as a subgraph and
this implies that cr(Gis x S,) = 4[%][","] +2n + | ]. This completes the
proof. O
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