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Iterative regularization methods
for nonlinear problems

Finding a global minimizer of the Tikhonov function is in general not an easy task. Nu-
merical experience shows that the Tikhonov function has usually many local minima and a
descent method for solving the optimization problem may tend to get stuck especially for
severely ill-posed problems. Since furthermore, the computation of an appropriate regular-
ization parameter can require high computational effort, iterative regularization methods
are an attractive alternative.

For iterative regularization methods, the number of iteration steps % plays the role of
the regularization parameter, and the iterative process has to be stopped after an appropriate
number of steps £* in order to avoid an uncontrolled expansion of the noise error. In fact,
a mere minimization of the residual, i.e., an ongoing iteration, leads to a semi-convergent
behavior of the iterated solution: while the error in the residual decreases as the number of
iteration steps increases, the error in the solution starts to increase after an initial decay. A
widely used a posteriori choice for the stopping index k£* in dependence of the noise level
A and the noisy data vector y? is the discrepancy principle, that is, the iterative process is
stopped after k* steps such that

Iy —F (x| < 7a2 < ||y’ =F (x)|”, 0<k <k, (7.1)

with 7 > 1 chosen sufficiently large. In a semi-stochastic setting and for white noise with
variance 02, the expected value of the noise £{||6]|°} = mo? is used instead of the noise
level AZ.

In this chapter we review the relevant iterative regularization methods and discuss
practical implementation issues. We first examine an extension of the Landweber iteration
to nonlinear ill-posed problems, and then address practical aspects of Newton-type meth-
ods. The application of asymptotic regularization methods to the solution of nonlinear
ill-posed problems will conclude our analysis.
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7.1 Nonlinear Landweber iteration

There are several ways to extend the Landweber iteration to the nonlinear case. Interpreting
the Landweber iteration for the linear equation Kx = y? as a fixed point iteration X, =
® (xy,) with the fixed point function ® (x) = x + K7 (y° — Kx), we replace Kx by
F (x) in the expression of ® (x), and obtain the so-called nonlinear Landweber iteration

xp =x) +Kir), k=0,1,..., (7.2)

where K, = K (x?) and
)=y’ —F(x}). (7.3)
Alternatively, the nonlinear Landweber iteration can be regarded as a method of steepest

descent, in which the negative gradient of the nonlinear residual

F =5y - Fe)’

determines the update direction for the current iterate.
As in the linear case, the nonlinear Landweber iteration can only converge if the equa-
tion F (x) = y? is properly scaled in the sense that

K& <1, x€B,(xa),

where B, (x,) is a ball of radius p around x.. The scaling condition can be fulfilled in
practice when both sides of the nonlinear equation are multiplied by a sufficiently small
constant

-1
0<x< | max [|[K(x ,
s | g K|

which then in (7.2) appears as a relaxation parameter,
s s 29T .6
Xk+1:Xk+XKkrk7 k:0,17....

The nonlinear Landweber iteration (7.2) corresponds to standard-form problems with
L =1, while for general-form problems, the iteration takes the form

x) 1 =x)+ (LTL) T Kf ), k=0,1,...,

where L is a square and nonsingular regularization matrix.

This method requires a large number of iteration steps to reduce the residual norm
beyond the noise level. Although several modifications of the conventional method have
been proposed to ameliorate this problem (Scherzer, 1998), the computational effort re-
mains extremely high.

7.2 Newton-type methods

For ill-posed problems, the basic concepts of the Newton method provide a reliable basis
for the development of iterative regularization methods. The key idea of any Newton-type
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method consists in repeatedly linearizing the nonlinear equation about some approximate
solution xi, solving the linearized equation

K;p =r1i, (7.4)
for the Newton step pi, and updating the approximate solution according to the relation
X1 =X} + P} (1.5)

Equation (7.4) is typically ill-posed and to obtain a reasonable solution some sort of reg-
ularization is necessary. The type of regularization employed, or the procedure which is
used to compute the Newton step, characterizes a specific iterative method.

7.2.1 Iteratively regularized Gauss—Newton method

The iteratively regularized Gauss—Newton method relies on the solution of the linearized
equation

K (x — Xa) =y}, (7.6)

with
yz :yé—F(xi) + K (xi —xa)7

by means of Tikhonov regularization with the penalty term || L (x — x.)||* and the regular-
ization parameter o;. The new iterate minimizes the function

Fur (%) = [ly) — Ki (x = %)) + o L (x = x2) 7,

and is given by
5 5
Xpp1 = Xa + KLwa

-1 . . o .
where K| = (KTKj +a,L7L)" K is the regularized generalized inverse at the iter-
ation step k. At first glance, this method seems to be identical to the method of Tikhonov
regularization with a variable regularization parameter, but the following differences ex-
ist:

(1) the regularization parameters are the terms of a decreasing sequence satisfying the

requirements
Ak

ar >0, 1< <e¢, lim ap=0; (7.7)

Q41 k—oo

(2) the iterative process is stopped according to the discrepancy principle (7.1) instead of
requiring the convergence of iterates and employing the discrepancy principle as an a
posteriori parameter choice method.

Several strategies for selecting the regularization parameters «, can be considered. In our
retrieval algorithm we use the selection criterion

ap = qrQg—1,
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where g;, can be chosen as the ratio of a geometric sequence, i.e., ¢ = g < 1 is constant,
or as

A2
T
and A2
-
. =1- HI“SHT (7.9)
k

With the choice (7.8) the regularization parameter decreases very fast at the beginning of it-
eration, while the scheme (7.9) allows enough regularization to be applied at the beginning
of iteration and then to be gradually decreased.

Any iterative method using the discrepancy principle as stopping rule requires the
knowledge of the noise level or of its statistical estimate £{||6]|*}. Because in many
practical problems arising in atmospheric remote sensing, the errors in the data cannot
be estimated (due to the forward model errors), we propose the following stopping rules:

(1) For a geometric sequence of regularization parameters, we store all iterates xi and
require the convergence of the nonlinear residuals ||ri || within a prescribed tolerance.
If Hr5H is the residual at the last iteration step, we choose the solution xi*, with £*
being given by

< < Il o<k <k, 7>

[

(2) For the selection rules (7.8) and (7.9), we first estimate the noise level. For this pur-
pose, we minimize the sum of squares

Foo =5y - P

by requiring relative function convergence, compute the equivalent noise variance

1

m—-n

or = Il

2

where Hr5 H is the residual at the last iteration step, and then set A2 = moz.
The above heuristic stopping rules do not have any mathematical justification but work
sufficiently well in practice. To our knowledge there is a lack in the mathematical literature
dealing with this topic and, for the time being, we do not see other viable alternatives for
practical applications.

Although, from a mathematical point of view, the iteratively regularized Gauss—Newton
method does not require a step-length procedure, its use may prevent the iterative pro-
cess from yielding an undesirable solution. Taking into account that the Newton step
pi = xi i1 xi solves the equation

Ker, (x3)" Kep (x2) p = —g (x2)
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where gy, is the gradient of the objective function

%) — v9

and K¢y, is the Jacobian matrix of f;,, we deduce that

g (x))" ph = — | Ke (x) 03] < 0,

and so, p{ is a descent direction for Fj. Thus, the step-length procedure outlined in
Algorithm 5 can be applied at each iteration step for the Tikhonov function F.

In Figure 7.1 we illustrate the solution errors for the iteratively regularized Gauss—
Newton method and Tikhonov regularization. In the iteratively regularized Gauss—Newton
method, the exponent p characterizes the initial value of the regularization parameter, avg =
oP, while at all subsequent iteration steps, the regularization parameters are the terms of a
geometric sequence with the ratio ¢ = 0.8. The plots show that the iteratively regularized
Gauss—Newton method still yields reliable results for small values of the exponent p, or
equivalently, for large initial values of the regularization parameter. Evidently, a stronger
regularization at the beginning of the iterative process requires a larger number of iteration
steps as can be seen in the right panels of Figure 7.1. The main conclusion of this numerical
simulation is that the iteratively regularized Gauss—Newton method is more stable than
Tikhonov regularization with respect to overestimations of the regularization parameter.

The same results are shown in Figure 7.2 for the dynamical selection criteria (7.8) and
(7.9). The selection criterion (7.8) maintains the stability of the regularization method, but
the errors at small p-values are almost two times larger than those corresponding to a ge-
ometric sequence. As a result, the retrieved profiles oscillate around the exact profiles and
are undersmoothed. Although the selection criterion (7.9) requires a small number of iter-
ation steps, it is less stable with respect to overestimations of the regularization parameter.
This is because we cannot find a unique value of the control parameter 7 yielding accurate
results over the entire domain of variation of p. For example, in the case p = 0.3 and the
choice 7 = 1.01, the solution error is 0.08. Choosing 7 = 1.05, we reduce the solution
error to 0.05, but we increase the solution error at p = 0.5 from 0.06 to 0.09. Thus, for the
applications considered here, a dynamical selection of the regularization parameters is less
reliable than an a priori selection rule using a geometric sequence (with constant ratio).

An important aspect of any iterative method using the discrepancy principle as stop-
ping rule is the choice of the control parameter 7. From a theoretical point of view, 7
should be larger than 4, but in many practical applications this choice leads to a premature
termination of the iterative process. As we do not use the standard version of the discrep-
ancy principle with known noise level, we determine the optimal value of 7 by minimizing
the solution error. The results plotted in Figure 7.3 show that for the O3 and the BrO re-
trieval test problems, the optimal value of 7 is close to 1, and we find that a good choice
for 7 is 1.01.

In Figure 7.4 we plot the histories of regularization parameters and residual norms
for different initial values of the exponent p. The plots show that the limiting values of
the sequences of regularization parameters and residual norms are comparable whatever
the initial values of the regularization parameter are. These values of the regularization
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Fig. 7.1. Relative solution errors and the number of iteration steps for different values of the expo-
nent p. The results are computed with the iteratively regularized Gauss—Newton (IRGN) method and

Tikhonov regularization (TR).
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Fig. 7.4. Histories of regularization parameters and residual norms for different values of the expo-
nent p.

parameter are 3.04 - 1075 for p = 0.1, 3.44- 107> for p = 0.5, 3.40-10~° for p = 1.0, and
3.37 - 107° for p = 1.5. It is interesting to note that Tikhonov regularization using these
limiting values as a priori regularization parameters, yields small solution errors; for the
average value o = 3.31 - 1075 in Figure 7.4, the solution error for Tikhonov regularization
is 5-1072. This equivalence suggests that we may perform an error analysis at the solution
with the final value of the regularization parameter.

The retrieved profiles for the four test problems are shown in Figure 7.5. The under-
smoothing effect of the selection criterion (7.8) is more pronounced for the BrO and the
CO retrieval test problems.
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Fig. 7.5. Retrieved profiles computed with the iteratively regularized Gauss—Newton method. The
results correspond to a geometric sequence of regularization parameters with a ratio of 0.8 (S1), and
the selection criteria (7.8) (S2) and (7.9) (S3).

The incorporation of additional constraints into the iteratively regularized Gauss—
Newton method, hereafter abbreviated as IRGN method, results in a regularization method
which is less susceptible to the selection of the regularization parameter over a large range
of values. For the ozone nadir sounding problem discussed in the preceding chapter, the
equality-constrained IRGN method can be designed by replacing the unconstrained mini-
mization problem

1
HAlin Q(Ax)=gl'Ax + §AXTGAX,

by the quadratic programming problem (cf. (6.75) and (6.76))

IIAlin Q(Ax) =glAx+ %AXTGAX

subject to Z [Ax], =c.

i=1

Here, the Hessian and the gradient of Q are given by G = K/ K} + axL’L and g =
—Kfyi, respectively. The quadratic programming problem is solved in the framework of
the null-space method by using an explicit representation of the solution in terms of the
vertical column. As opposed to the constrained Tikhonov regularization, both strengths
of the constraints are now computed internally: the regularization parameter, which con-
trols the smoothness of the solution, is decreased during the Newton iteration by a constant
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factor, and the vertical column, which controls the magnitude of the solution, is deter-
mined by using the minimum distance function approach. As in general, iterative methods
require more iteration steps than Tikhonov regularization, only the equality-constrained
IRGN method with variable total column is appropriate for practical applications.

An inequality-constrained IRGN method can be derived if the total column is known
with sufficiently accuracy. The information on the total column should be the result of
an independent retrieval, which can be performed in a distinct spectral interval by using
an appropriate algorithm like the DOAS approach (Van Roozendael et al., 2006; Balis
et al., 2007). The proposed inequality-constrained IRGN method is of the form of the
following model algorithm: at the iteration step k, compute the a priori profile deviation
Axi tla = xi 1 1a — Xa by solving the quadratic programming problem

1
rgin Q(Ax)=gl'Ax + QAXTGAX (7.10)
subject to Z [AX]; < Cmax, (7.11)
=1
Z [AX];, > Comin- (7.12)
i=1

The layer ny < n, delimits the tropospheric region from above, and the reasons for the
choice (7.11)—(7.12) are the following:

(1) the constraints should be linearly independent since otherwise one of the constraints
can be omitted without altering the solution;

(2) as the nadir radiance is less sensitive to variations of gas concentrations in the tropo-
sphere, the condition (7.11) does not allow large profile deviations in the sensitivity
region above the troposphere;

(3) the condition (7.12) guarantees a sufficiently large deviation of the profile (with respect
to the a priori) over the entire altitude range.

If ¢ is the relative vertical column delivered by an independent retrieval and Ac is the
associated uncertainty, we may choose ¢pin, = ¢ — emin e with ey > 1, and cpax = c.
This choice of the upper bound is reasonable since c,ax in (7.11) controls only the vertical
column above the troposphere. The quadratic programming problem (7.10)—(7.12) can
be solved by using primal and dual active set methods. The dual active set method of
Goldfarb and Idnani (1983) generates dual-feasible iterates by keeping track of an active
set of constraints (Appendix J). An implementation of the method of Goldfarb and Idnani
is the routine ‘solve.qp’ from the optimization package ‘quadprog’, which is available free
through the internet (CRAN-Package quadprog, 2007).

Considering the same retrieval scenario as in the preceding chapter and taking into
account that the exact relative vertical column for ozone is ¢ = 110 DU, we choose ¢in =
80 DU and ¢, = 125 DU for equality constraints, and ¢;,i, = 105 DU and ¢, = 110
DU for inequality constraints.

In Figure 7.6 we plot the solution errors for Tikhonov regularization and the con-
strained and unconstrained IRGN methods. For these simulations, three values of the
signal-to-noise ratio have been considered, namely 50, 100 and 150. The plots show that



230 Iterative regularization methods for nonlinear problems Chap. 7

35 35 35
TR
30 (RGN 1 30~ 1 80t 1
== |RGN-EQC
+— |RGN-INEQC
_ 25t 1 _25¢ {1 _25¢ 1
S S S
S 20+ 182+ 1820+ ]
Ll L L
[} (9} [
2 15 t {215 ¢t {215 ¢ 1
8 8 8
[0 [0 [0
o o o
10 ¢ 1 10+t 1 10t 1
5 1 5t 1 5t 1
SNR=50 SNR=100 SNR=150
O 1 1 1 O 1 1 1 0 1 1 1
o 1 2 3 o 1 2 3 o 1 2 3
p p p

Fig. 7.6. Relative solution errors for Tikhonov regularization (TR), the IRGN method, and the
equality- and inequality-constrained IRGN (IRGN-EQC and IRGN-INEQC) methods.

the constrained IRGN methods yield acceptable reconstruction errors over the entire do-
main of variation of the regularization parameter. The main drawback of the inequality-
constrained IRGN method is its sensitivity to the selection of the bounds cp;, and cpax.
The reason is that the method does not use an internal selection criterion for the relative
vertical column and the information on c should be sufficiently accurate. Especially, the
choice of the bound c,,;,, is critical; we found that values smaller than 105 DU lead to large
solution errors.

The retrieved profiles computed with the equality-constrained IRGN method and Ti-
khonov regularization are shown in Figure 7.7. For p = 2.4, the Tikhonov solution is
undersmoothed, while for p = 0.2, the solution is oversmoothed in the sense that mainly
the scaling and less the translation of the a priori profile is reproduced. In both situations,
the profiles computed with the equality-constrained IRGN method are better approxima-
tions of the exact profile.

The computation times of the methods are outlined in Table 7.1. For p = 0.2,
Tikhonov regularization is by a factor of 2 faster than the constrained IRGN methods,
while for p = 2.4 their efficiencies are comparable. This enhancement of computation
time is the price that we have to pay for obtaining stable approximations of the solution
over a large range of values of the regularization parameter.

We conclude this section by referring to a stopping rule which can be used in conjunc-
tion with any iterative regularization method, namely the Lepskij stopping rule (Bauer and
Hohage, 2005). This criterion is based on monitoring the total error

5 5
e, = €sp + ey,

where the smoothing and noise errors are given by e, = (I,, — Ag_1) (XT — Xa) and

egk = —Kz_lé, respectively. The idea of the Lepskij stopping rule is to use the noise
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Fig. 7.7. Retrieval results corresponding to Tikhonov regularization (TR) and the equality-
constrained IRGN (IRGN-EQC) method in the case SNR = 100.

Table 7.1. Computation time in min:ss format for the regularization methods in Figure 7.6. The
numbers in parentheses represent the number of iteration steps and the relative solution errors ex-
pressed in percent.

Method

D TR IRGN IRGN-EQC  IRGN-INEQC

24 0:20 (4;16.5)  0:23(5;18.0)  0:26 (5;9.8) 0:24(5:9.9)
02 0:20(4;12.3)  0:39(12;8.1) 0:50 (12;8.1)  0:42(12:8.3)

error bound

lebel] < a1 (7.13)

2 Tk71 ’ = 5
to detect the iteration step after which the total error is dominated by the noise error. By
convention, the optimal stopping index kop¢ is the iteration index yielding roughly a trade-
off between the smoothing and noise errors. To estimate K¢, We assume that the total
error can be bounded as

[0 — x| < € (k) A, k= kopt,-- -, kmax
where € : N — [0, 00) is a known increasing function. Then, using the result

ki = xi[ = . = ]l = X < € (hope) A + € (R) A < 26 (k) A

opt

forall £ = kopy + 1,..., kmax, we deduce that the optimal stopping index kopy can be
approximated by the first index k* with the property

[0 —xp|| <2€ (k) A, k=K +1,..., knax- (7.14)
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The stopping index k* is called the Lepskij stopping index and (7.14) is called the Lepskij
stopping rule. The main problem which has to be solved is the choice of the function €.
Taking into account that

Heskopt ~ ‘egkopt )
and that
HeSkH S HeSkQPt ~ ‘ egkopt S Heﬁk ’ k = kopt7~ . -7kmaX7
we obtain
%0 — xT|| < 2[|e]|, k= kopt, -+ kmax- (7.15)

Thus, in a deterministic setting we may choose (cf. (7.13) and (7.15))

c
¢ (k)= , c>1,
(k) o

while in a semi-stochastic setting, the estimate
2
& {Heng } = o’trace (KLAKL:;)

together with (7.15) suggests the choice

1 T
¢ (k)= C\/mtrace (Kz_lKL_l), c>2.

7.2.2 Regularizing Levenberg—-Marquardt method

In the regularizing Levenberg—Marquardt method, the linearized equation
Ki(x—x3) =1, (7.16)

with ri being given by (7.3), is solved by means of Tikhonov regularization with the

2 o . .
penalty term HL (X - Xi) || and the regularization parameter ;. The new iterate min-
imizing the Tikhonov function

Fur (%) = ||Irf — Ky (x = x) || + o JL (x = x0) ||, (7.17)

is given by
x) = x) + Kirg. (7.18)

The difference from the iteratively regularized Gauss—Newton method consists in the penalty
term which now depends on the previous iterate instead of the a priori.

The parameter choice rule o = qrpog—1 with ¢ < 1, designed for the iteratively
regularized Gauss—Newton method, can be used for the regularizing Levenberg—Marquardt
method as well. Otherwise, the regularization parameter can be selected by applying the
discrepancy principle to the linearized equation (7.16) (Hanke, 1997): if pik = KL kri
with

K!, = (K[K; +oL"L)  KI,
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denotes the minimizer of the Tikhonov function (7.17) for an arbitrary «, the Levenberg—
Marquardt parameter «y, is chosen as the solution of the ‘discrepancy principle’ equation

e — Kpli| = 02|, 0<6<1, (7.19)

and the Newton step is taken as p} = pik - The regularization parameter can also be
chosen according to the generalized discrepancy principle, in which case, oy, is the solution
of the equation

Ief — Kepl | — (2 — Kiple) " Ak (v} — Kel) = 0 [xf|”

where 1/3;,1 = K, KL & 18 the influence matrix.
As in the iteratively regularized Gauss—Newton method, a step-length procedure can
be used to assure a decrease of the nonlinear residual at each iteration step. Considering

the nonlinear residual
[§

)

F=5ly - F)
and taking into account that the gradient of F at x is given by
g(x)=-Kx)' [y -Fx)]=-Kx"r(x),
we deduce that pi, solving the regularized normal equation
(KIKy, + o, L"L) p = K}1},
satisfies the inequality

g(x))" bl = — (||Kep}|* + an o) < 0.

Thus, pi is a descent direction for F, and the objective function in Algorithm 5 is the
nonlinear residual.

Instead of a step-length algorithm, a trust-region algorithm can be used to guarantee
the descent condition at each iteration step. This choice is justified by the equivalence
between the regularizing Levenberg—Marquardt method and a trust-region method: for a
general-form regularization, the kth iteration step of the optimization problem

. 1 5 2
m)gn]—'(x) =3 |y’ = F(x)|,
involves the solution of the trust-region problem
min My, (p) (7.20)
P
subject to ||Lp|| < Tk,

where )
Mg (p) = F (x3) = r3" Kpp + 5P K Kyp, (721)
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Algorithm 11. Regularizing Levenberg—Marquardt method with a trust-region algorithm.
Given the actual iterate x and the regularization parameter «, the algorithm computes
the new iterate x,., to assure a sufficient decrease of the objective function. The control
parameters can be chosen as ez = 1074, ey = 0.1 and e5p = 0.5.

Fe05]y' ~F)|% g -Kx" [y -Fx)]:
compute the step p for «;
I' — ||Lp||; {trust-region radius for this step}
estimate I'ys, 5 retcode «— 2;  firstcall «— true;
while retcode > 1 do
if firstcall = false compute the trial step p for the trust-region radius I';
Xnew<_x+p; fnew<_0~5”y5_F(Xnew)|2; A~¢.<_-¢._-/Tnew;
{objective function is too large; reduce I" and continue the while loop}
if Foew > F + ccg” p then
if I’ < I'p;, then
retcode < 1; Xpey < X; Fpew — F;

else
retcode — 2; Ty < 0.5 (g7p) |Lp|| / (AF +g7p);
if e < g0 then
I «— ElFF;
else if 'y, > eorl then
I' — eorl’;
else
F — Ptmp;
end if
end if
{objective function is sufficiently small}
else
retcode <« 0;
end if
firstcall — false;
end while

is the quadratic Gauss—Newton model about the current iterate and I'y, is the trust-region
radius. The regularizing Levenberg—Marquardt method with a trust-region procedure is
illustrated in Algorithm 11. In contrast to the standard implementation (Algorithm 6), the
regularization parameter (or the Lagrange multiplier) is chosen a priori and is not deter-
mined by the trust-region radius. Only if the descent condition is violated, the trust-region
radius is reduced, and the new step is computed accordingly. To compute the trial step pi
for the trust-region radius I'y,, we consider the standard-form problem

(KiKy +ol,) p = K/ 1),
with K;, = K, L~! and p = Lp , solve the trust-region equation

n 2
3 ( 0-2(1 a) (ulrf)* =12, (7.22)

i=1




Sect. 7.2 Newton-type methods 235

0.16
[%2]
C
= kel
o ]l ®
5 0.12 §
] —
= s}
= =
o 0.08 103
as IS
=}
b4

0.04

25

0.16
()
c
= e}
5 =
£ L 1 g8
5 0.12 b5
o -
.; s}
3 008 | 18
o S
=)
BrO =z

0-04 L L L L 0 L L L L
0 0.5 1 1.5 2 25 0 0.5 1 15 2 2.5
p p

Fig. 7.8. Relative solution errors and the number of iteration steps for different values of the expo-
nent p. The results correspond to the regularizing Levenberg—Marquardt (LVMR) method and the
iteratively regularized Gauss—Newton (IRGN) method.

for @&, where (0y; v, 1;) is a singular system of Ky, and then set pi = L_lf)gk, where
P, = Klyrp.

The regularizing Levenberg—Marquardt method is also insensitive to overestimations
of the regularization parameter. The results in Figure 7.8 show that the regularizing Leven-
berg—Marquardt method is superior to the iteratively regularized Gauss—Newton method:
for large initial values of the regularization parameter, the number of iteration steps as well
as the solution errors are smaller.

The retrieved profiles illustrated in Figure 7.9 give evidence that for the BrO retrieval
test problem, the undersmoothing effect of the selection criterion (7.8) is not so pronounced
as in the case of the iteratively regularized Gauss—Newton method.

The results listed in Table 7.2 demonstrate that for the BrO and the CO retrieval test
problems, the solution errors corresponding to the trust-region algorithm are on average
smaller than those corresponding to the step-length algorithm.

The standard trust-region implementation of the Levenberg—Marquardt method (Algo-
rithm 6) is also a regularization, in which the regularization parameter is adjusted by the
trust-region radius (Wang and Yuan, 2005). However, we found that this method is very
sensitive to the selection of the model parameters, especially to the choice of the amplifica-
tion factor c,, which controls the increase of the trust-region radius. The results in Figure
7.10 show that for large initial values of the regularization parameter we have to increase
the amplification factor in order to obtain reasonable accuracies. Acceptable solutions cor-
respond to a small domain of variations of the initial regularization parameter, and the
solution errors are in general slightly larger than those corresponding to the regularizing
Levenberg—Marquardt method.
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Fig. 7.9. The same as in Figure 7.5 but for the regularizing Levenberg—Marquardt method.

Table 7.2. Relative solution errors for the regularizing Levenberg—Marquardt method with the step-
length and trust-region algorithms. The results correspond to a geometric sequence of regularization
parameters with a ratio of 0.8 (S1), and the selection criteria (7.8) (S2) and (7.9) (S3).

Selection criterion

Problem Procedure S1 S2 S3

O3 step-length ~ 4.45e-2  4.46e-2  5.50e-2
trust-region 4.41le-2  4.42e-2  5.0le-2

BrO step-length  5.83e-2  9.05e-2  5.87e-2
trust-region  3.54e-2  4.44e-2  3.92e-2

CcO step-length ~ 3.82e-2  2.54e-1  3.76e-2
trust-region  3.12e-2  1.2le-1  1.82e-2

Temperature  step-length  1.81e-2  2.16e-2  2.16e-2
trust-region  1.96e-2  3.0le-2  2.13e-2
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Fig. 7.10. Left: relative solution errors versus the exponent p specifying the initial value of the
regularization parameter. Right: amplification factor c. which controls the increase of the trust-
region radius. The results correspond to the O3 retrieval test problem.

7.2.3 Newton—CG method

The Newton—CG method relies on the solution of the linearized equation
Kip = r{, (7.23)

by means of the conjugate gradient for normal equations and by using the nonsingular reg-
ularization matrix L as right preconditioner. For this purpose, the CGNR or the LSQR
algorithms discussed in Chapter 5 can be employed. The main peculiarity of this solution
method is that the linearized equation is not solved completely; only a number of py, iter-
ations are performed at the Newton step k. In this regard it is apparent that the number of
iteration steps py, plays the role of the regularization parameter oy,. The resulting algorithm
belongs to the class of the so-called REGINN (REGularization based on INexact Newton
iteration) methods (Rieder, 1999; 2003). The term inexact Newton method refers to an
approach consisting of two components:

(1) an outer Newton iteration which updates the current iterate;
(2) an inner iteration which provides the update by approximately solving a linearized
version of the nonlinear equation.

It should be pointed out that other iterative methods as for example, the Landweber itera-
tion or the v-method, can be used for solving the linearized equation (7.23).
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Algorithm 12. REGINN (REGularization based on INexact Newton iteration) algorithm.
The control parameters of the algorithm are 0, % , ¢ and 7.

set A2 =¢& {||6||2} = mo? or estimate A?;
k0, X} Xa
compute F (x)) and Ko = K (x3); 1) — y° — F (xJ);
9~0 — bo; 9~1 — o3
while Hri H2 > 7A? do {discrepancy principle for the outer iteration}
if & > 1 compute 6}, by using (7.26) ;
Ok < O max (rA2/ [[1]*, 01 );
l—0;
repeat
l—1+4+1,;
compute pdy;

until ||ri — Kkp?kH2 <6 ||ri||2 {discrepancy principle for the inner iteration}
e — 1
Xpy1 < XR o+ Py
compute F (x) ) and K1 = K (x0,,); 10—y’ —F(x},,);
k—k+1;

end while

The REGINN method outlined in Algorithm 12 is due to Rieder (1999; 2003). The
outer Newton iteration (the while loop) is stopped according to the discrepancy principle
(7.1). The number of iteration steps py, of the inner scheme (the repeat loop) is chosen ac-
cording to the discrepancy principle for the linearized equation (7.23) (compare to (7.19))

8 — Kipd il|” < 0n x3]” < [Ivd — Kpfi|”s 1< 1< pi, (7.24)

while the following selection criterion is used for the tolerances 6y:

(1) choose 0y € (0,1) and ¢ € (0,1];
(2) setby =01 = Oy,
(3) compute

2
01, = Oax MAX ig,ék , (7.25)
2]

where 0, is given by

Pk—1 k>2, (7.26)

Pk—2
~ { 1——=(1—=0r-1), Pr-1=>DPr—2,
b, =
qOk—1, DPr—1 < Pk—2,

and 0,.x € (0o, 1) bounds the 0, away from 1 (uniformly in &k and A).

The parameter 6,,,, should be very close to 1, for instance, the choice 6,,,x = 0.999
is reasonable. The general idea of the selection rule (7.25)—(7.26) is to start with a small

. . . . . 2
tolerance and to increase it during the Newton iteration. However, the level 0y, Hri H should
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decrease during the iterative process, so that on average, the number of iteration steps py of
the inner scheme should increase with increasing k. In the starting phase of the algorithm,
the nonlinear residual is relatively large and as a result, the level 6, Hri H2 is not very small
even for small values of the tolerances. Thus, in spite of small tolerances, the repeat loop
will terminate. From (7.26) it is apparent that the tolerance is increased when the number of
passes through the repeat loop of two successive Newton steps increases significantly, and
it is decreased by a constant factor whenever the consecutive numbers of passes through the
repeat loop drop. However, a rapid decrease of the tolerances should be avoided (the repeat
loop may not terminate) and the choice of ¢ in the interval [0.9, 1] is appropriate. In (7.25),
a safeguarding technique to prevent oversolving of the discrepancy principle (especially in
the final Newton step) is incorporated: at each Newton step there holds 6, Hri ||2 > TA2,

In our retrieval algorithm we use an a priori selection rule instead of the dynamical
selection criterion (7.24): the number of iteration steps of the inner scheme is assumed to
vary linearly between pp,i, and prmax,

Pk = gkpmin + (1 - fk) Pmax, 0< 5 < 1, (727)
or according to the exponential law
Pk = Pmax — (pmax - pmin) e_£k~ (7.28)

In Figure 7.11 we illustrate the solution error for the selection criterion (7.27) as a
function of the initial number of iteration steps of the inner scheme py = ppin. The main
conclusions emerging from this simulation are summarized below.

(1) For each value of py,ax, there exists a large interval of variation of py,;, yielding ac-
ceptable solution errors.

(2) Large values of both control parameters p,,i,, and pp,.x mean large values of the num-
ber of iteration steps pr. In this case, the regularization decreases very fast at the
beginning of the iterative process, the retrieved profiles are undersmoothed and the
solution errors are large.

(3) For a fixed value of pyin, small values of py,.x yield small values of p;. The regu-
larization applied at each Newton step is large, and therefore, the number of Newton
steps is also large.

At each Newton step k, the number of iterations py, of the selection criterion (7.28) is
smaller than that of the selection criterion (7.27), and as a result, the number of Newton
steps is larger (Figure 7.12).

7.3 Asymptotic regularization

Asymptotic regularization can be regarded as a continuous analog of the Landweber itera-
tion,

xp=xp+ KL [y —F(x))], k=0,1,....
In this method, a regularized approximation x° (T') of the exact solution x is obtained by
solving the initial value problem (Showalter differential equation)

) =K (x 1) [y ~F ()], 0<t<T, x°(0) =x, (7.29)
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where T plays the role of the regularization parameter. The basic property of asymp-
totic regularization states that x (') — x! as T — oo, where x (t) is the solution of
the noise-free problem with the exact data vector y. For linear problems, this result is
straightforward: the solution of the initial value problem

x(t) =K'y -Kx(t)], 0<t<T, x(0) =xa,

is given b
£ Y ~KTK¢t Ty 1 ~KTKt T
x(t)=e xa + (K'K) (Infe )K v,

whence letting 7" — oo, we obtain
x(T) — (KTK)71 KTy =xT.

For the nonlinear case, convergence results for the unperturbed and perturbed problems in
a continuous setting have been established by Tautenhahn (1994). Applying the family of
Runge—Kutta methods to the initial value problem (7.29), several iterative regularization
methods have been developed by Béckmann and Pornsawad (2008). Similarly, Hochbruck
et al. (2009) proposed an exponential Euler regularization method for solving the Showal-
ter differential equation. In this section we analyze the computational efficiency of the
Runge—Kutta regularization method and of the exponential Euler regularization method.

In the framework of Runge—Kutta methods, an approximate solution of the initial value
problem

x(t) =" (t,x(t)), x(0) =xa,

is computed as

Xpr1 =Xk + Tk 3 bW (E+ 7k, vi)
i=1

S
VZ':Xk+TkZaij\I/(t+Cka7Vj)7 t1=1,...,s, k=0,1,...,
j=1

where xg = X,, s is the number of stages, 7 is the step length at the actual iteration step
and the coefficients a;;, b; and ¢; with 4,5 = 1,...,s, depend on the particular method
employed. These coefficients are usually arranged in a mnemonic device, known as the
Butcher tableau (Figure 7.13).

For our purpose, we consider consistent Runge—Kutta methods with the property

S

Z b; = 1. (7.30)

i=1
Applying the above scheme to the initial value problem (7.29) yields

X441 =Xy + Tk ZbiK vi)' [y° = F(vi)],

i=1

vi:xz—ﬁ—TkZain(v]—)T [y‘s—F(vj)], i=1,...,s, k=0,1,....
j=1
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Fig. 7.13. General form of a Butcher tableau (1) and specific Butcher tableaus for the explicit Euler
method (2), the implicit Euler method (3), the Radau method (4), and the Lobatto method (5).

Setting
Z; =V; — xi =T Zain (Vj)T [y5 - F (Vj)] ,
j=1
and using the linearization
F(v;,)=F(x)+z;) ~F(x}) + K (x}) z;,
and the approximation

K(v;) = K(xz +zj) ~ K (Xi),

we obtain
X =xp+ 7 > K] (r) — Kzi) , (731
=1
z; :TkzainkT, (r) —Kiz;), i=1,...,8, k=0,1,..., (7.32)
j=1

with K, = K (x) and r) = y° — F (x}). To express (7.31) and (7.32) in a compact
form we introduce the matrices

A:A®In7 Kk:Is®Kk7 B:bT®In7 |:Is®In7

and the vectors

Z
ri:18®ri, z= e R,
Zs
where
a1 ... Qs by 1
A=| : - |eR*, b=| : |€R 1,=| : | €R’,
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and the notation X ® Y stands for the Kronecker product of the matrices X € R™*" and
Y € RP*? defined as

I’llY IlnY
X®Y = : : e R™P*M 0 [X],

. 1) = zij'
Tm1Y .. TpnY

The use of the Kronecker product enables us to derive a transparent solution representation
in a straightforward manner. When working with the Kronecker product, the following
calculation rules have to be taken into account: for compatible matrices X, Y, Z and W,
there hold

(X®Y)(ZoW)=XZ2YW, (7.33)
XoY) =XTeY", (7.34)
XoY) '=X"tgYy . (7.35)

Moreover, if A = A ® I, with A € R**% and X = I, ® X with X € R"*" | then the
representations
AX=(ARL,)(I;eX)=A®X

and
XA=(I;,2X)(A®I,) =A®X,

yield the symmetry relation

AX = XA. (7.36)

Now, using the consistency relation (7.30), (7.31) and (7.32) become
x4, 1 = x) + 7 Kir) — 7.BK{ Kz, (7.37)
(kAT Ky, +1) z = 7, AKL 1. (7.38)

Equation (7.38) is solved for z,
2= 7 (AKEKy, +1) 7 AT,

and is rearranged in the form

BKY Kyz = BKIr2 — BA™" (r, AKT K, + 1) AKZrd. (7.39)
Since b1, = 1 and X = 1 ® X, we have

BKIr = (b ®1,) (I, ®K{) (1, 1)) = K{r), (7.40)
and by virtue of (7.39) and (7.40), (7.37) can be written as
)1 = %) + 7BA™ (RAKT Ky, 4+ 1) AKT S

Finally, introducing the regularization parameter o, by

1
ap = —,
Tk
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and using the symmetry relation (cf. (7.36) and the identity KI Ky, = I, ® K} Kj,)
A (KEKy) = (KEKg) A,

which yields,
A~ (AKTK + axl) A = (AKTKg + ael)

we obtain the iteration of the Runge—Kutta regularization method
x) 1 =%+ B (AKTKg + agl) T KI¥d, k=0,1,.... (7.41)

It is remarkable to note that for the explicit Euler iteration (s = 1, a;; = 0, by = 1)
we are led to z; = 0, and (7.31) is the iteration of the nonlinear Landweber method (with
a relaxation parameter 7). Furthermore, for the implicit Euler method (s = 1, a1; = 1,
by = 1) there holds

A=B=1,, Kp=Ky, rl=r),

and (7.41) is the iteration of the regularizing Levenberg—Marquardt method with L = I,
ie.,
X1 =%+ (KI'Kg + L) Kfxd, k=0,1,.... (7.42)

The regularizing property of any inversion method discussed up to now is reflected by
the filter factors. This concept can be generalized by introducing the so-called filter matrix.
For example, if (0;;v;, u;) is a singular system of the matrix Ky, then the iterate of the
regularizing Levenberg—Marquardt method (7.42) can be expressed as

Sufr)
X). =X) + VE, : : (7.43)
S-ulr)
where the diagonal matrix
2
Fy = [diag (fax (7)) ,,,] + fi (03) = #ak (7.44)

represents the filter matrix. Evidently, for very small values of the regularization pa-
rameter, F;, ~ I,, while for very large values of the regularization parameter F; ~
(1/o) [diag (o7), . ]. For the Runge—Kutta regularization method, the filter matrix is
not diagonal because A is not diagonal. To derive the expression of the filter matrix in this
case, we first employ the relations (cf. (7.33))

AKTKy = A ® (KTK,) = (L@ V) (A [diag (2),,,]) (L& VT)

and
apl = (I, @ V) (ay]) (L, @ VT)

to obtain

AKTKi +apl = (L@ V) (A @ [diag (07),,, | +aul) (L& V7).
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Then, we use
Kir = 1@ (K[x]) = (Lo V) (Lo [dag (03),,,,]) [ 1. @ : ,

and
BIL,®V)=(b"®IL,)(I,oV)=b" @V,

together with (cf. (7.35))
(Is ® VT)71 - Is ®V7

to conclude that
) ) T 2 -1
Xy =X + (b ®V) (A® [diag (Ui)an] —|—ak|>

x (L@ [diag (o7),,,]) [ 1.2 : . (7.45)

op N

The iterate (7.45) can be expressed as in (7.43) by taking into account that X = 1 ® X and
x = 1 ® x. The result is

Fi = (b" @ 1,) (A® [diag (7)., | +aul) - (10 [diag (02),,.,] )

Two extreme situations can be considered. If o, is very small, then by virtue of the identity
b” A~'1, = 1, which holds true for the Radau and Lobatto methods illustrated in Figure
7.13, we obtain Fy, ~ I,,. On the other hand, if o, is very large, the consistency relation
bT1, = 1, yields F ~ (1/ay) [diag (Jiz)nm]. Thus, the filter matrix of the Runge—
Kutta regularization method behaves like the ‘Tikhonov filter matrix’.

The exponential Euler method is based on the variation-of-constants formula which
allows us to integrate the linear part of semilinear differential equations exactly. For the
Showalter differential equation (7.29), Hochbruck et al. (2009) proposed the following
modification of the original exponential Euler scheme:

xp, 1 =xp + e (KL Ky) Kix), k=0,1,...,

with )
e? —
ple) = ——

Assuming the singular value decomposition K;, = UXV7 and setting a = 1/7, the
matrix function can be expressed as

1 —exp (_%)
¢ (—a, 'K{Ky) = aV |diag | —————~ VT, (7.46)
0;

nxn
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and the iteration takes the form

2
- 1
xiJrl = Xi + E [1 — exp (—al)] — (uZTr(,z) v, k=0,1,.... (7.47)

« ag;
i—1 k i

The exponential Euler regularization method is very similar to the regularizing Levenberg—
Marquardt method in which the Tikhonov filter factors (7.44) are replaced by the filter

factors
o?
fi (07) =1—exp <—L> .
€95

Obviously, the filter factors for the exponential Euler regularization method are close to 1
for large o; and much smaller than 1 for small o;.

The algorithmic implementation of asymptotic regularization methods resembles that
of the regularizing Levenberg—Marquardt method. The main features are as follows:

(1) the iterations (7.41) and (7.47) are applied to the standard-form problem;

(2) the regularization parameters are chosen as the terms of a decreasing sequence oy, =
qr 1 With constant or variable ratio gy ;

(3) a step-length procedure for the nonlinear residual is used to improve the stability of
the method.

Note that the step length procedure can be used because the Newton step pk can be ex-
pressed as pk GkKk rk , where G, is a posmve definite matrlx for example, in
the exponential Euler regularization method, we have G = o '¢ (—a; 'K} Ky), with
¢ (—ay "KTKy) being given by (7.46).

The numerical performance of asymptotic regularization methods and of the regular-
izing Levenberg—Marquardt are comparable; for large initial values of the regularization
parameters, the solution errors as well as the number of iteration steps are similar (Fig-
ure 7.14).

The asymptotic regularization methods yield results of comparable accuracies, al-
though the solution errors given in Table 7.3 indicate a slight superiority of the Radau
regularization method, especially for the O3 retrieval test problem.

7.4 Mathematical results and further reading

The convergence of the nonlinear Landweber iteration is expressed by the following result
(Hanke et al., 1995): if 2T is a solution of the equation F' () = y in the ball B, (z,) of
radius p about xz,, F has the local property

IF (z) = F (') = F' (2') (¢ = )| < n[|F () = F ("), 0<n< % (7.48)

for all z, 2" € By, (xa), and the equation F' (z) = y is properly scaled in the sense that

IF" (@) <1, 2 € By (a),
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Fig. 7.14. Relative solution errors and the number of iteration steps for the Radau regularization
method and the regularizing Levenberg—Marquardt (LVMR) method.

Table 7.3. Relative solution errors for Radau, Lobatto and exponential Euler regularization methods.
The initial value of the regularization parameter is aw = o”.

Selection criterion

Problem Method p S1 S2 S3
Radau 3.78e-2 3.78e-2 4.1le-2
O3 Lobatto 1.5 4.19e-2 4.19¢-2 4.73e-2
Euler 4.08e-2 4.08e-2 4.51e-2
Radau 5.88e-2 7.0le-2 5.82e-2
BrO Lobatto 1.2 5.87e-2 6.89e-2 6.92e-2
Euler 5.88¢-2  6.9le-2  6.09¢e-2
Radau 3.72¢-2  31.9e-2 3.75e-2
CcO Lobatto 1.0 3.79e-2 31.5¢-2 3.59e-2
Euler 3.78e-2 34.4e-2 3.27e-2
Radau 1.80e-2 2.07e-2  2.06e-2

Temperature Lobatto 0.9 1.80e-2  2.13e-2  2.10e-2
Euler 1.80e-2  2.17e-2  2.07e-2
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then xi* — 2zt as A — 0, where k* = k* (A) is the stopping index of the discrepancy
principle

Hy5 - F (mi*) | < TepA < Hy5 - F (xi) , 0<k <k,
and 1+
n
po > 2 1— 277 > 2
In contrast to Tikhonov regularization, the source condition
oh— 2, = [F/ (fT)* F’ (xT)]H 2, (7.49)

with 4 > 0 and z € X, is not sufficient to obtain convergence rates. In Hanke et al.
(1995), the convergence rate O A2/ (2“+1)) with 0 < g < 1/2, has been proven under
the additional assumption that, for all = € By, (z.) , I satisfies
F'(z) = R, F' (21),
I — Ryl < e HJJ — :UW

, Cr > 07 (750)

where {R,/ x € Ba, (x.)} is a family of bounded linear operators R, : Y — Y.

The iteratively regularized Gauss—Newton method was introduced by Bakushinsky. In
Bakushinsky (1992) local convergence was proven under the source condition (7.49) with
i > 1, provided that F” is Lipschitz continuous, i.e.,

[F(z) = F' (2")[| < L[|z —2'||, L >0,

for all z, 2" € By, (x.). Lipschitz continuity of F” suffices to prove convergence rates for
the case i > 1/2, but if u < 1/2 further conditions, that guarantee that the linearization is
not too far away from the nonlinear operator, are required. In Blaschke et al. (1997), the
convergence rates

O(A%), 0<p<1/2

o (\/Z) 1 (7.51)

ot - ot =

with k* = k* (A) being the stopping index of the discrepancy principle, have been derived
by assuming the following restrictions on the nonlinearity of F":

F'(z)=R(x,2)F' (') + Q (x,2"),
11 = R(z,2")|| < e, (7.52)
1Q (z,2")|| < eq||F' (2T) (z — 2")||, cr.cq >0,
for all 7,2’ € Ba, (z,). Similarly, the optimal error bound O(A?*/ (2#+1) for 0 < p <
1/2 has been proven by Bauer and Hohage (2005) for the Lepskij stopping rule and the

nonlinearity assumptions (7.52). As the best convergence rate of the discrepancy principle
is O(v/A), the generalized discrepancy principle

. -1
e <y6 ~F(af), [F (o) F' (af) +apel| [y~ F (Ig*)]> <TA2 7> 1,
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has been considered in Jin (2000), where the optimal convergence rate O(A2#/(2#41))
with 0 < 1 < 1 has been established under the nonlinearity assumptions:

[F' (z) — F' ()] 2 = F' (2') h (2,2, 2),
17 (2,2", 2) | < ealle = 2| |2]l, e >0,

forall z,2’ € B, (27).

Results on convergence rates under logarithmic source conditions can be found in
Hohage (1997) for the iteratively regularized Gauss—Newton method, and in Deuflhard et
al. (1998) for the nonlinear Landweber iteration.

For a general regularization method of the form

Py = Tt oo (F (@) F (o)) ' (o) [0 = F (o) + F' (o) (2 = 2a)]
(7.53)
the convergence rates (7.51) have been derived by Kaltenbacher (1997, 1998) for the mod-
ified discrepancy principle

max (Hy5 - F (azg*_l)H ,le*) < TepA < max (||y6 - F (:ci_l)H ,le) , 1<k <k”,
(7.54)
with
rp=1vy"—F (1’271) —F (33271) (mi — xiq) ,
provided that 74, > 1 is sufficiently large, the nonlinearity conditions (7.52) hold, and the
sequence {«y } satisfies (7.7). Note that the stopping rule (7.54) is essentially equivalent
to the termination criterion

max ([ly” = F (@) ||, [[v° = F (a-)]])
< 1pA <max ([ly” = F ()| [ly° = F (w3

), 1<k <k,

which stops the iteration as soon as the residual norms at two subsequent iteration steps
are below TéPA. Examples of iterative methods having the form (7.53) are the iteratively
regularized Gauss—Newton method with

1
A+

9o (N) =

and the Newton—Landweber iteration with

g W) =3 1= (1=, a= .

Hanke (1997) established the convergence of the regularizing Levenberg—Marquardt
method by using the local nonlinearity assumption

IF () = F (2') = F' () (x = 2') | < cllw = 2" |F () = F ()], ¢>0,

forall z, 2" € By, (za), and by choosing the regularization parameter c, as the solution of
the ‘discrepancy principle’ equation (cf. (7.19))

ly* = F (@3) = F" (23) [2hs1 (@) = 23] | = 0 l° = F (a1) ],
for some 6 € (0, 1).



250 Iterative regularization methods for nonlinear problems Chap. 7

The regularizing trust-region method was analyzed by Wang and Yuan (2005). Con-
vergence results have been proven under the nonlinearity assumption (7.48) with 0 < 7 <
1, provided that the iterative process is stopped according to the discrepancy principle with

po > m

Convergence rates for the regularized inexact Newton iteration method
s =]+ go (F/ (@) F (@) F (o) [v* = F (o)] . (759)

and the source condition (7.49), have been established by Rieder (1999, 2003). The gen-
eral iteration method (7.55) includes the regularizing Levenberg—Marquardt method, and
Newton-type methods using as inner iteration the CGNR method, the Landweber iteration
and the v-method.

The convergence of the Runge—Kutta regularization method has been proven by Bock-
mann and Pornsawad (2008) under the nonlinearity assumption (7.48).

The recent monograph by Kaltenbacher et al. (2008) provides an exhaustive and per-
tinent analysis of iterative regularization methods for nonlinear ill-posed problems. In ad-
dition to the methods discussed in this chapter, convergence and convergence rate results
can be found for the modified Landweber methods (iteratively regularized Landweber it-
eration, Landweber—Kaczmarz method), Broyden’s method, multilevel methods and level
set methods.

In Appendix H we derive convergence rate results for the general regularization meth-
ods (7.53) and (7.55) in a discrete setting. The regularization scheme (7.53) corresponds
to the so-called Newton-type methods with a priori information, e.g., the iteratively reg-
ularized Gauss—Newton method, while the regularization scheme (7.55) corresponds to
the Newton-type methods without a priori information, e.g., the regularizing Levenberg—
Marquardt method.
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