Chapter 6
Discretisations of Reaction-Convection-Diffusion
Problems

This chapter is concerned with discretisations of the stationary linear reaction-
convection-diffusion problem

—equ” —ebu+cu=f in (0,1), u(0) =g, u(l) =1,

withb > 1and ¢ > 1 on [0, 1].
In particular, we shall study the special case of scalar reaction-diffusion problems

—%u" 4 cu=f in (0,1), u(0) =0, u(l) =,
and its vector-valued counterpart

_E2u,,+Au:f in (Oal)a ’U,(O) =70 u(l) =71

6.1 Reaction-Diffusion

This section is concerned with scalar reaction-diffusion problems
Lu:=—e®u" +cu=f in (0,1), u(0) =0, u(l) =1, 6.1)

where ¢ > p? on [0, 1] and p > 0 is a constant.

Analytical properties of (6.1) were studied in Sect. 3.3, while layer-adapted
meshes for it have been introduced in Sect. 2.2. The crucial quantity for reaction-
diffusion problems is

ﬁ[p](&)) ‘= max 1+t (e re/re 4 or=)/pe) L gy
rd k=1..N [,

Using (6.1) as a model problem, a convergence analysis is conducted for variants
of the linear FEM with convergence established in the energy norm.

Next a general convergence theory in the maximum norm is derived for central
differencing on arbitrary meshes. The close relationship between the differential
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184 6 Discretisations of Reaction-Convection-Diffusion Problems

operator and its discretisation is highlighted. We then move on to a maximum-norm
error analysis for the linear FEM and a special 4"-order scheme. Finally, central
differencing for systems of reaction-diffusion equations is studied.

6.1.1 Linear Finite Elements

Consider (6.1) with homogeneous boundary conditions. Its weak formulation is:
Find u € H}(0,1) such that

a(u,v) :=e* (v, v') +r (u,v) = f(v) forall v € H}(0,1) (6.2)

with 7(u,v) := (cu,v) and f(v) := (f,v) := fol (fv)(s)ds.

Given a mesh @, let V; be the space of continuous functions that are piecewise
linear on the mesh @. Clearly V¢’ C Hg (0, 1). The standard Galerkin-FEM approx-
imation is: Find u™ € V§ such that

a(u™,v) = f(v) forall ve Vy.

Typically, the integrals in the bilinear form 7 (-, -) and in the linear functional f(-)
cannot be evaluated exactly. Therefore, they have to be approximated:

r(w,v) ~ #(w,v) and f(v) ~ f(v).
Different approximations yield different variants of the FEM. Later we shall con-
sider four possible choices for (-, ) and f(-).
With this notation our FEM is: Find u™¥ € Vi such that

a(u,v) == e (W), 0') + 7 (uM,v) = f(v) forall ve V. (6.3)

The norm naturally associated with the weak formulation is the energy norm

1/2
2 2
lelle = {2 11/15 + o2 ollg}

It is typically used in the convergence analysis of FEMs. Clearly a(, -) is coercive
in the energy norm:

llvll% < a(v,v) forall v e HE(0,1).
However, the coercivity of a(-, -) depends on the approximation used for the reaction

term and has to be investigated separately. It is one ingredient in the error analysis
for (6.3). The other ingredient is bounds for the interpolation error.
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6.1.1.1 The Interpolation Error

Let again w! denote the piecewise linear interpolant of w. Throughout this section
let us assume the function ¢ € C?[0, 1] admits the derivative bounds

[ (z)| < C {1 +e72 (e_”’”/E + e_p(l_z)/s)} . (6.4)

For example, the solution u of the boundary-value problem (6.1) belongs to this
class of functions, see Sect. 3.3.1.2. And so does cu — f = ¢2u whose interpolation
error will appear in the later analysis too.

Proposition 6.1. Suppose i satisfies (6.4). Then

v =9 <C [/1 {1 +¢e7t (e,pm/% + e*p(km)/zs) } dx} i

for all mesh intervals I; = [x;—1,x;].

Proof. For x € I; and an arbitrary integrable functions y set

(700 (@)= 5 /I / /g " ()dtdeds.

For triple integrals of this structure we have the two bounds

(i) ()] < / (€ — xim) x(6)] de (6.5)

i

and

(T ()] < / (s — ) [x(5)| ds. (6.5b)

I;

These integrals can be further bounded using Lemma 4.16. Let x : I; — IR be any
function with xy > 0 on /;. Then

2
(Tix) (z) < % {/ x(t)l/th} if y is decreasing, (6.6a)
I;

and

2
(Tix) (z) < {/ X(t)l/th} if 'y is increasing. (6.6b)
I;

DN | =
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For the interpolation error on ; we have the representation

(v —o") (z) = (") (z) for z € I,. 6.7)

Next we would like to apply (6.5) and (6.6). Therefore, we split 1" into two parts
that can be bounded by monotone functions—one decreasing and the other increas-
ing. Set

_ , _ - "(x) forx <1/2,
b =G ad gpa) =Y ) e st
0 otherwise.
Clearly,
’@D(l')’ < C{l +€—Qe—pm/€} and |7$I(-73)| < C{l +5—26—P(1—r)/5},

by (6.4). Hence, using (6.5) and (6.6), we obtain

Iy, <€ [ (1t et/ ag,
I.

i

Recalling (6.7), we are finished. a

Theorem 6.2. Suppose v satisfies (6.4). Then
o=l < llo - ']l < € (@)
and
Il = w7l < 0 (12 4+ 05@)) ¥ (@).
Proof. The bound on the L, error is an immediate consequence of Prop. 6.1 and

the definition of 197[3.
For the error in the H'! norm we proceed as follows using integration by parts

[@=u = [ (- @) w=- [ v - ") @a

Next, a Holder inequality gives

[w=e < o=l [ wela <o (@),

by (6.4). Finally, combine this with the bound for the Ly norm of the interpolation
error to obtain the energy-norm estimate. a
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Remark 6.3. The interpolation error in the energy norm is an order of magnitude
better than for convection-diffusion problems. This is because this norm fails to
capture the wider boundary layers in reaction-diffusion problems:

|||e_pI/E|H62 = (’)(51/2) for ¢ — 0.

Therefore, the reaction-diffusion problem is not singularly perturbed in the energy
norm in the sense of Def. 1.1. &

Remark 6.4. For Lagrange interpolation with polynomials of arbitrary degree p > 0,
cf. Remark 5.5, we have

p+1
Ipu—ull, < ¢ (95 (@)

for the solution u of (6.1). &

6.1.1.2 Convergence in the Energy Norm

With interpolation error bounds at hand, we can now return to the convergence anal-
ysis for the FEM (6.3).

Assume the bilinear form a(-, -) is V{“-coercive with respect to the energy norm.
That is, there exists a positive constant -y such that

0% |||u|||§2 < a(v,v) forall ve Vy. (6.8)

I I

Setn :=u! —wand y := u! — uN. Then by a triangle inequality

=™ |s < linlle + =

Theorem 6.2 yields
lInll.e < € (172 + 955(@)) 95(@).

and we are left with bounding ||| x||| .2
Starting from (6.8), we get

YIxIZ < alx, x) =7 (u!,x) = r(u, x) + () = F(0), (6.9)

where we have used (6.2) and (6.3).
We shall consider four variants of the FEM characterised by different approxi-
mations of the reaction term and of the source term:

FEM-0: #(w,v) = r(w,v) and f(v) = f(v), i.e., no quadrature is used.
FEM-1: #(w,v) = (c!w,v) and f(v) = (f!,v),
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#(w,v) = ((cw),v) and f(v) = (f',0),
(w,v) = (cw, ), and f(v) = (f,v)., with the discrete £5-product

N-1
(w,v), = Z hiw;v;.
i=1

FEM-2:
FEM-3: 7

This method is generated by applying the trapezium rule

h
/1 g(s)ds =~ ;1 (9i + gi+1) :/1 g’ (s)ds

i

k3

to (cw,v) and (f,v). It is equivalent to the standard central difference scheme

which will be subject of Sect. 6.1.2.

Remark 6.5. A direct calculation shows that (w,v),, = (w,v) for all w,v € V’. &
Theorem 6.6. Let u be the solution of (6.1) and u" its approximation by FEM-0,

FEM-1 or FEM-2. Then

2 (6.10)

2
flo? — |l < € (84@)

and
llu=ull.. < € (12 + 055 (@) 5 (@).
Corollary 6.7. For FEM-0, FEM-1 and FEM-2 we have the uniform first-order
convergence result
lle = a¥l.2 < CO%3@).
However, the worst case is not when € is small, but when € = 1. This is observed in

numerical experiments [74].
We give short proofs of Theorem 6.6 for the various FEMs now.

FEM-0: #(w,v) = r(w,v), f(v)= f(v).
Clearly a(-,-) = a(-, -). Therefore, (6.8) holds with v = 1. Inequality (6.9) yields

IxllZ < 7 (uf = u,x) = (e(w! = u),x)

and
2
lixlz < lello Ju” = ully < € (W(@)) ",

by Theorem 6.2.
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FEM-1: #(w,v) = (lw,v), f(v)=(fL,0).
The coercivity of a(-, -) is verified upon noting that

(ch,w) > (o) = o3

Thus, (6.8) is satisfied with v = 1. Starting from (6.9) again, we get

lxlliZ < ((¢" = e)ul, x) + (c(u’ —u),x) + (f = f1,x).-

Appealing to Theorem 6.2 again, we get (6.10) for FEM-1.

FEM-2: f(w,v) = ((CU})I,’U), f(’l)) = (fla/u)'

This time establishing coercivity is slightly more involved. Let w € V{;” be arbitrary.
A direct calculation gives

N— N—
. D h;
Pw,w) = E ;1 (cl-wi2 + C¢+1w?+1) + E gl (€i + Cip1) wiwiq1.

=0 i=

—
—

We bound the second term from below:

¢+ Ciy1 (w2

(ci + Ciy1) wiwiy1 > — 5 i T wi2+1)

hi hi
> = (et B 0 = (e + P52 )

Thus, if the maximum step size h is sufficiently small, dependent on «, but indepen-
dent of ¢, then

7w, w) > Z 3 (czwz2 —|—ci+1wi2+1>

>

2
i+1 P
> p? Z 18 (w} +w?,,) = ZHUJH%-
1=0

Hence, a(-, -) is coercive and (6.8) holds true for v = 1/4.
Next, (6.9) and the Cauchy-Schwarz inequality yield

1 .
1lxlee < la" —afly,  with q:=cu—f.

Theorem 6.2 applies to ¢ and we obtain (6.10) for FEM-2.
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FEM-3: #(w,v) = (cw,v)w, f(v) = (f,0)e.
In view of Remark 6.5, ineq. (6.8) holds true with v = 1. Then by (6.9)

I < (@), — (20x) = / (00" — ax) (2)de

N— 1h
1
(@ —ax)+ ) 6+ (Git1 — @) Xasis
1=0

where again ¢ = cu — f = £2u”. The first term on the right-hand has just been
bounded when analysing FEM-2. Unfortunately, in view of the last term—in par-
ticular the presence of the discrete derivative x,—it seems impossible to obtain a
convergence result as general as Theorem 6.6. On a S-type mesh, one might reason
as in Sect. 5.2.1 by using an inverse inequality on the coarse-mesh region, but rely
on the small mesh sizes inside the layer to gain the necessary powers of .

6.1.2 Central Differencing

Given an arbitrary mesh @ the most frequently considered finite-difference approx-
imation of (6.1) is: Find v~ € IRV such that

[LuMN], = fi fori=1,....N—1, ui =70, uy = 6.11)
with
[LUL‘ = _Ezvii;i + c;v; for v € RN,

The difference operators were introduced in Sect. 4.1. As mentioned before this
difference scheme is equivalent to FEM-3 in the preceding section: Find u’¥ € Vi
such that

ac(uN,v) = fc(v) = (f,v), forall veVy, 6.12)
where

ac (w,v) := &2 (W', ') + (cw,v), = 2 [wy, vy, + (cw,v),,,

and

N-1 N-1
v), = g hitiwivg,  (w,v), = g hiw;v;.
i=0 i=1
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Taking as test functions v the standard hat-function basis in V¥, we see
that (6.11) and (6.12) are equivalent. In particular, using summation by parts
(cf. [146]) it is verified that

ac (w,v) = (Lw,v), = (w, Lv),, forall w,v e V.

Apparently the operator L is self-adjoint as is its continuous counterpart L.

6.1.2.1 Stability

The matrix associated with the difference operator L is an Ly-matrix because all
off-diagonal entries are non-positive. Application of the M -criterion (Lemma 3.14)
with a test vector with components e; = 1 establishes the inverse monotonicity of L.
Thus, L satisfies a comparison principle: For any mesh functions v, wIRN 1

Lv < Lw on w,
vo < wp, — ov<w on w. (6.13)
vy S wy

This comparison principle and Lemma 3.17 provide a priori bounds for the solu-
tion of (6.11):

||uNHw < max{|70|, \*yl|} + ||f/c\|oo7w for i =0,...,N.
It also gives the stability inequality

]| <|Lv/ell s, forall ve Bé\”rl. (6.14)

00, —

Green'’s function estimates

Using the discrete Green’s function G : @ — R : (2;,&;) — G, = G(;,&))
associated with L and Dirichlet boundary conditions, any mesh function v € Bév +

can be represented as
v = a. (v,G;.) = (Lv,G;.) = (v,LG;.), fori=1,...,N -1, (6.15)
because the operator L is self-adjoint, i.e., L = L*. This also implies G; ; = G} ;

forall¢,5 =0,...,N.
Taking for v the standard basis in Vj”, we see that for fixed7 =1,..., N — 1

[LG%] = 51"]‘ for j = 1, . ,N — 1, Gi}o = Gi,N = O, (616)

J
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where

hitoif i =4,
URES :
0 otherwise

is the discrete equivalent of the Dirac-4 distribution.

Lemma 6.8. For any fixed j1 > 0
[ol% < nlve ), + (07" +1) (v,0),  forall veVy.

Proof. This is Theorem 2 in chap. V, §4 of [145]. a

Theorem 6.9. The Green’s function G associated with the discrete operator L and
Dirichlet boundary conditions satisfies
14+ep?

OSGi,jgi fOV OSi,jSN,
ep

G&;i"jzo f0r0§j<i<N,
Ggmjﬁ() f070§1§j<N

Proof. The positivity of G follows from the inverse monotonicity of L.
The upper bound on G is proved using an argument from [147]. Let ¢ be arbitrary,
but fixed. Set I' := G, .. Then Lemma 6.8 with n = ¢/p yields

1+ep? _

1T < == (06 o), + 757 (1T,

e +ept
T

1 —1
= +5p Fiu
pE

(g (Lo, Ty), +e Y (el F)w)

by (6.15). The upper bound on G follows.
When proving the monotonicity, note that

’Geij = e*Gejor + hyc;Giy for 0<j <i
and
EQG&Z’J = E2G§ﬂ‘,j+1 — hj+1Cj+1Gi7j+1 for ¢ <j <N-1.

The non-negativity of G implies G¢.; 0 > 0 and G¢,; yv—1 < 0. Then the piecewise
monotonicity of G follows by induction. a
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Theorem 6.10. The Green’s function G associated with the discrete operator L
satisfies

2 (1 + 5p‘1)2

2
l¢Gi.. o S T IGegii Nl <

<L |G|

Il,w

foralli=1,...,N — 1.
Proof. First multiply (6.16) by 7; and sumfor j =1,..., N — 1.

N-1
Z hjCjGiJ‘ =1 +82 (Gé;i,N - Ggmo) < 1,

Jj=1

because G¢.;0 > 0and G¢;; v—1 < 0. This is the bound on the c-weighted ¢; norm.
Next

i—1 N-1 _1\2
2(1+ep™t)
IGeilly - = > hj+1Geij — Y hjt1Gei; = 2Gi; < (€p7
j=0 j=i
(6.17)
by Theorem 6.9.
Finally, a triangle inequality, (6.16) and (6.17) give the bound on G¢¢. ad

6.1.2.2 A Priori Error Bounds

The analysis follows [95, 103]. By (6.15) we have for the error u — «'¥ in the mesh
node x;

(u—u), =ac(u—u",G;.) =ac(u,Gi.) = f.(Gi.) .
For simplicity we set I" := ;. We identify the mesh function I" with that function
from V¥ that coincides with I" at the mesh nodes. Using the weak form of the

differential equation, we get

(U—uN)izac(u,F)—a(u,F)+f(F)—fC(F)
=(cu—f,I), —(cu—f,T).

Note, if vg = vy = 0 then

1
(w,v)w:/o (wv)l(x)dx, (6.18)

where w! denotes again the piecewise linear interpolant of w.
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Setting q := cu — f = e%u”, we obtain the error representation

(u— uN)i = /01 ((qF)I - q[') (z)dz. (6.19)

We are left with bounding the interpolation error for ¢I". To this end we shall avail
of the derivative bounds derived in Sect. 3.3.1.2 and repeat some of the arguments
from Sect. 6.1.1.1.

By (6.7), for x € [z, x;41] we have

(al)(2) — (al)" (&) = 20w (T3(d)) (x) + (T;(d" D)) (x). (6.20)
Next, we wish to apply (6.5) and (6.6) to the right-hand side of (6.20). There-

fore, we split ¢’ into two parts that can be bounded by monotone functions—one
decreasing and the other increasing. Set

¢ (x) forx <1/2,

qr:=¢ —gp and g¢p(z):= .
0 otherwise.

From Sect. 3.3.1.2 we have
e tgp(z)| < C {1 + 5_2e_’”/6}
and
e g (x) <C {1 + E_Qe_”(l_”)/s} .
Hence, using (6.5) and (6.6), we obtain
/ 25y
1750 g, < Ce (V@) (6:21)
The second integral in (6.20) is bounded in a similar manner. Set

q"(z) forz <1/2,

qgr=q"—qgp and gp(x):= .
0 otherwise.

From Sect. 3.3.1.2:
(Fp) (@)] < C (I + L) {1+ 72707/}
and

‘(qu(x))| S C(FJ + F]+1) {1 + 5_26_p(1_r)/5} ,
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since I is piecewise linear and positive. Thus,
2
150" Tl g, < C (I3 + Ty) (954@)) (6.22)
Applying (6.21) and (6.22) to (6.20), we obtain
2
(ra=(ra)") @) < € (951@)) (el + Ty +13) for @ € (w5, 541):

Integrate over [0, 1] to get

/0 (o) - (o)) (2)de| < € (0@)” (c1

o F TN ) -

Finally, recall (6.19) and Theorem 6.10. We arrive at the main convergence result
of this section.

Theorem 6.11. Let u be the solution of the reaction-diffusion problem (6.1) and u™
its central difference approximation (6.11). Suppose c, f € C?[0,1]. Then

2
=", < € (95@)
Corollary 6.12. Theorems 6.2 and 6.11 yield
2
lu =¥l < € (95@)

by a triangle inequality and because HuI — uNHOO = ||u1 - uNHoo’w.

6.1.2.3 A Posteriori Error Analysis

The first a posteriori analysis for central differencing was conducted by Kopteva;
see [66]. We slightly modify her argument. It is based on the bounds for the Green’s
function G associated with the continuous operator £; see Theorem 3.31.
Let « € (0,1) be arbitrary, but fixed. Set I' = G(z, -). Then
(u—u™)(z) =a(u—u™,I)=f(I)—a(u",T)
= f(F) _fc(F) +ac(uNaF) —a(uN7F)
= (cuN —f,F)w — (cuN —f,F),

by (6.12). Setting § := cu’Y — f, we have

(u—u) (z) = /;((ﬁf)l - (jf) (s)ds,
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where (6.18) was used. Expand the integrand
JUNRY SN . . . iy
@) —ar=(a"-aq r+q¢ (I'" =)+ @y —q'r
in order to obtain the error representation

(w—uM)(x)=(¢"—¢T)+ (", 1" -1)

+ /O 1 ((qr)’ - (jIFI) (5)ds. ©29

The terms on the right-hand side are estimated separately.
A Holder inequality and Theorem 3.31 give

[@—d" D) <plla-d"ll.-

For the second term in (6.23), integration by parts yields

[ = 1) s = [ (= 00) (s - 20) QI (5)ds,
Iy

Iy

where

Grr1 + 4k Qea1 — G Tk + Thy1
= i X =
Qx(s) 1 + 6hr (5 = @hy1/2) s Trgiye 5

h2
/ i (@) (I — I) (s)ds| < %max{m,mm\}/ 77 (s)| ds.
Iy Iy

By Theorem 3.31, we have || I"”||; < 2¢72. Hence,

2

h
@ =)<, e 5t maxc{lal el )

For the last term in (6.23) a direct calculation yields

/ (((if)[ - QIFI) (s)ds = hkgl (Gr+1 — @) (Tht1 — k)
Iy

h . .
_ (qkﬂ_qk)/ '(s)ds.
6 .
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Thus

_dk|a

/01 ((qr)f - AIFI) (s)ds| <

< max
k=0,..,.N—1 6ep

because ||I”]|; < 1/(ep), by Theorem 3.31.
All terms in (6.23) have been bounded. We get

Theorem 6.13. Let u be the solution of the reaction-diffusion problem (6.1) and u™
its central difference approximation (6.11). Let G := cu™ — f. Then

| — ™| <m+m2+ns,

where

LIPS hi -
=lla-d'llo. =, max -t max{|gl |Gkl }

and

— Q|-

+
3 1= max
g k=0,..,N—1 6ep

Remark 6.14. The term H(j —q' HOO in the a posteriori bound can be further ex-
panded as follows

g—q =r-r- (C*CI)uNfcluNJr(cuN)I

Thus

0=l <1 = e+ lle =l 1l

1 N N

+ -  max U —u | -|c — Ck| -
4 k:O,..A,N—ll ka1~ |- lener — el

The first two terms involve (continuous) norms of the data. These have to be approx-

imated numerically with sufficient accuracy. At least O(h?) is required. However,

higher order is desirable to ensure all non explicitly computable terms in the error

estimator are of higher order and decay rapidly as the mesh is refined. &

Remark 6.15. Invoking the difference equation (6.11), we see that 13 implicitly con-
tains third-order discrete derivatives of u”

Pyt
6ep

2
Ehk+1

| x:c:ck

|Qk+1 _Qk|

The a posteriori error bound in [66, Theorem 3.3] is given using these higher-order
operators.
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The argument in [66] proceeds to show that

2
lu—u™| , < ¢ _max {hk-H [1 + Juzan]? + |umk+1|1/2” :

The constant C' is independent of €, but not specified in [66]. Therefore, this latest
inequality cannot be used for reliable a posteriori error estimation. Nonetheless, it
is useful for steering adaptive mesh generation. &

Adaptive mesh generation

Based on Theorem 6.13, the de Boor algorithm in Sect. 4.2.4.2 can be adapted for
the problem and method under consideration. One only needs to redefine the @);:

1/2
Qi — Qi(uN7 A,w) = {HO —+ K1M1:iK212:4 + Hg?]gﬂ'}

with

h? . .
y o M2y = 672 max{|qi,1\ ) |Qz|}>

M = |Gi—1 — 2Gi—1/2 + G
hi .
N3; = — |4i — Gi—1]
€

and non-negative weights ry. Note that max; 71,; is a second order approximation
of 11 in Theorem 6.13.
In view of Remark 6.15 one can also use the de Boor algorithm with

Qi=1+ \um;i71|1/2 + \Um;i|1/2~

Numerical experiment for this variant of the algorithm are documented in [68].

6.1.2.4 An Alternative Convergence Proof

Traditional finite difference analysis aims at directly exploiting the maximum-norm
stability or using barrier function techniques. In higher dimensions they are often
the only tool available, because of a lack of stronger stability results.

We now present an error analysis for central differencing on a Bakhvalov mesh
that solely uses (6.14). In the layer regions this mesh is not approximately equidis-
tant. Consequently, the truncation error of the difference scheme is apparently only
first order at points in the layers, but a more delicate analysis given in [18] shows
that the truncation error at every mesh point is in fact O(N ~2) uniformly in c. We
use the description of the mesh by a mesh generating functions, see Sect. 2.1.1.

For any v» € (%[0, 1], Taylor expansions show that

ey — Lyl| < Ce|l0" ||, (6.24a)

$i—17$i+1]
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and

(£ — L], | < C Ay — hasa | [9]"] + (hi + hira)* [0 (6.24b)

Tio1,Tit1]

When o¢ > pq the mesh is uniform with mesh size NV —1. Furthermore, e~ < C.
Thus,

|Lu — Lul|, < CN™2,

by Theorem 3.35 and (6.24).

Now consider the case o < pgq. For simplicity we will consider only the layer
at z = 0 and assume that z; = ¢(t;) < 1/2.

From the construction of ¢ one must have 7 < ¢. It follows that 1 < x'(7) < ¢,
where we set ¢ = 1/(1 — 2q). Define the auxiliary points 71 and 75 in (0, ¢) by
X'(m) =gand x'(m2) = 1. Then g, =g —oe/p <7 <7 =q—0e(l—2q)/p
because x” > 0 on [0, g).

(i) ¢'(t) < x'(7) < gfort € [0,1]. Thus,
t;
h; :/ O'(t)dt < GN~' for i=1,...,N. (6.25)
ti—1

(ii) Fort <t; < g wehave ¢'(t) < x'(t) = oe/p(q — t) < oe/p(q — t;). Hence,
fort; <q— N1,

A
~
A
[\
®))
=

ti o€ 20¢
h:/ O(t)dt < N7H/(t;) < < .
R ) (t) pN(q—t;) = pN(q—ti—1)

(iii) hi+1 —h; = Tiy1 — 2, + i1 = (p”(t?)N_Q for some t; S [ti—hti-&-l}'
Now

") <X'(1) = ———=5 and
which gives
p7’
|hiy1 — hil < —N"2. (6.27)
o€

Furthermore, we have the bound

1w o€ 4doe 2
e (t;) < < for t; <q— —,

)= =ty = pa- 07 N
which yields

doe 2
|hi+1 - hi| < m for ¢; < q-— N (6.28)
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(iv)
e Pl = (q_qti)g for t; < (6.29)
and
ePTi/e < <‘75)U for t; > 7. (6.30)
Pq

Henceforth let o > 2. Using (6.24), Theorem 3.35, (6.25) and (6.30), we get
|[Cu— Lul| <CN~? for 7o <t;_1,

which is the region outside the layer. For t; < ¢ — 2N~ (the layer region),
from (6.24) and Theorem 3.35 one arrives at
|[Cu — Lul,| < C|hi — hit1| % + C |hi — higa| e te Pi/e
+ C (hz + hi+1)2 52 + C (hz + hi+1)2 572671)‘“71/6.
To bound the first term on the right-hand side use (6.27); for the second term, use

(6.28) and (6.29); for the third term, use (6.25); and for the fourth, use (6.26), (6.29)
and ¢ — t;—1 < 3(q — t;)/2. This yields

[Cu— Lu);| <CN™? for t; <q—2N"".

We are left with the transition region where 75 > ¢;_; and t; > g — 2N —1. Thus,

2 hi<mta=g- Tt cgq o
-y <ti<ntg=a-tg<daty

Notice that the first two inequalities here imply that ¢ < 3p/(oN). Use (6.24):

|[Lu— Lul,| < C (52 + e_p“”/‘g) < CN72,

by (6.30)and e < CN 1.

Thus, on a Bakhvalov mesh the truncation error in the maximum norm is bounded
uniformly by O (N ’2). Application of the stability inequality (6.14) gives the uni-
form error bound

Hu - uNHoo_’w <CN72% ifo>2.

We have recovered Theorem 6.11 for a Bakhvalov mesh by means of a different
kind of analysis.
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6.1.2.5 Discontinuous Data

Assume the reaction coefficient ¢ or the source term f possess a discontinuity in a
point d € (0,1). Then (6.1) reads: Find v € C*[0,1] N C?((0,1) \ {d}) such that

—2 +cu=f in (0,1)\ {d}, u(0) =0, u(l) =";.

How should the central differencing scheme (6.11) be generalised to deal with the
discontinuous data?

Assuming d = z, € w, i.e., the discontinuity is in a mesh point, a naive finite
difference approach would seek a mesh function u¥ with

[LUN]Z. =f; for x; € w\ {z}, Ui\:n :ugm uév = Y0, u% =7.

This method on a Shishkin mesh was analysed in [37]. Only first order (up to a
logarithmic factor) was established. The numerical experiments in [37] show that
when ¢ is moderate at best first order can be achieved.

The continuity of the derivative in z,, = d is discretised by imposing

N N
uw;n = ui‘;fi'

However, the one-sided difference operators are first-order approximation only. This
might explain the drop in accuracy.

Instead, we start from the variational formulation (6.12): Find uN € Vi such
that

g2 ((uN)/,v’) — (eu™,v), = (f,v), forall veVy,

where

N—-1 1
= WiV = wv)! (s)ds.
(W)= 3ot /0< ) (s)d

For discontinuous functions the nodal interpolant does not exist. However, since the
point d of discontinuity is a mesh point, we can define w! element wise:

'I,UI((L‘) = xk;li_xw(ajk —|—O) + Jﬁh ka(mkﬂ — O) for x € Ik.
k+1 k+1

Clearly, when w € C[0, 1], we recover the standard linear nodal interpolant.
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Evaluating fo (wv)" (s)ds, we get
i hzw(xb - O) + hi+1w(xi + O)

hiw;v;, ith w; =
w;v W1 w QFLZ

—

1=

Note that w; = w(x;) for i # k.
The resulting difference scheme is: Find v € IRV *! such that

N 7 N _ N _
Lu suf +eauN =f on w, Uy =Y, UN = V1

This scheme was analysed by Boglaev and Pack [22]. They establish uniform con-
vergence of first order. Roos and Zarin [142] consider the scheme with w; =
(w(z; — 0) +w(z; +0)) /2, but in the critical point z, they have h, = h.y.
In that article uniform second order convergence is proved for Shishkin meshes and
for Bakhvalov-Shishkin meshes.

Using the derivative bounds derived in Sect. 3.3.1.3, the analysis of Sect. 6.1.2.2
needs only minor modifications to get the pointwise error bound

o], < € (92h@)

where 19%]1- (@) has been defined in Sect. 2.2.1.

6.1.3 A Non-Monotone Scheme

In this section we shall present maximum-norm error bounds for a FEM applied
to (6.1). We consider FEM-2. It generates the difference scheme

[Lu™], = eufm—kcuN =f fori=1,...,N—1, 63D)

N _ N _
Uy = Y, UN = V1,

where

wi—1 | 2wy hipr wig
6 3 hy; 6

~

w; =

hs
h

We see that the discretisation of the reaction term cu generates positive off-diagonal
entries in the system matrix. This results in a scheme that is—unlike the central dif-
ference scheme studied before—not inverse monotone. Nonetheless, a maximum-
norm error analysis can be conducted. We follow [97].



6.1 Reaction-Diffusion 203

6.1.3.1 Stability

Although L is not inverse-monotone, it possesses a core that is:

QCi

v, = —Pvzs, + v,
[Ae], = —cuzas + o
This is the standard central finite difference approximation of —e?u’ + cu and
can be generated by means of the bilinear form
2/ 1 2 (! I
e (w',v') + 3 (cwv) (s)ds
0
By (6.14) we have
A
[ —— ‘ v for all v € RN, (6.32)
¢ o0,w

Theorem 6.16. Suppose c € C%<[0,1]. Let k € (0, 1) be arbitrary, but fixed. Then

3
1—=x

Lv
c

V]| 0.0 < forallv € RY ™,

00,w
provided that the maximum step size h is smaller than some threshold value that is
independent of €.

Remark 6.17. Theorem 6.16 means the non-monotone scheme (6.31) is ({oo, £oo )-
stable although the underlying operator L is not inverse monotone and does not
satisfy a maximum principle. &

Proof. Letv € ]Rév *1 be an arbitrary mesh function. Then

h C; hl C;
(Ao, = =3 —5 vie1— f: £ vi + (L],
Thus,
h 1— hZ 1 .
o] < HEmLE DGy L)) for i =1, N~ 1,

6h;

and the stability inequality (6.32) yields

3 hici—1 + hiy1cit1

2 malel 6Cihi ||UHOO’Q+ 5 HC

1]l

(6.33)

Since ¢ € C%“[0, 1], there exists a constant M with

le(z) —c(&)] < M |z —&|* forall z,€ € [0,1]. (6.34)
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Therefore,

hiCi,1 + hi+1Ci+1 1 Mh* 1+k
6Cihi 3 3p2

w

provided A is smaller than some threshold value that is independent of €. Now, the
proposition follows from (6.33). a

For our convergence analysis, we shall also require bounds on the discrete
Green’s function GG; associated with L and the mesh node x;. With Theorem 6.10
we have

N-1

! 3 ! 3
I
/O (cGh) (s)ds:}:l: hieiGig < 5 and /0 Gila)ds < 55 (639

<

6.1.3.2 A Priori Error Analysis

Theorem 6.18. Let u be the solution of (6.1) and u™ that of (6.31). Then

=¥, < € (@)’

provided that h is smaller than some threshold value that is independent of €.
Proof. By a triangle inequality
lw =™ < flu=wl] o + o= u™l o -

The interpolation error was studied in Sect. 6.1.1.1.
Letn = u" —wand q := f — cu. Then the Green’s-function representation and
Egs. (6.1) and (6.31) yield—after some calculations—

(] _ A I ) 2 ! NI
ni = (¢' —q,Gi) ((cn) ,Gz) + (ceG;) (6.36)
3 Jo

where we used ((u!)’, G}) = (u/, G}), because G/ is piecewise constant. The first
term on the right-hand side of (6.36) is bounded using a Holder inequality, Theorem
6.2 and (6.35):

1 g.6)| <c (@)
(@' —a.Gi)| < C(90(®)) -
For the remaining terms in (6.36) a straight-forward calculation gives

2/1(0 )~ ((en)! G-):JZ@(C Gipo1 +c Gix)
3/, NG n) G 3 D) kMG k—1 k—1Mk—1Gik) -
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Let x € (0, 1) be arbitrary, but fixed. Then, using (6.34) and (6.35), we can estimate
as follows:

2 [ e~ (e )

< (M s < 2 )
— 2 2/)2 noc,u?— 2 77007@'

Thus,
21, _ 2 1 + K
il < € (95@) "+ = Il
Taking the maximum over ¢ = 1,..., N — 1, we get the general error bound of the
theorem. ad

Remark 6.19. In contrast to the analysis for central differencing, only bounds for the
L1 norm of the Green’s function have been used, but no bounds on its derivative.
Also no third-order derivative of w is required. Only the second-order derivative is
used when Theorem 6.2 is invoked. &

Remark 6.20. The proof is easily adapted to deal with discontinuities in the right-
hand side or in the reaction coefficient. &

6.1.3.3 A Posteriori Error Analysis

The analysis in [97] is along the lines of the analysis for central differencing in
Sect. 6.1.2.3.
Set I' = G(z,-) and § := cu®™ — f. Then

(w—uM)(x)=(¢"—-¢I)+ (¢, 1" -T1). (6.37)
Note that compared with (6.23) the term
1
| (@) =a'rtysas
0
does not appear in (6.37).

Both terms on the right-hand side of (6.37) have been bounded in Sect. 6.1.2.3.

Theorem 6.21. Let u be the solution of the reaction-diffusion problem (6.1) and u™
its approximation by (6.31). Let § := cu™ — f. Then

2

Ty, R 1 A s
S g — ¢ o Ay oo max{|e s |aes ] } -

Ml

l|lu—u
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Remark 6.22. Compared with central differencing, we see the term

max hk ! ‘(ﬁ 7qA |
k+1 k
k=0,...,N—1 66[)

does not feature in the a posteriori estimate for the non-monotone scheme.

By Remark 6.15 this term corresponds to a discrete third-order derivative of u” .
Also note that in the analysis, no bounds on the derivative of the Green’s function

are required. &

6.1.4 A Compact Fourth-Order Scheme

In this section we consider a compact finite difference scheme of order four. Given
an arbitrary mesh @ we seek a mesh function u” € IRN*! satisfying

N 1, N N N
[Lu™]. = clull | + cSuy + cfupyy

=q i1+ fi+q fir=[Qf];, i=1,...,N—L1L

The coefficients c and ¢ are determined so that the scheme is exact for polynomials
up to degree four. That is [Lp|, = [Q(Lp)], for all p € II4. This construction yields
a difference scheme whose system matrix is not inverse monotone.

A similar approach was used in [27] where in order to ensure inverse monotonic-
ity, the high-order approximation is used only when the local mesh size is small
enough to give non-positive off-diagonal entries. In all other mesh points central
differencing is used. This hybrid method is shown to be third-order convergent uni-
formly in € on a Shishkin mesh; see [27, §2]. An alternative approach to obtain
a higher-order difference approximation while maintaining the M -matrix property
can be found in [46]. However, the construction of that scheme requires explicit
knowledge of the derivatives of the data (c and f) and subtle modifications in those
points where the mesh is non-uniform.

We shall follow the analysis in [98] and see that inverse monotonicity is not a
prerequisite for the maximum-norm error analysis of higher-order schemes.

6.1.4.1 Discretisation

The exactness of the scheme for polynomials up to degree four and the normalisation
condition q;;; + ¢e.; +¢ry = 1,9 =1,..., N — 1, yield the difference scheme: Find
uN € RN*! such that

[LuM], == —e2ul ; + [Q(cu™)], = [Qf);, for i=1,...,N -1,

(6.38)
ué\f = Y0, ’U’J]YI =M,
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where
[Qu]; == ! —6,u; Vi—1 + it MZ; al v; + ! _GN;F Vi+1
with
N R

6.1.4.2 Stability

For the stability analysis we consider an arbitrary mesh w with maximal step size h.
Although L is not inverse-monotone, it possesses a core that is:

al 44 py + pf af
+ S+ R T

[Av]; := —€? [cﬁvh . 5 .

where
o, :min{O,l —ui_}, a;-" :min{O,l —Mj}.
The matrix associated with A is an Ly matrix with row sums 3; /6, where
Bii=4+a; +af +pu; +puf
Therefore, it is an M -matrix and we can conclude that

forall v € R) T, (6.39)

’ 6 [Av],
ciBi

by Lemma 3.17.
Theorem 6.23. Suppose c € C1[0,1]. Let k € (0,1) be arbitrary, but fixed. Then

3 Lv
o]l < —

5= 5 forallveﬂi?év"’l,

w

provided that h is smaller than some threshold value that depends on k and c only.

Proof. First, note that

h3,, + h3
= + itl ¢ >1 6.40
wy + Tl (s + hipy) = (6.40)

by the relation between cubic, arithmetic and geometric means.
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Furthermore,
hit1 > h; = af =0, and  hi <h; = a; =0.

Therefore, at least one of o; and o is zero. Without loss of generality we assume
o; = 0. This implies 0 <1 — p;” < 1.
We distinguish two cases o] = 0 and aj' =1- ,u;".

i

(i) Suppose 0 = 04;-". Then0 <1 — pj‘ <1and

1— - 1—puf
[AU]Z = [L’U]Z. — GMZ C;Vi—1 — GMZ CiUi+1
1—u; 1—uf
- 6#1 (Cifl - Ci) Vi—1 — 6 L (Ci+1 - Ci) Vi41-

We estimate as follows:
(1= 17) (et = )] < bl oo < res .
Similarly,
|(1= 1) (civ1 — )| € higalld oo < Kei
provided £ is sufficiently small—depending on x and ¢ only. We also have
L= p7 |+ 1= pf|=2—nu7 —pf <1, by (6.40).
Therefore,

1+ 2k
6

vl - (6.41)

w

[[Av];| < [[Lo];] +

Note that 3; = 4 + p; + pi” > 5, by (6.40). Hence,

6 [Av], 6 |[Lv],| 142k
<< J . 6.42
k) < 3 Bek] 4 L 20y, 6.4
(i) If af =1 — pj” < 0then
1—u- 1—u-
[Av]i = [LU]I — /.LZ CiVi—1 — GMZ (Ci—l — Ci) Vi—1
1—pf
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The second and third term on the right-hand side are bounded as in case (i). For the
last term note that 1 — ,u;r < 0yields |1 — ,uﬂ < pj and therefore,

|(1 =) (cigr — )| < pf Riga | oo < halld[loo < rei,

for sufficiently small h. Thus, (6.41) holds for this case too. Furthermore, for 3; we
have 3; = 5 + u; > 5. Consequently, (6.42) holds foralli =1,..., N — 1.
Combining (6.39) with (6.42), we are finished. a

Remark 6.24. The discretisation (6.38) is (¢, £ )-stable although the underlying
operator is in general not inverse monotone and therefore does not satisfy a maxi-
mum principle. L)

Remark 6.25. The argument presented here sharpens Theorem 1 in [98] by giving a
smaller stability constant. L)

6.1.4.3 Nodal Error Analysis

We shall apply the difference scheme (6.38) on a Shishkin mesh with o > 4. For
this we have h < N=1/(1 — 2q).

Let n = u — u” denote the error of the scheme. We start our analysis by decom-
posing the error of the scheme as n = ¢ + ¢, where the two parts ¢, ¢ € Rév +
solve

[A]; = [Ln]; = e [Q(u") — ugzz]; on w,

and
Ci—1 Cit+1
Apl, = ——ni—1 — —— 1
[A¢]; 5 -1 M
,u.* /’L+
+ ?1 (Ci—1 —¢i) i1 + ?l (Ci41 — Ci)Mig1 ON w.

Let x € (0,1) be arbitrary, but fixed. Then using arguments from our stability anal-
ysis, we get

< 1+ 2k
- 5

6 [Ap].
Sl Inlly for i = 1,....N -1,

Bici

if N is greater than some threshold value that is independent of . The stability
inequality (6.39) yields

1+ 2k

<
lell, <~

7]l -
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Application of a triangle inequality gives

142k
Ille < 1¥lls +llells < l19lls + ——lnls-
Hence, the error can be bounded in terms of ):
=], < 2 il - (6.43)
© T 42k @

We are left with estimating ) which will be done using a truncation error and
barrier function technique.
Let g € C%[z;_1,;11]. Then Taylor expansions give

Clg" Nzs s wiin) if hy = hiy1,
[Q(g//) gual | < C ||g”||[51?i,xi+1] +Cu; h; ||g”’| [5—1,2:] if h; < hjyq,
TTli| = ] . 3 (5)
C (hi +hit1)” ||g H[miil’riﬂ] and
Ch;l ||g(6) H[zifl,l’i+1] if h; = hi+1-
(6.44)

We consider the two distinct cases for the mesh transition point: 7 = gand 7 < q.
In the first case, the mesh is uniform with h; = 1/N fori = 1,..., N. Moreover,
¢! < ClnN. Thus, u(G)H < Ce 2In* N, by Theorem 3.35. Now the fourth
bound of (6.44) yields

[ 52‘[Q(u”) —ugs).| <ONT N, i=1,... ,N-1.

Hence,
Y], <CN*In* N if 7 =g, (6.45)

by (6.39).
The case when 7 < ¢ requires a more detailed argument employing the decom-
position of w.

(i) For z; € (0,7) U (1 — 7,1), use the fourth bound of (6.44), |[u(®|| < Ce=°
and h; = hy 1 < CeN~'In N to get

[A9],] = €2|[Q(u") — ugs];| < CN~*In* N for x; € (0,7)U (1 —7,1).

(ii) For x; € (7,1 — 1), split the truncation error according to the decomposition
of w:

e |[Q(") — uzal;| = € [Q(") = vasl;| + & [Q(w") — wasl;| -
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The first term is bounded using the fourth estimate of (6.44), 2 zUU((S) H <C
and h; = h;y1 < CN~1. We obtain £2 |[Q(v") — vzz];] < CN~*.In order to
bound the truncation error with respect to the layer part w, use the first estimate
of (6.44) to get 2 |[Q(w”) — wzz],| < CN~°. Hence,

[Ay],] < ON™* for x; € (1,1 — 7).

(iii) For z; € {7,1 — 7}, split the truncation error again. For the regular solution
component v the third estimate of (6.44) gives

e?[Q(") — vzs);] < CeNT?,

while for w we have by the second bound of (6.44)

e |[@w") - wﬁ}qzv‘ < O (7% e N~ i N oeonen/2)
<CON™7+CN/INN="1y In N
<CN77 + CNfU*lluq_N In N,

with an analogous estimate for i = (1 — ¢)N. Collecting the various bounds
for the truncation error, we get (for 7 < q)

e [Qu") — ugsl;|
CeN=34+CN 5u; InN ifi=gN,
<CN*In*N+{ CeN-3+CN=°uf InN ifi=(1-¢q)N,
0 otherwise.
(6.46)

Finally, we use an idea from [122]. Define the mesh function z € Bév by

X /T for i =0,...,qN,
zi =41 for i =¢gN,...,(1 —¢q)N, and
(1—z;)/7 fori=(1-¢q)N,...,N.

A direct calculation verifies

2 Wy Ti P
o ) T e . if ¢ =gN,
2 .
[Az]; = ?zzz TN YroE Bl if i=(1—¢)N and

0 otherwise.
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Note that

g2 g2 o ep(l —2q)N
thTLqN’ h(l—q)N—‘,—lh(l—q)N - 20In N

Therefore, recalling the truncation error bound (6.46), we can use the discrete
comparison principle (6.13) with the barrier function C N 4 (ln4 N+z;InN )
to see that (6.45) holds for 7 < ¢ too.

Finally, (6.43) yields the main convergence result of this section.

Theorem 6.26. Let u be the solution of the boundary value problem (6.1) and u™
that of the finite difference scheme (6.38) on a Shishkin mesh with ¢ > 4. Then

u—ulVl]  _<CN*In'N,
I c03

provided that N is larger than some threshold value that depends on c only.

Corollary 6.27. Clustering three adjacent and equidistant mesh intervals and fit-
ting a cubic function through the numerical approximation on the four associated
mesh points, we obtain a cubic C°-spline Su™ that approximates u on the whole
domain:

Hu — SUNHOO <CN*m*N.

Remark 6.28. Approximations of the derivatives can be obtained by differentiat-
ing Su™:

Flw—Su™)® || <o (NN fork =1,2,3.

Note that in those mesh points where two different cubic functions are concatenated
to give S u, we have different left- and right-sided derivatives, however for both,
the above bound holds.

Better approximations of the second-order derivative are obtained by appealing
to (6.1):

u'(z) mm(z) =e 2 (eSu — f) (2).
We have the error bound
&2 ||u” —m| < CN~*In* N.

This readily follows from Theorem 6.26. &
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6.1.4.4 Numerical Results
To illustrate the theoretical results, we consider the problem
—e2u" + (1 + 2% + cosx)u = 2°/% + sinz, in (0,1), (6.47)

with homogeneous Dirichlet boundary conditions.

The exact solution is not available. Therefore, we estimate the error for Y and
Su™N by comparing them to the numerical solution %" obtained on a mesh & that is
seven times as fine. More precisely w is constructed from w by uniformly dividing
each of its mesh intervals into seven equidistant subintervals. We take the estimates
N N

||u—u ~nlV = ||ﬁN—u

00, w 00, w

and
Ju—Su™|| =" =@ —Su™ ..

Since we have an error bound of the form C (N “1innN )p , we also compute the
“Shishkin” rates of convergence:

N _ Inn™ —Inn?N
P T mEmN) — m(n(2N))

We choose N divisible by three and define Su”¥ on macro intervals |23, x3( k?-‘rl)}’
k=0,...,N/3—1.

The left half of Table 6.1 displays the results of our test computations for the
Shishkin mesh. They are in good agreement with Theorem 6.26 and Corollary 6.27.
The right half of the table contains results for a modified Bakhvalov mesh: First

Table 6.1 Compact fourth order scheme for (6.47), ¢ = 10~* (identical numbers for ¢ =
10~4k k=2,...,6)

Shishkin mesh Bakhvalov mesh

,,7N pN ﬁN ,,7N 7l_N ﬁN 7~I'N
.27 1.151e-05 3.99 3.979¢-04 3.66 2.644e-08 4.01 4.915¢-07 3.99
.28 1.123e-06  4.00 4.701e-05 3.81 1.641e-09 4.00 3.090e-08 4.00
.29 1.045¢-07 4.00 4.890e-06 3.89 1.024e-10 4.00 1.936e-09 4.00
-210° 9375¢-09 4.00 4.672¢e-07 394 6.394e-12  4.00 1.212e-10  4.00
<211 8.160e-10  4.00 4.212¢e-08 397 3.996e-13  4.00 7.580e-12  4.00
2212 6.925e-11  4.00 3.644e-09 3.98 2497e-14 400 4.73%-13  4.00
-213 5750e-12  4.00 3.058e-10 3.99 1.56le-15 4.00 2.963e-14 4.00
-214 4686e-13  4.00 2.506e-11 4.00 9.756e-17 4.00 1.852e-15 4.00
.215 3756e-14  4.00 2.014e-12 4.00 6.097e-18 4.00 1.157e-16 4.00
.26 2967e-15 — 1.594e-13 — 3.81le-19 — 7.234e-18 —

wwwwwwwwwwz
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we construct a standard Bakhvalov mesh with N/3 mesh intervals, which are then
subdivided into three subintervals of equal length. This gives our computational
mesh w. This modification is necessary because the stability constant of S depends
on the local ratio of the mesh sizes, which on a Bakhvalov mesh depends on ¢. For
this mesh, we expect uniform convergence of order N 4. This is clearly observed
in the numerical experiments.

6.2 Systems of Reaction-Diffusion Type

We now leave the scalar problems and move on to systems of reaction-diffusion
equations: Find u € (C2(0,1) N C|0, 1])£ such that

Lu:=—FE*u" + Au=f in(0,1), u(0)=u(l)=0, (6.48)

where E = diag(ey, .. .,e¢) and the small parameters ¢, are in (0, 1].

The analytical behaviour of the solution to (6.48) has been studied in Sect. 3.3.2.
Again we assume the coupling matrix A has positive diagonal entries and is diago-
nally dominant with

Alem,
akk

<1 (6.49)

.....

o0
m#k

Define x > 0 by

2 i i
k2= (1 — min  min ag(x).
( 5) k=1,...,0 z€[0,1] kk( )

For simplicity in our presentation we assume that

K
€126 2>--2>¢g and g < —.

N

The first chain of inequalities can always be achieved by renumbering the equations,
while the last inequality provides a threshold value for the validity of our analysis.

6.2.1 The Interpolation Error

We consider piecewise linear interpolation. Using the derivative bounds of Theorem
3.43 for the solution of (6.48), we can apply the technique in Section 6.1.1.1 to
establish interpolation error bounds for the components of u.
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Theorem 6.29. Suppose the assumptions of Theorem 3.43 hold true. Then
o — kg < i~ ], <0 (92,@) " k=1
and
exfue —ul|, < 0?08 (@), k=1,....¢

where

M=

19[rpcgk(w) = nax 1/ (1 + et (e_”s/mm —&—e_'ﬁ(l—S)/pem)) ds
’ i=0,..,N—-1 J.

fork=1,... ¢

m=1

6.2.2 Linear Finite Elements

In view of Lemma 3.40 we may assume without loss of generality that A is coercive,
i.e., there exists a positive constant « such that

v A(z)v > avTv forall z €[0,1], and v € R’ (6.50)

As usual with finite element discretisations, we consider the weak formulation
of (6.48): Find u € H}(0,1)" such that

B(u,v) = F(v) forall v € HL(0,1),

with

and

The natural norm on Hg (0, 1)¢ associated with the bilinear form B(,-) is the
energy norm |||-||| .. defined by

14 4
2 2 2 2 2
olll2e := Y en lvmli + allvllg,  Ivllg = D lvnlls-
m=1

m=1
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Because of (6.50) the bilinear form B(-, -) is coercive with respect to the energy
norm, i.e.,

|Hv||\§2 < B(v,v) forall v e H}(0,1)".

If f € L?(0,1)¢ then F is a linear continuous functional on H{ (0, 1)¢. Therefore,
the Lax-Milgram Lemma ensures the existence of a unique solution u € Hg(0,1)*
of the variational formulation of (6.48).

Given a mesh @, we seek an approximation u” € (Vow)e such that

BN, v) = F(v) forall ve V&), 6.51)
where
R 0 A
Blu,v) =Y o (up,v0) + > (ahpug,v,,)
m=1 m=1k=1
and

Thus, our FEM incorporates quadrature to approximate the integrals.
The coercivity of A, i.e. (6.50), implies the coercivity of its piecewise linear
interpolant A

vl Al(z)v > awTv forall z € [0,1], and v € R".
Consequently, the bilinear form E(-, -) is also coercive with

|Hv||\§2 < B(v,v) forall v e H(0,1)". (6.52)

I I

Setn :=u! —wand x := u! — u!N. Then by a triangle inequality

[ = u™ || < lImlll + o -

Theorem 6.29 yields

limlle < € (212 + 95 (@) 95 (@),

and we are left with bounding [[|x[||.--
Starting from (6.52), we get

14 4
|||X|||§2 S B(XaX) = Z <Z (ar{nkui - amkuk) + fm - finm) .

m=1 \k=1
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Use
afnkui — Akl = (afnk — amk) ui + amk (ui — uk) ,
the Cauchy-Schwarz inequality and Theorem 6.29 to get
Iz < € (172 + 95 (@) 9% (@) lxlo -

We obtain the following convergence results in the energy norm.

Theorem 6.30. Let u be the solution of (6.48) and u" its approximation by (6.51).
Then

2
It~ .. < € (93,@)".
and
llu—ul. < € (21 +08,(@) ) 95 @),

Remark 6.31. A similar result is given in [99], but there the effect of numerical

integration is not taken into account. &
Remark 6.32. Like in the scalar case, the energy norm |||-||| . fails to capture the
layers present in the solution. &

6.2.3 Central Differencing

We consider the discretisation of (6.48) by standard central differencing on meshes
@ that for the moment are arbitrary. That is, we seek u € (ZRéV +1)£ such that
[LuN]i = —diag(E)ngj;i + Al = f,
N

— N _
uy; = uy = 0.

for i=1,...,N —1,
(6.53)

6.2.3.1 Stability

Our analysis follows that of [104] and is based on the stability properties of
Section 6.1.2.1 for scalar operators.

¢
Letv € (IR)'*")" be arbitrary. Then

0
—aivk;w + aprvr, = (Lv), — Z AgmVm for E=1,... 0.

m=1

mk
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The stability inequality (6.14) and a triangle inequality then yield

14

lorlloeo = D

m=1
m£k

Akm

<

||u"n||oo)w —
o0

H (Lv)y,
gk

00,w

Define the ¢ x ¢ constant matrix I' = I'(A) = (ykm ) by

Akm

e =1 and  Ygm = — for k # m.

Okk || oo

Suppose that I" is inverse-monotone, i.e., that I" is invertible and rt > 0. Then
we obtain the following stability result for the difference operator L.

Theorem 6.33. Assume the matrix A has positive diagonal entries. Assume that

I'(A) is inverse-monotone. Then for k = 1,... £ one has
: —1 (Lv)m
||kaoo,cD S Z (F )km, T
— mm || eo,w

m=1

. . £
for any function mesh function v € (JR(I)V H) .

Corollary 6.34. Under the hypotheses of Theorem 6.33 the discrete problem (6.53)
has a unique solution w™, and ||u” || < O fll ., for some constant C.

co,w —
Thus, the operator L is (L, ) stable, or maximum-norm stable although in
general it is not inverse-monotone.

6.2.3.2 A Priori Error Bounds

Let 1 := u — u” denote the error of the discrete solution. We decompose the solu-
tion error as 7 =  + 1), where the components ¢ and 1y, of ¢ and 1) respectively
are the solutions of

2 . 2 " _ _
—E€LPriza T AppPr = —€k (Ukm - Uk) onw, @Pro=PrN = 0
and
¢
2
—&; wk;m + appty = — E AN ON W, wk;o = z/Jk;N =0.

m=1

m£k

Assume that the matrix I'(A) is inverse-monotone. Then for each & one has

Am

4
s < ol + Wil < i+ 3 [ 22| mlc
m=1 oo

m#k

Qkk
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by (6.14). Gathering together the 7 terms and invoking the inverse-monotonicity of
I'(A), we get

Ju—u™| < Cllellws-
Each component ¢; of ¢ is the solution of a scalar problem and can be anal-
ysed using the technique in Sect. 6.1.2.2 combined with the derivative bounds of
Theorem 3.43. This was done in [104, § 3.2] to deduce the following result:

Theorem 6.35. Let the matrix A and the source term f be twice continuously dif-
ferentiable. Assume A possesses positive diagonal entries and satisfies (6.49). Then
the error in the solution of (6.53) satisfies

2
Ju—wV|l. <€ (95,@)
Corollary 6.36. Identifying u® with a piecewise linear function on @, we have
N 2 )
Ju—uN|, < (95,)",

by Theorems 6.29 and 6.35.

Remark 6.37. An alternative analysis based on comparison principles with special
barrier functions was used in [102, 118]. This technique has the more restrictive
condition that A be an M -matrix and up to now has been applied successfully only
to Shishkin meshes. &

6.2.3.3 Numerical Results

We now present the results of some numerical experiments in order to illustrate
the conclusions of the preceding section, and to check if the error estimates of
Theorem 6.35 are sharp.

The test problem is

—e2ul 4+ 3up + (1 — 2)(ug — uz) = €, u1(0) =u1(1) =0

—esuly 4 2uy + (44 2)ug —uz = cosz,  ux(0) = us(l) =

—e3uf +2uy + 3uz = 1 + 22, uz(0) = uz(l) =

0,
0.
In the construction of the Bakhvalov and the Shishkin mesh (see Sect. 2.2.2) we take
k/p=0.8.

The exact solutions to the test problems is not available, so we estimate the ac-

curacy of the numerical solution by comparing it to the numerical solution of the
Richardson extrapolation method, which is of higher order: Let w2 be the solution
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of the difference scheme on the original mesh and ﬁEN that on the mesh obtained
by uniformly bisecting the original mesh. This yields the estimated error

4 -~
W= - a2

The uniform errors for a fixed IV are estimated by taking the maximum error over a
wide range of €, namely

N = max nl.
€1,...,6¢=1079...,10—24

For the Shishkin mesh we have an error bound of the form C' (N “!InN )p. There-
fore, we compute the “Shishkin” rates of convergence using the formula

N _ Inn™ —Inn?V
P T mEmN) — m(n(2N))’

while for the Bakhvalov mesh, the standard formula

o = (lnnN flnnzN)/ln2

is used.

The results of our test computations displayed in Table 6.2 are in agreement with
Theorem 6.35. The Bakhvalov mesh gives second order accuracy, while the results
for the Shishkin mesh are spoiled by the typical logarithmic factor.

Table 6.2 Central differencing on layer-adapted
meshes for systems of reaction-diffusion type
Shishkin mesh Bakhvalov mesh
n pY " o
.23 4.895e-02  1.22  4.910e-03  2.08
24 2276e-02 150 1.157e-03  2.05
.25 8.854e-03  1.67  2.790e-04  2.04
.26 3.091e-03  1.77  6.771e-05  2.01
.27 1.014e-03  1.83  1.676e-05  2.00
.28 3.201e-04 1.88  4.179e-06  2.00
.29 9.831e-05 191 1.044e-06  2.00
-210 2955¢-05 1.94 2.610e-07  2.00
<211 8725¢-06 196  6.527e-08  2.00
-212 2537¢-06 — 1.632e-08 —

OOOOOOOOOOOOOOOOOOOOZ




6.3 Reaction-Convection-Diffusion 221

6.2.3.4 A Posteriori Error Bounds

By interpreting the components of u’¥ as piecewise linear functions, one can con-
duct an a posteriori error analysis that combines the technique in Sect. 6.1.2.3 with
Theorem 3.36 to give

0
H“k—uka_Z 771m+772m+773m), k=1,....,¢,

m=1

where
qu — qu 2+1
Mim = Twa 2m = max o 2 kil
N3;m = ‘Qm i1 — Qm;i|

max
=0,...,N—1 65mpm

N N 1/2
= — E a, U and = min a,,,,(z .

Remark 6.38. Since the a posteriori analysis uses the stability of the differential
operator, a posteriori bounds can also be derived for non-monotone discretisations,

like schemes generated by FEMs. If for example, FEM-2 (see p. 187) is used, then
the 73 terms in the above estimate will disappear; cf. Sect. 6.1.3.3. &

6.3 Reaction-Convection-Diffusion

Consider the scalar reaction-convection-diffusion problem

Lu:=—equ” —ebu' +cu=f in (0,1), u(0) =0, u(l) =71, (6.54)
where b > 1landc > 1on[0,1],e4 € (0,1] and e, € [0, 1].

Analytical properties of (6.54) were studied in Sect. 3.2, while layer-adapted

meshes for it have been introduced in Sect. 2.2.
We briefly recall some of the notation. Let Ay < 0 and A\; > 0 be the solution of

—eg\(x)? — eb(z)\ () + c(x) = 0. (6.55)
Set

po 1= i ofw) <0 and = amin Mafe) > 0.
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The quantity used for presenting a priori error bounds is

19%(@) = i:maXN/I {1 + [ 1o ehos/pe ,ule_“l(l—s)/m} ds.

graay

6.3.1 The Interpolation Error

Let w! denote the piecewise linear interpolant of w again. Adapting the techniques
from Sects. 5.1 and 6.1.1.1, and using the derivative bounds of Theorem 3.29 we
obtain the following result.

Proposition 6.39. Let u be the solution of (6.54). Let p > 2 be arbitrary, but fixed.
Then

2
|u— uIHoo,L; <C {/ (1 + || etos/Pe 4 Mle—u1(1—5)/pe> ds}

for all mesh intervals I; = [x;_1,z;].

Define the £4-weighted energy norm by
2 2 2
llvllls, = ealvly + llvllg -

Theorem 6.40. Let u be the solution of (6.54). Let p > 2 be arbitrary, but fixed.

Then
2
=], < (2@
and
llw = w[ll,, < € (7 +9%(@) ) 92(@).
foranyp > 2.

Proof. The bound on the L, error is an immediate consequence of Prop. 6.39 and

the definition of 191[?0](1.
For the error in the H' semi-norm use integration by parts to get

1
lu — ulﬁ = —/0 u’(z) (u—u") (z)dz.

Note, that

1
ea | |u"(x)|de < Ceqlpuo| < Cpit.
0

The assertion of the theorem follows. O
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Remark 6.41. The results of Theorem 6.40 hold for arbitrary p > 2, but not for
p = 2. This is because of the derivative bounds provided by Theorem 3.29.

6.3.2 Simple Upwinding

This section studies a simple first-order upwind difference scheme for (6.54). The
analysis essentially follows [95].
Our scheme is: Find ¥ € IRN*! such that

N1 ._ N N N _ -
[Lu ]Z = €Uy — Ecbjuy Houy = f; fori=1,...,N—1,

(6.56)
uy’ =7, uN =

The difference operators were introduced in Sect. 4.1.

The variational formulation of (6.56) is: Find ¥ € V¢ with u}’ = ~, and
uX = 7, such that

au(uN,v) = fu (v) = (f,v), forall veVy, (6.57)
where
ay (W, v) 1= €4 [Wy,Vs), — (Ecbug — cw,v),,

and

N-1 N-1
[w,v), =Y hiqiwivi, (w,0), = > hiprwv;.
=0 =1

Taking as test functions v the standard hat-function basis in V", we see
that (6.56) and (6.57) are equivalent. In particular, using summation by parts it
is verified that

ay (w,v) = (Lw,v), = (w,L*v), forall w,ve Vg,
where
[L*0], = —eqvazi + &, (bv) 5, + cvi -

i

is the adjoint operator to L with respect to the scalar product (-, -),,.
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6.3.2.1 Stability

The matrix associated with the difference operator L is an Ly-matrix. Application
of Lemma 3.14 with a constant positive test function establishes the inverse mono-
tonicity of L. Thus, L satisfies a comparison principle. This comparison principle
gives the ({oo, £ )-stability inequality

o]l seg < IL0/clloe,, forall ve RYT!
and provides a priori bounds for the solution of (6.56):

||U’NH@ < HlaX{|’)/0|7 h/l|} + ||f/CHoo7w for i = Oa <. 'aN'

Green’s function estimates

Using the discrete Green’s function G : @* — IR : (z;,&;) — G, = G(z;,&))
associated with L and Dirichlet boundary conditions, any mesh function v € ]Rév +
can be represented as

vi = ay (v,Gi.) = (v, Gy ), = (v, L"G;.), fori=1,...,N—1.
Taking for v the standard hat basis in Vj;°, we see that for fixeds =1,..., N —1

[L*Gly}] = (si,j for _] = 1, ey N — ]., Gi’() = Gi,N = 0, (658)
where
h,1 if i — 4
o i+1 L t=7,
" { 0 otherwise

is the discrete equivalent of the Dirac-4 distribution.

Theorem 6.42. Assume thatb > 1 and ¢ > 1 on [0, 1], then there exists a positive
constant C' such that

0<G;; <Kpw fori,j=0,...,N,
where
:: [1Blloollell oo max{[|b][co, [lfloc } i €c >0,
HCH%Z Uﬂ Ec = 0.
Furthermore, if b’ > 0 on [0, 1] then

Geij >0 for 0<j<i<N,
Geij <0 for 0<i<j<N.
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Proof. Let j be fixed. Set

J

[T @+mhe)™ for0<i<j<N,
k=i+1
I; =<1 for 0 <i=75<N,
IT = pohe)™ foro<j<i<Ah.
k=j+1

225

We shall use the discrete comparison principle to show that K yiq I is an upper bound

for G. ;.
Clearly Iy > 0and I'y > 0.
Next, a direct calculation gives

1 for 0<i1<j <N,
L. =1
wi =) M g 0<j<i<N

1 — pohiqq

and
M1 . .

— M for0<i<j<N,
Ie = I U mhin ’

o for 0 <j <1< N.

For ¢ < j we have

2
[LFL‘ =TI (Sd/‘l —echipr + cz-> > 1T (fed,uf —echip + ci) >0,

1+ prhit

by Proposition 3.19.

Fori > j
_ 2 _ . _ 2 _ ) )
l 1 — pohist 1 — pohit1
where Proposition 3.19 was used again.
Fori=j
€d Mo M1 Ho
L' =— — —ebj——+¢;
[T, hja (1 — pohj41 1+u1hj> "1 —pohjr1 7

—eapto — (ecbjpo — ¢j) by
hji1 (1 — pohjt1)
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The function x — Ao (z) is continuous. Therefore there exists a £ € [0, 1] such that
Ao(€) = po. Furthermore, recall b > 1, ¢ > 1 and ¢ < 0. Hence,

1 —eapo — (€cb(€)po — c(€)) hji1
[£1]; 2 max {b;,c;} hjv1 (1= pohjy1)
—Edho c(§)

_ _ . by (6.55)
hjmax (b, ¢} hypimax{b e} (@)

. by(36).
T hjp K y (36

Thus, K 11" is a barrier function for G. ;, for all j.
In order to verify the monotonicity of G; . use the argument from the proof of
Theorem 4.1. ad

Theorem 6.43. Assume thatb > 1 and ¢ > 1 on [0, 1], then there exists a positive
constant C' such that

||CGZ‘,.

l,, <1 fori=0,...,N,
Furthermore, if b > 0 on [0, 1] then

||G§;i,-

<Cupy fori=0,...,N.

ll,w —

Proof. To verify the bound on the ¢;-norm of G’ multiply (6.58) by h;;1 and sum
for j =1,..., N — 1. Then use the positivity of G.
For the bound on G¢ use the piecewise monotonicity of G to get

1Geii Nl o < 2Gii < Cpa,

by Theorem 6.42. a

6.3.2.2 A Priori Error Analysis

Theorem 6.44. Let the assumptions of Theorems 3.29 and 6.43 be satisfied. Let u
be the solution of (6.54) and u® its approximation by (6.56). Then

o = ull, < CO(@)

red

foranyp > 1.
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Proof. Let I' := G;,. € Vjj” be the Green’s function associated with L and the mesh
node x;. Then
ufv —U; = ay (uN —u,F) = fu(l') — ay(u,T")

= full’) = f(I) +a(u, I') = au(u, I'), by (6.54)

= (ecbug —cu+ f,I"), — (ecbu' —cu+ f,1).

We obtain the representation for the nodal error:

ulN —u, =, Z / u'(s)[(b)(s) — b I;]ds

+Nf / [(cu= f3ls = (cu = F)(s)1(5)]ds (€22

i=0 Y li+1

T+ 1o .
To bound the first term we proceed as follows:
[(0L)(s) = bil3] < [Iblloo [ Tir — L3l + 1V lochis1 I
because [ is piecewise linear. Thus,

1] < Ceet®y@){IBlloo I Tuly o + 1V llo 1T, } (6.60)

red

for any p > 1, by Theorem 3.29.
Next we estimate 1.

N-1

1= 3 ), v o= o
N-1
+ ; /Im(cu — [)(s)[Iy — I'(s)]ds.

Hence,
[To] < |l o [ (7 = cu(s)]ds
i=1,..., I;

sl 7% P UlﬂaXN/ lequ” (s) + ecb(s)u/(s)|ds
=1,... I;
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where (6.54) was used. To bound ' and v’ apply Theorem 3.29. Then, for any
p>1,

o] < COlL@) (1PN + 1t 1T )

red

where we have used that £4|uo| + €4|p1| < C’,ul_1 and e, < C/Ll_l.
Finally, combining the last inequality with (6.59) and (6.60), we get
=] < COB@) (I + o1 1Tl )

red

Application of Theorem 6.43 completes the analysis. ad

Remark 6.45. The truncation error and barrier function technique (see Sect. 4.2.6)
was used in [80, 105] when studying the difference scheme
—EqUns; — Ebitng + cul = f; (6.61)

TE3i c

on a Shishkin mesh. The authors establish the typical rate of N ~! In IV if the critical
mesh parameter satisfies o > 2. In [80, 105] hybrid difference schemes were also
studied that raise the order of convergence to almost second order. &

Remark 6.46. Gracia et al. [47] combine (6.61) with the mid-point upwind scheme

N N N N
—EqUzz — €cbiy1 /oUzyi T Ciy1yn (ui' +uy) /2= fiv1/2
and central differencing

N N N _
—EqUzzy — Ecbiug,; +cup = f;
in order to obtain an inverse monotone method that is second-order consistent in the
maximum norm for all values of €4, ¢, and V.

In [47] that scheme is shown to be uniformly convergent on a Shishkin mesh with
HuN — uH w < CN~21n® N.
The analysis in [47], using solution decompositions and distinguishing different pa-
rameter regimes, is very tedious. Results for general meshes are not available.
Surla et al. [158] design an inverse monotone spline difference scheme. They
prove uniform convergence on a Shishkin mesh with

||uN —u”w < CN72In®N,

ifeg,ec <CN—L &
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6.3.2.3 A Numerical Example

In this section a brief illustration for the a priori error bounds of Theorem 6.44 is
shown. The test problem is:

—equ” +eu’ +u=cosmr in (0,1), u(0) =u(l)=0.

Its solution is easily computed using, e. g., MAPLE.

Indicating by ué\; ., that the numerical approximation depends on N, &4 and e,

and by u., . that the exact solution depends on €4 and €., we estimate the uniform
error by

N = max Hu?’e —ul .
eq=1,10"1,...,107 12 dife die
e.=1,10-1,...,10-12,0

oo”

The rates of convergence are computed using the standard formula rV =
log, (7™ /n*Y). We also compute the constant in the error estimate, i.e., for a
given theoretical error bound n < CW(N), we approximate the constant in the
error estimate by CV = v /9(N).

Table 6.3 displays the results of our test computations. The numbers confirm the
results of Theorem 6.44 for both the Shishkin and the Bakhvalov mesh.

6.3.2.4 A Posteriori Error Analysis

The analysis for all schemes starts from the Green’s-function representation (3.1)
and utilises Theorem 3.23, when bounds on the norms of the Green’s function G are
required.

Table 6.3 Uniform nodal errors of the upwind difference scheme ap-
plied to a model reaction-convection-diffusion problem
Shishkin mesh Bakhvalov mesh

N N N oN N N ON
29 1.227e-2 0.83 1.007 3.404e-3 0.99 1.743
210 6.905e-3 0.85 1.020 1.713e-3 1.00 1.754
211 3.824e-3 0.87 1.027 8.592e-4 1.00 1.760
212 2.093e-3 0.88 1.031 4.302e-4 1.00 1.762
213 1.136e-3 0.89 1.032 2.153e-4 1.00 1.763
214 6.119¢-4 0.90 1.033 1.077e-4 1.00 1.764
215 3.279%-4 091 1.033 5.384e-5 1.00 1.764
216 1.749¢-4 0.91 1.033 2.692e-5 1.00 1.764
217 9.290e-5 0.92 1.033 1.346e-5 1.00 1.764
218 4.922¢-5 — 1.034 6.731e-6  — 1.764
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Let
q::f—cuN—l—Ecb(uN),.

Clearly ¢ may have discontinuities at the mesh points because " € V. Therefore,
set

¢ = lim g(x) and ¢ = lim ¢(z)

x—xz;+0 x—x; —0
for all mesh nodes ;.
Fix « € (0,1) and set I" := G(x, -). Then (3.1) and (6.54) yield
(u—u) (@) =a(u—u™N,T) = f(I') —a (™, I)
= (f - fu) (F) + (au - a) (uNyp)

- [atarin- [ re).

— I;

We see the approximation error is bounded by the error of the one-sided rectangle
rule used for integrating qI". A Taylor expansion gives

hiq T, / (bI) (& d{’

{/ I+ [ ool 1)
< hi{ e, [ cors + s, [ 1 olas).

i

Using the bounds on the Green’s function from Theorem 3.23, we arrive at the main
result of this section.

Theorem 6.47. Suppose (3.8) is satisfied, then the error of the first-order upwind
scheme (6.56) satisfies

[ —u™| o < i+ 05,

where n;; := max_np . and
i=1,...,N '™

yeeey

2h;
nti=hilld'fellr, s M= - )HQHOO,I,

€d (M1 — Mo



6.3 Reaction-Convection-Diffusion 231

Remark 6.48. The error has been bounded in terms of the numerical solution uY

and of the data of the problem. The two parts of the error bound can be further
expanded. For example:

<qhi
OO,Ii

Apparently, sampling of the data is inevitable. However, instead of sampling (6.62)
it seems advisable to sample the 7;*:

g

c

q/ f/ _ C/uN

c

hi +

- 1” |uptq —u§V|}. (6.62)

Hoo,[i 00,1;

+
~ 4; —4q;_1 u ~ 2h’l
N, =0 = and 1y, R 7y, = ——— |qi—1/2
Le e Ci—1/2 2 2 ea(p1 — po) | = |

This avoids the use of a triangle inequality and therefore gives in general sharper
upper bounds for the error. &

Remark 6.49. The leading term in the estimate of Theorem 6.47 is a discrete first-
order derivative. Therefore, the de Boor algorithm of Sect. 4.2.4.2 equidistributing
the arc-length of the numerical solution can be used for adaptive mesh gener-
ation, when the simple upwind scheme (6.56) is applied to the boundary-value
problem (6.54). &
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