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Preface

This is a book on numerical methods for singular perturbation problems — in partic-
ular, stationary reaction-convection-diffusion problems exhibiting layer behaviour.
More precisely, it is devoted to the construction and analysis of layer-adapted
meshes underlying these numerical methods.

Numerical methods for singularly perturbed differential equations have been
studied since the early 1970s and the research frontier has been constantly ex-
panding since. A comprehensive exposition of the state of the art in the analysis
of numerical methods for singular perturbation problems is [141] which was pub-
lished in 2008. As that monograph covers a big variety of numerical methods, it
only contains a rather short introduction to layer-adapted meshes, while the present
book is exclusively dedicated to that subject.

An early important contribution towards the optimisation of numerical methods
by means of special meshes was made by N.S. Bakhvalov [18] in 1969. His paper
spawned a lively discussion in the literature with a number of further meshes be-
ing proposed and applied to various singular perturbation problems. However, in
the mid 1980s, this development stalled, but was enlivened again by G.I. Shishkin’s
proposal of piecewise-equidistant meshes in the early 1990s [121, 150]. Because of
their very simple structure, they are often much easier to analyse than other meshes,
although they give numerical approximations that are inferior to solutions on com-
peting meshes. Shishkin meshes for numerous problems and numerical methods
have been studied since and they are still very much in vogue.

With this contribution we try to counter this development and lay the emphasis
on more general meshes that — apart from performing better than piecewise-uniform
meshes — provide a deeper insight in the course of their analysis.

In this monograph, a classification and a survey are given of layer-adapted
meshes for reaction-convection-diffusion problems. The monograph aims at giving
a structured and comprehensive account of current ideas in the numerical analysis
for various methods on layer-adapted meshes. Both finite differences, finite elements
and finite volumes will be covered.

While for finite difference schemes applied to one-dimensional problems, a
rather complete convergence theory for arbitrary meshes is developed, the theory
is more fragmentary for other methods and problems. They still require the restric-
tion to certain classes of meshes.
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The roots of this monograph are a survey lecture presented at the Oberwolfach
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Chapter 1
Introduction

Stationary linear reaction-convection-diffusion problems form the subject of this
monograph:

—EUH — bu/ +cu = f in (Oa 1)a U(O) = Y0, U(l) =M
and its two-dimensional analogue
—cAu—b-Vu+cu=f in QCIRQ, uloo =g

with a small positive parameter €.

Such problems arise in various models of fluid flow [52,53,73]; they appear in the
(linearised) Navier-Stokes and in the Oseen equations, in the equations modelling
oil extraction from underground reservoirs [32], flows in chemical reactors [3] and
convective heat transport with large Péclet number [56]. Other applications include
the simulation of semiconductor devices [130].

An Example

Consider the boundary-value problem of finding u € C?(0,1) N C[0, 1] such that
—eu(z) —u'(z) =1 for z € (0,1), w(0)=u(l)=0 (1.1)
with 0 < ¢ < 1. Formally setting € = 0, yields
—u/(x) =1 for x € (0,1), wu(0)=mwu(l)=0.

Unlike (1.1), this problem does not possess a solution in C2(0, 1) N C|[0, 1]. Conse-
quently, when € approaches zero, the solution of (1.1) is badly behaved in some way.
The solution of (1.1) is

e—l/a _ e—x/e

1 —o 1/ +1—ux.

u(xz,e) =

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 1
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_1,
(© Springer-Verlag Berlin Heidelberg 2010



2 1 Introduction

Due to the presence of the exponential e~*/¢, the solution u and its derivatives
change rapidly near z = 0 for small values of . Regions where this happens are
referred to as layers. Singularly perturbed problems are typically characterised by
the presence of such layers. The term boundary layer was introduced by Lud-
wig Prandtl at the Third International Congress of Mathematicians in Heidelberg
in 1904.

The solution of (1.1) may be regarded as a function of two variables:

w:[0,1] x (0,1] : (z,€) — u(x,e).
Taking limits of w for (x,e) — (0,0), we see that

i%g%u(x,a)zl#OZEl%i%. (1.2)
Thus, w as a function of two variables possesses a classical singularity at the point
(0,0) in the (z,¢)-plane. For this reason we may call (1.1) a singularly perturbed
boundary-value problem.

What Is a Singularly Perturbed Problem?

Miller et al. [121] give the following characterisation:

The justification for the name ‘singular perturbation’ is that the nature of the
differential equations changes completely in the limit case, when the singular
perturbation parameter is equal to zero. For example, ... equations change
from being nonlinear parabolic equations to nonlinear hyperbolic equations.

This describes a phenomenon that can lead to the formation of boundary layers and
typically will—if appropriate boundary conditions are imposed. Roos et al. [141]
describe singularly perturbed problems as follows.

They are differential equations (ordinary or partial) that depend on a small
positive parameter € and whose solutions (or their derivatives) approach a
discontinuous limit as € approaches zero. Such problems are said to be singu-
larly perturbed, where we regard € as a perturbation parameter.

Both sources avoid a formal definition:
In the present monograph we propose the following definition.

Definition 1.1. Let B be a function space with norm || - |5. Let D C IR? be a
parameter domain. The continuous function u : D — B,e +— wu(e) is said to be
regular for e — ¢* € QD if there exists a function u* € B such that:

lim ||ue —u*||p =0,
g—e*

otherwise u. is said to be singular for e — €*.
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Let (P:) be a problem with solution u(e) € B for all ¢ € D. We say (P.) is
singularly perturbed for ¢ — ¢* € 0D in the norm | - || p if w is singular for
e — e’ Q

Remark 1.2. The definition is norm dependent. For example (1.1), is singularly
perturbed in the C° norm and the L., norm because of (1.2). However, it is not
singularly perturbed in the Lo norm. There exists a function v* :  +— 1 — x with

[ue — u*[|, = O('/3).

The Lo norm fails to capture the boundary layer in u. &

Remark 1.3. Boundary conditions play an important role. Consider the boundary-
value problem

—eu’(z) —u/'(z) =1 for z € (0,1), 4 (0)=wu(l)=0.

This problem is singularly perturbed in the C' norm, but it is not perturbed in the
C° norm. The Neumann boundary condition at + = 0 leads to the formation of a
weak layer only. The first-order derivative remains bounded when £ — 0. &

Uniform Convergence

Classical convergence results for numerical methods for boundary-value problems
have the structure

oo < K,

with the maximum mesh size h. The constant K depends on certain derivatives of u
and typically tends to infinity as the perturbation parameter € approaches zero. This
means that the maximal step size h has to be chosen proportional to some positive
power of € which is impractical. Therefore, we are looking for so-called uniform
or robust methods where the numerical costs are independent of the perturbation
parameter €. More precisely, we are looking for robust methods in the sense of the
following definition:

Definition 1.4. Let u. be the solution of a singularly perturbed problem, and let
uY be a numerical approximation of u. obtained by a numerical method with N
degrees of freedom. The numerical method is said to be uniformly convergent or
robust with respect to the perturbation parameter ¢ in the norm || - || if

Hue —uéVH <Y(N) for N > Ny
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with a function ¢ satisfying

lim ¥(N)=0 and 0.9 =0,

N—o0

and with some threshold value Ny > 0 that is independent of ¢. @

Scope of the Monograph

Well-developed techniques are available for the computation of solutions outside
layers [123, 141], but the problem of resolving layers—which is of great practical
importance—is still under investigation. This field has witnessed a stormy devel-
opment. Layer-adapted meshes have first been proposed by Bakhvalov [18] in the
context of reaction-diffusion problems. In the late 1970s and early 1980s, special
meshes for convection-diffusion problems were investigated by Gartland [45], Li-
seikin [113, 114, 116], Vulanovié [163—166] and others in order to achieve uniform
convergence. The discussion has been livened up by the introduction of special
piecewise-uniform meshes by Shishkin [150]. They will be described in more de-
tail in Section 2.1.3. Because of their simple structure, they have attracted much
attention and are now widely referred to as Shishkin meshes. A small survey of
these meshes can be found in the monograph [141], while [109, 121] and [134] are
devoted exclusively to them.

The performance of Shishkin meshes is however inferior to that of Bakhvalov
meshes, which has prompted efforts to improve them while retaining some of their
simplicity, in particular, the mesh uniformity outside the layers and the choice of
mesh transition point where the mesh changes from fine to coarse. For instance,
Vulanovié [169] uses a piecewise-uniform mesh with more than one transition point.
LinB [81, 82] combines the ideas of Bakhvalov and Shishkin, while Beckett and
Mackenzie [20] combine an equidistribution idea [31] with a Shishkin-type transi-
tion point. With all these various mesh-construction ideas a natural question is:

Can a general theory be derived that allows one to immediately deduce the
robust convergence of standard schemes on special meshes and a guaranteed
rate of convergence?

A first attempt towards this can be found in [137], where a first-order upwind scheme
and a Galerkin FEM are studied on a class of so-called Shishkin-type meshes. A
more general criterion was derived in [84, 85] for an upwind-difference scheme in
one dimension.

The main purpose of this monograph is to give a survey of recent developments
and present the state of the art in the analysis of layer-adapted meshes for a wide
range of reaction-convection-diffusion problems.



Chapter 2
Layer-Adapted Meshes

Before surveying a few of the most important ideas from the literature for construct-
ing layer-adapted meshes, we shall introduce some basic concepts for describing
layer-adapted meshes.

Throughout w : 0 = zg < 1 < --- < xny = 1 denotes a generic mesh with N

subintervals on [0, 1], while w is the set of inner mesh nodes. Set I; := [z;_1, x;].
The local mesh sizes are h; :== x; — x;_1,¢ = 1,..., N, while the maximum step
sizeis h 1= max h.

i=1,...,

Definition 2.1. A strictly monotone function ¢ : [0, 1] — [0, 1] that maps a uniform
mesh ¢; = i/N,i = 0,..., N, onto a layer-adapted mesh by z; = ¢(¢;), i =
0,...,N,is called a mesh generating function. Q
A related approach is that of stretching functions or layer-damping transforma-
tion [49,114,115], which are used to transform a problem with layers into a problem
whose derivatives are bounded.

For a given mesh generating function ¢ € W1(0, 1), the local mesh step sizes
can be computed using the formula

ti
hi = @(ti) = p(tio1) = [ ¢ (t)dt. 2.0

Another important concept is that of mesh equidistribution.

Definition 2.2 (Equidistribution principle). Let M : [0,1] — IR be a positive
function a.e. A mesh @ is said to equidistribute the monitor function M if

1 1
/M(t)dt:—/ M()dt fori=1,...,N.
I; N 0

v

Given a monitor function M the associated mesh generating function is implicitly
defined by

@(t) 1
M(s)ds = / M(s)ds for ¢ € [0,1]
0 0

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 5
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_2,
(© Springer-Verlag Berlin Heidelberg 2010



6 2 Layer-Adapted Meshes

and its derivative by

= — L 1 s)ds for
<p(t)_M(@(t))/0M( Jds for ¢ € [0, 1],

2.1 Convection-Diffusion Problems

Consider the boundary-value problem
—eu’ —bu' +cu=f in (0,1), u(0)=wu(l)=0, (2.2)

where ¢ is a small positive parameter, b > > 0 on [0, 1]. The boundary value
problem (2.2) has a unique solution that typically has an exponential boundary layer
at z = 0 which behaves like e ~#*/¢_ Figure 2.1 gives a plot of a typical solution

A quantity that will appear frequently in the error estimates later and which char-
acterises the convergence is

Pl . —1,—Bs/pe
Vo (@) = max /Il (1 +e e )ds. (2.3)

i=1,...,

For example, in Section 4.2 we shall establish for the maximum-norm error of a
first-order upwind difference scheme that

Ju—u™||_ < C9l) (@) 2.4)

0.5

0.4 -

0.3 4

0.2 4

0.1 -

Fig. 2.1 Typical solution 0 - - - -
of (2.2) 0.2 0.4 0.6 0.8 1
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on an arbitrary mesh @. Noting that
1
/ (1 + E_le_ﬁ“"/”e) ds < C,
0

we see that an optimal mesh—optimal with respect to the order of convergence—
equidistributes the monitor function M : s+ 1 4 e~ te /P2,

2.1.1 Bakhvalov Meshes

Bakhvalov’s idea [18] is to use an equidistant ¢-grid near x = 0, then to map this
grid back onto the x-axis by means of the (scaled) boundary layer function. That is,
grid points z; near x = 0 are defined by

q(l—efﬁmi/“):ti:; for i =0,1,...,

where the scaling parameters ¢ € (0, 1) and o > 0 are user chosen: ¢ is roughly the
portion of mesh points used to resolve the layer, while o determines the grading of
the mesh inside the layer. Away from the layer, a uniform mesh in « is used with the
transition point 7 such that, the resulting mesh generating function is C1[0, 1], i.e.,

L oe a-t
ot) = x(t) 7

7(t) := x(7) + X' (7)(t — 7) otherwise,

fort € [0, 7],

where the point 7 satisfies

1—
V(= @.5)

Geometrically this means that (7, x(7)) is the contact point of the tangent 7 to x
that passes through the point (1, 1); see Fig.2.2. When oe > pq, the equation (2.5)
does not possess a solution. In this case the Bakhvalov mesh is uniform with mesh
size N~L.

The nonlinear equation (2.5) cannot be solved explicitly. However, the iteration

1 —x(m)

,=0,1,2...
1_Ti y ¢ (]

70 =0, X (Tig1) =
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() ®(t)

z=x(T) x=1 x=1

Fig. 2.2 Bakhvalov mesh: Construction of the mesh generating function (left) and the mesh gen-
erated (right)

converges fast. Moreover, the mesh obtained when the exact 7 is replaced by the
first iterate has very similar properties; see, e.g., [11,23]. In that case

leq—%s and X(Tl):%ln%,

are the mesh transition points in the ¢ and = coordinates.
Alternatively, the Bakhvalov mesh can be generated by equidistributing the mon-
itor function
Mp.(s) :== max {1, Kﬁe_le_ﬁs/gs} ;. see [85].
Clearly, for p < o and arbitrary K > 0 there exists a constant C' = C (o, K) with

1+e tePs/re < Cmax{l,Kﬂsflef’Bs/“} = CMpa(s).

T'hus,
19[17](—) < C /1 Ba(s) < C " > p 2.6)
cd\W) = N 0 M d = N’ oZDp, 2.6

for a Bakhvalov mesh since fol Mg, (s)ds < C.

Because (2.5) cannot be solved explicitly, Vulanovi¢ [163] proposed to replace
the exponential in the above construction by its (0, 1)-Padé approximation. Thus,
in (2.5) we would take

oe t
x(t) = Bi—q
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Meshes that arise from an approximation of Bakhvalov’s mesh generating func-
tion are called meshes of Bakhvalov type (B-type meshes). The following meshes
belong to this class: the meshes proposed by Liseikin and Yanenko [116] (quadratic
function outside layer) and meshes generated by equidistribution of monitor func-
tions which, have been extensively studied by the group of Sloan and Macken-
zie [20, 117,132, 133], Gartland’s graded mesh [45] and its modification by Roos
and Skalicky [140]. The estimate (2.6) holds for these meshes too.

These considerations and (2.4) give the typical convergence result for simple
upwinding on B-type meshes:

||u — uNH <CN L
oo

L. e., uniform first-order convergence in the discrete maximum norm.

2.1.2 Shishkin Meshes

Another frequently-studied mesh is the so-called Shishkin mesh [121, 150]. This
is because of its simplicity—it is piecewise uniform. We describe this mesh for
problem (2.2). Let ¢ € (0,1) and o > 0 be two mesh parameters. We define a mesh
transition point 7 by

B

Then the intervals [0, 7] and [r, 1] are divided into ¢N and (1 — ¢)N equidistant
subintervals (assuming that ¢/V is an integer). This mesh (if ¢ # 7) may be regarded
as generated by the mesh generating function

T:min{q,aalnl\f}.

t
%cﬁ(t) with @(t)=—-InN for t € [0,q],
q

p(t) = B
1-— (1 _ % In N) u otherwise
B 1—g¢

Q2.7

see Fig.2.3. Again the parameter ¢ is the amount of mesh points used to resolve
the layer. The mesh transition point 7 has been chosen such that the layer term
exp(—pBx/e) is smaller than N~ on [r, 1]. Typically o will be chosen equal to the
formal order of the method or sufficiently large to accommodate the error analysis.

Note that unlike the Bakhvalov mesh (and Vulanovié¢’s modification of it), the
underlying mesh generating function is only piecewise C'*[0, 1] and depends on N,
the number of mesh points. For simplicity we shall assume throughout that ¢ >
7 as otherwise N is exponentially large compared to 1/, and a uniform mesh is
sufficient to cope with the problem.
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£=1 £=1
£=aq
T=A z=1 z=1
Fig. 2.3 Shishkin mesh: mesh generating function (left) and the mesh generated (right)

III LIl | 1 1 1 1 1 1 1 1 1 I
III T T T T T T T T T T I
0 1
| | ! ! ! ! ! ! ! |
I L | T T T T T T T I

, 1

Fig. 2.4 Bakhvalov mesh (top) and Shishkin mesh (below) for a convection-diffusion equation

Although Shishkin meshes have a simple structure and many numerical methods
are easier to analyse on a Shishkin mesh than on B-type meshes, they give numerical
results that are inferior to those obtained by B-type meshes. For example,

Hu—uNHOO < CN_llnN,

for the aforementioned simple upwind scheme.

2.1.3 Shishkin-Type Meshes

The convergence on Shishkin meshes is spoilt by the logarithmic factor. This draw-
back prompted some work on improving Shishkin meshes. Roos and Linf} [137]
attempt at a general description of these improved meshes. They introduce the
concept of a Shishkin-type mesh (S-type mesh) which is characterised by a
“Shishkin”-transition point 7 = o¢3~!In IV and a uniform submesh on [7, 1]. Let
the mesh be generated by (2.7) with a monotone function ¢ satisfying

#(0)=0 and @(q) =InN.

We introduce the mesh characterising function v(t) = exp(—¢(t ) €10, ql.
This function is monotonically decreasing with ¢)(0) = 1 and ¢)(¢q) = N~ 1.
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Lemma 2.3. Let @ be a Shishkin-type mesh with ¢ > p > 0. Assume there exists a
constant r such that

max @' (t) < kKN (2.8)
t€[0,q]
Then
@ <cC (h + max [¢/(t)| N ‘1) 7 2.9)
t€[0,q]

Proof. Fork =gN +1,..., N we have

<h+=ZN1

/ (1 + sflefﬂs/pf) ds = hy — %e’sﬁ/”‘a 3

Iy

Thk—1

by the choice of the transition point 7 and because o > p.
The argument for k = 1, ..., ¢N is slightly more laborious. First, (2.1) gives

tr
he=22 | @ ()dt. (2.10)
5 th—1
Therefore,
h
ﬁ—; <k and ePMe/of <o @2.11)
o

by (2.8). Furthermore, the above integral representation gives

Bhk —pa/oe < N1 max |y], 2.12)
(xS
because
5 — _ﬂ : _ _ . —Bzi/oe
7= and “ﬂgggnjdiﬂ =1(ty) =e .

Next, use (2.11), (2.12) and ¢ > p to obtain

/ (1 + E—le—ﬁs/lﬂf) ds S hk + @e_mk—lﬁ/lm
S

Iy,

“h

< hp+ e7ke_x’€5/”E <h+ %N_l max |1 |.
€

Finally, note that max [¢'| > (1 — N~') /q. We are finished. O

We shall survey some of the S-type meshes proposed in the literature now. All
meshes satisfy (2.8).



12 2 Layer-Adapted Meshes

Shishkin mesh [121, 150]:

tin N

In N
(L) = exp <— > with  max [¢)| = 28 and h<CN L
q

Thus,

97 (@) < CN"'InN.

Bakhvalov-Shishkin mesh [81, 82]:

This mesh uses Bakhvalov’s idea of inverting exp(—/fz/o¢) on [0, 7], while using
a uniform mesh on [, 1]. Its mesh generating function is given by

@(t):-ln(l—(l—]lv) ;)

The corresponding mesh characterising function is
It satisfies

Thus,

In experiments it is observed that the convergence stalls when ¢ > N1, but in
practise one typically has e < N1

A similar idea has been used by van Veldhuizen [161], but he chooses the tran-
sition point in a different manner: 7 = 255’1 (2 + kIn N ), where k is the formal
order of the underlying scheme.

Vulanovié-Shishkin mesh [137]:

Again Vulanovi¢’s idea of replacing the exponential by its (0, 1)-Padé approxima-
tion can be used. Then,

tIn N

- tiIn N
()= q+(g—t)InN’ Vi) = exp (_Q+(qt)1nN>
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and

S

max || < -, h<C(l+el®N)N~!

LS

For this mesh:

(@) < C (1 +elm® N) N~L,

Polynomial Shishkin mesh [137]:

Choose

It can be shown that

max|w’|§C(lnN)1/m and h<CN L

Hence,

(@) <N (In NV

13

(2.13)

For m = 1 we recover the original Shishkin mesh, while for m > 1 the accuracy

will be improved.

A mesh with a rational 1) [137].

Letm > 1and

$(t) =Imn(1+ (N -1)(t/q)™), o(t)=

1

For this mesh [/| < N'/™ on [0, ¢]. Thus,
9P (@) < CN~LHYm,

Vulanovic¢’s improved Shishkin mesh [169]:

Introduce additional mesh transition points

T = U—ElnN, Ty = CElnlnN,

5 3 ey

L+ (N = 1)(t/q)™
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By formally setting 7o = 1 and 7p4; = 0, wehave 19 > 7 > 70 > -+ > Tyq1.
Then each of the intervals [A;11,A;], 2 = 0,. .., ¢, is dissected uniformly.
This mesh can be characterised as a Shishkin-type mesh with

max [¢/| < Clnln---InN and h<CN™ L
|\ ——
£ times
Hence,

97 (@) <CN"'lnln---In N.
¢ N——

£ times

Remark 2.4. All S-type meshes just mentioned also satisfy

/ ' ¢'(t)*dt < CN (2.14)
0

with some constant C'. Then by (2.10) and the Cauchy-Schwarz inequality

qN 2 q
> (@’“) < 0—2N—1/ @' (t)2dt < C.
0

k=1

This property will be used later. &

Modified Shishkin meshes

Last but not least, two further modifications of the Shishkin mesh are worth men-
tioning. Both are due to Vulanovi¢ [168].

The first modification concerns the choice of transition point 7. It is chosen to
be 7 = 0eB LL(N), where L = L(N) solves e~Z = LN~!. This change is
motivated by the appearance of two terms in the error analysis,

—B7/oe d T 7
e g (2

that should be balanced. For a standard Shishkin mesh they are N~! and N~!In N.
Although L(N) behaves asymptotically like In IV, the modified transition point typ-
ically yields smaller error constants.

The second modification is a smoothing of the mesh generating function:

at for ¢ € [0, ],
o(t) =
T+ Z(t—q) +k(t —q)® otherwise,
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where k is chosen such that (1) = 1. This construction ensures ¢ € C2[0, 1] with
l¢"]lo < C. A consequence is

|hiy1 —hil <CN2 fori=1,...,N—1,

a property that is not enjoyed by the Shishkin mesh. It helps to simplify the error
analysis for certain difference schemes.

2.1.4 Turning-Point Boundary Layers

Turning-point layers are associated with zeros of the convection term. Consider the
boundary-value problem of finding w such that

—ex " (x) — b(z)u' (z) + c(z)u(z) = f(z) for x € (0,1),

with k > 0and b > 8 > 0 on [0, 1]. The solution will exhibit a boundary whose
k™-order derivatives behave like

k+1
—k/(1) _ P
e (455)

Bakhvalov meshes

Bakhvalov meshes for turning point layers equidistribute

ﬂ$m+1
max<{ 1, Ke /0 F D oxp [ -
oe(k+1)

with user chosen parameters K > 0 and o > 0.

Shishkin meshes

Choose mesh parameters ¢ € (0,1) and o > 0. Determine a mesh transition point
by solving

e Bretl . _ [oe(k+1) 1/(r41)
N —exp( SCES)) , e, T= 3 In N .

Then the interval [0, 7] is divided into ¢V equidistant subintervals (assuming that
gN is an integer), while [7, 1] is divided into (1 — ¢) N subintervals.
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2.1.5 Interior Layers

Interior layers may occur in convection-diffusion equations with a point source or
when the convection coefficient is discontinuous. In order to achieve uniform con-
vergence, these interior layers have to be resolved by the mesh.

Consider the following convection-diffusion problem:

—eu” — (bu) +cu= f+ady, in(0,1), u(0)=wu(l)=0, (2.15)

where 44 is the shifted Dirac-delta function. Also the convection coefficient b may
have a discontinuity at d € (0, 1). Suppose b > 51 > 0 on (0,d) and b > B2 > 0
on (d, 1). The solution will exhibit two layers: a boundary layer %1%/ at 2 = 0
and an interior layer e ~%2(#=)/¢ to the right of 2 = d. Figure 2.5 depicts a typical
solution.

Uniform convergence for (2.15) will be established in terms of

19[:0]’_(@) —  max / (1+5—1e—l3ls/pa+Hd<s>€—1e—52(s—d)/pe) ds,

i=1,..,N [,

where H is the shifted Heaviside function.

Bakhvalov meshes

Choosing mesh parameters K1, Ko > 0 and 01,02 > 0, Bakhvalov meshes
for (2.15) are constructed by equidistributing the monitor function

max{l, Koe~tePrs/ne, Hd(s)Klsleﬁ2(Sd)/st};

A plot of the resulting mesh is found in Fig.2.6. If 0y > p and 05 > p then
o (@) <onN.

0.5

0.4

0.3

0.2

0.1+

Fig. 2.5 Typical solution

of (2.15). The point source is 0 . . . .
atx =1/3 0.2 0.4 0.6 0.8 1
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R

|
[
0 7 d d+T1o 1

Fig. 2.6 Bakhvalov mesh (top) and Shishkin mesh (below) for a convection-diffusion problem
with an internal layer right of x = d

Shishkin meshes

Letg; € (0,1),¢ =1,...,4 with > ¢; = 1 and 01,02 > 0 be mesh parameters.
We set

Tl—min{ qld 0—161 N} and Tz—min{%(l_d) 72 N}
By a3+ a1 P2

Then the subintervals J; = [0, 7], J2 = [11,d], J3 = [d,d+72] and J4 = [d+72, 1]
are divided into ¢; IV equidistant subintervals (assuming that ¢; N are integers). The
simplest choice is to take ¢; = 1/4,¢ = 1,...,4, and N divisible by 4. Figure 2.6
depicts a Shishkin mesh with 16 mesh intervals for (2.15). If 07 > pand o9 > p
then 9%}, (@) < CN~'In N.

2.1.6 Overlapping Layers

Multiple layers can occur, for example, in systems of convection-diffusion
equations:

—diag(e)u” — (Bu)' + Au=f in (0,1), u(0) =wu(1) =0,

where u and f are vectors with ¢ components and A and B are ¢ x ¢ matrices,
while the ¢ x ¢ matrix diag(e) is diagonal with k™ entry .

We expect layers e m@/em to form at z = 0 if by > By > 0, and lay-
ers e Pm=2)/em at ¢ = 1, if by > B > 0; see Fig. 2.7.

Let J denote the set of indices m € {1, ..., £} for which by, is negative and
J* its complement. Then set

ﬂﬂe(w):: ._rilax / {1 + Z e lePms/Pem 4 Z g le Am1- 5)/1’5’"} ds.

mel mel*
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2 2
184 REIN
16 4 6d \
14y 1.4 )
1242 1.2
0.8 4 0.8
0.6 0.61
0.4 | 041
0.2 ] ] 02
[ B

0.2 0.4 0.6 0.8 1 0.02 0.04 0.06 0.08 0.1

Fig. 2.7 Layers in a system of three convection-diffusion equations. The right plot zooms into the
neighbourhood of = 0 and reveals the presence of two layers there

Bakhvalov meshes

Bakhvalov meshes for multiple layers can be constructed by generalising the
equidistribution principle for a single layer presented in Sect. 2.1.1. Define

Mp,(s) := max{ 1, max Ko Bme e Pms/omem.
me

max K, Bme! 5””(1_3)/”7”57"} for s € 0,1]

mel*

with mesh parameters o,, > 0 and K,, > 0. Choose the mesh points x; such

that the mesh equidistributes this monitor function. Clearly 19[51], (@) < CN7Lif
om > p for all m.

Shishkin meshes

A Shishkin mesh for problem (4.81) is still piecewise equidistant, but now each
layer in u requires its own fine mesh. The mesh is constructed as follows: Let [V,
the number of mesh intervals, be divisible by £ + 1. Let o > 0 be arbitrary. Suppose
the equations in the system are arranged such that by, is positive fork = 1, ... 7 and
negative for k =4+ 1, ...,/ and that

Eq Ei+1
0<—<—< <8 and o< Ll oo
/6)2 61 ﬂé ﬂé 1 ﬂz—&-l

Fix the mesh transition points 7 as follows. Set 79 = 0 and 7y = 1. Then, if¢ > 0 set

Ti:min{éil a;;l N}

k
Tk:min{ Thtl ?kl N} for k=i—1,...,1;
k
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07 T2 1

Fig. 2.8 Bakhvalov mesh (top) and Shishkin mesh (below) for a system of three convection-
diffusion equations

and, if i < ¢,

{—i og
Ti+1:1—min{ ! UE+1IHN},

(+17 By
E—k)Th okt
(—k+1" Bru

Tk+11min{ 1nN} for k=4i+4+1,...,0—1.

Then the mesh is obtained by dividing each of the intervals [ry,7x1], for
k = 0,...,¢, into N/(¢ + 1) subintervals of equal length. Figure 2.8 depicts a
Shishkin mesh with 16 mesh intervals for a system of three equations.

For Shishkin meshes 97} (&) < CN~'In N if 0,, > 1 for all .

2.2 Reaction-Convection-Diffusion Problems

Now consider the boundary-value problem
—equ’ —ebu' +cu=f in (0,1), u(0)=u(l)=0, (2.16)

with two small parameter €4 and e.. Its solution typically has two exponential
boundary layers — one at either end of the domain. These behave like e#°* and
e~ (1=2) 'where the characteristic exponents 1o < 0 and 1 > 0 can be computed
from the coefficients in the differential equation. See Fig.2.9 for a plot of typical
solution and Sect. 3.2 for details of the analysis.

The significant difference to convection-diffusion problems is the presence of
two layers. The construction of adapted meshes has to provide for this.

For this class of problem convergence can be described in terms of

I (@) = ,_maXN/ (1 + o] etos/P 4 ule*’“(l*S)/p) ds.

i=1,..., I;

A special case of (2.16) is pure reaction-diffusion:

—e?u’ +eu=f in (0,1), u(0)=u(l) =0, (2.17)
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0.5 0.5
0.4 1 0.4
0.3 4 0.3
02 4 0.2
0.1 4 0.1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 2.9 Layers in reaction-convection-diffusion problems (left, different widths) and in reaction-
diffusion problems (right, same widths)

Fig. 2.10 Bakhvalov mesh (top) and Shishkin mesh (below) for a reaction-convection-diffusion
equation. The layers at x = 0 and = 1 have different widths

with ¢ > p? on [0,1], p > 0. Here g = —u; = —p/e and the characteristic
quantity is

19%(@) ‘= max / (1+5*Ie*ps/p€+5*167”(1*S)/p5) ds.
i=1,..,N Jp.

Bakhvalov meshes

Choosing mesh parameters Ky, K; > 0 and 0,07 > 0, Bakhvalov meshes
for (2.16) can be generated by equidistributing the monitor function

max{l, Ko |pol eﬂos/UO,Klule*m(I*S)/m }
In case of a reaction-diffusion equation (2.17) this becomes
max{l, Kopg_le—PS/UOE, Klpg_le_p(l_s)/ola}.

Figures 2.10 and 2.11 depict Bakhvalov meshes with 16 mesh intervals for (2.16)
and (2.17).
We have

9 (]

red

@) <CN7' and 9¥(@) < ON"' i 0g,00 > p.
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Fig. 2.11 Bakhvalov mesh (top) and Shishkin mesh (below, with 71 = 79 = 7) for a reaction-
diffusion problem. The layers at z = 0 and = 1 have the same width

Shishkin meshes

Shishkin meshes are again piecewise uniform. Fixing mesh parameters qg,q; > 0
and oy, 01 > 0 with g9 + ¢1 < 1, we define the mesh transition points

Tozmin{qo,goln]\f} and lemin{ql,alln]\f}.
|tol fi1

Then the intervals [0, 7o) and [1—7, 1] are dissected into go N and ¢; IV subintervals,
while |79, 1 — 71] is divided into (1 — go — ¢1 )NV subintervals. Usually o9 = o7 and

go = 1 = 1/4 are considered in the literature.
For pure reaction-diffusion the transition points are

€ €
T():min{qo,aolnN} and lemin{ql,allnN}.
p p
For these piecewise uniform meshes

9P (©) <CN"'InN and 9P(@) < ON"'aN if gg,01 > p.

Modifications of the above construction are conceivable by using ideas from
Sect. 2.1.3 in order to improve the accuracy.

2.2.1 Interior Layers

Interior layers in reaction-diffusion problem occur when the reaction coefficient or
the right-hand side have a discontinuity at a point d in the interior of the domain.
Eq. (2.17) should be read as follows: Findu € C?((0,d)U(d, 1))NC*[0, 1] such that

—&% +cu=f in (0,d)U(d,1), u(0)=wu(l1) =0, (2.18)
¢ > p*on[0,1], p > 0. In addition to the two boundary layers e~P*/¢ and

e~P(1=2)/¢ "an internal layer e—?1*~4/¢ will form because of the discontinuity in
the data; see Fig. 2.12.
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Fig. 2.12 Reaction-diffusion 0.5
problems with an interior
layeratz = 1/3
/ 0.4
0.3
0.2
0.1
O T T T T
0.2 0.4 0.6 0.8 1
II Il Il Il Il bl I bl Il Il Il bl I
Il T T T T T T I T T T T T T T I
0 d 1
Lt ! ! ! Ll ! ! ! |
I T | T T T | T I T | T T T | T I
0 d 1

Fig. 2.13 Bakhvalov mesh (top) and Shishkin mesh (below) for a reaction-diffusion problem with
an internal layer on both sides of x = d

Convergence of discretisations for (2.18) will be characterised by

19[17](@) ‘=  max (1 + E_l I:e—ps/ps + e—p|s—d|/ps
rd? N I,

i=1,...,

+ e—P(l—S)/P8:| )ds

Bakhvalov meshes

Choosing mesh parameters X > 0 and 0 > 0, we construct Bakhvalov meshes
for (2.15) by equidistributing the monitor function

max {1, Kg*le*pS/Je’ Keflefplsfd\/ai Kgflefp(lfs)/o'g} .

A plot of the resulting mesh is found in Fig.2.13. If ¢ > p then 19[51]1' (W) <CN-L.
The construction can be modified by choosing different K and o for different layers.

Shishkin meshes

A possible construction for a piecewise uniform mesh adapted to (2.18) is as fol-
lows: Let IV be divisible by 8. Choose a mesh parameter o > 0 and set

d 1-d
Tlmin{,aglnN} and TQmin{,UglnN}.
4" p 4 p
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Then the subintervals [0, 71], [d — 71,d], [d, d + 2] and [1 — 72, 1] are each divided
into N/8 equidistant subintervals, while [11,d — 7] and [d 4+ 72,1 — 75 are divided
into N/4 subintervals. Figure 2.13 contains of a plot a Shishkin mesh with 16 mesh
intervals for (2.18). If ¢ > p then 19£in (W) <CN~'lnN.

2.2.2 Overlapping Layers

In systems of reaction-diffusion equations pairs of layers of different width occur
that overlap. Consider the following system of ¢ equations: Find w such that

—E*u" + Au=f in (0,1), u(0)=mu(l)=0. (2.19)

where E = diag(ey,...,&¢) and the small positive parameters &,, are distinct.
Each give rise to a pair of boundary layers e %/¢m and e ~#(1=%)/¢m at the two end
points of the domain, where the constant x > 0 depends on the coupling matrix A
only. Consequently, layers from different perturbation parameters will overlap; see
Fig.2.14.

For the above system convergence is described in terms of

Y
’9%,5(@) = i:qfé?fN /1 (1 + Z efnl (e*’“/mm +e"”~(18)/p6m)> ds

m=1

The presence of multiple layers in the solution w at each end of the interval
[0, 1], forces us to generalise the layer-adapted mesh constructions by refining the
mesh separately for each layer. That is, when approaching an end-point of [0, 1],
one requires a fine mesh that undergoes a further refinement as one enters each new
layer in .

0.5

0.5

0.4+
0.34 -

02] /7

0.14

0.2 0.4 0.6 0.8 1 0.02 0.04 0.06 0.08 0.1

Fig. 2.14 Layers in a system of two reaction-diffusion equations. The right plot zooms into the
neighbourhood of = 0 and unveils a thinner sublayer
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Fig. 2.15 Bakhvalov mesh (top) and Shishkin mesh (below) for a reaction-diffusion system with
multiple layers

Bakhvalov meshes

Bakhvalov meshes for a system of reaction-diffusion equations can be constructed
by equidistributing the monitor function

MBa(s) ::max{]-vKlEl1e_KS/01817K15116_”(1_5)/0151’
—1 _—ks/ose —1_—r(1—38)/0ose
o Kee e /zzz’Kégé e )/ze}

with positive user chosen constants o, and K,,.
For these meshes, if o,, > p, m =1,...,¢, then 19% (@) <CN—L

Shishkin meshes

Piecewise equidistant meshes for (2.19) are constructed as follows: Let IV, the num-
ber of mesh intervals, be divisible by 2(¢ + 1). Let ¢ > 0 be arbitrary. Let the
perturbation parameters be sorted by magnitude: e; > €9 > --- > 4. Fix the mesh
transition points 7y, by setting

k _
Tes1 = 1/2, Tk_min{ka_ll, (mﬁlklnl\f} for k=1¢,...,1,

and 7o = 0. Then the mesh is obtained by dividing each of the intervals [y, T;41]
and [1 — 7441,1 — 7%], for kK = 0,...,¢, into N/(2¢ + 2) subintervals of equal
length. Figure 2.15 depicts a Shishkin mesh with 24 mesh intervals for a system of
two equations.

If o > p, then 0} (@) < CN~"In N for a Shishkin mesh.

2.3 Two-Dimensional Problems

The second part of this book (Chap. 7-9) is concerned with two-dimensional reac-
tion-convection-diffusion problems posed on the square 2 = (0, 1)%:

—sAu—bTVqucu:f in 2, ulgn=g.
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We shall only consider situations where the layers form along the four edges of
the domain. Therefore, we can restrict ourselves to discretisations on tensor product
meshes, i.e., meshes & = W, x @y withw, : 0 =29 < 2y < --- <2y = land
Wy : 0 =19y <y <--- <yny = L. For the moment, we will allow meshes with
different numbers of mesh intervals in each coordinate direction. Later, we shall
take N = M for simplicity in the presentation.

2.3.1 Reaction-Diffusion Problems

We will start by considering the boundary-value problem
—2Autcu=f in 2=(0,1)% ulsgo=yg, (2.20)
where 0 < ¢ < 1 and ¢ > p? on £2 with a positive constant p. The convective field

b vanishes identically. Its solution typically exhibits exponential boundary layers
along all four edges of the domain. These layers behave like

e—ﬂcp/e7 e—(l—w)p/e7 e Ur/e and e~ (1-wr/e

Figure 2.16 depicts a typical solution to (2.20).

|

Fig. 2.16 Reaction-diffusion problem on the square. Layers of width O (eIn(1/¢)) at all four
boundaries
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Fig. 2.17 Bakhvalov mesh (left) and Shishkin mesh (right) for a reaction-diffusion problem on
the square

Appropriate meshes are constructed by taking tensor products of meshes for
one-dimensional reaction-diffusion problems from Sect. 2.2. Figure 2.17 displays
a tensor-product Bakhvalov mesh and a Shishkin mesh. One can also use tensor
products of any of the other meshes proposed for one dimension. It is also possible
to use different meshes in z- and y-direction.

2.3.2 Convection-Diffusion

The general convection-diffusion problem in two dimensions is
—eAu—b"Vu+cu=f in 2cCIR? ulon = ¢, (2.21)

where 0 < ¢ < 1. Its solution may typically exhibit three different types of lay-
ers: interior layers, parabolic boundary layers and regular boundary layers. Let us
assume that (2 is a domain with a regular boundary that has a uniquely defined out-
ward normal n almost everywhere. Then the boundary can be divided into three
parts:

I'—:= {:1: el:bln< 0} inflow boundary,
I°.= {:1: el:b'n= ()} characteristic boundary and
I't:={xel: b'n > 0} outflow boundary.

With this notation the layers can be classified as follows:

Regular Boundary Layers occur at the outflow boundary I'™ and have a width
of O (e1n(1/¢)). They are often also called exponential boundary layers.
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Parabolic Boundary Layers occur at characteristic boundaries I'° where the
boundary is parallel to the characteristics of the vector field b. They are there-
fore also called characteristic boundary layers. In the non-degenerate case,
i.e., when the convective field does not vanish at the boundary, their width
is O (veln(1/e)).

Interior Layers arise, e. g., from discontinuities in the boundary data at the in-
flow boundary I"~ and are propagated across the domain along the characteristics
of the vector field b. They are similar in nature to parabolic boundary layers and
therefore also called characteristic or parabolic interior layers. Their thickness
is O (v/eln(1/e)). They will not be the subject of the theoretical investigations
in this monograph.

2.3.2.1 Regular Boundary Layers

Consider (2.21) on the square 2 = (0,1)2 with b; > (3; and by > [3; on {2 with
positive constants 3; and 32. The outflow boundary consists of the two edges z = 0
and y = 0, where boundary layers form that behave like

e Me/e and e Pev/e,

Figure 2.18 depicts a typical solution.

Fig. 2.18 Convection-diffusion problem on the square with two exponential layers at the outflow
boundary
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Fig. 2.19 Bakhvalov mesh (left) and Shishkin mesh (right) for a convection-diffusion problem
with regular layers on the square

Appropriate meshes are constructed by taking tensor products of meshes for
one-dimensional convection-diffusion problems from Sect. 2.1. For example, for
a Shishkin mesh we take transition points

T :min{q,;elnN} and T, :min{q,;elnN}
1 2

for the meshes in z- and in y-direction, with mesh parameter ¢ € (0,1) and o > 0.
Figure 2.19 displays both a Bakhvalov mesh and a Shishkin mesh.

2.3.2.2 Characteristic Boundary Layers

Again consider (2.21) on the square §2 = (0, 1)2, but with b; > 3 and by = 0 on {2
with a positive constant (3. The outflow boundary consists of the edge x = 0 only,
but there are two characteristic boundaries at y = 0 and y = 1. Three boundary
layers form behaving like

e=Pale oV'/e and o=/,

Figure 2.20 depicts a typical solution.
Note that for any m > 0 there exists a constant C' > 0 such that

oy’ /e < e ™Y/VE and o= (1-1)?*/e < e~mI=Y)/VE  forall y € [0,1].
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y e 0.4 0.6

0 0 0.2 X

Fig. 2.20 Convection-diffusion problem on the square with an exponential layer (left) and two
characteristic layers (front and back)

Fig. 2.21 Bakhvalov mesh (left) and Shishkin mesh (right) for a convection-diffusion problem
with a regular layer and two characteristic layers

Therefore, an adapted mesh for a one-dimensional reaction-diffusion equation
can be used in y-direction to resolve the characteristic layers. In z-direction a mesh
for a one-dimensional convection-diffusion equation is used; see Fig 2.21.
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Chapter 3
The Analytical Behaviour of Solutions

In this chapter, we gather a number of analytical properties for singularly perturbed
boundary-value problems for second-order ordinary differential equations of the
general type

—eu” —bu' +cu= f in (0,1), u(0) =0, u(l) =,

with a small positive parameter ¢ and functions b, ¢, f : [0,1] — IR, and of its
vector-valued counterpart

—Eu'" —Bu' + Au=f in(0,1), u(0) ="y, u(l) =",

with E = diag(e), € = (1, ...,&¢)T and small positive constants &;,7 = 1,..., ¥,
with matrix-valued functions A, B : [0,1] — IR%*, and vector-valued functions
fou:[0,1] — R".

We shall study stability properties of the differential operators, their Green’s
functions and the behaviour of derivatives of the solutions of various boundary-
value problems. Initial general considerations will be followed by specific results
for various classes of singularly perturbed problems:

reaction-convection-diffusion problems,
reaction-diffusion problems,

convection-diffusion problems with regular layers and
convection-diffusion problems with turning-point layers.

These results form the basis for our analysis of numerical methods in later chapters.

Notation. For functions v,w : D — IR we write “v < w infon D” if v(z) < w(z)
forallx € D and “v < 0infon D” ifv(z) < 0 forall x € D. Similarly, for vectors
v,w € IR"™ we write “v < w” ifv; < w; fori = 1,...,n. The notation A < 0
will be used if all components of the matrix A are non-positive. We shall also use
“v<w”andv > w” etc. with the obvious meaning.

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 33
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_3,
(© Springer-Verlag Berlin Heidelberg 2010
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3.1 Preliminaries

In this section we consider basic stability properties of differential operators and of
matrices that will be employed throughout this monograph.

3.1.1 Stability of Differential Operators

Maximum and comparison principles are important tools for studying the stability
of differential operators. Consider the general second-order differential operator

Lu = — (au') + bu/ + cu

with a,b,¢: [0,1] — IR and a > 0 on [0, 1].

Definition 3.1. The differential operator £ is called inverse monotone or of pos-
itive type, if it obeys a comparison principle. That is, for any two functions
v,we C?*(0,1) N CJ0,1]

Ly < Lw in (0,1),
v(0) < w(0), = wv<w on [0,1].
v(1) < w(l)
v

Remark 3.2. The inverse monotonicity can be equivalently characterised as follows:
For any function v € C?(0,1) N C[0, 1]

Lv <0 in (0,1),
v(0) <0, = v <0 on [0,1].
v(1) <0
&

Lemma 3.3. Let there exist a function 1) € C?(0,1) N C[0, 1] with ¢ > 0 on [0, 1]
and L1 > 0in (0, 1). Then the operator L is inverse monotone.

Proof. The proof of the comparison principle is by contradiction; see, e.g. [131].
O

Corollary 3.4. Let the assumptions of Lemma 3.3 be satisfied. Then for any two
functions v,w € C*(0,1) N C[0,1]

|Lv| < Lw in (0,1),
[v(0)] < w(0), =  |v|<w on [0,1]
[o(D)] < w(1)

and we call w a barrier function of v.
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Lemma 3.5. Suppose there exists a function ¢ € C%(0,1) N C[0,1] with ¢ > 0

on [0,1] and L1 > 0 in (0,1). Then for any function v € C?(0,1) N C[0, 1] with
v(0) =v(1) =0

ol < H 1,

cw” 0.

Proof. Set Lv := Lv /L. Clearly L1 = 1. Therefore, £ satisfies a comparison
principle. Next,
Lov Lv
<=l ==
TNLY | o Lap

Thus, ¥ HLU / LwHOO is a barrier function for v. The proposition of the lemma
follows. =

Lip)(x) for x € (0,1).

Definition 3.6. Let A and B be two normed spaces. The operator A : A — B is
said to be (A, B)-stable if there exists a constant K such that

lv]la < K||Av||g forall v € A.

K is called the stability constant. Q@

Remark 3.7. In the case of discrete (difference) operators one has a family of spaces
A% and B“ and a family of operators A“. In this case, the stability inequality reads

lo||aw < K||A%v| g forall v € A¥

and for all admissible meshes w. &

Corollary 3.8. Let the assumptions of Lemma 3.5 be satisfied. Then for any function
v € C?(0,1) N C[0, 1] with v(0) = v(1) =0

ol < ). H

Hence, the operator L is (Lo, Lo )-stable, or maximum-norm stable, i.e.,

0]l < K L0

with the stability constant K = [|¢|| /Iren[(l)nl] [(LY) (z)].
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3.1.2 Green’s Functions

Green’s functions form a very powerful tool in the analysis of differential equations.
For example, given the Green’s function G associated with £ and Dirichlet boundary
conditions, any function v € C?(0,1) N C[0,1] with v(0) = v(1) = 0 can be
represented as

v(z) = /0 G(x,&) (Lv) (&)d¢ forall = € (0,1). 3.1

Remark 3.9. By (3.1) the operator £ is inverse monotone if and only if G(x, &) > 0
forall z,& € (0,1). L)

Lemma 3.10. Suppose there exists a function ¢ € C%(0,1) N C[0, 1] with ) > 0
on [0,1] and Ly > 0in (0,1). Then G > on [0,1] and we have the following
representation of the (L1))-weighted Li-norm of the Green’s function:

/0 (L) (€)G(x, €)dE = b(x) forall = € (0,1).

If furthermore L1 > 0 on [0, 1] then

[0

1G(z, )], < mingeo,1) (£Y) (&)

forall z € (0,1).
Proof. This is an immediate consequence of (3.1) and Lemma 3.3. a

Characterisation of the Green’s function.
For fixed ¢ € (0,1) it solves
(£G(-,8)) (x) = 6(x = &) for € (0,1), G(0,§) =6(1,§) =0, (3.2
with the Dirac-¢ distribution. For fixed z € (0, 1) we have
(£7G(x,-)) (§) =6(§ —x) for £€(0,1), G(x,0)=G(z,1)=0, (3.3)
with the adjoint operator
L= —(av') + (bv) + cv.

Egs. (3.2) and (3.3) have to be read in the context of distributions. Alternatively,
for fixed ¢ € (0, 1), one may seek G(+,£) € C2%((0,€) U (&¢,1)) N CJ0, 1] satisfying

ﬁg(7§) =0 in (0’ 1) \ {5}7 Q(O,f) = g(1>£) =0, _[aaﬂig(7§>} (g) =1,
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where [v](§) := v( + 0) — v(€ — 0) denote the jump of v at £ € (0,
we can interpret the adjoint problem as finding, for any fixed = € (0,
G(z,-) € C?((0,z) U (z,1)) N C[0, 1] with

1). Similarly,
1), a function

LG(xz,-)=0 in (0,1)\ {z}, G(z,0)=G(z,1) =0, —[aagg(x, )](m) =1.

When studying Green’s functions for particular problems, we shall use the fol-
lowing comparison principle for functions with a derivative having a discontinuity
at an interior point of the domain.

Lemma 3.11. Suppose there exists a function 1) € C%(0,1) N C[0,1] with 1) > 0
on [0,1] and L1y > 0in (0,1). Let d € (0,1) be arbitrary, but fixed. Then for any
two functions v, w € C[0,1] N C% ((0,£) U (&,1))

v(0) < w(0
v(1) <w(1

)
—[av'](§) < —[aw](£)

= v<w on [0,1].
Proof. The proof of the comparison principle is by contradiction, cf. [131]. ad

3.1.3 M-matrices

M -matrices are the discrete counterparts of inverse-monotone differential opera-
tors. They are of utmost importance in the convergence analysis of finite difference
methods and when studying systems of differential equations.

Definition 3.12. A matrix A € IR™" is called
e an Lgo-matrix if a;; < O0forall,j =1,...,n with¢ # j;
¢ inverse monotone if for any two vectors v, w € IR"

Av< Aw — v <w;

e an M -matrix if it is an inverse monotone Lg-matrix. Q

Remark 3.13. The inverse monotonicity of a matrix A can also be characterised
by A~' > 0, where it is implicitly assumed that A~" exists. This is the discrete
counterpart of G > 0 for the Green’s function of a differential operator. &

Lemma 3.14 (M -criterion). Let A € IR™™ be an Lo-matrix. Then A is an M -
matrix if and only if there exists a vector e € IR"™ with e > 0 and Ae > 0.
Moreover,

A < llell /i:rllf{i”r'l}nl(Ae)A _ K
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Remark 3.15. The assumption that A is an Lg-matrix corresponds to the coefficient
of the second-order derivative in the differential operator £ being negative, while
the existence of a particular vector e resembles the existence of a positive function
1 with Ly > 0. &

Remark 3.16. The estimate for A~ implies
v < K'[|Av|,, forall v e R",

i.e., Ais ({x, ¢;nfty) stable, or maximum-norm stable. The stability constant K’
is similar in nature to the constant K in Cor. 3.8. &

Lemma 3.17. Let A be an Lg-matrix. Suppose there exists a vector e € IR™ with
e > 0 and Ae > 0. Then for any vector v € IR"

|v;| <e; max
j=l,em

(Av)j/(Ae)j‘Oo for i=1,...,n.

Proof. Set A := diag (Ae) " A.Clearly A isa Lo-matrix and Ae = 1. Therefore,
it satisfies a comparison principle. Imitating the proof of Lemma 3.5, we obtain the
proposition. o

3.2 Reaction-Convection-Diffusion Problems

In this section we consider the stationary linear reaction-convection-diffusion
problem

Lu:=—¢equ’ —ebu' +cu=f in (0,1), u(0) =10, u(l)=m, (34
with two small parameters 0 < €45 < 1 and 0 < ¢, < 1. The functions b, ¢ and f
are assumed to be sufficiently smooth with b(z) > 1 and c¢(z) > 1 for = € [0, 1].

The solution of (3.4) can be described by the two roots of the characteristic
equation

—eg\(x)? — ecb(z)\ () + c(x) = 0. (3.5)

This quadratic equation defines two continuous functions A; : [0, 1] — IR with

o) = SN \/ (scbm)Q G,

2e4 2e4 €d

(o) — EH) | \/ (acbm)? L@y

26d Ed
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Set

€c .
= A <—=<0 d = A > 0.
Ho := max, o(z) , =0 ad o= min 1(2)

The decay of the boundary layers is determined by i and p;. At z = 0 there is a

layer behaving like 0% while the layer at « = 1 is characterised by e ~#1(1=%),

There are essentially three regimes:

|10 i
convection-diffusion eqgKe.=1 1/eq 1
reaction-convection-diffusion g4 < €2 < 1 €c/€d 1/ec
reaction-diffusion 2 <eg<l  1/\eq  1/\/Eq

Figure 2.9 depicts typical solutions of reaction-convection-diffusion problems.
There are two layers of different width at the two end point of the interval.

Remark 3.18. The values of A\g and A; do not vary significantly on [0, 1] because

M) e©oln) _ [Ibl el ife. >0,
= 3.6
M) emrole) - {|c||m1/2 ife, =0, G0
forall &, n € [0,1]. &

3.2.1 Stability and Green’s Function Estimates

Using the test function ¢ = 1, we see that for the operator £ in (3.4) satisfies the
assumptions of and Lemma 3.3 because L1 = ¢ > 1. Therefore, Corollary 3.8
applies and yields

, [v(0)], |v(1)|} forall v € C[0,1]NC?(0,1). (3.7)

L
]| o < max{Hv
c

oo

Deeper insight into the stability properties of (3.4) is gained by studying the
Green’s function associated with £. Note the adjoint operator is given by

L*v = —eqv” +e.(bw) + cv.
Figure 3.1 depicts a typical plot of G(z, -). It is nonnegative, monotonically in-

creasing for £ < «, but decreasing for £ > z, and has a maximum of order O (111)
at x = £. These properties will be rigorously proved now.
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Fig. 3.1 Green’s function G(z,-) associated with £ and z = 1/4;e4 = 1073, e, = 1,
10—1,1072, 0 (left to right, top to bottom)

Proposition 3.19. Ler p € [0, 1] be fixed. Then
—eap’ it — ecb(x)ppi + c(x) > (1 —p)e(x) for i =0,1 andall x € [0,1].
Proof. We consider ¢ = 0 first. Let 2 € [0, 1] be arbitrary. Then
—eu (ppo)? — ecb()pio > pio (—cado() — ecb())

because p < 1and 0 > po > Ao(x) for all x € [0, 1]. The characteristic equa-
tion (3.5) yields

—eq (ppo)? — ecb(x)ppo > — ” (x)pC(:v)

Using ¢(z) > 1 and A\o(x) < po < 0 again, completes the proof for pg.
Now study ¢ = 1.

—eq (pm1)? — ecb(@)pps > p (—eadi(@)? — ech(z)A1 ()

because p < 1and 0 < pg < Ay(z) and p3 < Ay (x)? forall z € [0, 1]. Using (3.5),
we are finished. O
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Theorem 3.20. The Green’s function G associated with L satisfies

- 1 {e”l(wf) for 0 <x<E¢<1,

O S g($7£) S g($7£) = ? e,u,o(aj—g) for 0 S 5 S . S 17

where 3* 1= €4 (p1 — fio)-
If furthermore
e +c>0 on [0,1] (3.8)
then G is piecewise monotone with
9:6(2,§) <0, 0¢G(2,§) 20 for 0<{ <z <1,
0:,G(x,8) >0, 0:G(x,8) <0 for 0<az <L L
and
aiafg(l‘vg) S 0 fOr J},f € [05 1]a x 7é £
Proof. The inverse monotonicity of £ implies 0 < Gon [0,1]2.
~ Proposition 3.19 gives LG(-,§) > 0 on (0,1) \ {£}. Clearly G(0,£) > 0 and
G(1,£) > 0. The jump of 0,§ satisfies —£4[9,G(-,€)](€) = 1. Application of
Lemma 3.11 establishes the upper bound on G.
Next we prove the monotonicity of G. Because G(z,0) = G(z,1) = 0 for z €
[0,1] and G > 0 on [0, 1]? we have at the boundary of the domain
0¢G(x,0) >0 and Ge(z,1) <0 for z €[0,1].

Integrating (3.3) over [0, £], we get

13
~4(060(2,) ~ 9:9(2.0)) + £ M), = - [ e(s)G(a,5)ds <0

0

for ¢ < x. Thus,

£40:G(x,€) > €40:G(7,0) + eb(§)G(w,€) >0 for £ <
because G(x,§) > 0 and G¢(z,0) > 0.
On the other hand, inspecting the differential equation (3.3), we see that v =
0¢G(z, -) satisfies

—gqv’ +ebv=—(eb +¢)G <0 in (§1) and v(1) <0,

by (3.8). Application of a comparison principle for first-order operators yields v < 0
on [z,1].
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Similarly, one proves that 9,G(x,£) > 0for0 < z < £ < 1and 9,G(z,&) <0
for0 < ¢ < x < 1. Thus,

020:G(2,0) <0 and 0,0:G(x,1) <0 for z € [0,1].

because 9,,G(z,0) = 9,G(x,1) = 0forx € [0, 1]. Differentiating (3.3) with respect
to = and integrating with respect to £, we get

— Edazagg(x, f) + 5d&T3§g(z, 0) + €cb(§)8xg(93, §) — Ecb(O)arg(I, 0)
4
= 7/ c(8)0,G(x,s)ds for & < x.
0
Hence,
0,0:G(2,§) <0 for 0<¢<z<1

because 0,G(x,§) <0, 0,0:G(x,0) < 0and 9;G(z,0) = 0. For x < &, differenti-
ate (3.3) to see that v = 0,0:G(z, -) satisfies

—ev' +bv=—({b+¢)0,G <0 for z € (0,8, v(1) <0,

by (3.8) and because 0,G(x,£) > 0 for z < £. A comparison principle for first-
order operators gives 0;0¢G(x,-) < 0 on (z, 1]. O

Remark 3.21. The function G attains its maximum for z = £. Because g is contin-
uous there exists a z* € [0, 1] with Ag(2*) = po. Therefore,

i < _ 1 _ )\1(58*)
B = eado(zr)  c(z¥)

< Cui, by (3.6).

If . = 0 this estimate can be sharpened to

1<M1<1

BT 2 T2/
since p1 = —po < 1//2q. &

For our further investigations, let us introduce the L., norm

[v]loc :=ess sup [v(z)],
z€0,1]

the L; norm

lolls = / jo()ldz
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and the W1 norm || - || _1 0. Since W1 = (W)’ the latter is defined by

HUH*LOO = sSup <u7U>7
weWLl:|uly 1 =1

where (-, -) is the duality pairing. This norm can also be characterised by

1
o] 1 = in VI =mig | [ o(e)ds ve| 69
see [5] for a more detailed discussion.
Remark 3.22. By (3.9)
1
s < | [ uas = [ otsias
0 0o
Furthermore
1 1 1 1 1 T
/ v(s)ds—f/ v(s)ds| = = / v(s)ds—/ v(s)ds
T 2 0 T 0
Hence,
2wl 100 < llvlly < [J0llo
&

Theorem 3.23. Let © and £ € (0,1) be arbitrary. Then the Green’s function G
associated with L satisfies

|cG(x, )|, <1. (3.10a)

If additionally (3.8) holds then
106z, ), < ﬁi 106, ©)ll, < 53 (3.10b)
|0:06 (. ), < = (3.100

and

b/

c

26| 0o
culoEg o, < = {2k +

}+2.
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Proof. The first estimate, in the weighted L;-norm, follows from Lemma 3.10.
Next, for fixed x € (0, 1),

2
e, = [ oG - [ 0catr. e = 20000) < -
by Theorem 3.20. Similarly, the bound for ||0,G (-, €)||; is obtained.
When calculating [|0,0¢G(x, -)||, note that

1
/ 0,060 (, )€ = 0,G(x,1) — 0,G(x,0) = 0,
0

0:0¢G < 0forz # € and [0,G(x,)](z) = — "
Finally, to get the last inequality of the theorem, integrate (3.3) and apply the
bounds for G and G just established. O

Remark 3.24. Because ¢ > 1 on [0, 1], assuming (3.8) to hold true, provides an
upper threshold value for ., for which the analysis is valid in the case that b’ attains
negative values. If &’ is non-negative everywhere then (3.8) is always satisfied. &

The bounds of Theorems 3.20 and 3.23 will be used to establish stability prop-
erties of the differential operator £ now. To this end also introduce the weighted

W1 norm
€d B
Moll = e { 1 s 5ol -

Theorem 3.25. Set 5* = 4 (u1 — o). The operator L satisfies

o, < ||(£v) Jello. forall ve WH®(0,1) N W%(0,1), (3.11a)

o], < ﬁ* ||£v||1 forall ve W"'(0,1) N W?2'(0,1) (3.11b)

o], < & ||£v||1 forall ve Wh(0,1) nW2(0,1) (3.11¢)
and

ol o < 1Ll 100 forall ve WH(0,1). (3.11d)

Proof. Recall the representation (3.1). Then the Holder inequality, Theorem 3.20
and (3.10a) give (3.11a) and (3.11b).

Next, let V. € W%°°(0,1) be an arbitrary function with V' = Lo. Integrat-
ing (3.1) by parts, we obtain

_/0 0eG(x, E)V(€)de  for z € (0,1)
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and

1
V' (x) = —/O 0,0:G (2, &)V (§)d¢  for z € (0,1).

The Holder inequality, (3.10b) and (3.10c) yield (3.11d).
Finally,

/01 V@)l < /0 /0 10,00, 6)] | (£0)(©)] e

Changing the order of integration and using (3.10a), we obtain (3.11c). a

Remark 3.26. By (3.11a) the operator L is (Lo, Loo)-stable with a stability con-
stant independent of €. and 4. It is also (Lu, L1)-stable and (Lo, W ~1:°°)-stable
because of (3.11b) and (3.11d), but the stability constants depend on 4 and .. &

3.2.2 Derivative Bounds and Solution Decomposition

We derive bounds on the derivative of the solution of (3.4) now. The argument fol-
lows [105]. Define

wo,o () :=e*0% and wio(z) = e orm(l=2)
They will be used to describe the layers at + = 0 and = 1, resp.
Proposition 3.27. For any p € [0,1] and fori = 0,1
Lw;p > (1 —p)w;p in(0,1).
Proof. The result follows readily from Proposition 3.19. a

Proposition 3.28. For any ¥ > ||b||o and i = 0,1

) .
Lwiy > (”b - ||c||oo) wiy in(0,1).

Proof. We give the proof for 7 = 0 only because the case ¢ = 1 is analogous. A
direct calculation gives

— (Lwo ) (x) = {64192/18 —e9b(x)po — c(x)}woﬁ (z).
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The function )\ is continuous. Therefore, it attains its maximum g on [0, 1] and
there exists a £ € [0, 1] such that Ag(§) = po.

— (Lwo,g) (x) = {edﬁ/\o(f)z ( — I;Eg) + 19;((5)) - c(m)} wo, ()
> {2at©) (0= [¥1) + i = el pno(o),
by (3.5) and because b > 1 and ¢ > 1. The result follows. O

Theorem 3.29. Let b,c, f € C90,1] for some q € INT. Let p,s € (0,1) be
arbitrary, but fixed. Assume

ql|t'||soge < K(1 = p). (3.12)
Then
‘u(k)(x)‘ <C {1 + (—uo)kep“ow + ,u]fe_p‘“(l_“')} forxz e (0,1) (3.13)

and k=0,...,q.
Proof. The proof is by induction. For k = 0 the result follows from (3.7).
Now assume that (3.13) holds for k = 0,...,m < q. Then differentiating (3.4)
k-times, we get
Lu® = Lu®) — e kb'u=gp in(0,1), (3.14)

where

Go=1f co=c¢, cx=c—keld and gp=gh | —cp_uFV,

We prove that (3.13) holds for k = m + 1. Egs. (3.13) and (3.14) give
(Lm0 @) < C{1+ (—p0)™wo,p(@) + (@)}, @ € (0,1).
By Lemma 3.3 the operator L,,,+1 obeys a comparison principle, because for 1) = 1
Lmi1h =c+e(m+1) >1—e3q|t/]|oc >1—r(1—p)>0.

Thus, if we had

WD (0)] < C(—po)™ ' and [u™HD(1)] < Cuprtt, (3.15)
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then application of the comparison principle with the barrier function
w(z) = Cr{1+ (—u0)™ o (@) + o ()}

with C chosen sufficiently large, independently of ¢4 and €., would yield (3.13)
fork=m+ 1.
Therefore, we are left with proving (3.15). Introduce

U () := u™ (z) — u™ (0)(1 — z).
This function satisfies
[(Lmttn) @)] < € {(=00)* + (=0)* " w0, (@) + b () }
xz € (0,1), and
um(0) =0, |um(1)] < Cpy.
Now consider

w(z) = Ca(—p0)"* (1 + wop(x) — 2wo,9(x)) + Capf (w1 p(x) — w1 ,(0))

*#*ag a possible barrier function for w,,. Let ¢ > ||b]|so. Then Propositions 3.27
and 3.28 yield

(Cw) () > cl<—uo>’f{1 el oo + (1= p — ceqll¥lloo) wop (@)
2 ,
#2 | i = el = et x w0(2)
+ Czu’f{ (lelloe + 2eqll¥lls0) w1(0)

‘a —p—ecq||b’||oo>w1,p<x>}.

Fix ¥ > ||b|loo(1 + ||¢]|co) and recall (3.12). Then there exist positive constants
Cy = 04(02, 03), Cs = 5(02) and Cg = CG(Cg,) with

(Lw) (@) 2 Ca{(=n0)* + (=10 wop(2) + s (@) | + Copa = G,

because pfwy ,(0) < C. Note p1g > 1/(||bl|oo + v/l¢]l0 ). Thus, choosing Cs and
(5 sufficiently large, independently of €4 and ¢., we see that w is a barrier function
for u,,.
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By the definition of the derivative we have

w
(] < tim ) < (o)1 (20 ) + G (0),

Hence,
|7, (0)] < C(—po)™ 1.

We get [u(™F1)(0)| < C(—puo)™*!, which is the first bound of (3.15). Analogously
one estimates 1™ 1) (1). O

3.3 Reaction-Diffusion Problems

This section is concerned with linear reaction-diffusion problems. First, we shall
consider the scalar problem

Lu:=—*u" +cu=f in (0,1), u(0) =0, u(l) =,
while the second part of the section is devoted to vector-valued problems
Lu = _EQU’” + Au = f in (07 1)a u(O) =0 u(l) =71

where E = diag(ey, .. .,e¢) and the small parameters ¢, are in (0, 1].

3.3.1 Scalar Reaction-Diffusion Problems

Consider the boundary-value problem: Given ¢, f € C0,1], find u € C%(0,1) N
C'[0, 1] such that

Lu:=—c?u" +ecu=f in (0,1), u(0) =", u(l) =", (3.16)
with the perturbation parameter € > 0. Furthermore, we assume ¢ > 1 on [0, 1].

We shall apply some of the results of Sect. 3.2. Note that ¢4 = €2 and ¢, = 0.
The characteristic roots satisfy

A (z) = —Ao(z “1e(z) for x €[0,1] and pg = —po > e L

Therefore, two layers of equal widths will form at both ends of the domain.
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Remark 3.30. The focus of our analysis is on linear problems. Using standard
linearisation techniques, all results can be generalised to semilinear problems

Tu:= —EQU” + C(Ua ) =0 in (07 1)a U(O) =70, u(l) =7

with d,¢ > Lin IR x (0,1). *»

3.3.1.1 Stability Properties

By (3.7) we have

L
ol < max {| 2] ool 6.7

for all functions v € C[0,1] N C?(0,1).

When deriving bounds on the Green’s function we shall avail of Theorems 3.20
and 3.23. To this end, note that (3.8) is always satisfied and that 8* > 2/e, see
Remark 3.21. Also the Green’s function is symmetric, i.e., G(z,£) = G(, x) for all
x,€ € [0, 1], because the operator L is self-adjoint.

Theorem 3.31. The Green’s function G associated with (3.16) satisfies the point-
wise bounds

e_‘w_f‘/a

0<G(z,¢) < 5

for z,£ €10,1],
and the (weighted) L1-norm bounds

leG(a, )y <1, 110eG(x, )l et and  [|9eG(x, )], <2672
Remark 3.32. The bounds of the theorem are slight improvements over results first
given by Kopteva [66]. &

Next stability inequalities for the operator will be derived. We shall make use of
the following:

Lemma 3.33. For any function g € W**>[a, a + p] with > 0 there holds

2 %
19l loe 0,001 = 7 19 loc ot 5 19 oo o,

Proof. This is Lemma 1 from [18]. O
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Theorem 3.34. For any function v € W1h>(0,1) N W2(0,1) the operator L
satisfies

5+ llelloo

ol < L) fellog s el < —

1£0]] o

and

e 0"l < (1 + llelloo) 1 £0ll -

Proof. The first inequality can be concluded from (3.17), Theorem 3.25 or Theo-
rem 3.31.

Then, e?v” = cv + Lv, a triangle inequality, the bound on v and ¢ > 1 yield the
third estimate of the theorem.

Finally, Lemma 3.33 with u = ¢ applied to g = v gives the bound on v'. a

3.3.1.2 Bounds on Derivatives

Theorem 3.29 provides first bounds for the derivatives. Let ¢, f € C?[0, 1] for some
g€ INT.Letp € (0,1) be arbitrary, but fixed. Then

[u® ()| < C {1 + e hemPr/e 4 s*’“e*?“*ﬂf)/a} , for z€(0,1) (3.18)

and £ =0,...,q.

Note, in order to establish bounds for derivatives of order ¢, the data is as-
sumed to lie in C'?[0, 1], while general theory for second-order differential equations
guarantees the existence of a unique solution in C4*2[0, 1]. The following theory
sharpens (3.18), gives bounds for higher-order derivatives and provides a solution
decomposition, which is useful for the analysis of some numerical methods.

Theorem 3.35. Suppose c, f € C?0,1], g € IN withc > 1 on [0,1]. Then (3.16)
possesses a unique solution v € C12(0, 1). It can be decomposed as

U =v+ wy + w
with
Lyv=f, Lwg=0 and Lw; =0 in (0,1).
The regular part v satisfies

ol = €O+,
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while for the layer pars wgy and w, we have
|wém)(x)| < Ce™™e™*°  and |w§m)(x)| < Cemme)/E (3.19)

forz € [0,1]andm =0,1,...,q.

Proof. The functions ¢ and f can be extended to functions c, f € C9]—1,2] with
el =6 f|[0 0= fand ¢ > 1/2on [—1,2]. Let ¥ be the solution of

—2 4 = f, in (_1’2)7 @(_1) = ()(2) =0 andset v := T)|[071]

An affine transformation and (3.18) yield ||v(m) ||OO < Cform=0,...,q.Clearly
Lv = [ on (0,1). Therefore, ||v(@*)|| < Ce™2. Lemma 3.33 with g = v(%) and
= e gives ||| < el

The layer components wq and w; solve

Lwo=0 1in (0,1), wp(0)=u(0)—v(0), we(l)=0

and
Lw; =0 1in (0,1), w1(0)=0, wi(1l)=1u(l)—ov(l).

Consider wg. Application of Lemma 3.3 yields (3.19) for m = 0. From Lwg = 0
we get (3.19) for m = 2. Lemma 3.33 with © = ¢ and g = wy, gives (3.19) form =
1. The bounds on the higher-order derivatives on wq follow upon differentiating
Lwg = 0. The same argument is used for w; . O

3.3.1.3 Discontinuous Data

The data, i.e. the reaction coefficient and the right-hand side, may have discon-
tinuities at a number of points in the domain. For simplicity, let us consider a
single point of discontinuity at z = d € (0,1). Then (3.16) takes the form: Given
¢, f€C((0,d)U(d, 1)) find u € C%((0,d) U (d, 1)) N C*[0, 1] such that

Lu:=—*u" +cu=f in (0,d)U(d, 1), u(0) =10, u(l)=9. (3.20)

The consequence of the discontinuity in the data is the formation of an interior layer
atz = d.

The modified operator obeys a comparison principle too: For any two functions
v,w e C%((0,d) U (d, 1)) N C*[0,1]

Ly < Lw in (0,1),
v(0) < w(0), = ov<w on [0,1].
v(1) < w(1)
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By means of this comparison principle, stability of the operator £ can be
established. In particular, we have

ol < mae{| 2] oo b}

for any function v € C%((0,d)U(d, 1))NC*[0, 1]. This is a generalisation of (3.17).

The bounds on the Green’s function associated with £ remain unaffected by the
discontinuity of the reaction coefficient c.

Estimates for the derivatives are obtained as follows. First note that the
maximum-norm stability implies |v(d)| < C. Then the solution of (3.20) is anal-
ysed on the two subdomains (0, d) and (d, 1) separately. On each of these domains
we have a problem with continuous data and the results of Sect. 3.3.1.2 apply.
We get

|u(k)(x)| <C {1 +ek (e*‘/""/E + e ld=al/e 4 e’(l"'”)k)} ,

forz € (0,d) U (d,1).

3.3.2 Systems of Reaction-Diffusion Equations

We now leave the scalar equation (3.16) and move on to systems of equations of this
type: Find u € (C2(0,1) N C0, 1])6 such that

Lu:=—FE*u" + Au=f in(0,1), u(0)=u(l)=0, (3.21)

where E = diag(e1,...,&¢) and the small parameter e, isin (0, 1] fork = 1,..., 4.
We set A = (a;;) and f = (f;). Written out in full, (3.21) is

—etuf + ayyuy + ajpuy + -+ aguy = fi in(0,1),  uy(0) =

—E5uY + g Uy + Aoyl + -+ + agguy = fo in (0,1),  uy(0) =
—equy + aguy + agpuy + -+ aguy = fp in(0,1),  uy(0) =u,(1) =0.

3.3.2.1 Stability

Assume that all entries a,; of the coupling matrix A lie in C'[0, 1] and that A has
positive diagonal entries. Assume likewise that all f; lie in C[0, 1]. Our analysis
follows that of [104] and is based on the stability properties of Sect. 3.3.1.1 for
scalar operators.
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For each k, the k™ equation of the system (3.21) can be written as
2
—ekuy + apuy, = fi — Z Alorn Uy -
moAk

The stability inequality (3.17) and a triangle inequality then yield

Alem fk
lluklloo — H |t | o < (3.22)
m= 1 ak‘k
m#k
Define the ¢ x ¢ constant matrix I' = I'(A) = (Vgm) by
Afm
Yee =1 and gy = — || — for k # m.
gk
Suppose that I" is inverse-monotone, i.e., that I" is invertible and
r-t>o; (3.23)

this can be verified by using Lemma 3.14. Then (3.22) immediately gives a bound
on |||/ in terms of the data A and f. We obtain the following stability result for
the operator L.

Theorem 3.36. Assume the matrix A has positive diagonal entries. Suppose also
that all entries of A lie in C|0, 1]. Assume that I'(A) is inverse-monotone. Then for
k=1,...,¢o0ne has

4

‘vk H Z kﬂn

m=1

(Lv)

amm

m

‘ o0

for any function v = (vy,...,v,)T € (C?(0,1) N CIO, 1])€ withv(0) = v(1) = 0.

Corollary 3.37. Under the hypotheses of Theorem 3.36, the boundary value prob-
lem (3.21) has a unique solution wu, and ||ul|| . < C'|| f||, for some constant C.

Thus, the operator L is (Lo, Loo) stable, or maximum-norm stable, although
in general it is not inverse-monotone — the hypotheses of Theorem 3.36 do not in
general imply that (3.21) obeys a comparison principle.

Remark 3.38. The obvious analogue of the stability inequality (3.17) is also valid
for scalar reaction-diffusion problems posed in domains (2 lying in IR for d > 1.
Consequently, Theorem 3.36 holds true also for reaction-diffusion systems posed
on 2 C R withd > 1. &
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Remark 3.39. The above argument is closely related to Ostrovski’s concept of
H-matrices [129]. He calls a matrix A = (a;5) € C%% an H-matrix if its com-
panion matrix

|CL11| —|a12| —|CL1€|
—\6121| |CL22| —|a25|
—lae| lag| - —|agl
is an M -matrix. &

In [18, 58] the coupling matrix A is assumed to be coercive, viz.,
T 2. T 0
v A(z)v > p*v'v forallv € R and x € [0, 1], (3.24)

where p is some positive constant. The following result from [111], which slightly
generalises [159], establishes a connection between (3.23) and (3.24).

Lemma 3.40. Assume that A has positive diagonal entries and that I" is inverse-
monotone. Then there exists a constant diagonal matrix D and a constant o > 0
such that

vI'DA(z)v > avTv forallv e R?, x € 0,1],

i.e., the matrix D A is coercive uniformly in x.

Proof. As I'"! exists, one can define y, z € IR’ by I'y = 1 and I'"z = 1. Then
rt>o implies that y; > O and z; > O fori = 1, ..., {. Define the matrix-valued
function G' = (g;5) by g:j(x) = z;a;;(x)y; for all i and j. Observe that both G and
GT are strictly diagonally dominant:

gii(x Z 19i ()| > aii(x zzZ%JyJ = a;(x)z > 0,
J#i

9ii(®) = > g5 (@) > ai(x yZZAmzj = a;i(x)y; > 0.
J#

Thus (G + G™)/2 is strictly diagonally dominant and symmetric. Hence, there
exists a constant 3 > 0 such that

G+G"
vI'Gv=v'G"v = UT%'U > pvTv forallv € R® andz € [0,1].

Define the diagonal matrix D = (d;;) by d;; = z;/y; for all i. Then

2
v; U, v;
vIDA(z)v = E diiaijviv; = E Gij ylyi >3 E (yz) > o E v 2.
N 3 -
i, i 4

4,J
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Remark 3.41. Lemma 3.40 remains valid for reaction-diffusion problems posed in
2 C R*withd > 1. &

Remark 3.42. As multiplication on the left by a positive diagonal matrix neither
changes the structure of (3.21) nor alters I'(A), Lemma 3.40 implies that, without
loss of generality, if A has positive diagonal entries, then whenever (3.23) is sat-
isfied, one can assume that (3.24) holds true also. Thus, the hypothesis that (3.24)
alone holds true is more general than an assumption that (3.23) is valid, but the only
analyses [18, 58] that are based solely on (3.24), are restricted to the special case
€1 =¢&9 = -+ = gy, see Sect. 7.2. &

3.3.2.2 Derivative Bounds

Let the coupling matrix A(x) be strictly diagonally dominant for all x € [0, 1].
Then A has positive diagonal entries and there exists a constant § such that

Afm

14
— Gk
m#£k

<pB<1 fork=1,...,L (3.25)

oo

An application of the M-criterion (Lemma 3.14) with a constant test vector e shows
that I'~! > 0. Define x = x(3) > 0 by

2 . .
k= (1— min  min agg(x).
( A k=1,...,¢ z€[0,1] kk( )

For arbitrary € € (0,1] and 0 < z < 1, set
BE(I) — efmm/s + efm(lfr)/s.
For simplicity in our presentation we assume that

g1 >¢62>---2>¢¢ and g1 <

)

=

the first chain of inequalities can always be achieved by renumbering the equations,
while the last inequality provides a threshold value for the validity of our analysis.
The next result generalises Theorem 3.35.

Theorem 3.43. Let A and f be twice continuously differentiable. Assume (3.25)
holds true. Then the solution u of (3.21) can be decomposed as u = v + w, where
v and w are defined by

—E*" +Av=7F in(0,1), v(0)=A(0)"1£(0), v(1)=A1)"1f(1),
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and
—E*w" + Aw=0 in(0,1), w(0)=-v(0), w(l)=—v(1).
Forallz € [0,1] and k = 1,. .., Y, the derivatives of v and w satisfy the bounds
H’UI(CV)HOO SC(l-l—Ei_V) for v=20,1,...,4,
|w](:)(x)| <C zk: e Be,, (x) for v=20,1,2
m=1
and

|wl(€u)(ac)‘ < 0527” Z ST_,LZBE,,” (x) for v=34.

Proof. The proof in [104] is involved and full of technical details that will not be
discussed here. For the layer components the argument proceeds via induction for
the components w1, wa, ..., wy. First, bounds for w; are established. Then w; is
eliminated from the system and considered as an inhomogeneity for the system of
the remaining components. Next, we is bounded and subsequently eliminated; etc.
O

The bounds of Theorem 3.43 say that each component uy, of the solution v can
be written as a sum of a smooth part (whose low-order derivatives are bounded
independently of the small parameters) and ¢ overlapping layers, though the full
effect of these layers is manifested only in derivatives of order at least 3.

Figure 3.2 displays a typical solution in the case ¢/ = 2. The first plot shows
the two components on the entire domain [0, 1]; all that is apparent is that each
component has layers at x = 0 and z = 1. The second plot is a blow-up of the layer

0
0 01 02 03 04 05 06 07 08 09 1 0 0.01 0.02 0.03 0.04 0.05 0.06

Fig. 3.2 Overlapping layers in a system of two reaction-diffusion equations



3.4 Convection-Diffusion Problems with Regular Layers 57

at x = 0 (the layer at z = 1 is similar) and we observe that while u; has a standard
layer, in us there are two separate layers—exactly as predicted by Theorem 3.43.
This theorem also forecasts that «; has no such visible behaviour, since interactions
between layers in u; appear only in the third-order and higher derivatives, and these
are not easily noticed on graphs.

3.4 Convection-Diffusion Problems with Regular Layers

Now we consider the linear scalar convection-diffusion problem
Lu:=—eu” —bu' +cu=f in (0,1), u(0) =0, u(l) =1,
with 0 < € < 1, and its vector-valued counterpart
Lu:= —diag(e)u” — Bu'+ Au=f in(0,1), u(0) =wu(1) =0,

where € = (g1, . .. ,54)T and the ¢ are small parameters.

3.4.1 Scalar Convection-Diffusion Problems

Given b, ¢, f € C[0,1], find u € C?(0,1) N C[0, 1] such that
Lu:=—eu”" —bu' +cu=f in (0,1), u(0) =10, u(l) =1, (3.26)

where ¢ is a small positive parameter, b > 5 > 0 on [0, 1].
For the mere sake of simplicity we shall also assume that

c>0 and V' +c¢>0 on|0,1]. (3.27)

The results hold without these restrictions too, see [5], but the arguments become
more complicated and the constants will be slightly different. Note that (3.27) can
always be ensured for € smaller than a certain threshold value €( by a simple trans-
formation u = @e%® with ¢ chosen appropriately. This is because b > 3 > 0.

We shall apply some of the results of Sect. 3.2. This time ¢4 = € and €. = 1. For
the characteristic exponents we have

uog—é and p =0(1) for e — 0.
€

Therefore, only one layer at x = 0 will be present in the solution.
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3.4.1.1 Stability

Using the test function ¢ :  — (x) = 1 — x, we see that the differential operator
L in (3.206) satisfies the hypotheses of Lemma 3.3, because £ > § > 0. Conse-
quently, it obeys a comparison principle and in association with Lemma 3.5 we get

fu(a)] < max{lyol, 11} + (1 —2) [ £/bll.  for = € [0,1].
This implies
(vl < ILv/bll,,  forall ve C?0,1] with v(0) =v(1)=0.  (3.28a)
Alternatively, if ¢ > 0 on [0, 1], then Lemma 3.5 with ¢ = 1 yields
vl < ILv/cl|l,, forall ve C?[0,1] with v(0) =v(1) =0,  (3.28b)
see also Theorem 3.25.

Remark 3.44. One can try to derive stability results for £ that generalise both
(3.28b) and (3.28a). This can be done, for example, by using as test function v
a general linear or quadratic function . But the resulting stability equality will be
more complicated and seem to be difficult to use. &

Green’s function estimates

Theorem 3.20 applies to (3.26) because the general assumption ¢ > 1 in Sect. 3.2
is not used in the argument leading to Theorem 3.20, but only ¢ > 0. Note that
B* > B, uo < —f/e and g > 0. We get

Oggxu Si
(8 < 5 e/ for 0<e<a<l.

1{1 for 0<z<E<1,

These lower and upper bounds can also be verified by appealing to Lemma 3.3.
The first plot in Fig. 3.1 depicts the typical behaviour of the Green’s function for a
convection-diffusion problem.

Clearly (3.27) implies that (3.8) is satisfied. Therefore, the derivative of G possess
the sign pattern described in Theorem 3.20. Consequently, (3.10b,c) hold true and
can be used to obtain stability estimates for L.

We summarise the results.

Theorem 3.45. Suppose (3.27) holds true. Then the operator L in (3.26) satisfies

Lv Lv
< mi = =

oo} (3.29a)
forall ve W">(0,1) N W>>(0,1),
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1 2
vl < =||Lv and ||V, < =||Lw
ol < Sel and ), < 20l -

forall ve W"'(0,1) N W?2'(0,1)
and

V]l 0o < 201L0]—1,00 forall ve W>(0,1), (3.29¢)
with
lolll, 0 := max{el|v'|loc, Bllv[loc }-

Remark 3.46. Note that in view of Remark 3.22, the (Lo, W ~1:°°)-stability (3.29¢)
is the strongest of the three stability inequalities of Theorem 3.45. It was first given
by Andreev and Kopteva [11] and later analysed in more detail by Andreev [6]. It
implies that the operator £ is also uniformly (L, L1)-stable and (Lo, L+, )-stable,
i. e. with stability constants that are independent of ¢. &

Remark 3.47. The same stability results hold true for the differential operator in
conservative form, i.e., LU := —eu” — (bu)’ + cu. &

3.4.1.2 Derivative Bounds and Solution Decomposition

The boundary value problem (3.26) has a unique solution that typically has an expo-
nential boundary layer at # = 0: u and its derivatives up to an arbitrary prescribed
order g can be bounded by

lu®) ()] < C {1 +€_ke_5”/€} for k=0,1,...,q and € [0,1], (3.30)

where the maximal order ¢ depends on the smoothness of the data, see [61].

On a number of occasions, e. g. for the error analysis of a finite difference scheme
in Sect. 4.2.6 or of the FEM in Sect. 5.2, we need more detailed information on v and
its derivatives. In particular, a splitting of u into a regular solution component and
a boundary layer component will be required. This decomposition will be derived
now.

Defining Lov := —bv’ + cv, we follow [89] and construct the decomposition as
follows. Let v and w be the solution of the boundary-value problems

Lv=f in (07 1)7 (EOU) (0) = f(0)7 U(l) =7 (3.31a)
and

Lw =0 in (0,1), w(0) =~y — v(0), w(l) = 0. (3.31b)
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First we study the regular solution component v. The operator £ equipped with
mixed Robin and Dirichlet boundary conditions satisfies the following comparison
principle [131]. For any two functions 2,z € C[0,1] N C*[0,1) N C?(0,1)

Lz <Lz in (0,1),
(Loz) (0) < (LoZ) (0), = 2z<2Zz on [0,1].
z(1) < 2(1)
Using this comparison principle with the barrier functions v and —v defined by
() = B flloo(1 =) + Im| for z € [0,1],
we get

lv(z)|<v<C for z€[0,1].

To derive bounds on the derivatives of v, set h := f — cu and write v as

1 1
v(x):/x Hv(s)ds—i—lg((g))/m efB(S)d8+71a
where
1 [® L[ B(s)-B(a)
B(z):== [ b(s)ds and H,(z):=~ [ h(s)e ds.
e Jo €Jo

which gives
|v'(z)] < C for z € [0,1]

because

c [ C
< B(s—x)/e e — _e BT/} <« . ]
H,(x) < g /0 e ds 3 (1 e ) <C (3.32)

Invoking the differential equation we get

[v"(z)| < Ce™* for x €[0,1].
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However, if b, f € C'(0, 1) then integration by parts and the boundary condition
imposed on v at z = 0 yield

() = b(:)/j <Z>' (5)eB()-B@) )

from which the sharper estimate
[v"(z)] < C for z € [0,1]

can be derived using (3.32). A bound for the third-order derivative is readily ob-
tained from the differential equation and the bounds on v’ and v":

[ (z)| < Ce™* for z €[0,1].

This completes our analysis of the regular component v of u.
Now consider the boundary-layer term w. Corollary 3.4 with the barrier function

w : [O, 1] — R:x~ 117(1‘) = |’70 _ U(0)| e—ﬁr/e
yields
lw(z)| < Ce P/ for z € [0,1]. (3.33)

To bound the derivatives of w we use the fact that

1 1
w(z)z/ Hw(s)ds—l—/@/ e BB)ds

with
I B(s)— B(x)
Hy(x)=—= [ (bw)(s)e .
€ Jo
Estimates for H,, are obtained using (3.33)
C [* C
|Hy(2)| < ;/ e Ps/eeBl) =By < ;exp(—ﬁx/e).
0

The coefficient k is determined by the boundary condition for w(0):

= é (70 —w(0) — /01 19w(s)ds> ,
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where

1 1 c
a= / e Bl ds > / e Iblloos/eqe > —
0 0 (1]

Thus
k| < Ce™ 1

For w’ we have

and therefore
lw'(x)] < Ce™te /% for € [0,1],

by the above bounds for x and H,,.
Use the differential equation and the estimates for w and w’, to get

lw" ()] < Ce™2e7P%/% for x € [0, 1].

If b,c € C1(0,1) then differentiate (3.31b) once and apply the bounds for w, w’
and w”. Thus

lw" (z)| < Ce™3e™P*/ for z € [0,1].

We summarise the results.

Theorem 3.48. Let b, c, f € C¥[0,1] with k € {0,1}. Then v € C**2]0,1] can be
decomposed as u = v+w, where the regular solution component v satisfies Lv = f
in (0,1) and

WO (@) < C(L+eFY) for i=0,1,...,k+2, 2€[0,1], (3.34a)
while the boundary layer component w satisfies Lw = 0 in (0,1) and

lw ()| < Ce™"e /¢ for i=0,1,....k+2, x€0,1]. (3.34b)

Remark 3.49. A similar decomposition is given in [30, 121]. However, the construc-
tion there requires more smoothness of the data of the problem because the regular
solution component v is defined via solutions of first-order problems. &

Remark 3.50. Some applications, e.g., the analysis of higher-order schemes in
Sect. 4.3.1.3 or [153] or of extrapolation schemes [124], require decompositions
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with bounds for higher-order derivatives. To derive those, note that the boundary
condition (—bv’ + cv)(0) = f(0) imposed on v corresponds to v/(0) = 0. In order
to prove Theorem 3.48 for £ = 2, we would impose the boundary condition

(~ b=t/ =)V + (=) v)(0) = (F — =) (0)

instead. This corresponds to setting v"(0) = 0. The operator £ with this boundary
condition satisfies a comparison principle too, provided that € is smaller than a cer-
tain threshold value €. This principle implies the boundedness of v. Then proceed
as above to get bounds for the derivatives. &

3.4.1.3 Discontinuous Coefficients and Point Sources
Consider the convection-diffusion problem in conservative form with a point source:

LU= —eu” — (bu) + cu = f+ adqg, in (0,1),

3.35
w(0) = 0, u(1) =1, (335)

where d, is the shifted Dirac-delta function §4(x) = d(x — d) with d € (0,1). The
coefficient b may also have a discontinuity at z = d. Assume that b > $; > 0 in
(0,d) and b > 33 > 0in (d, 1). The argument follows [88].

Problem (3.35) has to be read in a distributional context. Alternatively, one may
seek a solution v € C[0,1] N C%((0,d) U (d, 1)) with

L= [ in (0,1)\{d}, u(0) =10, u(l)=m, —(e[]+ [b]u) (d) = a,
where [v](d) := v(d 4+ 0) — v(d — 0) is the jump of v at d.
The solution of (3.35) typically has an exponential boundary layer at the outflow
boundary x = 0 and an internal layer at z = d caused by the concentrated source or

the discontinuity of the convective field. Figure 2.5 depicts a typical solution.
Using the negative-norm stability (3.29¢), we obtain ||u||s < C. Then, u solves

Lu=f in (0,d), u(0) =0, u(d) = p,
and
Lu=f in (d,1), u(d) =p, u(l) =0

where p is uniformly bounded in ¢, i.e., |p| < C.
Next apply the results from Sect. 3.4.1.2 separately on each of the two subdo-
mains. We obtain

[u® (@) < € |1+ e {em /e 4 fy(@)erm /Y]
for z € (0,d) U (d, 1)

(3.36)
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where H; denotes the shifted Heaviside function, i.e.,

0 for z < d,
Hg(x) = {

1 for z > d.

Note that (3.36) holds for the one-sided derivatives at x = d too.

3.4.2 Weakly Coupled Systems of Convection-Diffusion Equations

We now leave the scalar convection-diffusion equation and move on to systems of
equations this type.

The system is said to be weakly coupled if the convective coupling matrix B is
diagonal, so the system is coupled only through the lower-order reaction terms. We
follow [96]. In one dimension such systems can be written as

Lu = —diag(e)u” — diag(b)u' + Au = f on(0,1),

u(0) =u(1l) =0, 37

where € = (£1,...,&¢)T and the small parameter ¢, is in (0,1] for k = 1,...,£.

Fork =1,...,/, the k™ equation of (3.37) is

4
—epuf — bl + Y aguy = fr, oon(0,1), up(0) =uk(l) =0. (3.38)

j=1

Assume that for each k one has ap, > 0 and either by > [ or by < —[g
on [0, 1] with positive constants Gy.

3.4.2.1 Stability

We follow the argument of [96, 111]. Rewrite (3.38) as

y4
m=1

m#k

Then (3.28) yields

i

l
- . Jr
< m Pk
”uk”oo + E Vem Hu’mHoo = ln{Hakk b

m=1
m#k

} for i=1,...,¢,

’ ‘
oo
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where the ¢ x ¢ constant matrix I' = I'(A, b) = (J4m ) is defined by

Afm

b

Akm

ke =1 and %m:—min{ ‘ } for k # m.

akk || oo

Repeating the analysis of Sect. 3.3.2.1, we reach the following stability result.

Theorem 3.51. Assume that the matrix A has non-negative diagonal entries. Sup-
pose also that all entries of A lie in C[0,1]. Assume that I'(A,b) is inverse-
monotone. Then for k =1, ... £ one has
(L),
b o

¢

~—1 .

okl < > (), mm{’
m=1

for any function v = (v1,...,v,)T € (C2(0,1) N CI0, 1])6 withv(0) = v(1) = 0.

In this inequality the first term in min{. . . } should be omitted if it does not exist.

(£9),,

’
Amm Hoo

Corollary 3.52. Under the hypotheses of Theorem 3.51 the boundary value prob-
lem (3.37) has a unique solution u, and ||ul|| < C'|| f||, for some constant C.

Remark 3.53. When bounding the source term, one can use (3.29c¢) to establish that
lulag <€ max [lfnll -

This inequality allows the right-hand side to be a generalised function like the
J-distribution. &

3.4.2.2 Bounds on Derivatives

Applying the scalar-equation analysis of Sect. 3.4.1.2 to (3.39), it is shown in [96]
thatfork =1,...,¢, © € [0,1] and v = 0, 1 one has

o) L+4epve Pl=m/eeif <0,
‘“k (37)‘ <C
1+ e Ve Bee/e if b > 0.

Thus, there are boundary layers in the solution at x = 0 and/or x = 1, but no
strong interaction between the layers in different components uy, is apparent when
first-order derivatives are considered, which is quite unlike the reaction-diffusion
case of Theorem 3.43. These bounds on the u). also reveal a lack of sharpness in the
results of some papers published previously to [96] that gave derivative bounds for
this problem with stronger interactions between different components.
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3.4.3 Systems of Strongly Coupled Convection-Diffusion
Equations

We now return to the general problem with strong coupling: this means that for
each k one has by, Z 0 for some k # m. The analysis follows [100]. The boundary-

value problem under consideration is: Find u € (C2(0,1) N C0, 1])6 such that

Lu = —diag(e)u” — Bu'+ Au=f in(0,1),

u(0) =u(l) =0, (3.40)

where as before f : [0,1] — IR’ is vector-valued, while A, B : [0,1] — IR%*
are matrix-valued functions. The ¢ x ¢ matrix diag(e) is diagonal with k" entry
er € (0,1] for all k.

Assume for each k there exists a positive constant 3 such that

bek > Be or brp < =B, on [0,1]. (3.412)
Furthermore let
arpr > 0 and b%k +agr >0 on [0, 1]. (3.41b)

Rewrite the k™ equation of the system (3.40) as

Lrug = —exuf — by, + Aty
et Y [t — G + ] O
iz
with boundary conditions
ug(0) = up(l) = 0. (3.42b)

Apply the stability bound of (3.29c) and Remark 3.22 to obtain

J4
leakll, o0 < D A2 M0kmlloe + 1k + @l } oo +2 [ Fell oo

m=1
m#k

where

vl 0 = max{ex][v" oo, Brlvlloc }
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Then, after some minor manipulation, gather the u; terms to the left-hand side in
the manner of Sect. 3.3.2.1. Define the ¢ x ¢ matrix ¥ = Y (A, B) = (Vgm) by

2[1bkm |l oo + 10, + @t |l
Br

e =1 and  ygm = — for k # m.

We get

J4
Mokl o0 + D e Mgl o < 201l o -

m=1
m#k

Theorem 3.54. Let B and A satisfy (3.41). Suppose Y is inverse-monotone. Then
the operator L is (Lo, W ~1°°)-stable with

14
H|LL]"|HE,c oo — Z Lu)'rn” 1 ,00 fOr k = 17 P 78.

m=1

Corollary 3.55. Under the hypotheses of Theorem 3.54 the boundary value prob-
lem (3.40) possesses a unique solution u, and

llellle o0 :=, max [lluglll, o0

<
<O max [fill 1o

for some constant C. In view of Remark (3.22) this implies the bounds

[ulo < Clflln and lulloc < C[[f]co-

3.4.3.1 Derivative Bounds

Application of (3.29b) to (3.42) gives

4
Bl < 2[||fk||1 3 bl lell + Nkl ||um|oo}}

m=1

k#k

Recalling the definition of the matrix 7", we get

B lluzlly + Z Yo B [t ]l < [Ilfkll + Z lasmlly [ ]

m#k m¢k

< 2| illy + Cllull

by Theorem 3.54. Thus, if 7 is inverse monotone we get a uniform bound for the
Ly norm of u’.
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Theorem 3.56. Let B and A satisfy (3.41). Suppose Y is inverse monotone. Then
the solution w of (3.40) satisfies |[u'||; < C'|| f];-

The L;-norm bounds of Theorem 3.56 are sufficient to prove the existence of
a mesh that yields robust uniform convergence for a first-order upwind difference
scheme, see Sect. 4.4.2. However, in order to design layer-adapted meshes, a priori
pointwise bounds are required. These are typically obtained by a splitting of the
solution into layer parts and a regular part, that is independent of the perturbation
parameter and captures the behaviour of the solution away from any layers; see e.g.
Theorem 3.48.

To illustrate the difficulties in obtaining such a decomposition let us consider the
following example of (3.40):

=

—
[l

N
|

—uf +ul —uhb =1, 11 (0)=u 0
T 1(0) (3.43)
—E5UY —3ugy =2, ug(0) =uz(l) =0.

Figure 3.3 displays its solution for fixed e, = 10~* and three different values of €.
Obviously there does not exist a regular solution component that is independent of
the perturbation parameters, nor can there (in general) be anything like the solution
of the reduced problem for strongly coupled convection-diffusion.

The special case where all diffusion coefficients ¢, are the same is studied
in [127]. A lengthy analysis with some further assumptions on the data of the prob-
lem leads to the following result:

Theorem 3.57. Suppose thate, = e fork = 1,... L. Then the solution u of (3.40)
can be decomposed as u = v + w where

HU(V)HOO <C (1 + 52*”) for v=20,1,23,
and for x € [0, 1] one has
|w,(€l/)(m)| < Ce Ve Pr/e for v=0,1,2,3 and k=1,... 1.

with 3 .= min{ﬁl, e ,ﬁg}.

0.9
0.8
0.7

o o 0

0 010203040506070809 1 0 0.1 020304 0506070809 1 0 01020304 0506070809 1
— -2 — —4 — — — —

€1 =107%,e2 =10 €1 =10"%,e5 =104 €1 =107%,e0 =104

Fig. 3.3 Solution of (3.43) for different values of € (u2 dashed)
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3.5 Convection-Diffusion Problems with Turning-Point Layers

Turning point layers are associated with zeros of the convection coefficient. Let us
consider the boundary-value problem

—eu” —pbu’ +c(-,u) =0 in (g, 1), u(q) =74 u(l) =m

with ¢ € {—1,0}. We assume that b(z) > § > 0, d,,c > 0 and sign p(z) = signx
for z € (g,1). The assumption on p implies that the point z = 0 is a turning point.
If g = 0, then the turning point coincides with a boundary; we call this a boundary
turning point problem. When ¢ = —1 we have an interior layer.

Turning point problems with 9,,¢(0,-) > 0 were considered in a number of pa-
pers in the 1980s. For interior turning point problems this additional assumption
implies that the solution of the reduced problem is continuous and therefore, no
strong layer is present. This means the problem is not singularly perturbed in the
maximum norm. For boundary turning points, the situation is different since the
solution of the reduced problem will in general not match the boundary condition
prescribed at the outflow boundary. However, if 9,,¢(0,-) > 0, then the dominat-
ing feature of the problem is the relation between the diffusion and reaction terms
and the problem has the character of a reaction-diffusion problem. Here we restrict
ourselves to the case 0,,¢(0, ) = 0.

We shall study the linear convection-diffusion problem

Lu:= —eu” — pbu’ + pcu = pf in (0,1), w(0) =10, u(l) =71, (3.44)
where p, b, ¢, f € C1[0,1] with
p>0, p>0, b>3>0 and ¢>0 in (0,1). (3.45)

Particular focus will be on the case p(x) = z", k > 0.

3.5.1 Stability

Suppose (3.45) holds. Then using the test function ¢ : z — ¢ (z) = 1 — z, we
see that the differential operator £ in (3.44) satisfies the hypotheses of Lemma 3.3,
because £y > pb > 0in (0,1). Therefore, £ obeys a comparison principle and
we have

vl < |ILv/pbll,, forall ve C?[0,1] with v(0) =v(1) =0,
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by Lemma 3.5. If ¢ > 0 on [0, 1], then Lemma 3.5 with 1) = 1 yields also
vl < ILv/pe|l,, forall ve C?[0,1] with v(0) =v(1)=0.

Thus, £ 18 (Lo, Loo,1/p)-stable with a 1/p-weighted maximum norm.
Furthermore, we have for the solution of (3.44)

!
Cc

oo < max{ il l} +min {1

Green’s function estimates

Lemma 3.58. Assume (3.45) holds true. Then

A . 1 for 0 <a<E<1,
0268 <G = s exp(_f/ p(s)d8> for 0<€<w <.
1

Proof. First note that the operator L satisfies the assumptions of Lemma 3.11 which
we like to apply.

Let ¢ € (0,1) be arbitrary, but fixed. Clearly G(0,¢) > 0 and G(1,¢) > 0.
Furthermore,

g 0 for 0 <z <§,
61 , = R
o) { @) Gz, €) for £ < < 1.

and

0 for 0 <z <¢

265 _
Ol (22— p/()) G(w,€) for ¢ <w <1,

g

Thus,

LG(-,&§) > peG(-,§) >0 in (0,§) U (£, 1),
because p’ > 0 on [0, 1]. The jump of 9,,G satisfies
—[0.9¢.9] (©) =1.

Thus G is a barrier function for G. Applying Lemma 3.11, we are finished. ad
Remark 3.59. By Lemma 3.58

G(x,€) < forall z,£ € (0,1).

1
Bp(€)
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However, numerical experiments indicate that when p(x) = z*, k > 0, one has the
sharper bound

Gz, &) <C (el/("ﬂ'l) + f)in forall z,& € (0,1).

But, we do not have a rigorous proof for this. &

Theorem 3.60. Suppose (3.45) holds true. Then the operator L in (3.44) satisfies
ol < B7H (L) /plly  forall v € WH(0,1) nW1(0,1).

Thus, the operator L is (Lo, Ly;1/p) with a 1/p-weighted Ly norm.

Proof. Use the representation (3.1) and Lemma 3.58 to obtain the assertion of the
theorem. a

Corollary 3.61. Suppose (3.45) holds true. Then the solution u of (3.44) satisfies
ol oo < max{ 1ol bl } + 874 171l -

Remark 3.62. In view of the a posteriori error analysis for problems with regular
layers (see Sect. 4.2.4) stronger negative-norm stability is desirable. Unfortunately,
this is not available yet. &

3.5.2 Derivative Bounds and Solution Decomposition

We follow [92] to derive a decomposition of v into a regular solution component v
and a layer part w for p(z) = 2" with £ > 0. In doing so, we generalise the analysis
of Sect. 3.4.1.2 for problems with regular boundary layers.

Theorem 3.63. Let b,c, f € C*[0,1] and p(x) = z*, k > 0. Assume b > g>0
and ¢ > 0 on [0, 1]. Then (3.44) has a unique solution v € C3|0, 1] and this solution
can be decomposed as u = v + w, where the regular solution component v satisfies

Lv = fin(0,1),
lollo + 10"l + 10"l e < € and e|o™(@)] < Cz™ for = € [0,1],

while the boundary layer component w satisfies Lw = 0 in (0,1) and

an-‘rl

(%) < —i =
[ (@)] < Cp exp< o

) for i=0,1,2,3, z€(0,1),

where i = ¢!/ (1),
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Remark 3.64. For k = 0, i.e. in the case of a regular boundary layer, this result is
known from Theorem 3.48. &

Remark 3.65. In [92] the semilinear problem

—eu” — pbu’ + pe(-,u) =0 in (0,1), u(0) =0, u(l) =,
with p(z) = 2" and d,¢ > 0 on [0,1] x IR is analysed. The same bounds on
derivatives are obtained. &

Proof (of Theorem 3.63). The construction of the decomposition is similar to the
one in Sect. 3.4.1.2. Set Bz := —bz' + cz, Let v and w be the solutions of the
boundary-value problems

Lo=pf in (0,1), (Bv)(0)=f(0), v(1) =m

and

Lw=0 1in (0,1), w(0) = —v(0), w(l) =0.

Preliminaries

Before starting the main argument, let us provide some auxiliary results. Set

€

B(z) := 1/096 sPb(s)ds

and let 5* with b(x) > 8* > 0 be arbitrary.
In the analysis bounds for certain integral expressions involving B are required.
First,

ﬂ*skaJrl_IkaJrl
B - B < — A <s<zx<l. 4
(s) (z) < E P or 0<s<zx< (3.46)

From this, for arbitrary v > 0 we get

5

6 /0 st exp(B(s) — B(z))ds

* x * ok+1 _ k+1
Sﬁ/ & exp <5H) ds < 1.
0 € k+1

(3.47)

We shall also use

/01 exp(—DB(s))ds > /01 exp (—m> ds

Y b oot ! ]| oot™+!
= 0o ) de > 0 ) dt = Cu.
“/o eXp( (k+ 1) ) *“/o e"‘”( (kr+ 1) ) :
(3.48)
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Proposition 3.66. For arbitrary v > 0 there exists a constant C = C(v) such that

14

ﬂ* v+1 _ V+1
—/ exp(E ) >ds§C forall x>0, > 0.

Proof. Using the transformations
T = (5(u+ 1)t/5*)1/(y+1) and s= (6(1,_,_ 1o /5" )1/(u+1)
we see that
,B*LCV /w (ﬁ* sz/-',—l _ xV'H)
exp | —————)ds
e Jo € v+1

¢
= e i/ (vl / 7o VAo =: F,(t).
0

Clearly F,, € C°[0,00) and F,,(0) = 0 for v > 0. Moreover, lim;_,, F,(t) = 1.
Thus, there exists a constant C'(v) > 0 such that || F} || < C(v). O

The regular solution component

The operator L satisfies the following comparison principle: For any two functions
2,z € C[0,1]NC[0,1) N C?(0,1)

Lz <Lz in (0,1),
(Bz) (0) < (Bz) (0), = 2z<Zz on [0,1].
(1) < z(1)
Application of this principle with
vE (@) = £ (B 1 —2) |l + )
yields
[vlloe < €.

Now let us bound the derivatives of v. The function v can be written as

1 1
- / Hv<s>ds+’;$) / exp(—B(s))ds + 71,

where h, := f — cv and

Hy(z) = 3:/01 s"hy(s) exp(B(s) — B(z))ds for z € [0,1].
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From this representation we immediately get

V(z) = —é /0 " %o (s) exp(B(s) — B(a))ds - hb(g;) exp(—B(x)). (3.49)
Hence,
v < C,
by (3.47).

Differentiating (3.49) once and using integration by parts, we get

Ve = -2 [0 (’;) () exp(B(s) — B(x))ds.

€
Therefore,
[v"(z)] < C’?/ exp(B(s) — B(z))ds
0
K x k+1 _ k+1
§C’x—/ exp(ﬁs x )ds
e Jo € k+1
and
"] < C.
by Prop. 3.66.

A bound for the third-order derivative is obtained from the differential equation
and the bounds on v and v"":

—ev” = 2" (bv + hy)l + k2" (b + hy).
Let F'(z) := bv’' + h,,. Eq. (3.31a) implies F'(0) = 0. On the other hand, we have
|F'(z)] = [ (b’ + hy) ()| < C,
by our earlier bounds for v, v’ and v”’. Thus, ‘F(x)’ < Cx. We get
e|v" (z)| < Ca"® for x € (0,1).

This completes our analysis of the regular part of w.
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The boundary layer component

Let 3; be arbitrary but fixed constants with

min b(z) =31 > B2 > B > 3> 0.
z€[0,1]

The operator £ with Dirichlet boundary conditions satisfies a comparison principle.
With the barrier functions

P+l
w* () == %[y — v(0)] exp (—iler 1)
it gives
rk+1
e )\<Cexp( 51;:“) for x € (0,1). (3.50)

To bound the derivatives of w use the representation

:/Il H,(s)ds — " 1%—’_/ ! / exp(—B(s))ds,
exp(—

(s))ds
0
where
H,(z) = —é /Oms (cw)(s) exp(B(s) — B(z))ds
Thus,
-0 —|—/ H,(s)ds
w' (x) = —Hy(x) - 0 exp(—B(z)). (3.51)
/ exp(—B(s))ds
0

Using by (3.50) and then (3.46) with 5* = 31, we obtain

zhtl ,6’1 T 62 T
< < .
|Hw(z)|_C' 8 exp( l<a—|—1) C’exp( 5 /<;—|—1> (3.52)

From (3.47), (3.48), (3.51) and (3.52) we get

521.&-1-1

"LU ’ < Cu 1exp <_5(H_|_1)> for x € (0,1)



76 3 The Analytical Behaviour of Solutions

Use the differential equation, the estimates for w and w’ and Prop. 3.66 to get

531.n+1

|w” (z)| < Cpu~?exp < P

> for z € (0,1).

Differentiate (3.31b), apply the bounds for w, w’ and w” and use Prop. 3.66 again
in order to get
me+1

|w” (z)] < Cp~%exp <5(’f‘~‘1)

> for z € (0,1).

This completes the proof of Theorem 3.63. a



Chapter 4
Finite Difference Schemes
for Convection-Diffusion Problems

This chapter is concerned with finite-difference discretisations of the stationary lin-
ear convection-diffusion problem

Lu:=—eu”" —bu' +cu=f in (0,1), u(0) =10, u(l) =1, 4.1)
with b > 8 > 0 on [0, 1]. For the sake of simplicity we shall assume that
c>0 and ¥ >0 onl0,1]. 4.2)

Using (4.1) as a model problem, a general convergence theory for certain first-
and second-order upwinded difference schemes on arbitrary and on layer-adapted
meshes is derived. The close relationship between the differential operator and its
upwinded discretisations is highlighted.

4.1 Notation

Meshes and mesh functions

Throughout this chapter let w : 0 = 29 < z; < --- < zny = 1 be an arbitrary
partition of [0, 1] with mesh intervals I; := [z;_1, x;]. The set of inner mesh points
is denoted by w. The midpoint of I; is x;_1/o := (2; — 2441)/2 and its length
hi :=x; —x;—1.Let h :== max h; be the maximal mesh size.

i=1,...,
We shall identify mesh functions v : o — IR : z; — v; with vectors v € RN+
and with spline functions

vEVY = 8Y®) = {w € C°0,1] : wl, € IT; for i = 1,...7N}.

Let RY ™ = {v e RN*! : vy = vy = 0} be the space of mesh functions that
vanish at the boundary. Furthermore, V¢’ := S) () N H (0, 1).

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 77
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_4,
(© Springer-Verlag Berlin Heidelberg 2010
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Difference operators

In our notation of difference operators we follow Samarski’s text book [146]. For
any mesh function v € IRV*! set

Vi1 — Uy L Uy — Vi1 Uy — Vi
Vg 2= ) Vg += Ugyi—1 = ) Vi =
hiy1 h hig1
Vi+1 — Vs Vi — Vj—1 Vit1 — Vi—1
Vgyi 1= T7 Viyi = Ty Uiy *= T
3 7 7

with the weighted mesh increment 7 defined by

h h; + hy ) h
—?1, By = sz-H, i=1,...,N—1, and hy:= 7N
To simplify the notation we set g; := g(x;) for any g € C[0, 1].

Further, less frequently used, difference operators will be introduced when
needed.

Discrete norms and inner products

For any mesh function v € IRV *! define the /., (semi-)norms

ol = _max_foil [0l = max Juil,
Pl = _max i, ol e = max{e vall .o - Blvlloc,s b
—Uyeeny

the /1 norm
N—1
[vll1w =D hjsalvjl
=0

and the w~1"*° norm

N-1
E hj+1’l}j +C
j:.

o100 := min [V]ooe = min i

We shall also use the following discrete inner products:

N-1

N-1
w,v), = Z hiziwv; and  (w,v), = Z hiy1w;v;.
i=0 i=1
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4.2 A Simple Upwind Difference Scheme

In this section we study a first-order difference scheme for the discretisation of (4.1)
on arbitrary meshes. Find vV € IR™N*! such that

[Lu], = fi fori=1,...,N—1, ugl =7, uny=mn 4.3)
with
[Lv]; := —€Vza;i — bivey + vy for v € RN

At first glance the discretisation of the second-order derivative is a bit non-
standard, because on non-uniform meshes it is not consistent in the maximum norm,
but it has advantages that become clearer in the course of our analysis. More fre-
quently used is the central difference approximation u; ~ uzz;. An upwind
scheme based on this discretisation of the second-order derivative will be studied
in Sect. 4.2.6, because the technique used there becomes more important in 2D, see
Sect. 9.1.

The difference scheme (4.3) can be generated by a finite-element approach. To
this end consider (4.1) with homogeneous boundary conditions. Its weak formula-
tion is: Find u € HE (0, 1) such that

a(u,v) = f(v) forall v € H(0,1)
with

a(w,v) :=¢e (W', V") — (bw' — cw,v), f(v):=(f,v)

and the L (0, 1)-scalar product (w,v) := fol wv)(s)ds.
A standard FEM approximation is: Find u” &€ V{;” such that

a(u™,v) = f(v) forall ve Vy.
The integrals in the bilinear form and the linear functional have to approximated.
Use the left-sided rectangle rule [, g(s)ds ~ h;g;—1, to arrive at: Find ¥ € Vj’
such that
Ay (uN,v) = fu (v) forall v € Vj*, “4.4)

where

Ay, (U), 1}) =€ [wz7 Urc)w - (bwr — Cw, U)w and fy (’U) = (f7 U)w :
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Taking as test functions v the standard hat-function basis in V;*, we see that (4.3)
and (4.4) are equivalent. In particular,

ay (w,v) = (Lw,v), = (w,L*v), forall w,veVy,
with the adjoint operator L* given by

[L*v]; = —evge; + (bv)g,; + ¢jv;.

This is verified using summation by parts; cf. [146].

4.2.1 Stability of the Discrete Operator

The matrix associated with the difference operator L is a Lg-matrix because all
off-diagonal entries are non-positive. Application of the M -criterion (Lemma 3.14)
with a test vector with components e; = 2—x;,¢7 = 0, ..., N establishes the inverse

monotonicity of L. Thus, L satisfies a comparison principle: For any mesh functions
v,w € RNT!

Lv < Lw on w,
v < wo, — ov<w on . “.5)
vy < wy

This comparison principle and Lemma 3.17 give the stability inequality
|ufv| < Inax{|’yo|, |71|} +(1—x;) ||f/b|\oo7w for t=0,...,N.
Thus, the operator L is (¢, o )-stable with
HU||00@ < ||Lv/b||oo’w forall v € IR(J)VH.
Alternatively, if ¢ > 0 on [0, 1], then Lemma 3.17 with e = 1 yields
0]l g0 < 1Lv/cll o, forall ve RYH.

Note the analogy with (3.28).

Green'’s function estimates

Using the discrete Green’s function G : @* — R : (z;,&;) — G, j = G(z;,&))
associated with L and Dirichlet boundary conditions, any mesh function v € R(],V +
can be represented as

v = ay (v,Gi.) = (Lv,Gy.) , = (v, L*Gy.), fori=1,...,N —1.
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Taking for v the standard basis in V{}*, we see that for fixeds =1,..., N —1

[L*Gi’.] 5i,j for ] = ].7 .. .,N — 1, Gi,O = Gi,N = 0, (46)

j p—
where

hiil if i =7,
03,5 += :
0 otherwise,

is a discrete equivalent of the Dirac-¢ distribution. As function of the first argument
G solves, for fixed j =1,..., N — 1,

[LG,]]Z = 51”' for ¢ = 1, . .,N - ]., G()J' = GNJ' =0.

Theorem 4.1. Suppose (4.2) holds true. Then the Green’s function G associated
with the discrete operator L and Dirichlet boundary conditions satisfies

1 for 0 <i<j<N,
1 i ah -1
51 11 (1+’“+1> for 0<j<i<N,
g

k=j+1

Gij <0, Ggij >0 for 0<j<i<N,

Guij >0, Geij <0 for 0<i<j<N,
Gaeij <0 for 0<i,j <N, i#j

and

0 < Gaeii <

for i=0,...,N —1.
ehit1

Proof. The upper and lower bounds on G are verified using (4.5).
Since G > 0 on @? and Gio =0fori =0,...,N, we have G¢,;;0 > 0 for
i =0,..., N. By multiplying (4.6) by h;,1 and summing over j, we get

J
—EGg;i’j + EGg;i,o + bjGi,j = — Z higt1cxGiy for j=1,...,i—1.
k=1

Hence,

ng;i,j Z €G§;i70 —+ bjGi,j Z 0 fOI' ] = ]., . ,i — ].,
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since G ; > 0 and G¢;,0 > 0. On the other hand, G¢; v—1 < 0fori =0,...,N
because G > 0 on@w? and G; y = 0 fori = 0,..., N. By inspecting the difference
equation (4.6), we see that v; := G¢,; ; satisfies, fori < j < N,

hibi_
(v — ) + 2L

Vj—1 = —(bg;j + Cj)Gi)j < 0, (47)

hjt1 hjt1

by (4.2). Since vy—1 < 0, induction for decreasing j yields G¢.; ; = v; < 0 for
1< j<N.

Similarly, one can prove that G,.; ; > 0for 0 <7 < j —1and Gyy;; < 0 for
7 <7 < N.Thus,

Gaeio <0 and Gupeynv—1 <0 for i =0,...,N —1.

because G0 = Gginv = 0 for 0 < i < N. Taking differences of (4.6) with
respect to ¢ and summing over j, we get

J
—EGig;i)j + 5Gz§;i,0 + bjGw;i,j + Z hk+1csz;i,k = _6i,j for 0 < j <.
k=1

Therefore,

Glf;id <0 for O <ji<i< N and sz;i,i < for 0<i< N

ENj41

because G5 > 0, Gpeio < 0and Gy 0 = 0.
For i < j, take differences of (4.7) to see that v; = G¢,;,; satisfies

hibi_
= (g — vy + L

Vj—1 = —(bg;j + Cj)Gz;i,j <0

hjta hji1

for j=14+2,...,N —1.

because b',c¢ > 0 and G ; > 0 fori < j. We get Ge; j < 0for0<i<j<N.
Finally, for ¢ = j, use

N—-1
Z hj—i—lGacf;i,j = GCC;LN - Gz;i,O =0

§=0
in order to obtain h;41Gyeyi,i > 0. O

Mimicking the arguments of Theorem 3.23 we obtain its discrete counterpart.

Theorem 4.2. Suppose (4.2) holds true. Then the Green’s function G associated
with the discrete operator L satisfies

1

1Gs N0 < 50

1Gesi Ny < 1G5l <

'||1,w

i1

2
/6))
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and

1Gagsilly o <

™| D

foralli,j=1,...,N — 1.

The ¢1-norms bounds are used to establish stability properties for L that resemble
those of Theorem 3.45 for the differential operator L.

Theorem 4.3. Suppose (4.2) holds true. Then the operator L satisfies

lolloe.w < min {1 Z0/bll ., s 1 E0/ell o } (480
[ollooes < B E0l, Toalie < 2674 Zo]l (4:8b)

and
[T 2 (4.80)

forallv € R .

Remark 4.4. Similar to Remark 3.22 we have

2o <ol < Mol -

‘ | —1,00,w
Therefore, the (£, w™1:°°)-stability (4.8¢) is the strongest of the three stability in-
equalities of Theorem 4.3. It was first derived by Andreev and Kopteva [11], though
their derivation is different. A systematic approach can be found in [5], where stabil-
ity of both the continuous operator £ and of its discrete counterpart L is investigated.
So far the (£, w™1:°°)-stability inequality gives the sharpest error bounds for one-
dimensional problems. But unlike the (¢, 1) stability, it is unclear whether it can
be generalised to higher dimensions. &

Remark 4.5. The same stability results hold true if the convection-diffusion problem
in conservative form

LU= —eu” — (bu) +cu=f in (0,1), u(0) =9, u(l) =71, (4.9
is discretised by
[LuN], o= —euly, — (™) 4 cu) =f; fori=1,...,N-1

: N . T 4.10)
Ug = Y0, Uy = V1
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Remark 4.6. The (¢, ¢1) stability (4.8b) was first given by Andreev and Savin
[12] for a modification of Samarskii’s scheme [144]. It has been used in a number
of publications to establish uniform convergence on S-type and B-type meshes; see,
e.g., [10,12,106,154]. Details of a convergence analysis can be found in Sect. 4.2.5.
This stability result can be generalised to study two-dimensional problems; see
Sect. 9.3.2. &

Corollary 4.7. By Theorem (4.3) there exists a unique solution of (4.3) and it
satisfies

| o < min {11 /bl 1/l -

4.2.2 A Priori Error Bounds

Let us consider the approximation error of the simple upwind scheme (4.3) applied
to the boundary value problem (4.1). We give a convergence analysis based on the
negative-norm stability of Theorem 4.3.

Introduce the continuous and discrete operators and functions

1

(Av)(z) == ev'(z) + (bv)(z) —l—/ (b +c)v)(s)ds, Fl(z):= / f(s)ds

x

and

N-1 N-1
[Av]; := evzy + bv; + Z hit1 (baikvesr + cpvr), Fi = Z hit1 fr-
=i =i

Note that Lv = —(Av) and f = —F on (0,1), and Lv = —(Av), and f = —F},
on w. Thus,

Au—F=a on (0,1) and Au —F=a on w 4.11)

with constants « and a.
In view of the stability inequality (4.8c) we have

=l e < 2 =)y = 2 A =)

€,00,w — cER
Taking ¢ = a — «, where a and « are the constants from (4.11), we get

||| — || < 20| Au — Au — F + Floo - (4.12)

£,00,w
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Furthermore,

(Au— Au— F + F),
N-1

=¢e(uz —u'); + Z Pkt1bakug+1 — / (b'u) (z)dx
p z (4.13)

N-1 .
+ ) iy (cruk — fr) — / (cu — f) (z)dz.
o

x;

Taylor expansions with the integral form of the remainder give

hi+1 (cug — fr) — / (cu — z)dz = / / cu - )dsdx
Ik+1 Ik+1

Tr+1

Pkt 1ba kU1 —/ (b'u) (z)dx :/ b’(x)/ v (s)dsdx
Ik+1 Ik+1 x

and

e(uz —u'), = hk/[/ dsdxf—/l/ (bu' — cu+ f)(s)dsda,

by (4.1). Combining these representations with (4.12) and (4.13) we get the follow-
ing general convergence result.

Theorem 4.8. Let u be the solution of (4.1) and u™ that of (4.3). Then
e =], .o <2, max [ (@1 @)+ Calu(w)] + Ca) da
=1, I

with the constants
C1 = [lelloe + 110 ]loo + [1blloss  C2 = liclloe + 1€ lloo

and

Cs = [|flloo + [1fllo-

Remark 4.9. A similar result is given in [85] for the discretisation of the conser-
vative form (4.9). When using the conservative form, the last two terms in (4.13)
which involve b, and b’ disappear. &

Corollary 4.10. Theorem 4.8 and the a priori bounds (3.30) yield

. o < CPL(@),

[ =
£,00,w —
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where the characteristic quantity 19[01;] (@) has been defined on p. 6:

[p] — —1_—Bs/pe
oy (@) : maXN/I,; <1+5 e )ds.

i=1,...,

Remark 4.11. The mesh function vV can be extended to a piecewise linear function
on the mesh @. For convenience we denote this extended function by " also. Then
ll =™, o < COa(@)

£,00 —
follows from a triangle inequality and our bounds for the interpolation error. &
Remark 4.12. Corollary 4.10 allows to immediate deduce (almost) first-order uni-

form convergence for particular meshes. Suppose the mesh parameter o in the
definition of the meshes (see Sect. 2.1) satisfies ¢ > 1. Then

CN-1 for Bakhvalov meshes,
Il — uN|||E7Oo << C (h + N1 521{%}{(1] |1/J’(£)|> for S-type meshes and
CN-'InN for Shishkin meshes,
by (2.6) and (2.9). &

A numerical example

Table 4.1 displays numerical results for the upwind scheme (4.3) on a Bakhvalov
mesh applied to the test problem

et — 4 2u = em717 u(0) = u(1) = 0. (4.14)

Table 4.1 Simple upwinding on a Bakhvalov mesh (¢ = 1/2)
c=0.2 oc=04 o =0.6 oc=20.38 oc=10

N error rate  error rate  error rate  error rate  error rate
27 2246e2 023 1.173e-2 047 6.856e-3 0.69 4.658e-3 0.87 3.995e-3 0.97
28 1913e2 022 8.482-3 045 42583 068 2.547e-3 0.88 2.036e-3 0.98
29 1.64le-2 021 6.20le-3 044 2.662¢e-3 067 1.388¢-3 0.87 1.030e-3 0.99
210 1416e-2 021 4.576e-3 043 1.675¢-3 0.66 7.586e-4 0.87 5.193e-4 0.99
211 1224e2 020 3.403e-3 042 1.062e-3 065 4.155e-4 0.87 2.61le-4 0.99
212 1.063e-2 020 2.545e-3 041 6.784e-4 0.64 2.28le-4 086 1.310e-4 1.00
213 9226e-3 020 1911e-3 041 4.36le4 0.63 1256e-4 0.86 6.568¢e-5 1.00
214 8.030e-3 020 1.439%-3 041 281%-4 0.62 6.937e-5 085 3.290e-5 1.00
215 6.969¢-3 0.21 1.086e-3 040 1.830e-4 0.62 3.846e-5 0.85 1.647¢e-5 1.00
216 6.026e-3 — 8.207e-4 — 1.193e-4 — 2.13%-5 — 8.245e-6 —
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In our computations we have fixed the parameter ¢ and varied o to illustrate the
sharpness of our theoretical results. The errors are measured in the discrete max-
imum norm || - ||,o. Apparently, choosing o < 1 adversely affects the order of
convergence. Similar observations can be made for the Shishkin mesh and other
meshes.

4.2.3 Error Expansion

In the previous section we have seen that the error of the simple upwind scheme (4.3)
satisfies

e e < COA(@).

llw =
£,00,w —

Now an expansion of the error of this scheme is constructed. We shall show there
exists a function v, the leading term of the error, such that

u — uY = 1) + second order terms.

This result can be applied to analyse, e.g., derivative approximations, defect correc-
tion and Richardson extrapolation, see Sect. 4.2.9 and 4.3.3.
For the sake of simplicity, we will study the conservative form (4.9), i.e.,

LU := —eu” — (bu) +cu=f in (0,1), uw(0) =10, u(l) =,
and its discretisation by (4.10):

[Lu™], = —eul,,; — (buN)w;iJrciuﬁV =f; fori=1,...,N—1,

i Taii
N N
Uy = Y0, UN = 71
Corresponding to Sect. 4.2.2 we introduce
1

(A%) (z) == ev'(z) + (bv)(z) + / (cv)(s)ds

xT
and

N-1

[A%V], := evzy + biv; + Z hgr1CKUk.
k=i

Note that L = —(A“v)’ on (0,1) and that L°v = —(A°v),, on w.
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4.23.1 Construction of the Error Expansion

We define the leading term of the error expansion as the solution of

L% =0 in (0,1), (0) = (1) =0, 4.15)
where
U(x) = €h(2$) u” (x) —/ (hg')(s)ds,
with

h(l‘) =x—xp_1 for xe (mk,l,xk) and qg= f — cu.
Note that ¥ is discontinuous at the mesh nodes. Hence, £} is a generalised

function. Therefore, (4.15) has to be interpreted in the context of distributions. Al-
ternatively, one may seek a solution ¢ € C%((0,1) \ w) N C[0, 1] such that

Lo =v" in (0,1)\w, ¥(0)=1(1)=0,

and
/ h; "
—e[Y'(x;) = [P)(z;) = —eyu (x;) for z; € w.

Since A%) = —¥ on (0, 1) \ w, we have
N—-1 1
[A4%], = & (i — Vo) + 3 hicsrcathn — / (c)(s)ds + Wi,
k=i Ti
Thus,

hi " /
[A®(u—p — UN)]Z —¢ (u“ —uf + 2ui> — & (Yayi — Vi)

1
+ / (9 —hg')(z)dx — hk+19k (4.16)
Ti k=i

N—-1 1

- Z hit1cktr +/ (ctp)(s)ds.

k=i i
The function v has been designed such that the terms on the right-hand side that
involve u are of second order. Those involving 1) are formally only first-order terms,
but second order is gained since ) itself is first order.
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In order to bound the terms on the right-hand side, bounds for the derivatives of
u up to order three are needed. These are provided by (3.30). The following theorem
gives bounds for the leading term ) of the error expansion and its derivatives up to
order two, which are also required. Because of the number of technical details, its
proof is deferred to the end of this section.

Lemma 4.13. Let 1) be the solution of the boundary-value problem (4.15). Assume
that b,c € C?[0,1] and f € C*[0,1]. Then

‘w(k)(sc)‘ < Cﬁ([ﬁ (@) (1 + E_ke_ﬁw/%) for x € (0,1)\w, k=0,1,

(4.17a)
and
el ()] < 9 (@) (1 + a—le—ﬂm/%) for z€(0,1)\w.  (4.17b)
Later we shall also show that (3.30), (4.16) and Lemma 4.13 yield
A% = —u™)| gc(ﬁ[j}(w)>2. (4.18)

Then Theorem 4.3 yields our main result of this section.

Theorem 4.14. Let u, u”N and 1 be the solutions of (4.9), (4.10) and (4.15), re-
spectively. Assume that b, c, f € C?[0,1]. Then

2
= =N, .., < € (V@)

£,00,w —

4.2.3.2 Detailed Proofs

Proof of Lemma 4.13

Now we derive bounds for the derivatives of the leading term v in the error
expansion. The following auxiliary result will be used several times in the subse-
quent analysis.

Proposition 4.15. Let x € (x_1,x)) and o > 0 be arbitrary. Then

h(z) (1 + 571676"”/”€> < /I (1 + sfle*ﬁs/“> ds

Th—1

Proof. Let

F(z) := h(z) (1 +s—1e—ﬁw/“) and  G(z) := / (1 +s—1e—58/08) ds.

Tr—1
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Clearly F'(z—1) = G(x—1) = 0 and

F/(Z‘) =14+ 57167’61’/6 _ h(ilﬂefﬁz/crs <1+ E*lefﬁm/as _ G/(JZ‘)
g

for z € (zk_1, zk). The result follows. a

First (3.30) implies

W(z)| < Ceh(x) (1 + E*Qe*W/E) + c/1 h(s) (1 + sfle*ﬁs/f) ds.

x

This inequality, (3.29c) and Prop. 4.15 yield (4.17a) for k = 0.
Next, we derive bounds on 7)’. Set

B(z) =~ /Of” b(s)ds, a(z):=¥'(x)+ (c—b)(z)Y(z)

and

Then 1) can be written as

1 1 1
d
() :/ X(S)ds—i—n/ e BBds  with & = —7{0 x(5)ds .
x x fO e*B(S)ds

For )’ we get
V' (z) = —x(z) — ke B, (4.19)

Apparently the critical point is to derive bounds on . Integration by parts and the
definition of ¥ yield

2x(x) = (hu") (x) — ((x) (4.20)
with

(o) =1 /I (hbu' — 2h(f — cu)’ — 2(c — b)) (s)eBH~B@)ds,
0

£

For the first term on the right-hand side of (4.20) we have by (3.30) and Prop. 4.15

|(hu”) ()] < Ch(z) (1 n a’le’ﬁm/%)z < o9 (@) (1 n a*le*ﬁm/%) .
421
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To bound ((z), the second term in (4.20), we use (3.30), (4.17a) for k = 0
and (4.21):

[((2)] < S/Oa; [h(s) (1 + 67267’85/5> +19[ji] (@)} eBls—x)/e g

< 0195} (@) /Off (1 + sfleﬁs/k) Als=a)/eqs
< Col)(@) (1+e71e0e02).
This, eq. (4.20) and inequality (4.21) give
x(2)] < Cv2 (@) (1 + s*le*ﬁm/%) : (4.22)
Integrating (4.22), we obtain
k| < Cem 19 (w), (4.23)
since fol e BG)ds > /||b||oo. Combining (4.19)-(4.23), we get (4.17a) for k = 1.

Finally, the bound (4.17b) for the second-order derivative of i follows from
(4.15), (3.30), (4.17a) and Prop. 4.15.

Proof of (4.18)

We now bound the terms on the right-hand side of (4.16). For the first two terms a
Taylor expansion with the integral form of the remainder yields

h‘
/ v
’U@;i —U; + = u;

c 2

< C/Ii (x —zi1) (1 + 8_26_5"”/5) dx

by (3.30). To estimate the right-hand side we use the following result from [24].

Lemma 4.16. Let g be a positive monotonically decreasing function on [a,b]. Let

p € INT. Then
b b p
/a 9(€) (€ — a)P ™ de < }g { / g(f)””tk“} .

Proof. Consider the two integrals as functions of the upper integration limit. a

We get

h‘
/ (
Uz — U; + U,

3 ; B)
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Next we bound the third term in (4.16). Assuming ¢, f € C?[0, 1], we have

[ @) - e -ag @)t — g = [ “(5— )" ()ds.
It Tk

Ty1

Thus,

/1 (9(2) — (¢ — 21)g") dz — hsrg

< Chimt / (s — ax) (1 + a*Qe*ﬁs/f) ds < Chysr (195} (w))2,

Ti41

by (3.30) and Lemma 4.16. Hence

. <C (195} (w))Q. (4.25)

i

1 N-1
/ (9 = hg')(@)dz = > hryign
* k=i

To bound the remaining terms we use the bounds on 1 and its derivatives from
Lemma 4.13. A Taylor expansion and (4.17b) yield

Lk

/ " 2]/ - 2
€ [tmk — o] <€ / W< o (08@) . @26

Tr—1

Finally,

/mk+1 (cp)(s)ds — Py (c)n

<hir [ ey (9)]dgds < Ch (82(@))

Ty

by (4.17a). Therefore,

<c (vl (@))2 . 4.27)

N—-1 i
Z hit1ckvr —/ (cip)(s)ds
k=i Ti

i

Applying (4.24)—(4.27) to (4.16) and taking the maximum over: = 0,..., N —1,
we get (4.18).

4.2.4 A Posteriori Error Estimation and Adaptivity

In Sect. 4.2.2 the stability of the discrete operator L was used to bound the error
in the discrete maximum norm in terms of the derivative of the exact solution.
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Now, in the first part of this section, roles are interchanged and the stability of the
continuous operator L is used to bound the error in the continuous maximum norm
in terms of finite differences of the numerical solution. We follow [64].

4.2.4.1 A Posteriori Error Bounds
Let u” be the piecewise-linear function that solves (4.3). Then (3.29¢) yields

lle = w1l oo < 201£ (= w™)|, o = 2min 4 (u = ™) + ¢ -

Clearly

min A () 4ol < A baaf . @28)

where a and « are the constants from (4.11). Furthermore, for any z € (z;_1, 2;),
A(u—u") +a—a=[Au"]; — (A) (z) — F, + F ().

We bound the two terms on the right-hand side.
Since (uV)" = ul, forall € (0,1) \ w, we have

[AuN]; — (AuN) (x)

N—-1 1 Tq
- Py 1boptiny — VulN) (s)ds + b(s) (u™) (s)ds
> et = [ () s+ [ 000 ()

T x

1 N—-1

— /ml (cuN) (s)ds —/ (cuN) (s)ds + Z hk+16ku;]€V,

Ts k=i

by the definitions of A and A and by integration by parts. For the terms on the
right-hand side, Taylor expansions give

< hk:+1||b/||oo ’u]kVJrl - U]kv )

Pk 1baitiny ) — / (V') (s)ds

Iyt1

/wk b(s) (uN)/ (s)ds

< [Iblloo Jur” — up"s ],

R prcrul 7/ (cu®) (s)ds
Ty1

< Bl lloo masx {fuly |, [ug 1} + A llelloo upyy — u’
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and

< hgllef| oo max{’um , |u£]_1|} .

[ () sgas

Thus,

146N — (Aa®) (@)] < Oy [ullyy =l [+ ol e (429)

with the constants C and C5 form Theorem 4.8.

Next bound F' — F.
Tk
[ reas

and

hig1 fr — (s)ds

Ty

S hz-i-l”f/”oo

yield
|F, — F(x)] < Csh.
Combining this with (4.28) and (4.29), then taking the supremum over all z €

(0,1) \ w, we get

.....

with the constants Cy, Cy and C3 from Theorem 4.8.
Finally, use (3.29c¢) in order to obtain the main result of this section.

Theorem 4.17. Let u be the solution of (4.1) and u™ that of (4.3). Then

Il — uNH‘EVOO <204 A% [uly — ui |+ 2k (Caol|u™ || ccw + Cs) -

Corollary 4.18. Theorem 4.17 and Corollary 4.7 yield

e = w™llle o < € _jmax Aia 1+ fuzl)

=0,...,

Note the analogy of these results to Theorem 4.8 and to Corollary 4.10.
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4.24.2 An Adaptive Method

From Theorem 4.8 it is easily concluded that the error of our upwind scheme
satisfies

H|ufuNwaoow_C max /\/1+u’ )2da.

On the other hand,

1
/ V14 u/(z)2dx < C,
0

by (3.30). Thus, if the mesh is designed so that
/ V14 (z)2de = / V14 (z)2de (4.30)
I 1 I;

fori = 1,..., N — 1, i.e., if the mesh equidistributes the arc length of the exact
solution, then

H’u_uNH‘aoow SCN?l' 4.31)
However, v’ is not available. An idea that leads to an adaptive method is to approx-
imate the integrals in (4.30) by the mid-point quadrature rule, and u'(z;_1/2) by
a central difference quotient and finally to replace u by the numerical solution uv
We get

/\/l—l-u’(x)de%hi 1"’(“%)2-
I;

Thus setting

we can replace (4.30) by
1N
in:NZ;thj for i=1,...,N —1. (4.32)
j:

Now solving the difference equation (4.3) and the discretised equidistribution prin-
ciple (4.32) simultaneously, we get an adaptive method.

Kopteva and Stynes [69] proved that the nonlinear system of equations (4.3)
and (4.32) possesses a solution and the error of the solution u” obtained satis-
fies (4.31). An essential ingredient in the analysis is the a posteriori error bound of
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Theorem 4.17. They proceed by considering a mesh movement algorithm, originally
due to de Boor [25], which starts with a uniform mesh and aims to construct a mesh
that solves the equidistribution problem (4.32).

In [69] it is shown that (4.32) does not need to be enforced strictly. The de Boor
algorithm, which we are going to describe now, can be stopped when the relaxed
equidistribution principle

Qih; <

=]

N

> h;Q; fori=1,...,N,
j=1

with a user-chosen constant v > 1 is satisfied.

Algorithm:

1. Initialisation: Fix IN and choose the constant C; > 1. The initial mesh wlo g
uniform with mesh size 1/N.

2. For k = 0,1,..., given the mesh wlkl compute the discrete solution uN- 5l on
this mesh. Set hgk] = xgk] - xyi]l for each 4. Let the piecewise-constant monitor
function M ¥ be defined by

B () = QM = Qi (W, W) or w e (aly,at).

Then the total integral of the monitor function MH is
' (4
Kl . orlk _ k] [k
1] .7/0 MW@t =" h"Q;".
j=1

3. Test mesh: If

then go to Step 5. Otherwise, continue to Step 4.
4. Generate a new mesh by equidistributing the monitor function M [*! of the current
computed solution: Choose the new mesh w!**+1] such that
ol Jio

or MW™(t)de T 0,..

(Since fom MFI(t)dt is increasing in z, the above relation clearly determines the
mesh w!**+1] uniquely.) Return to Step 2.
5. Setw* = wl and u™N* = uNI*! then stop.
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In [69] it is shown that the stopping criterion is met after O (| In¢|) iterations
and the error of the numerical solution obtained satisfies (4.31) with a constant

C=C).

Remark 4.19. Beckett [19] notes that when -y is chosen close to 1 the algorithm
becomes numerically unstable. The mesh starts to oscillate: Mesh points moved into
the layer region in one iteration are moved back out of it in the next iteration. Thus,
the parameter v must not be chosen too small. Values used in various publications
are 2 and 1.2, but may be problem dependent. &

To avoid these oscillations Linf3 [86] rewrites (4.31) as

(x; — 1“2‘—1)2 + (Uiv - “ij\il)Q

= (ziy1 —2)2 + (upyy —uM)? fori=1,...,N -1
Then he treats the system of (4.3) and (4.31) as a map

(0,1 = R*N Y e s (@, ul)
and applies a continuation method combining an explicit Euler method (predictor)
with a Newton method (corrector). The iteration matrices in each Newton step are
seven diagonal and in an example the numerical costs are approximately of order
N |In(N¢e)|. However, convergence of this method is not proved in [86].

4.2.5 An Alternative Convergence Proof

In this section we shall demonstrate how the (¢, ¢1) stability (4.8b) can be
exploited to study convergence of the scheme (4.3) on S-type meshes. The results
are less general than those of Sect. 4.2.2, but can be generalised to two dimensions;
cf. Sect. 9.3.2. In our presentation we follow [106].

By (4.8b), we have

Ju =™ o <87 ILu— [l - (4.33)

Thus, the maximal nodal error is bounded by a discrete 1 norm of the truncation
error ¢ := Lu — f:

Its

N-1
Lw = Z RG]
=0

Using the solution decomposition © = v 4 w of Theorem 3.48 and a triangle in-
equality, we can bound the truncation error pointwise:

Gl < [[Lo], = fi] + [ [Lw],].
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Separate Taylor expansions for the two solution components and the derivative
bounds of Theorem 3.48 yield

hi |Gl < © (hm th e_m,l/5> (4.342)

and

hi+1 |C1‘ < C{|hl+1 — hl| (1 + E_le_ﬂzi_l/(i)
(4.34b)
+ (h2+n2,) (1 + 5_26—5%4/5) }

In the analysis, assume the mesh generating function ¢ of the S-type mesh sat-
isfies (2.8) and that o > 2. For the sake of simplicity suppose ¢’ is nondecreasing.
This leads to a mesh that does not condense on [0, 7] as we move away from the
layer, i.e., h; < h;qq fori = 1,...,gN — 1, which is reasonable for the given
problem.

Now let us bound the ¢; norm of the truncation error. Apply (4.34a) to bound
hiy1|¢i| fori = ¢N,gN + 1 and (4.34b) otherwise. We get

qgN—1

K, <c S {(hiﬂ o (14 e emnre)
i=1

+ (h + hiy) (1 + 5_2e_5“1/a)}
(4.35)
+C (b e Prava/e g o=ran/e)

N-1
+C Z N2 (1 +5*2e76$i*1/5) .
i=qN+2

We bound the terms on the right-hand side separately in reverse order.
Let H denote the (constant) mesh size on 7, 1]. Then fori = ¢N +2,..., N —1

5—26—613,;_1/5 S 6—26—51‘]/66—[37'/6 S C(H/E>2e_5H/E S C’
since ;-1 > Ty + H =7+ H and o > 2. Thus,

N—-1
SN (1 + 67267&“*1/6) <CN-. (4.36)
i=qN+2
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Furthermore,
h + e_ﬂqu—l/E _|_ e—BIqN/E
4.37)
<h+ (1 + eﬁth/€> e PTaN/e <4 ON77,
by (2.11).
Next we bound the first sum in (4.35). We have
gN—-1
> (hiy1 —hi+hi+hlyy) <3h (4.38)
i=1
and
gN—-1
Y (hipr —hy) e/
i=1
gN—-1
= —h1efﬁml/‘S + Z h; (efﬁxi‘l/s — efﬁxi/a) + thefﬁqu‘l/s.
i=2

The mean value theorem, (2.11) and (2.12) imply

&

‘e_m“l/s — e Pui/el < p;EePrim/e < Ce N~ max |y [emPRi-1/(29),
€

Therefore, it follows that

gN—1
,1 Z 1+1 —Bz;/e <CON~ lmaij |Z hi 76:“ 1/(25)
i=1
Ineq. (2.11) also gives
qN hs T
D erArioa/9) <c/ e le P/ qy < C.
N & 0 -
i=1
Hence,
gN—1
gt Z hit1 — hi) e P%/5 < CN~' max || (4.39)
Similar calculations yield
gN—1
e Y (hf + hiyy) e Prr/f < CNT max [y (4.40)

i=1



100 4 Finite Difference Schemes for Convection-Diffusion Problems

Substituting (4.36)—(4.40) into (4.35) and applying (4.33), we get the uniform
error bound

|u—u"|_ _ <C(h+N""max[y]).

oo,w —

In [106] the authors proceed—using more detailed bounds on the discrete
Green’s function—to prove the sharper bound

o= ¥ g < OV

oco,wN[r,1] —

for the error outside of the layer region provided that (2.14) is satisfied by the mesh
generating function.

4.2.6 The Truncation Error and Barrier Function Technique

We now consider the convection-diffusion problem

—eu” —bu' +cu=f in(0,1), u(0)=u(l)=0 @.1)
discretised by
[f/uN]z = —Eué\%;i — blui\[z +eulN =f fori=1,...,N—1,
4.41)

N _ N _
Uy = Yp» UN = TV1-

In contrast to the scheme (4.3) this method is first-order consistent in the mesh nodes
on arbitrary meshes.

The analysis of this section uses the truncation error and barrier function tech-
nique developed by Kellogg and Tsan [61]. This was adapted to the analysis
of Shishkin meshes by Stynes and Roos [153] and later used for other meshes
also [137]. This technique can be used for problems in two dimensions too; see
Sect. 9.1 or [81, 107]. We demonstrate this technique by sketching the convergence
analysis for S-type meshes. For more details the reader is referred to [137].

The matrix associated with L is an M-matrix. Similar to (4.5), we have the fol-
lowing comparison principle for two mesh functions v, w € IRN*!:

Lv < Lw on w,
v < wo, — ov<w on w. (4.42)
vy < wn
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Theorem 4.20. Let w be a S-type mesh with o > 2; see Sect. 2.1.3. Assume that the
function ¢ is piecewise differentiable and satisfies (2.8) and (2.14). Then the error
of the simple upwind scheme satisfies

‘u —uN|< C(h+N‘1maX|z/J’|) for i=0,...,qN —1,
' N C’(h—l—N‘l) for i =¢qN,..., N.

Proof. The numerical solution " is split analogously to the splitting of u = v +w
of Theorem 3.48: u™¥ = v~ + w!¥ with

[LoN;=fi fori=1,...,N—1, v} =v(0), v =v(1) =
and

[LwN]; =0 fori=1,...,N—1, w) =w(0), wh =w(1)=0.

Then the error is u — v’ = (v — vV) + (w — w") and we can estimate the er-
ror in v and w separately. For the regular solution component v Taylor expansions

and (3.34a) give

L(v—o™)| = |[Lv]; — (Lv);| < Ch for i=1,...,N — 1.

Furthermore, (v — vV )g = (v — V)

yields

~ = 0. Then the comparison principle (4.42)

with some constant C', which is independent of €. Thus,

Jo =™, < Ch. (4.43)

Using (4.42), one can show that
h
[l | <@} OH<1+6’“> for i =0,...,N. (4.44)

For & > 0 we have In(1 + &) > ¢ — ¢2/2 which implies

w SwN<N”/2exp<2Z<ﬂh’“)>gczvl for i = gN,...,N;

2¢e
k=1
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see Remark 2.4. Hence,
lwi —w]| < Jws| + |wN| < CN™' for i =gN,...,N, (4.45)
where we have used (3.34b).

For the truncation error with respect to the layer part w, Taylor expansions
and (3.34b) give

[ﬁ(w — ’LUN)]Z < 0672 (hi + hz’+1) e*ﬁmz‘ﬂ/s

- ’[I:w]i

< Cele A7/ N1 max ¢

< Ce '@ N"'max|y/| for i=1,...,qN —1,

by (2.11) and (2.12). Note that wo — w}’ = 0 and |wyn — w)y | < CN~'. There-
fore, (4.42) yields

‘(w —wN)i’ < C’{N_1 —l—iI}ZNN_lmaXW/\}, for i =0,...,qN —1,
for C chosen sufficiently large. Thus,
|wi —w)¥| < CN~'max|¢’| for i=0,...,qN —1.
Combine (4.43) and (4.45) with the last inequality to complete the proof. O

Remark 4.21. We are not aware of any results for B-type meshes that make use of
this truncation error and barrier function technique. Also note that this technique
needs o > 2, while in Sect. 4.2.2 only ¢ > 1 was assumed. &

Remark 4.22. The technique of Sect. 4.2.2 also provides error estimates for the ap-
proximation of the first-order differences:

elftw—uM)all o, < CVH@).

In [33] the authors use the barrier function technique to establish that the upwind
scheme (4.41) on standard Shishkin meshes satisfies

-1 . B
el (" ~ ) »|s{CN A for i =0,
x50 CN-1 for i=¢N,...,N —1.

However, the technique in [33] makes strong use of the piecewise uniformity of the
mesh. &
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4.2.7 Discontinuous Coefficients and Point Sources

Consider the convection-diffusion problem in conservative form with a point source
or a discontinuity of the convection coefficient at d € (0, 1):

LU := —eu” — (bu) + cu = f + adyg, in(0,1),

u(0) = 0, u(l) = . (446
where dg4 is the shifted Dirac-delta function d4(z) = §(x — d) with d € (0,1). As-
sume thatb > $; > 0on (0,d) and b > B2 > Oon (d, 1) and set 5 = min {51, B=2}.
For the sake of simplicity, also assume that ¢ > 0 and ¢c—b" > 0 on [0, 1]. Properties
of the exact solution are studied in Sect. 3.4.1.3.

Following [88], we consider the upwinded finite difference method: Find u”™ €
RN+ with

[LCuNL = —6ugx;i — (bfuN)w- +eul = fi+Ag fori=1,...,N—1,
u(J)V =0, u% =M,
4.47)
where v~ (z) := lim Ov(s), v; =v (x;) and

A = {hH}l if d € [, mi41),
0 otherwise
is an approximation of the shifted Dirac-delta function.
The discrete operator L enjoys the stability property (4.8c). Therefore, it is suf-
ficient to derive bounds for the truncation error HLc(u —ulY) H 100, Adapting the
notation from Sect. 4.2.2, we set o

1

(A)(z) :=ev'(z) + (b~ v)(x) +/ (cv)(s)ds,

! if x; <
F(x) ::/ f(s)ds+{Cy n id’
z 0 otherwise,

N-1

[A%V], := evzy + (b_v)i + Z hi1 (cv),,
k=i

and

N-1 .
a if z; <d,
F; = E hit1fr + o
' P’ 0 otherwise.
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Inspecting (4.46) and (4.47), we see
Ay — F =const on (0,1) and A" — F =const on w.
Then, analogously to (4.13), we obtain

(A — A°u — F + F),
N-1 .
== =)+ 3 e = fo) = [ eu— ) ()
k=i x

i

since the contributions from the § functions and its discretisation cancel.
Proceeding along the lines of Sect. 4.2.2, we get.

Theorem 4.23. Let u be the solution of (4.46). Then the error of the simple upwind
scheme (4.47) satisfies

Il =¥, e <€ e, [ (14 0/ (e)]) e

£,00,W T T 41, I,
Corollary 4.24. Theorem 4.23 and the derivative bounds (3.36) yield

lla—wNll, o < COLL (@),
where

19[61;]1. (@) := i Hlla,XN/ (1 + e temPus/re 4 Hd(s)afle*m(sfd)/m) ds,
=1,..., Iy

and H is the shifted Heaviside function.

Remark 4.25. Layer-adapted meshes for (4.46) have been introduced in Sect. 2.1.5.
We have the uniform error bounds

||| N H| CN~1In N for the Shishkin mesh and
U —u
oo T | ONTE for the Bakhvalov mesh
if o1 > 1 and o5 > 1; see Sect. 2.1.5 for the bounds on 19([:’} (@). &

Numerical results

Let us verify experimentally the theoretical result of Theorem 4.23. Our test prob-
lem is

—eu’ —u' =2 4612 in (0,1), u(0) =u(l)=0. (4.48)
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Table 4.2 The upwind difference scheme
for (4.48); errors in the discrete maximum
norm

Bakhvalov mesh Shishkin mesh
N error rate error rate

27 2.822e2 0.95 3.898e-2 0.78
28 1.458e-2 097 2.277e-2 0.81
29 7.447e-3 098 1.299e-2 0.84
210 37793 0.99 7.280e-3  0.85
211 1.909-3 0.99 4.027e-3  0.87
212 9.610e-4 0.99 2.204e-3  0.88
213 4.828e-4 1.00 1.197e-3  0.89
214 2422e-4  1.00 6.454e-4  0.90
215 1.214e-4 1.00 3.462¢e-4 091
216 6.080e-5 — 1.848e-4 —

The results presented in Table 4.2 are in fair agreement with Theorem 4.23. Again
the Bakhvalov mesh gives more accurate results than the Shishkin mesh.

Further remarks

The traditional truncation error and barrier function technique of Sect. 4.2.6 can also
be applied to problems with interior layers. Farrell et al. [35] consider the problem
of finding u € C?((0,d) N (d, 1)) U C*[0, 1] such that

—eu” —bu' = f in (0,d)U (d, 1), u(0)=wu(1)=0,
where at the point d € (0, 1) the convection coefficient changes sign:
b(z) >0 forxz € (0,d), b(z) <0 forz € (d,1) and |b(z)| > B > 0.
The solution u and its derivatives satisfy
|u(k)(:v)| <C {1 + sfkefﬂ‘mfd‘/s} fork=0,1,...,q and z € [0, 1],

where the maximal order g depends on the smoothness of the data. Using the barrier
function technique of Sect. 4.2.6, in [35] the authors establish the error bound

Hu — uNHOO’w <CN 'InN

for the simple upwind scheme (4.41) on a Shishkin mesh.
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4.2.8 Quasilinear Problems

We now extend the results of Sect. 3.4.1 and 4.2.1 to the class of quasilinear prob-
lems described by

T = —eu” —b(-,u) + c(-,u) =0 in (0,1),

4.49
w(0) = 70, u(l) = (4.49)

with 0 < e < 1, 0,b > 8 > 0and J,¢ > 0 and its simple upwind discretisation

[TuN] o= —eull; — b(-,u™ )y +c(,u™);=0 fori=1,...,N—1,

i Tx;t

N _ N _
Uy =70, Uny =71

First, for the solution u of (4.49) and its derivatives, the bounds (3.30) hold true
too; see [166]:

]u(’“)(fr)’ <C {1+£_ke_ﬁz/5} fork=0,1,...,q and z € [0, 1],

where the maximal order ¢ depends on the smoothness of the data.
Next we use a standard linearisation technique to study stability properties of 7°¢.
For any two functions v, w € W1°°(0, 1) define the linear operator

Ly = LY, wly :== —ey" — (py) + qv.

with

p(x) = /0 ub(z, w(z) + s(v — w)(x))ds > 3

and

q(z) = /0 Ouc(z, w(z) + s(v — w)(z))ds > 0.

The linearised operator £€ is constructed such that £(v — w) = 7% — 7w on
(0,1). The analysis of Sect. 3.4.1 can be applied to £L¢. We get

|HU - w|||e,oo < ||TCU - Tcwal,oo

for all v,w € W with v —w € W™,
Similarly, we linearise 7. For arbitrary mesh functions v, w € IRV 1 set

[Leyls = [LOv,wly], := —eyza:i — (PY)asi + qi¥i
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with p and ¢ defined above. Again the linearised operator L¢ is constructed such
that L¢(v — w) = T°v — Tw on w. The technique from Sect. 4.2.1 can be used to
obtain

v = wl < Tv = Twll -y oo

forall v,w € RN with v —w EIRéVH.

£,00,w

In order to conduct an error analysis, take v = u and w = u” and proceed as in
Sect. 4.2.2 and 4.2.4 to get a priori and a posteriori error bounds.

Remark 4.26. Discretisations of quasilinear problems can also be analysed using the
truncation error and barrier function technique of Sect. 4.2.6 or using the ({o, ¢1)
stability (4.8b); see [36, 149] and [106], respectively. &

4.2.9 Derivative Approximation

In a number of applications the user is more interested in the approximation of the
gradient or of the flow than in the solution itself. In Sect. 4.2.2 the following error
bound for the weighted derivative was established:

€ H(u - uN)/HOO < 019[61;(@).

Note that u’(0) ~ ¢~! by (3.30). Therefore, multiplying by  in this estimate is the
correct weighting. However, looking at the bounds (3.30) for the derivative of w,
we see that the derivative is bounded uniformly away from the layer, where we
therefore expect that a similar bound holds without the weighting by ¢.

Theorem 4.27. Let u be the solution of (4.1) and u” that of (4.3). Then
/ N —1 (21 v)? -
ui—um|§0hi V(@) fori=1,...,N.

Proof. We work from the error expansion of Sect. 4.2.3:

Ny w; — y —ud — (uim1 — oy —ul ) n Vi — i1
Eit h; h;

Then

(=), <o (8@) . (4.50)
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by Lemma 4.13 and Theorem 4.14. Furthermore,

1
| — vzl = W / (5 —zi—1)u"(s)ds
% I;
2
= hg (s — i) (1 + e—Qe—ﬁs/f) ds < Ch;! (195} (@)) :
i J1,

by (3.30) and Lemma 4.16. Finally, a triangle inequality yields the assertion. a
Layer-adapted meshes.

Let us illustrate Theorem 4.27 by applying it to two standard layer-adapted meshes.
Bakhvalov meshes (Sect. 2.1.1) can be generated by equidistributing

K
Mp.(§) = max {17 K5 exp (—66> } for £ €[0,1].
€ o€
Clearly Mp, is continuous and monotonically decreasing. Therefore,

1 1
*/ MBa(S)dS = / MBQ(S)dS S hiMBa(xi—l)
N 0 I;

and

1
hi ge

< OCNMpq(zi—1) = CN max {1, KTB exp (_ﬂz’—l> } .

Now, (2.6) and Theorem 4.27 yield

K i .
|u;ui\{i|§C’N1max{1,ﬂexp <ﬂx 1)} if o> 2.
’ e o€

A very similar result was established by Kopteva and Stynes [72] through a different
technique.
Shishkin meshes (Sect. 2.1.3). For these meshes the local step sizes satisfy

InN
hi=252Y fori=1,...,¢N and h; > N~' for i=gN +1,...,N.
98 N
Hence, Theorem 4.27 gives

, N Ce !N~ 'InN fori=1,...,qN —1,
ui—uj.i|§ 5
CN-'®N  for i = gN,...,N.
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Outside the layer region this result is slightly suboptimal. Both in [43] and in [72]
it was shown by means of barrier function techniques that the approximation is a
factor of In NV better, i.e.,

[uiyy —uly| SCN'InN  for i=qN +1,...,N.

4.3 Second-Order Difference Schemes

As simple upwinding yields only low accuracy, it is natural to look for higher-order
alternatives. For one-dimensional problems inverse-monotone schemes exist that
are second-order accurate. One will be studied in Sect. 4.3.1. However, the con-
struction of inverse-monotone difference schemes in two or more dimensions is an
open problem.

Sect. 4.3.2 summarises stability and convergence results for an unstabilised cen-
tral difference scheme.

Possible other approaches to higher-order schemes include:

e the combination of two (or more) approximations by a first-order upwind scheme
on nested meshes by means of the Richardson extrapolation technique.

e their combination of simple upwinding with higher-order unstabilised schemes
using defect correction.

Both approaches have the advantage that linear problems involving only stabilised
operators have to be solved. Sect. 4.3.3 is devoted to these techniques.

Finally, we like to mention the HODIE technique which was used by Clavero
et al. [28] to construct and analyse second- and third-order compact schemes on
Shishkin meshes.

4.3.1 Second-Order Upwind Schemes

Because of their stability properties, they can be analysed with the techniques simi-
lar to those of Sect. 4.2. Consider the convection-diffusion problem in conservative
form:

LU= —eu” — (bu) +cu=f in (0,1), u(0) =79, u(l)=7v. (4.9

Let p;, @ = 1,..., N be arbitrary with p; € [1/2,1]. Define the weighted step
sizes

Xi = pi+1hiv1 + (1 —pi)h; for i=1,....N -1, xo=xn=0.
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Then following Andreev and Kopteva [11], our discretisation is: Find " € RN !
such that

[L”uNL. = fpi fori=1,...,N—-1, uév = o, u% =1, 4.51)
where
[LPv]; i= —evzzi — (pbv + (1 — p)(bv)*)gﬁ;i + (€v) psis
vy LT
Xi
and

o = Pir1Vier + (L= pivy + pi)vi + (1 = pi)vioa
pii = -
2

The approximation of the first-order derivative is a weighted combination of up-
winded and downwinded operators. At first glance the approximation of the lowest-
order term and of the right-hand side seems to be very non-standard. It is chosen
such that

Tpiid1/2
Xigp;i 1S a second-order approximation of / g(z)dx
x

pii—1/2

with z,;_1/2 = 251 + p;h;. For p = 1 /2 we obtain a central difference scheme,
while for p = 1 the mid-point upwind scheme is recovered.

This second-order upwind scheme is very similar to the streamline-diffusion
FEM, which is studied in Sect. 5.3.2.

4.3.1.1 Stability of the Discrete Operator

The stability analysis of the operator L” is complicated by the positive contribution
of the discretisation (cu™),,.; of the lowest order term to the offdiagonal entries of
the system matrix. It is difficult to ensure the correct sign pattern for the application
of the M -matrix criterion (Lemma 3.14). Instead we follow [85] which adapts the
technique from [11].

Set
i—1
[APv], == evz,i + p(bv); + (1 — p;)(bv)i—1 — ij(cv)p;j, 1=1,...,N.
j=1
This operator is related to L” by (A?v); = —LPv. Then any function v € IRy
can be represented as
W,
v = -V = Wi,

\%



4.3 Second-Order Difference Schemes 111

where V' and W are the solution of the difference equations
[APV], =1, i=1,2,...,N, V=0
and
[APW], = [APv], +¢, i=1,2,...,N, Wy =0

for any constant ¢ € IR.

Proposition 4.28. Assume that

1 € .
12pi2max{2,1—bilhi} for i=1,... N, (4.52a)
and
llclloch < B/4. (4.52b)

Then the matrix associated with AP is an M -matrix.

Proof. First (4.52a) ensures that the offdiagonal entries of A” are nonpositive,
while (4.52b) implies that the diagonal entries are positive.
For any monotonically increasing mesh function z; > 0 we have

1—1 1—2
c B
[AP2], > pibiz; — % S X (i +2) > 77~ lelloo > Xjzi
j=1 j=1

by (4.52).
Now let

i 4 -
2’0:21222:1, and lel_[ (14—”;”)(]@2) for iZS,...,N.
k=3

(4.53)

Clearly z; < e*llcll</8 and

gzi — |lellsoXi—22i-1,> gzi—la by (4.52b).

Then induction for ¢ yields

[Apz]i>§ for i=1,...,N.

Finally, application of Lemma 3.14 with the test function e; = z; completes the
proof.
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The M -matrix property of A? and the function z from (4.53) can now be used to
establish bounds on V and W:

oco,w ?

4 4
0<V; < 3% < Be‘*"c‘“/ﬁ and |W;| < V; || APv 4| i=1,...,N.

We get our main stability result.

Theorem 4.29. Let p and h satisfy (4.52). Then the operator L is ({sg,w™1>)-
stable with

8
ol < e 0=/ min || A% + clloc. - for all v € Y™

Remark 4.30. The (£, ¢1) stability

N-1

oll e < C Y x| ILP0],]
k=1

is an immediate consequence of the negative-norm stability.

Analyses of second-order upwind schemes based on this type of stability inequal-
ity were given by Andreev and Savin [12] for a modification of Samarskii’s scheme
on a Shishkin mesh [12], and on Bakhvalov meshes [4] and by Linf [87] for quasi-
linear problems discretised on S-type meshes. &

4.3.1.2 Error Analysis

We now study the approximation error of the scheme (4.51). Following [11,85], we
base our analysis on the (I, w™1:°°) stability of Theorem 4.29.
Choose

1/2 if h; <2e/b;_q,
gy J1/2 I hi s 2e/bicy (4.54)
1 otherwise.
This choice satisfies the assumptions of Theorem 4.29. Therefore,
—u < C'min||A”(u —u . 4.55
[u—u™, < Cmin]|A?(u—u®) +cf| (4.55)
Set
Tp;1/2

(A) (z) :=ev'(z) + (bv) +/

xT

(cv)(s)ds, F:= /%1/2 f(s)ds

and

i—1
Fip == Zkap;k
k=1
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Inspecting (4.9) and (4.51), we see that
A% —F =a on (0,1) and A?u”™ — FP =a on w

with constants « and a because L = —(A%)" and f = —F on (0,1), and
LPv = (APv)z and f = F? on w. Take ¢ = a — o in (4.55) in order to get

[|luw—u| <C '—I{I,?TNHAPUL — (A%u) (wp5i) + Flwp) — FF|. (4.56)

00,w i=

Setg :=cu— f,

[Bpu]l = EUgz;i + pzbzul + (]. - pi)bifluifl

and

Then

[APul; — (A%) (p;1) + F(2p0) — FY

Tpii—1/2

= [BPul, — (Bu) (xp5) + / 4.57)

Tpi1/2

i—1
g(s)ds =Y Xigpi-
j=1

When bounding the first term on the right-hand side of (4.57), we have to distinguish
two cases: 0; = 1l and o; = 1/2.
For 0; = 1 we have

[Bu], — (Bu)(zp;) =€ {ul_hul_l — u;} = hi/ u” () (t — z;_1)dt.
Thus,
|[B"u], — (Bu) (x,.)| < C/ (14727 ) = min)at,  @589)
I;

by (3.30) and because €/h; < ||b]|o/2 for p; = 1.
Next, consider o; = 1/2. Then

[Bpu]l - (BU;) (:L'pﬂ;)
Ui — Ui—1 / biu; + b —1u;—1
=€ T —Ui_1/2 - 5 - bi—1/2ui—1/27

where u;_1 /2 = u(x;_1 /7). Taylor expansions for u and v’ about x; give
i — Uj— 3e
M*u' S?/|Uﬂl(t)‘(t7f£1_1)dt
I;

€ . i—1/2
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and

biu; + b _1u; 1

B - bi71/2ui71/2

< 2/Ii|(bu)”(t)|(t —ziy)dt.

From this and (3.30) we see that (4.58) holds for o; = 1/2 too.
Finally, we bound the second term of the right-hand side of (4.57):

Tp,j+1/2 Tp,j+1/2
/ maw—xM%Jz/’ (9(5) — gp.5) ds.

Tp,j—1/2 Tp,j—1/2

The representation

@it
9(8) = gj+1 — i1 (Tj41 — 5) + / g' ()t — s)dt

yields
Tj41
! 1
90 = 909 = (s = 9)gjal <2 [ |g" (¢ = i)t
Tj_1
Next,
Tp,j+1/2 Tj+1 "
/ 9(8)ds = Xp,j9p.5| < 2(hj + hj+1)/ 9" (®)|(t — z;-1)dt
Tp,j—1/2 i1

Tjt+1
< C(hj + th)/ (1 + 5’2(3’&/5) (t— z;_)dt,

Tj—1
by (3.30) and because g = cu — f.
Combining this estimate with (4.56), (4.55) and (4.58), we get

Tit1
Hu—uNHOOW <C max / : (1—1—5_26_’8’5/5) (t — z;—q1)dt.
’ DT Ti1

i=1,...,.N

Finally, Lemma 4.16 gives the following convergence result.

Theorem 4.31. Let vV be the approximate solution to (4.9) obtained by the dif-
ference scheme (4.51) with p chosen according to (4.54). Assume ||c||oh < (/4.
Then

2
Ju=u., <€ (¥5@)
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Quasilinear problems

The conclusion of the Theorem also holds when (4.51) is adapted to discretise the
quasilinear problem

—eu = b(u) +e(u) =0 in (0,1), u(0) =0, u(l) =

with0 < e < 1, 9,b > 8 > 0 and d,¢ > 0. The scheme reads: Find v~ € R**!
such that

—eué\;;i — (pb(-,u™) + (1 - p)b(~,uN),)m. + c(xp;i,ufxi) =0 onuw,

N N
Uy =7, Uy =M

with the stabilisation parameter chosen to satisfy, e. g,

1/2 if hy < 2e/]b]|co,
pi = .
1 otherwise.

Discontinuous coefficients and point sources

Consider the convection-diffusion problem (4.46) with a point source:

LU= —eu” — (bu) + cu = f+ adg, in (0,1), u(0) =79, u(l) =1,
with the shifted Dirac-delta function d,4(z) = d(xz — d). The coefficient b may also
have a discontinuity at 2z = d. Assume thatb > $; > 0 on (0,d) and b > (2 > 0
on (d,1).

Using (4.51) we seek an approximation ¥ € IR"*! with

[L”uNL = fpi+Aapy fori=1,...,N—1, uév =0, u% =
with
x; ' ifdez i—1/25 Tpiit1/2)5
Ad,p;i = 7 P P

0 otherwise.

Then the above technique and the a priori bounds (3.36) for the derivatives of u
yield the error estimate [88]

2
Ju=u].., <C(95@)

where 19[5}1. (@) has been defined in Sect. 2.1.5.
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Remark 4.32. Roos and Zarin [143] study the difference scheme generated by the
streamline diffusion FEM on Shishkin and on Bakhvalov-Shishkin meshes for the
discretisation of a problem with a point source. They prove (almost) second-order
convergence in the discrete maximum norm too. &

A posteriori error estimates

in the maximum norm for (4.9) discretised by (4.51) can be derived using the
(Lo, W~1°°)stability (3.29¢) of the continuous operator £¢. However, compared
to Sect. 4.2.4 the analysis becomes more technical. Therefore, we refer the reader
to the article by Kopteva [64]. A flavour of the technique is given in Sect. 4.3.3.1
where a defect-correction method is analysed.

4.3.1.3 The Barrier Function Technique
Stynes and Roos [153] study a hybrid difference scheme on a Shishkin mesh (with
q = 1/2 and o > 4). Their scheme uses central differencing on the fine part of the

mesh and the mid-point upwind scheme on the coarse part.
Let us consider the convection-diffusion problem

Lu:=—eu" —bu'+cu=f in (0,1), u(0) =0, u(l) =1, 4.1)

with b > 3 > 0 and ¢ > 0 on [0,1]. This is discretised on a Shishkin mesh—see
Sect. 2.1.3—using the difference scheme

[LuM] = fi fori=1,....N—1, u} =70, ul =m (4.59)
with
[LU]Z- = 761}2@;1‘ - bivi;i + C;U; lf blhl S 26’
—€Vz¢3i — Dig1/2Vei + (CiVi + Ciy1vi11)/2  otherwise,
and

fi+1/2  otherwise.

For N larger than a certain threshold value Vg, the matrix associated with L is an
M -matrix and central differencing is used exclusively on the fine part of the mesh.
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Theorem 4.33. Let w be a Shishkin mesh with o > 2; see Sect. 2.1.3. Then the
error of the upwinded scheme (4.59) applied to (4.1) satisfies

N CN2I*N for i=0,...,qN —1
i =] <
CN~2 for i =¢qN,..., N,

if N is larger than a certain threshold value.

Remark 4.34. A similar scheme generated by streamline-diffusion stabilisation was
analysed by Stynes and Tobiska [154] with special emphasis on the choice of the
mesh parameter o. There it was first established that the mesh parameter o should
be chosen equal (or greater than) to the formal order of the scheme. &

Proof (of Theorem 4.33). Start with the truncation error. When 2¢ < b;h; we have
the bound

Tit1
[Lgl; — (59)#1/2‘ < 0{5/ lg" ()| ds

Ti—1

(4.60a)
o [ 11+ ds},
otherwise we use
I[Lg); — (Lg) |<C/ g"(s)|+ |g"(s)|]ds (4.60b)
and, if h; = hiyq,
[Lgl;, — (Lg);| < Chi / 19 ()] + 9" (s)]] ds. (4.60c)

For the analysis we split the numerical solution u¥ analogously to the splitting
u = v + w of Theorem 3.48 and Remark 3.50: u”¥ = vV 4 w® with

[LoN], = fi fori=1,...,N—1, v} =v(0), v = (1)
and

[LwM], =0 fori=1,...,N -1, w) =w(0), wy =w(l).

Then the error is u — v’ = (v — vY¥) + (w — w!¥) and we estimate the error in v

and w separately.
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For the regular solution component Theorem 3.48, Remark 3.50 and (4.60) give

f -1 for i =
|[L(U_UN)L~|:HLWL—fi|S{CN fi o,

CN~2 otherwise.
Note that (v — v™)y = (v — v™V) y = 0. Now set

1 for 1 =0,...,qN,

;= : h
v I1 (1+6k> for i=qN +1,...,N.
k=qN+1 €

Clearly ¢9 > 0 and ¢ > 0. Furthermore,

0 for i # gN,
Ly|, > 1—
Lelizy B S B0=D g — g,
Qg1 2

Application of a comparison principle with the barrier function C N ~2(1 — z; + ;)
yields

[0 =™, SCN72 (4.61)

since the matrix associated with L is inverse monotone as mentioned before.
Next, consider the layer component w. Let

H(Hﬂhk)uﬁ(ﬂ%) for i — 1.....qN.
P = { k=1 k=1
2H(1+6h’“> for i = ¢N,...,N.
The inverse monotonicity of the discrete operator L yields
waN’ < |v(0) = yol; for ¢ =0,...,N,
because L1) > 0. Furthermore, |w;| < Ce™#%i/¢ < C4);. Thus,
wz—wZN| <Cvy; fori=0,...,N

Now the argument that lead to (4.45) for the first-order scheme is imitated to
establish

w; —w] | < CN~? for i =¢gN,...,N, (4.62)

if o > 2 in the construction of the Shishkin mesh (Sect. 2.1.3).
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Fori=1,...,qN — 1 the truncation error with respect to w satisfies
| [L(w — wN)H < ON2In? Ne~le Pri-1/e < ON—21n? NE_llzi,
by (4.60c), Theorem 3.48 and Remark 3.50, where
Wy = ﬁ (1—1—%)_1.
pie 2e
The inverse monotonicity of L gives
|(w—wN);| <CN2In* Ny, for i=1,...,qN —1, (4.63)
because
[Ld], > Ce My for i=1,....qN -1

and because both |w0 — w(I)V| < CN~2and |qu — wéVN’ < CN~2.
Combining (4.61), (4.62) and (4.63), we are finished. a

4.3.2 Central Differencing

In numerical experiments [34, 50, 120] it was observed that central differencing on
Shishkin meshes yields almost second-order accuracy.

A drawback of central difference approximations is their lack of stability. The
discretisations are not maximum-norm stable. It will be seen in Sect. 4.3.2.1 that
the use of layer-adapted meshes induce some additional stability. However, the dis-
crete systems remain difficult to solve efficiently by means of iterative solvers. The
system matrices have eigenvalues with large imaginary parts. This becomes a par-
ticularly important issue when solving higher-dimensional problems.

We shall consider the discretisation

[Lu™] = fi fori=1,....N—1, ufl =70, uy=mn (4.64)

of (4.9), where
[L’UL = V350 — (bv)r,z + ¢;v;.

Similar to (4.4) this scheme is equivalent to a FEM with piecewise linear trial
and test functions, but with the trapezium rule

/ g(S)dS ~ higi_l +g’L
I 2

i

used to approximate the integrals on each subinterval I; of the partition.
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4.3.2.1 Stability

A first analysis was conducted by Andreev and Kopteva [10] who prove that central
differencing on a Shishkin mesh is (l, 1) stable. This result was later generalised
by Kopteva [70].

Theorem 4.35. Assume that

f[l(hzbi_l_;)/<h5b 1)

and that h; < phj for i < j with some constant ji. Then the central difference
operator L is (L, l1) stable with

<

1
i (4.65)

[ 4ﬂ Z hi [ L], (4.66)

Furthermore, let m be such that h; < 2¢/b;j_q1 for i = 1,...,m and
huns1 > 2¢/by,. Then the operator L is (I, w™1>)-stable with

11
||’UHoo,w S 26 ‘_1maX E hk [L’U]k .
J=1,.. £

for any mesh function v with [Lv], = 0 for i > m.

Proof. The argument is very technical and therefore not presented here. Instead the
reader is referred to the original work by Kopteva [70]. a

4.3.2.2 A Priori Error Bounds

Based on Theorem 4.35 Kopteva [70] established convergence results for central
differencing on two types of layer-adapted meshes:

N CN—2 for Bakhvalov meshes with o > 2,
[Ju—u™]| ., < , (4.67)
oo CN~2In* N for Shishkin meshes with o > 2;
The (I, 1) stability (4.66) was used by Roos and LinB [138] to prove
Ju—uN||_ < C(h+max|¢| N 1) (4.68)

on S-type meshes with 0 > 3. A similar result was given by Kopteva and Linf3 [71]
for certain quasilinear problems of type (4.49).
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Another approach to study central differencing on Shishkin meshes is that of
Lenferink [76,77]. He eliminates every other unknown to get a scheme whose sys-
tem matrix is an M -matrix.

4.3.2.3 Derivative Approximation

For the central-difference scheme (4.64) on S-type meshes with o > 3 we have the

second order bound
e[ v aa] < O N o))"

The proof in [138] uses the bound (4.68) for the discretisation error, then interprets

the scheme as a finite element method with inexact integration and finally applies a

finite element technique [173] to get the bound for the derivative approximation.

4.3.3 Convergence Acceleration Techniques

In the early 1980s Hemker [51] proposed the use of defect-correction methods when
solving singularly perturbed problems. However, the first rigorous proof of uniform
convergence of a defect-correction scheme was not published before 2001 (Frohner
et al. [43]). Various analyses by Nikolova and Axelsson [16, 126] are at least not
rigorous with regard to the robustness, i.e. the e-independence of the error con-
stants, while the analysis by Frohner and Roos [44] turned out to be technically
unsound [42].

4.3.3.1 Defect Correction

Let us consider the defect correction method from [43] for our model convection-
diffusion problem in conservative form:

LU= —eu” — (bu) +cu= f in (0,1), u(0) =79, u(l)=v. (4.9)
It is based on the upwind scheme
[LcuN]i = —augm - (buN)m;i +cul = fi (4.10)
combined with the unstabilised second-order central difference scheme

[ZCuN] = —cul) G (buN)i;i + CiuZN = fi.

i T
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With this notation we can formulate the defect correction method. This two-stage
method is the following:

N

1. Compute an initial first-order approximation 4" using simple upwinding:

[LeaN], = f; fori=1,...,N—1, @) =, iy ="mn. (4.69a)

2. Estimate the defect ( in the differential equation by means of the central differ-
ence scheme:

G =[LaN);— f; fori=1,...,N—1. (4.69b)
3. Compute the defect correction A by solving
[LCA]I-:K}Z‘CZ‘, for izl,...7N—1, A():AN:O (469C)

with R; = hz/h1+1
4. Then the final computed solution is

uV =V — A (4.69d)

Remark 4.36. At first glance both the upwind discretisation and the particular
weighting of the residual in (4.69c) appear a bit non-standard. No justification for
these choices is provided by [43, 93]. An argument that suggests this particular
choice is presented in [101].

Furthermore, the weighting becomes the standard x; = 1 on uniform meshes;
however, when used on non-uniform meshes, x; = 1 might reduce the order of
convergence which is illustrated by numerical experiments in [101]. &

In the analysis of the method we use the following notation:

1

(A) () == ev'(z) + (bv)(z) +/ (cv)(s)ds, F(z) ::/ f(s)ds,

€T

N-1 N-1
[A%], = evgy + (bv), + Z hiyr (ev),, Fy:= Z Ryt fr
k=i k=i

and

o)+ (), PN
i Nt s S hfeon, = e

[gcv] = evz, +
k=i k=1

The differential equation (4.9) yields

AU — F = a = const, (4.70)
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while (4.69b) and (4.69¢) imply

A°A — (A\CﬂN - ﬁ) = a = const. (4.71)

A priori analysis
The negative norm stability (4.8c) of the operator L¢ yields for the error of the
defect-correction method

=, o, < 20A° — B — )|

£,00,w — 00,w

R N 4.72)
+ 2||ACU - F+ a“oo w’
by (4.70) and (4.71), where « is the constant from (4.70).
The second term in (4.72) is the truncation error of the central difference scheme.
It is formally of second order. The first term is the so called relative consistency
error. While the error u — @V of the simple upwind scheme is only of first order,
the hope is that A and A are sufficiently close to gain second order in this term
too.
Consider the relative consistency error first. Let ) :== u — @” denote the error of
the simple upwind scheme. A straight-forward calculation and summation by parts
give

N—-1
[(Ac - A\C)T]]i — w + Z hkﬂLlM _ %(Cn)“
k=i+1

which can be bounded by

o el
= 29| < (ol + 102 e = i

oo + |lc
e L

Thus,
2
c e 2]/ —
4 = Al < € (e s =l + Al ) < € (95@)"
4.73)
by (4.50) and because h < 19£1d] (w) < 195 (@).
Remark 4.37. The first term, the maximum difference of the error of the upwind

scheme in two adjacent mesh points, constituted the main difficulty in [43]. With
the error expansion of Sect. 4.2.3 this has become a simple task. &
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Next, le/t\ us bogpd the tmncz}\tion error of the central difference scheme. By (4.70)
we have (Au — F); —a = (A®u — F); — (Au — F),_, 5. Hence,

~

(bu)l + (b’u)i,1

(A.\cu—F)Z—CV‘ SE uz,z_u;1/2’+‘ 2 _(bu)i_l/g‘
N ) (4.74)
+ > g —/ g(s)ds
k=i Ti—1/2

with ¢ = f — cu. Using Taylor expansions for u, v’ and (bu)" about x = z;, we
obtain

Ussi — ui—l/Q‘ < 355 /I(S . xi71)|u///(s)|ds <C (7‘95&] (@))2 4.75)

< ;/I(s —xi—1)|(bu)”(s)|ds < C (05}(@))27

i

by (4.9), (3.30) and Lemma 4.16.
For the last term in (4.74) a Taylor expansion gives

hi hi / o hi
59k T g 9k-1/2 /zkm g(s)ds| < g”g

< Cnj (14 2e7Am1r2/) < oy (05 (w))g,

//||
007(9%—1/2»9%)

(4.76a)

where we have used (3.30) and Proposition 4.15 with x = z3_1/5 and 0 = 2.
Furthermore, we have

2 x
‘thrl hici1 / kt1/2
x

5 Ik + g Jk1/2 T g(s)ds

k

Tk+1/2 ) 2], - 2
<t [ (0 - ) lg"(0)]do < Chi (9(@))

k

(4.76b)

by (3.30) and Lemma 4.16. Combine these two estimates:

1

N
Sig- [ glo)s
k=i z

i—1/2

< {2 + 12 (14 2etmmle) b < o (o) (@))2 ,

by Proposition 4.15.
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Therefore,
Ge, _ B 20\
HA u—F— O[Hoo,u; <C (ﬁcd(w)> ’

by (4.9), (3.30) and Lemma 4.16.
Collect (4.72), (4.73) and the last inequality to get the main result of this section.

Theorem 4.38. Let u be the solution of (4.9) and u" that of the defect correction
method (4.69). Then

2
=™l o < € (B @)

£,00,w —

Derivative approximation

For = € I; a triangle inequality gives

e/ (x) —up| < el (2) —uayl +e|(u' —uN)zyl

2
< elu'(2) — uzal + € (92@)

by Theorem 4.38. The representation

u'(z) —uzy; = hl/ / u' (t)dtds. 4.77)
) I,; S

yields
e Ju/ (x) — uzs| < CON(@), by (3.30).

Thus, in general we only have a first-order approximation for the e-weighted deriva-
tive:

e/ (z) — uzs| < CY(@) for x € I,

This result is sharp.
For the midpoint x;_; /o of the mesh interval I; we expand (4.77) to give

1 T t
U (2521 /2) — Uz = —/ / / u'"’(€)dédtds.
hi IiJs Jxi_1)

The right-hand side can be bounded using (3.30) and Lemma 4.16. We get

2
3 ‘U/(.’Eifl/Q) — Ui;i| < C (19[63] ((IJ)) 5
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and finally
|U T;— 1/2 — Uz | < 0(19[2](@))

This means that the midpoints of the mesh intervals are superconvergence points
for the derivative and we can define a recovery operator R for the derivative. For a
given mesh function v € IRN*!, let Rv be that function that is piecewise linear on
the mesh w = {0, T141/2,T241/2y s TN-1-1/25 1} and satisfies

(Rv)i71/2 =vz; fori=1,...,N.
Then one can prove

ol — Rl <0 (92)@)

A posteriori analysis

The next result is an extension of Lemma 2.2 in [64] which gave bounds in the
mesh points only. It is an essential ingredient for the analysis of second-order app-
roximations.

Theorem 4.39. Let the hypothesis of Theorem 3.45 be satisfied. Let 1) be the solu-
tion of the boundary value problem

L =—-¥" in (0,1), u(0)=u(l)=0

with
U(x) = Ai_1j2(x —xi_1/2) for x € (wi-1,24).
Then
h;, h?
< O* ) in | —% . i
ol < 0% e {ispfmin | o
where

_ 2lIblloc +lelloc + 5

C %

Proof. Let © € (0,1) be arbitrary, but fixed. The Green’s function representation
gives

1 N
) = / 9¢G(x, ) F(£)dE = ZAiq/zJi
0 i=1
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with
Ji = /1 0:G(2,6)(§ — wi_1/2)dE.
A first bound for the J;’s is
51 < | [ 006 00€ ~ oo < 5 [ e ola @

while integration by parts yields

- [ ot [l o g

Hence

h2
a1< 5 [ lotgt.e)|as

2

< 2 [ 1500 + 101 0661 + )6 . e

This estimate is combined with (4.78) to give

h?  h;

|J;| < min [
2Bl

}/[m(g)Jr||b|oo|a§g(xv§)|+||C|oog(zvf)]d€-

I;

Multlply by |Ai—1/2 ,
and note that

., IV, use a discrete Holder inequality

2[|6l[oo + lleflo

1
/0 (6) + Pl 106G, O] + el Gl )] < 14 222

by Theorem 3.20. This completes the proof. a

With these stability results at hand we can now derive our a posteriori error
bounds. We shall identify any mesh function v with its piecewise linear nodal inter-
polant.

Theorem 4.40. Let the hypothesis of Theorem 3.45 be satisfied. Set g := f — cu™.
Then the error of the defect-correction method satisfies

Hu—uNHOOSni=m+772+773+774+775
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with
h ng N
m = C* max min{ }9112 bu™) s
et N 2+ (),
N-1
1 1 g1 — hy
2 - E :I{l (bA)j7z y T3 = Bi:f}’l%)]sf—l kz_: 72 CkAk )
LN
— h3 "
g 66; 119" oo 1,

and

3
ms = g5 max K209 e, + ™)

Proof. By (4.70) and (4.71) we have, for x € (z;-1, z;),

A (u—u) (2)
= F(z) — F; + [AuN], - (AuV) () — [(A° - A°)A], + o —a.

Recalling the definitions of F, F , A, A€ and A\C, we obtain the representation

A (u—u) (z)
1 N bu ) (bu )
hegr + =L () (2
/xg Z Kk 2 (b (4.79)
N-1
—h thH cAk+a—a
k=

Taylor expansions yield
1 N 1
[ ods =3 tug = [ g g"))s + (@irya = )i+ pila),
xr k=i xZ;

where g/ is the piecewise linear interpolant of g, and

(bUN)i + (buN)ifl

2

- (bUN) (@) = (®i—1/2 — @) (bUN)j’i + fii(x)
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with
3h? 3 3h?
lilloes, < 519 crs, and il g, < 555 00|,
Substitute the above two equations into (4.79). We get
A (u— uN) (z)
1
- / (9= 9")(s)ds + (zi-1/2 — x) (gi—l/z + (buN):E,i)
N-1
R hgy1 —h -
- 52 (0A);; — Z %%51@ + (i + i) () + @ — a.
k=i
Furthermore,

N

1
1
[ a=aos| < 35 > h 1
i i=1

xT;

Finally, note that (Av)’ = —Lv. Use Theorems 3.45 and 4.39 to complete the
proof. ad

Remark 4.41. The error estimate of Theorem 4.40 contains terms, namely 74 and
75, that in general have to be approximated, for example

19— Gi—1
¢ ~ 220

i —29i-1/2 + gi-
’ g” %49 g 12/2 gi—1
h; h;

and

(buN)l — 2(b’U,N)1;_1/2 + (b’U,N)Z',l

(bu™)" ~ 4 2

The additional errors introduced this way are of third order and therefore decay
rapidly when the mesh is refined. &

An adaptive mesh algorithm

Based on Theorem 4.40, the de Boor algorithm described in Sect. 4.2.4.2 can be
adapted for the defect-correction method by choosing

5 1/2
Qi =Q;(uN, Aw) == {Po + Zpkﬁk;i} (4.80)

k=1
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with
hi B2
qo=ming ——, —L b g, bu™)_ |, i = hi [(bA); 1,
M. Inln{lbnoo 45} Gimrjp+ (bu’) | e (04);;
N—1
hikt1 — hg 2
N353 = Z %Q@Ak v Mg = 33 |gi —2gi-1/2 +gi71| ’
k=i

1
N5y 1= %hi 19 — giea| + [(u™)i — 2(bu™ );_1 /2 + (bu™N)i—1|

and non-negative weights py.

Remark 4.42. The square root in (4.80) is necessary because the underlying method
is formally of second order. &

Remark 4.43. The numerical experiments in [101] indicate that n; contains suffi-
cient information to steer the mesh adaptation. Therefore 7, K = 2,...,5, can
be set to zero, however pp must not in order to avoid mesh starvation in regions
where the solution does not vary much. This reduces the computational costs in the
remeshing phase of the de Boor algorithm. &

4.3.3.2 Richardson Extrapolation

Richardson extrapolation on layer-adapted meshes was first analysed by Natividad
and Stynes [124]. They study a simple first-order upwind scheme on a Shishkin
mesh and prove that Richardson extrapolation improves the accuracy to almost
second order, although the underlying scheme is only of first order. The analysis
in [124] is based on comparison principles and barrier function techniques.

Here we shall pursue an alternative approach similar to the one in [93] that is
based on the (I, w™1°°) stability and on the error expansion of Sect. 4.2.3. Again
consider the conservative form of our model problem:

LU := —eu” — (bu) +cu=f in (0,1), u(0) =79, uw(l)=m. (49

Given an arbitrary mesh @, let @’ : 0 = Tijp <1 < Tipye <<y =1be
the mesh obtained by uniformly bisecting @. Let %" be the solution of the upwind
scheme (4.10) on @ and

2N 2N 2N | 2N 2N 2N
u :(uO au1/27u1 7---7uN—1/27uN)

that of the difference scheme on &. Since (4.10) is a first-order scheme we combine
@V and 72N by

N._9=2N _ =N _
u; =2u; —u; fori=0,...,N,

in order to get a second-order approximation defined on the coarser mesh .
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In addition to the notation introduced on p. 122 set

N-1
~ V; — Vi1 CkUL + Cly1/2Vk+1/2
A% = 2e——— + by, h
[A%v], 5 W + bv; + kg_. k+1 >
and
N-1
~ Jr + fra1/2
F; = g hk“%'
k=i

The differential equation (4.9) and the difference equation (4.10) yield
Au—F=a, AN —F=a and AN —F=a.

A direct calculation gives

L (wmuwe
h; i—1/2

+ {bz(UQN —u;) — b 1/2( i 1/2 - Ui—l/z)}

hi, _
- {Q(CUQN - Cu)i—1/2

N—1
+ Z hirr [(c@®N — cu) gy /o — (c@®N — cu)k}}
k=i

N-1

1
h;
+ s)ds — —¢g;_1/2 — E h
{/i—l/z q(s) D) gi—1/2 k+1gk+1/2}

k=i

with ¢ = cu — f. The first term on the right-hand side is bounded by 019[2] (@)?,
see (4.75) The second and third term can be bounded by 019 ( )? using the tech-

nique that gave (4.73). The last term is also bounded by Cﬁu( )2, since similar
to (4.76) we have

h h2 Tk 2
i9k71/2 - *kgz/gq/z - / g(s)ds| < Chy, (79[3(1] (‘D)) ;
2 8 .

k—1/2

and

hk h2 /zk+1/2
gk 1/2 g(s)ds
2 5 Ok .

Finally, using the stability inequality (4.8c) we obtain the following convergence
result.

< Chi (19[2]( ))
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Theorem 4.44. Let u”Y be the approximate solution to (4.9) obtained by the
Richardson extrapolation technique applied to the simple upwind scheme (4.10).
Then

2
=, o, < © (92@)°

£,00,w —

Corollary 4.45. Theorem 4.44 and interpolation error bounds (see Sect. 5.1) give
N ’ N 2,1\
Ju— ¥ e o = R < ¢ (@),

where R is the recovery operator from Sect. 4.3.3.1.

4.3.4 A Numerical Example

The following tables contain the results of test computations for test problem (4.14):
—eu’ —u +2u=e""1, wu(0)=u(l)=0.

We test the performance of:

e second-order upwinding

e central differencing

e defect correction and

e Richardson extrapolation.

In the experiments we have chosen ¢ = 10~8. The meshes have been constructed
with parameters 0 =2, 3 =1land ¢ = K = 1/2.

The numerical results in Tables 4.3 and 4.4 are clear illustrations of the conver-
gence estimates of Theorems 4.31, 4.38 and 4.44 and of (4.67). Furthermore, as the
theory predicts, all four methods give higher accuracy on Bakhvalov meshes than
on Shishkin meshes.

Finally, we consider a modified Shishkin mesh which is constructed as fol-
lows. Pick the transition point 7 = 2¢3 !In N as usual. Set h = 27/N and
H = 2(1 — 7)/N. Then the mesh is defined by

h if i < NJ2,
hi = 4H/3 if i isoddandi > N/2,
2H/3 if i isevenandi > N/2.
Thus, instead of a uniform mesh on each of the two subdomains [0, 7] and [7, 1] we

use non-uniform, though very regular sub meshes. A similar mesh was considered
in [26].
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Table 4.3 Second-order schemes on Shishkin meshes

second order central defect Richardson

N upwinding differencing correction extrapolation

27 3.29-04 1.61 1.37e-04 155 2.32e-04 1.64 2.33e-04 1.57
28 1.07e-04 1.66 4.66e-05 1.62 7.47e-05 1.68 7.86e-05 1.64
29 340e-05 1.70 1.52e-05 1.67 2.33e-05 1.72 2.53e-05 1.69
210 1.05e-05 1.73 4.79¢-06 1.70 7.06e-06 1.75 7.86e-06 1.72
211 3.17e-06 1.75 147e-06 1.73 2.10e-06 1.78 2.38e-06 1.75
212 943e-07 1.77 443e-07 176 6.12e-07 1.79 7.07e-07 1.77
213 277e-07 179 1.31e-07 178 1.76e-07 1.81 2.07e-07 1.79
214 8.02e-08 1.80 3.83¢-08 1.79 5.03e-08 1.82 597e-08 1.81
215 230e-08 1.81 1.11e-08 1.81 1.42e-08 1.83 1.71e-08 1.82
216 6.54e-09 1.83 3.16e-09 1.82 4.00e-09 1.84 4.84e-09 1.83
217 1.85¢-09 1.84 895e-10 1.83 1.12e-09 1.85 1.36e-09 1.84
218 517e-10 — 2.52e-10 — 3.10e-10 — 3.81e-10 —

Table 4.4 Second-order schemes on Bakhvalov meshes

second order central defect Richardson

N upwinding differencing correction extrapolation

27 5.81e-04 236 9.67e-05 199 2.74e-04 194 1.16e-04 194
28 1.13e-04 2.11 2.43e-05 2.02 7.14e-05 197 3.01e-05 1.97
29 2.62e-05 2.05 598e-06 1.99 1.83e-05 198 7.67¢e-06 1.99
210 6.34e-06 227 1.51e-06 2.00 4.63e-06 1.99 1.93e-06 1.99
211 131e-06 236 3.77e-07 2.00 1.16e-06 2.00 4.86e-07 2.00
212 255¢-07 211 9.45¢-08 201 292e-07 200 1.22e-07 2.00
213 590e-08 2.05 2.34e-08 1.99 7.30e-08 2.00 3.05e-08 2.00
214 143¢-08 2.05 5.89-09 200 1.83e-08 200 7.63e-09 2.00
215 3.46e-09 200 1.47e-09 200 4.57e-09 2.00 1.91e-09 2.00
216 8.64e-10 2.00 3.68¢-10 2.01 1.14e-09 2.00 4.77e-10 2.00
217 2.16e-10 2.00 9.16e-11 2.00 2.86e-10 2.00 1.19e-10 2.00
218 540e-11 — 2.30e-11 — 7.14e-11  — 2.98e-11 —

For this mesh 195] (@) < CN~'In N and almost second order convergence is
guaranteed for the upwind scheme, defect correction and Richardson extrapola-
tion. This order of convergence is observed in our computational experiments; see
Table 4.5. However, for central differencing the observed rate is only one. Thus,
on this mesh the assumption (4.65) must be violated. In [26] it is shown that for
b = const and ¢ = 0 the stability constant in (4.66) blows up for N — oco.

Remark 4.46. This means that for central differencing a general result like
N 2 o)
||’LL*’U, Hoow §C<ﬁcd(w))

cannot hold. &
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Table 4.5 Second-order schemes on modified Shishkin meshes

second order central defect Richardson

N upwinding differencing correction extrapolation

27 1.30e-03 1.61 6.73e-03 098 5.94e-04 146 7.66e-04 1.46
28 427e-04 1.66 3.41e-03 0.99 2.16e-04 1.57 2.77e-04 1.58
29 1.35e-04 170 1.72e-03 099 7.25¢-05 1.65 9.25¢-05 1.65
210 417e-05 1.72 8.63e-04 1.00 2.31e-05 1.70 2.94e-05 1.70
211 1.26e-05 1.75 4.32e-04 1.00 7.11e-06 1.74 9.04e-06 1.74
212 376e-06 1.77 2.16e-04 1.00 2.13e-06 1.77 2.71e-06 1.76
213 1.10e-06 1.79 1.08e-04 1.00 6.24e-07 1.79 7.97e-07 1.79
214 320e-07 1.80 541e-05 1.00 1.81e-07 1.81 2.31e-07 1.80
215 9.18e-08 1.81 2.70e-05 1.00 5.16e-08 1.82 6.63e-08 1.82
216 261e-08 1.82 1.35-05 1.00 1.46e-08 1.83 1.88e-08 1.83
217 737e-09 1.84 6.74e-06 1.02 4.11e-09 1.84 531e-09 1.84
218 207e-09 — 3.33e-06 — 1.15e-09 — 1.49¢-09 —

This observation has far reaching consequences, in particular in higher dimen-
sions, where it is difficult, if not impossible, to construct uniform or nearly uniform
meshes. Therefore, stabilisation in regions where the mesh is coarse becomes
essential.

4.4 Systems

We now leave the scalar convection-diffusion equation and move on to systems of
equations of this type.

4.4.1 Weakly Coupled Systems in One Dimension

Consider the weakly coupled problem from Sect. 3.4.2:

Lu = —diag(e)u” — diag(b)u’ + Au=f on (0,1), @81)
u(0) =u(l) =0, '
where € = (£1,...,2¢)" and the small parameter ¢y, is in (0,1] for k = 1,... .
Assume that for each k one has ay;, > 0 and either by, > () or by, < —[j on [0, 1]
with positive constants by.
We follow [96] and discretise (4.81) by means of the simple upwind scheme that
was studied in detail in Sect. 4.2: Find w € (IR} ™")* such that
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where f; = f(2:) = (fiis foir - s foi) s Lo = (L)1, (Lw)a, - .., (Lo)e)
l

(Lv),, == Agvy, + Z oy U,

m=1

m#£k

and

[A U] . —EkVzxy — bk;ivm;i + Akk;iUs if bk > 07
k = .
—EkVaz;i — DkyiVzy + Qrkyivs i by <0,

4.4.1.1 Stability

The stability analysis for the discrete operator is conducted along the lines of the
continuous analysis. By the definition of L and the Ay’s we have, for any vector-
valued mesh function v € (Rév +1) ¢

Apve ==Y apvm + (Lv), on w, k=1,...,L (4.83)

m=1
oo,w}

me#k
for, k = 1,...,¢, where the £ x ¢ constant matrix I' = I'(A, b) = (jxm) is—as in
Sect. 3.4.2—defined by

Then Theorem 4.3 yields

(Lv)y,
by,

m=1
m#£k

: (Lv)
orllsew + > T im0 < min{Hakk’“
o0

Akm

Ak

Qkm

by

Yk =1 and gm = —min ‘ for k # m.
00,w

We reach the following stability result.

Theorem 4.47. Assume that the matrix A has non-negative diagonal entries. As-

sume that T'( A) is inverse-monotone. Then fori =1, ..., one has
f (L),
Vil o0 Z k min 2
k=1 a’kk 00,w k 00,w

for any mesh function v € (ZRN H) ¢
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Remark 4.48. Theorem 4.47 implies

£
||UHoo,LD = kgaxf HU’CHOO,(D S ¢ HLv”oo,u forall v € (Rév+1) ’

i.e., the operator L is (¢, )-stable although it does not obey a comparison
principle. &

Corollary 4.49. Under the hypotheses of Theorem 4.47 the discrete problem (4.81)
has a unique solution u®, and

[ oo < Cliflles

0o, —
for some constant C.

Remark 4.50. One can also use (4.8c) when bounding (Lwv), in (4.83) to establish
that
forall v € (ﬂ%é\]"’l)lZ .

L
ol < C max|(Lv)

] yeeny

00,& < k”fl,oo

This allows to analyse the difference scheme (4.82) when applied to problems whose
source terms consist of generalised functions like the d-distribution. &

4.4.1.2 A Priori Error Analysis

Following [96], we split the error 17 := u — u” into two parts 1, € (IR) ™)
as n = P + ¢ with

L
Ak:,(/)k = (Ln)k and Ak@k = - Z AfmTm O W, k= L... 76'

m=1
m#k

A triangle inequality and Theorem 4.3 yield

YA
17 ] 0o < 1kl — D Akm IMmlloe s E=1,...,L

m=1

mAk
Assuming that Tisan M -matrix, we obtain

Ju—u| <Ol
and we are left with bounding ).

The components of 1) are the solutions of scalar problems to which the technique
of Sect. 4.2.2 can be applied. The following general error bound is obtained.
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Theorem 4.51. Assume that the matrix A has non-negative diagonal entries.
Assume that T'(A) is inverse-monotone. Let u and u™ be the solutions of (4.81)
and (4.82). Then

¢
|lu— uNHOO@ < Ci:q{?}fN /I {1 + Z |u§n(s)] ds.

m=1

Corollary 4.52. The a priori bounds on the ul, in Sect. 3.4.2.2 can be used to derive
more explicit error bounds:

Ju— ||, < 0ol (@)

Note, the quantity 19[21]7 (@), p > 0, has been defined in Sect. 2.1.6.

Remark 4.53. We immediately obtain, for example,

H N H < CN—! for Bakhvalov meshes,
uU—u
eow CN~'Iln N for Shishkin meshes,

when the mesh parameters satisfy o,,, > 1. &

4.4.1.3 A Posteriori Error Analysis

Alternatively, one can appeal to the strong stability (3.29¢) of the scalar continuous
operators and combine the arguments of Sect. 4.2.4 and 4.4.1.1, in order to get the
a posteriori bound

£
Ju—u| < C _max {1 +Y |uﬁ7m;k|}.

=0,...,
m=1

The constant(s) involved in this error bound can be specified explicitly; cf.
Sect. 4.2.4.

4.4.2 Strongly Coupled Systems

We now consider strongly coupled systems of convection-diffusion type, i.e., for
each k one has by, # 0 for some k # m. Strong coupling causes interactions
between boundary layers that are not fully understood at present. The main papers
on this problem are [1, 100, 127, 128].
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The general strongly coupled two-point boundary-value problem in conservative
form is: Find u € (C2(0,1) N C[0,1]))" such that

L := —diag(e)u” — (Bu) + Au=f in 2:=(0,1), 4.84)
u(0) =u(1l) =0, '
where as before f = (fi,..., f¢)T, while A = (ag,,) and B = (by,) are £ x £
matrices, and the ¢ x ¢ matrix diag(e) is diagonal with k™ entry &, for all k. Fur-
thermore, let by, > By, or by, < — 0 on [0, 1] with positive constants 3.
We follow [100] and discretise (4.84) using the upwind scheme of Sect. (4.2) for
each equation of the system: Find u¥ € (ZRéV 1) such that

[LuN], = f;, fori=1,...,.N—1, (4.85)

where L¢v := ((L°v)1, (L°v)a, . . ., (ch)g)T,

14 14
(L)), o= Afvg = > (DkmVm)y + > Gk if b > 0,
ik ik
L 14
(L)), o= Afvg = > (Dkm¥m)z + >, Gk if b <0,
m=1 m=1
m#k m#k

and

eoq ) —ErVzai — (Okkv) . + akkvi i bre > 0,
[Afv]; = .
—EkVzz — (bk’kv)i-;i + Qgk;ivi if brr < 0.

4.4.2.1 Stability

The stability analysis for the difference operator L is analogous to that for the con-

tinuous operator L in Sect. 3.4.3.
Define the ¢ x ¢ matrix ¥, = ¥, (A, B) = (Y&m) by

2|6kl oo o + llawmlly o

B

ek =1 and  Ygm = — for k # m.

Introduce the discrete maximum norms

0l 00 = & [Vallag o + Br 0]l g for v e RN
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and

= max o] for v e (RN*1)".

|||vH|e,oo,w ° Ek,00,w

Theorem 4.54. Assume that for eachk =1,... ¢
bok < =B or bgx > B on [0,1]
with positive constants 3y, and that

age >0 and b, >0 on [0,1].

Suppose Y ,(A, B) is inverse-monotone. Then the operator L€ is ({so,w™ 1)

stable with

14
orlley o < D (X0 i ML)l oy for k=1,....0,

m=1
and for all v € (R) ™).

Proof. For the sake of simplicity in the presentation, we restrict ourselves to the
case when by > 0 for all k.
Let v € (IR)"™)¢ be arbitrary. Then the definition of L and the A{ yields

Apply Theorem 4.3 and Remark 4.4 to get

14
06l o < D2 (2 00kl o+ Nkl ) m 4 ICESD)EI s o

ot
Recall the definition of 7, and rearrange the last inequality

¢
Z Yiem Nvmlllz,, co.0 < ||(Lc"1)k‘|_1m,w for k=1,...,¢.

m=1

Using the inverse monotonicity of X,,,, we are finished. ad
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Corollary 4.55. Suppose the hypotheses of Theorem 4.54 are satisfied. Then the
difference equation (4.85) possesses a unique solution u” , with

N
el s < € o il e

for some constant C' that is independent of both € and the mesh.

Remark 4.56. In general, the operator L€ does not obey a comparison principle.
Nonetheless it is (¢, £ )-stable, i.c.,

[l < CIE ], forall ve (RYF),

by Theorem 4.54. &

4.4.2.2 A Priori Error Analysis

N

Adapt the argument of Sect. 4.4.1.2 as in [100] and split the error 7 := u"* — u into

two parts 1, o € (IRY ™) as n = b + ¢ with

l
Ajaby = (Ln)r and Afpp = Z ((bkmnm)x — Qkm"m)  ON w.

m=1

m#k

Recalling the definition of ¥, = (Ykm ), We use a triangle inequality and Theo-
rem 4.3 to obtain

4
Z Ykm H|77m|||gmoo7w < H|7/)k|||5k,oo,w for k=1,...,0
m=1

Next, if T is inverse monotone then

e = ™l

<]

€,00,w —

|s,oo,w )

and we are left with bounding [y |, ..k =1,...,L.
The components of 1) are the solutions of scalar problems. In [100] the technique

of Sect. 4.2.2 is used to obtain the following general error bound.

Theorem 4.57. Let the hypothesis of Theorem 4.54 be satisfied. Then the error of
the upwind scheme (4.85) applied to (4.84) satisfies

1=

4
N
ljw—u]|, ., <C. L%/h [1+m§_:1 u;n(s)@ds.
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Corollary 4.58. By (3.56) we have ||uy ||, < C for k = 1,... L. Therefore, there
exists a mesh w* such that

/(1+Z|u )de/ (1+ ()|>d:z:<C’N1

and on this mesh one consequently has

N —
H’u—u |Hsoow* *CN
Remark 4.59. As satisfactory pointwise bounds on |u},| are unavailable, this result

does not give an immediate explicit convergence result on, e.g., a Bakhvalov or
Shishkin mesh. &

Remark 4.60. When ey, = fork =1,... ¢, Theorem 3.57 yields

llu— ¥, o <€ max /I (14e2/%) dz = 09l @),

€,00,w = 7 7]

The system behaves like the scalar equation of Section 4.2 and appropriately adapted
meshes can be constructed as for scalar problems.

In [127] one also finds an error analysis for a system with a single parameter,
but the analysis is limited to Shishkin meshes and uses a more traditional truncation
error and barrier function argument. Furthermore, higher regularity of the solution
is required. On the other hand, in certain situations the analysis of [127] is valid
under less restrictive hypotheses on the entries of the matrices A and B than the
requirement that 7", be inverse-monotone. &

4.4.2.3 A Posteriori Error Bounds

Using the strong stability results of Theorem 3.54, we can follow [100] to obtain the
a posteriori error bound

L
o=l e <€ e (14 32 )

Remark 4.61. The de Boor algorithm (see Sect. 4.2.4.2) can be used to adaptively
generate meshes for (4.84) by choosing

¢ N\ 12
Qi2h1<1+2(uﬁx;m)> |
m=1

Numerical examples are presented in [100], but a complete analysis of the adaptive
algorithm is not given. &
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4.4.2.4 Numerical Results

We now present the results of two numerical experiments in order to illustrate the
conclusions of Theorem 4.57.
First, we consider a test problem with two equations.

T nw_(4+x —1)\ , 0 —z2 _ el=2z\
diag (e) u (1_2x_3)u +<1 L)%= eos2n in (0,1), (4.86)

subject to homogeneous Dirichlet boundary conditions u(0) = u(1) = 0.
For this problem our convergence theory applies since

1 (12 -7 L 1{127
r=— rt-=-: > 0.
12 (12 12) and 5 (12 12) =0

We have b; > 4 and —by > 3. Therefore, one expects that the solution exhibits
two layers: one at = 0 behaving like e=4*/¢1 and the other at 2 = 1 that behaves
like e=3(1=®)/€2 Also the first-order derivative of u is expected to satisfy

‘U;(l‘)‘ < C {1 +€1—1674I/€1 =+ 62—1673(171’)/52} 7 i = 1’2

Note, we do not have proper proof for these derivative bounds. The difficulties in
proving them have been explained in Section 3.4.3.1.

The exact solution of (4.86) is not available. Therefore, we compare the
numerical solution with that obtained by Richardson extrapolation as before.
We consider Bakhvalov and Shishkin meshes and the adaptive de Boor algorithm;
see Remark 4.61. The construction of layer-adapted meshes for overlapping layers
is explained in Section 2.1.6.

The results of our test computations are contained in Table 4.6. For both a priori
adapted meshes the expected (almost) first order of uniform convergence is con-
firmed. For the adaptive algorithm first order is also observed although the numerical
rates are “less stable”.

Table 4.6 Simple upwinding for a system of two convection-diffusion equations

N Shishkin mesh Bakhvalov mesh adaptive algorithm

nN pN N r nN r
3.27 3.131e-02  0.83  8.194e-03  0.99 7.600e-03  0.96
3.28 1.843e-02  0.88  4.119¢-03  0.99 3.903e-03  1.05
3.2° 1.051e-02 091  2.073e-03  0.99 1.880e-03  0.99
3.210  5870e-03 094 1.044e-03  0.99 9.477e-04  0.98
3.2 322903 095 5.240e-04  1.00 4.821e-04 0.94
3-212 175803 097  2.620e-04 1.00 2.505e-04  1.00
3.213  9491e-04 098  1.308e-04  1.00 1.254e-04  1.15
3.2 5092e-04 098  6.540e-05 1.00 5.643e¢-05 091
3-215  2717e-04 099  3.269¢-05  1.00 3.006e-05  0.99
3

- 216 1.444e-04 — 1.634e-05 — 1.516e-05 —
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Table 4.7 Simple upwinding for a convection-diffusion problem with three equations

N Shishkin mesh Bakhvalov mesh adaptive algorithm
nN pN N r NN rN
4.28 2.453e-01 0.49 1.780e-01 0.86 1.850e-01 0.64
4.24 1.809e-01 0.63 9.777e-02 0.93 1.187e-01 0.75
4.25 1.218e-01 0.75 5.124e-02 0.97 7.062e-02 0.87
4.26 7.612e-02 0.84 2.623e-02 0.98 3.863e-02 0.96
4.27 4.505e-02 0.90 1.327e-02 0.99 1.991e-02 0.92
4.28 2.569¢-02 0.94 6.673e-03 1.00 1.051e-02 1.02
4.29 1.430e-02 0.97 3.346e-03 1.00 5.167e-03 0.97
4.210 7.824e-03 0.98 1.676e-03 1.00 2.642e-03 1.06
4.211 4.233e-03 1.00 8.384e-04 1.00 1.270e-03 1.05
4-212 2272¢-03 — 4.193¢-04  — 6.115¢-04  —

The second test problem consists of three convection-diffusion equations.

3 1 0 e”
—diag (e)u” — | =22 5+2 -1 |u' = | cosz | in(0,1),
l—z 0 =5 1+ a?

with boundary conditions u(0) = u(1) = 0. This time:

L (15100 225 150 60
F:B 715 6 and 1*—1:E 159 225 90 | > 0.
9 015 135 90 155

We expect layers e~3%/¢1 e=5%/2 and e~%(1=%)/¢3 to form and adapt the mesh
accordingly.

Table 4.7 gives the numerical results for our second example. A comparison
with Table 4.6 reveals that the behaviour of the method is similar to that for
Example (4.86).

4.5 Problems with Turning Point Layers

This section considers linear convection-diffusion problems with a boundary turning
point: Find v € C?(0,1) N C[0, 1] such that

Lu = —eu” —pbu' + pcu= f in (0,1), u(0) =9, u(l) =71, (4.87)
where p(x) = 2", k> 0,b> > 0and ¢ > 0in (0,1).

We are aware of four publications analysing numerical methods for this prob-
lem with x = 1. Liseikin [113] constructs a special transformation and solves the



144 4 Finite Difference Schemes for Convection-Diffusion Problems
transformed problem on a uniform mesh. The method obtained is proved to be
first-order uniformly convergent in the discrete maximum norm. Vulanovié¢ [167]
studies an upwind-difference scheme on a layer-adapted Bakhvalov-type mesh and
proves convergence in a discrete ¢; norm. This result is generalised in [170] for
quasilinear problems. However, this norm fails to capture the layers present in
the solution. Therefore, the problem is not singularly perturbed in the sense of
Def. 1.1. In [112] the authors establish almost first-order convergence for an upwind-
difference scheme on a Shishkin mesh. Here we follow [92] and study (4.87) with
arbitrary k > 0.

4.5.1 A First-Order Upwind Scheme

The boundary-value problem (4.87) is discretised using simple upwinding: Find
u € IRN*+! such that

[LuN]i =p;fi fori=1,...,N—1, uév =0, u% = (4.88)
with

[Lv]; := —eVzz;i — Pibivayi + Picivi.

4.5.1.1 Stability of the Discretisation
The matrix associated with it is an Lg-matrix. Lemma 3.14 with the test function
e; = 1 — x; verifies that it is an M-matrix. Therefore, the operator L satisfies a
discrete comparison principle. That is, for any mesh functions v, w € RN *!
Lv < Lw on w,
vp < Wo, = v<w on .
vy < wN
Lemma 3.17 with e¢; = 1 — z; yields
||’UHOO@ < ||Lv/pb||oo’w forall v € RéV'H.
Alternatively, if ¢ > 0 on [0, 1], then Lemma 3.17 with e = 1 gives

N+1
[l < E0/pC],  Forall v e BYH.

Thus, the operator L is (£, £oo,1/p) Stable in the 1/p-weighted maximum norm.
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For the solution «™V of (4.88) this implies

f

]| o 5 < max{lrol, [} +min{Hb %

oo,w}

H ’
00,w

Green’s function.
Lemma 4.62. Assume that
p>0, p'>0, b>p3>0 and c¢>0 on (0,1).

Then

1 for i=0,...,7

1 i

0<Gi'<éi'::7 l/hl/ -t . .
- = ;B H <1+ﬂp8+1> for i=j+1,.

v=3+1
Proof. Let j be arbitrary, but fixed. G. ; solves

(LG ;], = 0i4, i=1,...,N—=1,Go; =Gn; =0

with

5 h;_ll for ¢ = j,
17 - .
! 0 otherwise.

145

(4.89)

..,N.

We shall show that G’] is a barrier function for G. ;. Clearly CAT'OJ- > 0 and

G’NJ > 0.

Next, verify that

) A 0 for v =0,...,5—1,
Guij = Gij i
A T N N S
€+ Bpihiz1

and

) R 0 for i=1,...,7,

Gji,‘ = Giﬁ i —

i J _% forz:]—’—l,,N
Hence,

[LGJ]z > piciéi,j >0 for i = 1, N ,j — 1,
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2 Bpj A 1
[LG.4]; > (th +pici ) Gij 2 iy

and

[2G.;], > (5“;:;'1 erl-ci) Gi;j>0 fori=j+1,...,N—1,

because p’ > 0 on [0, 1]. Thus, G is a barrier function for G. m]

Remark 4.63. The proof of Lemma 4.62 simplifies the argument in [112] where a
barrier function was constructed for the adjoint problem. &

Remark 4.64. Numerical results indicate that when p(z) = z”, k > 0, one has the
sharper bound

G < C(el/(”“) +§j)_ forall i,j=1,....,N—1,

but, we do not have a rigorous proof for this.

Theorem 4.65. Assume the data satisfies (4.89). Then the discrete operator L is
(€oos l1,1/p) stable

Wl < B IIL0/pI

forallv € IRéVJrl with a 1/p-weighted {1 norm.

Proof. For any function v € IR) ™ we have
N
Uizzhj+1Gi,j[LU}j7 izl,...,N—l.
j=1
Then Lemma 4.62 yields the assertion of the theorem. ad

Remark 4.66. An immediate consequence of Theorem 4.65 for the simple upwind
scheme is

Ju =™ ., <87 I(Lu—pf) /ol -

Thus, the error of the numerical solution in the maximum norm is bounded by an
¢1-type norm of the truncation error weighted with the inverse of the coefficient of
the convection term. This was used in [112] to establish uniform almost first-order
convergence on Shishkin meshes for x = 1. &
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4.5.2 Convergence on Shishkin Meshes

In [112] convergence of the upwind scheme (4.88) applied to (4.87) with k = 1
was studied. Starting from the observation that for any fixed m > 0 there exists a
constant C' = C'(m) such that

3.2
exp (—%ﬁ) < Cexp (—m\x@)

a piecewise uniform mesh is constructed as follows: Fix the mesh transition point

2
Tmin{q, \EIHN}.

m
Then divide [0, 7] uniformly into ¢ /N subintervals and [, 1] into (1 — ¢) N subinter-

vals.
Using the stability inequality of Theorem 4.65, it is then shown that

Hu - uNHOO L S CN~'(InN)?.
The details of the analysis are similar to the argument in Sect. 4.2.5.

The general case of an arbitrary x > 0 has been considered in [92]. We will give
a brief summary of that paper now. This time the transition point 7 is chosen as

follows:
1/(s+1)
1
T:min{q, <06(K’;)IDN) }

Here we shall consider 7 < ¢ which is the interesting case.
First Lemma 4.62 is sharpened to

o Cre™t for j=1,...,qN —1,
YT for j=gN,...,N - 1.

Note that 7e~1 = Cp=" (In N)¥/ "),

Remark 4.67. 1t is argued in [92] based on numerical evidence that the logarithmic
factor is superfluous and one has

Gi;j<Cp+¢&)" fori,j=1,...,N—1,

but no rigorous analysis is provided. &
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The analysis in [92] proceeds along the lines of Sect. 4.2.5 using the solution
decomposition in Theorem 3.63 to establish

Ju—u|_ < ON"L(InN)> D (4.90)
ifo > 2.
Remark 4.68. 1f one had G; ; < C (pn + &)™ ", then (4.90) could be sharpened to

|lu—uM||_ <CN7! (In N/ (=1
00,w

Also we do not have any theory for arbitrary meshes. This is due to a lack of stronger
negative-norm stability inequalities for both the continuous and the discrete opera-
tors. More work in this direction is required. &

4.5.3 A Numerical Example

We verify experimentally the convergence result of (4.90). Our test problem is the
semilinear differential equation

—eu (z) — 2%(2 — 2)u/ (x) + 2"e"®) =0 for x € (0,1),
u(0) = u(l) =0.

The exact solution of this problem is not available. We therefore estimate the ac-
curacy of the numerical solution by comparing it with the numerical solution on
a higher order method: Richardson extrapolation. For our tests we take B =1,
g=1/2ande =10"12

Table 4.8 displays the results of the numerical test. For comparison rea-
sons Table 4.9 contains the rates which can be expected if the error bound

Table 4.8 Simple upwinding on Shishkin meshes for turning point problems
k=1/2 k=1 k=2 k=3

N error rate  error rate  error rate  error rate
27 6.171e-3 088 5335e-3 092 4.675¢-3 095 4411e-3 096
28 3.358e-3 090 2.829%-3 093 2426e-3 0.96 2.270e-3 0.97
29 1.803e-3 091 1.484e-3 094 1.249e-3 096 1.160e-3  0.97
210 9.592¢-4  0.92 7.737e-4 095 6.40le-4 097 5.899-4 0.98
211 5069e-4 093 4.014e-4 095 3.269%-4 097 2.993e-4 098
212 2.666e-4 093 2.075e-4 096 1.666e-4 098 1.516e-4 0.98
213 1.396e-4 0.94 1.070e-4 096 8.473e-5 098 7.669-5 0.98
214 7292e-5 094 5.506e-5 096 4.305e-5 098 3.876e-5 0.99
215 37985 094 2.828¢-5 096 2.185¢-5 098 1.958¢-5 0.99
216 1.973e-5 — 1.45le-5 — 1.108e-5 — 9.88le-6 —
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Table 4.9 Expected “convergence rates” for (In N)P/(v+1) y—1
k=1/2 k=1 K =2 k=3

N p=2 p=1 p=2 p=1 p=2 p=1 p=2 p=1
27 0.74 0.87 0.81 0.90 0.87 0.94 0.90 0.95
28 0.77 0.89 0.83 0.92 0.89 0.94 0.92 0.96
29 0.80 0.90 0.85 0.92 0.90 0.95 0.92 0.96
210 0.82 0.91 0.86 0.93 0.91 0.95 0.93 0.97
211 083 0.92 0.87 0.94 0.92 0.96 0.94 0.97
212 085 0.92 0.88 0.94 0.92 0.96 0.94 0.97
213 0.86 0.93 0.89 0.95 0.93 0.96 0.95 0.97
214087 0.93 0.90 0.95 0.93 0.97 0.95 0.98
215 0.88 0.94 0.91 0.95 0.94 0.97 0.95 0.98

is InN)?/"*D N=1 for p = 2 and p = 1. The rates observed are closer to
those expected for p = 1. This supports the hypothesis of Remark 4.68.



Chapter 5
Finite Element and Finite Volume Methods

In this chapter we consider finite element and finite volume discretisations of
Lu:=—eu" —bu'+cu=f in (0,1), u(0)=u(l)=0, (5.1)

with b > 3 > 0. Its associated variational formulation is: Find u € Hg (0, 1) such
that

a(u,v) = f(v) forall v € Hy(0,1), (5.2)
where
a(u,v) :=e (u',v") — (bu,v) + (cu,v)

and

1
F0) = (F0) = [ (o) @) 53)
Throughout assume that
c+b/2>~v>0. (5.4)
This condition guaranties the coercivity of the bilinear form in (5.2):
ol = £ o113 + 7 loll? < a(v,v) forall ve HY(0,1).

This is verified using standard arguments, see e.g. [141]. If b > § > 0 then (5.4) can
always be ensured by a transformation #(z) = u(z)e’® with § chosen appropriately.
We assume this transformation has been carried out.

We start our investigations with interpolation-error estimates and a Galerkin
discretisations of (5.1)—including aspects of convergence, superconvergence, and
postprocessing of the derivatives. Then stabilised finite element methods are con-
sidered. We finish with an upwinded finite volume method.

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 151
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_5,
(© Springer-Verlag Berlin Heidelberg 2010
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5.1 The Interpolation Error

In this section we study the error in linear interpolation. The argument follows [84].
Let @ be an arbitrary mesh. Let w! denote the piecewise-linear function that inter-
polates to w at the nodes of @.

In this section let us assume the function ¢ € C?[0,1] admits the derivative
bounds

" (x)| < C {1 + 672e7ﬁw/5} . (5.5)

For example, the solution u of the boundary-value problem (5.1) belongs to this
class of functions, see Sect. 3.4.1.2.

Proposition 5.1. Suppose v satisfies (5.5). Then

Hw _Q/JIHOO’L <C {/I {1 +€—1e—51/25}dxr

Sor any mesh interval I; = [x;_1, z;].

Proof. For the interpolation error on I; we have the representation

(v =) ( / / / " (t)dtdgds.

The right-hand side can be estimated to give

(! — ) ()] < / (€ — 1) [17(6)de.

Using Lemma 4.16 and (5.5) to bound the right-hand side, we are finished. ad
Theorem 5.2. Suppose 1) satisfies (5.5). Then

o ol < 0" ¥l < 0 (1)
and

" =l < Cog@).

Remark 5.3. The quantity

19[61:1] (@) := max / (1 + 57167’65/”5) ds,
k=0,...N—1 [,

was introduced in Sect. 2.1, where bounds on 19[5;( ) for various layer-adapted
meshes are given too. L
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Proof (of Theorem 5.2). The bound on the L., error is an immediate consequence
of Prop. 5.1 and the definition of 19([3}.
For the error in the H' norm, use integration by parts to get

W) = [ (w=v") @) dr=— [ () (@ —') (£)da
0 0 0
Thus,
[ o[} < =l [ e < 0ot ot -

by a Holder inequality and (5.5). Finally, combine this with the bound for the Lo
norm of the interpolation error to obtain the energy-norm estimate. a

Remark 5.4. Proposition 5.1 can be used to give local estimates for the interpolation
error too. For example on S-type meshes (see Sect. 2.1.3) one has

[0 =l oy S 8" = bl fpyy SCN T2, if 0 22,

J7,1]

for the interpolation error outside the layer region. This is in general a sharper bound
than that implicitly given by Theorem 5.2. &

Remark 5.5. The maximum-norm interpolation error bound can be generalised to
Lagrange interpolation with polynomial of arbitrary degree p > 0.

Fix 0 < & <& < --- <&, < 1. Define an interpolant I, of ¢ by

L\, €I,

and

(Ip’(/}) ((I}Z‘,l + §khl) = ’(/J (Jii,l + f}ghl) for i=1,...,N, k= 0,...,p.
If

’w(p+1)($)‘ <C {1 + 5—(p+1)e—ﬁw/€}

then

1
16— vl < € (927@)"

This result applies, for example, to the solution u of (5.1). &
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5.2 Linear Galerkin FEM

We start from the weak formulation (5.2). Let @ be an arbitrary mesh and let V¢
denote the space of continuous, piecewise linear functions on w that vanish forz = 0
and z = 1. Then our discretisation is: Find « € V¥ such that

a(u™,v) = f(v) forall ve V¥, (5.6)

The coercivity of a(-,-) guarantees the existence of unique solutions of both (5.2)
and of (5.6).

Notation. Throughout this section we use || - ||1 to denote the Ly norm. This cannot
be confused with the Hy norm because we only use the weighted Hy norm |||-|||...

5.2.1 Convergence

Based on the interpolation error bounds of Sect. 5.1 we conduct an error analysis
for the Galerkin FEM on S-type meshes (see Sect. 2.1.3). The technique we shall
use was developed by Stynes and O’Riordan [152] for standard Shishkin meshes
and later generalised for S-type meshes by Linf3 and Roos [82, 137]. The technique
can be extended to discretisations of two-dimensional problems using triangular or
rectangular elements on tensor-product S-type meshes; see Sect. 9.2.2.1.

Theorem 5.6. Let o be an S-type mesh with o > 2 whose mesh generating function
@ satisfies (2.8) and

max || Int/? N < CN. (5.7)
Then
lw = w™. < € (h+ N7Fmax|y'])
for the error of the Galerkin FEM.

Remark 5.7. The additional assumption (5.7) does not constitute a major restriction.
For example both the standard Shishkin mesh and the Bakhvalov-Shishkin mesh
satisfy this condition. &

Proof (Proof of Theorem 5.6). Let ) = u! — w and x = u! — u”. For the inter-
polation error 7, we get from Sect. 5.1, the derivative bounds (3.30) and from (2.9)
that

lInlll. < C (b + N~ max|¢']) . (5.8)



5.2 Linear Galerkin FEM 155

To bound x we start from the coercivity of a(-,-) and the orthogonality of the
Galerkin method:

lIxII? < aCx x) = aln,x) = (', X') + (bn, ') + ((c+6)n, x) -

Apply the Cauchy-Schwarz inequality to the diffusion and reaction terms and the
Holder inequality to the convection term to estimate

Ixli? < Ml Ml + € (Il o 1oy + Wl oy 1€ g1y
where 7 is the mesh transition point in the S-type mesh. On [0, 7] we use
X 110,01 < CT21IX o o, < C? NI
while on [7, 1] we have by an inverse inequality
||X/||1,[T,1] < CN”XHL[TJ] < CN”XHO,[T,l] < CNlIxl. -

These two bounds and the interpolation results of Sect. 5.1 yield

Il < {n+ N~* max]y
+ (h+N_lmax|w'|)21n1/2N+N_1}.
Thus,
il < € (h+ N~* max |v/])

where we have used (5.7). Applying a triangle inequality and the bounds for |||,
and ||| x|||, we complete the proof. O

Remark 5.8. Sun and Stynes [157] use a similar technique to study the Galerkin-
FEM on standard Shishkin meshes for higher-order problems. &

Remark 5.9. We are not aware of a general convergence theory for the Galerkin
FEM on arbitrary layer-adapted meshes.
Roos [136] proves the optimal uniform error estimate

lu—u™l, < N7

for the Galerkin FEM on a special B-type mesh under the assumption thate < N1,
The key ingredient in his analysis is the use of a special quasi-interpolant with an
improved stability property. However, he points out that this technique cannot be
extended to higher dimensions. &
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5.2.2 Supercloseness

In the preceding section we have seen that the Galerkin FEM is (almost) first-order
convergent in the e-weighted energy norm. Now we prove that |HuI —ulV |||E con-
verges faster than |||u —ulv |||€ This means the numerical approximation is closer
to the interpolant of the exact solution than to the solution itself. This phenomenon
is called supercloseness. Our analysis follows [83, 176] where two-dimensional

problems are studied.

Theorem 5.10. Let @ be an S-type mesh with o > 5/2 whose mesh generating
function ¢ satisfies (2.8). Then

flu = w™l. < € (R W2 N 4+ N2 max|y|?) (5.9)

for the solution of the Galerkin FEM.

Proof. For the sake of simplicity we assume that b is constant. Let again n = u! —u

and xy = u! — «". Then

a(n,x) =e(',x") = (b, x) + (en, x)

For the diffusion term, integration by parts gives

/n’x’= 'ly —/ nx" =0,
I I

because n(z;—1) = n(xz;) = 0 and because y is linear. Thus, (', x’) = 0. The
reaction term is easily bounded using the Cauchy-Schwarz inequality:

_ 2
[(en, )] < Clinll Ixlly < € (A + N7"max [¢])" Ixlo ,
by Theorem 5.2.

We are left with the convection term. Recalling the decomposition (3.34), we
split as follows:

o) == [ @ —wp = [ -0y

—/Tl(wl —w)x’+/71(v1 —v)'x.

The four terms on the right-hand side are bounded separately.

(5.10)

(i) By a standard interpolation error result

le - wHO,Ii < Chi llw”llo,z, -
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This and the bounds for the derivatives of w give

aN o p N4
8*4ef2ﬁw/€dx < CZ (;) hief2ﬁzi,1/a
L i=1

qN
2
o' =l o < CXo0E [
i=1

qN
< O (N max|p/)" Y hyel/o-Doeile,

i=1

by (2.12). Next, from (2.11)
hie(4/a—2)5z,;/s < Chie(4/a'—2)ﬂm,1_1/s < C/ 6(4/0_2)ﬁz/€d$.
I;
Therefore,

le _ w’|(2),(0,7) <C (Nfl max W/|)4/O e(#/o=2)Bz/eq,
< Ce (N~ max |¢/])",

where we have used ¢ > 2. This result and the Cauchy-Schwarz inequality

yield
/ (w! —w)y’
0

(ii) To bound the second term we proceed as follows:

< C (N max |[¢/])*[[Ix]l. - (5.11)

qN
I 2 2 2
HU - ’UHO,(O,T) S CZ h;l ||’UN||O,I¢ S Ch4 ||v//||O,(O,T) S Ch4€ In Na

i=1

since [v”| < C on [0, 1]. Hence,

/OT(UI — o)X’

(iii) Now we consider f: (w — w?)y’. The argument splits the integral once more,
but first let us recall that the mesh on (7, 1) is uniform with mesh diameter
H:N7'<H<N'/(1-q). Wehave

< Ch?In'2 N ||x]|. - (5.12)

2
0,IyNn

|w’ —wl||,, <CN~le™27/c<CN®

since o0 > 5/2. Thus,

FaN T 2
/ (w—wh)x'| < CN"2|xlo,
:
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(iv)
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by an inverse inequality. Next we have

, N-1
HU’I - w”o,(wq,\,ﬂ,l) <2 Z H Hw”ooh
i=qN+1

N-1 o
<C Z He 28vi/e < C/ e~ 2Pr/eqy < CeN°.
i=qN+1 o
Thus,

/ - )y

To bound the last term in (5.10) we use the integral identity

/(,U_,UI)’X:é/U///(EiQ)’X/
1; I

i i

L (D ? " L (D ? "
‘3(2) /1 Xtaly) v

Ex) = & ((ac i) - (’;)) L) @),

This expansion formula holds true for arbitrary functions v € W3°°(I;) and
linear functions ; cf. [78]. We get

< CN?|IxI. - (5.13)

1 1 2 2 1
l (U UI)/ X 6 [— U/// ( 2)/ X/ 12 (UHX) ( ) 12 /T U//X.

Assuming more regularity of the data, the decomposition (3.34) can be sharp-
ened to give |[v"”'| < C. This yields

1
!
/ (v—2") X‘ < CH’ ”X/Hl,(‘r,l) +CH? [x(7)| + CH? Il .1

< CH* (lIxl. + (),

by an inverse inequality. Finally, we estimate

/OT X' (s)ds

Ix(7)] = <72 llo.0.m) < CW> N Ixlll. -
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Thus,

1
[ o= s e v (5.15)

Combine (5.10)-(5.15) to get for the convection term
()] < C (B2 N+ N2 max ') ||,

This inequality, the bounds for the diffusion and reaction terms and the coercivity
of a(-, ) yield the proposition of the theorem. O

Remark 5.11. Surprisingly, the major difficulty in the proof does not arise from the
layer term, but from the regular solution component. To cope with this, the special
integral expansion formula (5.14) by Lin had to be used. &

Remark 5.12. Another attempt at a supercloseness result for convection-diffusion
problems is [175]. In that paper, finite elements with piecewise polynomials of de-
gree p > 1 are used on a piecewise uniform mesh with transition point

1 3/2
7 = min *7MIH(N+1) .

2 B
It was established that when the regular solution component v lies in the finite ele-
ment space then

In(N + 1)\
N
i@, < (BEFE)
where @, u is the (p+ 1)-point Gauss-Lobatto interpolant of . This is a superclose-
ness result, because in general, one has for the interpolation error

In(N +1)\”
Q- ull, < o (MEFDY

However, the assumption that the regular solution component lies in the finite
element space is not very reasonable. If it were to hold for two different values of
the mesh parameter NV then v € II,, because Shishkin meshes for different NV are
not nested.

This too illustrates the technical difficulties with the regular solution compo-
nent just mentioned. Unfortunately—unlike (5.14) for linear elements—no expan-
sion formulae for the convection term are available for quadratic or higher-order
elements. &
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5.2.3 Gradient Recovery and a Posteriori Error Estimation

Supercloseness results like Theorem 5.10 are basic ingredients for the superconver-
gent recovery of gradients, see for instance [2]. Furthermore, if a superconvergent
recovery operator is available, then it is possible to define an a posteriori error es-
timator that is asymptotically exact. The presentation follows [138], where further
details can be found.

First, we define for a given v € V' a recovery operator for the derivative. Set

T; — X T — Tj—1

(Ro) (&) = iy P 0T

forxel;,, 1=2,...,N —1,

where «; denotes the weighted average of the constant values of v’ on the subinter-
vals adjacent to x;:

h”wl’u + hﬂ)/|1i+1

hi + hiy1

Q; =

For the boundary intervals we simply extrapolate the well-defined linear function of
the adjacent interval.

Our aim is to prove a superconvergence estimate for £'/2 Hu’ — RuN Ho that is
superior to that of Theorem 5.6 for £!/2||u’ — (u™)'[| . The key ingredients are
the supercloseness property of the Galerkin solution, i.e. Theorem 5.10, and the

consistency and stability of the recovery operator R.

Consistency: Let v be a quadratic function on 1:1-, the union of [; and its adjacent
mesh intervals. Then

R(v')=v" on I. (5.16a)
Stability:
[Rvllg;, <C ””/”0,11 forall v e V¥. (5.16b)
We start our analysis from a triangle inequality:

[ = Ry < o' = R (u) g + | R (u" = ™)

lo lo-

The second term in this inequality can be bounded using Theorem 5.10 and (5.16b).
Thus, we are left with the problem of estimating ||u’ — R (u’)||,. To take advantage
of the consistency property (5.16a) we introduce a quadratic approximation of u on
I;: Q;u. Using a triangle inequality, we obtain

It = R, < Nl = Qe
+ [(Qiu) — R ((Qiw)") ||O,I,i +||R ((Qiu —u)") Ho,h'
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The second term vanishes because of (5.16a). The last term can be bounded using
(5.16b) and the stability of the linear interpolation in HY, i.e., |[vI]|; < Clvl;.
We get

N
2 2
o~ R <O o - @[
=1

Note this H' stability of the interpolation operator holds true only in the one-
dimensional case. In two dimensions the L, stability of the interpolation operator
has to be used instead, see Sect. 9.2.2.5.

Choosing Q;u to be, e.g., that bilinear function that coincides with u at the
midpoint and both endpoints of I; and estimating the interpolation error carefully,
see [138], we obtain

N
&‘Z [|v — (Qlu)/Hif < C (h+ N~'max W/|)4 if 0> 2.
i=1

Combining these estimates, we get the following result.

Theorem 5.13. Let & be a S-type mesh with o > 5/2 whose mesh generating func-
tion ¢ satisfies (2.8). Then the error of the recovered gradient of the Galerkin FEM
satisfies

51/2Hu/ - RuNHO <C (h2 In'/2 N+ N2 max|z//|2) .

Remark 5.14. Using Ru” instead of u/, we get an asymptotically exact error esti-
mator for the weighted /1 *-seminorm of the finite element error e/2||u’ — U’|| , on
S-type meshes:

2 u’ — (™) ||y = €2 Ru™ = @MY,
+0 (h2 /2 N + N~? max |¢/|2) .
In the generic case one has
e 2| = (WY, = O (h+ N~ max |¢]) .

Thus, the above error estimator is asymptotically exact for N — oc. &

Remark 5.15. There are various other means of postprocessing to obtain supercon-
vergent approximations for the derivatives. &
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5.2.4 A Numerical Example

Let us briefly illustrate our theoretical results for the linear Galerkin FEM on S-type
meshes when applied to the test problem

—eu” —u' +2u=e""1 in (0,1), u(0)=wu(l)=0.

For our tests we take £ = 108 which is a sufficiently small choice to bring out the
singularly perturbed nature of the problem.

We consider three different S-type meshes: the original Shishkin mesh, the
Bakhvalov-Shishkin mesh and a mesh with a rational mesh characterising func-
tion 9. The results of our test computations are presented in Tables 5.1, 5.2 and 5.3.
They are clear illustrations of the a priori error bounds given in Theorems 5.6, 5.10
and 5.13.

Table 5.1 Galerkin FEM on a S-type mesh with a rational ¢ (m = 2)
ol | PO e T
N error rate  error rate error rate

28 1.158e-2 0.50 5.889e-4 0.99 3.28%-3 0.98
29  8213e-3 050 2.959%-4 1.00 1.673e-3  0.99
210 5817e-3 050 1.483e-4 1.00 8.435e-4  0.99
211 4.117e-3 050 7.424e-5 1.00 4.236e-4 1.00
212 29123 050 3.714e-5 1.00 2.123e-4  1.00
213 2.060e-3 0.50 1.858e-5 1.00 1.062e-4  1.00
214 1.456e3 — 9.290e-6 — 5.315e-5 —

lu =

Table 5.2 Galerkin FEM on a standard Shishkin mesh

NI et =Wl e = RuM
N error rate  error rate error rate

28 6.166e-3 0.83 1.624e-4 1.66 8.045¢-4 1.64

29 3470e-3 0.85 5.151e-5 1.69 2.585e-4 1.69
210 1928e-3 0.86 1.592e-5 1.72 8.025¢-5 1.72
211 1.060e-3 0.87 4.818e-6 1.75 2.432e-5 1.75

212 5784e-4 0.88 1.434e-6 1.77 7.242e-6  1.77
213 3.133e-4 0.89 4.211e-7 1.79 2.126e-6 1.79
214 1.687e-4 1.221e-7 — 6.164e-7 —

lw =

Table 5.3 Galerkin FEM on a Bakhvalov-Shishkin mesh

Mo e =Wl 2w = Ru
N error rate error rate error rate

28 1.357¢-3  1.00 5.382¢-6 1.99 4.173e-5 2.00

29 6.800e-4 1.00 1.353e-6 2.00 1.043e-5 2.00
210 3403e-4 1.00 3.393e-7 2.00 2.610e-6 2.00
211 1.702e-4 1.00 8.497e-8 2.00 6.528¢-7 2.00
212 8514e-5 1.00 2.126e-8 2.00 1.632e-7 2.00
213 4258e-5 1.00 5.317e-9 201 4.082e-8 2.00
214 2.129e-5 — 1.321e9 — 1.020e-8 —

lu—u
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5.3 Stabilised FEM

We have seen that the Galerkin FEM on S-type meshes has good approximation
properties. Unfortunately the linear systems generated are difficult to solve iter-
atively. Therefore, stabilisation is essential. We shall restrict ourselves to artificial
viscosity stabilisation and to the streamline-diffusion FEM. Other stabilisation tech-
niques, including:

e discontinuous Galerkin FEM (dGFEM),
e continuous interior penalties (CIP) and
e local projection stabilisation (LPFEM),

have been considered in the literature. However, with regard to the classification of
layer-adapted meshes these contributions are negligible. Nonetheless, some of the
results for these methods will be mentioned in Sect. 9.2.

5.3.1 Artificial Viscosity Stabilisation

The simplest way to stabilise discretisation methods for convection-diffusion prob-
lems consists of altering the diffusion coefficient a priori, the extra diffusion added
being called artificial viscosity. Typically artificial viscosity proportional to the
stepsize is used.

Let x > 0 be an arbitrary constant. Then our stabilised FEM is: Find vV € V¢
such that

ax(u’N,v) = f(v) forall ve V¥,
where
ar(u,v) == ((e + sh)u',v") — (bu — cu,v)
and
h(z)=h; for z € I;.
The bilinear form a, (-, -) is coercive with respect to the norm
o 2 1/2
el = { (e + sy’ o) + oI}

which is stronger than the e-weighted energy norm. This is the reason for the im-
proved stability of the method.
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Because of the added artificial viscosity, the method does not satisfy the orthog-
onality property which slightly complicates the convergence analysis. Assume a
S-type mesh is used. Let n = v/ — w and y = u! — vV again. Then

X2 < aw(x. x) = a(n. x) + (shi(u’), X)
=a(n,x) + &', x") + & (hu',X').

Bounds for the first term have been derived in Sect. 5.2. The second term (An’, x')
vanishes, while the last term, which is the inconsistency of the method, satisfies

fl(d, )| < e (B2 N + N~ max0']) Il

The proof recycles some ideas from Sect. 5.2.1 and 5.2.2 and is therefore omitted.
For more details see also [148]. We get

[l =¥l < C{nth+ w2 N
(5.17)
(54 N7 max o) N e ]

If we choose k = O (1), i. e., we add artificial viscosity proportional to the local
mesh size, we get

ot =l fl =, < € (a2 N 4 N~ mase]o]),

by the interpolation error estimate (5.8).

Comparing (5.9) and (5.17), we see that the order of accuracy of the Galerkin
FEM is not affected if we take k = O (N *1). This results in improved stability
compared to the Galerkin method and the discrete systems—in particular for higher-
dimensional problems—are slightly easier to solve by means of standard iterative
methods. On the other hand, the method is not as stable as if K = O (1) were chosen.

5.3.2 Streamline-Diffusion Stabilisation

The most popular and most frequently studied stabilised FEM is the streamline-
diffusion finite element method (SDFEM) which is also referred to as the
streamline-upwind Petrov-Galerkin method (SUPG). This kind of stabilisation
was introduced by Hughes and Brooks [54]. Given a mesh w and a finite element
space V', this method can be written as: Find u™N € V¥ such that

N
a(u,v) —&—Zéi/ (f — £uN) b’ = (f,v) forall ve V¥, (5.18)
i=1 i
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where the stabilisation parameters d; are chosen according to the local mesh Peclét
number:

b= { b PGS L i ey = [Pt
rih2e 1 if Pe; <1, 2e
with user chosen positive constants ¢ and x1. In contrast to the artificial-viscosity
stabilisation, this method is consistent with (5.1) since u satisfies (5.18) for
all v € H}(0,1). Another advantage—though it becomes relevant only in higher
dimensions—is the reduction of crosswind smear because artificial viscosity is
added only in the streamline direction.

The second-order upwind schemes of Sect. 4.3.1 may be regarded as versions
of the SDFEM with linear test and trial functions and inexact integration. While in
the one-dimensional case it is always possible to choose the stabilisation parameters
d; such that the resulting scheme is inverse monotone, this is in general impossi-
ble in higher dimensions. Therefore, alternative techniques have to be developed to
study the SDFEM. Here we shall consider convergence in the streamline-diffusion
norm |||-||| ¢, naturally associated with the bilinear form of the method. This tech-
nique can be extended to two-dimensional problems; see Sect. 9.2.4 or [155].

5.3.2.1 Energy-Norm Error Estimates

We study the SDFEM on S-type meshes w. For the sake of simplicity we con-
sider (5.1) with constant b. Let V" C H}(0,1) be the linear space of piecewise-
affine functions on @ that vanish at the boundary. We rewrite (5.18) as: Find
uN € V§ such that

N

asp(ul,v) = a(u™,v) + astap(uN,v) = f() + fstap(v) forall v eV’

where a(-, -) is the bilinear form of the Galerkin FEM,

astab(W,v) 1= =0 Z / —ew” — bw' + cw)b’,

i=qN+1
fstap(v) := —0 Z /fbv
i=qN+1
and

B {ROH if bH /2 > 1,

k1H?/e otherwise.

Here H denotes again the mesh size on the coarse part of the mesh.
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The streamline-diffusion norm naturally associated with asp(-, ) is
2 2 2 2
wlllsp = e llv'llo +llvllg + H‘sl/va/”O,(T,l)'

Provided the maximum step size h is smaller than some threshold value, the bilinear
form asp (-, -) is coercive with respect to the streamline-diffusion norm:

asp(v,v) > 3 H|v|||?9D forall v € Vj*;
see [141]. The bilinear form also satisfies the Galerkin-orthogonality property
asp(u—ul,v)=0 forall ve V.

I I N

This is the starting point of our error analysis. Let n = ' —w and x = v’ — u™.

Then
Lixlzp < aln,x) + astas(n, X)- (5.19)

For the first term we have from the proof of Theorem 5.10
la(m, )| < € (22 N2 max [¢/2) I,

It remains to bound astqp (7, x). We have
1
astab(n,X) = 0 / (ew” +bn' +cn) bx'.
T

Element-wise integration by parts yields le 7’x’ = 0. Furthermore,
1

’5 / cnby’
A

by the bounds for the interpolation error from Sect. 5.1.
To bound the remaining term le u”x’ we use the decomposition of u into a
regular and a layer component; see Theorem 3.48. For the regular component v we

have
1 1 T
/UHX/:_/ UWX_/ UNX/~
T T 0
1
/,U//X/
-

< C8Y2|Inllo.(r1y16726X |0

< O3Y2N726Y2bx|lo < CN2 Xl sp »

Hence,

< Clixllo + C (el N2 X [lo.
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by the bounds for the derivatives of v. Thus,

1
55/ U//X/
T

since the choice of § implies 6 < CH? < CN~2,
For the layer component w we estimate as follows:

1
/ w//bX/
r

by an inverse inequality and because o > 5/2. We get

1
/ w//bX/

Collecting these results, the second term in (5.19) is bounded by

<CN2In'2 N Ixllsp

€d < ed"2|[w"||1, (- 1) 167/ 20X | oo, (.1

< 051/2N75/2H71/2”51/2bxl

IO,(T,l)a

€0 < CN?|Ixllsp -

|astan ()| < ON "2 N [|Ix]] -

We summarise our results.

Theorem 5.16. Let & be an S-type mesh with o > 5/2 whose mesh generating
function ¢ satisfies (2.8). Then the error of the SDFEM satisfies

|||“I _“N|||SD

<C (h2 /2 N+ N2 max|¢’\2) .

Remark 5.17. This is a superconvergence result like Theorem 5.10. Similar to
Sect. 5.2.3 it is possible to construct recovery operators to obtain a second-order
approximations of the gradient of the exact solution. &

5.3.2.2 Maximum-Norm Error Estimates

Chen and Xu [26] consider a modification of (5.18). Find @V € \ %

N
a(@",v) +Z/ 5 (f —EﬂN) bv' = (f,v) forall veVy,
i=171i
where

6;(x) = min fﬁE (x; —x)(x —x4—1) for z €,
A = 26’ b 7 i—1 (3]

ie., Si is a bubble function on I; instead of a constant.
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For this modified SDFEM it is shown in [26] that if b = const. and ¢ = 0 then

< C min [ju—vl .

NHDO UEVOW

Ju—i

Thus, the method is quasi-optimal in the maximum norm.
Suppose b = const. Then

/ Sibw'bv’ = 51/ bw'bv’  forall w,v eV’
Ii Ii

with

5-—1min fﬁ E
‘76 27 b [’

i.e., ; is the mean value of Sl on I;. Therefore, the modified and the original
SDFEM generate the same difference stencil, but different discretisations of the
right-hand side. It follows that

N
asp (uN — ¥, v) = Z/ (5= 6) (F — ) b,
i=171

Next, the stability of the discretisation, which was established in [26], implies
[u® —a"|| < Cllf - |-

Finally, the triangle inequality yields for the solution of the original SDFEM

o=l < € (= ol 1= 1)

5.4 An Upwind Finite Volume Method

Let us finish this chapter by considering finite volume discretisations of (5.1).

Although the construction of finite volume methods differs from finite difference
and finite element methods, they are typically analysed as special finite differ-
ence methods or—more often—as nonconforming finite element methods. Here we
like to highlight both approaches. In particular, this section is intended to prepare
our later investigation of the FVM in two dimensions in Sect. 9.3. There a detailed
construction of the method can be found too.

We shall assume

c>y>0, c+bV >y>0 when studying the FVM asaFDM  (5.20)
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and
c+b/2>y>0 in the FEM context. (5.21)

In the latter case the variational formulation (5.2) will be used.
Given an arbitrary mesh & our FVM reads: Find u" € Bév 1 such that

[LouN], =f; fori=1,...,N—1, (5.22)
where
[va]i = €Uz — P (*#i+1/2) biy1/2Vi — P (,ui—l/2) bi_1/2Vz; + Ciuiv

with 14172 = bip1/2hiy1/e and by s = b(2i41/2).
The method can also be written in variational form: Find u» € RN *1 quch that

ap(uN,U) = (LpuN,v)w = (f,v), =: fp(v) forall ve B(J)VH,

N-1
i=1

The crucial point is the choice of the controlling function p : IR — [0, 1]. It has to
provide the correct weighting between the two one-sided difference approximations
for the first-order derivative. Possible choices for p include:

1 t
E (1 tl) fOr t # 0,
expt —
pr(t) =, P

- for t=0

> or ,
/(241) for ¢t > 0,

(1-t)/(2—1t) for t <O,
and, with m > 0,
0 for t > m,
pum(t) =144 for t €[-m,m],

1 for t < —m;
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Fig. 5.1 The stabilising functions pr, ps and py,m

see Fig. 5.1. The full upwind stabilisation py; o is due to Baba and Tabata [17], while
puU,m With m > 0 was introduced by Angermann [13]. For p; and pg we get slight
modifications of the schemes of II’in [55] and of Samarski [144]. Further choices of
p are mentioned in [13] and [62] where also a detailed derivation of the method in
two dimensions can be found.

The constant choice p = % generates a central difference scheme, while the
choice py,o gives a scheme with upwinded one-sided difference approximation of
the first-order derivative which is very similar to the upwind scheme analysed in
Sect. 4.2. If a different p is used—in particular when p is Lipschitz continuous in a
neighbourhood of 0—then the first-order derivatives are approximated by weighted
combinations of upwinded and downwinded operators. This weighting provides an
adaptive transition from an upwinded to a central difference approximation when
the local mesh size is small enough. In this case higher accuracy is achieved while
retaining the good stability of the scheme.

Important properties of p are

(o) t — tp(t) is Lipschitz continuous,

(p1) [p(t) + p(—t) — 1]t =0 forallt € IR,

(p2) [1/2 = p(t)]t >0 forallt € R,

(p3) 1—tp(t) >0 forallt € R.

Condition (p;) ensures both the consistency of the scheme and the local conserva-

tion of the fluxes, while (p2) guarantees the coercivity of the bilinear form a,, (-, -)
and (p3) the inverse monotonicity of the scheme.
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5.4.1 Stability of the FVM

Coercivity of the bilinear form a,(-, -)

The consistency condition (p;) and summation by parts yield

N
Z _vz 1
N
+ Z { p (i 1/2)] bi—1/2(vi — v;_1)? (5.23)
=1
N-1
+ {71 ¢+ o z+1/2 - bi—l/Q)] v
i=1

Assume b’ is Holder continuous with coefficient € (0, 1]. Then
|bit1/2 — bi—1/2 — hibj| < h;h® 1Bl c1.0 10,17 - (5.24)

Thus, if (5.21) is satisfied and if the maximum mesh size A is smaller than some
threshold value h* then

N-1 1 - N-1
{hici + 5 bit1/2 — bi— 1/2)] v > 2 hiv?. (5.25)
i=1 i=1
Let
2 2 g 2
llvlll, == ¢ + vl + 5 llllo.
with
N 2
2 (vi —v;_1)
ol = s vl = Z hiv?
i=1 ¢
and
ANy
|U|,2),w = Z [2 -p (P'il/2):| bifl/Q(Ui - vi—1)2
i=1
Note, [[-[I, is a well-defined norm when (p2) is satisfied. The coercivity of the

discrete bilinear form a, (-, -) follows from (5.23) and (5.25).
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Theorem 5.18. Assume conditions (p1), (p2) and (5.21) are satisfied. Let b €
C(0,1] with Hélder exponent o € (0, 1]. Then the bilinear form a,(-,) is co-
ercive with respect to the FV-norm |||-||| , i.e.,

a,(v,v) > H|v\||i forall ve RY™!,

provided the maximum mesh size h is smaller than some threshold value which is
independent of the perturbation parameter €.

Remark 5.19. Note when p = % the stabilisation is switched off. Nonetheless Theo-
rem 5.18 states coercivity of the bilinear form with respect to the discrete e-weighted
energy norm H|v|||zw = e[}, + 3|vll3 .. However, in the case p # 3 the scheme
is coercive with respect to a stronger norm which results in enhanced stability of the
method. &

Inverse monotonicity

Letrt,r=, g >~ > 0and x > 0 be arbitrary mesh functions with

h;
7";'_ Z ﬁ i+1

and 1>r >0 fori=1,....N—1 (5.26)
(073

with a constant a > 0. Consider the difference operator

[Lyo], = —— [ 17 s+ — [L =17 | v+ qvi. (527
Xi Xi
We study this more general situation because it will also serve as an auxiliary result
in Sect. 9.3.2 when two dimensional problems will be investigated. The FVM (5.22)
belongs to this class of schemes provided that (p3) holds.

Clearly, 1+rj > land 1—-r; > 0. Hence, the system matrix associated with L,
possesses nonnegative offdiagonal entries and is therefore a Ly-matrix. Application
of Lemma 3.14 with the test vector e = 1 yields the inverse monotonicity of L, . In
particular, we get the stability inequality

[Vl < [1Exv/all,,, forall ve Ry

The inverse monotonicity can be used to study the Green’s function associated
with L, and derive stability inequalities similar to those of Sect. 4.2.1.

The (oo, £1) stability
The Green’s function G. ; associated with the mesh node x; satisfies

[LXG.J‘] = (Si’j for i = 1, .. .7N — 1, Go}j = GN’j = 0,

%
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where

L fori = j,

Xi
03,5 1= ,
0 otherwise.
Given GG, we can represent any function v € Bév +as
V; = (GZ"A, LX’U)X s (528)

with the scalar product
N-1
(w,v), == Z X;W;U;.
j=1

Let

fori =0,...,7,
Gi,j:

2RIL =@IL

i h —1
(1+6’“> fori=j+1,...,N.
: (613
k=j+1

Lemma 5.20. Suppose (5.26) holds true. Then the Green’s function G associated
with L, satisfies

0<G;; <Gi;<a/B for i,j=0,...,N.

Proof. 1f (5.26) holds then the operator L, is inverse monotone and therefore satis-
fies a discrete comparison principle. The lower bound on G is easily verified using
the barrier function v = 0.

In order to establish the upper bound, it is sufficient to show that for fixed j we
have GO,j S éoJ, GN,]‘ S GAN7]' and

[LG. ], < [LxG.;], fori=1,...,N—1,

i
(i) First we check the boundary conditions. Clearly Gi, j > 0forall ¢, j. Thus,

OZGOJ Séo,j and OZGNJ‘ SGN7_]' for j: 1,...,N—1.
(ii) Next, for i < j we have [L,G. ;]
positive.
(iii) For i > j we have
. 3 . . B .

[ij]z;i = mGiJ‘ and [Gi’j} _=——G;.

= qiém- > 0 since both ¢ and G are

i
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Thus,

R e [ (1+rH)B (1-r7)B] A
(LG 5], > " {oz5+,3h7;+1 E—— Gij =0,

by (5.26).

(iv) For ¢ = j a combination of the arguments from (ii) and (iii) yields

. e (148 . 1
[LyG.4]; = ijm@,y‘ > o [LxG ] ;5

by (5.26).

This Lemma and (5.28) give the ({~, ¢1) stability of the method:

Theorem 5.21. Suppose (5.26) holds. Then the operator L., defined in (5.27) satis-
fies the stability inequality

N-1
a
(V] oo < 3 Z Xi HLXUH forallv e RY ™.
i=1

Remark 5.22. An error analysis of the upwind FVM using this (¢, ¢1) stability
can be conducted along the lines of Sect. 4.2.5; see also [90]. &

The ({oo, W_1,00) stability

Now let us restrict our attention to difference operators of the type

g 13
[an]i = [1 + p;r] Vi + — [1 - P;] Vz,i + CiV;
Xi Xi
with
bz' Kh’7 1 bz Kh'l 1 — bi—l Kh'l bi—l Kh’7
pf:=p<— + +> rllitl o; ::p( + +
g 13 g 13
and

K€ [O, 1], Xi = Hhi-{—l + (1 - H)hi and bi_;,_ﬁ = b(Iz + I{hH_l).

The FVM (5.22) is recovered for k = 1/2, while the finite difference scheme of
Sect. 4.2 is obtained when x = 1 and p = py .

Remark 5.23. Condition (5.26) with o = sup,_( 1/p(t) follows from (p3). &

Assuming that (p;) holds, the Green’s function G solves for fixed

[L;Gi.].

j:éi,j fOI‘jZl,...,N—l, Gi,OZGLN:O
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where L? is the adjoint operator to L, with respect to the scalar product (-, -) - Note
(p1) implies p; + Piy1 =€ 'Diprhiy1. Then it is verified that

* € —
(L], = —X*]{ (1= p5a] vayy = [14 074 Uf;j}
by — b
+ 4 JtK J 1+n> N
<CJ X Yj

Assume ¢+ b’ > -y > 0 and let b’ be Holder continuous with coefficient A € (0, 1].
Then

bjtr —bj—
(& + e R B > 0
X

if the maximum step size & is sufficiently small, independent of ¢; cf. (5.24). Pro-
ceeding as in Sect. 4.2.1, one can show

Gi’jZGiﬁjfl fOI'j:].,...,Z' and Gi,ngi,jfl forj:i+1,...,N7

i.e., G;,. is piecewise monotone.

Theorem 5.24. Suppose (p1), (p3) and (5.20) hold true. Assume b € C10,1]
with Hélder exponent A € (0,1]. Then the operator L, satisfies the stability
inequality

N-1
ij [Lﬁv]j—l-CH forall ve RY™!,
j:.

00,w

200,
1olloo = =5 2im,

with « = 1/infico p(t) < 2, provided the maximum step size h is smaller than
some threshold value that is independent of the perturbation parameter ¢.

5.4.2 Convergence in the Energy Norm

In this section we study the convergence in the energy norm |||-[|| , of the finite vol-
ume method on S-type meshes (see Sect. 2.1.3) with o > 2. The controlling function
p is assumed to satisfy conditions (pg), (p1) and (p2).

Our analysis starts from coercivity of a, (-, -) (see Theorem 5.18) and follows the
standard approach of the Strang Lemma. Let = u/ — v and y = u! — «!V, where
we use u” for both the pointwise defined solution of (5.22) and its piecewise-linear
extension on the mesh w.

From (5.2) and (5.22) we get

ap(x, x) = a(n,x) + a,(u’, x) — alu’, x) + F(x) = fo(x)-
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Then Theorem 5.18 yields

XN < la(n )] + [£o(x) = (X))

(5.29)
+ ’r(uI7X) - Tp(ulax)| + ’C(UIaX) - Cp(ulax)’

with
1 N-1
T(UI,X) = / CU/IX7 rp(ula X) = Z hiCiUiXh C 7X / b
0 i=1

and

N-1

{ ,LL1+1/2 z+1/2 (wiv1 — wi)
i=1

+ o (—tiz1/2) bi—1/2 (u; — ui 1)}X¢~
The four terms on the right-hand side of (5.29) will be bounded separately.

(i) The first term has been analysed in Sect. 5.2. We have under the assumptions
of Theorem 5.6

la(n, )| < C (h+ N~ max [¢']) [lIx]. ., (5.30)

because the discrete and continuous energy norms are equivalent for functions
from V¢.

(ii) Next we bound the error arising from the discretisation of the right-hand side f.
Denoting by ¢, the usual basis functions for linear finite elements, we have

hi

[ e -2,

I, 2
IR

2
< 217

Thus,

[F(x) |—

{/:l+1 f<Pz)( ) x_hifi}’
N 11,

<1 looh Y Ralxal < [1F ool xlo -
i=1

(5.31)
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(iii) The next term in line is 7(u’,x) — r,(u’, x). By the definition of r,(-,)
and r (-, -), we have

N—1
Tp(UI7X) - T(U’va) = Z SiXis
i=1
where

§; 1= /””i“ (C“I%') (z)dx — hiciu; = /““ [(cul) (z) — Ciui] pi(w)dz.

i—1 LTj—1

We have
’(cul) (x) — ciui’

/ (cuI)/ ds

for z € [z;_1,zit+1]. (The quantity 19[017] (@) has been introduced in Sect. 2.1.)
Hence, |s;| < Cﬁ[cld] (@)h; and we obtain

<

Ti41
< c/ {1 +e*1efﬁs/€} ds < c9l(@)

|rp(ul, x)i = r(ud, )| < COM(@)Ixllo.e- (5.32)

(iv) Finally consider the convection term. We have
Cp(u17 X) - c(ula X)

= i{/L (b(u")'x) (z)dz

- [P (*,Uz’—1/2) Xi—1+p (,LLi—l/Q) Xi] bi_1/2 (Uz - Ui—l)}

and

i + Xi—
/I (b(u’)'x) (z)dz = bi—1 /2 (u; — ui,l)%

+/] {/ b'(s)dsuih%)((x)}da:.
i Ti—1/2 g
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Combine these two equations and use (p;) to get
cp(ul, x) —cu’, x)
1
= Z [2 - P (/%‘—1/2)} (Xi - Xifl) (Ui - Uifl)bi—1/2
i=1

+z / { / i b (s)ds————L ‘hf“lxm}dx-

Note that |u; — u;—1] < Cﬁ[l]( ). Thus, for the second term in (5.33) one has

{/$ » ¥ (s)ds ™ )}dx

Next we bound the first sum in (5.33). For i < ¢N use |u; — u;—1| < Cﬁgld] (@)
again to obtain

(5.33)

< O@) IIxlly, - (5:34)

qN 1
> [2 —p (M¢1/2)} (Xi = Xi—1) (wi — ui—1)bi_1/2

i=1

N (5.35)

< C91(w) Y Ixi = xio1] < CO(w)e 22N [y,
i=1

by a discrete Cauchy-Schwarz inequality.

For 7 > gN we use the splitting © = v + w of the exact solution according to
Theorem 3.48. Starting with the layer term w, we have w; < CN 2 for i > ¢N.
Hence,

N

1
Z [2 -p (/Ji—l/2)1| (Xi — Xi—1) (ws — w;—1) bi—1/2
T (5.36)
N

<CONT2 Y (bl + Ixi1) < CN7ixllows
i=qN+1

by a discrete Cauchy-Schwarz inequality and an inverse inequality that can be used
because N ! < h; for i > ¢N. Finally, consider the regular solution component .
To simplify the notation let

1 bi—1/2h;
o= b Y e
Yi—1/2 i—1/2 {2 P< -
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Summation by parts yields

Z Yi— 1/2 i — Vi— 1)( Xifl)

i=qN+1

= VYgN+1/2 (UqN - qu+1) XgN
N—1

Z Yic1/2 (Vit1 — 20 +vim1) Xi
i=qN+1

+ Z (Vim1/2 = Yirr2) (Wit —vi) Xi-
i=qN+1

Taylor expansions give |v;+1 — 2v; +v;_1] < CN~2 and |v; — v;_1| < CN7L,
while (po) implies |y;_1/2 — Yi+1/2| < CN~'. Thus,

Z Yi-1/2 (Vi —vi—1) (Xi — Xi-1)

i=qN+1
< N7 (Il + Peav]) < CNT Y2 Nl
because
qN
Ixgn| < Z Ixi — xi—1] < C'In'/? Ne'/? |X|1,w .
i=1

Collecting (5.33)—(5.37), we get
lep(u!,x) = c(u’, x)| < CO1(w) I N [|Ix]ll, - (5.37)

Now all terms on the right-hand side of (5.29) have been bounded; see (5.30),
(5.32), (5.31), (5.34) and (5.37). Divide by H|XH|p Then recall the interpolation error

bounds of Sect. 5.1 and note that 19[;1] (@) < C (h+ max|y’|) for S-type meshes
with 0 > 1. We get the main result of this section.

Theorem 5.25. Let 0 be an S-type mesh with ¢ > 2 whose mesh generating func-
tion @ satisfies (2.8) and max |¢)'| In*/? N < CN. Assume (po), (p1) and (ps) hold.
Then

[l = w™Il. + [fla” = w™][], < € (h+ N7F max g/ n'/2 N

for the error of the upwind FVM (5.22).
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5.4.3 Convergence in the Maximum Norm

With the results of Sect. 5.4.1 at hand, the simplest maximum-norm analysis is based
on the (£, w_1 o) stability. Set

Vi —Vi—1
[Apv]; = 5{1 + pic1y2[p (—piz1y2) = p (Hie1/2)] }%
v + . N-1
1 i—1
b+ Y (hyej +bjrays — bi1y) v;
]=’L
If condition (py ) is satisfied then L,v = —(A,v); and Theorem 5.24 yields
4
[0l < 5 min [ Ag0 + all o, forallo € BYH.

Integrate (5.1) to see that

5U;—1/2 + (bu)i_1/2 + / o ((c+b)u—f)(s)ds =«

Ti—1/2
forall ¢ =1,...,N.
Thus,
Jlu—uM||_ < 2 nax | M| (5.382)
00w = B i=1,..,N ’
where
Ui — Ui—1 Us + U1
Mi =€ <hz - u;1/2) + bi—1/2 (2 — ui_l/Q)
N-1 ITN-1/2 ,
+ (Rjcj +bji1/2 — bj_1/2) uj — / (c+b") (s)u(s)ds
j=1i Ti—1/2
N-1

hjf; +/ e f(s)ds

j=i i—1/2

bi_1/0h bi_1/9h;
b [p (B (B 4y

All terms except for the last one can be bounded by 19 ( ) using the technique
from Sect. 4.2.2. When bounding the last term note that p(t) [0,1] forall t € R
and that

(5.38b)

i — w1 < /1 ' (s)|ds < 9N (@).
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Theorem 5.26. Suppose (p1) and (ps3) hold. Then the error of the upwind finite
volume method (5.22) satisfies

Hu - uNHoo,w S 019[6163 (LD)

It was mentioned earlier that the accuracy of the scheme is improved when the
function p is Lipschitz continuous in a neighbourhood of ¢ = 0, say on an inter-
val [—m, m]. We will briefly illustrate this using a standard Shishkin mesh with
mesh parameter o > 2.

We work from (5.38). The arguments from Sect. 4.3.3 are used to bound the first
four terms by 19[02(]] (@) < CN—2In®N.

We are left with the last term in (5.38). On a Shishkin mesh with o > 1:

| < CN~'InN fori=1,...,qN,
U — Uj—1] >
CN-! fori =gqN +1,...,N.

This can be verified using the decomposition of Theorem 3.48.
Furthermore, if h; < me3~" then

bi—1/2hi bi—1/2hi i
b)) o ()| e
£ € £

because p is Lipschitz continuous on [—m, m]. Hence, in the layer region of the
Shishkin mesh we have

bi, hq, bif hi
’p (_1/2> —p(1/2>‘ <CON 'InN fori=1,...,¢qN,
£ 9

while on the coarse mesh region p(t) € [0, 1] for all t € IR is used. We obtain

bi_ hi bi— hi
() o ()
g g

All terms in (5.38) have been bounded by either CN ' or by CN~2In* N.

"Uq' - ’U,i_1| S ONil.

Theorem 5.27. Assume p is Lipschitz continuous on [—m,m)]. Let (p1) and (p3)
hold. Then the error of the upwind FVM (5.22) on a standard Shishkin mesh satisfies

=]l < ON"!
o0,w

if N is larger than some threshold value which is independent of the perturbation
parameter €.

Remark 5.28. On a standard Shishkin mesh the use of a Lipschitz continuous func-
tion p improves the accuracy from O (N~ InN) to O (N71). &
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Table 5.4 The upwind FVM on a standard Shishkin mesh

PU,0 PU,10 pPs PI

N error rate error rate error rate error rate
27 4.236e-3 0.84 3.855¢-3 0.99 3.855¢-3 0.99 3.855¢-3 0.99
28 2.364e-3  0.86 1.942e-3  0.99 1.942e-3 0.99 1.942¢-3 0.99
29 1.303e-3  0.87 9.745e-4 1.00 9.745e-4 1.00 9.745e-4  1.00
210 711le-4 0.89 4.882-4 100 4.882e-4 100 48824 1.00
211 3850e-4 0.89 2443e-4 1.00 2443e-4 1.00 2.443e-4 1.00
212 207le-4 090 1.222e-4 1.00 1.222e-4 1.00 12224 1.00
213 1.108e-4 091 6.115e-5 1.00 6.115e-5 1.00 6.115¢-5 1.00
214 5904e-5 091 3.05%-5 1.00 3.059-5 1.00 3.059%-5 1.00
215 3.133e-5 092 1.531e-5 1.00 1.531e-5 1.00 1.531e-5 1.00
216 1.658e-5 — 7.672¢-6 — 7.672¢-6 — 7.672e-6 —

5.4.4 A Numerical Example

Table 5.4 displays the results of test computations using the upwind FVM with
various stabilising functions p, when applied to the test problem (4.14) and contains
the maximum nodal errors. For our tests we have chosen a standard Shishkin mesh
with 0 = 1 and ¢ = 1/2. The results of the numerical tests are in agreement with
Theorem 5.26 and 5.27. Comparing the numbers for py7 o with those for other ps,
we clearly see an improvement in the accuracy when p is Lipschitz continuous in a
neighbourhood of ¢ = 0. Also notice there is no (visible) difference in using either
of those Lipschitz continuous ps.



Chapter 6
Discretisations of Reaction-Convection-Diffusion
Problems

This chapter is concerned with discretisations of the stationary linear reaction-
convection-diffusion problem

—equ” —ebu+cu=f in (0,1), u(0) =g, u(l) =1,

withb > 1and ¢ > 1 on [0, 1].
In particular, we shall study the special case of scalar reaction-diffusion problems

—%u" 4 cu=f in (0,1), u(0) =0, u(l) =,
and its vector-valued counterpart

_E2u,,+Au:f in (Oal)a ’U,(O) =70 u(l) =71

6.1 Reaction-Diffusion

This section is concerned with scalar reaction-diffusion problems
Lu:=—e®u" +cu=f in (0,1), u(0) =0, u(l) =1, 6.1)

where ¢ > p? on [0, 1] and p > 0 is a constant.

Analytical properties of (6.1) were studied in Sect. 3.3, while layer-adapted
meshes for it have been introduced in Sect. 2.2. The crucial quantity for reaction-
diffusion problems is

ﬁ[p](&)) ‘= max 1+t (e re/re 4 or=)/pe) L gy
rd k=1..N [,

Using (6.1) as a model problem, a convergence analysis is conducted for variants
of the linear FEM with convergence established in the energy norm.

Next a general convergence theory in the maximum norm is derived for central
differencing on arbitrary meshes. The close relationship between the differential

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 183
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_6,
(© Springer-Verlag Berlin Heidelberg 2010
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operator and its discretisation is highlighted. We then move on to a maximum-norm
error analysis for the linear FEM and a special 4"-order scheme. Finally, central
differencing for systems of reaction-diffusion equations is studied.

6.1.1 Linear Finite Elements

Consider (6.1) with homogeneous boundary conditions. Its weak formulation is:
Find u € H}(0,1) such that

a(u,v) :=e* (v, v') +r (u,v) = f(v) forall v € H}(0,1) (6.2)

with 7(u,v) := (cu,v) and f(v) := (f,v) := fol (fv)(s)ds.

Given a mesh @, let V; be the space of continuous functions that are piecewise
linear on the mesh @. Clearly V¢’ C Hg (0, 1). The standard Galerkin-FEM approx-
imation is: Find u™ € V§ such that

a(u™,v) = f(v) forall ve Vy.

Typically, the integrals in the bilinear form 7 (-, -) and in the linear functional f(-)
cannot be evaluated exactly. Therefore, they have to be approximated:

r(w,v) ~ #(w,v) and f(v) ~ f(v).
Different approximations yield different variants of the FEM. Later we shall con-
sider four possible choices for (-, ) and f(-).
With this notation our FEM is: Find u™¥ € Vi such that

a(u,v) == e (W), 0') + 7 (uM,v) = f(v) forall ve V. (6.3)

The norm naturally associated with the weak formulation is the energy norm

1/2
2 2
lelle = {2 11/15 + o2 ollg}

It is typically used in the convergence analysis of FEMs. Clearly a(, -) is coercive
in the energy norm:

llvll% < a(v,v) forall v e HE(0,1).
However, the coercivity of a(-, -) depends on the approximation used for the reaction

term and has to be investigated separately. It is one ingredient in the error analysis
for (6.3). The other ingredient is bounds for the interpolation error.
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6.1.1.1 The Interpolation Error

Let again w! denote the piecewise linear interpolant of w. Throughout this section
let us assume the function ¢ € C?[0, 1] admits the derivative bounds

[ (z)| < C {1 +e72 (e_”’”/E + e_p(l_z)/s)} . (6.4)

For example, the solution u of the boundary-value problem (6.1) belongs to this
class of functions, see Sect. 3.3.1.2. And so does cu — f = ¢2u whose interpolation
error will appear in the later analysis too.

Proposition 6.1. Suppose i satisfies (6.4). Then

v =9 <C [/1 {1 +¢e7t (e,pm/% + e*p(km)/zs) } dx} i

for all mesh intervals I; = [x;—1,x;].

Proof. For x € I; and an arbitrary integrable functions y set

(700 (@)= 5 /I / /g " ()dtdeds.

For triple integrals of this structure we have the two bounds

(i) ()] < / (€ — xim) x(6)] de (6.5)

i

and

(T ()] < / (s — ) [x(5)| ds. (6.5b)

I;

These integrals can be further bounded using Lemma 4.16. Let x : I; — IR be any
function with xy > 0 on /;. Then

2
(Tix) (z) < % {/ x(t)l/th} if y is decreasing, (6.6a)
I;

and

2
(Tix) (z) < {/ X(t)l/th} if 'y is increasing. (6.6b)
I;

DN | =
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For the interpolation error on ; we have the representation

(v —o") (z) = (") (z) for z € I,. 6.7)

Next we would like to apply (6.5) and (6.6). Therefore, we split 1" into two parts
that can be bounded by monotone functions—one decreasing and the other increas-
ing. Set

_ , _ - "(x) forx <1/2,
b =G ad gpa) =Y ) e st
0 otherwise.
Clearly,
’@D(l')’ < C{l +€—Qe—pm/€} and |7$I(-73)| < C{l +5—26—P(1—r)/5},

by (6.4). Hence, using (6.5) and (6.6), we obtain

Iy, <€ [ (1t et/ ag,
I.

i

Recalling (6.7), we are finished. a

Theorem 6.2. Suppose v satisfies (6.4). Then
o=l < llo - ']l < € (@)
and
Il = w7l < 0 (12 4+ 05@)) ¥ (@).
Proof. The bound on the L, error is an immediate consequence of Prop. 6.1 and

the definition of 197[3.
For the error in the H'! norm we proceed as follows using integration by parts

[@=u = [ (- @) w=- [ v - ") @a

Next, a Holder inequality gives

[w=e < o=l [ wela <o (@),

by (6.4). Finally, combine this with the bound for the Ly norm of the interpolation
error to obtain the energy-norm estimate. a
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Remark 6.3. The interpolation error in the energy norm is an order of magnitude
better than for convection-diffusion problems. This is because this norm fails to
capture the wider boundary layers in reaction-diffusion problems:

|||e_pI/E|H62 = (’)(51/2) for ¢ — 0.

Therefore, the reaction-diffusion problem is not singularly perturbed in the energy
norm in the sense of Def. 1.1. &

Remark 6.4. For Lagrange interpolation with polynomials of arbitrary degree p > 0,
cf. Remark 5.5, we have

p+1
Ipu—ull, < ¢ (95 (@)

for the solution u of (6.1). &

6.1.1.2 Convergence in the Energy Norm

With interpolation error bounds at hand, we can now return to the convergence anal-
ysis for the FEM (6.3).

Assume the bilinear form a(-, -) is V{“-coercive with respect to the energy norm.
That is, there exists a positive constant -y such that

0% |||u|||§2 < a(v,v) forall ve Vy. (6.8)

I I

Setn :=u! —wand y := u! — uN. Then by a triangle inequality

=™ |s < linlle + =

Theorem 6.2 yields
lInll.e < € (172 + 955(@)) 95(@).

and we are left with bounding ||| x||| .2
Starting from (6.8), we get

YIxIZ < alx, x) =7 (u!,x) = r(u, x) + () = F(0), (6.9)

where we have used (6.2) and (6.3).
We shall consider four variants of the FEM characterised by different approxi-
mations of the reaction term and of the source term:

FEM-0: #(w,v) = r(w,v) and f(v) = f(v), i.e., no quadrature is used.
FEM-1: #(w,v) = (c!w,v) and f(v) = (f!,v),
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#(w,v) = ((cw),v) and f(v) = (f',0),
(w,v) = (cw, ), and f(v) = (f,v)., with the discrete £5-product

N-1
(w,v), = Z hiw;v;.
i=1

FEM-2:
FEM-3: 7

This method is generated by applying the trapezium rule

h
/1 g(s)ds =~ ;1 (9i + gi+1) :/1 g’ (s)ds

i

k3

to (cw,v) and (f,v). It is equivalent to the standard central difference scheme

which will be subject of Sect. 6.1.2.

Remark 6.5. A direct calculation shows that (w,v),, = (w,v) for all w,v € V’. &
Theorem 6.6. Let u be the solution of (6.1) and u" its approximation by FEM-0,

FEM-1 or FEM-2. Then

2 (6.10)

2
flo? — |l < € (84@)

and
llu=ull.. < € (12 + 055 (@) 5 (@).
Corollary 6.7. For FEM-0, FEM-1 and FEM-2 we have the uniform first-order
convergence result
lle = a¥l.2 < CO%3@).
However, the worst case is not when € is small, but when € = 1. This is observed in

numerical experiments [74].
We give short proofs of Theorem 6.6 for the various FEMs now.

FEM-0: #(w,v) = r(w,v), f(v)= f(v).
Clearly a(-,-) = a(-, -). Therefore, (6.8) holds with v = 1. Inequality (6.9) yields

IxllZ < 7 (uf = u,x) = (e(w! = u),x)

and
2
lixlz < lello Ju” = ully < € (W(@)) ",

by Theorem 6.2.
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FEM-1: #(w,v) = (lw,v), f(v)=(fL,0).
The coercivity of a(-, -) is verified upon noting that

(ch,w) > (o) = o3

Thus, (6.8) is satisfied with v = 1. Starting from (6.9) again, we get

lxlliZ < ((¢" = e)ul, x) + (c(u’ —u),x) + (f = f1,x).-

Appealing to Theorem 6.2 again, we get (6.10) for FEM-1.

FEM-2: f(w,v) = ((CU})I,’U), f(’l)) = (fla/u)'

This time establishing coercivity is slightly more involved. Let w € V{;” be arbitrary.
A direct calculation gives

N— N—
. D h;
Pw,w) = E ;1 (cl-wi2 + C¢+1w?+1) + E gl (€i + Cip1) wiwiq1.

=0 i=

—
—

We bound the second term from below:

¢+ Ciy1 (w2

(ci + Ciy1) wiwiy1 > — 5 i T wi2+1)

hi hi
> = (et B 0 = (e + P52 )

Thus, if the maximum step size h is sufficiently small, dependent on «, but indepen-
dent of ¢, then

7w, w) > Z 3 (czwz2 —|—ci+1wi2+1>

>

2
i+1 P
> p? Z 18 (w} +w?,,) = ZHUJH%-
1=0

Hence, a(-, -) is coercive and (6.8) holds true for v = 1/4.
Next, (6.9) and the Cauchy-Schwarz inequality yield

1 .
1lxlee < la" —afly,  with q:=cu—f.

Theorem 6.2 applies to ¢ and we obtain (6.10) for FEM-2.
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FEM-3: #(w,v) = (cw,v)w, f(v) = (f,0)e.
In view of Remark 6.5, ineq. (6.8) holds true with v = 1. Then by (6.9)

I < (@), — (20x) = / (00" — ax) (2)de

N— 1h
1
(@ —ax)+ ) 6+ (Git1 — @) Xasis
1=0

where again ¢ = cu — f = £2u”. The first term on the right-hand has just been
bounded when analysing FEM-2. Unfortunately, in view of the last term—in par-
ticular the presence of the discrete derivative x,—it seems impossible to obtain a
convergence result as general as Theorem 6.6. On a S-type mesh, one might reason
as in Sect. 5.2.1 by using an inverse inequality on the coarse-mesh region, but rely
on the small mesh sizes inside the layer to gain the necessary powers of .

6.1.2 Central Differencing

Given an arbitrary mesh @ the most frequently considered finite-difference approx-
imation of (6.1) is: Find v~ € IRV such that

[LuMN], = fi fori=1,....N—1, ui =70, uy = 6.11)
with
[LUL‘ = _Ezvii;i + c;v; for v € RN,

The difference operators were introduced in Sect. 4.1. As mentioned before this
difference scheme is equivalent to FEM-3 in the preceding section: Find u’¥ € Vi
such that

ac(uN,v) = fc(v) = (f,v), forall veVy, 6.12)
where

ac (w,v) := &2 (W', ') + (cw,v), = 2 [wy, vy, + (cw,v),,,

and

N-1 N-1
v), = g hitiwivg,  (w,v), = g hiw;v;.
i=0 i=1
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Taking as test functions v the standard hat-function basis in V¥, we see
that (6.11) and (6.12) are equivalent. In particular, using summation by parts
(cf. [146]) it is verified that

ac (w,v) = (Lw,v), = (w, Lv),, forall w,v e V.

Apparently the operator L is self-adjoint as is its continuous counterpart L.

6.1.2.1 Stability

The matrix associated with the difference operator L is an Ly-matrix because all
off-diagonal entries are non-positive. Application of the M -criterion (Lemma 3.14)
with a test vector with components e; = 1 establishes the inverse monotonicity of L.
Thus, L satisfies a comparison principle: For any mesh functions v, wIRN 1

Lv < Lw on w,
vo < wp, — ov<w on w. (6.13)
vy S wy

This comparison principle and Lemma 3.17 provide a priori bounds for the solu-
tion of (6.11):

||uNHw < max{|70|, \*yl|} + ||f/c\|oo7w for i =0,...,N.
It also gives the stability inequality

]| <|Lv/ell s, forall ve Bé\”rl. (6.14)

00, —

Green'’s function estimates

Using the discrete Green’s function G : @ — R : (2;,&;) — G, = G(;,&))
associated with L and Dirichlet boundary conditions, any mesh function v € Bév +

can be represented as
v = a. (v,G;.) = (Lv,G;.) = (v,LG;.), fori=1,...,N -1, (6.15)
because the operator L is self-adjoint, i.e., L = L*. This also implies G; ; = G} ;

forall¢,5 =0,...,N.
Taking for v the standard basis in Vj”, we see that for fixed7 =1,..., N — 1

[LG%] = 51"]‘ for j = 1, . ,N — 1, Gi}o = Gi,N = O, (616)

J
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where

hitoif i =4,
URES :
0 otherwise

is the discrete equivalent of the Dirac-4 distribution.

Lemma 6.8. For any fixed j1 > 0
[ol% < nlve ), + (07" +1) (v,0),  forall veVy.

Proof. This is Theorem 2 in chap. V, §4 of [145]. a

Theorem 6.9. The Green’s function G associated with the discrete operator L and
Dirichlet boundary conditions satisfies
14+ep?

OSGi,jgi fOV OSi,jSN,
ep

G&;i"jzo f0r0§j<i<N,
Ggmjﬁ() f070§1§j<N

Proof. The positivity of G follows from the inverse monotonicity of L.
The upper bound on G is proved using an argument from [147]. Let ¢ be arbitrary,
but fixed. Set I' := G, .. Then Lemma 6.8 with n = ¢/p yields

1+ep? _

1T < == (06 o), + 757 (1T,

e +ept
T

1 —1
= +5p Fiu
pE

(g (Lo, Ty), +e Y (el F)w)

by (6.15). The upper bound on G follows.
When proving the monotonicity, note that

’Geij = e*Gejor + hyc;Giy for 0<j <i
and
EQG&Z’J = E2G§ﬂ‘,j+1 — hj+1Cj+1Gi7j+1 for ¢ <j <N-1.

The non-negativity of G implies G¢.; 0 > 0 and G¢,; yv—1 < 0. Then the piecewise
monotonicity of G follows by induction. a
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Theorem 6.10. The Green’s function G associated with the discrete operator L
satisfies

2 (1 + 5p‘1)2

2
l¢Gi.. o S T IGegii Nl <

<L |G|

Il,w

foralli=1,...,N — 1.
Proof. First multiply (6.16) by 7; and sumfor j =1,..., N — 1.

N-1
Z hjCjGiJ‘ =1 +82 (Gé;i,N - Ggmo) < 1,

Jj=1

because G¢.;0 > 0and G¢;; v—1 < 0. This is the bound on the c-weighted ¢; norm.
Next

i—1 N-1 _1\2
2(1+ep™t)
IGeilly - = > hj+1Geij — Y hjt1Gei; = 2Gi; < (€p7
j=0 j=i
(6.17)
by Theorem 6.9.
Finally, a triangle inequality, (6.16) and (6.17) give the bound on G¢¢. ad

6.1.2.2 A Priori Error Bounds

The analysis follows [95, 103]. By (6.15) we have for the error u — «'¥ in the mesh
node x;

(u—u), =ac(u—u",G;.) =ac(u,Gi.) = f.(Gi.) .
For simplicity we set I" := ;. We identify the mesh function I" with that function
from V¥ that coincides with I" at the mesh nodes. Using the weak form of the

differential equation, we get

(U—uN)izac(u,F)—a(u,F)+f(F)—fC(F)
=(cu—f,I), —(cu—f,T).

Note, if vg = vy = 0 then

1
(w,v)w:/o (wv)l(x)dx, (6.18)

where w! denotes again the piecewise linear interpolant of w.
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Setting q := cu — f = e%u”, we obtain the error representation

(u— uN)i = /01 ((qF)I - q[') (z)dz. (6.19)

We are left with bounding the interpolation error for ¢I". To this end we shall avail
of the derivative bounds derived in Sect. 3.3.1.2 and repeat some of the arguments
from Sect. 6.1.1.1.

By (6.7), for x € [z, x;41] we have

(al)(2) — (al)" (&) = 20w (T3(d)) (x) + (T;(d" D)) (x). (6.20)
Next, we wish to apply (6.5) and (6.6) to the right-hand side of (6.20). There-

fore, we split ¢’ into two parts that can be bounded by monotone functions—one
decreasing and the other increasing. Set

¢ (x) forx <1/2,

qr:=¢ —gp and g¢p(z):= .
0 otherwise.

From Sect. 3.3.1.2 we have
e tgp(z)| < C {1 + 5_2e_’”/6}
and
e g (x) <C {1 + E_Qe_”(l_”)/s} .
Hence, using (6.5) and (6.6), we obtain
/ 25y
1750 g, < Ce (V@) (6:21)
The second integral in (6.20) is bounded in a similar manner. Set

q"(z) forz <1/2,

qgr=q"—qgp and gp(x):= .
0 otherwise.

From Sect. 3.3.1.2:
(Fp) (@)] < C (I + L) {1+ 72707/}
and

‘(qu(x))| S C(FJ + F]+1) {1 + 5_26_p(1_r)/5} ,
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since I is piecewise linear and positive. Thus,
2
150" Tl g, < C (I3 + Ty) (954@)) (6.22)
Applying (6.21) and (6.22) to (6.20), we obtain
2
(ra=(ra)") @) < € (951@)) (el + Ty +13) for @ € (w5, 541):

Integrate over [0, 1] to get

/0 (o) - (o)) (2)de| < € (0@)” (c1

o F TN ) -

Finally, recall (6.19) and Theorem 6.10. We arrive at the main convergence result
of this section.

Theorem 6.11. Let u be the solution of the reaction-diffusion problem (6.1) and u™
its central difference approximation (6.11). Suppose c, f € C?[0,1]. Then

2
=", < € (95@)
Corollary 6.12. Theorems 6.2 and 6.11 yield
2
lu =¥l < € (95@)

by a triangle inequality and because HuI — uNHOO = ||u1 - uNHoo’w.

6.1.2.3 A Posteriori Error Analysis

The first a posteriori analysis for central differencing was conducted by Kopteva;
see [66]. We slightly modify her argument. It is based on the bounds for the Green’s
function G associated with the continuous operator £; see Theorem 3.31.
Let « € (0,1) be arbitrary, but fixed. Set I' = G(z, -). Then
(u—u™)(z) =a(u—u™,I)=f(I)—a(u",T)
= f(F) _fc(F) +ac(uNaF) —a(uN7F)
= (cuN —f,F)w — (cuN —f,F),

by (6.12). Setting § := cu’Y — f, we have

(u—u) (z) = /;((ﬁf)l - (jf) (s)ds,
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where (6.18) was used. Expand the integrand
JUNRY SN . . . iy
@) —ar=(a"-aq r+q¢ (I'" =)+ @y —q'r
in order to obtain the error representation

(w—uM)(x)=(¢"—¢T)+ (", 1" -1)

+ /O 1 ((qr)’ - (jIFI) (5)ds. ©29

The terms on the right-hand side are estimated separately.
A Holder inequality and Theorem 3.31 give

[@—d" D) <plla-d"ll.-

For the second term in (6.23), integration by parts yields

[ = 1) s = [ (= 00) (s - 20) QI (5)ds,
Iy

Iy

where

Grr1 + 4k Qea1 — G Tk + Thy1
= i X =
Qx(s) 1 + 6hr (5 = @hy1/2) s Trgiye 5

h2
/ i (@) (I — I) (s)ds| < %max{m,mm\}/ 77 (s)| ds.
Iy Iy

By Theorem 3.31, we have || I"”||; < 2¢72. Hence,

2

h
@ =)<, e 5t maxc{lal el )

For the last term in (6.23) a direct calculation yields

/ (((if)[ - QIFI) (s)ds = hkgl (Gr+1 — @) (Tht1 — k)
Iy

h . .
_ (qkﬂ_qk)/ '(s)ds.
6 .
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Thus

_dk|a

/01 ((qr)f - AIFI) (s)ds| <

< max
k=0,..,.N—1 6ep

because ||I”]|; < 1/(ep), by Theorem 3.31.
All terms in (6.23) have been bounded. We get

Theorem 6.13. Let u be the solution of the reaction-diffusion problem (6.1) and u™
its central difference approximation (6.11). Let G := cu™ — f. Then

| — ™| <m+m2+ns,

where

LIPS hi -
=lla-d'llo. =, max -t max{|gl |Gkl }

and

— Q|-

+
3 1= max
g k=0,..,N—1 6ep

Remark 6.14. The term H(j —q' HOO in the a posteriori bound can be further ex-
panded as follows

g—q =r-r- (C*CI)uNfcluNJr(cuN)I

Thus

0=l <1 = e+ lle =l 1l

1 N N

+ -  max U —u | -|c — Ck| -
4 k:O,..A,N—ll ka1~ |- lener — el

The first two terms involve (continuous) norms of the data. These have to be approx-

imated numerically with sufficient accuracy. At least O(h?) is required. However,

higher order is desirable to ensure all non explicitly computable terms in the error

estimator are of higher order and decay rapidly as the mesh is refined. &

Remark 6.15. Invoking the difference equation (6.11), we see that 13 implicitly con-
tains third-order discrete derivatives of u”

Pyt
6ep

2
Ehk+1

| x:c:ck

|Qk+1 _Qk|

The a posteriori error bound in [66, Theorem 3.3] is given using these higher-order
operators.
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The argument in [66] proceeds to show that

2
lu—u™| , < ¢ _max {hk-H [1 + Juzan]? + |umk+1|1/2” :

The constant C' is independent of €, but not specified in [66]. Therefore, this latest
inequality cannot be used for reliable a posteriori error estimation. Nonetheless, it
is useful for steering adaptive mesh generation. &

Adaptive mesh generation

Based on Theorem 6.13, the de Boor algorithm in Sect. 4.2.4.2 can be adapted for
the problem and method under consideration. One only needs to redefine the @);:

1/2
Qi — Qi(uN7 A,w) = {HO —+ K1M1:iK212:4 + Hg?]gﬂ'}

with

h? . .
y o M2y = 672 max{|qi,1\ ) |Qz|}>

M = |Gi—1 — 2Gi—1/2 + G
hi .
N3; = — |4i — Gi—1]
€

and non-negative weights ry. Note that max; 71,; is a second order approximation
of 11 in Theorem 6.13.
In view of Remark 6.15 one can also use the de Boor algorithm with

Qi=1+ \um;i71|1/2 + \Um;i|1/2~

Numerical experiment for this variant of the algorithm are documented in [68].

6.1.2.4 An Alternative Convergence Proof

Traditional finite difference analysis aims at directly exploiting the maximum-norm
stability or using barrier function techniques. In higher dimensions they are often
the only tool available, because of a lack of stronger stability results.

We now present an error analysis for central differencing on a Bakhvalov mesh
that solely uses (6.14). In the layer regions this mesh is not approximately equidis-
tant. Consequently, the truncation error of the difference scheme is apparently only
first order at points in the layers, but a more delicate analysis given in [18] shows
that the truncation error at every mesh point is in fact O(N ~2) uniformly in c. We
use the description of the mesh by a mesh generating functions, see Sect. 2.1.1.

For any v» € (%[0, 1], Taylor expansions show that

ey — Lyl| < Ce|l0" ||, (6.24a)

$i—17$i+1]



6.1 Reaction-Diffusion 199

and

(£ — L], | < C Ay — hasa | [9]"] + (hi + hira)* [0 (6.24b)

Tio1,Tit1]

When o¢ > pq the mesh is uniform with mesh size NV —1. Furthermore, e~ < C.
Thus,

|Lu — Lul|, < CN™2,

by Theorem 3.35 and (6.24).

Now consider the case o < pgq. For simplicity we will consider only the layer
at z = 0 and assume that z; = ¢(t;) < 1/2.

From the construction of ¢ one must have 7 < ¢. It follows that 1 < x'(7) < ¢,
where we set ¢ = 1/(1 — 2q). Define the auxiliary points 71 and 75 in (0, ¢) by
X'(m) =gand x'(m2) = 1. Then g, =g —oe/p <7 <7 =q—0e(l—2q)/p
because x” > 0 on [0, g).

(i) ¢'(t) < x'(7) < gfort € [0,1]. Thus,
t;
h; :/ O'(t)dt < GN~' for i=1,...,N. (6.25)
ti—1

(ii) Fort <t; < g wehave ¢'(t) < x'(t) = oe/p(q — t) < oe/p(q — t;). Hence,
fort; <q— N1,

A
~
A
[\
®))
=

ti o€ 20¢
h:/ O(t)dt < N7H/(t;) < < .
R ) (t) pN(q—t;) = pN(q—ti—1)

(iii) hi+1 —h; = Tiy1 — 2, + i1 = (p”(t?)N_Q for some t; S [ti—hti-&-l}'
Now

") <X'(1) = ———=5 and
which gives
p7’
|hiy1 — hil < —N"2. (6.27)
o€

Furthermore, we have the bound

1w o€ 4doe 2
e (t;) < < for t; <q— —,

)= =ty = pa- 07 N
which yields

doe 2
|hi+1 - hi| < m for ¢; < q-— N (6.28)
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(iv)
e Pl = (q_qti)g for t; < (6.29)
and
ePTi/e < <‘75)U for t; > 7. (6.30)
Pq

Henceforth let o > 2. Using (6.24), Theorem 3.35, (6.25) and (6.30), we get
|[Cu— Lul| <CN~? for 7o <t;_1,

which is the region outside the layer. For t; < ¢ — 2N~ (the layer region),
from (6.24) and Theorem 3.35 one arrives at
|[Cu — Lul,| < C|hi — hit1| % + C |hi — higa| e te Pi/e
+ C (hz + hi+1)2 52 + C (hz + hi+1)2 572671)‘“71/6.
To bound the first term on the right-hand side use (6.27); for the second term, use

(6.28) and (6.29); for the third term, use (6.25); and for the fourth, use (6.26), (6.29)
and ¢ — t;—1 < 3(q — t;)/2. This yields

[Cu— Lu);| <CN™? for t; <q—2N"".

We are left with the transition region where 75 > ¢;_; and t; > g — 2N —1. Thus,

2 hi<mta=g- Tt cgq o
-y <ti<ntg=a-tg<daty

Notice that the first two inequalities here imply that ¢ < 3p/(oN). Use (6.24):

|[Lu— Lul,| < C (52 + e_p“”/‘g) < CN72,

by (6.30)and e < CN 1.

Thus, on a Bakhvalov mesh the truncation error in the maximum norm is bounded
uniformly by O (N ’2). Application of the stability inequality (6.14) gives the uni-
form error bound

Hu - uNHoo_’w <CN72% ifo>2.

We have recovered Theorem 6.11 for a Bakhvalov mesh by means of a different
kind of analysis.
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6.1.2.5 Discontinuous Data

Assume the reaction coefficient ¢ or the source term f possess a discontinuity in a
point d € (0,1). Then (6.1) reads: Find v € C*[0,1] N C?((0,1) \ {d}) such that

—2 +cu=f in (0,1)\ {d}, u(0) =0, u(l) =";.

How should the central differencing scheme (6.11) be generalised to deal with the
discontinuous data?

Assuming d = z, € w, i.e., the discontinuity is in a mesh point, a naive finite
difference approach would seek a mesh function u¥ with

[LUN]Z. =f; for x; € w\ {z}, Ui\:n :ugm uév = Y0, u% =7.

This method on a Shishkin mesh was analysed in [37]. Only first order (up to a
logarithmic factor) was established. The numerical experiments in [37] show that
when ¢ is moderate at best first order can be achieved.

The continuity of the derivative in z,, = d is discretised by imposing

N N
uw;n = ui‘;fi'

However, the one-sided difference operators are first-order approximation only. This
might explain the drop in accuracy.

Instead, we start from the variational formulation (6.12): Find uN € Vi such
that

g2 ((uN)/,v’) — (eu™,v), = (f,v), forall veVy,

where

N—-1 1
= WiV = wv)! (s)ds.
(W)= 3ot /0< ) (s)d

For discontinuous functions the nodal interpolant does not exist. However, since the
point d of discontinuity is a mesh point, we can define w! element wise:

'I,UI((L‘) = xk;li_xw(ajk —|—O) + Jﬁh ka(mkﬂ — O) for x € Ik.
k+1 k+1

Clearly, when w € C[0, 1], we recover the standard linear nodal interpolant.
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Evaluating fo (wv)" (s)ds, we get
i hzw(xb - O) + hi+1w(xi + O)

hiw;v;, ith w; =
w;v W1 w QFLZ

—

1=

Note that w; = w(x;) for i # k.
The resulting difference scheme is: Find v € IRV *! such that

N 7 N _ N _
Lu suf +eauN =f on w, Uy =Y, UN = V1

This scheme was analysed by Boglaev and Pack [22]. They establish uniform con-
vergence of first order. Roos and Zarin [142] consider the scheme with w; =
(w(z; — 0) +w(z; +0)) /2, but in the critical point z, they have h, = h.y.
In that article uniform second order convergence is proved for Shishkin meshes and
for Bakhvalov-Shishkin meshes.

Using the derivative bounds derived in Sect. 3.3.1.3, the analysis of Sect. 6.1.2.2
needs only minor modifications to get the pointwise error bound

o], < € (92h@)

where 19%]1- (@) has been defined in Sect. 2.2.1.

6.1.3 A Non-Monotone Scheme

In this section we shall present maximum-norm error bounds for a FEM applied
to (6.1). We consider FEM-2. It generates the difference scheme

[Lu™], = eufm—kcuN =f fori=1,...,N—1, 63D)

N _ N _
Uy = Y, UN = V1,

where

wi—1 | 2wy hipr wig
6 3 hy; 6

~

w; =

hs
h

We see that the discretisation of the reaction term cu generates positive off-diagonal
entries in the system matrix. This results in a scheme that is—unlike the central dif-
ference scheme studied before—not inverse monotone. Nonetheless, a maximum-
norm error analysis can be conducted. We follow [97].
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6.1.3.1 Stability

Although L is not inverse-monotone, it possesses a core that is:

QCi

v, = —Pvzs, + v,
[Ae], = —cuzas + o
This is the standard central finite difference approximation of —e?u’ + cu and
can be generated by means of the bilinear form
2/ 1 2 (! I
e (w',v') + 3 (cwv) (s)ds
0
By (6.14) we have
A
[ —— ‘ v for all v € RN, (6.32)
¢ o0,w

Theorem 6.16. Suppose c € C%<[0,1]. Let k € (0, 1) be arbitrary, but fixed. Then

3
1—=x

Lv
c

V]| 0.0 < forallv € RY ™,

00,w
provided that the maximum step size h is smaller than some threshold value that is
independent of €.

Remark 6.17. Theorem 6.16 means the non-monotone scheme (6.31) is ({oo, £oo )-
stable although the underlying operator L is not inverse monotone and does not
satisfy a maximum principle. &

Proof. Letv € ]Rév *1 be an arbitrary mesh function. Then

h C; hl C;
(Ao, = =3 —5 vie1— f: £ vi + (L],
Thus,
h 1— hZ 1 .
o] < HEmLE DGy L)) for i =1, N~ 1,

6h;

and the stability inequality (6.32) yields

3 hici—1 + hiy1cit1

2 malel 6Cihi ||UHOO’Q+ 5 HC

1]l

(6.33)

Since ¢ € C%“[0, 1], there exists a constant M with

le(z) —c(&)] < M |z —&|* forall z,€ € [0,1]. (6.34)
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Therefore,

hiCi,1 + hi+1Ci+1 1 Mh* 1+k
6Cihi 3 3p2

w

provided A is smaller than some threshold value that is independent of €. Now, the
proposition follows from (6.33). a

For our convergence analysis, we shall also require bounds on the discrete
Green’s function GG; associated with L and the mesh node x;. With Theorem 6.10
we have

N-1

! 3 ! 3
I
/O (cGh) (s)ds:}:l: hieiGig < 5 and /0 Gila)ds < 55 (639

<

6.1.3.2 A Priori Error Analysis

Theorem 6.18. Let u be the solution of (6.1) and u™ that of (6.31). Then

=¥, < € (@)’

provided that h is smaller than some threshold value that is independent of €.
Proof. By a triangle inequality
lw =™ < flu=wl] o + o= u™l o -

The interpolation error was studied in Sect. 6.1.1.1.
Letn = u" —wand q := f — cu. Then the Green’s-function representation and
Egs. (6.1) and (6.31) yield—after some calculations—

(] _ A I ) 2 ! NI
ni = (¢' —q,Gi) ((cn) ,Gz) + (ceG;) (6.36)
3 Jo

where we used ((u!)’, G}) = (u/, G}), because G/ is piecewise constant. The first
term on the right-hand side of (6.36) is bounded using a Holder inequality, Theorem
6.2 and (6.35):

1 g.6)| <c (@)
(@' —a.Gi)| < C(90(®)) -
For the remaining terms in (6.36) a straight-forward calculation gives

2/1(0 )~ ((en)! G-):JZ@(C Gipo1 +c Gix)
3/, NG n) G 3 D) kMG k—1 k—1Mk—1Gik) -



6.1 Reaction-Diffusion 205

Let x € (0, 1) be arbitrary, but fixed. Then, using (6.34) and (6.35), we can estimate
as follows:

2 [ e~ (e )

< (M s < 2 )
— 2 2/)2 noc,u?— 2 77007@'

Thus,
21, _ 2 1 + K
il < € (95@) "+ = Il
Taking the maximum over ¢ = 1,..., N — 1, we get the general error bound of the
theorem. ad

Remark 6.19. In contrast to the analysis for central differencing, only bounds for the
L1 norm of the Green’s function have been used, but no bounds on its derivative.
Also no third-order derivative of w is required. Only the second-order derivative is
used when Theorem 6.2 is invoked. &

Remark 6.20. The proof is easily adapted to deal with discontinuities in the right-
hand side or in the reaction coefficient. &

6.1.3.3 A Posteriori Error Analysis

The analysis in [97] is along the lines of the analysis for central differencing in
Sect. 6.1.2.3.
Set I' = G(z,-) and § := cu®™ — f. Then

(w—uM)(x)=(¢"—-¢I)+ (¢, 1" -T1). (6.37)
Note that compared with (6.23) the term
1
| (@) =a'rtysas
0
does not appear in (6.37).

Both terms on the right-hand side of (6.37) have been bounded in Sect. 6.1.2.3.

Theorem 6.21. Let u be the solution of the reaction-diffusion problem (6.1) and u™
its approximation by (6.31). Let § := cu™ — f. Then

2

Ty, R 1 A s
S g — ¢ o Ay oo max{|e s |aes ] } -

Ml

l|lu—u
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Remark 6.22. Compared with central differencing, we see the term

max hk ! ‘(ﬁ 7qA |
k+1 k
k=0,...,N—1 66[)

does not feature in the a posteriori estimate for the non-monotone scheme.

By Remark 6.15 this term corresponds to a discrete third-order derivative of u” .
Also note that in the analysis, no bounds on the derivative of the Green’s function

are required. &

6.1.4 A Compact Fourth-Order Scheme

In this section we consider a compact finite difference scheme of order four. Given
an arbitrary mesh @ we seek a mesh function u” € IRN*! satisfying

N 1, N N N
[Lu™]. = clull | + cSuy + cfupyy

=q i1+ fi+q fir=[Qf];, i=1,...,N—L1L

The coefficients c and ¢ are determined so that the scheme is exact for polynomials
up to degree four. That is [Lp|, = [Q(Lp)], for all p € II4. This construction yields
a difference scheme whose system matrix is not inverse monotone.

A similar approach was used in [27] where in order to ensure inverse monotonic-
ity, the high-order approximation is used only when the local mesh size is small
enough to give non-positive off-diagonal entries. In all other mesh points central
differencing is used. This hybrid method is shown to be third-order convergent uni-
formly in € on a Shishkin mesh; see [27, §2]. An alternative approach to obtain
a higher-order difference approximation while maintaining the M -matrix property
can be found in [46]. However, the construction of that scheme requires explicit
knowledge of the derivatives of the data (c and f) and subtle modifications in those
points where the mesh is non-uniform.

We shall follow the analysis in [98] and see that inverse monotonicity is not a
prerequisite for the maximum-norm error analysis of higher-order schemes.

6.1.4.1 Discretisation

The exactness of the scheme for polynomials up to degree four and the normalisation
condition q;;; + ¢e.; +¢ry = 1,9 =1,..., N — 1, yield the difference scheme: Find
uN € RN*! such that

[LuM], == —e2ul ; + [Q(cu™)], = [Qf);, for i=1,...,N -1,

(6.38)
ué\f = Y0, ’U’J]YI =M,
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where
[Qu]; == ! —6,u; Vi—1 + it MZ; al v; + ! _GN;F Vi+1
with
N R

6.1.4.2 Stability

For the stability analysis we consider an arbitrary mesh w with maximal step size h.
Although L is not inverse-monotone, it possesses a core that is:

al 44 py + pf af
+ S+ R T

[Av]; := —€? [cﬁvh . 5 .

where
o, :min{O,l —ui_}, a;-" :min{O,l —Mj}.
The matrix associated with A is an Ly matrix with row sums 3; /6, where
Bii=4+a; +af +pu; +puf
Therefore, it is an M -matrix and we can conclude that

forall v € R) T, (6.39)

’ 6 [Av],
ciBi

by Lemma 3.17.
Theorem 6.23. Suppose c € C1[0,1]. Let k € (0,1) be arbitrary, but fixed. Then

3 Lv
o]l < —

5= 5 forallveﬂi?év"’l,

w

provided that h is smaller than some threshold value that depends on k and c only.

Proof. First, note that

h3,, + h3
= + itl ¢ >1 6.40
wy + Tl (s + hipy) = (6.40)

by the relation between cubic, arithmetic and geometric means.
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Furthermore,
hit1 > h; = af =0, and  hi <h; = a; =0.

Therefore, at least one of o; and o is zero. Without loss of generality we assume
o; = 0. This implies 0 <1 — p;” < 1.
We distinguish two cases o] = 0 and aj' =1- ,u;".

i

(i) Suppose 0 = 04;-". Then0 <1 — pj‘ <1and

1— - 1—puf
[AU]Z = [L’U]Z. — GMZ C;Vi—1 — GMZ CiUi+1
1—u; 1—uf
- 6#1 (Cifl - Ci) Vi—1 — 6 L (Ci+1 - Ci) Vi41-

We estimate as follows:
(1= 17) (et = )] < bl oo < res .
Similarly,
|(1= 1) (civ1 — )| € higalld oo < Kei
provided £ is sufficiently small—depending on x and ¢ only. We also have
L= p7 |+ 1= pf|=2—nu7 —pf <1, by (6.40).
Therefore,

1+ 2k
6

vl - (6.41)

w

[[Av];| < [[Lo];] +

Note that 3; = 4 + p; + pi” > 5, by (6.40). Hence,

6 [Av], 6 |[Lv],| 142k
<< J . 6.42
k) < 3 Bek] 4 L 20y, 6.4
(i) If af =1 — pj” < 0then
1—u- 1—u-
[Av]i = [LU]I — /.LZ CiVi—1 — GMZ (Ci—l — Ci) Vi—1
1—pf
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The second and third term on the right-hand side are bounded as in case (i). For the
last term note that 1 — ,u;r < 0yields |1 — ,uﬂ < pj and therefore,

|(1 =) (cigr — )| < pf Riga | oo < halld[loo < rei,

for sufficiently small h. Thus, (6.41) holds for this case too. Furthermore, for 3; we
have 3; = 5 + u; > 5. Consequently, (6.42) holds foralli =1,..., N — 1.
Combining (6.39) with (6.42), we are finished. a

Remark 6.24. The discretisation (6.38) is (¢, £ )-stable although the underlying
operator is in general not inverse monotone and therefore does not satisfy a maxi-
mum principle. L)

Remark 6.25. The argument presented here sharpens Theorem 1 in [98] by giving a
smaller stability constant. L)

6.1.4.3 Nodal Error Analysis

We shall apply the difference scheme (6.38) on a Shishkin mesh with o > 4. For
this we have h < N=1/(1 — 2q).

Let n = u — u” denote the error of the scheme. We start our analysis by decom-
posing the error of the scheme as n = ¢ + ¢, where the two parts ¢, ¢ € Rév +
solve

[A]; = [Ln]; = e [Q(u") — ugzz]; on w,

and
Ci—1 Cit+1
Apl, = ——ni—1 — —— 1
[A¢]; 5 -1 M
,u.* /’L+
+ ?1 (Ci—1 —¢i) i1 + ?l (Ci41 — Ci)Mig1 ON w.

Let x € (0,1) be arbitrary, but fixed. Then using arguments from our stability anal-
ysis, we get

< 1+ 2k
- 5

6 [Ap].
Sl Inlly for i = 1,....N -1,

Bici

if N is greater than some threshold value that is independent of . The stability
inequality (6.39) yields

1+ 2k

<
lell, <~

7]l -
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Application of a triangle inequality gives

142k
Ille < 1¥lls +llells < l19lls + ——lnls-
Hence, the error can be bounded in terms of ):
=], < 2 il - (6.43)
© T 42k @

We are left with estimating ) which will be done using a truncation error and
barrier function technique.
Let g € C%[z;_1,;11]. Then Taylor expansions give

Clg" Nzs s wiin) if hy = hiy1,
[Q(g//) gual | < C ||g”||[51?i,xi+1] +Cu; h; ||g”’| [5—1,2:] if h; < hjyq,
TTli| = ] . 3 (5)
C (hi +hit1)” ||g H[miil’riﬂ] and
Ch;l ||g(6) H[zifl,l’i+1] if h; = hi+1-
(6.44)

We consider the two distinct cases for the mesh transition point: 7 = gand 7 < q.
In the first case, the mesh is uniform with h; = 1/N fori = 1,..., N. Moreover,
¢! < ClnN. Thus, u(G)H < Ce 2In* N, by Theorem 3.35. Now the fourth
bound of (6.44) yields

[ 52‘[Q(u”) —ugs).| <ONT N, i=1,... ,N-1.

Hence,
Y], <CN*In* N if 7 =g, (6.45)

by (6.39).
The case when 7 < ¢ requires a more detailed argument employing the decom-
position of w.

(i) For z; € (0,7) U (1 — 7,1), use the fourth bound of (6.44), |[u(®|| < Ce=°
and h; = hy 1 < CeN~'In N to get

[A9],] = €2|[Q(u") — ugs];| < CN~*In* N for x; € (0,7)U (1 —7,1).

(ii) For x; € (7,1 — 1), split the truncation error according to the decomposition
of w:

e |[Q(") — uzal;| = € [Q(") = vasl;| + & [Q(w") — wasl;| -
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The first term is bounded using the fourth estimate of (6.44), 2 zUU((S) H <C
and h; = h;y1 < CN~1. We obtain £2 |[Q(v") — vzz];] < CN~*.In order to
bound the truncation error with respect to the layer part w, use the first estimate
of (6.44) to get 2 |[Q(w”) — wzz],| < CN~°. Hence,

[Ay],] < ON™* for x; € (1,1 — 7).

(iii) For z; € {7,1 — 7}, split the truncation error again. For the regular solution
component v the third estimate of (6.44) gives

e?[Q(") — vzs);] < CeNT?,

while for w we have by the second bound of (6.44)

e |[@w") - wﬁ}qzv‘ < O (7% e N~ i N oeonen/2)
<CON™7+CN/INN="1y In N
<CN77 + CNfU*lluq_N In N,

with an analogous estimate for i = (1 — ¢)N. Collecting the various bounds
for the truncation error, we get (for 7 < q)

e [Qu") — ugsl;|
CeN=34+CN 5u; InN ifi=gN,
<CN*In*N+{ CeN-3+CN=°uf InN ifi=(1-¢q)N,
0 otherwise.
(6.46)

Finally, we use an idea from [122]. Define the mesh function z € Bév by

X /T for i =0,...,qN,
zi =41 for i =¢gN,...,(1 —¢q)N, and
(1—z;)/7 fori=(1-¢q)N,...,N.

A direct calculation verifies

2 Wy Ti P
o ) T e . if ¢ =gN,
2 .
[Az]; = ?zzz TN YroE Bl if i=(1—¢)N and

0 otherwise.
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Note that

g2 g2 o ep(l —2q)N
thTLqN’ h(l—q)N—‘,—lh(l—q)N - 20In N

Therefore, recalling the truncation error bound (6.46), we can use the discrete
comparison principle (6.13) with the barrier function C N 4 (ln4 N+z;InN )
to see that (6.45) holds for 7 < ¢ too.

Finally, (6.43) yields the main convergence result of this section.

Theorem 6.26. Let u be the solution of the boundary value problem (6.1) and u™
that of the finite difference scheme (6.38) on a Shishkin mesh with ¢ > 4. Then

u—ulVl]  _<CN*In'N,
I c03

provided that N is larger than some threshold value that depends on c only.

Corollary 6.27. Clustering three adjacent and equidistant mesh intervals and fit-
ting a cubic function through the numerical approximation on the four associated
mesh points, we obtain a cubic C°-spline Su™ that approximates u on the whole
domain:

Hu — SUNHOO <CN*m*N.

Remark 6.28. Approximations of the derivatives can be obtained by differentiat-
ing Su™:

Flw—Su™)® || <o (NN fork =1,2,3.

Note that in those mesh points where two different cubic functions are concatenated
to give S u, we have different left- and right-sided derivatives, however for both,
the above bound holds.

Better approximations of the second-order derivative are obtained by appealing
to (6.1):

u'(z) mm(z) =e 2 (eSu — f) (2).
We have the error bound
&2 ||u” —m| < CN~*In* N.

This readily follows from Theorem 6.26. &
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6.1.4.4 Numerical Results
To illustrate the theoretical results, we consider the problem
—e2u" + (1 + 2% + cosx)u = 2°/% + sinz, in (0,1), (6.47)

with homogeneous Dirichlet boundary conditions.

The exact solution is not available. Therefore, we estimate the error for Y and
Su™N by comparing them to the numerical solution %" obtained on a mesh & that is
seven times as fine. More precisely w is constructed from w by uniformly dividing
each of its mesh intervals into seven equidistant subintervals. We take the estimates
N N

||u—u ~nlV = ||ﬁN—u

00, w 00, w

and
Ju—Su™|| =" =@ —Su™ ..

Since we have an error bound of the form C (N “1innN )p , we also compute the
“Shishkin” rates of convergence:

N _ Inn™ —Inn?N
P T mEmN) — m(n(2N))

We choose N divisible by three and define Su”¥ on macro intervals |23, x3( k?-‘rl)}’
k=0,...,N/3—1.

The left half of Table 6.1 displays the results of our test computations for the
Shishkin mesh. They are in good agreement with Theorem 6.26 and Corollary 6.27.
The right half of the table contains results for a modified Bakhvalov mesh: First

Table 6.1 Compact fourth order scheme for (6.47), ¢ = 10~* (identical numbers for ¢ =
10~4k k=2,...,6)

Shishkin mesh Bakhvalov mesh

,,7N pN ﬁN ,,7N 7l_N ﬁN 7~I'N
.27 1.151e-05 3.99 3.979¢-04 3.66 2.644e-08 4.01 4.915¢-07 3.99
.28 1.123e-06  4.00 4.701e-05 3.81 1.641e-09 4.00 3.090e-08 4.00
.29 1.045¢-07 4.00 4.890e-06 3.89 1.024e-10 4.00 1.936e-09 4.00
-210° 9375¢-09 4.00 4.672¢e-07 394 6.394e-12  4.00 1.212e-10  4.00
<211 8.160e-10  4.00 4.212¢e-08 397 3.996e-13  4.00 7.580e-12  4.00
2212 6.925e-11  4.00 3.644e-09 3.98 2497e-14 400 4.73%-13  4.00
-213 5750e-12  4.00 3.058e-10 3.99 1.56le-15 4.00 2.963e-14 4.00
-214 4686e-13  4.00 2.506e-11 4.00 9.756e-17 4.00 1.852e-15 4.00
.215 3756e-14  4.00 2.014e-12 4.00 6.097e-18 4.00 1.157e-16 4.00
.26 2967e-15 — 1.594e-13 — 3.81le-19 — 7.234e-18 —

wwwwwwwwwwz
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we construct a standard Bakhvalov mesh with N/3 mesh intervals, which are then
subdivided into three subintervals of equal length. This gives our computational
mesh w. This modification is necessary because the stability constant of S depends
on the local ratio of the mesh sizes, which on a Bakhvalov mesh depends on ¢. For
this mesh, we expect uniform convergence of order N 4. This is clearly observed
in the numerical experiments.

6.2 Systems of Reaction-Diffusion Type

We now leave the scalar problems and move on to systems of reaction-diffusion
equations: Find u € (C2(0,1) N C|0, 1])£ such that

Lu:=—FE*u" + Au=f in(0,1), u(0)=u(l)=0, (6.48)

where E = diag(ey, .. .,e¢) and the small parameters ¢, are in (0, 1].

The analytical behaviour of the solution to (6.48) has been studied in Sect. 3.3.2.
Again we assume the coupling matrix A has positive diagonal entries and is diago-
nally dominant with

Alem,
akk

<1 (6.49)

.....

o0
m#k

Define x > 0 by

2 i i
k2= (1 — min  min ag(x).
( 5) k=1,...,0 z€[0,1] kk( )

For simplicity in our presentation we assume that

K
€126 2>--2>¢g and g < —.

N

The first chain of inequalities can always be achieved by renumbering the equations,
while the last inequality provides a threshold value for the validity of our analysis.

6.2.1 The Interpolation Error

We consider piecewise linear interpolation. Using the derivative bounds of Theorem
3.43 for the solution of (6.48), we can apply the technique in Section 6.1.1.1 to
establish interpolation error bounds for the components of u.
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Theorem 6.29. Suppose the assumptions of Theorem 3.43 hold true. Then
o — kg < i~ ], <0 (92,@) " k=1
and
exfue —ul|, < 0?08 (@), k=1,....¢

where

M=

19[rpcgk(w) = nax 1/ (1 + et (e_”s/mm —&—e_'ﬁ(l—S)/pem)) ds
’ i=0,..,N—-1 J.

fork=1,... ¢

m=1

6.2.2 Linear Finite Elements

In view of Lemma 3.40 we may assume without loss of generality that A is coercive,
i.e., there exists a positive constant « such that

v A(z)v > avTv forall z €[0,1], and v € R’ (6.50)

As usual with finite element discretisations, we consider the weak formulation
of (6.48): Find u € H}(0,1)" such that

B(u,v) = F(v) forall v € HL(0,1),

with

and

The natural norm on Hg (0, 1)¢ associated with the bilinear form B(,-) is the
energy norm |||-||| .. defined by

14 4
2 2 2 2 2
olll2e := Y en lvmli + allvllg,  Ivllg = D lvnlls-
m=1

m=1
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Because of (6.50) the bilinear form B(-, -) is coercive with respect to the energy
norm, i.e.,

|Hv||\§2 < B(v,v) forall v e H}(0,1)".

If f € L?(0,1)¢ then F is a linear continuous functional on H{ (0, 1)¢. Therefore,
the Lax-Milgram Lemma ensures the existence of a unique solution u € Hg(0,1)*
of the variational formulation of (6.48).

Given a mesh @, we seek an approximation u” € (Vow)e such that

BN, v) = F(v) forall ve V&), 6.51)
where
R 0 A
Blu,v) =Y o (up,v0) + > (ahpug,v,,)
m=1 m=1k=1
and

Thus, our FEM incorporates quadrature to approximate the integrals.
The coercivity of A, i.e. (6.50), implies the coercivity of its piecewise linear
interpolant A

vl Al(z)v > awTv forall z € [0,1], and v € R".
Consequently, the bilinear form E(-, -) is also coercive with

|Hv||\§2 < B(v,v) forall v e H(0,1)". (6.52)

I I

Setn :=u! —wand x := u! — u!N. Then by a triangle inequality

[ = u™ || < lImlll + o -

Theorem 6.29 yields

limlle < € (212 + 95 (@) 95 (@),

and we are left with bounding [[|x[||.--
Starting from (6.52), we get

14 4
|||X|||§2 S B(XaX) = Z <Z (ar{nkui - amkuk) + fm - finm) .

m=1 \k=1
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Use
afnkui — Akl = (afnk — amk) ui + amk (ui — uk) ,
the Cauchy-Schwarz inequality and Theorem 6.29 to get
Iz < € (172 + 95 (@) 9% (@) lxlo -

We obtain the following convergence results in the energy norm.

Theorem 6.30. Let u be the solution of (6.48) and u" its approximation by (6.51).
Then

2
It~ .. < € (93,@)".
and
llu—ul. < € (21 +08,(@) ) 95 @),

Remark 6.31. A similar result is given in [99], but there the effect of numerical

integration is not taken into account. &
Remark 6.32. Like in the scalar case, the energy norm |||-||| . fails to capture the
layers present in the solution. &

6.2.3 Central Differencing

We consider the discretisation of (6.48) by standard central differencing on meshes
@ that for the moment are arbitrary. That is, we seek u € (ZRéV +1)£ such that
[LuN]i = —diag(E)ngj;i + Al = f,
N

— N _
uy; = uy = 0.

for i=1,...,N —1,
(6.53)

6.2.3.1 Stability

Our analysis follows that of [104] and is based on the stability properties of
Section 6.1.2.1 for scalar operators.

¢
Letv € (IR)'*")" be arbitrary. Then

0
—aivk;w + aprvr, = (Lv), — Z AgmVm for E=1,... 0.

m=1

mk
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The stability inequality (6.14) and a triangle inequality then yield

14

lorlloeo = D

m=1
m£k

Akm

<

||u"n||oo)w —
o0

H (Lv)y,
gk

00,w

Define the ¢ x ¢ constant matrix I' = I'(A) = (ykm ) by

Akm

e =1 and  Ygm = — for k # m.

Okk || oo

Suppose that I" is inverse-monotone, i.e., that I" is invertible and rt > 0. Then
we obtain the following stability result for the difference operator L.

Theorem 6.33. Assume the matrix A has positive diagonal entries. Assume that

I'(A) is inverse-monotone. Then for k = 1,... £ one has
: —1 (Lv)m
||kaoo,cD S Z (F )km, T
— mm || eo,w

m=1

. . £
for any function mesh function v € (JR(I)V H) .

Corollary 6.34. Under the hypotheses of Theorem 6.33 the discrete problem (6.53)
has a unique solution w™, and ||u” || < O fll ., for some constant C.

co,w —
Thus, the operator L is (L, ) stable, or maximum-norm stable although in
general it is not inverse-monotone.

6.2.3.2 A Priori Error Bounds

Let 1 := u — u” denote the error of the discrete solution. We decompose the solu-
tion error as 7 =  + 1), where the components ¢ and 1y, of ¢ and 1) respectively
are the solutions of

2 . 2 " _ _
—E€LPriza T AppPr = —€k (Ukm - Uk) onw, @Pro=PrN = 0
and
¢
2
—&; wk;m + appty = — E AN ON W, wk;o = z/Jk;N =0.

m=1

m£k

Assume that the matrix I'(A) is inverse-monotone. Then for each & one has

Am

4
s < ol + Wil < i+ 3 [ 22| mlc
m=1 oo

m#k

Qkk
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by (6.14). Gathering together the 7 terms and invoking the inverse-monotonicity of
I'(A), we get

Ju—u™| < Cllellws-
Each component ¢; of ¢ is the solution of a scalar problem and can be anal-
ysed using the technique in Sect. 6.1.2.2 combined with the derivative bounds of
Theorem 3.43. This was done in [104, § 3.2] to deduce the following result:

Theorem 6.35. Let the matrix A and the source term f be twice continuously dif-
ferentiable. Assume A possesses positive diagonal entries and satisfies (6.49). Then
the error in the solution of (6.53) satisfies

2
Ju—wV|l. <€ (95,@)
Corollary 6.36. Identifying u® with a piecewise linear function on @, we have
N 2 )
Ju—uN|, < (95,)",

by Theorems 6.29 and 6.35.

Remark 6.37. An alternative analysis based on comparison principles with special
barrier functions was used in [102, 118]. This technique has the more restrictive
condition that A be an M -matrix and up to now has been applied successfully only
to Shishkin meshes. &

6.2.3.3 Numerical Results

We now present the results of some numerical experiments in order to illustrate
the conclusions of the preceding section, and to check if the error estimates of
Theorem 6.35 are sharp.

The test problem is

—e2ul 4+ 3up + (1 — 2)(ug — uz) = €, u1(0) =u1(1) =0

—esuly 4 2uy + (44 2)ug —uz = cosz,  ux(0) = us(l) =

—e3uf +2uy + 3uz = 1 + 22, uz(0) = uz(l) =

0,
0.
In the construction of the Bakhvalov and the Shishkin mesh (see Sect. 2.2.2) we take
k/p=0.8.

The exact solutions to the test problems is not available, so we estimate the ac-

curacy of the numerical solution by comparing it to the numerical solution of the
Richardson extrapolation method, which is of higher order: Let w2 be the solution
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of the difference scheme on the original mesh and ﬁEN that on the mesh obtained
by uniformly bisecting the original mesh. This yields the estimated error

4 -~
W= - a2

The uniform errors for a fixed IV are estimated by taking the maximum error over a
wide range of €, namely

N = max nl.
€1,...,6¢=1079...,10—24

For the Shishkin mesh we have an error bound of the form C' (N “!InN )p. There-
fore, we compute the “Shishkin” rates of convergence using the formula

N _ Inn™ —Inn?V
P T mEmN) — m(n(2N))’

while for the Bakhvalov mesh, the standard formula

o = (lnnN flnnzN)/ln2

is used.

The results of our test computations displayed in Table 6.2 are in agreement with
Theorem 6.35. The Bakhvalov mesh gives second order accuracy, while the results
for the Shishkin mesh are spoiled by the typical logarithmic factor.

Table 6.2 Central differencing on layer-adapted
meshes for systems of reaction-diffusion type
Shishkin mesh Bakhvalov mesh
n pY " o
.23 4.895e-02  1.22  4.910e-03  2.08
24 2276e-02 150 1.157e-03  2.05
.25 8.854e-03  1.67  2.790e-04  2.04
.26 3.091e-03  1.77  6.771e-05  2.01
.27 1.014e-03  1.83  1.676e-05  2.00
.28 3.201e-04 1.88  4.179e-06  2.00
.29 9.831e-05 191 1.044e-06  2.00
-210 2955¢-05 1.94 2.610e-07  2.00
<211 8725¢-06 196  6.527e-08  2.00
-212 2537¢-06 — 1.632e-08 —

OOOOOOOOOOOOOOOOOOOOZ
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6.2.3.4 A Posteriori Error Bounds

By interpreting the components of u’¥ as piecewise linear functions, one can con-
duct an a posteriori error analysis that combines the technique in Sect. 6.1.2.3 with
Theorem 3.36 to give

0
H“k—uka_Z 771m+772m+773m), k=1,....,¢,

m=1

where
qu — qu 2+1
Mim = Twa 2m = max o 2 kil
N3;m = ‘Qm i1 — Qm;i|

max
=0,...,N—1 65mpm

N N 1/2
= — E a, U and = min a,,,,(z .

Remark 6.38. Since the a posteriori analysis uses the stability of the differential
operator, a posteriori bounds can also be derived for non-monotone discretisations,

like schemes generated by FEMs. If for example, FEM-2 (see p. 187) is used, then
the 73 terms in the above estimate will disappear; cf. Sect. 6.1.3.3. &

6.3 Reaction-Convection-Diffusion

Consider the scalar reaction-convection-diffusion problem

Lu:=—equ” —ebu' +cu=f in (0,1), u(0) =0, u(l) =71, (6.54)
where b > 1landc > 1on[0,1],e4 € (0,1] and e, € [0, 1].

Analytical properties of (6.54) were studied in Sect. 3.2, while layer-adapted

meshes for it have been introduced in Sect. 2.2.
We briefly recall some of the notation. Let Ay < 0 and A\; > 0 be the solution of

—eg\(x)? — eb(z)\ () + c(x) = 0. (6.55)
Set

po 1= i ofw) <0 and = amin Mafe) > 0.
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The quantity used for presenting a priori error bounds is

19%(@) = i:maXN/I {1 + [ 1o ehos/pe ,ule_“l(l—s)/m} ds.

graay

6.3.1 The Interpolation Error

Let w! denote the piecewise linear interpolant of w again. Adapting the techniques
from Sects. 5.1 and 6.1.1.1, and using the derivative bounds of Theorem 3.29 we
obtain the following result.

Proposition 6.39. Let u be the solution of (6.54). Let p > 2 be arbitrary, but fixed.
Then

2
|u— uIHoo,L; <C {/ (1 + || etos/Pe 4 Mle—u1(1—5)/pe> ds}

for all mesh intervals I; = [x;_1,z;].

Define the £4-weighted energy norm by
2 2 2
llvllls, = ealvly + llvllg -

Theorem 6.40. Let u be the solution of (6.54). Let p > 2 be arbitrary, but fixed.

Then
2
=], < (2@
and
llw = w[ll,, < € (7 +9%(@) ) 92(@).
foranyp > 2.

Proof. The bound on the L, error is an immediate consequence of Prop. 6.39 and

the definition of 191[?0](1.
For the error in the H' semi-norm use integration by parts to get

1
lu — ulﬁ = —/0 u’(z) (u—u") (z)dz.

Note, that

1
ea | |u"(x)|de < Ceqlpuo| < Cpit.
0

The assertion of the theorem follows. O
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Remark 6.41. The results of Theorem 6.40 hold for arbitrary p > 2, but not for
p = 2. This is because of the derivative bounds provided by Theorem 3.29.

6.3.2 Simple Upwinding

This section studies a simple first-order upwind difference scheme for (6.54). The
analysis essentially follows [95].
Our scheme is: Find ¥ € IRN*! such that

N1 ._ N N N _ -
[Lu ]Z = €Uy — Ecbjuy Houy = f; fori=1,...,N—1,

(6.56)
uy’ =7, uN =

The difference operators were introduced in Sect. 4.1.

The variational formulation of (6.56) is: Find ¥ € V¢ with u}’ = ~, and
uX = 7, such that

au(uN,v) = fu (v) = (f,v), forall veVy, (6.57)
where
ay (W, v) 1= €4 [Wy,Vs), — (Ecbug — cw,v),,

and

N-1 N-1
[w,v), =Y hiqiwivi, (w,0), = > hiprwv;.
=0 =1

Taking as test functions v the standard hat-function basis in V", we see
that (6.56) and (6.57) are equivalent. In particular, using summation by parts it
is verified that

ay (w,v) = (Lw,v), = (w,L*v), forall w,ve Vg,
where
[L*0], = —eqvazi + &, (bv) 5, + cvi -

i

is the adjoint operator to L with respect to the scalar product (-, -),,.
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6.3.2.1 Stability

The matrix associated with the difference operator L is an Ly-matrix. Application
of Lemma 3.14 with a constant positive test function establishes the inverse mono-
tonicity of L. Thus, L satisfies a comparison principle. This comparison principle
gives the ({oo, £ )-stability inequality

o]l seg < IL0/clloe,, forall ve RYT!
and provides a priori bounds for the solution of (6.56):

||U’NH@ < HlaX{|’)/0|7 h/l|} + ||f/CHoo7w for i = Oa <. 'aN'

Green’s function estimates

Using the discrete Green’s function G : @* — IR : (z;,&;) — G, = G(z;,&))
associated with L and Dirichlet boundary conditions, any mesh function v € ]Rév +
can be represented as

vi = ay (v,Gi.) = (v, Gy ), = (v, L"G;.), fori=1,...,N—1.
Taking for v the standard hat basis in Vj;°, we see that for fixeds =1,..., N —1

[L*Gly}] = (si,j for _] = 1, ey N — ]., Gi’() = Gi,N = 0, (658)
where
h,1 if i — 4
o i+1 L t=7,
" { 0 otherwise

is the discrete equivalent of the Dirac-4 distribution.

Theorem 6.42. Assume thatb > 1 and ¢ > 1 on [0, 1], then there exists a positive
constant C' such that

0<G;; <Kpw fori,j=0,...,N,
where
:: [1Blloollell oo max{[|b][co, [lfloc } i €c >0,
HCH%Z Uﬂ Ec = 0.
Furthermore, if b’ > 0 on [0, 1] then

Geij >0 for 0<j<i<N,
Geij <0 for 0<i<j<N.
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Proof. Let j be fixed. Set

J

[T @+mhe)™ for0<i<j<N,
k=i+1
I; =<1 for 0 <i=75<N,
IT = pohe)™ foro<j<i<Ah.
k=j+1

225

We shall use the discrete comparison principle to show that K yiq I is an upper bound

for G. ;.
Clearly Iy > 0and I'y > 0.
Next, a direct calculation gives

1 for 0<i1<j <N,
L. =1
wi =) M g 0<j<i<N

1 — pohiqq

and
M1 . .

— M for0<i<j<N,
Ie = I U mhin ’

o for 0 <j <1< N.

For ¢ < j we have

2
[LFL‘ =TI (Sd/‘l —echipr + cz-> > 1T (fed,uf —echip + ci) >0,

1+ prhit

by Proposition 3.19.

Fori > j
_ 2 _ . _ 2 _ ) )
l 1 — pohist 1 — pohit1
where Proposition 3.19 was used again.
Fori=j
€d Mo M1 Ho
L' =— — —ebj——+¢;
[T, hja (1 — pohj41 1+u1hj> "1 —pohjr1 7

—eapto — (ecbjpo — ¢j) by
hji1 (1 — pohjt1)
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The function x — Ao (z) is continuous. Therefore there exists a £ € [0, 1] such that
Ao(€) = po. Furthermore, recall b > 1, ¢ > 1 and ¢ < 0. Hence,

1 —eapo — (€cb(€)po — c(€)) hji1
[£1]; 2 max {b;,c;} hjv1 (1= pohjy1)
—Edho c(§)

_ _ . by (6.55)
hjmax (b, ¢} hypimax{b e} (@)

. by(36).
T hjp K y (36

Thus, K 11" is a barrier function for G. ;, for all j.
In order to verify the monotonicity of G; . use the argument from the proof of
Theorem 4.1. ad

Theorem 6.43. Assume thatb > 1 and ¢ > 1 on [0, 1], then there exists a positive
constant C' such that

||CGZ‘,.

l,, <1 fori=0,...,N,
Furthermore, if b > 0 on [0, 1] then

||G§;i,-

<Cupy fori=0,...,N.

ll,w —

Proof. To verify the bound on the ¢;-norm of G’ multiply (6.58) by h;;1 and sum
for j =1,..., N — 1. Then use the positivity of G.
For the bound on G¢ use the piecewise monotonicity of G to get

1Geii Nl o < 2Gii < Cpa,

by Theorem 6.42. a

6.3.2.2 A Priori Error Analysis

Theorem 6.44. Let the assumptions of Theorems 3.29 and 6.43 be satisfied. Let u
be the solution of (6.54) and u® its approximation by (6.56). Then

o = ull, < CO(@)

red

foranyp > 1.
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Proof. Let I' := G;,. € Vjj” be the Green’s function associated with L and the mesh
node x;. Then
ufv —U; = ay (uN —u,F) = fu(l') — ay(u,T")

= full’) = f(I) +a(u, I') = au(u, I'), by (6.54)

= (ecbug —cu+ f,I"), — (ecbu' —cu+ f,1).

We obtain the representation for the nodal error:

ulN —u, =, Z / u'(s)[(b)(s) — b I;]ds

+Nf / [(cu= f3ls = (cu = F)(s)1(5)]ds (€22

i=0 Y li+1

T+ 1o .
To bound the first term we proceed as follows:
[(0L)(s) = bil3] < [Iblloo [ Tir — L3l + 1V lochis1 I
because [ is piecewise linear. Thus,

1] < Ceet®y@){IBlloo I Tuly o + 1V llo 1T, } (6.60)

red

for any p > 1, by Theorem 3.29.
Next we estimate 1.

N-1

1= 3 ), v o= o
N-1
+ ; /Im(cu — [)(s)[Iy — I'(s)]ds.

Hence,
[To] < |l o [ (7 = cu(s)]ds
i=1,..., I;

sl 7% P UlﬂaXN/ lequ” (s) + ecb(s)u/(s)|ds
=1,... I;
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where (6.54) was used. To bound ' and v’ apply Theorem 3.29. Then, for any
p>1,

o] < COlL@) (1PN + 1t 1T )

red

where we have used that £4|uo| + €4|p1| < C’,ul_1 and e, < C/Ll_l.
Finally, combining the last inequality with (6.59) and (6.60), we get
=] < COB@) (I + o1 1Tl )

red

Application of Theorem 6.43 completes the analysis. ad

Remark 6.45. The truncation error and barrier function technique (see Sect. 4.2.6)
was used in [80, 105] when studying the difference scheme
—EqUns; — Ebitng + cul = f; (6.61)

TE3i c

on a Shishkin mesh. The authors establish the typical rate of N ~! In IV if the critical
mesh parameter satisfies o > 2. In [80, 105] hybrid difference schemes were also
studied that raise the order of convergence to almost second order. &

Remark 6.46. Gracia et al. [47] combine (6.61) with the mid-point upwind scheme

N N N N
—EqUzz — €cbiy1 /oUzyi T Ciy1yn (ui' +uy) /2= fiv1/2
and central differencing

N N N _
—EqUzzy — Ecbiug,; +cup = f;
in order to obtain an inverse monotone method that is second-order consistent in the
maximum norm for all values of €4, ¢, and V.

In [47] that scheme is shown to be uniformly convergent on a Shishkin mesh with
HuN — uH w < CN~21n® N.
The analysis in [47], using solution decompositions and distinguishing different pa-
rameter regimes, is very tedious. Results for general meshes are not available.
Surla et al. [158] design an inverse monotone spline difference scheme. They
prove uniform convergence on a Shishkin mesh with

||uN —u”w < CN72In®N,

ifeg,ec <CN—L &
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6.3.2.3 A Numerical Example

In this section a brief illustration for the a priori error bounds of Theorem 6.44 is
shown. The test problem is:

—equ” +eu’ +u=cosmr in (0,1), u(0) =u(l)=0.

Its solution is easily computed using, e. g., MAPLE.

Indicating by ué\; ., that the numerical approximation depends on N, &4 and e,

and by u., . that the exact solution depends on €4 and €., we estimate the uniform
error by

N = max Hu?’e —ul .
eq=1,10"1,...,107 12 dife die
e.=1,10-1,...,10-12,0

oo”

The rates of convergence are computed using the standard formula rV =
log, (7™ /n*Y). We also compute the constant in the error estimate, i.e., for a
given theoretical error bound n < CW(N), we approximate the constant in the
error estimate by CV = v /9(N).

Table 6.3 displays the results of our test computations. The numbers confirm the
results of Theorem 6.44 for both the Shishkin and the Bakhvalov mesh.

6.3.2.4 A Posteriori Error Analysis

The analysis for all schemes starts from the Green’s-function representation (3.1)
and utilises Theorem 3.23, when bounds on the norms of the Green’s function G are
required.

Table 6.3 Uniform nodal errors of the upwind difference scheme ap-
plied to a model reaction-convection-diffusion problem
Shishkin mesh Bakhvalov mesh

N N N oN N N ON
29 1.227e-2 0.83 1.007 3.404e-3 0.99 1.743
210 6.905e-3 0.85 1.020 1.713e-3 1.00 1.754
211 3.824e-3 0.87 1.027 8.592e-4 1.00 1.760
212 2.093e-3 0.88 1.031 4.302e-4 1.00 1.762
213 1.136e-3 0.89 1.032 2.153e-4 1.00 1.763
214 6.119¢-4 0.90 1.033 1.077e-4 1.00 1.764
215 3.279%-4 091 1.033 5.384e-5 1.00 1.764
216 1.749¢-4 0.91 1.033 2.692e-5 1.00 1.764
217 9.290e-5 0.92 1.033 1.346e-5 1.00 1.764
218 4.922¢-5 — 1.034 6.731e-6  — 1.764
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Let
q::f—cuN—l—Ecb(uN),.

Clearly ¢ may have discontinuities at the mesh points because " € V. Therefore,
set

¢ = lim g(x) and ¢ = lim ¢(z)

x—xz;+0 x—x; —0
for all mesh nodes ;.
Fix « € (0,1) and set I" := G(x, -). Then (3.1) and (6.54) yield
(u—u) (@) =a(u—u™N,T) = f(I') —a (™, I)
= (f - fu) (F) + (au - a) (uNyp)

- [atarin- [ re).

— I;

We see the approximation error is bounded by the error of the one-sided rectangle
rule used for integrating qI". A Taylor expansion gives

hiq T, / (bI) (& d{’

{/ I+ [ ool 1)
< hi{ e, [ cors + s, [ 1 olas).

i

Using the bounds on the Green’s function from Theorem 3.23, we arrive at the main
result of this section.

Theorem 6.47. Suppose (3.8) is satisfied, then the error of the first-order upwind
scheme (6.56) satisfies

[ —u™| o < i+ 05,

where n;; := max_np . and
i=1,...,N '™

yeeey

2h;
nti=hilld'fellr, s M= - )HQHOO,I,

€d (M1 — Mo
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Remark 6.48. The error has been bounded in terms of the numerical solution uY

and of the data of the problem. The two parts of the error bound can be further
expanded. For example:

<qhi
OO,Ii

Apparently, sampling of the data is inevitable. However, instead of sampling (6.62)
it seems advisable to sample the 7;*:

g

c

q/ f/ _ C/uN

c

hi +

- 1” |uptq —u§V|}. (6.62)

Hoo,[i 00,1;

+
~ 4; —4q;_1 u ~ 2h’l
N, =0 = and 1y, R 7y, = ——— |qi—1/2
Le e Ci—1/2 2 2 ea(p1 — po) | = |

This avoids the use of a triangle inequality and therefore gives in general sharper
upper bounds for the error. &

Remark 6.49. The leading term in the estimate of Theorem 6.47 is a discrete first-
order derivative. Therefore, the de Boor algorithm of Sect. 4.2.4.2 equidistributing
the arc-length of the numerical solution can be used for adaptive mesh gener-
ation, when the simple upwind scheme (6.56) is applied to the boundary-value
problem (6.54). &
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Two Dimensional Problems



Chapter 7
The Analytical Behaviour of Solutions

In this chapter we gather a number of analytical properties for singularly perturbed
elliptic boundary-value problems of the general type

—eAu—bVu+cu=fin 2 C IR wulsn =g,

with a small Eositive parameter ¢, the convection field b = (by, bg)T and functions
bi1,ba,¢, f: 82— IR,and g : 012 — IR.

7.1 Preliminaries

The function spaces required here are the spaces of Holder continuous functions.
Let D € IR? be a convex domain and let a € (0, 1]. For nonnegative integer ,
we use C*(D) to denote the space of functions whose derivatives up to order k are
continuous on D; when k = 0 we write simply C'(D). We put the usual supremum
(semi-)norms on C*(D):

[Vl p = max sup [0;05v(@)]  and olly p = max [olep

For convenience we drop D from the notation when D = (2. We denote by C%%(D)
the space of all functions that are Holder continuous of degree o on D. Let

[v]0,0,0 := sup [v(®) — v(=")]

)
wra |l — '
z,2' €D

where || - || is the Euclidean norm in IR2. Then the norm in C%<(D) is

llvllo,a,0 == |v]o,p + [v]0,a,D-

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 235
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_7,
(© Springer-Verlag Berlin Heidelberg 2010
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For each positive integer k, the space C*®(D) consists of all Holder continuous
functions whose derivatives up to order k are also Holder continuous. For
v € C*(D) we define the seminorms

(V)00 = max [0L0)v] 0ap TOrl=1,..k
and
V0 =0l p+ vl ap forl=1.. k.

The norm in C*<(D) is

||U||k,a,D = l:II&E.%.}.(k‘ |/U‘l,a,D :

7.1.1 Stability

Consider the general elliptic second-order differential operator
Lu ==V (aVu) + bVu + cu

with a, by, by, c : 2 — IR and a > 0 on 2.

Definition 7.1. The differential operator L is called inverse monotone or of pos-
itive type if it obeys a comparison principle. That is, for any two functions
v,we C?(0,1) N CJ0, 1]

Lv = Lw 1n(2_, — ov<w on .
v<w on {2

Q

Lemma 7.2. Let there exist a function 1 € C%(2) N C(2) with ) > 0 on 2 and
L1 > 0in (2. Then the operator L is inverse monotone.

Proof. The proof is by contradiction; see, e.g. [131]. ad

Similar to Lemma 3.5 we have:

Lemma 7.3. Suppose there exists a function ) € C?(£2) nc (2) with 1) > 0 on §2
and L1 > 0 in £2. Then for any function v € C?(§2) N C(2) withv|so =0

on {2
oo

Lv
o “’ch
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Remark 7.4. Under the assumptions of Lemma 7.3 the operator £ is (Lo, Loo)
stable, or maximum-norm stable. That is

[l oo < K[| £0]|

with the stability constant K = ||| /mir_l |(LY) (x)]. &
xel?

7.1.2 Regularity of Solutions

In this Section we state compatibility conditions from [48, 162] that guarantee
smoothness of the solution of the boundary value problem

—cAu—b"Vu+cu=f in 2=(0,1)

7.1
U(70) = s, u<71) = 09n, U(O,) = Gw, U(l,) = ge ON [07 1}

Let
F:=f+b"Vu—cu.
We define linear functionals Ay, at the corner (0, 0) of the domain by

Ai(f.b, ¢, g) == egP(0) + (1) g7 (0)
k
; N (7.2)
+ 3 (- 1)L gRE-D 920D R(0, 0).

i=1

We also write /1,1C := A, In a similar way linear functionals AL forl = 2,3,4, are
defined at the other vertices of 2. For /15C to be well defined, the data must possess
sufficient smoothness. We set

Xk’a = {(fa ba C7g) : f7 blvbQ;C € Ck*Q,Ot(O)

and  gs, Gw, In, e € Ck’o‘[O, 1]}

The following result is adapted from [48] which in turn is based on earlier work
by Volkov [162].

Theorem 7.5. Let o € (0,1] be arbitrary, but fixed. Suppose that (f,b,c,g) €
X2 and that Ay(f,b,c,g) = 0 forl = 1,2,3,4. Then the solution u of (7.1) lies
in CL2(0).

Suppose (f,b,c,g) € X2 and v € C?**=1%((2), then the linear function-
als Aé(f, b,c,g) are well defined for j = 0,...,k and Aé(f,b,c,g) = 0 for
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J=0,....k — 1. We have AL (f,b,e,g) = 0 forl = 1,2,3,4 if and only if
u € C?*(0). If in addition (f,b,c,g) € X?kT12 then u € C?*+12().

This theorem is used to derive compatibility conditions in terms of the data of
the problem (7.1), i.e., in terms of the functions by, by, ¢, f and the gs. For k = 0
the linear functional defined in (7.2) becomes

AO(f7 b7 C, g) = 699(0) - ng(o) = 0.
Similarly AL(f,b,c,g) = 0 forl = 2,3,4, so u € C(£2). Consequently, we

have u(0,0) = g¢5(0), 9,u(0,0) = ¢.(0) and 0, u(0,0) = g,,(0). Thus, the linear
functional A4 (f, b, ¢, g) can be reformulated as a local functional of the data:

A1(f,b,¢,9) = €9J(0) +£9,,(0) + £(0,0)
+01(0,0)g,(0) + b2(0,0)g;,(0) — (0, 0)g;(0).
Remark 7.6. Han and Kellogg [48] point out that in general the functionals Ay, can-
not be reformulated as local functionals for k > 2. For example, As(f,b,c,g)
contains the term dy,b:(0,0)0,0,u(0,0) that cannot be expressed in terms of the

data of the problem by using (7.1) and continuity arguments. However, for reaction-
diffusion equations, i.e. vanishing convective field b, we have

5(£,0,,9) = 29V (0) + (f(,0) = (-, 0)g,) (0)

—eg(0) ~ (£(0,) ~ e(0,)9w) (0)

7.2 Reaction-Diffusion

We consider a singularly perturbed system of ¢ > 2 of reaction-diffusion equations
on the square. We seek the solution u = (u1, us, . .., ug)” such that

Lu:=—*Au+Au=f in 2=(0,1)2 ulspn=g, (7.3)
where the parameter ¢ satisfies 0 < € < 1.
Assume that a diagonal constant matrix D = diag(dy1,...,ds) exists with
dir > 0 for all k£ and a constant i > 0 such that

v DAv > u2fvT'u in 2 forall v e IR’ (7.4)

Under this hypothesis it is not true in general that the system (7.3) obeys a compar-
ison principle.
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Remark 7.7. In [57], which generalises the one-dimensional analysis of [18], the
authors analyse the case D = I. In [58], the coupling matrix A is assumed to
be a strictly diagonally dominant M -matrix, so Lemma 3.40 ensures that (7.4) is
satisfied.

Here we present an idea from [111] which extends the analysis of [18, 57] by
showing that it remains valid under the more general hypothesis (7.4). &

For vector-valued functions v € C(G)¥, we introduce the norm

. 1/2
[0l p, = sup{v(@)" Do)} .
zeG

Furthermore, set §2 := max dige.
=1

FRREE)

7.2.1 Stability

The following stability result is a slight modification of an argument from [18, 57].
Note how neatly it side-steps the absence of a comparison principle for L.

Theorem 7.8. Let w € C?(2)* N C(2)". Then
lwllpq < max{s*u2 €l p g ] p 0 }-
Proof. Set ¢ = wT Dw/2. Observe that 2¢ < 62w w on §2 and
—w'DAw = —Ap + 0, w! DO, w + awaD(?yw > —Agp.

Taking the scalar product of Dw with —e? Aw + Aw = Lw and using the coer-
civity of D A, we get

202

—2Ap + IR <w!'DLw in 0.

Hence, by the comparison principle for scalar problems,
52 T 1 2
Illo, 2 < max § o5 [w" DLwl| _ . 5 Hlwlp oe ¢ -
l’l/ ’
It follows from the Cauchy-Schwarz inequality that

2 —
[l 6 =2 19lw0 < 0l p, g max{ 82 | Lwllp o, 0] p o |

and we are done. O
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Remark 7.9. Theorem 7.8 implies that £ is (Lo, Lo ) stable. &

Corollary 7.10. The solution w of (7.3) satisfies |[ul|,, 5 < C, where the con-
stant C depends only on A, f and g.

7.2.2 Derivative Bounds

Let ¢ € {0,1,2} and a € (0, 1]. Assume that we have A € C2(4+t1):2(2)*¢ and
F € C2at).e () and that the restriction of g to each edge of {2 yields a function
lying in C2(a+1):2]0, 1]¢, and that g is continuous at each of the corners; this implies
that g € C%*(912). Finally, suppose that at the south-west corner of the domain
we have the compatibility conditions

If ¢ > 1 also assume
—eg7(0) — €%g,(0) + A(0,0)g,(0) = £(0,0) (7.5b)

and, if ¢ = 2,

29 (0) + (£(,0) - A, 0)g,) (0)

; (7.5¢)
—290(0) — (£(0,1) ~ A(0,)g,,) (0) =0

with corresponding conditions at the other three corners of the domain 2.

These assumptions imply that the boundary-value problem (7.3) has a unique
solution w in € C24T29()f N C2TLa(2)%; see [75].

Corollary 7.10 enables the invocation of Schauder-type estimates; see [75]. Con-
sequently, we have the following result:

Lemma 7.11. Let q € {1,2, 3} be fixed. Suppose the compatibility conditions (7.5)
are satisfied at all corners of the domain 2. Then the solution u of (7.3) satisfies
the bounds

|0 os—"ul| _ , <Ce™ for m=0,....,k, k=0,...,2¢—1; (7.6a)
furthermore,

H@imai(q_"ou”ooﬁ <Ce ™ for m=0,...,q. (7.6b)
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Remark 7.12. The inequality (7.6b), which stems from a result of Volkqv [162],
is somewhat surprising since in general, one does not have u € C2%%(£2)*; note
that (7.6b) is valid only for certain derivatives of order 2q. &

We now derive sharper bounds on the pure derivatives of w, that show that the
large values seen in Lemma 7.11 do in fact decay rapidly as one moves away
from 0f2.

Theorem 7.13. Let u be the solution of (7.3). Let p € (0, p/8) be arbitrary but
fixed. Suppose (71.5) hold true for some q € {0, 1,2}, then there exists a constant C,
which is independent of €, such that

|8§u(m, y)| <C [1 +e7k (e*’””/5 + e*”(lﬂ”)/e)} (7.7a)
and
|0k u(z,y)| < C [1 T (e*ﬂy/f + e*ﬂ“*y)/g)} , (7.7b)
forall (x,y) € Qandk =1,...,2(q+2).
Proof. Fix p € (0, 11/6) and set
Bi(z) :=1+4¢7F (e_”'t/E + e_"(l_”’)/s) .
(i) First let us consider k£ < 2¢ + 1. We use induction on k. For k = 0 the theorem

follows from Corollary 7.10. For k = 1,. .., 2g+1, differentiating (7.3) k times
with respect to x gives

k—1
2 Aqk k., _ akpe k k—m mo, .
2A0Fu + AdFu =8 f HZZO <m> (0E=™A) 0w =: ¢,

with
lor(z,y)| < CBi_1(z),

where the bound on ¢, is a consequence of the inductive hypothesis. Define ©
by O¥u = Byd. Then

- Bl - B// - (pk,
2 27k 27k

- A - 78‘%’ A - — = .
9 u 2e Bk u + ( g Bk) u Bk
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T g~ ~ . .
u” D we obtain, as in

Taking the inner product with Du and setting vy, = %

the proof of Theorem 7.8,
B/
—e? Av, — QEQFkaka +2(u?07% = p*)u < Clla],
k

by (7.4) and because Bj(z) < e 2p’By(z) and ¢, (z,y) < CBy(z).
Boundary conditions for vj, follow from Lemma 7.11: |vx| < C||@| on 912.
Application of a comparison principle for scalar equations yields

~2 ~
al5%.2 = 2llvkll .0 < Clltll -

Dividing by |||, o gives [[@]/, o < Cj then, recalling the definition of ,
we obtain the first inequality of the theorem. The second inequality is proved in
the same way.

(i) Now consider the pure derivatives of order (2¢ + 2). The proof is different
since these derivatives are discontinuous at the corners of the domain and con-
sequently do not lie in C(£2).

For each (z,y) € §2, let I'(x, y) denote the distance from (x, y) to the near-
est of the four corners of (2. Set 2. = {(x,y) € 2: I'(z,y) < £}. From (7.6b)
we see immediately that (7.7a) holds true for k& = 2¢ + 2 on 2., because the
sum of exponentials in (7.7a) is then bounded below by a positive constant.

On the other hand, u € C?472:2(Q\ (2.)* since the corners of {2 are ex-
cluded from (2 \ £2.; as regards boundary data for 9292wy on ({2 \ (2.), first
(7.6b) implies that (7.7a) is valid on 02. and on {(x,y) € (2 \ §2) : z =
0 or 1}, then (7.3) gives H8§;2q+2)u|| < Con{(r,y) € 02\ ) : y =
0 or 1}. The maximum principle argument of (i) can now be invoked to prove
(7.72) on 2\ §2. for k = 2¢q + 2.

The inequality (7.7b) follows similarly. a

Remark 7.14. The bounds of Theorem 7.13 were obtained without constructing any
decomposition of u. &

Remark 7.15. Consider the case of a single equation, i.e., ¢ = 1. Then one can
apply a maximum principle argument directly to (7.3), i.e., most of the argument
of Theorem 7.8 can be discarded, and following our subsequent analysis, one again
obtains the bounds of Theorems 7.13. These bounds are sharper than the bounds
obtained in [29] via a lengthy decomposition of wu. &

Remark 7.16. When the above arguments are applied to a reaction-diffusion system
posed on a one-dimensional domain, this yields a slight improvement of the a priori
bounds of [18]. &
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7.3 Convection-Diffusion

We now consider the two-dimensional convection-diffusion problem
—cAu—b-Vut+cu=f in 2, u=g on I' =912 (7.8)

Its solution may typically exhibit three different types of layers: interior layers,
parabolic boundary layers and regular boundary layers. Let us assume that {2 is
a domain with a regular boundary that has a uniquely defined outward normal n
almost everywhere. Then the boundary can be divided into three parts:

= {w el:bln< O} inflow boundary,
I°.= {w el:b'n= 0} characteristic boundary and
I't={xel: b'n > 0} outflow boundary.

With this notation the layers can be classified as follows:

Regular Boundary Layers occur at the outflow boundary I'™ and have a width
of O (e1n(1/¢)). They are often also called exponential boundary layers.

Parabolic Boundary Layers occur at characteristic boundaries I'° where the
boundary is parallel to the characteristics of the vector field b. They are there-
fore also called characteristic boundary layers. In the non-degenerate case, their
width is O (v/eIn(1/¢)).

Interior Layers arise, e. g., from discontinuities in the boundary data at the in-
flow boundary I"~ and are propagated across the domain along the characteristics
of the vector field b. They are similar in nature to parabolic boundary layers and
therefore also called characteristic or parabolic interior layers. Their thickness

is O (Ve ln(1/e)).

7.3.1 Regular Layers

Consider the convection-diffusion problem
Lu:=——Au—b-Vu+cu=f in 2= (0,1)27 u=0on I'=012, (7.9)

i. e., (7.8) on the unit square with homogeneous Dirichlet boundary conditions. The
regularity of its solution was studied in Sect. 7.1.2.

We assume that (b1, bs) > (831, /32) > 0 on {2 with constants 3; and /3. These
assumptions on b imply that the solution has exponential or regular layers along the
sidesx = 0 and y = 0.
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A standard method to gain insight into the layer structure of the solution is the
method of matched asymptotic expansions. In [108] this approach is complemented
with a careful analysis of the remainder term of the expansion to obtain a solution
decomposition.

Theorem 7.17. Let f € C*%(Q2) for some a € (0,1). Let n > 2 be an integer.
Suppose that f satisfies the compatibility conditions

f(070):f(0,1)Zf(l,l)zf(l,()):o,

(L)oo = (L)
0, (a (L)~ (,f)) an=e (L),

that

and that

<b26_§ (;;)) (1,1) = <b16§ (i)) (1,1),

where Dyv 1= —0,vby /b1 + ve/by and Div = Oyv0y(ba/b1) — v0,(c/b1). If
n > 4, we assume in addition that

D:b2(0,0) = 8,b1(0,0).

Then the boundary value problem (7.9) has a solution u € C3%({2), and this
solution can be decomposed as v = v + wy + wa + w2, Where

[vllc2(a) + €% vlc2a@) < C

while for all z,y € [0,1] we have

33;101(1”7 )H < C’e;e*ﬁlx/s,
Cve({a}x[0,1])

< CeJe—P2u/e

G ([0,1]x{y})

agj’wg(-,y)'
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and

010, jwya(z,y)| < Ce= (T~ (Prothay)/e

for 0 < p,v <2 and 0 <1i,j < n. Moreover, forall (z,y) € {2 we have
|Cwy (2,y)] < Cee™M¥/e | Lwy(a,y)| < Cee Y/
and

|[Lwia(w,y)| < Cee~(Brz+P2y)/e

Proof. The argument is very technical an therefore omitted. The interested reader is
referred to the original publication [108]. a

The regular solution component is defined via solutions of hyperbolic problems.
Unlike elliptic operators, these first-order operators do not possess smoothing prop-
erties. Because of this we have to assume high regularity of f and a large number
of compatibility conditions in Theorem 7.17, but we expect such a decomposition
to exist under less restrictive assumptions. Similar ideas have been pursued in [30]
and [121], but compatibility issues are either not considered or dealt with incor-
rectly; see Remarks 5.1, 5.2 and 5.5 in [108].

Remark 7.18. If for the analysis of a scheme less regularity of the various compo-
nents of the decomposition is required, then some of the compatibility conditions
can be discarded, see [108, Remark 5.3]. &

Remark 7.19. A different approach is used by Roos [135] who defines the regular
solution component as the solution of an elliptic problem on an extended domain.
Therefore, the construction requires less regularity and compatibility of the data,
but only bounds for the first order derivatives of the components of u are obtained
in [135]. &

7.3.2 Characteristic Layers

Consider (7.8) with convective field b = (b,0), i.e.,
—eAu —bu, +cu=f in2=(0,1)%, u=0 ondf (7.10)

withd > 3 > 0and ¢ > 0 on (2.

Near the outflow boundary at 2 = 0 a regular layer e~ #*/¢ will form, while along
the characteristic boundaries y = 0 and y = 1 characteristic (or parabolic) layers
appear which behave like e=%/V¢ and e=(1=¥)/VZ regp.
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A detailed study of (7.10) has been conducted by Kellogg and Stynes [59,60] for
the case of constant b and c. Their analysis also takes into account the formation of
corner singularities when the data does not satisfy certain compatibility condition.

Theorem 7.20. Suppose b > 0 and c are constant. Let f € C®(02) satisfy
f(0,0) = f(0,1) = f(1,1) = f(1,0) = 0.
Then the solution u of (7.10) can be decomposed as
u=v+w + ws + wia,
where for all z,y € [0,1] and 0 < i + j < 2, we have the pointwise estimates

|0030(a,)| < O, [0Ldiw, (w,y)| < Ol P2/,
|0 00wy (x,y)| < Ce™7/? (efy/fﬁ-e*(l’y)/ﬁ) ,

|02 00w, (w,y)| < Cem (/2 g=Be/e (e—y/x/E+e—(1—y)/\/5)
and for 0 < i+ j < 3 the Lo bounds

650

yUHO,_Q <C, Haiaiwluoﬂ < CemiH1/2,

10:05wall, g < Ce=72HE, |0z wi| o < O3,
except for 020, ws for which
-1/2

Hagayu&no,n <Ce

Proof. See [59,60]. O



Chapter 8
Reaction-Diffusion Problems

In this chapter numerical methods for singularly perturbed reaction-diffusion
equations on the square are studied. Find u € C?(£2) U C(£2) such that

Lu:=—e?Autcu=f in 2=(0,17 ulon=g, ®.1)

where the parameter ¢ satisfies 0 < ¢ < 1 and ¢ > v > 0 on (2.

8.1 Central Differencing

We consider central differencing for a system of ¢ > 2 singularly perturbed reaction-
diffusion equations on the square. Thus, instead of (8.1) we consider the more
general problem of finding a vector-valued function u = (uy,usa,...,us)? such
that

Lu:=—?Au+Au=f in 2=(0,1)2 ulpgp=g, (8.2)
where the parameter ¢ satisfies 0 < ¢ < 1.
Assume that a diagonal constant matrix D = diag(dy1,...,dg) exists with
dgr, > 0 for all k£ and a constant g > 0 such that

vIDAv > /,szTv in2 forall ve R’

Let 62 = ‘max , dgr. The analytical behaviour of the solution to (8.2) was studied

yeeey

in Sect. 7.2.
Consider an arbitrary tensor-product mesh w = @, x w, on {2, with

W 0=xg <1< <axy=1
and

Wy :0=yo<y1 <---<yn=1.

T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 247
Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_8,
(© Springer-Verlag Berlin Heidelberg 2010



248 8 Reaction-Diffusion Problems

Letw =wNf2and Ow = wN OS2 Set h; :== x; —x;—1 and k; := y; —y;—1. Given

a mesh function {v; ; }ﬁvjzo, introduce the standard difference operators
Vij — Vi—1, Vigl,j —Vij hi + higy
Vgiij = ———= and v, = —=—— with Fh; = .
z;1] hz T35 Tli Q 9
Analogously we define vy.;;, vy.4; and ;.
Our discretisation is: Find " such that
N1 ._ _.2( N N N _ :
[Lu ]” = —¢ (uiz + uyg)i’j + A(xi,yj)ui’j =fi; inw, (8.3a)
N
u;; =g;; on dw, (8.3b)
where vz; = (V1,z2, V224, - - - ,vmi)T for vector-valued mesh functions.

8.1.1 Stability

For vector-valued mesh functions v, we set
1/2
Ivlp = maé({v(w)TDv(az)} , forany G C @.
’ xE

Theorem 8.1. The discrete operator L is ({y, L )-stable and satisfies the stability
inequality

Jwllpe < 822 max { | Lwllp, 1wl p -

for arbitrary vector-valued functions w defined on .

Proof. This proof is a discrete analogue of the argument for Theorem 7.8. Let
¢ = 2w’ Dw. Note that 2¢ < 62w’ w on & and

¢
d
T kk 2 2
Prizij = Wi jDWaiij + E S, (hiJrlwk;x;i,j + hiwk;i;i,j)
k=1"""

with a similar identity for ¢g4. Thus,
T
w; ;D (Wasiij + Wygij) < Paisi + Pogsige

Taking the scalar product of Dw with —£? (wz; + wg;) + Aw = Lw and using
the coercivity of D A, we get

—2 (pzz + gg) + 2020 20 <w'DLw on w.
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Furthermore, |¢| < ||w||% ,,, on 042. A standard discrete maximum principle for
scalar problems, with a constant barrier function, yields

52 1 2
l|¢lloo,e < max {QMQ ||wTDLwHDO,w '3 ||w||D,aw} .
It follows from the Cauchy-Schwarz inequality that

lwllpo = 206llas < llwllp o max{s2u2 | Lwllp,, , lwlp o, },

and we are finished. O

Remark 8.2. Theorem 8.1 implies that the linear system (8.3) possesses a unique

solution u®. &

8.1.2 Convergence on Layer-Adapted Meshes

In the layer regions the Bakhvalov mesh is not approximately equidistant. Therefore,
the truncation error of the difference scheme is only first order at points in the layers.
Nonetheless, it is straightforward to modify the analysis from Sect. 6.1.2.4 for a two-
point boundary value problem to the two-dimensional problem (8.1), and to show
that the truncation error is of order N ~2 uniformly in .

The analysis of central differencing for reaction-diffusion problems on Shishkin
meshes on the domain (2 has been carried out by Clavero et al. [29] in the case of
a single equation, and by Kellogg et al. [58] for a system of equations, but the error
analysis in both papers relies on the lengthy construction of a decomposition of the
solution. Here we shall present the much simpler analysis from [57].

Theorem 8.3. Suppose that the compatibility conditions (7.5a,b) are satisfied. Let
p € (0,1/06) be arbitrary, but fixed. Assume that the mesh parameter o satisfies
o > 2. Then

CN—2 for Bakhvalov meshes,
lw —u™ < )
oo CN~2In" N for Shishkin meshes.

Proof. Theorem 8.1 yields

o] < B )| = CllDu— Lul,, G4

oo,
because u = u™" on dw. For the m™ component of the truncation error we have

(L’LL — ‘C’u)m = 52 (8§um - um;iﬁ:) + 52 (5§um - umv?;_/?;)

for m=1,... 0.
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For any ) € C*(§2) with 9%+ bounded on §2 for k = 0, .. ., 4, Taylor expansions
show that

1026 — )., | < C 1020 Covll oo (8.5)
’ [agib - ¢m]i7j < C(hi + hit1) Hai’?/J ("yj)||007[$i71,961:+1] (8.5b)
and

+C(h; + hi+1)2||8;:17/}('7yj)||

00, [Ti—1,Tit1]

There are analogous bounds for 65#) — Ygg.

Bakhvalov meshes
On choosing o > 2, an application of the technique in Sect. 6.1.2.4, combined with
the bound (7.7a) on d¥u,,, for k = 2,3, 4, yields

52‘(8§um—um;ﬁ)i, <CN? fori,j=1,...,N—1and m=1,..., 1

There is a corresponding bound for 8§um — Uy, g5 Thus, the truncation error is
uniformly bounded by C'N~2. Invoking (8.4), the proof of Theorem 8.3 for the
Bakhvalov mesh is complete.

Shishkin meshes

First consider the case where 7 = ¢ < oep~ ! In N. Then the mesh is uniform with
mesh size N !, Furthermore, e~! < C'ln N. Hence, Theorem 7.13 and (8.5¢) give
||Lu — £u”oo 0 S CN—2In’ N. Invoking (8.4), Theorem 8.3 follows in this case.

Now suppose that 7 = oep™'InN < ¢. Let 2* = 2ep~"In(1/e). For each
me {1,...,0}and (z,y) € (2, set

4 NN
Z wa;’um(x*,y) for0 <z < z*,
= v
U (2,Y) = { Um(z,y) forz* <z <1-—x%

4 *\ vV

Z w&;’um(l —z%y) forl—a*<xz<1,
V!

v=0

and wy, (z,y) = um(x,y) — v(x,y). Then Theorem 7.13, and the choice of x*,
imply that

|8§vm(:v,y){ <C (1 + 52_k)
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and
|3§wm(x,y)| < ek (e*’”‘/’/S + e*p(lfx)/5> for 0 < k < 4.

That is, v = v+w, i.e., we have decomposed u into a sum of a regular component v
and a layer component w = (wy, . .., w;)T . We remark that our decomposition does
not in general satisfy Lv = f and Lw = 0; these additional properties, which are
not needed here, have been obtained for various singular perturbation problems via
more complicated analyses.
Split the truncation error by writing
2 2
[aa:um - umii] ij = [ zYm m;ii] i.j + [8zwm - wm;ii] i

When bounding the truncation error in v, use (8.5b) fori = ¢N ori = (1 — q)N,
i.e., at the mesh transition points, and at other points use (8.5c). For the layer term w,

invoke (8.5a) fori = ¢N, ..., (1 — ¢)N and (8.5c) otherwise. This yields

CeN~! forie {¢gN,(1—-q)N},

g2 ‘[(’ﬁum — 5gum] ) ‘ <CN72In%N +
J 0 otherwise.

We cannot invoke (8.4) to get the desired error bound. Instead we proceed as
follows. Write u — u’ = 1 + ¢, where v and ¢ are the solutions of

L= (0lu—wuz;) inw, $=0 on dw,

y) inw, ¢=0 on Jw.

<
<

In order to bound ¥ we use the technique of Theorem 8.1. Set ¥ = %’(/JTI[J. Then
—&? (Vs + Wyy) + 20°0 W < C ||| o o, |L¥| in w, ¥ =0 on dw.

One can apply a discrete comparison principle for scalar equations using the barrier
function from [122]:

Uij=C1 )0 N2 (N + 76 1)
where

TiT for 1 =0,...,qN,
Xit=41 for i =¢gN,...,(1—q)N,
(1—ax;)rt fori=(1-¢q)N,...,N.
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Then with C; chosen sufficiently large, independently of €, one obtains 1|05 <
C||¥||co,@- Hence,

%]l o < CN7*In* N.

An identical bound is obtained for . The assertion of the theorem follows for the
Shishkin mesh. O

Remark 8.4. Our convergence analysis is based on derivative bounds whose deriva-
tion requires that A € C*(2)** and f € C**(2)*, and that the compatibility
conditions (7.5a) and (7.5b) are satisfied. Therefore, u € C3(2) N C®(02).

Andreev [8] analyses central differencing for a scalar reaction-diffusion equation
assuming that only the lowest order compatibility condition (7.5a) is satisfied. In
this case one has u € CH%(£2) N C%<(£2) only. Nonetheless, it is shown in [8] that
on a Shishkin mesh

||u — uNHCXMD <CON2In*N.

The key ingredient is a careful analysis of the corner singularity arising from the
violation of the compatibility condition (7.5b). &

Remark 8.5. The situation becomes more involved when the reaction-diffusion
equation is considered on an L-shaped domain:

—Autcu=f in 2=(-1,1)\[0,12 wulpn =y,

e € (0,1], ¢ > p? on £2 with a positive constant p.

In addition to boundary layers along all six sides of the domain, there is also a
singularity at the re-entrant corner (0, 0). Because of this, the solution only lies in
the Holder space C2/3(£2). Andreev and Kopteva [9] consider central differencing
on a Shishkin mesh with additional refinement at the corner (0, 0).

Fix the transition parameter 7 = min {1 /3,2ep~tIn N, %} The mesh w, in
x-direction is then constructed by dividing each of the four intervals [—1,7 — 1],
[T —1,—7], [r,1 —7]and [1 — 7,1] into M = N/6 equidistant subintervals. On
[—7, 7] a polynomial Shishkin mesh with m = 3 is used; see (2.13), i.e., the mesh
points are fixed by z; = 7 (i/M)%,i=—M, ..., M.

The final mesh on 2 is @ = @? \ (0,1)?; see Fig. 8.1. For central differencing
on this mesh the pointwise error bound

u—ul ,SC’NﬁQIHQN
| o

is established in [9]. &
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Fig. 8.1 Shishkin mesh and geometric refinement for a reaction-diffusion problem with boundary
layers and a corner singularity. The right plot zooms into the region [—7, 7]? to better visualise the
polynomial refinement

8.1.3 Numerical Results

We now present the results of some numerical experiments in order to illustrate the
conclusions of Theorem 4.8, and to check if they are sharp.

Example 1.

—2Auq + 2ug + zus = sin(ﬂ(x + y)) in {2, uilgo =0
—e%Aug 4+ (14 y*)ug + (3 + 2)ug = 3z(1 — ) in 2, u|on = 0.

For this problem D = I and p? ~ 1.12.

Example 2.

—2Auq + 3+ z)ur + yus + z?uz =1 in £, uplan =0
—e2 Aug + yuy + (4 — y)ug + xyuz =0 in £2, uzlan =0

—EQAU:; + $2u1 + xyus + (3 — $2)U3 =1 in {2, U3‘GQ =0

with 2 ~ 1.32.

For both problems we take p = 1 and ¢ = 2 in the construction of the meshes.
The perturbation parameter ¢ is chosen to be 1078,

The exact solutions to both test problems is not available, so we estimate the
accuracy of the numerical solution by comparing it with the numerical solution ob-
tained from Richardson extrapolation over two meshes, which has a higher order
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of accuracy. Thus, let ul¥ be the solution of the difference scheme on the original
Shishkin mesh and ﬂ?N that on the mesh obtained by uniformly bisecting the orig-
inal mesh. Then the extrapolated solution is

w45
3
We then compute the error
4 -
ne' = flud —ut N, = gl - a2

The results of our test computations are displayed in the following table.

Example 1 Example 2
Shishkin mesh Bakhvalov mesh Shishkin mesh Bakhvalov mesh
N N PNoCoN N PN ooN N PNoooN N PN ON

16  1.45e-2 093 048 5.17e-3 1.81 132 1.18¢-2 0.80 0.39 4.53e-3 1.82 1.16
32 7.57e-3 1.41 0.65 1.37e-3 194 140 6.47e-3 1.20 055 1.19e-3 195 1.22
64 2.84e-3 147 0.67 3.52e-4 199 144 282-3 146 0.67 3.03e-4 198 1.24
128 1.02e-3 1.58 0.71 8.86e-5 2.00 1.45 1.02e-3 1.58 0.71 7.6le-5 2.00 1.25
256 3.43e-4 1.65 0.73 2225 200 145 34le4 1.65 0.73 1.90e-5 2.00 1.25
512 1.09e-4 — 0.73 5.55¢e-6 — 145 1.09e4 — 073 476e-6 — 1.25

As well as the uniform errors 1"V, we also give experimental rates of convergence
™V which are computed by means of the formula

™ =log, (™ /).

We also estimate the constants in the error estimate, i. ., if we have the theoretical
error bound n’V < CY(NN), then we compute the quantity OV = nv /9(N).

The numerical results are in accordance with Theorem 8.3 and illustrate its sharp-
ness. The 2nd example deliberately does not satisfy the compatibility condition
f = 0in the corners. Nonetheless, we observe (almost) second order convergence.
This illustrates Andreev’s findings.

8.2 Arbitrary Bounded Domains

So far we have considered only rectangular domains or domains that can be assem-
bled from two rectangles. Kopteva [67] considers the semilinear problem

—e?Au+b(-,u) =0, in 2, u=g on O, (8.6)
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with an arbitrary bounded domain 2 C IR?. Depending on the precise assumptions
on the data b and g, the problem may possess multiple solutions with a boundary
layer of width O (¢1n(1/¢)) along all of 942; see Fig. 8.2.

The domain is discretised as in Figure 8.3, using layer-adapted tensor-product
meshes of Bakhvalov and Shishkin types along the boundary with the typical re-
finement perpendicular to it. On this part of the mesh Kopteva’s method uses a
central finite difference approximation adapted to the curvilinearity of the mesh. In
the interior region, lumped mass linear finite elements on a quasiuniform Delaunay
triangulation is used. The number of mesh nodes is O (h_Q), where h is the maxi-
mum side length of mesh elements. The key feature of the method is that it uses an
M-matrix discretisation of the Laplace operator.

Fig. 8.2 Typical solution of (8.6)

06|

0.4}

0.2}

-08 -06 -04 -02 0 02 04 06 08

Fig. 8.3 A Bakhvalov-type mesh for (8.6)
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The resulting method is shown in [67] to be uniformly convergent if ¢ < Ch in
the following sense. For any solution u of (8.6), there exists a discrete solution 1"
such that the nodal error satisfies

|| v < Ch?|Inh|?> for a Shishkin mesh,
u—u <
o Ch? for a Bakhvalov mesh.

Figs. 8.2 and 8.3 were kindly provided by N. Kopteva.



Chapter 9
Convection-Diffusion Problems

This chapter is devoted to numerical methods for the convection-diffusion problem
—eAu—bVu+cu=f in 2=(0,1)2, ulpg =0, 9.1

with b > 81 > 0, by > 32 > 0 on [0, 1]%, i.e., problems with regular boundary
layers at the outflow boundary = 0 and y = 0. The analytical behaviour of the
solution of (9.1) was studied in Sect. 7.3.1.

Results for problems with characteristic layers will only be mentioned briefly.

9.1 Upwind Difference Schemes

We shall consider discretisations of (9.1) on a tensor product mesh © = @, X @,
with N mesh intervals in both coordinate directions. )
The simple upwind scheme for (9.1) is: Find u € IR{™ ™" such that

[LuM], = fij forij=1,...,N—1 9.2)

with

N N N

N1 . o N - o N
[Lu™] ;= =€ (uzgyi; + Uggeis) — DisigUasy — b2iijuysy + cijitiy,

i
and

Vitl,j — Ui Vij — Vi1, Vit1,j — Vij
Gkl 7V s = % and v, = —tld Y
?

h;

Vgiig =
’ hiv1

hi = (hi + hi41) /2 and analogous definitions for vy, V.5, Vy;:; and &;.
This scheme on layer-adapted meshes was first studied by Shishkin who estab-
lished the maximum-norm error estimate

v —uNoow <CNTIn* N
T. LinB, Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems, Lecture 257

Notes in Mathematics 1985, DOI 10.1007/978-3-642-05134-0_9,
(© Springer-Verlag Berlin Heidelberg 2010
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on Shishkin meshes; see [121]. He also proved [151, §3, Theorem 2.3]
llu — uN||OO}w < C’(N_1 In? N)p

with p = 1/4 and p = 1/8 (depending on the precise assumptions on the data) if
the solution is less smooth.

Here we shall present the technique from [107] which gives a sharper error es-
timate. This technique is an extension of the truncation error and barrier function
technique from Sect. 4.2.6 to two dimensions.

9.1.1 Stability

The matrix associated with L is an Lg-matrix. Application of the M -criterion
(Lemma 3.14) with the test function v;; = (1 — x;)/(1 establishes the inverse
monotonicity of L. As a consequence, we have the (£, £ )-stability inequality
) Lv Lv
||”H<>o,w < min B
1

Lv Lv
ba

Cc

)
00,w

)
00,w

} forall v € (]Rév+1)2,

00,w

by Lemma 3.17.
Because of the inverse monotonicity we also have the following discrete compar-

. . . 2
ison principle. For any two mesh functions v, w € (BN H)

Lv < Lw in w and

— ov<w on w.
v<w on dw

It will be used repeatedly in the convergence analysis.

9.1.2 Pointwise Error Bounds

Consider the upwind scheme (9.2) on a tensor-product Shishkin-type mesh w =
Wy, X Wy where the two one-dimensional meshes in z- and y-direction are constructed
as described in Sect. 2.1.3. Give mesh parameters o > 0 and ¢ > 0 the mesh uses
transition points in the S-type mesh are

Te 1= min{q, ;—&:IHN} and T, := min{q, ;EIHN}.
1 2

Fig. 2.19 displays a plot of the resulting mesh.
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Theorem 9.1. Assume the solution u of (9.1) can be decomposed as in Theorem
7.17 with o = 1 and n = 3. Let the mesh be a tensor-product S-type mesh with
o > 2. Suppose the mesh generating function @ satisfies (2.8) and (2.14). Then the
error of the simple upwind scheme (9.2) satisfies

C'(h+N_1) fori,j =¢qN,...,N,
i — uiy| <
C (h+ N~'max|¢'|) otherwise.

Proof. We adapt the truncation error and barrier function technique of Sect. 4.2.6 to
two space dimensions.

Recalling the decomposition of Theorem 7.17, we split the numerical solution in
a similar manner:

N N N N N
U =v" +wy +wy + wig,
where

LN = Lo, Lw{v = Lwy, Lwév = Lwo, Lw{\; = Lwis on w,

and

N =, w{vzwl, ’U.)éV:'U}Q, w{\g:wlg on Ow.

For the regular solution component a Taylor expansion, the derivative bounds of
Theorem 7.17 and the inverse monotonicity of L give

HU—’UNH < Ch.
00,w

For the term representing the layer at x = 0, we have, similarly to (4.44),

i h —1
ogwﬁijgwﬁizzcﬂ<1+ﬁls’“) for i,j =0,...,N.
k=1

Thus
wiyij —wiy;| SCNT' for i=gqN,...,N, j=0,...,N;

see the argument that led to (4.45). Now let ¢ < ¢N. Taylor expansions and
Theorem 7.17 give
|L(wi —wy')i| < C (h +& 2 (hi + hit1) e_ﬁlmi*/a)
<C(h+ 6_111){\;]»]\[_1 max [¢']) .

7
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Application of the comparison principle with the barrier function
C(N~'+h+o;,N~" max|¢/])
with C sufficiently large yields

|w1is fw{V”’ < C (h+ N""max|y'])
for Z:Oa7qN_17]:O,,N

For the boundary layer at y = 0, the same type of argument is used in order to
obtain

wg;ij—wé\fm <CN~' for 1=0,...,N, j=¢qN,...,N

and

Wi fwé\]?]’ < C’(thN*l maXWJ'D
for +=0,...,N, 7=0,...,qN — 1.

Finally, for the corner layer term one first shows

i -1 -1
_ Bihi B2k
W12;i5 — wfvz;ij S wﬁ;z‘j =C H (1 + 2 H T 2¢
k=1

for 4,7 =0,...,N,
which implies
|w12;ij - w%;ij‘ <CN7! if i >¢N or j>¢N.
In a second step the truncation error is estimated using Taylor expansions:

|L(IU12 — ’U){\;)”| < C&‘_l’lj){\é;ijN_l max ‘wl|

And the discrete comparison principle yields
|12 — w{\é;ij| < CN'max|y’| for i,j=0,...,qN — 1.
Collecting the bounds for the various components, we are finished. a

Remark 9.2. We are not aware of any a priori error estimates for arbitrary meshes
similar to those of Sect. 4.2.2 for one-dimensional problems. This seems to be due
to a lack of strong negative-norms stability inequalities. &
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Remark 9.3. In [107] a modified, hybrid scheme on a standard Shishkin mesh is
considered. It is based on simple upwinding, but employs central differencing when-
ever the mesh allows one to do this without losing stability. For this scheme the
above technique gives the maximum-norm error bound

||u7uN|| <CN L.
00,w

The improved bound is because central differencing improves the error terms of
order N ~! max |¢’| in the above proof to order N ~2 max [’|2. &

A numerical example

We briefly illustrate our theoretical findings for the simple upwind difference
scheme on S-type meshes and for the hybrid scheme when applied to the test
problem

—eAu— 2+ 2)uy — 3+ yHuy, +u=f in 2=(0,1)% (9.3a)
u=0 on I'= 092, (9.3b)

where the right-hand side is chosen such that

u(z,y) = cos L; <1 - e_Q’”/E) (1—y)3 (1 - e_?’y/e) (9.3¢)

is the exact solution. This function exhibits typical boundary layer behaviour. For
our tests we take ¢ = 1078, which is a sufficiently small choice to bring out the
singularly perturbed nature of the problem. Table 9.1 displays the results of our text
computations. They are in agreement with the theoretical findings.

Table 9.1 Upwind and hybrid difference scheme on S-type meshes

simple upwinding hybrid scheme

standard Shishkin mesh with Bakhvalov- standard

Shishkin mesh 2 transition points Shishkin mesh Shishkin mesh
N error rate  error rate error rate  error rate
16 9.6379%-2 0.50 9.0430e-2 0.73 9.3261e-2  0.74 1.1072e-1  0.88
32 6.8194e-2  0.59 5.4533e-2 0.76 5.5803e-2 0.90 5.9962¢-2 0.94
64 4.5364e-2  0.66 3.2138e-2 0.79 2.9916e-2 0.93 3.1328e-2 0.97
128 2.8636e-2 0.72 1.8606e-2 0.84 1.5665e-2 097 1.6031e-2 0.98
256 1.7360e-2  0.77 1.0416e-2  0.87 8.0140e-3 0.98 8.1081e-3  0.99
512 1.0182e-2  0.80 5.6941e-3  0.90 4.0529¢-3 099 4.0768e-3  1.00
1024 5.8286e-3  0.83 3.0602e-3 091 2.0379e-3 1.00 2.0440e-3 1.00

2048 3.2776e-3 — 1.6247e-3 — 1.0219¢-3 — 1.0234e-3 —
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9.1.3 Error Expansion

Kopteva [65] derives an error expansion for the simple upwind scheme (9.2) on
standard Shishkin meshes. Let h. and hy denote the coarse and fine mesh sizes
in the Shishkin mesh. Provided that ¢ < CN~!, she proves that the error can be
expanded as

h
N f
Ujs — Uy = hC@)ij + ?J/ij + Rij

with

®(z,y) = ¢(x,y) + ¢(0,0) exp (_ b1 (0,0)z : by (0, O)y)

— 0(0,y) exp <_bl<09)x) "~ o(e.0)exp (_bg(x())y>

3 9

and

o _z b%(07 y)’LDl + b%(O, 0)’[;}12 Y b%(x, 0)17)2 + b%(O, O)ﬁ)lg
(x7y) - c 9 + c 2 )

where the w’s satisfy bounds similar to those of Theorem 7.17 and ||¢||c11 < C,
while for the remainder we have

_9 .
R, < CN i for i,7 =¢N,..., N,
CN~2In* N otherwise.

This expansion is used in [65] to derive error bounds for Richardson extrapolation
and for the approximation of derivatives.

Richardson extrapolation

Let %" be the upwind difference solution on the mesh obtained by uniformly bi-
secting the original mesh @ and let ITa" be the obvious restriction of @V to @.
Then

ij

([ —u™] ~ )

< N2 for 7,5 =¢qN,...,N —1,
- N=2In®2 N otherwise [65].

These results are neatly illustrated by the numbers in Table 9.2 which display the
results of Richardson extrapolation applied to our test problem (9.3).
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Table 9.2 Richardson extrapolation on a Shishkin mesh

fine mesh region

coarse mesh region

N error rate error rate
16 1.3869¢-2 1.08 3.7171e-3 1.44
32 6.5448e-3 1.23 1.3733e-3 1.74
64 2.7918e-3 1.38 4.1086e-4 1.87
128 1.0703e-3 1.49 1.1271e-4 1.93
256 3.8049¢-4 1.58 2.9616e-5 1.96
512 1.2701e-4 1.64 7.5975e-6 1.98
1024 4.0623e-5 — 1.9234¢-6 —
Derivative approximation
In [65] the bounds
N
’(U - U)w;ij |
N1 for i,j =¢N,...,N —1,
<CI{N'In*N  fori=gqN,...,N—1,5j=0,...

e IN~1In N otherwise

are given with analogous results for (u™ — u),.

9.2 Finite Element Methods

This section is concerned with finite element discretisations of (9.1).
The variational formulation of (9.1) is as follows. Find u € H{ (£2) such that

where

a(u,v) = e(Vu, Vv) — (b- Vu,v) + (cu,v)

with

If

(u,v) ::/Qu(:c,y)v(x,y)dxdy.

c+3divb>y>0

a(u,v) = f(v) forall v e Hy(£2),

and f(v)

263
’ qN - 13
9.4
(fiv)
9.5
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E——

Fig. 9.1 Triangulations into rectangles and triangles on tensor-product layer-adapted meshes

then the bilinear form a(-, -) is coercive, i.e.,
2
a(v,v) > [[0llZ := € (18av15 + 19,0113) + ¥llvll§  forall v € Hy(£2),

and (9.4) possesses a unique solution u € Hg (£2).

We shall restrict ourselves to tensor-product meshes @ := W, X &, as in Sect. 9.1.
Set I; == [z;—1, 2], Jj := [y;j—1,y;] and T}; := I; x J;. We shall consider both bi-
linear elements on rectangles and linear elements on triangles with the triangulation
obtained by drawing either diagonal in each of the mesh rectangles; see Fig. 9.1.

9.2.1 The Interpolation Error

The first important results are bounds for the interpolation error. We denote by 1!
the piecewise bilinear function that interpolates to ¢ at the nodes of the mesh @w. The
meshes we consider are characterised by high aspect ratios of the mesh elements.
Because of this anisotropy, standard interpolation theory cannot be applied. There
have been a number of contributions to extend the theory to anisotropic elements,
e.g., [15,171,172]. The first uniform interpolation error estimates for layer-adapted
meshes, namely Shishkin meshes, were derived by Stynes and O’Riordan [152] and
Dobrowolski and Roos [30]. Here we shall give the more general results from [84].
Set

@EI;](T”) ::/ (1 +67167ﬁ1w/(p6)> dﬂ?Jr/ (1+€*16*52y/(25)) dy
I; Jj
and

9P (@) = max OYI(T;).
i,j=1,....,N
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Theorem 9.4. Suppose the assumptions of Theorem 7.17 are satisfied. Then the
maximum-norm error of bilinear interpolation on a tensor-product mesh satisfies

o~ ., < € (88T)) 9.6)
||Vl —u HmTu < oot 9.7)
and for the e-weighted energy norm
llu’ = ulll, < Co5@).
Proof. First Theorem 7.17 implies
Oi0ule,y)| < C(1+27e Mo/ ) x (14 ede /) 98)

fori+j5 < 2.
(i) Let (z,y) € T;;. Then

1 T
(=)= [ [ [ ulrynardcas
i Ii T;—1 o
1 Y 13
+ — / / / O2u(x;_q,7)drdédo
kit Jy,oi o Y

z Y
+ / 0,0yu(&, 7)drd€
Ti—1YYj—1

B T —=Ti—1Y —Yj—-1 / / axayu(§77-)d7-d€
h; k; 1y J Jj

Applying the technique from Prop. 5.1, we immediately see that the first two
terms are bounded by 6 ( ;)?. The third and fourth term are clearly bounded
by 951]( T;;)?. Ineq. (9.6) follows.

(ii) Next, we have

1 z v
By (u—ul) (z,y) = hi/j / O2u(r,yj_1)drdo +/ Oz Oyu(z, T)dT
? iJo Yj—1
1y—yj
_ ET; /l . 0z 0yu(&, T)drd§.

Thus,
|8m (u — uI) (z,y)| < / |8§u(7’, yj_1)| dr + 2/ |00y u(x, T)| dr
I; JJ‘

and (9.7) follows from (9.8).
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(iii) In order to bound the interpolation error in the H' seminorm, use integration
by parts:

H@x(ul - u)H(Q) z/ 8£u(ac,y)(ul — u)(z,y)dzdy
7

N—1 . 9.9)
+ Z/O (v — w) (2, 9)Ki(y)dy ,
=1

where

Kl(y) = 8Iul(xi - 07y) - 8xu1(mi + O7y) .

For y € J; we have

i .
Ki(y) = % (Uzsij — Ussit1,j) + y]k_ Y (g jo1 — Uaiig1j—1)
J J

By the mean-value theorem there exists a &; ; € I;, such that uz,; ; = 0yu(&; j,v;).
Therefore,

Ti41
Ui — Uait1,5] = 02(&i g, ¥5) — Oxuliv s v5)] < / |02u(€, ;)| dé -

XTj—1

We get

Ki)| < s [ [0Ru(€. ) de

velo.1l /g,

This and a Holder inequality applied to (9.9) yield
2
[(u" = )]

1
< HuI _UHOO {/ |8§u(w,y)|dxdy+2 max / lagu(x,yﬂdx}
12 0

y€[0,1]
< O u' =l s

by (9.8). The interpolation error in the Ly norm is bounded by its L., norm. We get
the second bound of the theorem. a

Remark 9.5. The second part of the proof when the H! seminorm is considered
works for bilinear elements, but not for linear ones. Nonetheless, for S-type meshes
and linear elements, the conclusions of the theorem hold too; see [82, 137]. &

Remark 9.6. Error bounds for particular layer-adapted meshes can be immediately
concluded using the results from Sections 2.1.1 and 2.1.3. &
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9.2.2 Galerkin FEM

Let V& C HJ(£2) be the space of piecewise linear/bilinear functions on the given
triangulation that vanish on the boundary of (2. Then our discretisation is as follows:
Find " € V{ such that

a(uN,v) = f(v) forall ve V.

The coercivity of a(-, -) guarantees the existence of a unique solution u™¥ € V.

9.2.2.1 Convergence

Convergence of the (bi)linear Galerkin FEM on standard Shishkin meshes was first
studied by Stynes and O’Riordan [152]. Their technique was later adapted by Lin83
and Roos to the analysis of more general S-type meshes [82, 137].

The mesh transition points in the S-type mesh are

Te 1= min{q,;sln]\f} and T, := min{q, ;&jlnN}
1 2

with mesh parameters ¢ > 0 and ¢ € (0, 1) arbitrary, but fixed and with ¢N € IN.
Divide the domain {2 as in Fig. 9.2: £2 = 211 U {297 U 215 U (255.

Corollary 9.7. Let o = W, X Wy be a S-type mesh with o > 2. Then Theorem 9.4
implies

I -1 2 I -2
o=l gy € ot N i) ], < ON
912 922

Qll - [077-93] X [OvaL

221 = [12,1] x [0, 7],

T 212 = [0, 7] X [ry, 1],

! 211 221 220 = [Tz,l] X [Ty,l}.

T(E

Fig. 9.2 Dissection of {2 for tensor-product S-type meshes
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and
|||u — uI|||E < C(h+ N""max|y']) .
Furthermore, by the Cauchy-Schwarz inequality,

[|u S051/21111/2N(h+N_1max|z//|)2

- “IHO,Q\922
and

Hu <CN72.

I
—u Ho,n22
Where we have used the results of Sect. 2.1.3 too.

Theorem 9.8. Let v = (, X W, be a tensor-product S-type mesh with o > 2, whose
mesh generating function ¢ satisfies (2.8) and

(h+ N~ max|y/[) In'/? N < C. (9.10)
Then
[l =w™ll. < C(h+ N7 max|y'])
for both linear elements on triangles and bilinear elements on rectangles.

Proof. The proof is along the lines of Sect. 5.2.1 exploiting the tensor-product struc-
ture of the mesh and the solution decomposition of Theorem 7.17; see also [82]. Let

n=u! —wand y = u! —uN. Bounds for the interpolation error 7 are provided by

Corollary 9.7.
Bounding y, we start from the coercivity of a(-,-) and the orthogonality of the
Galerkin method, i.e.,

lxI? < alx, x) = aln, x) = e(Vn, Vx) + (1,679 x) + ((divb + ¢)7, X)
< Clnlll. Ml + C(nnno,gn 1V xllo. 0,

+ 7M1 2\ 220) ||VX||L1(Q\Q22)>-
On 2\ (295 the Cauchy-Schwarz inequality yields
IVl 2y (2 230) < OV + 7 [VXllp < CI'2 N X,
while on {255 an inverse inequality yields

IVxllo, 00 < ON llxllo, 0, < CNllXI. -
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because h; > N~ ! and ki > N 1 for T;; € (293. These two bounds and Corollary
9.7 give

Ixlll. < C’{thN*lmaxh//\ + (h+N71max|¢/|)21n1/2N+N*1}_

Thus,

lIxll. < € (h+ N~ max|¢'])

where we have used (9.10). A triangle inequality and the bounds for |||||| and ||| x|||.
complete the proof. g

9.2.2.2 Supercloseness

Similar to the one dimensional case, the Galerkin FEM using bilinear elements on
rectangular S-type meshes enjoys a superconvergence property; see [83, 176]. Note
that this superconvergence result generally does not hold for linear elements on
triangles as numerical experiments confirm [109].

In contrast to the one-dimensional case where we have ((u! — u)’,x’) = 0 for
arbitrary y € V*, we do not have (V(u! — u™),Vx) = 0 here because u! —u
vanishes in the mesh points only, but not at the inter-element boundaries. This com-
plicates the analysis and requires higher regularity of the solution. In particular, we
shall assume that the solution u can be decomposed as u = v + wy + wy + wia,
where

|0L0)v(z,y)| < C, (9.11a)
‘82 831111 ’ < Cete hw/e (9.11b)
0500w (x,y)| < CeTePov/e (9.11c)
and
|0L80wia(w, y)| < Ce™(HD = (Brothay)/e 9.11d)

fori+j <3andz,y € [0,1].

Theorem 9.9. Let @ = &, X 0, be a tensor-product S-type mesh with ¢ > 5/2 that
satisfies (2.8). Then the error of the Galerkin FEM u™ satisfies

lluf = w™|l, < € (A2 N + N2 max |¢/]?)
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Proof. The coercivity and Galerkin orthogonality of a(-, -) give
Il = <~ uf )]
<e[(V(u—u"),V(u" —u))|
+ ‘(bTV(u—uI) —c(u—ul),u! —uN)‘ .

In the Sect. 9.2.2.3 we shall show that for all y € V¢

e|(V(u—u"), Vx)| < C (h* + N~?max[¢'?) [Ix]l.. (9.12)

and
’(bTV(u —ul) = c(u— uI),X) ’
9.13)
< C (h2'? N+ N~ max [0/[2) [Ix]]. -
Thus,
llu = w™| < € (h*1'/2 N + N2 max o/ [2) [[ul - uV]]|, -
Divide by |||u’ — u™ |||, to complete the proof.
Theorem 9.9 yields
Il = o], < CN—2In® N for the standard Shishkin mesh and
°7 |C(e24+ N2)In'/2 N for the Bakhvalov-Shishkin mesh;

see Sect. 2.1.3 for the bounds on A and max |)’|.

Remark 9.10. Another superconvergence result was established by Zhang [176],
who studied convergence of the Galerkin FEM on Shishkin meshes in a discrete
version of the energy norm, where V(u — uV) is replaced by a piecewise-constant
approximation based on the midpoints of the rectangles of the triangulation. &

9.2.2.3 Detailed Analysis, Proofs of (9.12) and (9.13)

In the analysis we require error estimates for interpolation on anisotropic elements,
which were derived by Apel and Dobrowolski [15]. Furthermore, a sharp bound for
the Lo-norm error of the interpolation error for the layer terms is needed. We shall
also use special error expansion formulae derived by Lin [78].



9.2 Finite Element Methods 271

Preliminaries

Let T;; = I; x J; be an element of the triangulation. Set

(v — 9%71/2)2 B hj _ (y — 213‘71/2)2 _ k/j

Fi(x) = 5 3 and  Gj(y) 5 5

where (2;_1/2,y;—1/2) is the midpoint of the mesh rectangle 7T;;. Denote the east,
north, west and south edges of T;; by l.;; for k =1, ..., 4, respectively.

Lemma 9.11 (Lin Identities [78]). For any function g € C*(T;;) and any x € V*
we have the identities

/a 9-9") / {GO —1(G2)18 d,x }020?/9, (9.14a)

/39 g") (/l /l )F@%

+ / [Gj@x@.ig (8,x — F/9,0,x) + Fjaiaygaxx]

ij

(9.14b)

and

/ 9,(9—9")x
Tij

1
— / |:Gj (X - FllazX) - = (G?)’ (ayX — F;azayx)] 8I8§g (9.14c¢)

()it [ [semron= oo

xJ

An immediate consequence of (9.14a) is

k2 3
9 (9= 9", 0:X) | < gj/T 10, x1|0,059] + i/T 10,0,x| 10,0;9] -

with the Cauchy-Schwarz and an inverse inequality giving

81 ((g - 91)7 89:X)T”‘ < CkJQ ||8:rXHOT,L7

0,050, - 015

Lemma 9.12 ([15, Theorem 3]). Let T;; € 2N and p € [1,00). Assume that g lies
in Wp2 (Tij). Let g' denote the bilinear function that interpolates to g at the vertices
of T;;. Then

Ha:c(g - g1)||Lp(T13j) < C{hz”aig”Lp(Tu) + kj”azayg”Lp(Tu)}
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Proposition 9.13. Let 0 = &, X W, be a tensor-product S-type mesh that satis-
fies (2.8). Then for w = wy + wa + w1o

o = !y g, < C (/2N77 + N7771/2) (9.162)

and
lw = 0| 0y, < C2 (h+ N~ max[¢/]))” if 0>2. (9.16b)
Proof. (i) When proving (9.16a), we bound ||w|, .. and [|w? Ho,n22 separately and

apply a triangle inequality. Clearly,
lwllg g, <Ce*N77, 9.17)

by (9.11) and a direct calculation.
In order to bound the L, norm of w! we split {295 into two subdomains

S = [l'qNJrl, 1] X [qu+17 1] and 922 \ S.
Note that 255 \ .S consists of only one ply of mesh rectangles along the interface

between the coarse and the fine mesh regions. We have

ijui,nn\s < (2(1 — N — l)thHquH ||w1||io,922 :
Hence,

f||07922\5 < CON—°-1/2, (9.18)

[w
For T;; C S we estimate as follows:

2

OO,T,;J‘

< O/ / (6725196/6Jref?ﬁzy/e+ef2(ﬁlr+ﬁ2y)/€),
I 1 JJ; 1

< hik; [Jw!|]

I 2
[’ loz,

by (9.11) and since the mesh on {255 is uniform. We get
leHi,S < C/l /1 (e—251z/6 4 e 2Pyl e—2(ﬂ1r+52y)/6)
and
[w! ||y, < Ce2N77. (9.19)

Collecting (9.17), (9.18) and (9.19), we obtain (9.16a).
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(ii) Before starting the proof of (9.16b) note that by (2.11) and (2.12)

h
Phi < N~'max |¢/|e)17/7¢ < N~ max o] 517/7° for z € I,.
oe

() First let us study w; — wi. For T}; C 212 U {217 we have by Lemma 9.12
and (9.11)

||w1 710{”511_ < C{h?kj/ g*4ef2ﬁ1m/edz
sLig I

i

k3 i

—&—hfk;-’/ E_Qe_wl””/adx—l—k?/ e_w”/’fdx}
I

< C(N"'max¢/|+ h)4 k;j/ e~ (2—4/0)Brz/e g,

i

Summing over all elements in {211 U {215, we get

ol s, £ OV a4 1) [ et
) 11 1 0

Thus,

[y — < CeV? (h+ N~" max [¢/])”

w{||07911U912

because o > 2 is assumed.
On (257 we estimate as follows

o =0ty < Ve 2 s — 0, < S 2 01,

< 051/2 1111/2 Ne—ﬂl'rx/s < 061/2N_2

because o > 2.
Therefore,

[[wn < CeY? (h+ N~" max [¢/])° (9.20)

- “’{Ho,n\n22

since max || > 1.
() Clearly a similar argument yields

(w2 — uJéHOﬂ\Q22 < Ce*? (h+ N7' max |¢’|)2 : (9.21)
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() Finally, let us bound w15 — w{2. For T;; C {211 we have by Lemma 9.12
and (9.11)

||w12 — w{2H§7Tij <C (th -+ kJQ)Q/I /J 5—46—2(ﬂlw+52y)/adydx
i J
<C(h+ N~ max |1//|)4/ / e~ (@=4/o)(BratBav)/eqy dy .
rJu;

Summing over all elements in (217, we get

ez = whly g,

<C (N_l max || + h)4/ ’ / ’ e_(2—4/0)(ﬁ1w+62y)/5dydx .
o Jo

Hence,
_ 2
|wiz — w{2H0,911 < Ce (N 'max || +h)". (9.22)
On (215 U £291 we estimate as follows:

Hw12 - w{2“0,f112UQ21 < \/m ||w12 - w{2H007912UQ21

<e2N-TIn/2N Hw12||oo,!212U921

< Ce'PN—"I'/2N < Ce'/2N2 (9.23)

because o > 2.
Collect (9.20)—(9.23) to complete the proof. a

Proof of (9.12)
(i) Using (9.15), we obtain for T5; C 211 U {291

|0t =), 02x)., |

< Ck‘? (1 + 6—16—[311/6) (1 +€—Ze—ﬂ2y/5)

0
‘OvTij [ wX”o’Tij

< ijz (1 _i_E—Qe—ﬂZyj—l/E) Hl +E—1e—51$/€ HaﬂJXHO,Tij

O,TL'J'

< C (h+ N"'max |1//|)2 Hl + e te /e

T, ”azX”o,Tﬁ )

s 4
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by (2.12) and since e?2%i/¢ < C because of (2.8). Application of the Cauchy-
Schwarz inequality yields

5 ‘(%(u —u'), 9 2110022

<Ce(h+N~! max|1//|)2 “1+5*1e’51w/5

0,6211U8221 ”azX”O»Qu U291 *

Hence,

<C(h+ N max|[¢))* fIxlll. . 9.24)

€ ’(%(U — '), arX) 211U022;

(ii) An argument similar to (i) gives

€ ‘ (&E((v + wl) - (’U + wl)l)’ 8zX) 21208222

< Ceh? Hl + e te /e H895X||0,Q12U922

O,nguﬂgz
< CR? X, - (9.25)

(iii) Next we consider w := wy + w12 for Tj; C (212. The stability of the interpo-
lation operator and our bounds on the derivatives of wy and w4 yield

19 (w = wh]

< NOzwl o g, + || Oz

o0, Ty,
00,Tij < CvaHoo,Tij < Ce N,

Thus,

| (@w = w1). 00%) ., | € ON7 0], < ON7/2 102 N .
since meas 212 = O (¢1n N). Therefore,

€ <CN?Ixll.,  926)

9 (w2 +wi2) — (wa + w12)1),azx)912
because o > 2.
(iv) Finally, let us bound the terms involving ws and wis on (295. Using

Lemma 9.12 and (9.11) we get

[0cts ~wd)] o, < Ce2N0
and

< Ce N2,

(|02 (w12 — w{2)||0,(222 =
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Thus,

| (@uuwz = wh), 0uX) . | < ON 2 I, 9.27)
and

| (@uwns = wla), 0:) g, | < ONT2 10l < ONT2 [l
(9.28)

by an inverse inequality.
Collect (9.24)-(9.28) to obtain

e (0u(u—u"),d,x)| < C (h+ N max |¢/|)* [|x[l. forall x € V¥.

Obviously, we have an identical bound for | (9, (u — u’),d,x)| which completes
the proof of (9.12).

Proof of (9.13)

Recalling the decomposition (9.11), we set w = wy + wg + wi2. Then integration
by parts yields

‘— (bTV(u - uI)7x> + (e(u — uI),X)‘
< ‘(bTV(U - UI),X)‘ + ’(w - wI,bTVX)’ 9.29)
+ ‘(c(v — vI),X) + ((c+divb)(w — wl),x)‘

The terms on the right-hand side are analysed separately.
First

‘(c(v — vI),X) + ((c—|— div b)(w — wl),x)‘

< C(llv =o'llo + [lw = w o) lIxlo -
Adapting the technique from Sect. 9.2.1 it is shown that
lo=v"llo+ o = wllo < C (h+ N~" max|v])",
since v and w satisfy derivative bounds similar to those of u. Thus,

[(clw = v1), ) + (e + divb)(w = w), x)| < € (h+ N~ max [v/])* Il .
(9.30)
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Next let us bound the second and third term in (9.29). The Cauchy-Schwarz
inequality and Proposition 9.13 yield

‘(w — wl,bTVX)‘
< C”w - wl||07922HVX||07922 HVX||O7Q\922
<C (51/2N—5/2 n N—3)
_ 2
+051/2 (h—I—N 1maX‘wl|) ||VX||0’_Q\_Q22
_ 2
< C (h+N""max|¢'])" [Ix|l. (9.31)

where we have used an inverse inequality and that on {255 the mesh is uniform with
mesh size O (N71).

Finally, we study the term (b” V(v — v'), x). Let by;; = by (24, y;) for all 4, 5.
Using the second identity of Lemma 9.11, we get

(b1<9 (v—v ) X)
Z bl 1] )’X)Ti,j + ((bl - bl;ij)aw(v - /UI)7X>T1.].}
22y 32 3
Z /T.'_{[(j(ﬂ)c% 12h’ }azv
T;;€0N ij
1
# [6500= F1on) = 36 (0~ Fy2e0,9 0,530}
| N1 N
ﬁ Z (brsi1,5h7 4 bl;ijh?)/J (x02v) (x5, y)dy
i=1 j=1 J
+ Z ((b1 = b1:4) 0 (v — "), X)Tij
Ti; €N
=L+ L+I. (9.32)

Use (9.11) to obtain

i< Y {0+ 8 (I, + hilldaxlr,)
T;;€QN

+ K2 (k3 19y Xl s, + Bk 1020, -
Thus,

LI <C > (h+E)Ixlim, < CRIxllzy o) < CR?Ixllo - (933)
T;;€02N
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For I, we proceed as follows: First

/ (XVaz) (25, y)dy = Z / /I Ix820+x33 ) (@, y)dzdy

yields
qN
Z (b1si1, b — bl;ijh?)/J (xO2v) (zi,y)dy
i=1 j
—Z bl qN+1thN+1 bu.izh; / / xX82U+X83 )(I y)dzdy .
i=1
Thus,

Z bl z+lj z+1 bl ’Ljh )/ (Xa U)(-T'uy dy‘

i=1j5=1
S Chzuazxagv + ain”l,.Ql]U-QlZ

< Ch%eY2 12 N (||8.x1lo + lIxlo)
< Cr?I'2 N x|, (9.34)

by (9.11). Furthermore, for i = q/N + 1,..., N, we have

‘(bl;iﬂ,jhzzﬂ — byi;h7) /

(x020) (w1, y)dy| < CR2IxI 1,
Jj

because ‘bl;i-&-l,j — bl;ij| S Chi+1, hz = hi+1 S h and

/ (x@iv) (x5, y)dy < Ch;

Jj
by an inverse inequality. We get

N—

N
Z Z by, 7,+1,j 7,+1 bl,mh?)/ (Xaiv)(xhy)dy

i=q j=1 J

< Ch?||xllo- (935)

For I3 we have the following bound:

1< 30 b= buisll g, (Rill020] o, + K100, 000 o, ) I,

TijeQN

< CR*(|x|lo, (9.36)

by Lemma 9.12 and (9.11).
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Collect (9.32)—(9.36) to obtain
(10 (v —v"),x)| < Ch* "> N Il (9.37)
with the analogously bound
|(b20y (v — v"), x)| < CR*I'* N x| - (9.38)

Substituting (9.30), (9.31), (9.37) and (9.38) into (9.29), we are finished.

9.2.2.4 Maximum-Norm Error Bounds

In this section we use Theorem 9.9 and the interpolation error bounds from
Sect. 9.2.1 to obtain bounds for the error of the Galerkin method in the maxi-
mum norm.

Start with the region (295, where the mesh is quasi-uniform with mesh size
O(N71):
o ]l gy < ON ? —
00,8222

<C (Nh2 /2 N + N~! max |¢'|2) :

N||O,sz

Thus, on a standard Shishkin mesh, where h = O (N ’1), one gets

iy, < ONTI 2N,

while for the Bakhvalov-Shishkin mesh we have

Ju—u|| o, SCNT'I'? if e <ONTY,
because for this mesh & = O (max{N ', ¢}).
Now let (z;,y;) be any mesh node in {25;. Then following [152, pp. 11,12] we

obtain
[(u! = ™) (i, )|

|t =)

SC'N/I/ |8x(ul—uN)|
o Ji

1/2 HV(uI .

< CN (:N~'InN) o om0,

< CNY21n'/2 N |||uI — uN|||E.
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Thus,

lu — N ooy, < CNY2IY/2 N (h2 /2 N + N~2 max |¢'\2) ,

by Theorems 9.4 and Theorem 9.9. Clearly identical bounds hold on (2;,.
Apply this result to get bounds for particular S-type meshes:

CN—3/21n%2 N for standard Shishkin meshes,

0.013U20 = YON73/2In N for Bakhvalov-Shishkin meshes
with e < CN~1L,

o =]

9.2.2.5 Gradient Recovery

Similar to Sect. 5.2.3 a gradient recovery operator can be defined for the bilinear
Galerkin FEM, that gives approximations of the gradient which are superior to those
of Theorem 9.8. We follow [139].

Notation. In this section let || - |1, p denote the standard norm in H*(D).

Let T be a rectangle of 2V and let T be the patch associated with T, consisting
of all rectangles that have a common corner with 7' (see Fig. 9.3). We define for
v € V¥ the recovered gradient Rv as follows: First we compute the gradient of v
at the midpoints of the mesh rectangles ('yij = V’U(l‘i_l/g, yj_l/g)). Then these
values are bilinearly interpolated to give the values of Rv at the mesh points of the
triangulation, viz.,

hitom  hjy1
Rv). =y = i itlon o (9.39)
( )” ) S~ hz + hi+1 k] + kj+1 i+m,j+n
Yj+1
[e] [e]
T Yi
o o
T
Yj—1
Yj—2
Ti—2 Ti—1 s Ti41

Fig. 9.3 Mesh rectangle T" and associated patch T
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Bilinear interpolation is again used to extend the recovered gradient from the mesh
nodes to the whole of {2:

Ti—TY;—Y T—Ti1Yj— Y
R N , = L 2 J o J
( w )(.’1? y) 871 1,j—1 hz kj + 1,j—1 h’L kj
T T TY Y- ST T Ti—1 Y Y1
+ azfl,j hz kj +al,j hz kj

for (z,y) € T;;, i,j=2,...,N — 1.
For the boundary rectangles, we simply extrapolate the well-defined bilinear func-
tion of the adjacent rectangles.

Lemma9.14. R : V¥ — V¥ x V¥ is a linear operator with the following
properties:

(locality) Rv on T depends only on values of v on the patch T,
(stability) |Rv[| 7 < Cllv]|, oo 7 forall ve Ve, (9.40a)
| Ry < Cllv]|, 7 forall ve Ve, (9.40b)

(consistency) Rv! =Vv on T forall v that are quadratic on T. (9.40c¢)

Proof. The first three properties are immediate consequences of the definition of R,
while (9.40c¢) is verified by a Taylor expansion of v.

Now, given any continuous function v on T, we denote by Qu that quadratic
function on 7" with

(Qu)(Pr) =v(Py) for k=1,...,6 (see Fig. 9.4).

This set of degrees of freedom is unisolvent and thus our Lagrange interpolant Qu
is well defined.

The decomposition (9.11) and a careful analysis yield the following bounds for
quadratic interpolation.

P }22 P
¢ s

T
P4 P5

Fig. 9.4 Definition of the quadratic interpolant on the patch T
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Lemma 9.15. Let w = W, X iy be a tensor-product S-type mesh with o > 3 that
satisfies (2.8). Assume that the solution u of (9.1) can be decomposed as in (9.11).
Then

-1 ’ 2
s|u—@urm<{c(h_§]v max|y/])" for T'C 2\ 2,
o CN for T C {299,
Ch—l—N_lmaXh//\?’ Jor T C 02\ 9,
Hu_Q“”oo,:F < {C]<V—3 ) 22
for T C {299

and

C(measT)Y/2(h+ N~1 max|¢’|)2 for T C 02\ (292,

1/2 _ <
€ HU QUHLT > {CN_g for T C §295.

We would like to estimate the difference between the gradient and the recovered
gradient in the e-weighted H' seminorm. We start from

e2[[Vu = RuM||, < &'2|[Vu = Ru'l|, + 2[R’ =), 041

by a triangle inequality. For the second term in (9.41), the stability property (9.40b)
of the recovery operator and the superconvergence result of Theorem 9.9 yield

V2| R(u! —u™)||, < C (h+ N~ max |¢/])* n"/2 N. (9.42)

In the next result we estimate the first term in (9.41).

Proposition 9.16. Let w = w, X, be a tensor-product S-type mesh with o > 3 that
satisfies (2.8). Assume that the solution u of (9.1) can be decomposed as in (9.11)
and that

min {h,n, ken} > CeN~L (9.43)
Then
e'?|Vu— Ru'||, < C(h+ N~ max|¢’|)2 /2 N.

Proof. For any T € 2%, the consistency property (9.40c) of the recovery operator
yields

[Vu— RUIHO,TS [V (u— Qu)||0,T+||R(“ - Qu)IHO,T7 044
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since R(Qu)! = VQu. For the interpolation operator we can use the stability
estimates

[0z < Cllelloc.r andJo"[, 7 < Cllo], o

To estimate the second term in (9.44), we bound the Ly norm by the L., norm and
apply the stability property (9.40a) of the recovery operator:

1R(u—Qu)'llg 7 < (measT)"/* | Rlu = Qu)'| ,
< C(measT)"?||(u [ (9.45)
Thus, for T' ¢ (225 we have
| R(u— Qu)IHO_’T < Ce(measT)"/?(h + N ™' max |¢'|)27 (9.46)

by Lemma 9.15.
Next we consider T' € {252. We apply an inverse inequality and the L, stability
of bilinear interpolation to (9.45) to get

| R(u = Qu)'lgp < ON " (ming. ) | w0
If ming h = O (N~!) then
[R(u—Qu) |, ; < Cllu—Qu| 7 <ON?, (9.47)

by Lemma 9.15. Otherwise — for the elements 7" along the transition from the fine
to the coarse mesh — we have to estimate more carefully:

measT
| R = Qu [l < [~ Qu)'], 7 sZ i —0ulp
From (9.43), we have
SRl Qo < Cllu- Qull g <ONL 049

by Lemma 9.15. Combining (9.46), (9.47) and (9.48), we have

2| R(w = Qu)'| 7

< Csfl/z(meaST)l/Q(h+N’1max|@//|)2 forT C 2\ {222,
CN—3 for T' C (295.
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We use the last estimate of Lemma 9.15 and (9.44) to obtain

2| Vu— Ru'],
< CeV/?(measT)/2(h + N~! max |1//|)2 forT C 2\ (252,
“|CN3 for T C (299 .
Recalling that

[Vu—Ru' = 3 [[Vu~Ru[g,

TeNN

and meas (12 \ £22) = O (¢In N), the proof is complete. O

Remark 9.17. The condition (9.43) is satisfied if for example, ¢’ in Sect. 2.1.3 is
bounded from below by a positive constant independently of € and N. Both the
original Shishkin mesh and the Bakhvalov-Shishkin mesh satisfy this condition. &

As a consequence of (9.41), (9.42) and Proposition 9.16 we have the following
result:

Theorem 9.18. Let w = @, Xw, be a tensor-product S-type mesh with ¢ > 5/2 that
satisfies (2.8) and (9.43). Assume that the solution u of (9.1) can be decomposed as
in (9.11). Then

V2| Vu — Ru™ ||, < C (h+ N~"max[¢/])* In'/? N.

Remark 9.19. Similar to the one-dimensional case, using RuY instead of Vu®, we
get an asymptotically exact error estimator for the weighted H!-seminorm of the
finite element error ¢'/2 |V (u—u™) Ho on S-type meshes. &

9.2.2.6 Numerical Tests

Let us verify our theoretical results for the Galerkin FEM using bilinear trial and test
functions on S-type meshes when applied to the test problem (9.3). In our computa-
tions we have chosen ¢ = 10~® and o = 3 for the meshes. In the tables we compare
both the error in the e-weighted energy norm |Hu —ulv H|€ with the error in the
discrete energy norm |||u’ — u®||

.» and the accuracy of the gradient approxima-
tion Vu? with that of the recovered gradient approximation Ru” . The errors are
estimated using a 4"-order GauB-Legendre formula on each mesh rectangle. The
rates of convergence are computed in the usual way. Tables 9.3 and 9.4 are clear
illustrations of Theorems 9.8, 9.9 and 9.18.
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Table 9.3 Shishkin mesh

[l = ]| luf =M, 2[Vu—Vul],  eV2[Vu— Ru|,
N €rror rate error rate €rror rate €rror rate
16 2.6900e-1 063 52110e2 125 2.6898e-1 0.63 9.5425¢-1  2.86
32 173591 072 2.1896e2 143 17359e-1 0.72 131411 1381
64 1.0556e-1 077 8.1467e-3 153 1.0556e-1 077 37507e-2 148
128 6.1881e2 080 281373 160 6.1881e2 0.80 134792 1.56
256 3.5421e-2 083 92543¢-4 165 354212 0.83 4.5685¢-3  1.64
512 1.9936e-2 0.85 29398c-4 1.69 19936e-2 0.85 1.4687¢-3  1.69
1024 1.1078e2 —  9.096le-5 —  1.1078¢-2 456124 —

Table 9.4 Bakhvalov-Shishkin mesh

T v =] e 2[Vu—ve ], <72 [Vu— R,

N error rate error rate error rate error rate
16 1.2475e-1 1.00 7.9084e-3 2.00 1.2471e-1 1.00 5.0012e-1 3.43
32 6.2574e-2 1.00 1.9800e-3 2.00 6.2569e-2 1.00 4.6315e-2  3.09
64 3.1312e-2 1.00 4.9620e-4 2.00 3.1311e-2 1.00 5.4227e-3  2.43
128 1.5659¢-2 1.00 1.2425e-4 2.00 1.5659e-2 1.00 1.0044e-3  2.08
256 7.8298¢-3 1.00 3.1096e-5 2.00 7.8298e-3 1.00 2.3690e-4 2.01
512 3.9149e-3 1.00 7.7789%-6 2.00 3.9149e-3 1.00 5.8638e-5 2.00
1024 1.9575e-3 — 1.9460e-6 — 1.9575¢-3 — 1.4624e-5 —

9.2.3 Artificial Viscosity Stabilisation

In Sect. 5.3 we studied a FEM with artificial viscosity stabilisation in one dimension.
It can be generalised to two dimensions as follows: Set

h :=diag(h,k) with h:=h; in [; x (0,1) and k:=Fk; in (0,1) x J;

and let k > 0 be an arbitrary constant. Then we add artificial viscosity of order
kh in z-direction and of order k% in y-direction, i.e., we consider the following
discretisation. Find v € V{ such that

as(u™,v) == a(u™,v) + & (RVLY, Vo) = (f,v) forall ve V.

The norm naturally associated with a(-, ) is
) 1/2 )
loll, = [l + % (590, 90)] " = ol forall v € HY(2).

The bilinear form a, (-, -) is coercive with respect to this norm, because
ax(v,0) > [[ol> forall v e H(£2). (9.49)

In our analysis we follow Schneider et al. [148], but refine it by explicitly moni-
toring the dependence on «. Let again 1 = u! — u denote the interpolation error and
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x = u! — u! the difference between interpolated and exact solution. Because of

the added artificial viscosity the discretisation does not satisfy the Galerkin orthog-
onality condition, but we have

ax (X x) = a(n, x) + £(AVn, V) + k(AVY, VX) . (9.50)

(i) For the first term we have two bounds from Sections 9.2.2.1 and 9.2.2.2:

la(n, x)I

h+ N~! max [/ for general linear and,
< CllIxlll. bilinear elements, 9.51)

h2In'/? N + N=2max [¢/|2 for bilinear elements.

(ii) Next we bound x(RVn, V). Let T;; be arbitrary. Then

(h?]x,xac)Ti‘ Zhi/ /@c??@xX:/ /&w/ Oz X-
J J; /I J; JI; I;

Thus,

‘ (721, 02X) 1,

< 2]

J 00,T;; 82".)(Hl)jjij'

Consequently, we have

= O{N_QHaWXHo,sz + (N_l max W,DQ(glnN)l/QHa‘”XHQ\Qm}
< ON ' max |¢/| /2 N Ixlll. »

by an inverse inequality and (9.5). An analogous estimate holds for
| (k0yn, 8,x) |- Hence,

K |(RVn, V)| < CoxN~" max[¢/|In'/? N ||| y]]. - (9.52)

(iii) Finally, (hVu, Vx) has to be considered. We restrict ourselves to bounding
(hdyu, O, ) since the term (kdyu, O, ) can be treated analogously. Using the
decomposition of Theorem 7.17, we get

(hdyu, O xz)
= (haz(v + 'LUQ), 8LEX) 911U912 + (haiv(v + ’LUQ), a{EX) Q21U022

+ (hax(wl + w12),axX)QHUQm + (haac(wl + w12)78xX)921U022 .
(9.53)
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The Cauchy-Schwarz inequality and Theorem 7.17 yield

} (702 (v +w2),92X) . L1,

e (9.54)
< Ch(elnN)"7||0xx

1/2
Lo oo, < ChInY> N [Ix]l.
On (257 U 295 we have

(RO (v + w2), 0z X) 221U235

11
:H/ / 0 (v + wo) 0y xdady

:—H/ (U + wa) )(Tmy /8 v—i—wg)xdx}d

Thus,

1
’(h&z(v—%wz)ﬁmx)nmuﬂn <CN—1{||XO+/ |X(Tm,y)|dy}. (9.55)
0

Note that

1
/ IX (72, y)|dy =
0

We apply this inequality to (9.55) to obtain

. xdz| dy < |0 <C'2N x| -

(10 (v + w2),00X) 0, by, | < CN 1INV N[ - (9.56)

Now we bound the last two terms in (9.53). Using Theorem 7.17 we get, for any
Ty € 2V,

‘ (haz (w1 + w12)7 amX) iy ‘
S C/ {/ 5—1e_ﬁlx/5dm/ |8$X’d.')3} d
Jj Ii Ii'
This implies that

‘(hagg(wl + wi2), ach)TM

CON~max [¢/|[|0ux|, 5, for Ty C 295 U245,
CN_2’|8<I?XH1,TU for T;; C 245 U 025
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Therefore,

‘ (haw (w1 + wi2), 89:X) 211U0212

< ON"" max [¢| || xa < ON"'max ¢ [In'/? N ||l

Hl,ﬁllunlg -

and

‘(ham(wl + w12), Oz X)

< ONH|xl, -

£221U0222

by an inverse inequality.
Combine the last two bounds with (9.53), (9.54) and (9.56) to get

| (hdau, 0rx)| < CN ™' max [¢/|In*/? N |[x]]. -
With an analogous estimate for (k9,u, d,x) we have

#|(BVu, Vx)| < CrN ™" max [¢/| /2 N [|x]]. - ©.57)

Finally, combine (9.49)-(9.52) and (9.57) in order to obtain the main result of
this section.

Theorem 9.20. Let & := &, x &, be a tensor-product S-type mesh with o > 2 that
satisfies (2.8). Then the upwind-FEM solution u" satisfies

lu" =uM|||. < C (1 + kInt/? N) N~ max [/
and, for bilinear elements and o > 5/2,

[[|luf = wM]||, < C{/{N‘l max |¢'|In/2 N + h?In'/? N + N2 maxh//|2} :

A consequence of Theorem 9.20 and Sect. 9.2.1 is the following bound of the
error in the e-weighted energy norm:

llw = w™|. < € (h+ N~ max /|10 N)

Remark 9.21. The supercloseness property of the Galerkin FEM with bilinear ele-
ments is not affected if we take k = O (N _1). However, for the efficient treatment
of the discrete systems, the choice k = O (1) is more appropriate which then results
in a loss of the supercloseness property. &

Remark 9.22. The |||-|||,, bounds imply that the method gives uniform convergent
approximations of the gradient on the coarse mesh region {255. For example, for a
Shishkin mesh, where max |¢)'| < C'In N and h < 2N 1, we have

L1/2 N -1/2 |V (u = u®)

HOQ < C{HN711n3/2+N721n2N}.
99622
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Thus,

CN-12132 if k= 0(1),
CN~'ln® if k=0(N"1).

¥ (=), o < {

Note that in contrast to the streamline-diffusion FEM, we have full control of the
gradient, while for SDFEM one has uniform bounds for the streamline derivative
6 V(ul —ul)|o.0,, only; see Sect. 9.2.4. &

Remark 9.23. Suboptimal maximum-norm error bounds on {255 can be obtained by
application of the discrete Sobolev inequality

1X]l 0.2, < CI02 N [[Vxllg 2, - (9.58)

that holds true for piecewise-polynomial functions x that vanish on a part of the
boundary of finite length, see [160, Lemma 5.4] or [63]. We get

N CN~Y2In*N if k=0(1),
lu—u™| g, < 2
@2 T ONTTI®P N if k=0 (N7).

Bounds for the maximum-norm error on {251 U {215 can be obtained using the tech-
nique from Sect. 9.2.2.4. &

9.2.4 Streamline-Diffusion FEM

Introduced by Hughes and Brooks [54], this method is the most commonly used
stabilised FEM for the discretisation of convection-diffusion and related problems.
Starting from the weak formulation (9.4), we add weighted residuals in order to
stabilise the method. Then the SDFEM reads: Find vV € V¢ such that

asp(u™,v) = a(w™,v) + aga(u,v) = fsp(v) forall ve Vg
with
astap(uN,v) 1= Z Sr(LulN,—b- Vo)
TeNN
and

fsp) = f)+ Y or(f,—b-Vo)r

TeNN
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and user chosen stabilisation parameters dr > 0. We clearly have the Galerkin
orthogonality property

asp(u—ul,v)=0 forall ve V. (9.59)

Let V” be our finite element space consisting of piecewise (bi)linear functions
that vanish on 042. It is shown in, e.g., [141, §I11.3.2.1], that if

0<or <Alle)ly forall Te 2V, (9.60)

then

1
asp(v,v) > 5 lollz, forall ve V&, (9.61)

with the streamline-diffusion norm

lollsp = Mol + >~ or(b-Vo,b-Vo)r .
TeNN

9.24.1 Convergence in the Streamline-Diffusion Norm

Stynes and Tobiska [155] analyse the SDFEM using piecewise bilinear finite ele-
ments on standard Shishkin meshes for problems with regular layers. Here we shall
extend the technique from [155] to our more general class of S-type meshes, but
still consider piecewise bilinear test and trial functions.

Partition the domain {2 as in Fig. 9.2. We follow standard recommendations [141,
p-307] and set

g = {5 itTC 2, (9.62a)

0 otherwise,

and

-1 . < N-1
5= {5°N ife < N7 (9.62b)

516" 1N—2  otherwise.

with positive constants &y and §;. Clearly § < max{dp,d1} N~! and there-
fore (9.60) is satisfied for IV sufficiently large, independent of €.

Note that in the layer regions {2\ {252, the stabilisation is switched off because
there the streamline-diffusion stabilisation would be negligible compared to the nat-
ural stability induced by the discretisation of the diffusion term.

Our error analysis again starts from the coercivity (9.61) and the Galerkin or-
thogonality (9.59). Let again n = u! — w and x = u! — u/V. Then

1 2
3 Ixllisp < aln,x) + asian(n, x)-
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For the first term we have
la(m, 01 < € (h2'/? N + N~2 max [o/2) ], .
see Sect. 9.2.2.3, while the stabilisation term

astab(na X) =0 Z (EAU +b-Vn—ocn,b- VX)T
TC8222

still has to be analysed. This was done in [155]. Using (9.14b) as a crucial ingredient,
Stynes and Tobiska derive the bound

|astan(, X)| < CN~?Im'?N |||XH|SD :

Eventually we get the following convergence results.

Theorem 9.24. Let w, x w, be a tensor-product S-type mesh with ¢ > 5/2 that
satisfies (2.8). Then the SDFEM solution u" satisfies

|H“I_UN|||SD

<C (h2 In/2 N + N~2 max |¢/|2)
Remark 9.25. Theorems 9.4 and 9.24 give
Il — [l < € (a4 N max o))

Thus, Theorem 9.24 is a supercloseness result for the SDFEM.
Furthermore,

e||[Vu— Ru®||, < C (h* + N2 max[¢/[*) In'/? N,

where R is the recovery operator from Sect. 9.2.2.5. &

9.2.4.2 Maximum-Norm Error Bounds

Clearly the technique for the Galerkin FEM from Sect. 9.2.2.4 can be applied to
give pointwise error bounds for the SDFEM with bilinear test and trial functions
within the layer regions {215 and {251, while on the coarse mesh region {255, we can
employ (9.58). We get

CN—3/21n°/2 N for standard Shishkin meshes

N
u—u Hooﬂ\Qu <4 CN-32InN for Bakhvalov-Shishkin meshes
with e < CN~L
(9.63)
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Adapting Niijima’s technique [125], Linf3 & Stynes [110] study the SDFEM with
piecewise linear test and trial functions on Shishkin meshes. For technical reasons
a modified version of the SDFEM with artificial crosswind diffusion added on {295
is studied. Furthermore, it is assumed that the convective field b is constant. The
method reads as follows. Find v’ € V{ such that

asp(u,v) + (bt - VuN bt - Vo) = fsp(v) forall ve V¥

with

6] \ b1 0 otherwise.

If ¢ < N~3/2, then for any point (z,y) € £ the analysis in [110] yields

CN=Y21%2 N if (z,y) € 20,
‘(u—uN)(m,y)‘ <L ONT3AWP2EN if (2,y) € 2\ (g,
CN-/B8MY2 N if (z,y) € (\*,1)2,

where \* = O (N —3/4In N ) The analysis in [110] includes more detailed results
and also deals with the case ¢ > N~3/2. Numerical experiments in [109] show
convergence of almost second order on the coarse part of the mesh, while inside
the boundary layers, the rates are smaller than one. For bilinear elements, almost
second-order convergence in the maximum norm is observed globally, but no rigor-
ous analysis is yet available.

9.2.4.3 A Numerical Example

Let us verify the theoretical results when the SDFEM is applied to our test prob-
lem (9.3). In the computations we have chosen ¢ = 10~® and o = 3.

The tables display the error in the e-weighted energy norm |||u —u|||,, in the
discrete SD-norm muI —ulv || sp and in the maximum-norm. Tables 9.5 and 9.6
clearly illustrate Theorem 9.24, while for the maximum-norm errors (9.63) appears
to be suboptimal: instead of convergence of order (almost) 3/2 we observe (almost)
27 order.

l

9.2.4.4 Higher-Order Elements

In [156] Stynes and Tobiska study the SDFEM with (), elements, p > 1 on tensor-
product Shishkin meshes.
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Table 9.5 The SDFEM on a Shishkin mesh
ol

[l — w o

H‘UI_UNH‘SD ”“_“ oo

N error rate  error rate error rate
16 3.3542e-1 0.75 2.0654e-1 1.04 1.7673e-1 1.14
32 1.9932e-1 0.82 1.0021e-1 1.33 8.026le-2 141
64 1.1259%-1 0.83 3.9957e-2 1.50 3.0251e-2  1.51

128  6.3418e-2  0.83 1.4151e-2 1.59 1.0635e-2  1.61
256  3.5718e-2  0.84 4.6849e-3  1.65 3.4956e-3  1.66
512 1.9989%e-2 0.85 1.4886e-3 1.69 1.1063e-3  1.70

1024 1.1087e-2 — 4.5993e-4 — 3.4131e-4 —

Table 9.6 The SDFEM on a Bakhvalov-Shishkin mesh
ol

[l = ol

v —uMllsp  Jlu—u

N error rate  error rate error rate
16  1.3415e-1 1.07 4.9909%-2 1.92 5.1204e-2  1.89
32 6.3934e-2  1.02 1.316le-2 1.98 1.3793e-2 196
64 3.1488e-2 1.01 3.3354e-3  2.00 3.5346e-3  1.99

128 1.5681le-2 1.00 8.3621e-4 2.00 8.8983e-4  2.00
256 7.8326e-3 1.00 2.0910e-4  2.00 2.2291e-4  2.00
512 39153e-3 1.00 5.2263e-5 2.00 5.5756e-5 2.00

1024 1.9575e-3 — 1.3063e-5 — 1.3940e-5 —

oo

The transition points in the Shishkin mesh are

1 1
T 1= min{q,(p—gl)glnN} and T, = min{q,(p—gQ)ElnN},

otherwise the construction of the mesh is unchanged. The stabilisation parameters
é7 are chosen as in (9.62).

We introduce a special vertices-edges-element interpolant [79] as follows. Let v
be a given function. On each element 7' € 2% the interpolant v is defined by

(Iv)(x;) = v(x;) fori=1,...,4,

/ /vap forall ¢ € P,_o(¢;) andfor i =1,...,4,
and

/(Iv)w = / v forall ¢ € Qp_s(T),
T T

where x; are the four vertices of T and ¢; are the four edges of T'. P, (¢;) is the space
of polynomials of degree at most k in the single variable whose axis is parallel to
the edge /;.
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In [156] the authors proceed by deriving interpolation error bounds for /v on
anisotropic meshes. For example, the pointwise interpolation error is shown to
satisfy

CN—(p+h) if &€ (99,

u—ITu)(x)| <
I( ()| < {C(N_llnN)p+1 otherwise.

However, the main result in [156] is
|||UN - I“|||SD < ON-PH/2),

This is a supercloseness result, because in general for (), elements, one can expect
at best

o™ = ulll, = (N N)".

Postprocessing can be used to obtain an approximation of u of order p + 1/2.

Remark 9.26. Matthies [119] considers a different approach to stabilised FEM: lo-
cal projection stabilisation on Shishkin-type meshes. Using (), elements inside the
layers and enriched (), elements in the region where the mesh is coarse, he proves
convergence and supercloseness results that resemble those by Stynes and Tobiska
for SDFEM. &

9.2.5 Characteristic Layers

We now consider (9.1) with parabolic layers. This is, we assume the convective field
is b = (b,0) and seek a solution u to

—eAu —bug, +cu=f in2=(0,1)%, u=0 ondf (9.64)

with b > 3 > 0 and ¢ > 0 on {2. The main contributions here are by Franz et al.
[38—41].

Analytical properties of this problem have been studied in Sect. 7.3.2. There will
be an exponential layer at x = 0 and parabolic layers along the boundaries y = 0
andy = 1.

When discretising (9.64), we use tensor-product Shishkin-type meshes with N
mesh intervals in each coordinate direction. The mesh in z-direction is a mesh for
one-dimensional convection-diffusion equations (Sect. 2.1.3), while the mesh in
y-direction is a mesh for a reaction-diffusion problem (Sect. 2.2). The transition
parameters for these meshes are

Az ::min{q,oﬂglnN} and )\y::min{gm\@lnN}
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with the mesh parameters ¢ > 0 and ¢ € (0,1/2). A plot of the resulting mesh
is displayed in Fig. 2.21 on p. 29. The mesh characterising function is again de-
noted by .

Interpolation error

Adapting the technique from Sect. 9.2.1, we obtain for all mesh rectangles T5;
Ju=u'lloz, < C{/ (147 e da
Tyj I
+ /
J

J

2
(14t
and

o=l <o o, [ (1)
= I

i

2
+ max / (1+5*1/2e*y/2‘ﬁ) dy} .
J=1...N J .

Bounds for particular meshes (Bakhvalov or Shishkin meshes) can immediately be
concluded as has been done before.

Energy-norm bounds. The L part of the norm is easily bounded by the maximum
norm. Therefore, we consider the H part only. Reasoning as in Sect. 9.2.1 and using
Theorem 7.20, we get

2|0 (u = u") g < € =]l 7

and

20y (= ")y < O flu— |7

The last estimate highlights a problem of the energy norm applied to problems with
characteristic layers: It fails to capture these layers. Nonetheless, it is the natural
norm associated with the weak formulation of (9.64).

Galerkin FEM

In [38, 39] for finite elements with piecewise bilinear test and trial functions the
following bounds in the e-weighted energy norm are given.



296 9 Convection-Diffusion Problems

Theorem 9.27. Let u” be the piecewise bilinear Galerkin approximation on a
S-type mesh with o > 5/2 then

u” NI, < ((h+ N =)W N ko N )

and

= [l < € (/44 ko N )

where h and k are the maximum step sizes in x- and y-direction, resp.

Remark 9.28. The first bound is a supercloseness result and allows for postprocess-
ing that gives higher-order accurate approximations of the gradient. &

Streamline-diffusion FEM

The choice of S-type meshes naturally divides the domain {2 into four (six) subre-
gions, see Fig. 9.5. (215 covers the exponential layer, {257 the parabolic layer and
{255 the corner layer and (21 the remaining region which does not have layers. On
each of the four subdomains we allow the streamline-diffusion parameter ¢ to take
different values: d;; on §2;;.

Theorem 9.29. Let u'N be the piecewise bilinear streamline-diffusion approxima-
tion on a S-type mesh with o > 5/2. Suppose the stabilisation parameters satisfy

012 < doe (h +N! 1nax|1//|)27 o1 < Soe VANT2 §ap < /AN 2

and

(511 < 50 min {N_l,E_lN_2}

922 921
911 = [)\:m 1} X [}\y, 1-— )\y]
1 211 219 := [O, )\93} X [Ay, 1— Ay]
221 = Ao, 1] % ([0,Ay] UL — Ay, 1))
22 = [0,X0] x ([0, A UL = Ay, 1)
25 22

Fig. 9.5 Dissection of {2
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with a constant &g that is independent of €. Then

o =

Mllgp <€ ((h+ NN+ k+ N max|¢'|)2

and

flu =, < € (244 b+ N )

where h and k are the maximum step sizes in x- and y-direction, resp.
Proof. See [38,40]. a

Remark 9.30. The amount of stabilisation inside the exponential layer (212 and in
the corner {25 is negligible and can be switched off. On the coarse-mesh region {27
the stabilisation is standard. However, inside the characteristic layer, i.e. on {257 the
negative power of ¢ in the upper bound for d,; is surprising.

This is essentially due to the aforementioned weakness of the SD-norm and the
e-weighted energy norm, which fail to capture the parabolic layer. For the term wy

in the decomposition of Theorem 7.20 one has |||lws ||, = [[w2||sp = O (e1/4).
An alternative, though heuristic approach, in [94] using residual free bubbles
suggests the choice 00 = O (N~2). &

Local projection stabilisation

LPFEM for problems with characteristic layers is studied by Franz and Matthies
[41]. The results are similar to those for streamline-diffusion stabilisation.

9.3 Finite Volume Methods

In this section we consider an inverse-monotone finite volume discretisation for
problem (7.8). This scheme was introduced by Baba and Tabata [17] and later gen-
eralised by Angermann [13, 14]. For a detailed derivation of the method, the reader
is referred to [13,62].

When working on arbitrary partitions we follow Angermann [13]. Further sta-
bility results for tensor-product meshes and uniform convergence of the method in
both a discrete energy norm and in the maximum norm are due to other authors.
References will be given when appropriate.

For the moment let 2 C IR? be an arbitrary domain with polygonal boundary.
Consider the problem

—eAu—bVu+cu=f in 2, u=0 on I =01 (9.65)
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with 0 < ¢ < 1 and
1.
c+§dlvb27>0 on {2. (9.66)

Letw = {x;} C {2 be a set of mesh points. Let A and 9 be the sets of indices
of interior and boundary mesh points, i.e.,

A:={i:x; €N} and 0A:={i:x; € 002}
Set A := A U OA. Partition the domain {2 into subdomains
Q;={we2:|x—a] <|x—x;| forall j € Awithi # j} forie A,

where ||-|| is the Euclidean norm in IR?. We define I;; = 942;d42; and we say that
two mesh nodes x; # x; are adjacent if and only if m;; := meas;p I;; # 0. By 4;
we denote the set of indices of all mesh nodes that are adjacent to «;. Furthermore,
set d;; = ||x; — ;|| and m; = measyp §2;. We denote by n;; the outward normal
on the boundary part I; of f2;. Let h, the mesh size, be the maximal distance
between two adjacent mesh nodes. Set N;; := —n;; - b((x; + x;)/2); see Fig. 9.6.

For a reasonable discretisation of the boundary conditions, we shall assume that
I'CUieon -

Fig. 9.6 Mesh cell of the FVM
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Then our discretisation of (9.65) is as follows. Find " : A4 — IR such that

[L,uMN]; = fim; for i€ A, uly =0 for i€ dA, (9.67a)

with Y being the numerical approximation of u(x;),
i g pp

e
[va}i = Z mij (d — Nijpij) (’Ui - Uj) + C;T; V5, (967b)
JEA; Y

pij = p(Nijdi;/e) and a function p : IR — [0, 1]. Possible choices for p are given
in Sect. 5.4 which studies the one-dimensional version of the FVM. Again we shall
assume that p satisfies

(po) t — tp(t) is Lipschitz continuous,

(p1) [p(t) + p(—t) —1]t =0 forallt € IR,
(p2) [1/2—p(t)]t >0 forallt € IR,
(p3) 1—tp(t) >0 forallt € IR.

Note that the constant choice p = %, which generates a generalised central dif-
ference scheme, satisfies conditions (p1) and (p2), but not (p3). Conditions (p1)
and (po) guarantee the coercivity of the weak formulation associated with (9.67),
while (p3) ensures the inverse monotonicity of the scheme when the coefficient c¢ is
strictly positive.

9.3.1 Coercivity of the Method
The FVM can be written in variational form: Find
uN e Vg = {ve Ry = 0fork € 04}
such that
ap(uN,v) = f,(v) forall ve Vg,
with

a,(w,v) == Z[pr]ivi and f,(v) := Zfimivi.

i€A icA
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When studying the coercivity of the scheme we split the bilinear form into three
parts representing the diffusion, convection and reaction terms:

a,(w,v) = ed,(w,v) + c,(w,v) + 7,(w,v)

with
m”
§ : § : wj)vi7
i€AJEA; ”
cp(w,v) = — E E mijNijpij (wl — wj) Vi
i€EAJEAN;
and

v) = g C;iMW;V;.

icA

These three terms will be studied separately.
Changing the order of summation and renaming the indices yields

sz” (vi —vj)v sz” (vi — vj)v;

i€AJEA; i€EAJEA;

Therefore,

sz” — ) = o, (9.68)

which is a positive definite term.

Remark 9.31. Given a mesh function v € V{’ define a function © € H{(§2) that
coincides with v in the mesh points, and that is piecewise linear on a Delaunay
triangulation associated with the set of mesh points w. Then

v = (V3, Vo) = [o[i;

see [13]. &

Next consider the convection term. By definition we have m;; = m;;, d;; = dj;
and N;; = —Nj;. Furthermore, (p1) implies N;;p;; = N;;(pi; — 1). Hence,

D> miNipig(vi —vi)oi = = > > miiNij (pij — 1) (v = v;)v;

icAJEA; icAJEA;



9.3 Finite Volume Methods 301

and
1 1 2
cp(v,v) = 5 0 miNy 5~ Pij | (vi =)
i€AJEA;
1 2 _ 2
- ZZ Z mi; Nij (v = v5) -
i€EAJEN;

Introducing

1 1
ol = 3 SO miNy (2 - Pij) (v —v;)7,

i€EAJEAN;

which is a well-defined semi-norm when (p2) is satisfied, we have

1
cp(v,v) = v iw ~3 Zv? Z m; Nyj.

icA  JEA;

This and (9.68) yield

1
a,(v,0) =cloff , + 2, + > miv} [ e - 2 > miNi

ieA JEA;
Note that
m;divb; + Y mijNi; = O (h).
JEA;
This implies

Y 2 .
ap(v,0) > eloff , + [vf2, + Sllv b =t I0ll2 with [[ollf, == mivf,

icA

provided £ is sufficiently small, independent of the perturbation parameter €.
We summarise the result of our stability analysis.

Theorem 9.32. Assume the discretisation (9.67) satisfies conditions (p1) and (p2).
Suppose (9.66) holds true. Then the bilinear form a,(-,-) is coercive with respect to
the norm [||-|]| . i.e.,

ap(v,0) > o2 forall v eV

if h is sufficiently small, independent of the perturbation parameter €.
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Remark 9.33. When p = % i.e. when the stabilisation is switched off, the bilinear
form is coercive with respect to the discrete e-weighted energy norm

2 2 Y2
ollz 0 = elolt o + 5 10]5,0-
However, when p # % then we have coercivity of the scheme in a stronger norm,
which results in enhanced stability properties of the FVM. &

9.3.2 Inverse Monotonicity

Let the function p, which describes the FVM method, satisfy (p1) and (p3). Fur-
thermore, assume that ¢ > 0 on {2. Then recalling the definition (9.67), we have

= Nijpij = 0.
Hence, the diagonal entries of the matrix associated with L, are positive while
the off-diagonal ones are non-positive. Thus, the system matrix is an Ly matrix.
Next note that for v = 1 we have [L,v]; = ¢;m; > 0. Therefore, application
of the M-criterion (Lemma 3.14) verifies the inverse monotonicity of L,, while
Lemma 3.17 gives the (¢, £ )-stability inequality

||vHoo,w S Hf/c”oo,u :

Since L, is inverse monotone, it enjoys a comparison principle. That is if two
mesh functions v and w satisfy

[L,v]; < [Lyw]; forall i€ A,

v < w; forauiea/l} vi s dorall ve

Remark 9.34. These results hold true with no restrictions imposed on the convective
field b and with (p2) possibly violated. &

The Green’s function on a tensor-product mesh

Using the inverse monotonicity of L,, we now study the Green’s functions asso-
ciated with L, and derive an anisotropic stability inequality on a general tensor-
product mesh & := @, x &,, with N mesh intervals in each coordinate direction.
A stability result of this kind was first established by Andreev for a simple upwind
difference scheme; see [7].
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Setting h; := (hi+1 + hy)/2,

biiviy2,jhit1 — brii—1/2,5hi
p;r;ij :zp(— : /5j : biiit1/2,5:  Prij =P e E/'j - biii—1/2,5

Vij — Vi1, Vit1,j — Vij
Vzij = . y Vzij = : and Viiij =
1

hy

Vij — Vi-1,j

h

with analogous definitions for p; , P2 » Vg, Vg, vy and k, we can rewrite (9.67) as:
. 2
Find vV € (ZRéV 'H) such that

N

[LPUN] T (“a% ij T “yg;ij) - pfijuﬁij - Piz‘j“gia‘

17 t]
+ N - N N _
= P2.ijUg,ij ~ Pl T Ciglij = fij
foris,7=1,...,N — 1.
Any mesh function v that vanishes on the boundary can be represented using the
Green’s function:

N-1
Vij = (UvGij,-')p = Z hki1Gijor [Lv]kl, (9.69)
k=1
where G, 11 = G(x,y;, &k, M) solves for fixed & and !
[LPG",kl]ij = 6w;ik 5%]‘1 on w, Gide =0 on Jw
with
htoifi=k kyOAf =1
(5I;ik _ i I 2 y and (sy;jl _ j i j 3
0 otherwise, 0 otherwise.
The adjoint operator to L, is
* _ + —
[va] Kl _g(véé;k:l + Uﬁﬁ;kl) + (p1 U)g;kl + (pl U)é;kl
+ (P;U)ﬁ;kl + (p;v)ﬁ;kl + CrIVkI
and the Green’s function solves, for fixed ¢ and 7,

[L*Gijv“]kl = 6m;ik 6y;jl on w, Gij,kl =0 on Jw. (9.70)

In our subsequent analysis the following mean value theorem is used.



304 9 Convection-Diffusion Problems
Lemma 9.35. Let p,g € RN with g; > 0Oandm < ¢; < M forj =1,...,
N — 1. Then there exists a constant ¢ € [m, M| with

N—1 N—1
kjpigi =@ Z Ejg;.
j=1 j=1

Let ¢ and j be fixed. First, the inverse monotonicity of L yields G > 0.
Next, multiplying (9.70) by %; and summing for [ = 1,..., N — 1, we obtain the
one-dimensional equation

N-1 N-1
—€ (Z leij,~l> + (Z klﬂf.lGij,z)
=1 &k £k

=1

N1 N-1
+ (Z kle,,le‘g‘,-l> + Z EickiGijgl = Oxyike — Fie
=1

&k 1=t

where

+ +

Po. _1hn Par o1

Fk =—c |1+ 2,]9,]\/1‘| Gﬁ;ij,kN +e|l— 21@,0‘| Gﬁ;ij,kl > 07
by (p3) and since G > 0.
Defining
N-1
Gy = Z k’lGij,kl = HGij,‘lHl’wa fork=0,...,N,
=1

we see that according to Lemma 9.35 there exist mesh functions g+, 5~, ¢ with
pt > B1, p~ > By and ¢ > v such that

—eGee )+ (77 G)g ) + (57 G) gy + @Gr = dusire — Fi.
Let I' = I, j be the Green’s function of the operator
[L’U]k = —E€Vg 1 — [):Uék — [N);v&k + CpUg.

Then G can be written as

N—-1
ék = Fi,k: - Z hmFm,ka )

m=1
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The nonnegativity of I" and F' gives

1
G <Ly < ——F—F7x
g g B1infi<o P( )

by Lemma 5.20 and Remark 5.23. We get the first inequality of the following theo-
rem. The other one is proved analogously.

Theorem 9.36. Suppose the control function p enjoys properties (pg) and (p3).
Then the Green’s function associated with L satisfies

N-1

Z RZGU < — and max . ]; ﬁkGiijl < —

ma.
i,j,k:l,..., ﬁ i,jl=1,....N

with o = 1/ inf, .o p(t) < 2.

Finally, we use these bounds on the Green’s function to derive stability estimates
for the operator L ,. For any mesh function v : @ — IR that vanish on dw, introduce
the norm

o= S, g -

EEREE)

Its dual norm with respect to the discrete scalar product (-, -), is

[[v

A* — max Z kk |Ukl|
cf. [21, Theorem 2]. The representation (9.69) gives

lvij| < [Giji-|

Ax v”A .
Application of Theorem 9.36 yields our final stability result which is an extension
of the (¢, £1) stability of Sect. 4.2.5 and a generalisation of [7].

Theorem 9.37. Suppose the control function p enjoys properties (py) and (p3).
Then the operator L, is ({so, {1 ® L) stable with

(0%
o] and vl o, < 2= I Lp0ll,

co,w — 6 HL vH&@Z o ®L1

with o = 1/ inf; o p(t) < 2,
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N-1
)l g = Z i _mae |

and

N-1
olge, = 2 R, _max, o

9.3.3 Convergence

Energy norm

Starting from the coercivity of the bilinear form ap(~, -), see Theorem 9.32, the
analysis proceeds along the lines of Sect. 5.4.2 resembling many of the details also
used for the Galerkin FEM in two dimensions, see Sect. 9.2.2. Eventually one gets

llee = ™l + [lu = w™l, < ENTF max g/ 2 N

for tensor-product meshes of Shishkin-type with o > 2; see also [174].

Maximum norm

The pointwise errors can be bounded using the hybrid stability inequalities from
Theorem 9.37, see [90]. We give a very brief outline of the argument.

The truncation error is split according to the decomposition of Theorem 7.17.
Then either of the two bounds from Theorem 9.37 is applied. Section 4.2.5 gives a
flavour of the technical details. For a S-type mesh with o > 2 we obtain

[|lu— uNHOOM < ON~'max|y/|.

If p is Lipschitz continuous in (—m,m) with m > 0, then there exists an N,,, > 0
independent of the perturbation parameter ¢ such that on a standard Shishkin mesh
witho > 2

||ufuNHoow < CN~' for N> N,,.

In the latter case the stabilisation is reduced when the local mesh size is small
enough, thus giving higher accuracy inside the layers.
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9.3.3.1 Numerical Tests

We verify our theoretical results for the upwind FEM on Shishkin meshes when ap-
plied to the test problem (9.3). For our tests we take ¢ = 10~8, which is a sufficiently
small choice to bring out the singularly perturbed nature of the problem.

We test the method for three different choices of the controlling function p. The
errors are measured in the discrete energy and maximum norm and in the FVM-
norm.

For py o (see Table 9.7) we observe convergence of almost first order, namely
N~'In N, in all three norms, while for both pu,2 and pr—which are Lipschitz
continuous—the errors behave like O(N~1); see Tables 9.8 and 9.9. Note, this is
covered by our analysis for the maximum norm only.

Table 9.7 FVM on Shishkin meshes, p = py o
[l =i, lo—w.,  Ju-wu

ol [

N €rror rate error rate error rate

16 2.7575e-1 0.68 2.0623e-1 0.55 1.8112e-1 0.62
32 1.7198e-1 0.75 1.4052e-1 0.66 1.1770e-1 0.71
64 1.0230e-1 0.79 8.9046e-2 0.73 7.1880e-2 0.76
128 5.8999%-2 0.83 5.3575e-2 0.79 4.2537e-2 0.80
256 3.3292e-2  0.85 3.1081e-2  0.82 2.4483e-2 0.83
512 1.8493e-2  0.87 1.7579%¢-2 0.85 1.3786e-2 0.85
1024 1.0153e-2 0.88 9.7672¢-3 0.87 7.6456e-3  0.87
2048 5.5247e-3 — 5.3576e-3 — 4.1908e-3 —

Table 9.8 FVM on Shishkin meshes, p = pr
M
£

[l = w1, lu— w lu = ]

w 0, w
N error rate error rate error rate

16  1.58%4e-1 0.83 8.9598e-2 0.80 7.5370e-2 0.70
32 8.9627e-2 092 5.1417e-2 090 4.6297e-2  0.84
64 4.7445e-2 096 2.7514e-2 095 2.5790e-2  0.92
128  2.4388e-2 098 1.4222e-2 098 1.3610e-2 0.96
256 1.2360e-2 099 7.2279e-3  0.99 6.989%-3 0.98
512 6.2219e-3  1.00 3.6430e-3 0.99 3.5418e-3  0.99
1024 3.1214e-3 1.00 1.8288e-3 1.00 1.7827e-3  1.00
2048  1.5633e-3 — 9.1618e-4 — 8.9431e-4 —

Table 9.9 FVM on Shishkin meshes, p = py 2
i

[l = =™, [l | el PR

N error rate error rate error rate

16  1.535%-1 0.81 8.2430e-2 0.77 7.6384e-2 0.72
32 8.7574e-2 091 4.8263e-2 0.88 4.6337e-2 0.85
64 4.6686e-2 095 2.6272¢-2 093 2.5790e-2 0.92
128 2.4120e-2 098 1.3773e-2 096 1.3610e-2 0.96
256 1.2270e-2 099 7.0752e-3 098 6.9899%-3 0.98
512 6.1928e-3 099 3.5935e-3  0.99 3.5418e-3  0.99
1024 3.1122¢-3  1.00 1.8132¢-3  0.99 1.7827e-3  1.00
2048  1.5605e-3 — 9.1144e-4 — 8.9431e-4 —




Conclusions and Outlook

This monograph has attempted to provide a general framework for the convergence
analysis of a variety of numerical methods using layer-adapted meshes for the solu-
tion of certain classes of singularly perturbed problems. While for some problems
satisfactory answers have been presented, there is still a large number of open is-
sues. We would like to summarise the results here and to point out some directions
for future research.

Difference schemes in one dimension have been covered successfully to a large
extent, although there are a few minor open questions. For example, the analysis for
the fourth-order scheme for reaction-diffusion problems in Sect. 6.1.4 and the anal-
ysis for turning-point problems are restricted to Shishkin meshes so far. Similarly,
for the two-parameter problem in Sect. 6.3, no analysis for arbitrary meshes and a
second-order scheme is available.

For finite element methods—in both one and two dimensions—the situation is
different. Here results on arbitrary meshes are restricted to the interpolation error.
Convergence and superconvergence estimates are known for special meshes, namely
Shishkin-type meshes, only. A general framework for this very important class of
methods is still missing.

For systems of strongly coupled convection-diffusion problems, we only have a
limited grasp of the situation. Even for one-dimensional problems there are still ba-
sic difficulties: when different diffusion parameters are present, can sharp pointwise
bounds on derivatives be proved?

For two-dimensional convection-diffusion problems, further work on stability
bounds is needed to improve our understanding of these problems. In particular,
sharp estimates for the Green’s functions and negative-norm stability inequalities
are required. In one dimensions these turned out to be the key ingredient for the
convergence theory for arbitrary meshes, for the a posteriori error analysis and for
dealing with strongly coupled convection-diffusion equations.

Two parameter problems of reaction-convection-diffusion type in two dimen-
sions were considered in a small number of publications, but the presentations are
typically very technical, mainly because of complicated solution decompositions in-
volving a large number of different terms. Also the techniques used are very similar
to that known from convection-diffusion problems with a single parameter. Further
research is required to derive a general comprehensive theory.

309



310 Conclusions and Outlook

Time-dependent problems have not been included in this book because only a
few results are available that are insufficient for the development of a general the-
ory. The vast majority of results use first-order backward Euler for discretisation
in time. Higher-order time discretisations by A-stable Runge-Kutta methods have
been considered in the literature, but their analysis is incomplete because off a lack
of resolvent estimates for non-uniform meshes.

This account of open issues in the field is naturally incomplete. Studying some of
the material presented in the book, the reader will certainly discover further mathe-
matical problems worthy of investigating.
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