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Abstract. Genetic operators are primarily search operators in Evolution Strate-
gies (ES). In fact, there are two important issues in the evolution process of the 
genetic search: exploration and exploitation. The analysis of  the impact of the 
genetic operators in ES shows that the Classical Evolution Strategies (CES) re-
lies on Gaussian mutation, whereas Fast Evolution Strategies (FES) selects 
Cauchy distribution as the primary mutation operator. With the analysis of the 
basic genetic operators of ES as well as their performances on a number of 
benchmark problems, this paper proposes an Improved Fast ES (IFES) which 
applies the search direction of global optimization into mutation operation to 
guide evolution process convergence, thus making the process quicker. 

Extensive empirical studies have been carried out to evaluate the perform-
ances of IFES, FES and CES. The experimental results obtained from four 
widely used test functions show that IFES outperforms both FES and CES. It is 
therefore concluded that it is important to strike a balance between exploration 
and exploitation. 

Keywords: Search Direction Mutations, Evolution Strategies, Exploration and 
Exploitation. 

1   Introduction 

Evolutionary Algorithms (EAs) are a powerful stochastic search and optimization 
technique based on the mechanism of natural evolution. It is applicable to a wide 
range of problems for which little prior knowledge is available. Genetic operators 
play an important role in EAs. In general, an abstract task which is to be accom-
plished by EAs can be perceived as a search through a space of potential solution. 
Since usually we are following “the best” solution, we can view this task as an opti-
mization process. For large search spaces, the methods of EAs are more sufficient 
than the classical exhaustive methods; they are stochastic algorithms whose search 
methods model some natural phenomena: genetic inheritance and Darwinian strife for 
survival [9]. The best known techniques in the class of EAs are Genetic Algorithms 
(GAs), Evolution Strategies (ESs), Evolutionary Programming (EP), and Genetic 
Programming (GP).  

The Classical ES and Classical EP fist use a Gaussian mutation to generate new 
offspring and then use the deterministic selection to test them. There has been lots of 
work on different selection schemes for ES [1]. However work on mutations has been 
concentrated on self adaptation [2, 3] rather than new operators. Gaussian mutations 
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seemed to be the only choice [2, 3]. Recently, Cauchy mutation has been proposed as 
a very promising search operator due to its higher probability of making long jumps 
[4, 5, 6]. However in [4, 5, 7] a fast EP and a fast ES based on Cauchy mutation were 
proposed. 

It seems that there are two important issues in the evolution process of the genetic 
search: exploration and exploitation. Exploration is the creation of population diver-
sity by exploring the search space; exploitation is the reduction of the diversity by 
focusing on the individuals of higher fitness, in other words, exploiting the fitness 
information (or knowledge) represented within the population. These factors are 
strongly related: an increase in the exploitation decreases the diversity of the popula-
tion or the exploration, and vice versa. In other words, strong exploitation “supports” 
the premature convergence of the genetic search, but has excellent ability to tune 
solutions when they are near optima; a weak exploitation can make the genetic search 
ineffective, because exploration is lack of the power to improve the solution quality.  

Based on the optimization theory, there are two important factors: search direction 
and search step size to affect the performance of the search algorithms.  When the 
search points are far away from the global optimum in the initial search stages, in-
creasing the search step size will increase the probability of escaping from a local 
optimum, and if the search direction is correct, it also has higher probability to reach 
the global optimum. On the other hand, with the progress of search, the current search 
points are likely to move closer and closer towards a global optimum. So it is neces-
sary to restrict the step size in the later stages. However, it is hard to know in advance 
whether the search points are far from the global optimum. Unfortunately, the prob-
ability that a randomly generated initial population is very close to a global optimum 
is quite small in practice. It certainly worth enlarging the search step size in the early 
stages when we use EAs. In the final stages, the population of EAs tends to converge, 
and the step size tends to be reduced. 

The rest of this paper is organized as follows. Section 2 formulates the global func-
tion optimization problem considered in this paper and describes the implementation 
of CES and FES. Section 3 analyzes the impact of the genetic operators on the explo-
ration-exploitation tradeoff. Section 4 describes the implementation of VFES.  
Section 5 presents some discusses the experimental results. Finally, section 6  
concludes with some discussions. 

2   Function Optimization by Classical and Fast Evolution 
Strategies 

A global minimization problem can be formalized as a pair (S, f), where S ⊆  R
n

is 

a bounded set on R
n

and f: S a R is an n-dimensional real-valued function. The 

problem is to find a point x min  ∈S such that f(x min ) is a global minimum on S. More 

specifically, it is required to find an x min  ∈S such that )()(: min xfxfSx ≤∈∀ , 
Where f does not need to be continuous but, it must be bounded. This paper only 
considers unconstrained function optimization.  
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2.1   Classical Evolution Strategies 

According to the description by Bäck and Schwefel [7], in this study (µ,λ)-CES is 
implemented as follows: 

1. Generate the initial population of μindividuals, and set k=1. Each individual 

is taken as a pair of real-valued vectors, ( ) { }µη ,...,2,1,, ∈∀ix ii , where 

ix ’s are variables and iη ’s are standard deviations for Gaussian mutations 

(also known as strategy parameters in self-adaptive evolutionary algorithms). 

2. Evaluate the fitness score for each individual ( ) { }µη ,...,2,1,, ∈∀ix ii , of the 

population based on the objective function, )( ixf . 

3. Each parent ( ) { }µη ,...,2,1,, ∈∀ix ii , creates λ/µ offspring on average, so 

that a totalλ offspring are generated: for i=1,…, µ , j=1,…,n, and k=1,…, λ, 

kx ’(j)= ix (j)+ iη (j) N (0,1)                                 (2.1) 

  kη ’(j)= iη  (j)exp(τ’N(0,1)+ τN j (0,1) )                     (2.2) 

Where ix (j), kx ’(j),  iη (j) and kη ’(j) denote the j-th component of the vec-

tors ix , kx ’,  iη and kη ’, respectively. N(0,1) denote a normally distributed 

one-dimensional random number with mean 0 and standard deviation 1. 

N j (0,1) indicates that a new random number is generated for each value of j. 

The τ and τ’ are commonly set to 
1

2
−

⎟
⎠
⎞⎜

⎝
⎛ n and ( ) 1

2
−

n  [7,8]. 

4. Calculate the fitness of each offspring { }λη ,...,2,1,, ∈∀⎟
⎠
⎞⎜

⎝
⎛ ′′ ix ii . 

5. Sort offspring { }λη ,...,2,1,, ∈∀⎟
⎠
⎞⎜

⎝
⎛ ′′ ix ii  in a non-descending order accord-

ing to their fitness values, and selection the µ best offspring out of λ to be  
parents of the next generation. 

6. Stop if the stopping criterion is satisfied; otherwise, k=k+1 and go to Step 3. 

2.2   Fast Evolution Strategies  

The one-dimensional Cauchy density function centered at the origin is defined by: 

              ∞<<∞−
+

= x
xt

t
xft ,

1
)(

2π      
              (2.3) 

where t>0 is a scale parameter. The corresponding distribution function is  
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The FES studied in this paper is exactly the same as CES described in last section 
except for Eq. (2.1) which is replace by the following [6]: 

        ix ’(j)= ix (j)+ iη (j) σ j                                   (2.4) 

Where σ j  is a Cauchy random variable with the scale parameter t=1, and is gener-

ated anew for each value of j. It is worth indicating that we leave Eq.(2.2) unchanged 
in FES in order to keep our modification of CES to a minimum. It is also easy to in-
vestigate the impact of the Cauchy mutation on ES when other parameters are kept 
the same. 

3   Analysis the Impact of the Genetic Operators in ES 

Evolution Algorithms (EAs) is a class of direct probabilistic search algorithm based 
on the model of organic evolution. In general, all EAs are characterized by the fact 
that they work on a population of individuals, each of which represents a search point 
in the space of potential solutions to a given optimization problem. The population 
undergoes subsequent modification steps by means of randomized genetic operators 
that are intended to model recombination (or crossover in GAs), mutation, and selec-
tion. The allocation of responsibilities to the genetic operators is relatively well un-
derstood: Mutation introduces innovations into the population, recombination changes 
the context of already available, useful information, and selection directs the search 
towards promising regions of the search space. Acting together, mutation and recom-
bination explore the search space while selection exploits the information represented 
within the population. Next we will analyze the impact of these different genetic op-
erators or various designs of any genetic operator on the balance between exploration 
and exploitation. 

3.1   The Impact of Selection Operators 

The selection operator uses the fitness information to favor individuals of higher qual-
ity to transfer their information to the next generation of the evolution process. It pro-
vides a mechanism to affect this balance towards exploitation—by increasing emphasis 
on the better individuals; or towards exploration—by providing similar chances to 
survive even for worse individuals. Informally, the term selective pressure is widely 
used to characterize the strong (high selective pressure) or the weak (small selective 
pressure) emphasis of selection on the best individuals. Selection operators guide  
individuals towards the better solutions according to the better search directions.  

3.2   The Impact of Crossover Operators 

The crossover operator usually destroys the links between parents and children. In 
other words, this operator focuses more on exploration but less on exploitation. When 
the population is almost with the same pattern, the crossover operator is lack of the 
power to improve the solution quality. The different crossover operators are analyzed 
in terms of crossover point. Under certain conditions a multi-point crossover is better 
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in exploration than a one-point one, because increasing the number of crossover point 
will increase crossover’s search step size. 

3.3   The Impact of Mutation Operators 

Like crossover, the term step size is used to characterize the different mutation opera-
tors. This is probably due to the fact that the large search step size mutation operator 
can more easily generate offspring that are quite distant from their parents occasion-
ally, and thus more easily escape from local minima as compared with the small 
search step size mutation operator. On the other hand, the small search step size muta-
tion operator could lead to finer local search. 

4   An Improved Fast Evolution Strategies 

Generally, Cauchy mutation performs better when the current search point is away 
from the global minimum, while Gaussian mutation is better at finding a local opti-
mum in a given region. It would be ideal if Cauchy mutation is used when search 
points are far away from the global optimum and Gaussian mutation is adopted when 
search points are in the neighborhood of the global optimum. Unfortunately, the 
global optimum is usually unknown in practice, making the ideal switch from 
Cauchy to Gaussian mutation very difficult. Self-adaptive Gaussian mutation 
[7,2,9,15,16] is an excellent technique to partially address the problem. That is, the 
evolutionary algorithm itself will learn when to “switch” from one step size to an-
other. However, there is room for further improvement to self-adaptive algorithms 
like CES or even FES. 

In this section, we propose an improved FES (IFES) base on mixing (rather than 
switching) different mutation operators. The idea is to mix different search biases of 
Cauchy and Gaussian mutation. The implementation of IFES is very simple. It differs 
from FES and CES only in Step 3 of the algorithm described in Section 2.1. Instead of 
using Eq. (2.1) (for CES) or Eq. (2.4) (for FES) alone, IFES generates two offspring 
from each parent, one by Cauchy mutation and the other by Gaussian. The better one 
is then chosen as the offspring. The rest of the algorithm is exactly the same as FES 
and CES. Chellapilla [10] has presented some more results on comparing different 
mutation operators in EP. 

We define a Boolean function “better” as： 

better (X1, X2) ＝

⎪
⎪

⎩

⎪
⎪

⎨

⎧

>∧=

≤∧=

>

<
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                  ))()(())W( )(W(

              ))()(())W( )(W(

                                                )  W( )W(

                                                 )( )(
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If better (X1, X2) is TRUE, this means that the individual X1 is “better” than the indi-
vidual X2.  
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The new algorithm can now be described as follows: 

Begin 

initialize P ＝ {Z1,Z2,…,ZN };   Zi∈
*D ; 

t := 0； 
Zbest  ＝  )(arg

1 iZfMin
Ni≤≤

； 

Zworst ＝ )(arg
1 iZfMax

Ni≤≤
； 

while not abs ( F (Zbest) – F (Zworst)) ≤ε do 
select randomly M  points Z1′, Z2′,…, ZM ′from P to form the subspace 

V; 

select s points randomly *
1Z , *

2Z … *
sZ  from V;   

for i=1,…s  do 
      for j=1,…p+q  do 

*
GiZ (j) := *

iZ (j)+ iσ (j)N j (0, 1) 

*
CiZ (j) := *

iZ (j)+ iσ (j)C j (1) 

iσ (j) := iσ (j)exp( ))1,0(')1,0( jNN ττ +  

                            endfor 

if  better( *
GiZ , *

CiZ )  

then   :   else   : *'**'*
CiiGii ZZZZ == ; 

endfor 
Z′= )(arg

1 iZfMin
Ni≤≤

 ； 

if  better (Z′, Z worst)   then  Zworst  := Z′； 
t := t + 1;  

Zbest  ＝ )(arg
1 iZfMin

Ni≤≤
； 

Zworst ＝ )(arg
1 iZfMax

Ni≤≤
； 

if abs (f(Zbest)- f (Zworst)) ≤η .and.  M ≥3  then 
          M := M -1； 

endwhile 
output t , Zbest , f(Zbest) ； 

end 

Where *
GiZ (j), *

CiZ (j) and iσ (j) denote the j-th component of the vectors *
GiZ , *

CiZ  

and iσ , respectively. N(0,1) denotes a normally distributed one-dimensional random 

number with mean zero and standard deviation one. N j (0, 1) indicates that the Gaus-

sian random number  is generated anew for each value of j. C j (1) denotes a Cauchy 

distributed one-dimensional random number with t=1.  
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The factors τ  and 'τ  have commonly set to 
1

)(2
−

⎟
⎠
⎞⎜

⎝
⎛ + qp  and ( ) 1

)(2
−

+ qp . 

The new algorithm has the two important features: 

(1) This algorithm is an ergodicity search. During the random search of the sub-
space, we employ a “non-convex combination” approach, that is, the coefficients ai of 

Z’=∑
=

m

i
ii Za

1

' are random numbers in the interval [-0.5，1.5].  This ensures a non-zero 

probability that any point in the solution space is searched. This ergodicity of the 
algorithm ensures that the optimum is not ignored. 

(2) The monotonic fitness decrease of the population (when the minimum is re-
quired). Each iteration (t→t+1) of the algorithm discards only the individual having 
the worst fitness in the population. This ensures a monotonically decreasing trend of 
the values of objective function of the population, which ensures that each individual 
of the population will reach the optimum.  

5   Experimental Studies 
In order to further explain the impact, we have studied some functions by our research 
on ESs.  

Also we drew some conclusions from the results of the comparison of the different 
genetic operators. The following sets of functions were studied: 

(Corridor) ( )F x x ni
i

n

1
1

3= − =
=
∑ ，  
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Minimum: x F x i ni
* *( ) ( )= = − =100 300 1 1， ，  

Start: x F x i ni
( ) ( )( ) ( )0 00 0 1 1= = =， ，  

(Hyper banana) ( )[ ] 5)1()(
2

222
12 =−+−=∑

=

nxxxxF
n

i
ii ，  

Minimum: x F x i ni
* *( ) ( )= = =1 0 1 1， ，  

Start: x F x i ni
( ) ( )( ) ( )0 010 32724 1 1= = =， ，  

(Sphere) F x x ni
i

n

3
2

1

5( ) = =
=
∑ ，  

Minimum: x F x i ni
* *( ) ( )= = =0 0 1 1， ，  
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Start: x F x i ni
( ) ( )( ) ( )0 010 500 1 1= = =， ，  

(Schwefel) F x x nj
j

i

i

n

4
2

11

5( ) ( )= =
==
∑∑ ，  

Minimum: x F x i ni
* *( ) ( )= = =0 0 1 1， ，  

Start: x F x i ni
( ) ( )( ) ( )0 010 5500 1 1= = =， ，  

A typical ES utilizes Guassian mutation as the primary search operator. That 
means the variance is generated by normal (Gaussian) distribution. In order to com-
pare, we adopt another mutation operator: Cauchy mutation. That mutation operator 
means the variance is generated by Cauchy distribution (obtained by a variable of 
normal distribution divided by another variable of normal distribution). Clearly, the 
search step size of Cauchy mutation is larger than the one of Gaussian mutation. In 
order to avoid the above case of F2 , we design an improved algorithm called the 

improved FES(IFES) and the original ESs with Gaussian mutation is called GES. 
IFES generates two offspring from each parent, one by Cauchy mutation and the other 
by Gaussian mutation. The better one is then chosen as the offspring. In this study, the 
number of parent is 10, the number of descendants is 100, the selection operator is (µ, 
λ) selection, the recombination operator is discrete recombination of pairs of parents. 
The following table shows the results of the studies, taken over 20 trials for each 
function respectively. 

Table 1. Comparison between IFES and FES on
 
F1 - F4 . All results have been averaged  

over 20 runs, where “Mean Best” indicates the mean best function values found in the last 
generation. 

Function No. of 
Gen. 

IFES 
Mean Best      

FES 
Mean Best       

F1  50 -295.43          -290.35          

F2  50 2.43239e-06   0.362848       

F3  50 2.73408e-12   8.78729e-12  

F4  50 1.72527e-11   5.13986e-10  

 
From above table, we can see that the improved algorithm (IFES) can gain effi-

ciencies for every function somewhat, especially for F2 .  

6   Conclusion 

Except genetic operators, there are other strategy parameters to impact on the balance. 
For example, the population size also has impact on the diversity of the population, so 
it can impact the balance as well. Also we can change the object function by increas-
ing or decreasing penalty coefficients for violated constraints to strike the tradeoff.  
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As EAs implement the idea of evolution, and as evolution itself must have evolved 
to reach its current state of sophistication, it is natural to expect adaptation to be used 
in not only for finding solutions to a problem, but also for tuning the algorithm to 
strike the balance for efficiency. In EAs, not only do we need to choose the algorithm, 
representation and operators for the problem, but we also need to choose parameter 
values and operator probabilities for the evolutionary algorithm, so that the algorithm 
will find the solution finally and, what is also important, find it efficiently. Research-
ers have used various ways of finding good values for the strategy parameters to 
strike the balance between exploration and exploitation, as these can significantly 
affect the performance of the algorithm. They tried to modify the values of strategy 
parameters during the run of the algorithm; it is possible to do this by using some 
(possibly heuristic) rule (deterministic) [11], by taking feedback from the current state 
of the search (adaptive), for example, Rechenberg’s ‘1/5 success rule’, or by employ-
ing some self-adaptive mechanism [12]. Clearly, by changing these values while the 
algorithm is searching for the solution of the problem, further efficiencies can be 
gained. 

Evolutionary Computation can solve many large search space problems that the 
traditional methods cannot handle. But if we want to make the Evolutionary Algo-
rithms more efficient, we must handle this problem from the main part of EC: Genetic 
Search. By analyzing the evolution progress of genetic search, we find two factors 
that impact the behavior or the performance of EAs: Exploration and Exploitation. 
Through the analysis of genetic operators and discussion of implementation, we can 
conclude that in the early stage of the EA, we’d better focus on exploration, because it 
can avoid the local optimum and premature convergence; in the later stage of the EA, 
we have to emphasize on exploitation, for its ability to improve the solution quality. 
Once the balance between the two factors is struck, further efficiencies of EAs can be 
gained. 
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