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Abstract. We describe a different kind of evolutionary methods to optimize a 
type-2 fuzzy logic controller (FLC) applied to linear plants. The evolutionary 
method used is a genetic algorithm to find the optimal FLC for the plant control. 
The plant receives a linear signal of input controlled by an optimized FLC, obtain-
ing as result the control and the stability of the plant. Simulations results were 
made in Simulink showing the effectiveness of the proposal. 

1   Introduction 

The evolutionary methods are used for different purposes such as optimization,  
solution search’s processes and other kind of applications. This study is about sev-
eral evolutionary methods applied to the autonomous linear plants. To this pur-
pose, we use a type-2 fuzzy logic system to develop the optimal controller. Previ-
ously we optimize a type-2 fuzzy logic controller for an autonomous mobile robot 
for trajectory tracking, where the genetic algorithms were used to find the optimal 
controller obtaining good results applied some kind of perturbation. For the study 
of the evolutionary methods, we use a transfer function to test the optimal type-2 
fuzzy logic controller. One of the evolutionary methods is genetic algorithms that 
we used to find the parameters of the membership functions, using the genetic op-
erators, mutation and crossover obtaining an Optimal FLC for the plant control.    

This paper is organized as follows: Section 2 presents the theoretical basis  
and problem statement, 2.1 presents an introductory explanation of Type-2 Fuzzy 
Logic, subsection 2.2 presents the basics of Evolutionary Methods. Section 3  
introduces the controller design where a genetic algorithm is used to select the  
parameters. Robustness properties of the closed-loop system are achieved with a 
type-1 fuzzy logic control system using a Takagi-Sugeno model where the error 
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and the change of error, are considered the linguistic variables. Section 4 provides 
a simulation study of the plant using the controller described in Section 3. Finally, 
Section 5 presents the conclusions. 

2   Theoretical Basis and Problem Statement 

This section describes the theoretical basis of the paper as well as the problem 
definition. Some basics about type-2 fuzzy systems and genetic-fuzzy systems are 
first presented. 

2.1   Type-2 Fuzzy Logic Systems 

If we have a type-1 membership function, as in Figure 1 (a), and we are blurring it 
to the left and to the right as illustrated in Figure 1 (b), then, for a specific 
value 'x , the membership function ( 'u ), takes on different values, which are not 
all weighted the same, so we can assign an amplitude distribution to all of those 
points.  Doing this for all Xx ∈ , we create a three-dimensional membership 
function –a type-2 membership function– that characterizes a type-2 fuzzy set  
[1, 14].  A type-2 fuzzy set A~ , is characterized by the membership function: 

( ){ }]1,0[,|),(),,(~
~ ⊆∈∀∈∀= xA JuXxuxuxA μ                             (1) 

in which 1),(0 ~ ≤≤ uxAμ .  Another expression for A~  is, 

),/(),(
~

~ uxuxA
Xx Ju A

x
∫ ∫∈ ∈

= μ      ]1,0[⊆xJ                          (2) 

where ∫ ∫ denote union over all admissible input variables x and u.  For discrete 

universes of discourse ∫ is replaced by ∑ [14].  In fact ]1,0[⊆xJ  repre-

sents the primary membership of x, and ),(~ uxAμ is a type-1 fuzzy set known as  
 

 

Fig. 1. a) Type-1 membership function and b) Blurred type-1 membership function. 
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Fig. 2. Interval type-2 membership function. 

the secondary set.  Hence, a type-2 membership grade can be any subset in [0,1], 
the primary membership, and corresponding to each primary membership, there is 
a secondary membership (which can also be in [0,1]) that defines the possibilities 
for the primary membership [20]. 

This uncertainty is represented by a region called footprint of uncertainty 

(FOU). When ]1,0[,1),(~ ⊆∈∀= xA Juuxμ  we have an interval type-2 

membership function, as shown in Figure 2.  The uniform shading for the FOU 
represents the entire interval type-2 fuzzy set and it can be described in terms of 

an upper membership function )(~ xAμ and a lower membership function )(~ xAμ . 

A FLS described using at least one type-2 fuzzy set is called a type-2 FLS.  
Type-1 FLSs are unable to directly handle rule uncertainties, because they use 
type-1 fuzzy sets that are certain [21].  On the other hand, type-2 FLSs, are very 
useful in circumstances where it is difficult to determine an exact membership 
function, and there are measurement uncertainties [23]. 

It is known that type-2 fuzzy sets enable modeling and minimizing the effects 
of uncertainties in rule-based FLS.  Unfortunately, type-2 fuzzy sets are more  
difficult to use and understand than type-1 fuzzy sets; hence, their use is not wide-
spread yet.  As a justification for the use of type-2 fuzzy sets, in [22] are men-
tioned at least four sources of uncertainties not considered in type-1 FLSs:  

 
1. The meanings of the words that are used in the antecedents and consequents 

of rules can be uncertain (words mean different things to different people).  
2. Consequents may have histogram of values associated with them, especially 

when knowledge is extracted from a group of experts who do not all agree. 
3. Measurements that activate a type-1 FLS may be noisy and therefore  

uncertain. 
4. The data used to tune the parameters of a type-1 FLS may also be noisy.  
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All of these uncertainties translate into uncertainties about fuzzy set member-
ship functions.  Type-1 fuzzy sets are not able to directly model such uncertainties 
because their membership functions are totally crisp.  On the other hand, type-2 
fuzzy sets are able to model such uncertainties because their membership func-
tions are themselves fuzzy.  A type-1 fuzzy set is a special case of a type-2 fuzzy 
set; its secondary membership function is a subset with only one element, unity. 

 

Fig. 3. Type-2 Fuzzy Logic System. 

A type-2 FLS is again characterized by IF-THEN rules, but its antecedent or 
consequent sets are now of type-2.  Type-2 FLSs, can be used when the circum-
stances are too uncertain to determine exact membership grades such as when the 
training data is corrupted by noise.  Similar to a type-1 FLS, a type-2 FLS includes 
a fuzzifier, a rule base, fuzzy inference engine, and an output processor, as we can 
see in Figure 3.  The output processor includes type-reducer and defuzzifier; it 
generates a type-1 fuzzy set output (from the type-reducer) or a crisp number 
(from the defuzzifier) [6,5].  Next we will explain each of the blocks of Figure 3. 

2.1.1   Fuzzifier 
The fuzzifier maps a crisp point x=(x1,…,xp)

T ∈X1xX2x…xXp ≡ X  into a type-2 

fuzzy set xA
~

in X [12], interval type-2 fuzzy sets in this case.  We will use type-2 

singleton fuzzifier, in a singleton fuzzification, the input fuzzy set has only a sin-

gle point on nonzero membership [31, 34].  xA
~

is a type-2 fuzzy singleton if 

1/1)x(
xA

~ =μ  for x=x' and 0/1)x(
xA

~ =μ  for all other x≠x'[23]. 

2.1.2   Rules 
The structure of rules in a type-1 FLS and a type-2 FLS is the same, but in the lat-
ter the antecedents and the consequents will be represented by type-2 fuzzy sets.  
So for a type-2 FLS with p inputs x1∈X1,…,xp ∈Xp  and one output y∈Y, Multi-
ple Input Single Output (MISO), if we assume there are M rules, the lth rule in the 
type-2 FLS can be written as follows [23]: 
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Rl: IF x1 is lF1
~ and ···and xp is l

pF~  , THEN y is lG~       l=1,…,M            (3) 

2.1.3   Inference 
In the type-2 FLS, the inference engine combines rules and gives a mapping from 
input type-2 fuzzy sets to output type-2 fuzzy sets.  It is necessary to compute the 

join ⊔, (unions) and the meet Π (intersections), as well as extended sup-star com-

positions (sup star compositions) of type-2 relations [23].If l
p

ll AFF ~~~
1 =××L , 

equation (3) can be re-written as 

lll
p

lll GAGFFR ~~~~~: 1 →=→××L     l=1,…,M         (4) 

Rl is described by the membership function ),,...,(),( 1 yxxy pRR ll μμ =x , where 

),(),( ~~ yy lll GAR
xx →= μμ                     (5) 

can be written as [23]: 

)(),(),( 1~~~
1

xyy llll FGAR
μμμ == → xx Π···Π )(~ pF

xl
p

μ Π )(~ ylG
μ  = 

[Π p
i 1= )(~ iF

x
i

lμ ]Π )(~ ylG
μ      (6) 

In general, the p-dimensional input to Rl is given by the type-2 fuzzy set 

xA~ whose membership function is 

)()( 1~~
1

xxAx
μμ =x Π···Π )(~ ppx xμ =Π p

i 1= )(~ iix xμ    (7) 

where ),...,1(~ piX i = are the labels of the fuzzy sets describing the inputs.  Each 

rule Rl determines a type-2 fuzzy set l
x

l RAB o~~ = such that [23]: 

== l
x

l RAB
y

o~~ )( μμ ⊔ [ )(~ xX xAx μ∈ Π ]),( ylR
xμ       y∈Y  l=1,…,M          (8) 

This equation is the input/output relation in Figure 3 between the type-2 fuzzy 
set that activates one rule in the inference engine and the type-2 fuzzy set at the 
output of that engine [23]. 

In the FLS we used interval type-2 fuzzy sets and meet under product t-norm, 
so the result of the input and antecedent operations, which are contained in the fir-

ing set  Π )'(( '
~1 xl

iF
p
i Fx

ii
≡= μ , is an interval type-1 set [23], 
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where 
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and 
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−−−
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where * is the product operation. 

2.1.4   Type Reducer  
The type-reducer generates a type-1 fuzzy set output which is then converted in a 
crisp output through the defuzzifier.  This type-1 fuzzy set is also an interval set, 
for the case of our FLS we used center of sets (cos) type reduction, Ycos which is 
expressed as [23] 
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this interval set is determined by its two end points, yl and yr, which corresponds 

to the centroid of the type-2 interval consequent set iG
~

[23], 
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before the computation of  Ycos (x), we must evaluate equation 13, and its two end 
points, yl and yr.  If the values of fi and yi that are associated with yl are denoted fl

i 
and yl

i, respectively, and the values of fi and yi that are associated with yr are de-
noted fr

i and yr
i, respectively, from 12, we have [23] 
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2.1.5   Defuzzifier  
From the type-reducer we obtain an interval set Ycos, to defuzzify it we use the  
average of yl and yr, so the defuzzified output of an interval singleton type-2 FLS 
is [23] 

2
)( rl yy

y
+

=x                        (16) 
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2.2   Evolutionary Methods Applied to Fuzzy Systems 

2.2.1   Genetic Fuzzy Systems 
Fuzzy systems have been successfully applied to problems in classification [8], 
modeling [24] control [11], and in a considerable number of applications. In most 
cases, the key for success was the ability of fuzzy systems to incorporate human 
expert knowledge. In the 1990s, despite the previous successful history, the lack 
of learning capabilities characterizing most of the works in the field generated a 
certain interest for the study of fuzzy systems with added learning capabilities. 

Two of the most successful approaches have been the hybridization attempts 
made in the framework of soft computing, were different techniques, such as neu-
ral and evolutionary; provide fuzzy systems with learning capabilities. Neuro-
fuzzy systems are one of the most successful and visible directions of that effort. 
A different approach to achieve hybridization has lead to genetic fuzzy systems 
(GFSs). A GFS is basically a fuzzy system augmented by a learning process based 
on a genetic algorithm (GA) [9].  

GAs are search algorithms, based on natural genetics, that provide robust 
search capabilities in complex spaces, and thereby other a valid approach to prob-
lems requiring efficient and effective search processes [16,19,20]. Genetic learn-
ing processes cover different levels of complexity according to the structural 
changes produced by the algorithm [10], from the simplest case of parameter op-
timization to the highest level of complexity of learning the rule set of a rule based 
system. Parameter optimization has been the approach utilized to adapt a wide 
range of different fuzzy systems, as in genetic fuzzy clustering or genetic neuro-
fuzzy systems.  

An analysis of the literature shows that the most prominent types of GFSs are 
genetic fuzzy rule-based systems (GFRBSs) [9], whose genetic process learns or 
tunes different components of a fuzzy rule-based system (FRBS). Inside GFRBSs 
it is possible to distinguish between either parameter optimization or rule genera-
tion processes, that is, adaptation and learning. 

It is important to distinguish between tuning (alternatively, adaptation) and 
learning problems: 

• Tuning is concerned with optimization of an existing FRBS, whereas learn-
ing constitutes an automated design method for fuzzy rule sets that starts 
from scratch. Tuning processes assume a predefined RB and have the ob-
jective to find a set of optimal parameters for the membership and or the 
scaling functions, DB parameters. 

• Learning processes perform a more elaborated search in the space of possi-
ble RBs or whole KBs and do not depend on a predefined set of rules. 

• They are different kind of genetic fuzzy systems applications, but we  
focused on genetic tuning for optimization parameters of membership func-
tions [2] [1] [7]. 

2.2.2   Particle Swarm Optimization 
Particle swarm optimization (PSO) is a population based stochastic optimization 
technique developed by Eberhart and Kennedy in 1995, inspired by social behav-
ior of bird flocking or fish schooling [13]. 
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PSO shares many similarities with evolutionary computation techniques such as 

Genetic Algorithms (GA) [15]. The system is initialized with a population of ran-
dom solutions and searches for optima by updating generations. However, unlike 
the GA, the PSO has no evolution operators such as crossover and mutation. In the 
PSO, the potential solutions, called particles, fly through the problem space by fol-
lowing the current optimum particles [4].   

Each particle keeps track of its coordinates in the problem space, which are as-
sociated with the best solution (fitness) it has achieved so far (The fitness value is 
also stored). This value is called pbest. Another "best" value that is tracked by the 
particle swarm optimizer is the best value, obtained so far by any particle in the 
neighbors of the particle. This location is called lbest. When a particle takes all the 
population as its topological neighbors, the best value is a global best and is called 
gbest [17]. 

The particle swarm optimization concept consists of, at each time step, 
changing the velocity of (accelerating) each particle toward its pbest and lbest 
locations (local version of PSO). Acceleration is weighted by a random term, 
with separate random numbers being generated for acceleration toward pbest 
and lbest locations [27].  

In the past several years, PSO has been successfully applied in many research 
and application areas. It is demonstrated that PSO gets better results in a faster, 
cheaper way compared with other methods [3] [18].   

Another reason that PSO is attractive is that there are few parameters to adjust. 
One version, with slight variations, works well in a wide variety of applications. 
Particle swarm optimization has been used for approaches that can be used across 
a wide range of applications, as well as for specific applications focused on a spe-
cific requirement [28]. 

3   Fuzzy Logic Controller Design 

In this section we design a fuzzy logic controller (FLC) where the optimal control-
ler was found with first evolutionary method, which in this case is the genetic  
algorithm. 

The FLC a Takagi-Sugeno type of fuzzy systems is used with two inputs a) er-
ror, and b) error change, with three membership functions each input, “Negative, 
Zero and Positive” (Gaussian and triangular), and one output  which are constant  
 

 

Fig. 4. a) input 1 “error”, b) input 2 “error change”. 
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Table 1. Fuzzy Rules of the FLC. 

 N Z P 
N N N Z 
Z N Z P 

P Z P P 

values. The fuzzy rules “If-Then” type. Figure 5 shows the FLC base for the plant 
control and Table 1 show the Fuzzy Rules. 

Once we obtained the FLC design, we used an evolutionary method (Genetic 
Algorithm) to find the optimal Controller. The genetic algorithm chromosome has 
17 genes of real values and they represent the two inputs, error and error change 
and one output constant values. Figure 6 show the chromosome representation for 
the FLC and Table 2 shows the parameters of the membership functions, the 
minimal and the maximum values in the search range for the genetic algorithm to 
find the best fuzzy controller system. 

Gaussian
MF’s MF’s MF’sMF’s MF’s Constants

Triangular Gaussian Triangular Gaussian

Input Input 2 Output
17

a b a c d a b a b a b c a b

 

Fig. 5. Chromosome representation for the fuzzy logic controller. 

4   Simulations Results 

In this section, we evaluate, through computer simulations performed in 
MATLAB® and SIMULINK®, the designed FLC for two plants. 

4.1   Plant 1 

Plant 1 is given by the following transfer function: 

wsws

wsg
nn

n
22

2

2
)(

++
=

ε    ,5.0=ε   2=wn
               (17) 

Table 2 presents the parameters of the membership functions used in the ge-
netic algorithm for the plant 1. 

Table 3 present the main results of the FLC obtained by genetic algorithms 
showing in the result 3 our best result. 
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Table 2. Parameters of the membership functions 

MF Type Point Minimum 
Value 

Maximum 
Value 

a 0.3 0.6 
Gaussian 

b -1 -1 
a -0.3 -0.8 
b 0 0 Triangular 
c 0.3 0.8 
a 0.3 0.6 

Gaussian 
b 1 1 

Table 3. Results of the FLC obtained by genetic algorithms. 

No. Indiv. Gen. 
% 
Remp. Cross. Mut. 

GA 
Time 

Average 
error 

1 90 35 0.7 0.6 0.3 00:18:06 0.050870 
2 150 80 0.7 0.5 0.2 01:19:13 0.044310 
3 80 50 0.7 0.5 0.2 00:23:01 0.071366 
4 45 60 0.7 0.6 0.3 00:16:03 0.068477 
5 75 50 0.7 0.6 0.1 00:21:37 0.068158 
6 100 40 0.7 0.6 0.1 00:24:08 0.067052 
7 65 35 0.7 0.7 0.2 00:15:35 0.069994 
8 200 70 0.7 0.4 0.1 01:30:02 0.072356 
9 25 15 0.7 0.8 0.3 00:02:58 0.129872 
10 50 45 0.7 0.5 0.2 00:13:25 0.068855 
11 90 35 0.7 0.6 0.2 00:19:15 0.065290 
12 40 25 0.7 0.7 0.4 00:06:48 0.175755 
13 120 454 0.7 0.4 0.1 00:29:51 0.065761 

 

Fig. 6. Evolution of the GA for the FLC optimization. 
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Fig. 7. Membership functions of the FLC obtained by GA. 

Figure 6 shows the evolution of the genetic algorithm giving the best FLC for 
control the plant and figure 7 show the membership functions of the FLC obtained 
by the GA. 

Figure 8 show the control result of the plant 1 using the FLC optimized ob-
tained by GA. 

 

 

Fig. 8. Simulation result of the control of plant 1. 

4.2   Plant 2 

Plant 2 is given by the following equation: 

4

1
)(

2 +
=

s
sg                                                (18) 

For the experiment with plant 2 we test different range of the membership func-
tion finding the best result in the range of the -10 to 10. Table 4 present the main 
results of the FLC obtained by genetic algorithms. 
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Table 4. Simulation results of plant 2. 

No. Ind. Gen. 
% 
Remp. Cross Mut. 

GA 
Time 

Average 
error 

Param. Range 
of MF 

1 45 20 0.7 0.4 0.1 00:05:10 0.889298 from 0.5 to 1 
2 160 75 0.5 0.6 0.1 01:10:43 0.889298
3 80 30 0.7 0.6 0.1 00:14:01 0.889302
4 50 20 0.7 0.5 0.1 00:05:13 0.889784
5 50 20 0.7 0.5 0.1 00:05:11 0.894638

from -1 to 1 

6 55 45 0.5 0.6 0.1 00:12:45 0.574186
7 95 65 0.5 0.5 0.1 00:32:13 0.569497
8 150 70 0.5 0.4 0.1 00:53:32 0.569667

from -2 to 2 

9 55 45 0.5 0.6 0.1 00:12:45 0.473400
10 150 70 0.5 0.4 0.1 00:53:52 0.447686
11 95 65 0.5 0.5 0.1 00:30:50 0.461219

from -4 to 4 

12 150 100 0.5 0.5 0.1 01:20:24 0.064981
13 95 65 0.5 0.5 0.1 00:32:07 0.065394
14 85 65 0.5 0.5 0.1 00:29:11 0.066594
15 150 70 0.5 0.4 0.1 00:54:30 0.068396
16 55 45 0.5 0.6 0.1 00:12:50 0.073958
17 80 50 0.5 0.6 0.1 00:22:18 0.076842
18 150 70 0.5 0.4 0.1 00:54:48 0.196999
19 95 65 0.5 0.5 0.1 00:30:56 0.197443
20 55 45 0.5 0.6 0.1 00:37:22 0.203600
21 55 45 0.5 0.6 0.1 00:12:16 0.213285

from -8 to 8 

22 200 90 0.5 0.4 0.1 01:33:19 0.065268
23 120 85 0.5 0.4 0.1 00:52:13 0.070636
24 90 35 0.5 0.5 0.2 00:16:26 0.074058
25 65 35 0.5 0.4 0.2 00:11:53 0.076711
26 55 45 0.5 0.6 0.1 00:39:01 0.077597
27 100 40 0.5 0.3 0.1 00:20:41 0.078355
28 40 25 0.5 0.7 0.1 00:05:12 0.134507
29 25 15 0.5 0.8 0.3 00:02:15 0.261787

from -10 to 10 

Figure 9 shows the evolution of the genetic algorithm and figure 10 shows the 
membership functions of FLC obtained by GA. 

Figure 11 show the control result of the plant 2 using the FLC optimized ob-
tained by GA. 
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Fig. 9. Evolution of the GA for the FLC optimization. 

 

Fig. 10. Membership functions of the FLC obtained with the  GA. 

 

Fig. 11. Simulation result of the control Plant 2. 
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5   Conclusions 

We described the use of evolutionary methods for the design of optimized FLC’s; 
in particular we present results of a genetic algorithm in FLC optimization for lin-
ear plants. The results of first plant are satisfactory controlling the plant and get-
ting stability in less than 10 seconds using a fuzzy logic controller with three 
membership functions and nine fuzzy rules. On the other hand, in second plant we 
can get stability faster that the first plant close to five seconds, but with a high 
overshoot and undershoot for the plant. We have achieved satisfactory results with 
genetic algorithms and the next step is to solve the problem using multiple objec-
tive optimizations to obtain better results. Moreover, we will extend the results for 
nonlinear systems like autonomous mobile robots. 
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