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Abstract. This paper is focused on the study, analysis and development of code
for the defuzzification stage of type-2 fuzzy systems, through the average of two
type-1 fuzzy systems. This proposal is based on the average method for systems
where the type-2 membership functions of the inputs and output, have no uncer-
tainty in the mean or center. The codification is done using the hardware description
language VHDL, and it was exported to Simulink through the Xilinx System Gen-
erator (XSG). Comparative tests were conducted between the type-2 fuzzy systems
for different number of bits and noise levels.

1 Introduction

Most of the existing implementations of type-1 or type-2 fuzzy systems have been
achieved in software on general-purpose computers, the main drawback of these im-
plementations is the speed limitation due to the sequential computer program execu-
tion [26]. Thus the other option for the implementation of fuzzy systems that require
high processing speed to operate in real-time is based on dedicated hardware. In this
line of development, in order to achieve high performance systems, the use of VLSI
devices is increasing [21]. The FPGA is a VLSI device highly flexible that allows
us to implement digital circuitry through the use of specialized software, which is
an appealing characteristic for designers. Other good features are that they consume
low power and can be reprogrammables in field. Hence, there is an increasing in-
terest in using FPGA devices to design digital controllers, and a growing interest
in control systems based on fuzzy logic [13, 27, 29]. In fact it is possible to find
some works where type-1 fuzzy inference systems (FIS)have been implemented in
FPGA, such as in [26] for electrical vehicles, a Mamdani FIS based on FPGA using
distributed arithmetic to calculate the defuzzification stage [17], or diverse designs
and implementations on FPGA of fuzzy inference systems [1, 16, 22, 23, 24, 30].
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Fig. 1. Proposal for the solution of the defuzzification stage in a type-2 fuzzy system .

With regards to type-2 FIS in FPGA, in [19] is presented the implementation of the
Wu-Mendel method in a XC2V3000ff1152-4 FPGA type of the Virtex family, tak-
ing advantages of the intrinsic parallelism that these devices offer; also we can find
some others works related to this topic in [18, 20].

This work is about the design, test and implementation of the defuzzification
stage of a type-2 FIS. The proposal is based on the use of two type-1 FIS, i.e. the
average method, to emulate a type-2 FIS, so that the membership functions (MFs)
were organized in such a way to emulate the footprint of uncertainty (FOU) of the
type-2 MFs, and the final result is obtained as the average of the crisp values ob-
tained in each type-1 FIS; it was used the height method for the type-2 defuzzifica-
tion stage. In Figure 1 the scheme of the proposed method is shown.

A comparison was made between the control surface of the type-2 average
method where the type-1 defuzzification stage is embedded, and the control surface
of the type-2 FIS with the Wu-Mendel method.

This paper is organized as follows, Section 2 presents in a general context the
type-2 FIS; in Section 3 it is presented the average of two type-1 FIS, as a proposal
to avoid the type reduction; Section 4 is dedicated to explain the type-2 defuzzifica-
tion stage method using VHDL code; Section 5 explains two experiments designed
to test the type-2 Defuzzification stage and to verify the accuracy of the results con-
sidering that the inputs to this stage were individual values given by hand; Section 6
discusses two experiments and results with a complete type-2 FIS, where the source
of the defuzzification stage is VHDL code imported to Simulink through the Xilinx
System Generator (XSG) [15] , the fuzzification and the inference stages are models
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Fig. 2. Type-2 fuzzy system.

from the Simulink. The rules were used for the speed control of a DC motor for the
system validation. Finally, Section 6 presents the conclusions of this work.

2 General Contexts of Type-2 FIS

The concept of a type-2 fuzzy set was introduced by Zadeh in 1975 [11], as an
extension of the concept of an ordinary fuzzy set in 1965 [12], the membership
grade of each of its elements is indeed a fuzzy set in [0, 1], unlike a type-1 set
whose membership is a crisp number in [0, 1].

The basics and principles of fuzzy logic do not change from type-1 to type-2
fuzzy sets [4, 5, 6], they are independent of the nature of membership functions, and
in general, will not change for any type-n. When a FIS uses at least one type-2 fuzzy
set is a type-2 FIS, which is shown in Figure 2 with its components. The structure
of the type-2 fuzzy rules, is the same as for the type-1 case because the distinction
between them is associated with the nature of the membership functions. Hence, the
only difference is that now some or all the sets involved in the rules are of type-2, and
as long as any of its antecedents or consequents sets are interval type-2 fuzzy sets, it
is called an interval type-2 FIS (IT2FIS) [7, 14] which is the most used. In a type-1
FIS, where the output sets are type-1 fuzzy sets, the defuzzification is performed to
get a number, which is in some sense a crisp representation of the combined output
sets. In the type-2 case, the output sets are type-2, so it is necessary the extended
defuzzification operation to get type-1 fuzzy set at the output. Since this operation
converts type-2 output sets to a type-1 fuzzy set, it is called type reduction, and the
type-1 fuzzy set obtained is called a type-reduced set, the type-reduced fuzzy set
may then be defuzzified to obtain a single crisp number.

2.1 Type-Reduction and Defuzzification in an Interval Type-2 FIS

Five different type-reduction (TR) methods are described in [7, 8]. Center-of-sets,
centroid, center-of-sums, and height type-reduction can all be expressed as:
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where the multiple integral signs denote the union operation [10].
In general, there are no closed-form formula for yl and yr; however, Karnik and

Mendel [9] have developed two iterative algorithms (known as the Karnik-Mendel
or KM Algorithms) for computing these end-points exactly, and they can be run in
parallel [10]. Unfortunately this method is computationally costly so it is not well
suited for hardware implementation as is the Wu-Mendel method [19].
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) = ȳl(x

′
)−

[
∑M

i=1( f̄ i − f i)

∑M
i=1 f̄ i ∑M

i=1 f i ×
∑M

i=1 f i(yi
l − y1

l )∑M
i=1 f̄ i(yM

l − yi
l)

∑M
i=1 f i(yi

l − y1
l )+ ∑M

i=1 f̄ i(yM
l − yi

l)

]
(4)
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Observe that the four bounds in (2)-(5) can be computed without having to per-
form TR. Wu and Mendel [3] then approximate the TR set, as [yl(x
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So, by using the uncertainty bounds, they obtain both an approximate TR set as well
as a defuzzified output [10].

3 Average Type-2 FIS

In cases where the performance of an IT2FIS is important, especially in real time
applications, an option to avoid the computational delay of type-reduction, is the
Wu-Mendel method [3], which is based on the computation of inner and outer bound
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Fig. 3. The fuzzification, the inference and the defuzzification stages in the Average method
uses two type-1 FIS.

sets. Another option to improve computing speed in an IT2FIS, is the average of
two type-1 FIS method, which was proposed for systems where the type-2 MFs of
the inputs and output, have no uncertainty in the mean or center; it is achieved by
substituting the IT2FIS with two type-1 FIS, located adequately at the upper and
lower footprint of uncertainty (FOU)of the type-2 MFs [25].

For the average method the fuzzification, the inference and the defuzzification
stages at each FIS remain identical, the difference is at the output because the crisp
value is calculated by taking the arithmetic average of the crisp output of each type-
1 FIS, as it is shown in Figure 3, using the height method to calculate the defuzzified
crisp output.

4 Type-2 Defuzzification Stage Method Using VHDL Code

In the average method, to achieve the defuzzification, one type-1 FIS is used for the
upper bound of uncertainty, and the second FIS for the lower bound of uncertainty.
So, as it was explained in Section 3, the defuzzification of a type-1 FIS is used in
the average method and it will be explained next.

4.1 Defuzzification in Type-1 FIS

For the explanation of the type-1 defuzzification stage [2], the rule base of a speed
control of a DC motor was used, which is presented in Figure 4, along with the
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Fig. 4. Rule base for the speed control of a DC motor used for the system validation.

Fig. 5. Defuzzification stage proposal for a FIS.

Fig. 6. Block diagram of the height method.

fuzzification and inference stages. In Figure 5 is shown the upper type-1 FIS with
two inputs, e (error) and de (change of error), and one output y. Thus the inputs are
connected to the fuzzification stage, and considering, for this case, that the method
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Fig. 7. Entity scheme of the type-2 defuzzification stage.

allows to have a maximum of four active MFs, the fuzzifier delivers two signal for
each input, i.e, the membership grade and a tag that identifies the active MF.

The inference engine has eight outputs(considering the four maximum active
rules), four are for the firing strengths, the rest correspond to the corresponding
linguistic terms of the active consequents. So the output values of the inference
engine named as gc1up, gc2up, gc3up, gc4up, are the four possible upper firing
degrees of the active rules, meanwhile c1up, c2up, c3up and c4up are the respec-
tive center value of the active consequents. The upper part of the defuzzification
stage using the gciup, values and ciup’s tags produces a crisp value y1 using the
height defuzzification method. In the same manner as it is described for the upper
defuzzification stage, it is obtained a crisp value y2 for the lower part of the defuzzi-
fication stage.

The upper defuzzification process using the height method, can be expressed by

y1 =
∑M

i=1 gciup ∗ ciup

∑M
i=1 gciup

, (7)

where:
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y1 is the crisp output value.
ciup is the center of the active consequent.
gciup is the upper firing degree of the active rule.

The height method was developed in VHDL based on the block diagram shown
in Figure 6, where ci is the point of symmetry of the active consequent, gci is the
firing degree of the active rule. These two inputs are connected to a block multiplier
which corresponds to the part of the numerator in (7); only the addition of the gci,
will produce the denominator. Both, numerator and denominator are connected to
the block divider. The result of that division is y1 [28].

4.2 Implementation of the Type-2 Defuzzification Stage

The design entity of the type-2 defuzzification stage is shown in Figure 7. Such en-
tity was programmed in VHDL to be implemented in a FPGA, but it can be used
to simulate the Defuzzification stage without the necessity of designing and imple-
menting any test bench. This entity has 19 inputs and one output. The first eight
inputs ( gc1low, gc1up, gc2low, gc2up, gc3low, gc3up, gc4low, gc4up) correspond to
the lower and upper firing degrees of the active rules; the next eight inputs (c1low,
c1up, c2low, c2up, c3low, c3up, c4low and c4up) correspond to the centers of the active
consequents. The remaining three input signals are the clock enable, clock, and reset

Fig. 8. VHDL code for the type-2 Defuzzification stage.
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(ce, clk, rst) that allow the simulation of VHDL code in Simulink environment. The
output port “sal”, delivers the crisp value of the type-2 defuzzification stage.

In Figure 8 the VHDL code of the defuzzification stage for a type-2 FIS is pre-
sented, it is divided in four sections: Initialization, data acquisition, defuzzification
computation, and the average calculus. In the first section the output port is ini-
tialized, the internal count register, which allows to carry out the data acquisition,
besides determines the vector of the denominator of the division that will realize the
average of the obtained results of each type-1 defuzzification stage. In the second
section, the input data is obtained, i.e. the four possible firing strengths with the cen-
tral values of the active consequents for each type-1 defuzzification stage. The input
values are stored in registers, starting with the couple (gc1up, c1up and gc1low, c1low)
until the couple (gc4up, c4up and gc4low, c4low) which correspond to the upper and
lower firing strength and their respective activated consequent. The defuzzification
calculus component, takes each input data couple and using aritmethic operations
like addition, multiplication and division, computes the average of the two type-1
defuzzification stages with the height method, and sent it to the output port ”sal”.
After that, the count register is initialized again, ready to the acquisition of new
input data, and carry on the new defuzzification calculus in a cyclical process.

5 Test of the Type-2 Defuzzification Stage

To test the type-2 defuzzification stage, two experiments were conducted. The com-
parison was made between the defuzzification stage developed in VHDL code for
several bits of resolution, and the Wu-Mendel method [3] programmed in Matlab
code and whose block diagram is shown in Figure 9.

In order to achieve the experiments to test the defuzzification stage three main dif-
ferent software tools were used: The Simulink from Mathwork which is a practical
high-level design and simulation tool because it provides a flexible design and sim-
ulation platform to test and correct designs at high level; the Xilinx Integrated Soft-
ware Environment (Xilinx ISE) which is a Hardware Description Language (HDL)
design software suite that allows taking designs through several steps in the ISE
design flow finishing with final verified modules that can be implemented in a hard-
ware target such a Field Programmable Gate Array (FPGA); and the Xilinx System
Generator (XSG), which is a DSP design tool that enables the use of Simulink for
FPGA design. This tool is very important because it allows generating VHDL code
from the System Generator Simulink modules; and visceversa, VHDL modules can
be included in the Simulink design platform by importing the VHDL code in a Sys-
tem Generator ”Black box”, the VHDL code in converted to Matlab functions.

As a first step the development of the stage was carried out using VHDL pro-
gramming in the ISE Xilinx v8.2i [15], simulated and tested in Simulink/Matlab
using the XSG. The experiments were based on the proposed type-2 MFs for the
output variable, shown in Figure 10. This variable has five MFs, two trapezoidal
and three triangular, on the universe of discourse proposed. As the height method
was used as a defuzzification method, in fact there were used singletons to represent
the central value of each MF.
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Fig. 9. Output using the Wu-Mendel method.

Fig. 10. Output variable Membership Functions.

The experimental defuzzification stage coded in VHDL using the average of two
type-1 fuzzy systems is presented in Figure 11. The stage was coded in VHDL and
simulated in Simulink/Matlab through the XSG tool. The stage was tested for 8, 16,
and 32 bits resolution.

Experiment 1. In this experiment it is assumed that only two MFs are activated,
D and H of Figure 10, by the inference stage . The values for their firing strenghs
are assumed to be Dup=0.7 and Dlow=0.4; Hup=0.6 and Hlow=0.2. The output was
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Fig. 11. Experimental design for the type-2 Defuzzification stage.

Table 1. Results of experiment 1 for the type-2 defuzzification stage.

Type-2 MF Resolution of Defuzzification Bits value Output numeric value

Dup=0.7 Dlow=0.4 8 bits 119 -0.06667
16 bits 30793 -0.06026

Hup=0.6 Hlow=0.2 32 bits 2018083991 -0.06028
Wu-Mendel — -0.05889

obtained for 8, 16 and 32 bits of resolution using for each case the average method
and the height as a defuzzifier. For example in the case of 8 bits of resolution, it was
obtained a 119 value equivalent to -0.06667 in the real domain. The result obtained
using the Wu-Mendel method coded in Matlab, was -0.05889. These results are
shown in Table 1.

Experiment 2. In this case three MFs are activated, D, H and I of Figure 10, by the
inference stage. The values for their firing strenghs are assumed to be Dup=0.5 and
Dlow=0.4; Hup=0.3 and Hlow=0.2; finally Iup=0.2 and Ilow=0.1. After the conversion
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Table 2. Results of experiment 2 for the type-2 defuzzification stage.

Type-2 MF Resolution of Defuzzification Bits value Output numeric value

Dup=0.5 Dlow=0.4 8 bits 122 -0.04314
16 bits 31573 -0.03645

Hup=0.3 Hlow=0.2 32 bits 2069253886 -0.03643
Iup=0.2 Ilow=0.1 Wu-Mendel — -0.0366

for the different resolutions The output was obtained for 8, 16 and 32 bits of reso-
lution using for each case the average method and the height as a defuzzifier. In the
case of 16 bits of resolution it was obtained a 31573 value equivalent to -0.03645 in
the real domain. The result obtained using the Wu-Mendel method coded in Matlab,
was -0.0366, almost the same as the obtained with a 16 bits of resolution. These
results are shown in Table 2.

As can be seen in Tables 1 and 2, the results obtained with the Wu-Wendel
method developed with Matlab code are similar to the ones obtained with the pro-
posed method and 16 bits resolution of the data inputs.

6 Testing the Type-2 Defuzzification Stage in the Fuzzy System

Once the simulation of the VHDL type-2 defuzzification stage has been done, the
next step is to test it in a type-2 FIS with the average of two fuzzification and in-
ference stages, programmed using the appropriated Matlab function from the Fuzzy
Matlab Toolbox. In the same way as in the type-1 defuzzification stage, having two
parallel type-1 fuzzy systems the output is obtained as the average of the crisp values
of each system. There were realized three experiments, the tests were done to verify
the operation of the whole type-2 system in Simulink/Matlab using the Xilinx Sys-
tem Generator library. Comparisons were made between the results obtained with
8, 16 and 32 bits for the data inputs for the defuzzification stage, and those obtained
with the Wu-Mendel method in Matlab code, recalling that in this one was used
floating point in the input and output data. For the validation of the defuzzification
stage in the compound type-2 FIS, the experiments undergo the same input condi-
tions, with the purpose of making comparisons between the obtained results. The
MFs proposed for the two input variables and for the output, are shown in Figure 12
and in Figure 10, respectively.

In Figure 13 is presented the whole Simulink model of the type-2 FIS, in which
the two first stages, fuzzification and inference, were designed in Simulink/Matlab
blocks, while the third one, defuzzification, using VHDL codification and imported
to Simulink through the Xilinx System Generator.

Experiment 3. The type-2 FIS developed has two inputs, error and change of error,
and one output. Assuming the following values for the inputs: error=-20, change of
error=3, after the simulation of both type-2 FIS, the results for the 8, 16, and 32 bits
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Fig. 12. Type-2 MF for the inputs of the Type-2 FIS.

Fig. 13. Test of the type-2 defuzzification stage in a Type-2 FIS.

input data for the test of the type-2 defuzzification stage in the type-2 FIS, as well
for the Wu-Mendel type-2 FIS in Matlab Model are shown in Table 3.

Experiment 4. When the values of the two inputs of the type-2 FIS were assumed
to have the following values: error=10, change of error=-7, after the simulation of
both type-2 FIS, the results for the 8, 16, and 32 bits input data for the test of the
type-2 defuzzification stage in the type-2 FIS, as well for the Wu-Mendel type-2 FIS
in Matlab Model are shown in Table 4.

The results obtained for the type-2 FIS using 16 bits for the input data are very
similar to the results obtained with the type-2 FIS with the Wu-Mendel method.
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Table 3. Results of experiment 3 for the type-2 defuzzification stage in the type-2 FIS, for
error=-20 and cerror=3

Data Type Bits value Output numeric value

8 bits 139 -0.0902
16 bits 35716 -0.08998
32 bits 23640757176 -0.09

Wu-Mendel in Matlab — -0.09732

Table 4. Results of experiment 4 for the type-2 defuzzification stage in the type-2 FIS, for
error=-20 and cerror=3

Data Type Bits value Output numeric value

8 bits 119 -0.06667
16 bits 30692 -0.06334
32 bits 2011476350 -0.06333

Wu-Mendel in Matlab — -0.06945

Experiment 5. To make a comparison between the behavior of the type-2 FIS with
the defuzzification stage coded in VHDL, and the type-2 FIS using the Wu-Mendel
method, a control surface was obtained for both of the fuzzy systems. To perform
this experiment, it was necessary to design a Matlab function capable of generating
two vectors containing all possible combinations for the inputs of each type-2 FIS,
and then get the answer and generate the control surface. In Figure 14 is presented
the control surface for the type-2 FIS with the defuzzification coded in VHDL, and
in Figure 15 the control surface for the type-2 FIS with the Wu-Mendel method. It

Fig. 14. Control surface using the Wu-Mendel method in the type-2 FIS.
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Fig. 15. Control surface using the Average of two type-1 FIS method

can be seen that the difference in both surfaces is minimum, although the input data
for the latter are of floating point type, which allows to obtain more exact values.

7 Conclusions

The software implementations of fuzzy systems have been the most widely adopted,
the highly flexibility is one of their characteristics, however the response time is lim-
ited by the inherent sequential execution of the programs, which is not convenient
in real time applications, where the inference speed is an important factor. For this
reason the number of applications using fuzzy systems into an FPGA is increasing,
because one of its main advantages is the parallel processing, the low cost , low
power and area consumption, etc. The methodology proposed in this paper in the
design of the type-2 inference engine using a hardware description language, give
a more practical and flexible model since the process of updating any change in the
rule base can be made easily. So this is an alternative to quickly achieve both goals,
since the developed code to describe the hardware, i.e. the system model, can be
used with any modification to simulate the system and make the system implemen-
tation in the final target, for example in an FPGA.
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