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Abstract. A new matrix factorization algorithm which combines two
recently proposed nonnegative learning techniques is presented. Our new
algorithm, α-PNMF, inherits the advantages of Projective Nonnegative
Matrix Factorization (PNMF) for learning a highly orthogonal factor
matrix. When the Kullback-Leibler (KL) divergence is generalized to α-
divergence, it gives our method more flexibility in approximation. We
provide multiplicative update rules for α-PNMF and present their con-
vergence proof. The resulting algorithm is empirically verified to give a
good solution by using a variety of real-world datasets. For feature ex-
traction, α-PNMF is able to learn highly sparse and localized part-based
representations of facial images. For clustering, the new method is also
advantageous over Nonnegative Matrix Factorization with α-divergence
and ordinary PNMF in terms of higher purity and smaller entropy.

1 Introduction

Nonnegative learning based on matrix factorization has received a lot of research
attention recently. The first application of Nonnegative Matrix Factorization
(NMF) [1] was in extracting sparse features of facial images, while recent research
also reveals its usefulness in clustering.

However, the original NMF approximation is restricted to least square errors
or the Kullback-Leibler divergence between the data matrix and its approxima-
tion. It has recently been pointed out that the divergence minimization can be
generalized by using the α-divergence [2], which leads to a family of new algo-
rithms [3]. The empirical study by Cichocki et al. shows that the generalized
NMF can achieve better performance for various applications by using proper α
values.

Projective Nonnegative Matrix Factorization (PNMF) [4] is another variant
of NMF. It identifies a nonnegative subspace by integrating the nonnegativity to
the PCA objective. PNMF has proven to outperform NMF in feature extraction,
where PNMF is able to generate sparser patterns which are more localized and
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non-overlapping [4]. Clustering results of text data also demonstrate that PNMF
is advantageous as it provides better approximation to the binary-valued multi-
cluster indicators than NMF.

To achieve both merits of the above methods, we extend the PNMF by using
α-divergence instead of KL-divergence as the error measure. We derive the mul-
tiplicative update rules for the new learning objective. The convergence of the
iterative updates is proven using the Lagrangian approach. Experiments are con-
ducted, in which the new algorithm outperforms α-NMF for extracting sparse
and localized part-based representations of facial images. Our method can also
achieve better clustering results than α-NMF and ordinary PNMF for a variety
of datasets.

2 Related Work

2.1 Nonnegative Matrix Factorization

Given a nonnegative data matrix X ∈ R
m×N
+ , Nonnegative Matrix Factorization

(NMF) seeks a decomposition of X that is of the form:

X ≈ WH, (1)

where W ∈ R
m×r
+ and H ∈ R

r×N
+ with the rank r � min(m, N).

Denote by X̂ = WH the approximating matrix. The approximation can be
achieved by minimizing two widely used measures: (1) Least Square criterion

ε =
∑

i,j

(
Xij − X̂ij

)2

and (2) Kullback-Leibler divergence (KL-divergence)

DKL

(
X||X̂

)
=
∑

i,j

(

Xij log
Xij

X̂ij

− Xij + X̂ij

)

. (2)

In this paper we focus on the second approximation criterion, which leads to the
multiplicative updating rules of the form

Hnew
kj = Hkj

(
WTZ

)
kj∑

i Wik
, W new

ik = Wik

(
ZHT

)
ik∑

j Hkj
, (3)

where we use Zij = Xij/X̂ij for notational brevity.

2.2 Nonnegative Matrix Factorization with α-Divergence

The α-divergence [2] is a parametric family of divergence functionals, including
several well-known divergence measures as special cases. NMF equipped with
the following α-divergence as the approximation measure is called α-NMF [3].

Dα

(
X||X̂

)
=

1
α(1 − α)

m∑

i=1

N∑

j=1

(
αXij + (1 − α)X̂ij − Xα

ijX̂
1−α
ij

)
(4)
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The corresponding multiplicative update rules are given by the following, where
we define Z̃ij = Zα

ij :

Hnew
kj = Hkj

⎡

⎢
⎣

(
WT Z̃

)

kj∑
i Wik

⎤

⎥
⎦

1
α

, W new
ik = Wik

⎡

⎣

(
Z̃HT

)

ik∑
j Hkj

⎤

⎦

1
α

. (5)

α-NMF reduces to the conventional NMF with KL-divergence when α → 1.
Another choice of α characterizes a different learning principle, in the sense that
the model distribution is more inclusive (α → ∞) or more exclusive (α → −∞).
Such flexibility enables α-NMF to outperform NMF with α properly selected.

2.3 Projective Nonnegative Matrix Factorization

Replacing H = WT X in (1), we get the Projective Nonnegative Matrix Factor-
ization (PNMF) approximation scheme [4]

X ≈ WWTX. (6)

Again, denote X̂ = WWTX the approximating matrix and Zij = Xij/X̂ij . The
PNMF multiplicative update rule for KL-divergence is given by [4]

W new
ik = Wik

(
ZXT W + XZT W

)
ik

∑
j (WTX)kj +

(∑
j Xij

)
(
∑

b Wbk)
. (7)

The name PNMF comes from another derivation of the approximation scheme
(6) where a projection matrix P in X ≈ PX is factorized into WWT . This
interpretation connects PNMF with the classical Principal Component Analysis
subspace method except for the nonnegativity constraint [4]. Compared with
NMF, PNMF is able to learn a much sparser matrix W. This property is espe-
cially desired for extracting part-based representations of data samples or finding
cluster indicators.

3 PNMF with α-Divergence

In this section we combine the flexibility of α-NMF and the sparsity of PNMF
into a single algorithm. We called the resulting method α-PNMF which stands
for Projective Nonnegative Matrix Factorization with α-divergence.

3.1 Multiplicative Update Rule

α-PNMF solves the following optimization problem:

minimize
W≥0

J (W) = Dα(X||WWT X). (8)
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The derivative of the objective with respect to W is

∂J (W)
∂Wik

=
1
α

[
−
(
Z̃XT W + XZ̃T W

)

ik

+
∑

j

(
WTX

)
kj

+

⎛

⎝
∑

j

Xij

⎞

⎠

(
∑

b

Wbk

)⎤

⎦ (9)

Denote Λik the Lagrangian multipliers associated with the constraint Wik ≥ 0.
The Karush-Kuhn-Tucker (KKT) conditions require

∂J (W)
∂Wik

= Λik (10)

and ΛikWik = 0 which indicates ΛikWα
ik = 0. Multiplying both sides of (10)

by Wα
ik leads to ∂J (W)

∂Wik
Wα

ik = 0. This suggests a multiplicative update rule by
writing Z̃ij = Zα

ij :

W ′
ik = Wik

⎡

⎣

(
Z̃XTW + XZ̃T W

)

ik
∑

j (WTX)kj +
(∑

j Xij

)
(
∑

a Wak)

⎤

⎦

1
α

. (11)

3.2 Convergence Proof

The convergence of NMF and most of its variants, including α-NMF, to a local
minimum of the cost function is analyzed by using an auxiliary function [3]. It
is however difficult to directly construct such a function for α-PNMF because
of the auto-association induced by W and its transpose. Here we overcome this
problem by applying the Lagrangian technique to decouple the auto-association.

With the constraint H = WT X, one can write the Lagrangian objective
function as

L(W,H) = Dα(X||WH) + Tr
(
ΨT

(
H− WT X

))
, (12)

by introducing multipliers Ψik. Following [3], we apply Jensen’s inequality using
the convex function f(z) = [α + (1 − α)z − z1−α]/(α(1 − α)) for α ≥ 0, which
leads to

f

(
∑

k

WikHkj

)

≤
∑

k

ζijkf

(
WikHkj

Xijζijk

)

, (13)

with ζijk = WikHkj∑
l WilHlj

. After some manipulation, one can find that L(W,H) is
upper-bounded by the auxiliary function
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G(W′,W) =
1
α

∑

i,j,k

Xijζijk

[

α + (1 − α)
W ′

ikHkj

Xijζijk
−
(

W ′
ikHkj

Xijζijk

)1−α
]

+ Tr
(
ΨT

(
H− WTX

))

+
∑

ik

(
XZ̃TW

)

ik

(

W ′
ik − Wik − Wik log

W ′
ik

Wik

)

. (14)

The last line of eq. (14) is a tight upper-bound of zero. To see this, one can insert
y = W ′

ik/Wik into the inequality y ≥ 1 + log y for y ≥ 0, where the equality
holds if and only if y = 1. This additional bounding aims to add the same term
(XZ̃T W)ik to both numerator and denominator of the resulting multiplicative
update rule and thus maintains the nonnegativity of W.

Setting ∂G/∂W′ = 0, we get

(
W ′

ik

Wik

)α

=

(
Z̃HT

)

ik
+
(
XZ̃T W

)

ik
∑

j Hkj − α
(
XΨT

)

ik
+
(
XZ̃T W

)

ik

. (15)

Next we solve Ψ by using the KKT conditions. From

∂L(W,H)
∂Hkj

=
1
α

(
∑

i

Wik −
(
WT Z̃

)

kj

)

+ Ψkj = 0 (16)

we get

α
(
XΨT

)

ik
=
(
XZ̃T W

)

ik
−
⎛

⎝
∑

j

Xij

⎞

⎠

(
∑

b

Wbk

)

(17)

Inserting (17) and H = WTX into (15), one obtains the multiplicative update
rule (11). This concludes our proof of the following result:

Theorem 1. Dα(X||WWT X) is non-increasing under the multiplicative up-
dates using (11).

3.3 Stabilization

The multiplicative updates can start from any initial guess of W. However, we
find some initial values may lead to a very zigzag convergence path. The overall
scaling of W greatly fluctuates between odd and even iterations.

We propose to overcome this problem by introducing one more parameter
ρ. The modified objective becomes to minimize J̃ (ρ,W) = Dα(X||ρWWTX).
Fixing W, the global optimal ρ∗ can be solved by setting the derivative of
J̃ (ρ,W) with respect to ρ to zero, which results in

ρ∗ =

(∑
ij X̂ij Z̃ij
∑

ij X̂ij

) 1
α

(18)
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Next, fixing ρ the optimal W given its current estimate can be found by in-
serting ρ∗ in the denominator of (11). Equivalently, one can apply the original
multiplicative update rule and then compute

W new
ik = W ′

ik

(∑
ij X̂ijZ̃ij
∑

ij X̂ij

) 1
2α

(19)

with re-calculated X̂ and Z̃.
If WWTX approximates X well, all the Z̃ij approach one and so does ρ∗. The

modified objective is thus equivalent to the original one. Therefore ρ serves as
an intermediate variable that stabilizes and speeds up the algorithm especially
in early iterations.

4 Experiments

Suppose the nonnegative matrix X ∈ R
m×N
+ is composed of N data samples

xj ∈ R
m
+ , j = 1, . . . , N . Basically, α-PNMF can be applied on this matrix in two

different ways. One employs the approximation scheme X ≈ WWTX and per-
forms feature extraction by projecting each sample into a nonnegative subspace.
The other approach approximates the transposed matrix XT by WWTXT where
W ∈ R

N×r
+ . The latter approach can be used for clustering where the elements

of W indicate the membership of each sample to the r clusters.

4.1 Feature Extraction

We have used the FERET database of facial images [5] as the training data
set. After face segmentation, 2,409 frontal images (poses “fa” and “fb”) of 867
subjects were stored in the database for the experiments. All face boxes were
normalized to the size of 32×32 and then reshaped to a 1024-dimensional vector
by column-wise concatenation. Thus we obtained a 1024 × 2409 nonnegative
data matrix, whose elements are re-scaled into the region [0,1] by dividing with
their maximum. For good visualization, we empirically set r = 25 in the feature
extraction experiments.

After training, the basis vectors are stored in the columns of W in α-NMF and
α-PNMF. The basis vectors have same dimensionality with the image samples
and thus can be visualized as basis images. In order to encode the features of
different facial parts, it is expected to find some localized and non-overlapping
patterns in the basis images. The resulting basis images using α = 0.5 (Hellinger
divergence), α = 1 (KL-divergence) and α = 2 (χ2-divergence) are shown in
Figure 1. Both methods can identify some facial parts such as eyebrows and
lips. In comparison, α-PNMF is able to generate much sparser basis images with
more part-based visual patterns.

Notice that two non-negative vectors are orthogonal if and only if they do not
have the same non-zero dimensions. Therefore we can quantify the sparsity of
the basis vectors by measuring their orthogonalities with the τ measurement:
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τ = 1 − ‖R − I‖F

(r(r − 1))
, (20)

where ‖ ·‖F is the Frobenius matrix norm and Rst the normalized inner product
between two basis vectors ws and wt:

Rst =
wT

s wt

‖ws‖‖wt‖ . (21)

Larger τ ’s indicate higher orthogonality and τ reaches 1 when the columns of W
are completely orthogonal. The orthogonalities using the two compared methods
are displayed under the respective basis image plots in Figure 1. All τ values in
the right are larger than their left counterparts, which confirms that α-PNMF is
able to extract a sparser transformation matrix W. It is worth to notice that α-
PNMF achieves the high sparseness without the explicit orthogonality constraint
compared with some other exiting methods such as [6].

4.2 Clustering

We have used a variety of datasets, most of which are frequently used in machine
learning and information retrieval research. Table 1 summarizes the character-
istics of the datasets. The descriptions of these datasets are as follows:

– Iris, Ecoli5, WDBC, and Pima, which are taken from the UCI data repository
with respective datasets Iris, Ecoli, Breast Cancer Wisconsin (Prognostic),
and Pima Indians Diabetes. The Ecoli5 dataset contains only samples of the
five largest classes in the original Ecoli database.

– AMLALL gene expression database [7]. This dataset contains acute
lymphoblastic leukemia (ALL) that has B and T cell subtypes, and acute
myelogenous leukemia (AML) that occurs more commonly in adults than in
children. The data matrix consists of 38 bone marrow samples (19 ALL-B,
8 ALL-T and 11 AML) with 5000 genes as their dimensions.

– ORL database of facial images [8]. There are ten different images of each of 40
distinct subjects. For some subjects, the images were taken at different times,
varying the lighting, facial expressions and facial details. In our experiments,
we down-sampled the images to size 46×56 and rescaled the gray-scale values
to [0, 1].

The number of clusters r is generally set to the number of classes. This work
focuses on cases where r > 2, as there exist closed form approximations for the
two-way clustering solution (see e.g. [9]). We thus set r equal to five times of the
number of classes for WDBC and Pima.

Suppose there is ground truth data that labels the samples by one of q classes.
We have used the purity and entropy measures to quantify the performance of
the compared clustering algorithms:

purity =
1
N

r∑

k=1

max
1≤l≤q

nl
k, entropy = − 1

n log2 q

r∑

k=1

q∑

l=1

nl
k log2

nl
k

nk
,
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α = 0.5, τ=0.77 α = 0.5, τ=0.99

α = 1, τ=0.75 α = 1, τ=0.99

α = 2, τ=0.75 α = 2, τ=0.92

Fig. 1. The basis images of (left) α-NMF and (right) α-PNMF
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Table 1. Dataset descriptions

datasets #samples #dimensions #classes r

Iris 150 4 3 3
Ecoli5 327 7 5 5
WDBC 569 30 2 10
Pima 768 8 2 10

AMLALL 38 5000 3 3
ORL 400 2576 40 40

Table 2. Clustering (a) purities and (b) entropies using α-NMF, PNMF and α-PNMF.
The best result for each dataset is highlighted with boldface font.

(a)

α-NMF PNMF α-PNMF
datasets α = 0.5 α = 1 α = 2 - α = 0.5 α = 1 α = 2

Iris 0.83 0.85 0.84 0.95 0.95 0.95 0.97
Ecoli5 0.62 0.65 0.67 0.72 0.72 0.72 0.73
WDBC 0.70 0.70 0.72 0.87 0.86 0.87 0.88
Pima 0.65 0.65 0.65 0.65 0.67 0.65 0.67

AMLALL 0.95 0.92 0.92 0.95 0.97 0.95 0.92
ORL 0.47 0.47 0.47 0.75 0.76 0.75 0.80

(b)

α-NMF PNMF α-PNMF
datasets α = 0.5 α = 1 α = 2 - α = 0.5 α = 1 α = 2

Iris 0.34 0.33 0.33 0.15 0.15 0.15 0.12
Ecoli5 0.46 0.58 0.50 0.40 0.40 0.40 0.40
WDBC 0.39 0.38 0.37 0.16 0.17 0.16 0.14
Pima 0.92 0.90 0.90 0.91 0.90 0.91 0.89

AMLALL 0.16 0.21 0.21 0.16 0.08 0.16 0.21
ORL 0.35 0.34 0.35 0.14 0.14 0.14 0.12

where nl
k is the number of samples in the cluster k that belong to original class

l and nk =
∑

l nl
k. A larger purity value and a smaller entropy indicate better

clustering performance.
The resulting purities and entropies are shown in Table 2, respectively. α-

PNMF performs the best for all selected datasets. Recall that when α = 1 the
proposed method reduces to PNMF and thus returns results identical to the
latter. Nevertheless, α-PNMF can outperform PNMF by adjusting the α value.
When α = 0.5, the new method achieves the highest purity and lowest entropy
for the gene expression dataset AMLALL. For the other five datasets, one can
set α = 2 and obtain the best clustering result using α-PNMF. In addition,
one can see that Nonnegative Matrix Factorization with α-divergence works
poorly in our clustering experiments, much worse than the other methods. This
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is probably because α-NMF has to estimate many more parameters than those
using projective factorization. α-NMF is therefore prone to falling into bad local
optima.

5 Conclusions

We have presented a new variant of NMF by introducing the α-divergence into
the PNMF algorithm. Our α-PNMF algorithm theoretically converges to a local
minimum. The resulting factor matrix is of high sparsity or orthogonality, which
is desired for part-based feature extraction and multi-way clustering. Experi-
mental results with various datasets indicate that the proposed algorithm can
be considered as a promising replacement for α-NMF and PNMF for feature
extraction and clustering.
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