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Abstract. It has been shown that Kernel Based Regression (KBR) with
a least squares loss has some undesirable properties from robustness point
of view. KBR with more robust loss functions, e.g. Huber or logistic
losses, often give rise to more complicated computations. In this work
the practical consequences of this sensitivity are explained, including
the breakdown of Support Vector Machines (SVM) and weighted Least
Squares Support Vector Machines (LS-SVM) for regression. In classical
statistics, robustness is improved by reweighting the original estimate.
We study the influence of reweighting the LS-SVM estimate using four
different weight functions. Our results give practical guidelines in order
to choose the weights, providing robustness and fast convergence. It turns
out that Logistic and Myriad weights are suitable reweighting schemes
when outliers are present in the data. In fact, the Myriad shows better
performance over the others in the presence of extreme outliers (e.g.
Cauchy distributed errors). These findings are then illustrated on toy
example as well as on a real life data sets.

Keywords: Least Squares Support Vector Machines, Robustness, Ker-
nel methods, Reweighting.

1 Introduction

Regression analysis is an important statistical tool routinely applied in most
sciences. However, using least squares techniques there is an awareness of the
dangers posed by the occurrence of outliers present in the data. Not only the
response variable can be outlying, but also the explanatory part, leading to
leverage points. Both types of outliers may totally spoil an ordinary LS analysis.
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To cope with this problem, statistical techniques have been developed that are
not so easily affected by outliers. These methods are called robust or resistant.
A first attempt was done by Edgeworth [1]. He argued that outliers have a very
large influence on LS because the residuals are squared. Therefore, he proposed
the least absolute values regression estimator (L1 regression). The second great
step forward in this class of methods occurred in the 1960s and early 1970s with
fundamental work of Tukey [2], Huber [3] and Hampel [4]. From their work the
following methods were developed: M -estimators, Generalized M -estimators, R-
estimators, L-estimators, S-estimators, repeated median estimator, least median
of squares, . . . . Detailed information about these estimators as well as methods
for robustness measuring can be found in [5],[6], [7] and [8].

All of the above mentioned techniques were originally proposed for parametric
regression. In this paper we further investigate these ideas to the nonparametric
case, more specifically for Least Squares Support Vector Machines (LS-SVM).
Other recent work in this direction is [9], [10] and [11]. LS-SVMs were pro-
posed by Suykens et al. [12] as a reformulation of the Support Vector Machines
(SVM) [13], applicable to a wide range of problems in supervised and unsuper-
vised learning. In case of LS-SVMs one works with equality instead of inequality
constraints and a sum of squared error cost function is used. Due to this, the re-
gression solution is found by solving a linear system instead of a convex quadratic
programming problem. By using an L2 cost function robustness properties are
lost. A successful attempt to improve the robustness was given by Suykens et
al. [14]. The technique is based on a two stage approach: first, classical LS-SVM
is applied and secondly appropriate weighting values are computed taking the
residuals of the first step into account. For LS-SVM this weighting technique
can be employed cheaply and efficiently in order to robustify the solution. In
this way the weighting procedure serves as an alternative to other robust esti-
mation methods based on L1 and Huber’s loss function without giving rise to
complicated computations.

In this paper we show that the weighted LS-SVM breaks down under non Gaus-
sian noise distributions with heavy tails. In order to deal with these distributions
a reweighting scheme is proposed. Different weight functions are investigated in
order to compare their performance under these heavy tailed distributions. This
paper is organized as follows. In Section 2 we briefly review the basic notions of
weighted LS-SVM. Section 3 explains the practical difficulties associatedwith esti-
mating a regression function when the data is contaminated with outliers.
Section 4 describes some extensions of existing results in order to deal with out-
liers in nonparametric regression. The methods are illustrated on a toy example
as well as on real life data sets in Section 5.

2 Weighted LS-SVM for Nonlinear Function Estimation

In order to obtain a robust estimate, one can replace the L2 loss function in the
LS-SVM formulation by e.g. L1 or Huber’s loss function. This would lead to a
Quadratic Programming (QP) problem and hence increasing the computational
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load. Instead of using robust cost functions, one can obtain a robust estimate
based upon the previous LS-SVM solution. Given a training set defined as Dn =
{(Xk, Yk) : Xk ∈ R

d, Yk ∈ R; k = 1, . . . , n} of size n drawn i.i.d. from an unknown
distribution FXY according to Yk = g(Xk)+ek, k = 1, . . . , n, where ek ∈ R are
assumed to be i.i.d. random errors with E[ek|X = Xk] = 0, Var[ek] = σ2 < ∞,
g ∈ Cz(R) with z ≥ 2, is an unknown real-valued smooth function and E[Yk|X =
Xk] = g(Xk). The optimization problem of finding the vector w and b ∈ R for
regression can be formulated as follows [12]

min
w,b,e

J (w, e) = 1
2w

Tw + γ
2

n∑

k=1

vke
2
k

s.t. Yk = wTϕ(Xk) + b+ ek, k = 1, . . . , n,
(1)

where the error variables from the unweighted LS-SVM êk = α̂k/γ (case vk =
1, ∀k) are weighted by weighting factors vk [14] according to (3) and ϕ : R

d →
R
nh is the feature map to the high dimensional feature space as in the standard

(SVM) [13] case.
By using Lagrange multipliers, the solution of (1) can be obtained by taking

the Karush-Kuhn-Tucker (KKT) conditions for optimality. The result is given
by the following linear system [12] in the dual variables α

(
0 1Tn
1n Ω +Dγ

) (
b
α

)
=

(
0
Y

)
, (2)

with Dγ = diag
{

1
γv1

, . . . , 1
γvn

}
. The weights vk are based upon êk = α̂k/γ from

the (unweighted) LS-SVM (Dγ = I). The weights vk are given by [6]

vk =

⎧
⎨

⎩

1, |êk/ŝ| ≤ c1;
c2−|êk/ŝ|
c2−c1 , c1 ≤ |êk/ŝ| ≤ c2;

10−8, otherwise,
(3)

where ŝ = 1.483 MAD(êk) is a robust estimate of the standard deviation, where
MAD is the Median Absolute Deviation. The constants are set to c1 = 2.5
and c2 = 3. Also Y = (Y1, . . . , Yn)T , 1n = (1, . . . , 1)T , α = (α1, . . . , αn)T and
Ωkl = ϕ(Xk)Tϕ(Xl) = K(Xk, Xl) for k, l = 1, . . . , n, with K a positive definite
kernel. The resulting weighted LS-SVM model for function estimation becomes

ĝ(x) =
n∑

k=1

α̂kK(x,Xk) + b̂. (4)

3 Problems with Outliers in Nonparametric Regression

A number of problems, some quite fundamental, occur when nonparametric re-
gression is attempted in the presence of outliers. In nonparametric regression,
e.g. Nadaraya-Watson kernel estimates, local polynomial kernel estimates, spline
estimates and wavelets estimates, the L2 risk is often used. There are two reasons
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for considering the L2 risk: (i) this simplifies the mathematical treatment of the
whole problem and (ii) trying to minimize the L2 risk leads to estimates which
can be computed rapidly. However, the L2 risk can be very sensitive to regression
outliers. A linear kernel (in kernel-based regression) leads to non-robust meth-
ods. On the other hand using decreasing kernels, i.e. kernels such that K(u) → 0
as u→ ∞, leads to quite robust methods with respect to outliers in the x-space
(leverage points). The influence for both x → ∞ and x → −∞ is bounded in
R when using decreasing kernels. Common choices for decreasing kernels are:
K(u) = max(1 − u2, 0), K(u) = exp(−u2) and K(u) = exp(−u).

This breakdown of kernel based nonparametric regression is illustrated by a
simple simulated example in Figure 1. Consider the following 200 observations
{(X1, Y1), . . . , (X200, Y200)} according to the relation f(X) = 1 − 6X + 36X2 −
53X3 + 22X5 and X ∼ U [0, 1]. Two different types of outlier sets are added
to the underlying function. The errors are normally distributed with variance
σ2 = 0.05 and σ2 = 0.1 in Figure 1d. In Figure 1b and Figure 1c three outliers
are added to the data. LS-SVM (unweighted case) cannot cope with the outliers
showing a bump between 0.8 and 0.95. Notice that the unweighted LS-SVM only
shows a local and not a global breakdown for the regression. SVM [13] on the
other hand, deals with these type of outliers since it uses an ε-insensitive loss
function. Figure 1c shows that the weighted LS-SVM method is able to handle
these outliers and has a similar result as SVM. In Figure 1d the distribution of
the errors was given by the gross error model or ε-contamination model [3] and
is defined as follows

U(F0, ε) = {F : F (e) = (1 − ε)F0(e) + εG(e), 0 ≤ ε ≤ 1} (5)

where F0 is some given distribution (the ideal nominal model), G is an arbi-
trary continuous distribution and ε is the first parameter of contamination. This
contamination model describes the case, where with large probability (1 − ε),
the data occurs with distribution F0 and with small probability ε outliers occur
according to distribution G. In this case the contamination distribution G was
taken to be a cubic standard Cauchy distribution and ε = 0.3. This distribution
is quite special since its moments are not defined. Both robust methods fail to
fit the underlying regression model.

4 Iteratively Reweighted Kernel Based Regression

In this Section we describe and compare four types of weight functions. Also
convergence properties for each of the weight functions are given.

4.1 Weight Functions

Many weight functions have been proposed in literature, especially for linear
regression [6]. Four of these weight functions V : R → [0, 1], with V (r) = ψ(r)

r
satisfying V (0) = 1, are shown in Table 1 with corresponding loss function
L(r) and score function ψ(r) = dL(r)

dr . The first three weight function are quite
common and are often used in regression [6,10]. The fourth function, Myriad with
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Fig. 1. Simulated data with two types of different outlier sets, fitted with LS-SVM
(dashed line) and SVM (dotted line). The full line represents the underlying polynomial
function. SVM and weighted LS-SVM (dashed line in (c) and (d)) can both handle the
first type of outliers, but fail when the contamination distribution is taken to be a cubic
standard Cauchy with ε = 0.3. For visual reasons, not all data is displayed in (d).

parameter δ ∈ R
+
0 , has been proposed in the area of statistical nonlinear signal

processing [15]. The Myriad is derived from the Maximum Likelihood (ML)
estimation of a Cauchy distribution [16] and is used as a robust location estimator
in stable noise environments. When using the Myriad as a location estimator it
can be shown that the Myriad offers a rich class of operation modes that can be
controlled by varying the parameter δ. When the noise is Gaussian, large values of
δ can provide the optimal performance associated with the sample mean, whereas
for highly impulsive noise statistics, the resistance of mode-type estimators can
be achieved by setting low values of δ. Arce [15] observed experimentally that
values on the order of the data range, δ ≈ X(n)−X(1), often make the Myriad an
acceptable approximation to the sample average. We denote X(m) as the m-th
order statistic for m = 1, . . . , n. Intermediate values of δ assume a sample set
with some outliers and some well behaved samples. On the other side, when δ is
small i.e. δ ≈ mini,j |Xi −Xj |, the Myriad is to be considered approximately a
mode estimator.
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Table 1. Definitions for the Huber, Hampel, Logistic and Myriad (with parameter
δ ∈ R

+
0 ) weight functions V (·). The corresponding loss L(·) and score function ψ(·) are

also given.

Huber Hampel Logistic Myriad

V (r)

{
1, if |r| < β;
β
|r| , if |r| ≥ β.

⎧
⎨

⎩

1, if |r| < b1;
b2−|r|
b2−b1

, if b1 ≤ |r| ≤ b2;

0, if |r| > b2.

tanh(r)

r

δ2

δ2 + r2

ψ(r)

L(r)

{
r2, if |r| < β;
β|r| − 1

2
c2, if |r| ≥ β.

⎧
⎪⎨

⎪⎩

r2, if |r| < b1;
b2r2−|r3|

b2−b1
, if b1 ≤ |r| ≤ b2;

0, if |r| > b2.

r tanh(r) log(δ2 + r2)

One can obtain a robust estimate based upon the previous LS-SVM solutions
using an iteratively reweighting approach. In the i-th iteration one can weight
the error variables ê(i)k = α̂

(i)
k /γ for k = 1, . . . , n by weighting factors v(i) =

(v(i)
1 , . . . , v

(i)
n )T ∈ R

n, determined by one of the four weighting functions in Table 1.
One obtains an iterative algorithm, see Algorithm 1, to solve the problem.

Algorithm 1. Iteratively Reweighted LS-SVM
1: Given optimal learning parameters (γ, σ), e.g. by cross-validation, and

compute the residuals êk = α̂k/γ from the unweighted LS-SVM (vk = 1, ∀k)
2: repeat
3: Compute ŝ = 1.483 MAD(e(i)k ) from the e(i)k distribution
4: Determine the weights v(i)

k based upon r(i) = e
(i)
k /ŝ and the chosen

weight function V in Table 1

5: Solve the weighted LS-SVM (2) with Dγ = diag
{

1

γv
(i)
1
, . . . , 1

γv
(i)
n

}
,

resulting the model m̂(i)(x) =
∑n

k=1 α̂
(i)
k K(x,Xk) + b̂(i)

6: Set i = i+ 1
7: until consecutive estimates α(i−1)

k and α(i)
k are sufficiently close to each

other ∀k = 1, . . . , n. In this paper we take maxk(|α(i−1)
k − α

(i)
k |) ≤ 10−4.

4.2 Speed of Convergence-Robustness Trade-Off

In a functional analysis setting it has been shown in [9] and [10] that the influence
function [4] of reweighted Least Squares Kernel Based Regression (LS-KBR) with
a bounded kernel converges to bounded influence function, even when the initial
LS-KBR is not robust, if

(c1) ψ : R → R is a measurable, real, odd function,
(c2) ψ is continuous and differentiable,
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(c3) ψ is bounded,
(c4) EPe ψ

′(e) > 0 where Pe denotes the distribution of the errors. This condi-
tion can be relaxed into ψ is increasing.

The influence function (IF) describes the (approximate and standardized) effect
of an additional observation in any point x on a statistic T , given a (large)
sample with distribution F . Thus an unbounded IF means that an infinitesimal
amount of outliers can have an arbitrary large effect.

Define

d = EPe

ψ(e)
e

and c = d− EPe ψ
′(e), (6)

then it can be shown [10] that c/d establishes an upper bound on the reduction
of the influence function at each step. The upper bound represents a trade-off
between the reduction of the influence function (speed of convergence) and the
degree of robustness. The higher the ratio c/d the higher the degree of robustness
but the slower the reduction of the influence function at each step and vice versa.

In Table 2 this upper bound is calculated at a Normal distribution, a standard
Cauchy and a cubic standard Cauchy for the four types of weighting schemes.
Note that the convergence of the influence function is quite fast, even at heavy
tailed distributions.

For Huber and Myriad weights, the convergence rate decreases rapidly as
β respectively δ increases. This behavior is to be expected, since the larger β
respectively δ, the less points are downweighted. Also note that the upper bound
on the convergence rate approaches 1 as β, δ → 0, indicating a high degree
of robustness but slow convergence rate. A good choice between convergence
and robustness is therefore Logistic weights. Also notice the small ratio for the
Hampel weights indicating a low degree of robustness. The inability of these
weights to handle extreme outliers is shown in the next Section. For further
elaboration on the topic we refer the reader to [11].

5 Simulations

5.1 Toy Example

Recall the low order polynomial function in Section 3 with 200 observations
according to f(X) = 1 − 6X + 36X2 − 53X3 + 22X5 and X ∼ U [0, 1]. The
distribution of the errors is given by the gross error model, see Section 3, with
ε = 0.3, F0 = N(0, 0.1) and G = C3(0, 1). The results for the four types of
weight functions are shown in Figure 2 and performances in the three norms are
given in Table 3. For this simulation we set β = 1.345, b1 = 2.5 and b2 = 3 and
δ = 1

2 [ê(i)
( 3
4n)

− ê(i)
( 1
4n)

] where ê(i)(m) denotes the m-th order statistic of the residual ê
in the i-th iteration. For all simulations, the learning parameters are tuned via 10-
fold robust cross-validation. This simulation shows that the four weight functions
are able to handle these extreme outliers. Although Hampel and Myriad weight
functions do not satisfy the relaxed condition of (c4), condition (c4) is valid for
common error distributions i.e. Normal, Cauchy, Student t, Laplace, . . . . This
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Table 2. Values of the constants c, d and c/d for the Huber (with different cutoff
values β), Logistic, Hampel and Myriad (for different parameters δ) weight function
at a standard Normal distribution, a standard Cauchy and a cubic standard Cauchy.
The bold values represent an upper bound for the reduction of the influence function
at each step.

Weight Parameter N(0, 1) C(0, 1) C3(0, 1)
function settings c d c/d c d c/d c d c/d

β = 0.5 0.32 0.71 0.46 0.26 0.55 0.47 0.0078 0.034 0.23

Huber β = 1 0.22 0.91 0.25 0.22 0.72 0.31 0.0022 0.037 0.059
β = 2 0.04 0.99 0.04 0.14 0.85 0.17 0.0002 0.038 0.0053

Logistic 0.22 0.82 0.26 0.21 0.66 0.32 0.004 0.035 0.12

Hampel
b1 = 2.5

0.006 0.99 0.006 0.02 0.78 0.025 0.00003 0.038 0.0007
b2 = 3

δ = 0.1 0.11 0.12 0.92 0.083 0.091 0.91 0.007 0.009 0.83
δ = 0.6475 0.31 0.53 0.60 0.24 0.40 0.60 0.01 0.028 0.36Myriad

δ = 1 0.31 0.66 0.47 0.25 0.50 0.50 0.008 0.032 0.25
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Fig. 2. Low order polynomial function with 200 observations according to f(X) =
1− 6X + 36X2 − 53X3 + 22X5 and X ∼ U [0, 1]. The distribution of the errors is given
by the gross error model with ε = 0.3, F0 = N(0, 0.1) and G = C3(0, 1). The dotted
line is the corresponding SVM fit. The iteratively reweighted LS-SVM with (a) Huber
weights (full line) and Hampel weights (dash dotted line); (b) Logistic weights (full
line) and Myriad weights (dash dotted line).

simulation shows the best performance for the Myriad weight function. This is
to be expected since it was designed for such types of outliers.

5.2 Real Life Data Sets

The octane data [17] consist of NIR absorbance spectra over 226 wavelengths
ranging from 1102 to 1552 nm. For each of the 39 production gasoline samples
the octane number Y was measured. It is well known that the octane data
set contains six outliers to which alcohol was added. Table 4 shows the result
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Table 3. Performances in the three norms (difference between the estimated function
and the true underlying function) of the different weight functions used in iteratively
reweighted LS-SVM on the low order polynomial. The last column denotes the number
of iterations imax needed to satisfy the stopping criterion in Algorithm 1.

L1 L2 L∞ imax

Huber 0.06 0.005 0.12 7

Hampel 0.06 0.005 0.13 4

Logistic 0.06 0.005 0.11 11

Myriad 0.03 0.002 0.06 17

Table 4. Results on the Octane and Demographic data sets. For 200 simulations the
medians and mean absolute deviations (between brackets) of three norms are given
(on test data). imax denotes the number of iterations needed to satisfy the stopping
criterion in Algorithm 1. The best results are bold faced.

Octane Demographic

weights L1 L2 L∞ imax L1 L2 L∞ imax

Huber 0.19(0.03) 0.07(0.02) 0.51(0.10) 15 0.31(0.01) 0.14(0.02) 0.83(0.06) 8
IRLS Hampel 0.22(0.03) 0.07(0.03) 0.55(0.14) 2 0.33(0.01) 0.18(0.04) 0.97(0.02) 3
SVM Logistic 0.20(0.03) 0.06(0.02) 0.51(0.10) 18 0.30(0.02) 0.13(0.01) 0.80(0.07) 10

Myriad 0.20(0.03) 0.06(0.02) 0.50(0.09) 22 0.30(0.01) 0.13(0.01) 0.79(0.06) 12

WLS
0.22(0.03) 0.08(0.02) 0.60(0.15) 1 0.33(0.02) 0.15(0.01) 0.80(0.02) 1

SVM

SVM 0.28(0.03) 0.12(0.02) 0.56(0.13) - 0.37(0.02) 0.21(0.02) 0.90(0.06) -

(medians and mean absolute deviations) of a Monte Carlo simulation (200 times)
of the iteratively reweighted LS-SVM (IRLS-SVM), weighted LS-SVM (WLS-
SVM) and SVM in different norms on a randomly chosen test set of size 10. As
a next example consider the data about the demographical information on the
50 states of the USA in 1980. The data set provides information on 25 variables.
The goal is to determine the murder rate per 100,000 population. The result is
shown in Table 4 for randomly chosen test sets of size 15. The results of the
simulations show that by using reweighting schemes the performance can be
improved over weighted LS-SVM and SVM. To illustrate the trade-off between
the degree of robustness and speed of convergence, the number of iterations imax

are also given in Table 4. The stopping criterion was taken identically to the
one in Algorithm 1. The number of iterations, needed by each weight function,
confirms the results in Table 2.

6 Conclusion

In this paper we have compared four different type of weight functions and their
use in iterative reweighted LS-SVM. We have shown through simulations that
reweighting is useful when outliers are present in the data. By using an upper



Robustness of Kernel Based Regression 109

bound for the reduction of the influence function we have demonstrated the ex-
istence of a trade-off between speed of convergence and the degree of robustness.
The Myriad weight function is highly robust against (extreme) outliers but has
a slow speed of convergence. A good compromise between speed of convergence
and robustness can be achieved by using Logistic weights.
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