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Abstract. We study a well-known scalar quantity in differential geom-
etry, the Ricci scalar, in the context of Diffusion Tensor Imaging (DTI).
We explore the relation between the Ricci scalar and the two most popu-
lar scalar measures in DTI: Mean Diffusivity and Fractional Anisotropy.
We discuss results of computing the Ricci scalar on synthetic as well as
real DTI data.

1 Introduction

Diffusion Tensor Imaging (DTI) is a magnetic resonance imaging technique that
measures diffusion of water molecules in tissue in a non-invasive way [1,2,3]. It is
mostly used for the study of brain white matter. DTI is used in clinical research
e.g. for localization of brain tumors in relation to white matter tracts, assisting in
surgical planning and in the assessment of white matter maturation in children.
Information about the white matter architecture and integrity can be extracted
from the so-called diffusion tensor.

Different scalar measures (scalar quantities constructed from the diffusion
tensor) have been proposed in the literature, aiming to reveal information about
the underlying diffusion process and tissue structure. Scalar measures are also
studied to relate the state of white matter to different pathologies. The most
common ones are the mean diffusivity (MD) and fractional anisotropy (FA) [4].

Mean diffusivity can be interpreted as average diffusion per imaged voxel. In
general, MD is smaller in areas with organized tissue. This allows mean diffusivity
images to show main white matter tracts but no detailed structure. Fractional
anisotropy measures the anisotropy of the diffusion. Roughly speaking, there
is more diffusion along elongated structures than across them. High FA values
typically indicate the presence of such an elongated structure while low values
relate to isotropic diffusion and scarcity or absence of structures. However, low
FA values are also found in voxels with complicated fiber architecture such as
crossings [5]. Both MD and FA give relevant information about white matter
but have limitations as well. It is therefore also worth to study other scalar DTI
measures which could improve the clinical utility of DTI.
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In this paper we consider a well-known scalar quantity in differential geometry,
the Ricci scalar, in the context of DTI. The Ricci scalar has been used in 2D
image processing for curvature analysis [6]. The goal of this research is to evaluate
whether the Ricci scalar can provide additional information on white matter
structures w.r.t. the usual scalar measures. We found promising preliminary
results on simulated and phantom data showing high negative values of the
Ricci scalar at voxels with crossing structures.

2 Theory

In the DTI model diffusion is represented by the diffusion tensor D. This is a
symmetric, positive definite second-order tensor in dimension three constructed
from the DTI measurements. On the other hand, a metric tensor g (see, for exam-
ple, [7]) is a second-order symmetric positive definite tensor field on a manifold
which defines the inner product of two tangent vectors v, w as

〈v, w〉 = gijv
iwj (1)

The relation between a Riemannian metric and its inverse is1

gikgkj = δj
i (2)

The diffusion tensor can naturally be associated to (the inverse of) a Riemannian
metric tensor in dimension three [8]:

Dij = gij , i, j = 1, 2, 3 (3)

In this way large diffusion in a certain direction corresponds to a short distance
in the metric space. A number of authors have studied DTI in the Riemannian
framework [9,10,11,12].

Different scalar quantities can be constructed from contractions of the metric
and its curvature tensors. The simplest of those is the so-called Ricci scalar,
intrinsically related to the geometry of the metric space. The Ricci scalar is
given by (see, for example, [13]):

R = gijRij (4)

where Rij is the Ricci curvature tensor (see Appendix). Unlike the metric, the
Ricci tensor is not positive definite, allowing for both positive and negative values
of the Ricci scalar. This is a major difference with respect to the usual DTI scalar
measures, which are always positive. In fact, the Ricci scalar in dimension two
is twice the Gaussian curvature. For example, the Ricci scalar on a unit sphere
is a positive quantity: R = 2. On the other hand, on a saddle surface the Ricci
scalar is negative everywhere (except at the origin). In dimension three the Ricci
scalar does not completely characterize the curvature but represents instead the
average of the characterizing curvatures.
1 In this paper we use Einstein’s summation convention, aia

i =
∑

i aia
i.
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2.1 Ricci Scalar and Mean Diffusivity

The Ricci scalar is related to the mean diffusivity (MD):

MD =
1
3
(λ1 + λ2 + λ3) (5)

where the λ’s are the eigenvalues of the diffusion tensor. Indeed, we can write:

R = gijRij
(3)
= DijRij = D̃ijR̃ij = λ1R̃11 + λ2R̃22 + λ3R̃33 (6)

The last two equalities follow from the fact that R is a scalar quantity and thus
independent of the used coordinate system; we choose the coordinate system
in which the diffusion tensor is diagonal, and denote tensors in this coordinate
system with a tilde. Comparing (6) to (5) it is clear that we can think of the
Ricci scalar as a kind of curvature-weighted mean diffusivity.

2.2 Ricci Scalar and Fractional Anisotropy

The Ricci scalar is intrinsically different from the fractional anisotropy in the
following sense. A zero FA value indicates (perfect) isotropic diffusion (see Fig. 1
top left) while a non-zero value indicates anisotropy to some degree, i.e., the
presence of structures obstructing the diffusion process. On the other hand, a
zero Ricci scalar can indicate both isotropy or anisotropy (see Fig. 1 top left and
right). The same is true for a non-zero Ricci scalar (see Fig. 1 bottom left and
right).

More precisely, a homogeneous isotropic diffusion corresponds to the case
where

λ1 = λ2 = λ3 = λ (7)

In this case the fractional anisotropy

FA =
√

3√
2

√
(λ1 − MD)2 + (λ2 − MD)2 + (λ3 − MD)2

√
(λ1)2 + (λ2)2 + (λ3)2

(8)

is just zero. The Riemannian metric and inverse metric associated to the isotropic
diffusion tensor are Euclidean:

gij =
1
λ

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , gij = λ

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ (9)

The Riemann tensor of a Euclidean metric is zero. It is clear from equation (10)
that the Ricci tensor will also be zero, and so will be the Ricci scalar. In this
way we have shown that homogeneous isotropic diffusion implies a zero Ricci
scalar. However, this is not the only case where the Ricci scalar is zero. Another
situation in which this happens is when the diffusion tensor field is homogeneous
and anisotropic. Note that FA in this case would be different from zero.

We conclude that the Ricci scalar and fractional anisotropy certainly have a
different character. The zeros (non-zeros) of the Ricci scalar cannot be always
related to isotropic (anisotropic) diffusion as in the case of FA.
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Fig. 1. Top left: Homogeneous isotropic tensor field: R = FA = 0. Top right: Homo-
geneous anisotropic case: R = 0, FA �= 0. Bottom left: Inhomogeneous isotropic case:
R �= 0, FA = 0. Bottom right: Inhomogeneous anisotropic case: R �= 0, FA �= 0.

3 Experiments

In order to explore the geometric significance of the Ricci scalar, we have exper-
imented with simulated, phantom and real data.

Simulated Data

To get a quick insight in what the Ricci scalar can detect in a tensor field, we
refer to Fig. 2, where we have simulated a crossing of orthogonally oriented sets
of tensors, modeling homogeneous diffusion tensors corresponding to two fiber
bundles. The voxels where the Ricci scalar is non-zero are colored according to
its sign. In the crossing region of this tensor field, the Ricci scalar tends to be
large and negative. Since the Ricci scalar involves second order derivatives (see
Appendix), the minimum size of the region to be considered depends on the scale
of the Gaussian differential operator [14] [15] [16].

Phantom Data

We computed Ricci scalars on a real phantom data consisting of cylinder con-
taining a water solution, three sets of crossing synthetic fiber bundles and three
supporting pillars on the boundary. In Fig. 3 we see that in the region where
the fiber bundles cross Ricci scalars have relatively large negative values, despite
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Fig. 2. Left: A simulated crossing of tensors. Middle: Ricci scalars computed on the
tensor field, blue for negative- and red for positive values. Right: Voxels where the
absolute value of Ricci scalar is the highest.

Fig. 3. Top left: Mean diffusivity on a trans-axial slice of the cylinder. Top right:
A temperature map of Ricci scalars on the same slice. Blue indicates negative values.
Bottom left: Mean diffusivity on an axial slice containing crossing fiber bundles. Bottom
right: Ricci scalars on the same slice. Large negative values found in the crossing.

of the noisy nature of the DTI-data. This might be explained by the fact that
crossings can be related to saddle shaped structures [17], for which the Ricci
scalar has a negative value.
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Real Data

We have also experimented with real DTI data of a rat brain. We plotted the
Ricci scalars in a temperature map, to emphasize the differences in sign. We
identified positive (negative) outliers of the Ricci scalar data with maximum
(minimum) values of the rest of the data. The Ricci scalar gives information
about the variations in diffusion tensor orientations unlike FA, which will identify
tensors with similar anisotropy even though their orientation may differ. This
can be seen e.g. in the boxed region in Fig. 4, which is known to have complex
structure [18].

Fig. 4. Left: Ricci scalars on a slice of the rat brain DTI image. Middle: Fractional
anisotropy. Right: Mean diffusivity.

4 Discussion

The Ricci scalar on real DTI images show rough structures in a similar way to
FA and MD. The more complex curvature related information cannot be fully
appreciated with a 2D visualization, since both the Ricci scalar and DTI data
are intrinsically 3D. Work in progress includes the integration of the Ricci scalar
into a 3D DTI visualization toolkit, which can also render the so-called high
angular resolution diffusion images (HARDI) [19]. The simulated and phantom
data images show large negative values of the Ricci scalar at fiber crossings. The
theoretical explanation for this fact should be refined. Therefore, more work is
needed to investigate whether the Ricci scalar can be used in the detection of
fiber crossings in DTI data. If this indeed is the case, besides in fiber tracking
it would be helpful for voxel classification [20], where the regions with single
orientation could be identified as the regular DTI data (second order tensors),
and higher order models (e.g. fourth order tensors) could be used in regions
where inhomogeneous fiber population is anticipated. It could also be useful in
the so-called splitting tracking method in HARDI framework [21], by indicating
the potential bifurcation points of fiber bundles with large negative values.
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Appendix

The Ricci tensor is a symmetric second-order tensor given by:

Rij = Rk
ikj =

∂Γ k
ij

∂xk
− ∂Γ k

ik

∂xj
+ Γ k

klΓ
l
ij − Γ k

jlΓ
l
ik (10)

where Ri
jkl is the Riemann tensor and the Γ ’s are the Christoffel symbols:

Γ i
jk =

1
2
gil(∂kglj + ∂jglk − ∂lgjk) (11)


	A Riemannian Scalar Measure for Diffusion Tensor Images
	Introduction
	Theory
	Ricci Scalar and Mean Diffusivity
	Ricci Scalar and Fractional Anisotropy

	Experiments
	Discussion



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




