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Abstract. A new method of generation of digital fuzzy parametric conjunctions by
means of basic t-norms is proposed. Fuzzy conjunctions also referred to as con-
junctors and semicopulas. Digital fuzzy conjunctions are defined on the set of in-
teger membership values L={0,1,2,...,2"-1}, where m is a number of bits used in
presentation of membership values and I = 2"-1 denotes a maximal membership
value corresponding to 1 in traditional set of true values L= [0,1]. The proposed
method referred to as the monotone sum of fuzzy conjunctions generalizes the
method of ordinal sum of t-norms and gives possibility to construct a wide class of
digital fuzzy parametric conjunctions that have effective digital hardware imple-
mentation. The classes of simplest commutative digital fuzzy parametric conjunc-
tions obtained by this method are described. These classes of operations can con-
stitute a part of a library of basic blocks for generation of digital fuzzy systems.

Keywords: Digital fuzzy conjunction, conjunctor, semicopula, finite scale, t-
norm, commutativity.

1 Introduction

In construction of digital fuzzy systems it is convenient instead of traditional set
on membership values L=[0,1] to use the set of true values L= {0,1,2,...,I}, where
I=2"-1 and m is a number of bits used in presentation of membership values. Such
replacement of the set of true values on the one hand simplifies digital hardware
implementation of fuzzy logic operations. On the other hand digital representation
of true values preserves most of traditional definitions and properties of fuzzy
concepts.

For hardware implementation of digital systems it is important to have the ba-
sic blocks that can be used as “bricks” in construction of digital system [1]. As
such blocks in construction of digital fuzzy conjunctions in [2] they are used basic
t-norms and t-conorms together with the set of simple generators. These basic
functions have simple and effective digital hardware implementation because they
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use only simple operations such as comparison, minimum, maximum, bounded
sum and bounded difference.

In this paper we introduce a new method of generation of digital fuzzy para-
metric conjunctions referred to as a monotone sum of fuzzy conjunctions that gen-
erates fuzzy conjunctions by means of only basic t-norms (drastic, Lukasiewicz
and minimum t-norms) and one parameter p that can take values in the set of true
values L. This method generalizes the method of generation of t-norms by means
of ordinal sum of t-norms [3-6]. We describe all classes of commutative digital
fuzzy parametric conjunctions that can be obtained as monotone sum of basic t-
norms with one parameter. These classes of operations can constitute a part of a
library of simple basic blocks for generation of digital fuzzy systems.

The paper has the following structure. Section 2 contains basic definitions of
digital fuzzy conjunctions. Section 3 proposes a new method of generation of digi-
tal fuzzy parametric conjunctions referred to as the monotone sum of basic t-
norms. Section 4 describes classes of commutative digital fuzzy parametric con-
junctions that can be obtained as monotone sum of basic t-norms with parameter
p. Section 5 describes the classes of commutative digital fuzzy parametric con-
junctions obtained by monotone sum of basic t-norms when the value of parameter
p is used together with the value I - p in definition of partition of domain L L on
sections. In Conclusion we discuss obtained results and future directions of re-
search.

2 Basic Definitions

Suppose m bits are used in digital representation of membership values L=
{0,1,2,..., 2"-1} with maximal value T = 2"-1. This value will represent the full
membership corresponding to the value 1 in traditional set of membership values
[0,1]. For example, for m = 4 we have I = 15. Most of definitions of fuzzy opera-
tions have straightforward extension on digital case by replacing the set of mem-
bership values [0,1] by L={0,1,2,..., 2"-1} and maximal membership value 1 by 1.

Fuzzy conjunction operation is a function 7:L L — L satisfying on L condi-
tions:

T(x,1) = x, T(Ly) =y, (boundary conditions)

T(x,y) <T(u,v), if x<uy<v (monotonicity)

Fuzzy conjunctions have been studied in [7, 8]. Such functions are also referred

to as conjunctors [6] or semicopulas [9]. Note that from the properties of fuzzy

conjunctions it follows:

T(x,0) = 0, T(0,y) = 0.
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T-norms are fuzzy conjunctions satisfying on L commutativity and associativity
conditions [3]:

T(x,y)=T(y,x), (commutativity)
T(xT(y.z) = T(T(x,y).2). (associativity)

Associativity property of fuzzy conjunctions usually does not used in applied
fuzzy systems. For this reason we do not require associativity from digital fuzzy
conjunctions. Note also that most of known associative parametric t-norms are
sufficiently complicated for digital hardware implementation and we consider here
the methods of generation of simple digital fuzzy parametric conjunctions. Com-
mutativity of fuzzy conjunctions can be useful in some applications of fuzzy sys-
tems so we will describe further the classes of such operations obtained by pro-
posed methods.

Below are basic -norms [3] that will be used further in generation of digital
fuzzy parametric conjunctions:

Tu(x,y) = min{x,y}, (minimum)
Ti(x,y)= max{x+y -1, 0}, (Lukasiewicz t-norm)
X, ify=1
Tp(x,y)=1 », ifx=1 . (drastic product)
0, if x,y<I

Lukasiewicz t-norm is also known as a bounded product [10]. The definition of
these t-norms uses only simple operations like comparison, minimum, maximum,
bounded sum and bounded difference, for this reason these t-norms have efficient
digital hardware implementation [11].

It can be shown that any fuzzy conjunction 7 satisfies the following inequali-
ties:

Tp(x,y) <T(x,y) <Tu(x,y). ey

We will say that Ty} <T, if Ty(x,y) <T,(x,y) for all x,y from L. For example,
we have:

Tp <T, <Tw. 2)

An example of parametric t-norm having efficient digital hardware implemen-
tation is the Mayor-Torrens t-norm [3] depending on parameter p €L:

max(x+y_p90)s lfp>09 xspaygp
T(X,J’)={ : 3)

min(x, y), otherwise
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Another example of parametric fuzzy conjunction having efficient hardware
implementation gives the following fuzzy conjunction introduced in [8] and de-
pending on two parameters p,q €L:

min(x,y), if p<xorgsy
0, otherwise ’

T(x,y)= { 4

This conjunction will be a t-norm when p = ¢. Both parametric t-norm and
fuzzy conjunction considered above are obtained by using suitable generator func-
tion in some way. The methods of generation of digital fuzzy parametric conjunc-
tions by means of basic t-norms, t-conorms and simple generators are considered
in [2]. In the following section we propose new method of generation of digital
fuzzy parametric conjunctions without generator functions by means of basic t-
norms and one parameter p.

3  Monotone Sum of Digital Fuzzy Conjunctions

A set X containing one number or a sequence of consecutive numbers from L is
called an interval in L. Let J = {1,...,n}, 1< n < I+1, be a set of indexes and
(Xj)jes, 1s a partition of L on pairwise disjoint intervals such that from i < j it fol-
lows x <y for all xeX; and yeX,. Denote D;=X; X;. Suppose Q is some set of in-
dexes and (T,, <) ,0 is a partially ordered set of fuzzy conjunctions. Assign to
each D; some Tj; = T, from this set such that

Tij(xy) < Ty(uyv) if i<s j<tandx<uy=<v, xyeDjuveD, (5)

ijp

Define a function T on L L by T(x,y) = Ty(x,y) if (x,y)eD;;, i,jeJ. Then T is
called the monotone sum of (D;;,T};);j; or monotone sum of fuzzy conjunctions T,
ijel.

ip

Theorem 1. A monotone sum of fuzzy conjunctions is a fuzzy conjunction.

Proof. Since all fuzzy conjunctions used in construction of 7 stisfy boundary
conditions T(x,1)=x, T(l,y) =1 then a resulting function 7 also will satisfy these
conditions. Monotonicity of 7 follows from definition (5).

Note that the monotone sum of fuzzy conjunctions can be considered as a gen-
eralization of the ordinal sum of t-norms [3-6]. The ordinal sum can be obtained
from monotone sum by suitable selection of diagonal sections (D;;, T;;);c; When Ty,
is used in other sections.

Two conjunctions 7T}; and T, satisfying condition (5) in the definition of mono-
tone sum may be not related to each other by ordering relation < on all domain
L L. If in the definition above we will replace condition (5) by the more simple
condition:

T,<Ty if i<s and j <t (6)
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then due to monotonicity of fuzzy conjunctions from (6) it will follow (5). The
function 7 defined by (6) will be referred to as simple monotone sum of
(Dij) Tij)i,j el-

Corollary 2. A simple monotone sum of fuzzy conjunctions is a fuzzy conjunc-
tion.

Based on Theorem 1 we will consider two methods of construction of mono-
tone sum of fuzzy conjunctions using one parameter p €L. Fig. 1 illustrates the
methods of partition of L on intervals X; and partition of L L on corresponding
sections D;=X; X;. In the first method we define the partition of L as follows (see
Fig. 1, on the left): X; = [0,p], Xo= [p+1,I], pe{0,1,..., 2™-2}. In the second
method partitions are defined as follows (see Fig. 1, on the right): X; = [0,p], X, =
[p+1,I-p], X5=[I-p+LI], pe{0, 1,..., 2™1_1}. In the second method we have p <
I-p and for m= 4, I= 15, p can take values 0,1,...,7. The first method will be re-
ferred to as (p)-monotone sum and the second method as (p,I-p)-monotone sum.

4  (p)-Monotone Sum of Digital Fuzzy Conjunctions

(p)-monotone sum of fuzzy conjunctions can be defined as follows. Select a set of
fuZZy Conjunctions {T]], Tz], T12, T22} ordered as follows: T]] < TIZ < Tzz, T]] <
T, < T». Define fuzzy conjunction T as follows (see also Fig. 1, on the left):

Ni(x,y), if x<p, y<p
T(x.y)= D), if x>p, ysp 7
’ Tio(x,»), if x<p, y>p

Ty (x,y), if x>p, y>p

Fig. 1. Partition of L L on sections D;=X; X; defined by parameter values: 1) p (on the left); 2)
p and I-p (on the right)

Consider all nontrivial fuzzy commutative conjunctions that can be obtained by
this method by means of basic t-norms 7p, 7;, T). Remember that these t-norms
are ordered as follows: Tp < T, < T). To obtain commutative conjunction it
should be T5; = Ty,. Fig. 2 depicts all commutative digital fuzzy parametric con-
junctions obtained by considered method. On the left there are shown assignments
of basic t-norms to sections D;. On the right there are shown the shapes of
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obtained digital fuzzy parametric conjunctions for parameter value p= 9. Here we
use four bits for digital representation of conjunctions: m= 4, and I= 15. Each of
obtained fuzzy conjunctions coded by the name depending on the list of t-norms
used in its definition: (T, T5;, T12, T53). For example, conjunction Tp;7y, is defined
by the sequence of t-norms (Tp, T;, T;, Ty). It can be seen that some of obtained
fuzzy conjunctions will be t-norms, for example conjunctions Tpppy and Ty
are t-norms (see [3] and (4) above). An example of non-commutative digital fuzzy
conjunction is depicted in Fig. 3.

p=9g Tname= DDDOL p=9g Tname= DDDMW

N |
N

NTL T
S

P-4
15
ST ™
O~ |
~
5o ham
~,

T ™
S\

Fig. 2. Simplest commutative digital fuzzy parametric conjunctions obtained by (p)-monotone
sum of basic t-norms: TD - drastic, TL - Lukasiewicz and TM — minimum t-norms

Note that both commutative and non-commutative digital fuzzy parametric
conjunctions obtained from basic t-norms by means of (7) have very simple digital
hardware implementation. We need to have blocks implementing basic t-norms
and we need to have selector that will compare values of x and y with the value of
parameter p and select corresponding t-norm given in the sequence (7, 151, Tio,

T22) .
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Fu@ Tname= DMLM

Fig. 3. Example of non-commutative digital fuzzy parametric conjunction

5  (p,I-p)-Monotone Sum of Digital Fuzzy Conjunctions

(p,I-p)-monotone sum of fuzzy conjunctions can be defined as follows (see Fig. 1
on the right). Select a set of fuzzy conjunctions {7, T2, Ts1, T1o T, T3, T13, Tn3

P=gIF=0 Tname=DDDDDLDLL P=6IP=0 Tname=DDDDDLDLM
15 15
N =
TD\ Tl TL \Tg TL| ™ 15
10 1P 1o I-F 10
e TD [Tof TL e D [TR| TL 5
5 - 5 N 0
To |To| D ™ |To| WO 15
~ : A i 15
0 PP 5 5 0 PP g5 ™ -
0 5 10 15 v oo % 0 5 10 15 v oo %
P=gIF=0 Tname= DDDDDMDMM P=6IP=0 Tname=DDLDDLLLM
15 15
N =
Tli TW|[  TM \Tli M| T
e e
e TD [T M e o [TR| Tw
5 - 5 N
To |To| D ™ |To| W
0 Flip ™ 0 Flp
0 5 16 0 5 6
P=6IP=0 F=61P=0
15 15
N =
Tli TL| TM \TQ M| T
e e
p TD T e TD ™
5 - 5 N
To |To| D ™ |To| w0
0 P lie ™ 5 0 Pl ™
0 5 10 15 v oo % 0 5 10 15
P=gI1FP=0 Tname= DDLDLMLMM P=5IP=9
15 15
N =
TL\ TW|[  TM \T@ M| T
e Wip
p TD ™ e TO [Ty Tm
5 - 5 N
To |To| T ™ |To| WM™
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0 5 15 0 5 15

Fig. 4. Non-trivial commutative digital fuzzy parametric conjunctions obtained by (p,I-p)-
monotone sum
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Fig. 5. Commutative digital fuzzy parametric conjunctions obtained by (p,I-p)-monotone sum
that can be reduced to conjunctions obtained by (p)-monotone sum
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Fig. 6. Commutative digital fuzzy parametric conjunctions obtained by (p,I-p)-monotone sum
that can be reduced to conjunctions obtained by (p)-monotone sum
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Ts3} ordered as follows: T; < T, if i < s orj < t. Define fuzzy conjunction T as
follows:

Ni(xy), if x<p, y<p
Dy(x,y), if p<x<I-p, y<p
Iy(x,y), if x>I1-p, y<p
Nip(x,y), if x<p, p<ys<Il-p
T(x,y)=1T2(x,y), if p<x<I-p, p<y<l-p
T3(x,y), if x>I-p, p<ys<l-p
N3(x,p), iff x<p, y>p
3(x,»), if p<x<I-p, y>p
B33(x,y), if x>p, y>p

Consider all nontrivial fuzzy commutative conjunctions that can be obtained by
this method by means of basic t-norms Tp, T;, Ty. To obtain commutative con-
junction it should be 75, = T),, T3; = T3 and Ts,= T»s. Fig. 4 depicts all non-trivial
commutative digital fuzzy parametric conjunctions obtained by this method. Note
that because the maximal value of p in this method is less than the value of I-p, the
values of both 7, and T}, equal 0 in sections Dy, D,; and Dy,. For this reason any
two conjunctions coinciding in all other sections and containing in sections Dy,
D, and Dy, only t-norms T and 7}, will be equal.

Other commutative conjunctions that can be obtained by (p,I-p)-monotone sum
of basic t-norms can be reduced to some of conjunctions obtained by (p)-
monotone sum of basic t-norms. These conjunctions are presented in Figs. 5, 6.
For example, conjunctions DDDDDDDDL and DDDDLLDLL obtained by (p,I-p)-
monotone sum and shown on the top of Fig. 5 are partial cases of conjunction
DDDL obtained by (p)-monotone sum and shown on the top of Fig. 2. Remember
that in the first two conjunctions parameter p is changing only till the mean of the
scale L but in the last case this parameter can take any value from L less than I.

Conclusions

Digital fuzzy conjunctions considered in this work are related with conjunctors [6]
and semicopulas [9] defined on the set L= [0,1], with t-norms defined on finite or-
dinal scales [12,13] and with 7T-seminorms on partially ordered sets [14]. It gives
possibility to extend many results obtained for these operations on digital fuzzy
conjunctions and vice versa. For example, the method of generation of fuzzy con-
junctions by monotone sums introduced in this work can be directly applied to
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conjunctors and semicopulas. As it was mentioned above the method of generation
of fuzzy conjunctions by monotone sum of fuzzy conjunctions generalizes the
method of ordinal sum used for generation of t-norms [3, 5]. It would be interest-
ing to study more carefully relationships between the method of monotone sum
used here for generation of fuzzy conjunctions and existing methods of generation
of t-norms, e.g. ordinal sums of t-norms.

Acknowledgments. The research work was partially supported by IMP project D.00507, Bilat-
eral CONACYT-NKTH project No. 10110/127/08 Mod. Ord. 38/08, by ICyTDF funding, award
No. PICCT08-22, and by matching funding by IPN, award No. SIP/DF/2007/143.

References

(1]
(2]

(3]

(4]
(5]

(6]
(7]

(8]

(91

(10]

(11]

Tocci, RJ., Widmer, N.S., Moss, G.L.: Digital Systems: Principles and Applications,
9th edn. Prentice-Hall, Englewood Cliffs (2003)

Rudas, L.J., Batyrshin, [.Z., Herndndez Zavala, A., Camacho Nieto, O., Villa Vargas,
L.: Digital Fuzzy Parametric Conjunctions for Hardware Implementation of Fuzzy
Systems. In: Rudas, I.J. (ed.) Towards Intelligent Engineering and Information Tech-
nology. SCI, vol. 243. Springer, Heidelberg (2009)

Klement, E.P., Mesiar, R., Pap, E.: Triangular Norms. Kluwer Academic Publishers,
Dordrecht (2000)

Birkhoff, G.: Lattice Theory. American Mathematical Society, Providence (1973)
Saminger, S., Klement, E.P., Mesiar, R.: A Note on Ordinal Sums of t-Norms on
Bounded Lattices. EUSFLAT — LFA, pp. 385-388 (2005)

Saminger, S., De Meyer, H.: On the Dominance Relation between Ordinal Sums of
Conjunctors. Kybernetika 42, 337-350 (2006)

Batyrshin, 1., Kaynak, O., Rudas, I.: Generalized Conjunction and Disjunction Opera-
tions for Fuzzy Control. In: Proc. 6th European Congress on Intelligent Techniques
& Soft Computing, EUFIT 1998, Aachen, Germany, vol. 1, pp. 52-57 (1998)
Batyrshin, I., Kaynak, O.: Parametric Classes of Generalized Conjunction and Dis-
junction Operations for Fuzzy Modeling. IEEE Transactions on Fuzzy Systems 7,
586-596 (1999)

Durante, F., Quesada—Molina, J.J., Sempi, C.: Semicopulas: Characterizations and
Applicability. Kybernetika 42, 287-302 (2006)

Jang, J.-S.R., Sun, C.T., Mizutani, E.: Neuro-Fuzzy and Soft Computing. A Compu-
tational Approach to Learning and Machine Intelligence. Prentice-Hall International,
Englewood Cliffs (1997)

Batyrshin, I., Herndndez Zavala, A., Camacho Nieto, O., Villa Vargas, L.: General-
ized Fuzzy Operations for Digital Hardware Implementation. In: Gelbukh, A., Kuri
Morales, A.F. (eds.) MICAI 2007. LNCS (LNAI), vol. 4827, pp. 9-18. Springer,
Heidelberg (2007)



On Generation of Digital Fuzzy Parametric Conjunctions 89

[12] De Baets, B., Fodor, J., Ruiz-Aguilera, D., Torrens, J.: Idempotent Uninorms on Fi-
nite Ordinal Scales. Internatioal Journal of Uncertainty, Fuzzyness and Knowledge-
based Systems 17, 1-14 (2009)

[13] Batyrshin, I.Z., Batyrshin, L.I.: Negations, Strict Monotonic t-Norms and t-Conorms
for Finite Ordinal Scales. In: 10th Int. Conf. Fuzzy Theory Technology. 8th Joint
Conf. on Inform. Sciences, JCIS. Salt Lake City, USA, pp. 50-53 (2005)

[14] De Cooman, G., Kerre, E.E.: Order Norms on Bounded Partially Ordered Sets. J.
Fuzzy Math. 2, 281-310 (1994)



	On Generation of Digital Fuzzy Parametric Conjunctions
	Introduction
	Basic Definitions
	Monotone Sum of Digital Fuzzy Conjunctions
	$(p)$-Monotone Sum of Digital Fuzzy Conjunctions
	(p,I-p)-Monotone Sum of Digital Fuzzy Conjunctions
	Conclusions
	References


