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Abstract. This paper investigates some geodesic implementations that
have appeared in the literature and that lead to connected operators.
The focus is on two so-called self-dual geodesic transformations. Some
fundamental aspects of these transformations are analyzed, such as
whether they are actually levelings, and whether they can treat each
grain or pore independently from the rest (connected-component
locality). As will be shown, one of the geodesic self-dual reconstructions
studied appears to be not a leveling. Nevertheless, it possesses
a distinctive characteristic: it can process grains and pores in a
connected-component local manner. The analysis is performed in the
set or binary framework, although results and conclusions extend to
(flat) gray-level operators.
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1 Introduction

Levelings are a class of operators that are connected and that satisfy certain
constraints. In the set or binary framework, levelings are called set or binary
levelings. The analysis of this paper is performed in the set or binary frame-
work, although results and conclusions extend to (flat) gray-level operators that
commute with thresholding.

Geodesic transformations are a usual way to implement levelings. This paper
investigates two so-called self-dual geodesic operations presented in the litera-
ture. In the analysis, the sequence of performing an under-reconstruction fol-
lowed by an over-reconstruction (and vice-versa) is also considered.

In particular, this work investigates the following fundamental properties of
them: (a) their leveling nature (i.e., if they are levelings), and (b) whether they
treat each grain or pore independently from the rest (whether they are connected-
component local). A significant finding, as will be shown, is that one self-dual
geodesic reconstruction would not be a leveling. This fact does not necessarily
implies that it is not useful; it has a distinctive characteristic that can make it
interesting in certain applications. Researchers and users of geodesic reconstruc-
tions should know the properties of them.
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The paper is organized as follows. Section 2 provides some background, in-
cluding some definitions of concepts related to connected operators and levelings.
The two self-dual reconstructions (as well as the elementary geodesic transforma-
tions they are based on) are described in Section 3, and are analyzed in Section 4.
Then, Section 5 concludes the paper.

2 Background

2.1 Basic Definitions

Some general references in the field of Mathematical Morphology are the follow-
ing [1][2][3][4][5][6][7].

In the theoretical expressions in this paper, we will be working on the lattice
P(E), where E is a given set of points (the space) and P(E) denotes the set
of all subsets of E (i.e., P(E) = {A : A ⊆ E}). Nevertheless, results can be
extended to gray-level functions by means of the so called flat operators [2][6].

In this work we will deal later with the duality concept, which has a precise
definition in Mathematical Morphology. Two morphological operators ψ1 and
ψ2 are dual of each other if ψ1 = �ψ2�, where � symbolizes the complement
operator. As a particular case, a morphological operator ψ is said to be self-dual
if ψ = �ψ�.

Connected operators do not introduce discontinuities and extend partitions in
the sense that the partition of the output is coarser that that of the input [8] [9].
For binary images (or sets), they treat the connected components of the input
and its complement in an all or nothing way. The operator that extracts the
connected-component a point x belongs to is the opening γx [3]. In this work,
the space connectivity is assumed to be a strong connectivity [10][11], which
avoids the existence of isolated grains and pores. More particularly, connected
subsets of Z

2 with four- or eight-connectivity are used as the space E of points in
this paper. Connected operations can be considered as graph operations. Image
representations based on inclusion trees can be useful [12].

The following two sections define two constraints that are particularly useful
for studying the connected operator class: connected-component (c.c.) locality
and adjacency stability.

2.2 Connected-Component Locality

Definition 1. [13][14][15] Let E be a space endowed with γx, x ∈ E. An op-
erator ψ : P(E) −→ P(E) is said to be connected-component local (or
c.c.-local) if and only if, ∀A ∈ P(E):

– ψ preserves (or, respectively, removes) a non-empty grain G of A in operation
ψ(A) if and only if ψ preserves (respectively, removes) grain G in operation
ψ(G).

– ψ preserves (or, respectively, fills) a non-empty pore P of A in operation
ψ(A) if and only if ψ preserves (respectively, fills) pore P in operation
ψ(E \ P ).
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Where “\” denotes the set subtraction operation. (Note that connected operators
just preserve or remove grains, and preserve or fill pores.)

Thus, a c.c.-local connected operator is one that (1) fills grains and/or remove
pores, and (2) treats each grain or pore independently from the rest of grains and
pores. The connected-component local operator concept was also later discussed
in [11], where the term “grain-operator” is used.

2.3 Adjacency Stability

The adjacency stability constraint restrains in some way the behavior of adja-
cent flat zones, in particular the switch from grain to pore and vice-versa. The
adjacency stability concept was introduced in [13][14], and was further studied
in [15]. A related concept and formulation are discussed in [11].

Definition 2. Let E be a space endowed with γx, x ∈ E. An operator ψ :
P(E) −→ P(E) is adjacency stable if, for all x ∈ E:

γx(id
∨
ψ) = γx

∨
γxψ. (1)

Property 1. Extensive and anti-extensive mappings are adjacency stable.

The next property states the composition laws of adjacency stable connected
operators, and, conjointly with Property 1, provides a way to build operators of
this class.

Property 2. The class of adjacency stable connected operators is closed under
the sup, the inf and the sequential composition operations.

2.4 Levelings

Definition 3. An image g is a leveling of an input image f if and only if:

∀ (p, q) neighboring pixels : gp > gq ⇒ fp ≥ gp and gq ≥ fq (2)

The previous definition of leveling is that in [16, Definition 4, p. 193]
[17, Definition 2.2, p. 4]. A more general definition is introduced in [18,
Definition 10, p. 62].

Set levelings are those defined in the set or binary framework. As discussed in
[19], the leveling concept is equivalent to the adjacency stability connected op-
erator concept that was presented in [13][14][15], which therefore constitute the
origin of the leveling concept in the set or binary framework. Composition laws
of set levelings (which are extended to and satisfied by flat gray-level levelings
as well) can be found in [13][14][15] (see Property 1 and Property 2). Regard-
ing some clarifications about whether levelings satisfy the strong property, see
[19][20]. Levelings are useful operators for image filtering that simplify an im-
age while imposing input-output restrictions, and that can be computed using
compositions of morphological connected operators (from Properties 1 and 2).

Other works about levelings are [21][22][23][24].
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3 Geodesic Reconstructions: Definitions and Formulae

The geodesic reconstructions that will be investigated in this work are defined in
the following. This work will focus specially on the Rν and Rν′ self-dual geodesic
reconstructions.

– Reconstruction Rν

The Rν self-dual reconstruction is based on the elementary self-dual
geodesic operator ν. (Note: the description follows the presentation in [6,
Section 6.1.3], although the notation varies in minor details.)

[νg
(1)(f)](x) =

{
(δg

(1)(f))(x), if f(x) ≤ g(x)
(εg

(1)(f))(x), otherwise (3)

where δg
(1)(f) = δ1(f)∧g, and εg

(1)(f) = ε1(f)∨g. The mask image is denoted
by g, and the marker image is symbolized by f .

The νg
(1)(f) operator can be equivalently expressed [6] as ε1(f) ∨ δg

(1)(f)
or δ1(f)∧ εg

(1)(f) (which would follow from leveling expressions presented in
[16][25]).

The corresponding transformation of size n is νg
(n)(f) = νg

(1)(ν
g
(n−1)(f)).

Reconstruction Rν denotes the iteration of ν until idempotence:

Rν(g; f) = νg
(i)(f) (4)

where i is such that νg
(i+1)(f) = νg

(i)(f).
– Reconstruction Rν′

In [6, Section 6.1.3], the next self-dual transformation variant is also pre-
sented:

[ν′g(1)(f)](x) =

{
(δg

(1)(f ∧ g))(x), if f(x) ≤ g(x)
(εg

(1)(f ∨ g))(x), otherwise (5)

ν′g(n)(f) = ν′g(1)(ν
′g
(n−1)(f)), and the reconstruction based on ν′g(1) until idem-

potence is:

Rν′(g; f) = ν′g(i)(f) (6)

where i is such that ν′g(i+1)(f) = ν′g(i)(f).
– Under-reconstruction R and over-reconstruction R

Let R(g; f) denote the normal under-reconstruction or reconstruction by di-
lation (i.e., the iteration of δg

(1)(f) until idempotence), where f ≤ g. Let
R(g; f) symbolize the normal over-reconstruction or reconstruction by ero-
sion (i.e., the iteration of εg

(1)(f) until idempotence), where f ≥ g.
In the work of the paper, we will also consider the sequential compositions

of R and R (i.e., R ◦R and R◦R) to complete the analysis and comparisons.
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(a) Case study 1 (a) Case study 2

Fig. 1. Case studies. Input functions (continuous line) and marker functions (dotted
line) used in the analysis. Note: the space of points is discrete.

4 Analysis of Geodesic Reconstructions Rν and Rν′

In this section, we will analyze the geodesic reconstructions defined in the pre-
vious section on two different cases: one that can be referred to as “normal or
non-problematic”, and another one that has some adjacency issues. The two
cases are displayed in Fig. 1, where the input functions are displayed as contin-
uous lines, and the marker function as dotted lines:

4.1 On the Leveling Nature

We will first use a simple example of the application of the geodesic reconstruc-
tions defined in Section 3 to a 1-D gray-level function and an associated marker,
as displayed in Fig. 2. In fact, we will perform a thresholding operation to oper-
ate on a section to better illustrate the behaviors of the geodesic reconstructions
regarding adjacency matters.

We can observe that all geodesic reconstructions considered compute the same
result in the example of Fig. 2 at each level. In the case at the left of Fig. 2, a
grain is marked and reconstructed (see Fig. 2(d.1)-(g.1)); in the right part, that
same grain is removed (see Fig. 2(d.2)-(g.2)). No differences are observed.

We apply next the geodesic reconstructions considered in this paper to a case
that shows some adjacency issues in Fig. 3. Two levels are considered: the first
one, at the left part of Fig. 3, does not present any problem and all geodesic
reconstructions compute the same result. However, the level at the right part of
the figure poses some adjacency issues, and, as can be observed in Fig. 3(d.2)-
(g.2), not all geodesic reconstructions considered behave the same.

In fact, the result shown in Fig. 3(c.2) computed by Rν′ shows the behavior that
is in fact excluded by the leveling nature: a grain has been removed and an adjacent
pore has been filled. The adjacency stability equation (1) (or expression (2)) is not
satisfied. Thus, based on expression (5) by itself1, the Rν′ reconstruction is

1 We mean without imposing restrictions on the marker. As a matter of fact, in relation
to this issue, it can be mentioned that the marker-based formulation (which does not
get into the details of concrete geodesic implementations) of a set leveling in [22] poses
some constraints on the marker (more exactly, on the markers, since it considers two)
to take into account the adjacency constraints derived from the adjacency stability
equation (1) (or expression (2)).
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(a.1) Gray-level input function G
(continuous line) and gray-level
marker function F (dotted line)

(b.1) Binary input function g
(G thresholded)

(c.1) Binary marker function f
(F thresholded)

(d.1) Rν(g; f)

(e.1) Rν′(g; f)

(f.1) R(R(g; f ∧ g); f ∨ g)

(g.1) R(R(g; f ∨ g); f ∧ g)

(a.2) Gray-level input function G
(continuous line) and gray-level
marker function F (dotted line)

(b.2) Binary input function g (G
thresholded)

(c.2) Binary marker function f (F
thresholded)

(d.2) Rν(g; f)

(e.2) Rν′(g; f)

(f.2) R(R(g; f ∧ g); f ∨ g)

(g.2) R(R(g; f ∨ g); f ∧ g)

Fig. 2. Geodesic reconstructions for case study 1 at two levels. Part (a) shows the
input gray-level function G (continuous line) and marker F (dotted line), along with the
thresholding level (horizontal discontinuous line) used for parts (b) and (c), which show,
respectively, the binary input function g and marker f employed for the reconstructions
displayed in parts (d) and (e). Note: the left and right parts of the figure refer to
different thresholding levels; the space of points is discrete.

not generally a leveling. The previous statement can depend on the particular
space: it could be the case that a certain self-dual grain removing and pore filling
operation is not a leveling in a certain space but it is in a subset or a superset of
it (see further discussion about some of these aspects in [15]).

The other reconstructions considered, Rν(g; f), R(R(g; f ∧ g); f ∨ g) and
R(R(g; f∨g); f∧g) do not show those adjacency issues. Nevertheless, in the situ-
ation at the right of Fig. 3 R(R(g; f∧g); f∨g) is not equal to R(R(g; f∨g); f∧g)
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(a.1) Gray-level input function G
(continuous line) and gray-level
marker function F (dotted line)

(b.1) Binary input function g (G
thresholded)

(c.1) Binary marker function f (F
thresholded)

(d.1) Rν(g; f)

(e.1) Rν′(g; f)

(f.1) R(R(g; f ∧ g); f ∨ g)

(g.1) R(R(g; f ∨ g); f ∧ g)

(a.2) Gray-level input function G
(continuous line) and gray-level
marker function F (dotted line)

(b.2) Binary input function g (G
thresholded)

(c.2) Binary marker function f (F
thresholded)

(d.2) Rν(g; f)

(e.2) Rν′(g; f)

(f.2) R(R(g; f ∧ g); f ∨ g)

(g.2) R(R(g; f ∨ g); f ∧ g)

Fig. 3. Geodesic reconstructions for case study 2 at two levels. Part (a) shows the
input gray-level function G (continuous line) and marker F (dotted line), along with the
thresholding level (horizontal discontinuous line) used for parts (b) and (c), which show,
respectively, the binary input function g and marker f employed for the reconstructions
displayed in parts (d) and (e). Note: the left and right parts of the figure refer to
different thresholding levels; the space of points is discrete.

(see Fig. 3(f.2) and Fig. 3(g.2)), and they should generally be avoided if self-dual
processing is desired.

4.2 On Connected-Component Locality

A complete study of the c.c.-locality of a marker-based connected operator imple-
mented using reconstruction transformations (self-dual or not) would obviously
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(a) Binary input function g

(b) Binary marker function f

(c) Rν′(g; f)

(d) Marker f ′ computed on (c)

(e) Rν′(Rν′(g; f); f ′)

Fig. 4. Iteration of Rν′ . Note that part (c) is different from part (e) (i.e., Rν′(g; f) �=
Rν′(Rν′(g; f); f ′)).

need to take into account the marker computation. In the following, to simplify
the treatment, we will focus on the reconstruction transformations themselves
(expressions (3) and (5)), except when a second sequential application is com-
mented where the marker computation stage is also considered.

By examining the behaviors of the Rν and Rν′ self-dual reconstructions in
the example of the right part of Fig. 3, we can see that the treatment of a
grain (or respectively, a pore) in Fig. 3(d.2) has been influenced by an adjacent
pore (respectively, a grain). Thus, reconstruction Rν is not c.c.-local. Note that
the geodesic operations themselves of Rν make it non c.c.-local (even when the
marker is c.c.-local).

Regarding the alternative reconstruction Rν′ , those issues do not arise: a grain
that has not been marked would be removed by Rν′ disregarding what happens
at the adjacent pores. Analogously for pores. Thus, Rν′ can be used as a
basis for c.c.-local connected processing.

We will briefly comment that the switching of adjacent grains and pores that
happens in non levelings (such as Rν′) is normally linked to non-idempotent
behavior when c.c.-local processing is desired. This is illustrated in Fig. 4, where
two iterations of Rν′ are applied to the input image Fig. 4(a) using Fig. 4(b)
as marker, where three grains of Fig. 4(a) are signaled to be removed and two
pores are signaled to be filled. Let us assume that the marker criterion is c.c.-
local. Fig. 4(c) displays Rν′(g; f). If we apply the previous operation again, the
marker computed on Fig. 4(c) is Fig. 4(d). We can see that Rν′(Rν′(g; f); f ′)
(Fig. 4(e)) is different from Rν′(g; f) (Fig. 4(c)), in other words, Rν′ does not
show idempotence. As was the case when considering the leveling nature, this
can depend on the particular space.

5 Conclusion

This paper has investigated some fundamental issues that exist with geodesic re-
constructions, and, particularly, the emphasis of the analysis has been on a pair
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of self-dual reconstructions that have appeared in the literature. It is impor-
tant that researchers and users of geodesic reconstructions know the distinctive
properties and characteristics of them.

The focus of the analysis has been on: (a) whether the geodesic transforma-
tions are levelings; and (b) whether they can be used for building connected-
component local operators.

As has been found out, one of them is not generally a leveling. This opera-
tor possesses a characteristic that makes it interesting for certain situations, as
discussed in the paper: it can be used as basis for processing grains and pores
independently from the rest of grains and pores, i.e., for building connected-
component local connected operators.
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