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Abstract. Constrained connectivity relations partition the image defi-
nition domain into maximal connected components complying to a series
of input constraints such as local and global intensity variation thresh-
olds. However, they lead to a stream of small transition regions in sit-
uations where the edge between two large homogeneous regions spans
over several pixels (ramp discontinuity). In this paper, we analyse this
behaviour and propose new definitions for the notions of transition pixels
and regions. We then show that they provide a suitable basis for sup-
pressing connected components originating from non ideal step edges.

1 Introduction

Owing to the natural one-to-one correspondence between the partitions of a set
and the equivalence relations on it [1, p. 130] and given that connectivity relations
are equivalence relations, image segmentation [2] based on logical predicates de-
fined in terms of connectivity relations naturally leads to uniquely defined image
partitions1. For example, the trivial connectivity relation stating that two pixels
are connected if and only if they can be joined by an iso-intensity path breaks
digital images into segments of uniform grey scale [4]. They are called plateaus
in fuzzy digital topology [5] and flat zones in mathematical morphology [6]. In
most cases, the equality of grey scale is a too strong homogeneity criterion so
that it produces too many segments. Consequently, the resulting partition is
too fine. A weaker connectivity relation consists in stating that two pixels of a
grey tone image are connected if there exists a path of pixels linking them and
such that the grey level difference along adjacent pixels of the path does not ex-
ceed a given threshold value. In this paper, we call this threshold value the local
range parameter and denote it by α. Accordingly, we call the resulting connected
components the α-connected components. This idea was introduced in image
processing by Nagao, Matsuyama, and Ikeda in the late seventies [7] but was al-
ready known before in classification as the single linkage clustering method [8].
1 Partial partitions relying on partial equivalence relations (i.e., symmetric and tran-

sitive relations that are not necessarily reflexive) are studied in [3].
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α-connected components are called quasi- or λ-flat zones [9,10] in mathematical
morphology. Although α-connected components often produce adequate image
partitions, they fail to do so when distinct image objects (with variations of in-
tensity between adjacent pixels not exceeding α) are separated by one or more
transitions going in steps having a magnitude less than or equal to α. Indeed, in
this case, these objects appear in the same α-connected component so that the
resulting partition is too coarse. This problem is sometimes referred to as the
’chaining effect’ of the single linkage clustering method [11]. A natural solution
to this problem is to limit the difference between the maximum and minimum
values of each connected component by introducing a second threshold value
called hereafter global range parameter and denoted by ω. This led to the no-
tion of constrained connectivity introduced in [12]. A more general framework
where constraints are defined in terms of logical predicates is put forward in [13].
Constrained connectivity solves the chaining effect of α-connectivity because ap-
propriate global constraints prohibit α-connected components to grow too much.
However, it may create a series of small undesirable regions in situations where
the edge between two homogeneous regions spans over several pixels in the form
of a ramp discontinuity [14]. This motivated us to analyse this behaviour and
propose appropriate definitions for the notions of transition pixels and regions.
They provide a basis to suppress all connected components originating from non
ideal step edges2, see also preliminary results in [15].

Section 2 briefly recalls the notion of constrained connectivity expressed in
terms of logical predicates. Transitions pixels and regions are studied in Sec. 3.
Before concluding, experimental results are presented in Sec. 4.

2 Logical Predicate Connectivity

We define α-connectivity for multichannel images following [7] (see also [16]
where α = (α1, . . . , αm) is referred to as the differential threshold vector): if, for
every channel j, the difference of the values between two adjacent pixels is less
than or equal to αj , then the two pixels belong to the same component. Equiva-
lently, denoting by fj a scalar image, two pixels p and q of a multichannel image
f = (f1, . . . , fm) are α-connected if there exists a path P = (p = p1, . . . , pn = q),
n > 1, such that |fj(pi) − fj(pi+1)| ≤ αj for all 1 ≤ i < n and for all
j ∈ {1, . . . , m}. By definition, a pixel is α-connected to itself. If necessary, a more
general definition whereby the component-wise grey level difference is replaced
by an arbitrary distance on vectors [10,17,18] can be considered. For instance,
the Mahalanobis distance provides us with a scale-invariant distance taking into
account the correlations between the different channels. Alternatively, one could
define the α-connected component of a pixel by computing the intersection of
the αj-connected components obtained for each channel separately and then ex-
tract the connected component of this intersection that contains this pixel. In
practice, because the connections between pixels may follow different paths in
each channel, it may be necessary to consider the intersection of graphs rather
2 An ideal step edge consists of a discontinuous jump from one value to another.



Constrained Connectivity and Transition Regions 61

than just an intersection on the nodes of the connected components obtained for
each channel. This will be detailed in a future paper.

To determine whether two vectors are ordered, we use the marginal order-
ing [19] and denote by � the resulting relation ’less than or equal to’: f(p) �
f(q) ⇔ fj(p) ≤ fj(q) for all j ∈ {1, . . . , m}. Nevertheless, the family of partitions
into α-connected components, for varying α, is not totally ordered because of
the absence of total ordering between the vectors αi such that αi � α. We solve
this problem by authorising only local vector range parameters having the same
range α for all channels (so that it comes down to a unique scalar value α). In
practice, this is not a limitation because the individual channels of the input
multichannel image can be transformed beforehand.

Recall that a logical predicate P returns true when its argument satisfies the
predicate, false otherwise. In general, provided that a given predicate returns true
on iso-intensity connected components, we may look for the largest αi-connected
component satisfying this predicate such that every αj-connected component
where αj ≤ αi also satisfies it. This leads to the following general definition
when considering a series of n predicates returning true when applied to iso-
intensity connected components:

(P1, . . . , Pn)-CC(p) = (1)
∨{

αi-CC(p)
∣∣∣ Pk

(
αi-CC(p)

)
= true for all k ∈ {1, . . . , n} and

Pk

(
αj-CC(q)

)
= true for all j ≤ i and all q ∈ αi-CC(p)

}
.

Note that in [13] the condition ’and all q ∈ αi-CC(p)’ was missing. The first
author proposed the additional condition following a counter-example provided
to him by Christian Ronse. If all predicates Pk are decreasing3, this procedure
is equivalent to checking the predicates on the αi-CC of p only, see Eq. 4 in [13].
Indeed, once they are satisfied by the αi-CC of p, they will be satisfied by the
αj-CC of q, because the latter are smaller or equal to the former.

Examples of decreasing predicates are ’is the difference between the largest
and smallest value of the αi-connected component below a threshold value ω?’
and ’is the αi-connected component strongly4 connected?’. The predicate ’is the
variance of the intensity values of the αi-connected component below a given
threshold level σ?’ is an example of non-decreasing predicate. Additional ex-
amples of decreasing and non-decreasing predicates (similar to attribute thin-
nings [20]) can be found in [12,13].

From a theoretical point of view, constrained connectivity is related to the
framework of the lattice approach to image segmentation proposed by Serra [21]
and further investigated by Ronse [3]. More precisely, in [21] and [3], one considers
3 A (logical) predicate is said to be decreasing if and only if every subset of any set

satisfying this predicate also satisfies it [13].
4 A α-connected component is strongly connected if and only if all edges of the con-

nected components have a weight less than or equal to α (the weight of an edge
between two adjacent pixels of the CC is defined as the range of the intensity values
of the nodes it links).
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connective segmentation, that is, segmentation methods where a connective cri-
terion is associated to the image so that the final segmentation consists of a parti-
tion of connected components. However, connective segmentation as per [21] and
[3] does not constrain the connected components in the sense of [12]. Therefore,
while constrained connectivity uses a connective criterion (the α-connectivity),
not all connected components resulting from this criterion are allowed but only
the largest ones satisfying a series of constraints. From a theoretical point of
view, the extension of the connective segmentation paradigm in order to inte-
grate the constrained connectivity paradigm is studied mathematically in [22].
In particular, it is shown that constrained connectivity fits the framework of
open-overcondensations [23].

3 Transition Pixels and Regions

The constrained connectivity paradigm partitions the image definition domain
into maximal connected components satisfying a series of constraints expressed
in terms of logical predicates. In practice, large connected components are often
surrounded by a stream of small, usually one pixel thick, connected components.
Indeed, given the general low pass filtering nature of imaging systems, ideal step
edges are actually transformed (blurred) into ramp discontinuities. In the worst
case, the ramp is made of steps of equal intensity so that it is pulverised into as
many connected components as the number of steps (unless the creation of a large
connected component encompassing the whole ramp would not violate the input
connectivity constraints). Ramp pixels are sometimes called stairs [24], transition
regions [25], or simply transitions [26] because they establish a path between
nearby bright and dark regions. They are analogous to the notion of samples
of intermediate (transitional) characteristics lying between actual clusters, see
for example [27]. They are also related to the concept of mixed pixels since the
intensity of a ramp pixel can be viewed as a mixture of the intensity of the
regions separated by the considered ramp.

A definition of transition regions using topological and size criteria is proposed
in [28]. Methods based solely on an area criterion are investigated in [10,29]. How-
ever, small regionsdo not necessarily correspond to transition regions. In [25], tran-
sition regions are defined as one-pixel regions having neighbouring brighter and
darker regions after a preprocessing stage based on alternating sequential filters by
reconstruction. In [15], transition regions are defined as connected components dis-
appearing with an elementary erosion and not containing any regional extremum.
Here, we first introduce the notion of transition pixel . It is then used for determin-
ing whether a given connected component correspond to a transition region.

A pixel of a grey level image f is a local extremum if and only if all its
neighbours have a value either greater or lower than that of the considered pixel.
That is, in morphological terms, a pixel is a local extremum if and only if the
minimum between the gradients by erosion ρε and dilation ρδ of f at position p
is equal to 0:

p, local extremum of f ⇔
[
ρε(f) ∧ ρδ(f)

]
(p) = 0. (2)
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The local extremum map LEXTR of a grey level image f is simply obtained by
thresholding the pointwise minimum of its gradients by erosion and dilation for
all values equal to 0:

LEXTR(f) = Tt=0[ρε(f) ∧ ρδ(f)]. (3)

The LEXTR map corresponds to the indicator function returning 1 for local
extrema pixels and 0 otherwise. We define transition pixels of a grey level image
f as those image pixels that are not local extrema:

p, transition pixel of f ⇔
[
ρε(f) ∧ ρδ(f)

]
(p) �= 0. (4)

The value of the morphological gradient of a transition pixel indicates the largest
intensity jump that occurs when crossing this pixel. It corresponds to the inten-
sity difference between its highest and lowest neighbours. We call transition map
the grey tone image obtained by setting each transition pixel to the value of this
intensity difference:

[
TMAP(f)

]
(p) =

{
0, if p ∈ LEXTR1(f),[
ρ(f)

]
(p), otherwise,

(5)

where ρ denotes the morphological gradient operator (i.e., sum of the gradients
by erosion and dilation). Interestingly, for an ideal image with regions of constant
intensity levels separated by ideal step edges (and assuming that one pixel thick
regions must correspond to local extrema) the transition map is equal to zero
everywhere. Note that this would not be the case if regional instead of local
extrema would have been considered. Finally, a transition region is defined as a
constrained connected component containing only transition pixels. We present
hereafter formal definitions suitable for the processing of multichannel images.

The search for local extrema in multichannel images is not straightforward be-
cause there exists no total ordering between vectors of more than one dimension.
To circumvent this problem, we adopt a marginal ordering procedure whereby
each channel is processed separately. Hence, when considering a multichannel
image f = (f1, . . . , fm), we define the operator LEXTR

∑
summing the outputs

of the indicator function LEXTR applied to each channel fj of the input image:

LEXTR
∑

(f) =
j=m∑

j=1

LEXTR(fj). (6)

We then define the local extrema of order n as those pixels of the image that
are local extrema in at least n channels of the input image. They are denoted
by LEXTRn:

LEXTRn(f) = {p | [
LEXTR

∑
(f)

]
(p) ≥ n}. (7)

In the following, we are interested in the local extrema of lowest order LEXTR1.
A pixel p is a transition pixel if and only if, in all channels of the input image,
it has at least one lower and one higher neighbours:

p, transition pixel of f ⇔ p �∈ LEXTR1(f) ⇔ ∨j=m
j=1 LEXTR(fj) = 0. (8)
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That is, a pixel of a multichannel is a transition pixel if and only if it is a
transition pixel in each individual channel.

The calculation of the maximal amplitude of the grey level difference between
neighbours of each transition pixel and over all channels leads to the notion
of transition map for multichannel image. Formally, it is denoted by TMAP
and obtained by setting non transition pixels to 0 and transition pixels to the
pointwise maximum of the morphological gradient computed for each channel:

[TMAP(f)](p) =
{

0, if p ∈ LEXTR1(f),
∨j=m

j=1 [ρ(fj)](p), otherwise.
(9)

Finally, a connected component is deemed to be a transition region if it contains
only transition pixels or, equivalently, if it does not contain any local extremum
pixel appearing in any channel of the input image:

(P1, . . . , Pn)-CC(p) is a transition region
⇔ (P1, . . . , Pn)-CC(p) ∩ LEXTR1 = ∅. (10)

This latter test can be achieved efficiently by performing the reconstruction of the
labelled connected components using the complement of LEXTR1 as seed pixels.

Once transition regions are detected, they can be removed from the partition
so that the latter becomes a partial partition. The remaining non-transition
regions are then expanded so as to cover again the whole image definition domain
in order to obtain again a partition. This is illustrated on actual image data in
the next section.

4 Experimental Results

A sample of a Landsat satellite image is displayed in Fig. 1a (only the true colour
channels among the 6 available channels are considered in this experiment). The
output of LEXTR

∑
is displayed in Fig. 1b. The grey level value of this image indi-

cates how may times each pixel is a local extremum when considering each channel
separately. It follows that the grey level values of Fig. 1b range from 0 (never a lo-
cal extremum) to 3 (local extremum in all 3 channels). Figure 1c shows the output
of LEXTR1, i.e., the local extrema of order 1 of the colour image of Fig. 1a. It cor-
responds to the pixels of Fig. 1b having a value greater than 0.Transition pixels
correspond to the white pixels of Fig. 1c. The transition map TMAP with tran-
sition pixels set to the pointwise maximum of the morphological gradient of each
channel is displayed in Fig. 1d.

Figure 2a shows the constrained connected components of Fig. 1a using iden-
tical contrast values for the local α and global ω range vectors [12]: α = ω =
(32, 32, 32). The transition regions as per Eq. 10 are displayed in Fig. 2b. Once the
transition regions have been detected, they are removed from the partition. The
gaps of the resulting partial partition are filled thanks to a seeded region proce-
dure [30] initiated by the non-transition regions. This procedure ensures that all
transition regions are suppressed but at the cost of some arbitrary decisions in the
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(a) Input colour image f (256×256 pixels) (b) LEXTR
∑

(f) (grey values range from 0 to 3)

(c) LEXTR1(f) (black for 1 and white for 0
values)

(d) Transition map of f : TMAP(f)

Fig. 1. Local extrema of a multichannel image (true colour channels of a Landsat
image) and corresponding transition map

presence of transition regions whose smallest distance (in the spectral domain) to
their neighbouring regions is obtained for more than one region. The resulting fil-
tered partition is shown in Fig. 2c. The idea of filling the gaps of a partial partition
using seeded region growing originates from [31]. In this latter case, the partial
partition was obtained by removing all image iso-intensity connected components
whose area is less than a given threshold value (this idea is further expanded in
[29] to multichannel images and α-connected components). Figure 2d shows the
simplification of Fig. 1a by setting each segment of Fig. 2c to the mean RGB value
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(a) (Pα=(32,32,32), Pω=(32,32,32))-CC of RGB im-
age of Fig. 1a. (7,780 regions)

(b) Transition regions according to Eq. 10

(c) Filtered partition (1,669 regions) (d) Resulting simplified RGB image

Fig. 2. From constrained connected components to transition regions and resulting
edge preserving simplification (see input image in Fig. 1a)

of the input image pixels falling within this segment. The resulting image can be
viewed as a sharpened image through ramp width zeroing based on region grow-
ing. Similarly, our approach can be linked to the discrete sharpening filters pro-
posed in [32] and further developed in [33]. Indeed, the underlying ideas of the
so-called Kramer-Bruckner filters consists in setting each pixel to its dilated or
eroded value depending on which one is closer to its value. Consequently, for grey
tone images, the sharpening transformation modifies only non-local extrema, i.e.,
transition pixels. More generally, a relationship can be established with the class
of morphological image enhancement methods [34].
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Note that transition regions also occur when generating a partition by auto-
matically combining fine to coarse partition hierarchy using lifetime measure-
ments [12]. Indeed, transition regions usually persist for a wide range of scale so
that their lifetime is high. The concepts presented in this paper can also be used
for removing these transitions regions.

5 Concluding Remarks

We have shown that the detection of constrained connected components cor-
responding to transition regions is of interest for segmentation and edge pre-
serving simplification purposes. It is also useful for unsupervised classification
techniques. Indeed, only those pixels not corresponding to transition regions
should be considered when performing cluster analysis in a feature space to
avoid overlap between clusters [35]. Similarly, the detection of transition pixels
could be exploited by methods aiming at separating pure from mixed pixels.
We have advocated the use of local extrema for marking non-transition regions.
Local extrema instead of regional minima or maxima could form a basis for
an interesting new type of jump connection [21,3]. Finally, we plan to anal-
yse whether edge-preserving smoothing using a similarity measure in adaptive
geodesic neighbourhoods [36,37] provides us with a valid pre-processing trans-
formation to reduce the occurence of transition regions.
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