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Abstract. Existing fuzzy description logic (DL) reasoners either are
not capable of answering conjunctive queries, or only apply to DLs with
less expressivity. In this paper, we present an algorithm for answering
expressive fuzzy conjunctive queries, which allows the occurrence of both
lower bound and the upper bound of thresholds in a query atom, over the
relative expressive DL, namely fuzzy ALCN . Our algorithm is specially
tailored for deciding conjunctive query entailment of negative role atoms
in the form of R(x, y) ≤ n or R(x, y) < n which, to the best of our
knowledge, has not been touched on in other literatures.

1 Introduction

Description logics (DLs, for short) [1] are the logical foundation of the Semantic
Web, which support knowledge representation and reasoning by means of the
concepts and roles. However, the reasoning services that aim at accessing and
querying the data underlying ontologies, such as retrieval, realisation and in-
stantiation, are only in weak form and do not support complex queries (mainly
conjunctive queries, CQs). Conjunctive queries originated from research in re-
lational databases, and, more recently, have also been identified as a desirable
form of querying DL knowledge bases (KBs). The first conjunctive query algo-
rithm [2] over DLs was actually specified for the purpose of deciding conjunctive
query containment for DLRreg. Recently, query entailment and answering have
also been extensively studied both for tractable DLs [3][4] and for expressive
DLs[5][6].

In order to capture and reason about vague and imprecise domain knowledge,
there have been a substantial amount of work carried out in the context of fuzzy
DLs. When querying over fuzzy DL KBs, as in the crisp case, same difficulties
emerged in that existing fuzzy DL reasoners, such as fuzzyDL[7] and FiRE [8],
are not capable of dealing with CQs either. In [9], A fuzzy extension of CARIN
system[5] is provided, along with a decision procedure for answering union of
conjunctive queries. Some other work mainly focuses on querying over lightweight
ontologies, e.g. in [10][11]. However, these extensions allow only positive role
atoms in a query, while the negative atoms are not touched on.

In this paper, we thus present a very first algorithm for answering expressive
and fuzzy CQs, allowing in a query both positive atoms and negative atoms,
over the relative expressive fuzzy DL, namely f -ALCN .
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2 f -ALCN
Definition 1. (syntax) Let NC , NR, and NI be countable infinite and pairwise
disjoint sets of concept, role and individual names respectively. f -ALCN con-
cepts (denoted by C and D) are formed out of concept names according to the
following abstract syntax: C, D → �|⊥|A|C �D|C �D|¬C|∀R.C|∃R.C| ≥ pR| ≤
pR|, where A ∈ NC , R ∈ NR, p is a nonnegative integer.

An f -ALCN KB K can be partitioned into a terminological part called TBox
and an assertional part called ABox, denoted by K = (T , A). A TBox is a
finite set of general concept inclusion axioms (GCIs) of the form C � D, where
C, D are concepts. An ABox consists of fuzzy assertions of the form B(o) �� n,
R(o, o′) �� n, or o = o′, where o, o′ ∈ NI , ��∈ {≥, >,≤, <}. We use � to denote
≥ or >, and � to denote ≤ or <. We call ABox assertions defined by � positive
assertions, while those defined by � negative assertions. Moreover, for every
operator ��, we define (i) its symmetric operator ��− as ≥−=≤, >−=<, ≤−=≥,
<−=>, and (ii) its negation operator ¬ �� as ¬ ≥=<, ¬ >=≤, ¬ ≤=>, ¬ <=≥.

Definition 2. (semantics) The semantics of f -ALCN are provided by an in-
terpretation, which is a pair I = (ΔI ,.I ). Here ΔI is a non-empty set of ob-
jects, called the domain of interpretation, and .I is an interpretation function
which maps different individual names into different elements in ΔI, concept
A into membership function AI : ΔI → [0,1], role R into membership function
RI:ΔI ×ΔI → [0,1]. The semantics of f -ALCN concepts and roles are depicted
as follows.

– �I(o) = 1 ⊥I(o) = 0 (¬C)I(o) = 1− CI(o)
– (C �D)I(o) = min{CI(o), DI(o)} (C �D)I(o) = max{CI(o), DI(o)}
– (∀R.C)I(o) = info′∈ΔI{max{1−RI(o, o′), CI(o′)}}
– (∃R.C)I(o) = supo′∈ΔI{min{RI(o, o′), CI(o′)}}
– (≥ pR)I(o) = supo1,...,op∈ΔI minp

i=1{RI(o, oi)}
– (≤ pR)I(o) = info1,...,op+1∈ΔI maxp+1

i=1 {1−RI(o, oi)}

Given an interpretation I and an inclusion axiom C � D, I is a model of C �
D, if CI(o) ≤ DI(o) for any o ∈ ΔI , written as I |= A � C. Similarly, for ABox
assertions, I |= B(o) �� n(resp. I |= R(o, o′) �� n), iff BI(oI) �� n(resp. RI(oI ,
o′I) �� n). If an interpretation I is a model of all the axioms and assertions in a
KB K, we call it a model of K. A KB is satisfiable iff it has at least one model.
A KB K entails (logically implies) a fuzzy assertion ϕ, iff all the models of K
are also models of ϕ, written as K |= ϕ.

3 Querying Entailment Problems

3.1 Fuzzy Querying Language

Let NV be a countable infinite set of variables and is disjoint with NC , NR, and
NI . A term t is either an individual name from NI or a variable name from
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NV . Let C be a concept, R a role, and t, t′ terms. An fuzzy query atom is an
expression of the form 〈C(t) �� n〉 or 〈R(t, t′) �� m〉, where n denotes the lower
bound (which corresponds to �) or upper bound (which corresponds to �) of
membership of being the term t a member of the fuzzy set C, m denotes the
degree of membership of being the term pair (t, t′) a member of the fuzzy role
R. We refer to these two different types of atoms as fuzzy concept atoms and
fuzzy role atoms respectively. We call fuzzy query atoms defined by � fuzzy
positive query atoms, while those defined by � fuzzy negative query atoms. A
fuzzy conjunctive query q is a conjunction of fuzzy query atoms which is of the
form q = 〈〉 ← ∧n

i=1〈ati �� ni〉, where 〈ati �� ni〉 denotes the i-th fuzzy query
atom of q. We use Var(q) to denote the set of variables occurring in q, Ind(q)
to denote the set of individual names occurring in q, and Term(q) for the set of
terms in q, where Term(q) = Var(q)∪ Ind(q).

The semantics of a fuzzy query is given in the same way as for the related
fuzzy DL by means of interpretations consisting of an interpretation domain
and a fuzzy interpretation function. Let I= (ΔI , .I) be a fuzzy interpretation of
f -ALCN , q be a fuzzy conjunctive query and t, t′ terms in q, and π : Var(q)∪
Ind(q) → ΔI a total function (also called an assignment) such that π(a) = aI

for each a ∈ Ind(q). We say I |=π 〈C(t) �� n〉 if CI(π(t)) �� n, I |=π 〈R(t,
t′) �� n〉 if RI(π(t), π(t′)) �� n. If I |=π at for all atom at ∈ q, we write I |=π q.
If there is a π, such that I |=π q, we say I satisfies q, written as I |= q. We call
such a π a match of q in I. If I |= q for each model I of a KB K, then we say K
entails q, written as K |= q. The query entailment problem is defined as follows:
given a knowledge base K and a query q, decide whether K |= q.

3.2 Deciding Query Entailment

The idea behind our algorithm is that it tries to decide fuzzy query entailment
problem by (i) constructing (a representation of) all the models of an f -ALCN
KB K, then (ii) checks each of them for a match of a given conjunctive query q.

To construct models of an f -ALCN KB, we work with a data structure called
completion forest. A completion forest consists of a labelled directed graph, each
node of which is the root of a completion tree. Each node x in a completion tree
is labelled with a set L(x) = {〈C, ��, n〉}, and each edge (x, y) is labelled with a
set L(x, y) = {〈R, ��, n〉}. A node x is called an R-predecessor of a node y (and
y is called an R-successor of x), if for some R, L(x, y) = {〈R, ��, n〉}, ancestor
is the transitive closure of predecessor.

Starting with an f -ALCN KB K = 〈T ,A〉, the completion forest F is ini-
tialized such that it contains a root node o, with L(o) = {〈C, ��, n〉 | 〈C(o) ��
n〉 ∈ A}, for each individual name o occurring in A, and an edge 〈o, o′〉 with
L(〈o, o′〉) = {〈R, ��, n〉 | 〈R(o, o′) �� n〉 ∈ A}, for each pair 〈o, o′〉 of individual
names for which the set {R | R(o, o′) �� n ∈ A} is non-empty.

An initial completion forest is expanded according to a set of expansion
rules(see [12] and [13] for details) that reflect the constructors allowed in f -
ALCN . The expansion stops when there is a conjugated pair, called a clash,
occurs within a node label, or when no more rules are applicable. In the latter
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case, the completion forest is called complete. Termination is guaranteed by a
cycle-checking technique called blocking. The model that we can build from a
complete and clash-free completion graph is called a canonical model. The ex-
pansion and blocking rules are such that we can build a model for the knowledge
base from each complete and clash-free completion forest.

The query can be represented as a directed, labelled graph called a query
graph. The nodes in the query graph correspond to the terms in q, and are
labelled with a triple corresponds to a related fuzzy concept atom. The edges
correspond to the role atoms in q and are labelled similarly.

In the following, we show how to check a completion forest for a match of a
query graph. The following example may be helpful in illustrating our method.
Given a query q1 = 〈〉 ← 〈C(a) ≥ n1〉 ∧ 〈R(a, y1) ≥ n2〉 ∧ 〈S(y1, y2) ≥ n3〉 ∧
〈D(y2) ≥ n4〉 and a KB K1 = {(∃R.(∃S.D) � C)(a) ≥ n} where n ≥ max({ni})
with 1≤ i ≤4. We first build completion forest for K1. Initially, there is only
one node a labelled with a triple (∃R.(∃S.D)�C,≥, n), then expansion rules are
applied to label of nodes, and lead to the completion forest depicted in Fig. 1.
The query graph of q1 is shown in Fig. 2.

a 〈∃R.(∃S.D),≥, n〉
〈C,≥, n〉

〈R,≥, n〉

x1 〈∃S.D,≥, n〉

〈S,≥, n〉

x2 〈D,≥, n〉

Fig. 1. The completion forest of K1

a 〈C,≥, n1〉

〈R,≥, n2〉

y1

〈S,≥, n3〉

y2 〈D,≥, n4〉

Fig. 2. The query graph of q1

Now, we can compare the completion forest of K1 and query graph of q1 for
a match. We start from the root node in the query graph of q1 and, at the
same time, locate in the completion forest of K1 for a node whose label (a set of
triples) is more general than the label (also a set of triples) of the node in the
query graph. We say a label l1 is subsumed by a label l2 if for every triple tr in
l1, there exists a triple tr′ in l2, s.t. (i) tr′ share the same concept or role name
with tr, (ii) and the range identified by the sign of equality and the membership
degrees in tr is more general than that of tr′. In Table 1, we list the conditions
under which tr is more general than tr′. tr is listed in the leftmost column, while
tr′ is listed in the topmost row.

Then, we traverse the query graph along the outgoing edge to the next node,
while in the completion forest we undeterministically select a branch to proceed
(if any). The algorithm terminates when the leaf node in the query graph is
encountered. In according to what they represent, we distinguish the nodes in the
completion forest and query graph into constant nodes which represent individual
names and variable nodes which represent variable names. During the traversal,
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Table 1. The conditions under which tr is more general than tr′

tr′

tr (C, >, n) (C,≥, n) (C, <, n) (C,≤, n)

(C,>,m) m ≤ n m < n NULL NULL

(C,≥,m) m ≤ n m ≤ n NULL NULL

(C,<,m) NULL NULL m ≥ n m > n

(C,≤,m) NULL NULL m ≥ n m ≥ n

if (i) each constant node occurs in the query graph is mapped to a constant
node in the completion forest that represents the same individual, and (ii) the
label of every node and edge in query graph is more general than that of in the
completion forest, we say that there is a match for a query in the knowledge
base.

Given an f -ALCN knowledge base K and a query q, the algorithm answers
“K entails q” if a match for q exists in each complete and clash-free completion
forest and it answers “K does not entail q” otherwise.

The aforementioned idea is similar to the tableau algorithm for deciding f -
ALCN KB satisfiability, but there are still three main problems need to be
considered.

Firstly, for each concept C that occurs only in one of the fuzzy concept atoms
of a query but not in the knowledge base, we must introduce into the knowledge
base a concept inclusion axiom of the form C � C. Clearly, this will exert no
influence on the logical characteristics of the knowledge base, but it ensures that,
for each node x in the completion forest, either C(x) � n or C(x)¬ � n holds.

Secondly, a f -ALCN KB may have infinitely many infinite models, whereas
the tableau algorithm constructs only a subset of the finite models of the knowl-
edge base. It can be shown that inspecting only the canonical models of the
knowledge base is sufficient to decide query entailment.

Furthermore, we need to modify the standard blocking condition (for checking
KB satisfiability) to make it applicable in the context of deciding query entail-
ment. The standard blocking condition is to stop the cyclic expansion of a branch
in the completion forest. For f -ALCN KBs, if there is a pair of nodes x and y
such that x is an ancestor of y and the label of y is a subset of the label of x,
then we say that x blocks y and no further expansion rules are applied to y. In
the model obtained from the completion forest, a block corresponds to a cyclic
path that links the predecessor of the blocked node y to the blocking node x. For
query entailment, the blocking condition additionally has to take into account
the length of the longest path in the query. We illustrate this by means of an
example.

Let K2 = (T ,A) be an f -ALCN KB with T = {C � ∃R.C} and A = {C(a) ≥
n} and let q2 = 〈〉 ← 〈R(x, x) ≥ n〉 be a Boolean fuzzy conjunctive query. It
is not hard to check that K2 � q2. Figure 3 illustrates the only complete and
clash-free completion forest for K2 that the algorithm would construct. Figure 4
shows a representation of a corresponding canonical model I. The loop in the
model I occurs since the node x1 blocks the node x2 in the completion forest.
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It is not hard to check that I |= K2 and that the mapping π : x � x1 is such
that I |=π q2. Since the completion forest shown in Fig. 3 is the only completion
forest that the algorithm would construct, we would wrongly conclude that K2

entails q2.

a 〈C,≥, n〉,
〈∃R.C,≥, n〉

〈R,≥, n〉

x1 〈C,≥, n〉,
〈∃R.C,≥, n〉

〈R,≥, n〉

x2 〈C,≥, n〉,
〈∃R.C,≥, n〉

a 〈C,≥, n〉,
〈∃R.C,≥, n〉

〈R,≥, n〉

x1 〈C,≥, n〉,
〈∃R.C,≥, n〉

Fig. 3. A complete and clash-free comple-
tion forest for K2. The node x2 is blocked
by x1, indicated by the dashed line.

Fig. 4. A canonical model I for K2

Instead of using a pair of nodes x and y in the blocking definition such that
x is an ancestor of y and the label of y is a subset of the label of x, the new
blocking condition, first introduced in [5], requires two isomorphic trees (instead
of just two nodes) such that the depth of the trees is equal to the number of fuzzy
role atoms in the query. The leaves of the descendant tree are then considered
as blocked. In our example, the query contains only one role atom. Hence, the
revised blocking condition requires just two trees of depth one.

Figure 5 shows an abstraction of a complete and clash-free completion forest
using the modified blocking condition. In the canonical model that corresponds
to the completion forest (see Fig. 6), we have a cycle from the element that cor-
responds to the predecessor of the blocked node to the element that corresponds
to the blocking node.

a 〈C,≥, n〉, 〈∃R.C,≥, n〉

x1 〈C,≥, n〉, 〈∃R.C,≥, n〉

x2 〈C,≥, n〉, 〈∃R.C,≥, n〉

x3 〈C,≥, n〉, 〈∃R.C,≥, n〉

x4 〈C,≥, n〉, 〈∃R.C,≥, n〉

〈R,≥, n〉

〈R,≥, n〉

〈R,≥, n〉

〈R,≥, n〉

a 〈C,≥, n〉, 〈∃R.C,≥, n〉

x1 〈C,≥, n〉, 〈∃R.C,≥, n〉

x2 〈C,≥, n〉, 〈∃R.C,≥, n〉

x3 〈C,≥, n〉, 〈∃R.C,≥, n〉

〈R,≥, n〉

〈R,≥, n〉

〈R,≥, n〉

Fig. 5. A complete and clash-free com-
pletion forest for K2 under modified
blocking condition

Fig. 6. A canonical model I for K2 cor-
responding to the completion forest in
Fig 5
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When building a model from a completion forest, one can, instead of building
a cycle, also append infinitely many copies of the blocking tree and the path
between the blocking and the blocked tree. In our example, this would result in
a model that consists of an infinite R-chain.

Thirdly, the method cannot extend directly to the case where negative query
atoms are allowed in a query. For example, given a KB K3 = {∀R.D(a) ≥
0.6, D(b) < 0.3} and a query q3 = 〈〉 ← 〈R(a, y) ≤ 0.5〉 ∧ 〈D(y) ≤ 0.4〉, we can
instinctively recognize that K3 entails q3. However, existing algorithm cannot
build a completion forest for K3, in which there exists a match of the query
graph of q3. We thus introduce two new rules for mending this. After applying
these rules, the otherwise isolated two nodes are related by a fuzzy role R.

∀�R-rule ∃�R-rule

if 1.〈∀R.C, �, n〉 ∈ L(x), x is not blocked.
2.〈C,¬�, m〉 ∈ L(y),where m ≤ n,
3.there is no 〈R, �−, 1 − n〉 ∈ L(x, y)

then L(x, y) → L(x, y) ∪ 〈R, �−, 1 − n〉.

if 1. 〈∃R.C,�, n〉 ∈ L(x), x is not blocked.
2. 〈C,¬�, m〉 ∈ L(y), where m ≥ n,
3. there is no 〈R,�, n〉 ∈ L(x, y)

then L(x, y) → L(x, y) ∪ 〈R, �, n〉.

In our example, before applying ∀≥R rule, the completion forest of K3 consists
of two isolated nodes a and b labelled with (∀R.D,≥, 0.6) and (D, <, 0.3) respec-
tively. The completion forest of K3 is shown in Fig. 7. The ∀≥R rule then addi-
tionally adds an role assertion 〈R(a, b) ≤ 1− 0.6〉 (simplified as 〈R(a, b) ≤ 0.4〉)
into K2 and therefore connects the isolated a and b, resulting in the completion
forest of K′

3, which is also shown in Fig. 7. Note that the newly introduced role
is depicted in Fig. 7 as a dashed line. We can easily find a match for the query
graph of q3(Fig. 8) in the completion forest of K′

3.

a 〈∀R.D,≥, 0.6〉

〈R,≤, 0.4〉

b 〈D, <, 0.3〉

a

〈R,≤, 0.5〉

y 〈D,≤, 0.4〉

Fig. 7. The completion forest of K3 and K′
3 Fig. 8. The query graph of q3

Theorem 1. Let K be a f -ALCN KB, and K′ a KB obtained by applying the
∀≥R rule to K. The ∀≥R rule is sound if a model I of K is also a model of K′.

Proof. ∀≥R: For each I |= K, we show that I |= K′, where K′ is obtained by
applying ∀≥R rule to K, i.e. K′ = K ∪ {〈R(x, y) < 1 − n〉}. For any assertion
〈∀R.C(x) ≥ n〉 ∈ A, we have I |= 〈∀R.C(x) ≥ n〉, i.e., infx′∈ΔI{max{1 −
RI(x, x′), CI(x′)}} ≥ n. Since y ∈ ΔI , we have max{1−RI(x, y), CI(y)} ≥ n.
Since there is an additional assertion of 〈C(y) < m〉 with m ≤ n, the 1 −
RI(x, y) ≥ n (or its equivalence RI(x, y) ≤ n) holds. The ∀>R and ∃�R rules
can be proved accordingly.
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4 Conclusions

In this paper, we have presented a preliminary result of conjunctive query entail-
ment over an expressive fuzzy DL knowledge base. Further and ongoing research
will focus on the query answering or query entailment problems of more expres-
sive DLs and the complexity analysis for them.

Acknowledgments. This work was supported by the National Natural Science
Foundation of China (60873010).
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