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Abstract. The syntactic complexity of a tree language is defined ac-
cording to the number of the distinct syntactic classes of all trees with
a fixed yield length. This leads to a syntactic classification of tree lan-
guages and it turns out that the class of recognizable tree languages
is properly contained in that of languages with bounded complexity. A
refined syntactic complexity notion is also presented, appropriate exclu-
sively for the class of recognizable tree languages. A tree language is
recognizable if and only if it has finitely many refined syntactic classes.
The constructive complexity of a tree automaton is also investigated
and we prove that for any reachable tree automaton it is equal with the
refined syntactic complexity of its behavior.

1 Introduction

The notion of graph language recognizability by virtue of magmoids was inves-
tigated in [2]. An advantage of this approach is that it is possible to determine
the syntactic complexity of graph languages.

We say that two graphs of the same type are equivalent modulo the syntactic
congruence ∼L, of a graph language L, whenever they have the same set of
contexts with respect to L. A graph language L is recognizable if and only if
there are finitely many syntactic classes at every type.

The syntactic complexity of a recognizable graph language L is then measured
by a function mapping any type (m, n) to the number of syntactic classes at this
type. This leads to a classification of graph languages according to their syntax.
For instance the syntactic complexity of the set Con(Σ) of connected graphs
is bellian and also graph languages with constant, polynomial and exponential
complexity are displayed (cf. [2]). In [6] the language of Eulerian graphs is shown
to be syntactically more complicated than that of connected graphs. On the other
hand the notion of syntactic complexity in the setup of pictures is discussed in [1].
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In the present paper we develop a similar descriptive complexity theory in or-
der to investigate and classify tree languages according to their syntactic struc-
ture. Let us denote by TΓ the set of all trees over the ranked alphabet Γ and
by PΓ the monoid of all trees with just one occurrence of the variable x in their
yield. PΓ acts on TΓ via substitution at x

PΓ × TΓ → TΓ , (τ, t) �→ τ · t = τ [t/x].

Two notions of derivative, with respect to a tree language L ⊆ TΓ , arise: for
τ ∈ PΓ and t ∈ TΓ ,

τ−1L = {t | t ∈ TΓ , τ · t ∈ L}, Lt−1 = {τ | τ ∈ PΓ , τ · t ∈ L}.

The syntactic congruence associated with L is then

t ∼L t′ if and only if Lt−1 = Lt′−1

and the syntactic complexity of L is the function SCL : N → N which sends
every natural number n to the number of distinct ∼L-classes of trees with yield
length n. It is well known that every recognizable language L (i.e., behavior of
a finite tree automaton) has finitely many right derivatives and so its SCL is
bounded. Thus the growth rate of this syntactic measure can only be used for a
classification of non-recognizable tree languages (Section 3).

A refined notion of syntactic complexity is introduced in Section 4 in order
to define a syntactic hierarchy within the class of recognizable tree languages.
Denote by P

(n)
Γ the set formed by all trees where x1, . . . , xn occur in the yield

of the tree (in this order from left to right) exactly once. For t1, . . . , tn ∈ TΓ , we
write τ [t1, . . . , tn] for the tree obtained by substituting in τ the trees t1, . . . , tn
at x1, . . . , xn respectively. There results a function

P
(n)
Γ × T n

Γ → TΓ , (τ, t1, . . . , tn) �→ τ [t1, . . . , tn]

according to which two dual notions of derivatives, with respect to a language
L ⊆ TΓ , arise: for τ ∈ P

(n)
Γ and t1, . . . , tn ∈ TΓ ,

τ−1L = {(t1, . . . , tn) | t1, . . . , tn ∈ TΓ , τ [t1, . . . , tn] ∈ L},

L(t1, . . . , tn)−1 = {τ | τ ∈ P
(n)
Γ , τ [t1, . . . , tn] ∈ L}.

A main result of this paper states that the following conditions are equivalent

i) a language L ⊆ TΓ is recognizable;
ii) for all n, card{τ−1L | τ ∈ P

(n)
Γ } < ∞;

iii) for all n, card{L(t1, . . . , tn)−1 | t1, . . . , tn ∈ TΓ } < ∞.

The refined syntactic complexity of a recognizable language L ⊆ TΓ is the func-
tion RSCL : N → N sending every natural number n to the number of distinct
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left derivatives τ−1L, where τ ranges over the set P
(n)
Γ . Two interesting lan-

guages with linear and exponential refined syntactic complexity are displayed.
The first one is generated by the regular tree grammar

G : x → f(a, x, b), x → c

and RSCL(n) = 2(n + 1), for all n. The second is generated by the regular tree
grammar

G : x1 → f(x1, x2), x1 → a, x2 → g(x1, x2), x2 → b

and RSCL(n) = 2n + 1, for all n.
In the last section we present a way to measure how complicated the structure

of a tree automaton is. Let M = (Q, μ, F ) be a (deterministic bottom up) tree
automaton, over the input alphabet Γ , where Q is the state set, F ⊆ Q the final
state set and μ = (μf : Qk → Q), f ∈ Γk, k ≥ 0, is the table of moves of M.
For τ ∈ P

(n)
Γ and q1, . . . , qn ∈ Q we denote by τ [q1, . . . , qn] the state obtained

by substituting qi at xi inside τ , 1 ≤ i ≤ n. The constructive complexity of M
is the function CCM : N → N defined by the fornmula

CCM(n) = card{τ−1F | τ ∈ P
(n)
Γ }, for all n,

with τ−1F = {(q1, . . . , qn) | q1, . . . , qn ∈ Q, τ [q1, . . . , qn] ∈ F}. For reachable tree
automata M,M′ we demonstrate that if M simulates M′, then CCM = CCM′ .

Consequently, the constructive complexity of any reachable automaton M,
with behavior L, coincides with the constructive complexity of the minimal tree
automaton ML associated with L: CCM = CCML .

As CCML = RSCL we get that the constructive complexity of any reachable
automaton is equal with the refined syntactic complexity of its behavior. As a
byproduct we get a bound for the function RSCL, namely

RSCL(n) ≤ 2(cardQL)n

, for all n,

where QL is the state set of the minimal automaton ML.

2 Basic Facts

To construct trees we need a (finite) ranked alphabet Γ =
⋃

k≥0

Γk and a set

X = {x1, x2, . . . } of variables. Let Xn = {x1, x2, . . . , xn}, X0 = ∅. The set of
trees over Γ and X is the smallest set of TΓ (X) inductively defined by the items

– Γ0 ∪ X ⊆ TΓ (X)
– t1, . . . , tk ∈ TΓ (X) and f ∈ Γk implies f(t1, . . . , tk) ∈ TΓ (X).

Often f(t1, . . . , tk) is depicted as
f

. . .
tkt1
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hence the denomination tree. We write TΓ instead of TΓ (∅). The height of a tree
t ∈ TΓ (X) is the length of its longest branch. Formally the function height :
TΓ (X) → N is inductively defined by

– height(α) = 0, for a ∈ Γ0 ∪ X ;
– height(f(t1, . . . , tk)) = 1 + max{height(t1), . . . , height(tk)}, f ∈ Γk and

t1, . . . , tk ∈ TΓ (X).

Subsets of TΓ (X) are refereed to as tree languages.
The basic operation on trees is substitution. Given t, t1, . . . , tn ∈ TΓ (Xn),

we denote by t[t1, . . . , tn] the result of substituting ti at every occurrence of xi,
inside t, 1 ≤ i ≤ n. Denote by PΓ the subset of TΓ (x) consisting of all trees with
exactly one occurrence of the variable x. PΓ becomes a monoid with operation
the substitution at x: for τ, π ∈ PΓ , τ · π = τ [π/x]. This monoid is free over the
set of trees of the form

f(t1, . . . , ti−1, x, ti+1, . . . , tk), f ∈ Γk, k ≥ 1, tj ∈ TΓ (j �= i)

and acts, again by substitution at x, on the set TΓ :

PΓ × TΓ → TΓ , (τ, t) �→ τ · t = τ [t/x].

The classical machine model consuming trees is the deterministic bottom up
Γ -tree automaton. Such a system is a structure M = (Q, μ, F ) where Q is the
finite set of states, F ⊆ Q is the final state set and μ = (μf : Qk → Q)f∈Γk,k≥0

is the table of moves of M. The reachability map μM : TΓ → Q is inductively
defined by

μM(f(t1, . . . , tk)) = μf (μM(t1), . . . , μM(tk)), f ∈ Γk, ti ∈ TΓ , k ≥ 0

and the behavior of M is the tree language

|M| = {t | t ∈ TΓ , μM(t) ∈ F} = μ−1
M (F ).

Tree languages obtained in this way are called recognizable. The automaton M
is said to be reachable whenever μM is a surjective function. Given a tree au-
tomaton M = (Q, μ, F ) the monoid PΓ acts on each state set Q

PΓ × Q → Q, (τ, q) �→ τ · q
as follows

– x · q = q, q ∈ Q
– if τ is of the form f(t1, . . . , ti−1, x, ti+1, . . . , tk) then

τ · q = μf (μM(t1), . . . , μM(ti−1), q, μM(ti+1), . . . , μM(tk))

– if τ = τ1 · τ2, with τ1 �= x �= τ2, then

τ · q = τ1 · (τ2 · q), q ∈ Q.

The reachability map respects the above action.
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Proposition 1. It holds that

μM(τ · t) = τ · μM(t) for every τ ∈ PΓ and t ∈ TΓ .

We are going to characterize recognizability in algebraic terms. The right and
left derivatives of a tree language L ⊆ TΓ at t ∈ TΓ and τ ∈ PΓ are given by

Lt−1 = {τ | τ ∈ PΓ , τ · t ∈ L}, τ−1L = {t | t ∈ TΓ , τ · t ∈ L}
respectively. The equivalence relation ∼L on TΓ

t ∼L t′ if Lt−1 = Lt′−1

is well known to be a congruence, i.e.,

t1 ∼L t′1, . . . , tk ∼L t′k and f ∈ Γk imply f(t1, . . . , tk) ∼L f(t′1, . . . , t
′
k).

The next result is folklore.

Proposition 2. The folowing conditions are equivalent for a language L ⊆ TΓ

i) L is recognizable
ii) card{Lt−1 | t ∈ TΓ } < ∞
iii) card{τ−1L | τ ∈ PΓ } < ∞
iv) The syntactic congruence∼L has finite index (i.e., a finite number of classes).

A device which is equipowerful to tree automata is the regular tree grammar.
Such a grammar is a triple G = (Γ, Xn,R) where Γ , Xn are the input ranked
alphabet and the set of variables respectively, whereas R is a finite set of rules
xi → t, t ∈ TΓ (Xn). For s, s′ ∈ TΓ (Xn), we write s ⇒

G
s′ if there exist τ ∈ PΓ

and a rule xi → t ∈ R such that s = τ · xi and s′ = τ · t. We set

L(G, xi) = {t | t ∈ TΓ , xi
∗⇒
G

t}

where ∗⇒
G

denotes as usual the reflexive and transitive closure of ⇒
G

.

Proposition 3 (cf. [3,4,5]). A language L ⊆ TΓ is recognizable if and only if
it is generated by a regular tree grammar G: L = L(G, x1).

3 Syntactic Complexity of Tree Languages

Syntactic complexity is a tool to study the syntax of a tree language. It counts the
number of distinct syntactic classes of trees with a fixed yield length. Formally
the syntactic complexity of a tree language L ⊆ TΓ is the function

SCL : N → N, SCL(n) = card{t̄ | t ∈ TΓ , |y(t)| = n}, n ∈ N

where t̄ stands for the ∼L-class of t and the function yield, y : TΓ → Γ ∗
0 , is

inductively defined by

y(c) = c, (c ∈ Γ0), y(f(t1, . . . , tk)) = y(t1) · · · y(tk), (f ∈ Γk, ti ∈ TΓ ).
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Alternatively we have

SCL(n) = card{Lt−1 | t ∈ TΓ , |y(t)| = n}, n ∈ N.

We say that a language L ⊆ TΓ has bounded, polynomial or exponential
syntactic complexity if the explicit formula defining the function SCL is upper
bounded by a constant, polynomial or exponential function respectively.

First let us point out that augmenting the basis alphabet Γ the syntactic
complexity remains unchanged. Indeed, if Γ ⊆ Γ ′ and L ⊆ TΓ ⊆ TΓ ′ then the
syntactic complexity of L computed with respect to Γ and Γ ′ differ at most by
1 since, for all t, t′ ∈ TΓ ′ \ TΓ , we have that t ∼L t′. Thus SCL does not depend
on Γ .

According to Proposition 2 every recognizable tree language has bounded
syntactic complexity SCL(n) ≤ k for a fixed k and all n ∈ N. However this fact
does not characterize tree language recognizability as is confirmed by the next
example.

Example 1. Take the alphabet Γ = {f, α} with rank(f) = 2, rank(α) = 0 and
consider the tree languages Lbal of all balanced trees and Lfib of all Fibonacci
trees

Lbal = {tk | t0 = α, tk+1 = f(tk, tk), k ≥ 1},
Lfib = {sk | s0 = s1 = a, sk+2 = f(sk+1, sk), k ≥ 0},

respectively. Observe that |y(tk)| = 2k while |y(sk)| = fk, the k-th Fibonacci
number. The trees

τk = f(tk, x), πk = f(sk+1, x),

have the properties

τk · tk ∈ Lbal, but τk · t /∈ Lbal for t �= tk,

and

πk · sk ∈ Lfib, but πk · s /∈ Lfib for s �= sk,

respectively. Therefore the derivatives Lbalt
−1
k are pairwise distinct and so are

the derivatives Lfibs
−1
k respectively. It turns out that

card{Lbalt
−1 | t ∈ TΓ } = ∞ = card{Lfibs

−1 | s ∈ TΓ }
and so both the languages Lbal and Lfib are not recognizable. Moreover, it holds

SCLbal
(n) = 2, if n = 2k

= 1, otherwise

and similarly,

SCLfib
(n) = 2, if n = fk

= 1, otherwise.

Thus, although Lbal, Lfib are not recognizable, they have bounded syntactic
complexity.

Consequently,
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Proposition 4. The class BSC of tree languages with bounded syntactic com-
plexity properly contains the class REC of recognizable tree languages.

Our notion of complexity permits to classify the non recognizable tree languages
in a non trivial way as it is presented below.

Proposition 5. Given the ranked alphabet Γ = {f1, . . . , fk, α}, rank(fi) = 2,
1 ≤ i ≤ k, rank(α) = 0, the Dyck tree language of order k

Dk = {t | t ∈ TΓ , |t|f1 = · · · = |t|fk
}

has polynomial syntactic complexity of degree k − 1, namely

SCDk
(n) =

1
(k − 1)!

n(n + 1) · · · (n + k − 2).

Proof. For t, t′ ∈ TΓ we have

Dkt−1 = Dkt′−1 if and only if |t|fi = |t′|fi for i = 1, . . . , k.

On the other hand the number of binary symbols occurring in a tree t ∈ TΓ with
yield length n is just n − 1. Therefore the different ways to share the symbols
f1, . . . , fk in the nodes of t is equal with the number of k-tuples of natural
numbers (x1, . . . , xk) verifying the equation

x1 + · · · + xk = n − 1

which, as it is well known from Combinatorics, is equal with
(

n − 1 + k − 1
k − 1

)

=
(

n + k − 2
k − 1

)

=
1

(k − 1)!
n(n + 1) · · · (n + k − 2).

Hence the proposed formula.

A tree language L ⊆ TΓ such that for every n

card{Lt−1 | t ∈ TΓ , |y(t)| = n} = card{t | t ∈ TΓ , |y(t)| = n}
will be called syntactically hard. Of course such a language L has the highest
possible syntactic complexity, i.e.,

SCL(n) = card{t | t ∈ TΓ , |y(t)| = n}.
In the case that Γ = {f, a}, with rank(f) = 2, rank(α) = 0 the above number
is well known from Combinatorics and is the n − 1-th Catalan number Cn−1,
where

Cn =
1

n + 1

(
2n
n

)

� 4n

n3/2
√

π
.
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Proposition 6. The diagonal language

Ld = {f(t, t) | t ∈ TΓ }, Γ = {f, α},
is syntactically hard

SCLd
(n + 1) =

1
n + 1

(
2n
n

)

.

Proof. Actually, we shall show that the right derivatives Ldt
−1, t ∈ TΓ , are

pairwise distinct. First observe that

Ldt
−1 = {f(s, τ) | s ∈ TΓ , τ ∈ PΓ , s = τ ·t}∪{f(τ, s) | s ∈ TΓ , τ ∈ PΓ , s = τ ·t}.

Now, if Ldt
−1 ∩ Ldt

′−1 �= ∅, then

f(s, τ) = f(s′, τ ′), s = τ · t, s′ = τ ′ · t′,
or

f(τ, s) = f(τ ′, s′), s = τ · t, s′ = τ ′ · t′.
Hence s = s′, τ = τ ′ and t = t′.

4 Refined Syntactic Complexity

As we have seen the growth rate of the function SCL introduced in the previous
section gives no information that allows us to compare recognizable tree lan-
guages with respect to their complexity. Our intention in the present section is
to provide an efficient complexity measure for recognizable tree languages. Let
us denote by P

(n)
Γ the subset of TΓ (Xn) formed by all trees where x1, . . . , xn

occur in the yield of the tree (in this order from left to right) exactly once. For
instance the tree

τ = ∈ P
(3)
Γ .

f

bf x2 x3

f

f

a x1

For every n ≥ 1 there is a junction function

P
(n)
Γ × T n

Γ → TΓ , (τ, t1, . . . , tn) �→ τ [t1, . . . , tn].

With respect to L ⊆ TΓ , two dual notions of derivatives can be defined:

τ−1L = {(t1, . . . , tn) | τ [t1, . . . , tn] ∈ L},
L(t1, . . . , tn)−1 = {τ | τ ∈ P

(n)
Γ , τ [t1, . . . , tn] ∈ L},

for all τ ∈ P
(n)
Γ and t1, . . . , tn ∈ TΓ .



On the Complexity of the Syntax of Tree Languages 197

Theorem 1. For L ⊆ TΓ , the following conditions are equivalent

i) L is recognizable
ii) for every n ≥ 1, card{τ−1L | τ ∈ P

(n)
Γ } < ∞

iii) for every n ≥ 1, card{L(t1, . . . , tn)−1 | t1, . . . , tn ∈ TΓ } < ∞.

Proof. iii) ⇒ ii). Assume that L(t11, . . . , t1n)−1, . . . , L(tk1, . . . , tkn)−1 are the
distinct right derivatives of L. Then the function

φ : {τ−1L | τ ∈ P
(n)
Γ } → {0, 1}k, φ(τ−1L) = (ε1, . . . , εk)

with εi = 1 iff τ [ti1, . . . , tin] ∈ L is well defined and moreover it is injective since

φ(τ−1L) = φ(τ ′−1L) implies τ−1L = τ ′−1L.

The hypothesis φ(τ−1L) = φ(τ ′−1L) is equivalent to

τ [ti1, . . . , tin] ∈ L iff τ ′[ti1, . . . , tin] ∈ L (1)

for all i = 1, 2, . . . , k. We have

(s1, . . . , sn) ∈ τ−1L ⇔ τ [s1, . . . , sn] ∈ L

⇔ τ ∈ L(s1, . . . , sn)−1 = L(ti1, . . . , tin)−1, for some i

⇔ τ [ti1, . . . , tin] ∈ L (by 1 above)
⇔ τ ′[ti1, . . . , tin] ∈ L

⇔ τ ′ ∈ L(ti1, . . . , tin)−1

⇔ (s1, . . . , sn) ∈ τ ′−1L

that is τ−1L = τ ′−1L as wanted. From the injectivity of φ we get

card{τ−1L | τ ∈ P
(n)
Γ } < ∞.

The implication ii) ⇒ iii) can be proved in a similar way.
The fact that ii) ⇒ i) follows from Proposition 2 since PΓ = P

(1)
Γ .

i) ⇒ ii). Consider a tree automaton M = (Q, μ, F ) with behavior L and let
μM : TΓ → Q be its reachability map. We shall demonstrate that for every
t1, . . . , tn ∈ TΓ there exist t̄1, . . . , t̄n ∈ TΓ with height less or equal to cardQ
such that

μM(τ [t1, . . . , tn]) = μM(τ [t̄1, . . . , t̄n]), for all τ ∈ P
(n)
Γ .

Indeed let us choose t̄i with the property

μM(t̄i) = μM(ti), height(t̄i) ≤ cardQ

for all i = 1, . . . , n. Then we get

μM(τ [t1, . . . , tn]) = μM(τ [x, t2, . . . , tn] · t1) (by Prop. 1)
= τ [x, t2, . . . , tn] · μM(t1)
= τ [x, t2, . . . , tn] · μM(t̄1) (by Prop. 1)
= μM(τ [x, t2, . . . , tn] · t̄1)
= μM(τ [t̄1, . . . , tn]) = · · · = μM(τ [t̄1, . . . , t̄n]).



198 S. Bozapalidis and A. Kalampakas

Now it holds that
L(t1, . . . , tn)−1 = L(t̄1, . . . , t̄n)−1.

In fact

τ ∈ L(t1, . . . , tn)−1 ⇔ τ [t1, . . . , tn] ∈ L = μ−1
M (F )

⇔ μM(τ [t1, . . . , tn]) ∈ F

⇔ μM(τ [t̄1, . . . , t̄n]) ∈ F

⇔ τ [t̄1, . . . , t̄n] ∈ μ−1
M (F ) = L

⇔ τ ∈ L(t̄1, . . . , t̄n)−1

as wanted. It follows that

card{L(t1, . . . , tn)−1 | t1, . . . tn ∈ TΓ } ≤ (cardQ)n < ∞

and the proof is completed.

The refined syntactic complexity of a recognizable tree language L ⊆ TΓ is the
function RSCL : N → N sending every natural number n to the number of the
distinct left derivatives τ−1L when τ ranges over P

(n)
Γ , i.e.,

RSCL(n) = card{τ−1L | τ ∈ P
(n)
Γ }.

Example 2. Return to the non-recognizable language Lbal and let us choose the
trees

f

τk,n =

xn

x2

x1tk

...

f

f ∈ P
(n)
Γ .

For s0, . . . , sn−1 ∈ TΓ , we have τk,n[s0, . . . , sn−1] ∈ Lbal iff si = tk+i for 0 ≤
i < n. In other words, there are infinitely many distinct left derivatives τ−1Lbal,
τ ∈ P

(n)
Γ , i.e., RSCLbal

(n) = ∞ for all n.
Similar observations can be made for Lfib.

In the sequel we display two recognizable languages having linear and exponential
syntactic complexity respectively.

Example 3. Consider the recognizable tree language L consisting of all trees of
the form
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f

tm =

ba

ba

ba c

...

f

f

(m occurrences of f , m ≥ 1).

For 0 ≤ k ≤ n ≤ 2m let us denote by dk a strictly increasing function from
{1, 2, . . . , n} to {1, 2, . . . , 2m} such that dk(i) ≤ m for all i = 1, 2, . . . , k and
dk(i) ≥ m + 1 for i = k + 1, k + 2, . . . , n. We introduce the tree τ(dk) obtained
from tm above by distributing via dk the variables x1, . . . , xk on the left nodes
labelled by a and the remaining variables xk+1, . . . xn on the right nodes labelled
by b. For instance

f

τ(d2) =

x4x1

x3x2

ba c

f

f

f

and τ(d′2) =

x1

x4

x3x2

b

a

c

f

f

with d2, d
′
2 : {1, 2, 3, 4} → {1, 2, 3, 4, 5, 6} given by d2(1) = 1, d2(2) = 2, d2(3) =

5, d2(4) = 6 and d′2(1) = 1, d′2(2) = 3, d′2(3) = 4, d′2(4) = 5 respectively. It is
not hard to see that, if dk, d′k are two distributions as defined previously, then
we have

τ(dk)−1L = τ(d′k)−1L

therefore there are exactly n + 1 distinct left derivatives of the above form,
namely,

τ(d0)−1L, τ(d1)−1L, . . . , τ(dn)−1L.

Next for 1 ≤ k ≤ n ≤ 2m+1 let us denote by δk a strictly increasing function
from {1, 2, . . . , n} to {1, 2, . . . , 2m + 1} with the property δk(k) = m + 1 and
δk(i) ≤ m (i ≤ k − 1), δk(i) ≥ m + 2 (i ≥ k + 1). Also we denote by τ(δk) the
tree obtained from tm above by distributing via δk the variables x1, . . . xk−1 on
the left nodes labelled by a, the variables xk+1, . . . xn on the right nodes labelled
by b whereas the variable xk replaces the node labelled by c. As above we can
verify that there are exactly n distinct left derivatives
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τ(δ1)−1L, τ(δ2)−1L, . . . , τ(δn)−1L.

Of course if τ ∈ P
(n)
Γ is neither of the form τ(d) nor τ(δ) then τ−1L = ∅. We

conclude that there are in total n + 1 + n + 1 = 2(n + 1) distinct left derivatives
of L at level n, i.e., RSCL(n) = 2(n+1) and the language L has linear syntactic
complexity.

Example 4. Consider the regular tree grammar

G : y1 → f(y1, y2), y2 → g(y1, y2), y1 → a, y2 → b,

and the tree language L(G, y1) generated by G starting from the variable y1. A
tree t belongs to L(G, y1) if and only if the left (resp. right) child of any node
of t is labelled either by f or a (resp. g or b). From any t ∈ L(G, y1) and any
strictly increasing function d : {1, 2, . . . , n} → {1, 2, . . . , |y(t)|} we derive the tree
τ(t, d) ∈ P

(n)
Γ by replacing the letter located at the d(i)-th position of y(t) (from

left to right) with the variable xi (1 ≤ i ≤ n). It is not hard to see that two such
trees τ(t, d) and τ(t′, d′) define the same left derivative,

τ(t, d)−1L(G, y1) = τ(t′, d′)−1L(G, y1)

if and only if for every i ∈ {1, 2, . . . , n} the d(i)-th and d′(i)-th letters in y(t),
y(t′), respectively, are equal. It turns out that the distinct left derivatives of
L(G, y1) correspond to the possible ways of substituting x1 by a or b, x2 by a
or b, etc. Taking into account the empty left derivative we finally obtain

RSCL(G,y1)(n) = 2n + 1

that is L(G, y1) has exponential syntactic complexity.

5 Constructive Complexity of a Tree Automaton

Here we display a way to measure how complicated the structure of a tree au-
tomaton is. First we need some additional notation. Given a tree automaton
M = (Q, μ, F ), for every t ∈ TΓ (Xn) and every q1, . . . , qn ∈ Q, the element
t[q1, . . . , qn] ∈ Q is inductively defined as follows

– for t = xi, xi[q1, . . . , qn] = qi, 1 ≤ i ≤ n;
– for t = c ∈ Γ0, c[q1, . . . , qn] = μc;
– for t = f(t1, . . . , tk), f ∈ Γk, ti ∈ TΓ (Xn)

f(t1, . . . , tk)[q1, . . . , qn] = μf (t1[q1, . . . , qn], . . . , tk[q1, . . . , qn]).

The constructive complexity of the automaton M = (Q, μ, F ) is the function
CCM : N → N defined by the formula

CCM(n) = card{τ−1F | τ ∈ P
(n)
Γ }
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where
τ−1F = {(q1, . . . , qn) | τ [q1, . . . , qn] ∈ F}.

Since for all n we have τ−1F ⊆ Qn, we get that

CCM(n) ≤ 2(cardQ)n

and so CCM is everywhere defined.

Example 5. Let Γ be a finite ranked alphabet and consider the automaton M =
(Zm, μ, F = {0}) where Zm = {0, 1, . . . , m− 1} is the additive group of integers
modm. The moves μf : Z

k
m → Zm are given by

μc = 1, (c ∈ Γ0), μf (α1, . . . , αk) = 1 + α1 + · · · + αk, (f ∈ Γk, k ≥ 1)

where at the right hand side the designated addition is the modm addition. The
reachability map μM : TΓ → Zm sends every tree t to its modm size, i.e.,

μM(t) = |t|(modm)

and the behavior of M consists of all trees whose size is divisible by m. For
τ, τ ′ ∈ P

(n)
Γ , we have

τ−1F = τ ′−1F if and only if |τ | ≡ |τ ′|(modm).

Consequently, there are exactly m distinct classes τ−1F , that is CCM(n) = m
for all n and thus M has constant constructive complexity.

A naturally arising question concerns the comparison of the complexities CCM
and RSC|M|. Recall that a simulation of M = (Q, μ, F ) to M′ = (Q′, μ′, F ′) is
a surjective function h : Q → Q′ respecting the moves

h(μf (q1, . . . , qn)) = μ′
f (h(q1), . . . , h(qk)), f ∈ Γk, qi ∈ Q,

and moreover h−1(F ′) = F . An induction argument on the complexity of the
tree τ ∈ P

(n)
Γ shows that

h(τ [q1, . . . , qn]) = τ [h(q1), . . . , h(qn)], q1, . . . , qn ∈ Q. (2)

Proposition 7. Let M,M′ be reachable tree automata. If there is a simulation
h : M → M′ then both M and M′ have the same constructive complexity

CCM = CCM′ .

Proof. We have to show that

CCM(n) = CCM′(n), for all n

or that

card{τ−1F | τ ∈ P
(n)
Γ } = card{τ−1F ′ | τ ∈ P

(n)
Γ }, for all n.

The last fact will follow if we show that the assignment τ−1F �→ τ−1F ′ is a well
defined injection, which is expressed by the following logical equivalence

τ−1F = τ ′−1F ⇔ τ−1F ′ = τ ′−1F ′.
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Assume that τ−1F = τ ′−1F , then

(q′1, . . . , q
′
n) ∈ τ−1F ′ ⇔ (h(q1), . . . , h(qn)) ∈ τ−1F ′, q′i = h(qi), 1 ≤ i ≤ n

⇔ τ [h(q1), . . . , h(qn)] ∈ F ′ (by Eq. (2))

⇔ h(τ [q1, . . . , qn]) ∈ F ′ (by F = h−1(F ′))
⇔ τ [q1, . . . , qn] ∈ F

⇔ (q1, . . . , qn) ∈ τ−1F = τ ′−1F

⇔ τ ′[q1, . . . , qn] ∈ F

⇔ h(τ ′[q1, . . . , qn]) ∈ F ′

⇔ (q′1, . . . , q
′
n) ∈ τ ′−1F ′

and thus τ−1F ′ = τ ′−1F ′. The implication

τ−1F ′ = τ ′−1F ′ ⇒ τ−1F = τ ′−1F

is proved analogously.

The minimal automaton associated with a tree language L ⊆ TΓ is

ML = (QL, μL, FL)

where

– QL = {Lt−1 | t ∈ TΓ }, FL = {Lt−1 | t ∈ L};
– (μL)f : Qk

L → QL, (μL)f (Lt−1
1 , . . . , Lt−1

k ) = Lf(t1, . . . , tk)−1, f ∈ Γk.

Clearly ML is a reachable automaton with behavior L and for every reachable
automaton M = (Q, μ, F ) with behavior L, there is a (unique) simulation h :
M → ML defined by

h(q) = Lt−1, μM(t) = q, q ∈ Q

therefore, by virtue of Proposition 7, we get

CCM = CCML .

On the other hand

Proposition 8. If M is a reachable automaton with behavior L, then

CCM = RSCL.

Proof. Analogous to that of Proposition 7.

Taking into account the previous discussion we conclude that

Proposition 9. For every recognizable tree language L ⊆ TΓ it holds

RSCL(n) ≤ 2(CardQL)n

, for all n.
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