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Abstract. A method of possible equivalence classes, described in [14],
is extended under non-deterministic information. The method considers
both indiscernibility and discernibility of non-deterministic values by us-
ing possible equivalence classes. As a result, the method gives the same
results as the method of possible worlds. Furthermore, maximal possible
equivalences are introduced in order to effectively calculate rough ap-
proximations. We can use the method of possible equivalence classes to
obtain rough approximations between arbitrary sets of attributes con-
taining non-deterministic values.
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1 Introduction

The framework of rough sets, proposed by Pawlak [17], is used in various fields.
The keywords that characterize methods of rough sets are indiscernibility and dis-
cernibility of objects, equivalence classes, and rough approximations expressed
by lower and upper ones. The classical framework of rough sets is based on in-
formation tables containing only deterministic information, but not containing
imprecise information. As a matter of fact, real tables usually contain imprecise
information [16]. Therefore, lots of research has been made for information tables
with imprecise information [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,18,19,20,21,22].

Among them methods of possible worlds are used for dealing with non-
deterministic information [15,18,19,20]. The non-deterministic information is ex-
pressed by for example, {a, b, c}. {a, b, c} is an or-set; i.e., its value cannot be
determined, but is one among a, b, and c.

In this paper, we extend a method of possible equivalence class, described in
[14], dealing with a missing value meaning “do not care” in order to handle non-
deterministic information. Non-deterministic values contain the missing value
as a special case. Therefore, this extension is a generalization of the method of
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possible equivalence classes. Furthermore, we introduce maximal possible equiv-
alence classes in order to effectively calculate rough approximations.

2 Rough Sets under Deterministic Information

A data set is represented as a table, called an information table, where each row
represents an object and each column does an attribute. The information table is
pair (U, AT ), where U is a non-empty finite set of objects called the universe and
AT is a non-empty finite set of attributes such that ∀a ∈ AT : U → Dom(a)
where set Dom(a) is the domain of attribute a. In an information table consisting
of set AT of attributes, binary relation IND(ΨA) for indiscernibility of objects
in subset Ψ ⊆ U on subset A ⊆ AT of attributes is:

IND(ΨA) = {(o, o′) ∈ Ψ × Ψ | ∀a ∈ A a(o) = a(o′)}. (1)

This relation, called an indiscernibility relation, is reflexive, symmetric, and tran-
sitive. Obviously, IND(ΨA) is an equivalence relation. From the indiscernibility
relation, equivalence class E(ΨA)o (= {o′ | (o, o′) ∈ IND(ΨA)}) containing ob-
ject o is obtained. This is also the set of objects that is indiscernible with object
o, called the indiscernible class for object o. Finally, family Ψ/IND(ΨA) (=
{E(ΨA)o | o ∈ Ψ}) of equivalence classes on A is derived from indiscernibility
relation IND(ΨA). This is the classification induced by A.

Using equivalence classes, lower approximation Apr(ΦB , ΨA) and upper ap-
proximation Apr(ΦB , ΨA) of Φ/IND(ΦB) by Ψ/IND(ΨA)1 are:

Apr(ΦB , ΨA) = {e | ∃e′ e ⊆ e′ ∧ e ∈ Ψ/IND(ΨA) ∧ e′ ∈ Φ/IND(ΦB)}, (2)

Apr(ΦB , ΨA) = {e | ∃e′ e ∩ e′ 	= ∅ ∧ e ∈ Ψ/IND(ΨA) ∧ e′ ∈ Φ/IND(ΦB)}.(3)

Expressions in terms of a set of objects are:

apr(ΦB , ΨA) = ∪e∈Apr(ΦB ,ΨA)e, apr(ΦB, ΨA) = ∪e∈Apr(ΦB ,ΨA)e. (4)

where apr is used for the expressions by a set of objects while Apr by a family
of equivalence classes.

3 Methods of Possible Worlds

In methods of possible worlds, the established ways addressed in the previous
section are applied to each possible table, and then the results from the possible
tables are aggregated. It is a possible table that every non-deterministic value is
replaced by an element comprising the value. When non-deterministic values are
contained on set A of attributes in information table T , set rep(T )A of possible
tables on A is:
1 UA and UB are used in place of ΨA and ΦB when sets Ψ and Φ of objects are equal

to U , respectively.
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rep(T )A = {pt1, . . . , ptn}, (5)

where each possible table pti has an equal possibility that it is the actual one,
n is equal to Πi=1,mli, the number of non-deterministic values is m, and each of
them has li(i = 1, m) elements.

All possible tables consist of deterministic values on A. Family U/IND(UA)pti

of equivalence classes on A is obtained from each possible table pti. Family
U/IND(UA) of equivalence classes in T is the union of U/IND(UA)pti :

U/IND(UA) = ∪iU/IND(UA)pti . (6)

To obtain lower and upper approximations, the classical method addressed
in the previous section is applied to possible tables. Let Apr(UB, UA)pti and
Apr(UB, UA)pti denote lower and upper approximations of U/IND(UB)pti by
U/IND(UA)pti in possible table pti. Lower approximation Apr (UB, UA) and
upper approximation Apr(UB, UA) in information table T are the unions of
Apr(UB, UA)pti and Apr(UB , UA)pti , respectively:

Apr(UB, UA) = ∪iApr(UB, UA)pti , Apr(UB, UA) = ∪iApr(UB, UA)pti . (7)

We adopt the results by the methods of possible worlds as a correctness criterion
for extended methods; namely, q(T ) = ∪q′(rep(T )A), where q′ is a classical
method and q is an extended method of q′ that is described in Section 2.

4 Extending Method of Possible Equivalence Classes

We extend methods of possible equivalence classes described in [14] to deal with
non-deterministic information. To handle indiscernibility and discernibility for
non-deterministic values, we divide universe U into two sets Ud

a and Und
a on

attribute a. Ud
a and Und

a consists of objects whose value of attribute a ∈ A is
deterministic and non-deterministic, respectively. For set Ud

a , we obtain family
Ud

a/IND(Ud
a ) of equivalence classes on attribute a by using the classical method

addressed in Section 2. Family Poss(U/IND(UA)) of possible equivalence classes
on attribute A is:

Poss(U/IND(UA)) = ∩a∈A{e | e ∈ Poss(U/IND(Ua))}\{∅}, (8)
Poss(U/IND(Ua)) =

{e ∪ e′ | e ∈ Ud
a/IND(Ud

a ) ∧ o ∈ e ∧ e′ ∈ PEnd
a(o),a} ∪v PEnd

a=v\{∅}, (9)

where PEnd
a(o),a and PEnd

a=v are the power sets of End
a(o),a and End

a=v, respectively.
End

a(o),a is the set of objects that have a non-deterministic value that may be
equal to deterministic value a(o) on attribute a. End

a=v is the set of objects that
have a non-deterministic value that may be equal to deterministic value v that
is an element of non-deterministic values, but does not belong to set V d

a of
deterministic values on attribute a.
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End
a(o),a = {o′ | o′ ∈ Und

a ∧ o ∈ Ud
a ∧ a(o) ∈ a(o′)}, (10)

End
a=v = {o | o ∈ Und

a ∧ v ∈ o(a) ∧ v ∈ (V nd
a − V d

a )}, (11)

where V d
a = {o(a) | o ∈ Ud

a} and V nd
a = {e | e ∈ o(a) ∧ o ∈ Und

a }; namely, V nd
a

is the set of elements that comprise the non-deterministic values on attribute
a. When all non-deterministic values are missing values on attribute a, End

a(o),a

reduces to the set of objects having a missing value and also End
a=v does under

|V d
a | < |Dom(a)| for cardinality. So, formulae (8) and (9) reduces to the formulae

for missing values addressed in [14].
We can express indiscernibility and discernibility of non-deterministic val-

ues by using the possible equivalence classes. This is because an object o ∈
Und

a is indiscernible with the other objects in a possible equivalence class e ∈
Poss(U/IND(Ua)) on a if o is included in e, otherwise it is discernible.

Using families of possible equivalence classes, we obtain lower and upper ap-
proximations Apr(UB, UA) and Apr(UB, UA) of Poss(U/IND(UB)) by Poss
(U/IND(UA)):

Apr(UB, UA) = {e | ∃e′ e ⊆ e′ ∧ e ∈ Poss(U/IND(UA)) ∧
e′ ∈ Poss(U/IND(UB))}, (12)

Apr(UB, UA) = {e | ∃e′ e ∩ e′ 	= ∅ ∧ e ∈ Poss(U/IND(UA)) ∧
e′ ∈ Poss(U/IND(UB))}. (13)

For expressions in terms of a set of objects, the same expressions as in Section
2 are used.

Proposition 1
The lower and upper approximations that are obtained by the method of possible
equivalence classes coincide with ones obtained by the method of possible worlds.

Proof
The proof is similar to that of Proposition 6 in [12].

Example 1
Let information table T be obtained as follows:

T
O a1 a2 a3 a4
1 x u 1 a
2 x u 1 a
3 x u 1 a
4 x {u, v} 1 a
5 {x, y} {v, w} 2 b

pt1
O a1 a2 a3 a4
1 x u 1 a
2 x u 1 a
3 x u 1 a
4 x {u, v} 1 a
5 x {v, w} 2 b

pt2
O a1 a2 a3 a4
1 x u 1 a
2 x u 1 a
3 x u 1 a
4 x {u, v} 1 a
5 y {v, w} 2 b

In information table T , U = {o1, o2, o3, o4, o5}. Let domains Dom(a1), Dom(a2),
Dom(a3) and Dom(a4) of attributes a1, a2, a3 and a4 be {x, y}, {u, v, w}, {1, 2}
and {a, b}, respectively. We obtain two possible tables pt1 and pt2 from T on a1,
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because non-deterministic value {x, y} on attribute a1 of object o5 is replaced
by x or y. o5 is indiscernible with the other objects on a1 in pt1, whereas o5
is discernible in pt2. In other words, pt1 corresponds to the case where o5 is
indiscernible with the other objects on a1, whereas pt2 is to the case where o5
is discernible with the other objects. Families of equivalence classes on attribute
a1 in possible tables pt1 and pt2 are:

U/IND(Ua1)pt1 = {o1, o2, o3, o4, o5}, U/IND(Ua1)pt2 = {{o1, o2, o3, o4}, {o5}}.

Let Φ be {o1, o2, o3, o4} for simplicity.

Apr(Φ, Ua1)pt1 = {∅}, Apr(Φ, Ua1)pt1 = {{o1, o2, o3, o4, o5}}.

Apr(Φ, Ua1)pt2 = {{o1, o2, o3, o4}}, Apr(Φ, Ua1)pt2 = {{o1, o2, o3, o4}}.

Using (6),

Apr(Φ, Ua1) = {{o1, o2, o3, o4}}, Apr(Φ, Ua1) = {{o1, o2, o3, o4}, {o1, o2, o3, o4, o5}},

Using (4),

apr(Φ, Ua1) = {o1, o2, o3, o4}. apr(Φ, Ua1) = {o1, o2, o3, o4, o5}.

For attribute a1 in information table T ,

Ud
a1

= {o1, o2, o3, o4}, Ud
a1

/IND(Ud
a1

) = {{o1, o2, o3, o4}}, Und
a1

= {o5},

V d
a1

= {x}, End
x,a1

= {o5}, V nd
a1

= {x, y}, V nd
a1

− V d
a1

= {y}, End
a1=y = {o5}.

Power sets PEnd
x,a1

and PEnd
a1=y of End

x,a1
and End

a1=y are {∅, {o5}}. By using
formula (9), the family of possible equivalence classes on attribute a1 is:

Poss(U/IND(Ua1)) = {{o5}, {o1, o2, o3, o4}, {o1, o2, o3, o4, o5}}.

Using (12) and (13), rough approximations of Φ are.

Apr(Φ, Ua1) = {{o1, o2, o3, o4}}, Apr(Φ, Ua1) = {{o1, o2, o3, o4}, {o1, o2, o3, o4, o5}}.

Indeed, the lower and upper approximations coincide with ones obtained from
the method of possible worlds.

5 Maximal Possible Equivalence Classes

As the number of non-deterministic values increases, the number of possible
equivalence classes does exponentially. So, the computational time of the method
of possible equivalence classes contains an exponential factor of the number of
non-deterministic values. To solve this difficulty, we introduce maximal possi-
ble equivalence classes. The family Poss(U/IND(UA))max of maximal possible
equivalence classes on A is:

Poss(U/IND(UA))max = ∩a∈A{e | e ∈ Poss(U/IND(Ua))max}\{∅}, (14)
Poss(U/IND(Ua))max =

{e ∪ e′ | e ∈ Ud
a/IND(Ud

a ) ∧ o ∈ e ∧ e′ = End
a(o),a} ∪v {End

a=v}. (15)
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Proposition 2
Poss(U/IND(UA))max ⊆ Poss(U/IND(UA)).

Proof
If e ∈ Poss(U/IND(UA))max, e = ∩a∈Aea and ea ∈ Poss(U/IND(Ua))max for
all a ∈ A from (14). IF ea ∈ Poss(U/IND(Ua))max, ea ∈ Poss(U/IND(Ua))
from (9) and (15). Thus, this proposition holds.

Proposition 3

If e ∈ Poss(U/IND(UA)), ∃e′ e ⊆ e′ ∧ e′ ∈ Poss(U/IND(UA))max.

Proof
If e ∈ Poss(U/IND(Ua)), e = e′ ∪ e′′ or e ∈ ∪vPEnd

a=v from (9) where e′ ∈
Ud

a/IND(Ud
a ) and e′′ ∈ PEnd

a(o),a. If e′′ ∈ PEnd
a(o),a, e′′ ⊆ End

a(o),a. (e′ ∪ End
a(o),a) ∈

Poss(U/IND(Ua))max from (15). If e ∈ ∪vPEnd
a=v, ∃e′ e′ ⊆ e′′∧e′′ ∈ ∪v{End

a=v}.
Thus, for all a ∈ A, if e ∈ Poss(U/IND(Ua)), ∃e′ e ⊆ e′ ∧ e′ ∈
Poss(U/IND(Ua))max. From (8) and (14), this proposition holds.

Using maximal possible equivalence classes, the lower approximation is:

Apr(UB, UA)max = ∩a∈A{e | e ∈ Apr(UB, Ua)max}\{∅}, (16)

Apr(UB, Ua)max = {e ∪ (e′ ∩ End
a(o),a) | ∃e′ e ⊆ e′ ∧ o ∈ e ∧

e ∈ Ud
a/IND(Ud

a ) ∧ e′ ∈ Poss(U/IND(UB))max} ∪
{e ∩ e′ | ∃e′ e ∩ e′ 	= ∅ ∧ e ∈ ∪v{End

a=v} ∧ e′ ∈ Poss(U/IND(UB))max}.(17)

The upper approximation is:

Apr(UB, UA)max = ∩a∈A{e | e ∈ Apr(UB, Ua)max}\{∅}, (18)
Apr(UB , Ua)max = {e | ∃e′ e ∩ e′ 	= ∅ ∧ e ∈ Poss(U/IND(Ua))max ∧

e′ ∈ Poss(U/IND(UB))max}. (19)

Proposition 4
Apr(UB, UA)max ⊆ Apr(UB, UA) and Apr(UB, UA)max ⊆ Apr(UB, UA)

Proof
If e ∈ Apr(UB, UA)max, e = ∩aea and ∀a ∈ A ea ∈ Apr(UB , Ua)max from (16).
If ea ∈ Apr(UB, Ua)max, ∃e′ ea ⊆ e′ ∧ e′ ∈ Poss(U/IND(UB))max from (17). If
e′ ∈ Poss(U/IND(UB))max, e′ ∈ Poss(U/IND(UB)) from Proposition 2. So,
e ∈ Apr(UB, UA). The proof is similar for the upper approximation.

Proposition 5

If e ∈ Apr(UB , UA), ∃e′e ⊆ e′ ∧ e′ ∈ Apr(UB, UA)max,

If e ∈ Apr(UB, UA), ∃e′e ⊆ e′ ∧ e′ ∈ Apr(UB, UA)max.
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Proof
If e ∈ Apr(UB, UA), ∃e′ e ⊆ e′ ∧ e′ ∈ Poss(U/IND(UB)) from (12). If e′ ∈
Poss(U/IND(UB)), ∃e′′ e′ ⊆ e′′∧e′′ ∈ Poss(U/IND(UB))max from Proposition
3. Thus, this proposition holds. The proof is similar for the upper approximation.

Proposition 6 (Monotonicity of the accuracy of approximations)
If A ⊆ B, Apr(UC , UA)max ⊆ Apr(UC , UB)max and Apr(UC , UA)max ⊇
Apr(UC , UB)max.

Proof
If A ⊆ B∧e ∈ Poss(U/IND(UB))max , ∃e′ e ⊆ e′∧e′ ∈ Poss(U/IND(UA))max

from (14). Thus, this proposition holds.

For expressions by a set of objects, the following proposition holds:

Proposition 7

apr(UB, UA)max = apr(UB, UA), apr(UB, UA)max = apr(UB , UA).

Proof
If o ∈ apr(UB, UA)max, ∃e o ∈ e ∧ e ∈ Apr(UB, UA)max. If e ∈ Apr(UB, UA)max,
e ∈ Apr(UB, UA) from Proposition 4. Thus, o ∈ apr(UB, UA). If o ∈ apr(UB, UA),
∃e o ∈ e ∧ e ∈ Apr(UB, UA). From Proposition 5, if e ∈ Apr(UB, UA), ∃e′e ⊆
e′ ∧ e′ ∈ Apr(UB, UA)max. Thus, o ∈ apr(UB, UA)max. The proof is similar for
the upper approximation.

From Propositions 1 and 7, the method using maximal possible equivalence
classes gives the same rough approximations as the method of possible worlds
for expressions in terms of a set of objects.

Furthermore, it is noticeable that the method of possible equivalence classes
is also applicable to the case that not only condition attributes but also decision
attributes contain non-deterministic values. Thus, we can use the method of
possible equivalence classes to obtain rough approximations between arbitrary
sets of attributes containing non-deterministic values in information tables. We
show such an example below.

Example 2
Let the following information table T ′ be given.

T ′

O a1 a2 a3
1 x 1 a
2 x 2 b
3 {x, y, z} 2 b
4 y 3 {c, d}
5 {y, z} 3 c
6 {z, w} 3 c
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On a1 and a3 in T ′,

Und
a1

= {o3, o5, o6}, Ud
a1

= {o1, o2, o4}, Und
a3

= {o4}, Ud
a3

= {o1, o2, o3, o5, o6}.

U/IND(Ud
a1

) = {{o4}, {o1, o2}}, U/IND(Ud
a3

) = {{o1}, {o2, o3}, {o5, o6}},

V d
a1

= {x, y}, End
x,a1

= {o3}, End
y,a1

= {o3, o5}, V nd
a1

= {x, y, z, w},

V nd
a1

− V d
a1

= {z, w}, End
a1=z = {o3, o5, o6}, End

a1=w = {o6},

V d
a3

= {a, b, c}, End
a,a3

= End
b,a3

= ∅, End
c,a3

= {o3},

V nd
a3

= {c, d}, V nd
a3

− V d
a3

= {d}, End
a3=d = {o4}.

Families of maximal possible equivalence classes on a1 and a3 are:

Poss(U/IND(Ua1))max = {{o6}, {o1, o2, o3}, {o3, o4, o5}, {o3, o5, o6}}.

Poss(U/IND(Ua3))max = {{o1}, {o4}, {o2, o3}, {o4, o5, o6}}.

Rough approximations are:

Apr(Ua3 , Ua1)max = {{o3}, {o4}, {o6}, {o5, o6}, {o4, o5}},

Apr(Ua3 , Ua1)max = {{o6}, {o1, o2, o3}, {o3, o4, o5}, {o3, o5, o6}}.

Expressions by a set of objects are:

apr(Ua3 , Ua1)max = {o3, o4, o5, o6}. apr(Ua3 , Ua1)max = {o1, o2, o3, o4, o5, o6}.

Of course, these coincide with ones obtained from the method of possible worlds.

6 Conclusions

We have extended the method of possible equivalence classes to deal with infor-
mation tables containing non-deterministic information. The method gives the
same results as the method of possible worlds. This comes from that the method
considers both discernibility and indiscernibility of non-deterministic values by
using possible equivalence classes. If an object with non-deterministic values
is contained in a possible equivalence class, the object is indiscernible with the
other objects in the possible equivalence class, otherwise the object is discernible.

It is not necessary to handle all possible equivalence classes. We get the same
rough approximations in terms of a set of objects as the method of possible
worlds by using maximal possible equivalence classes. In the method using max-
imal possible equivalence classes, the computational time does not contain the
exponential factor of the number of non-deterministic values.

Furthermore, the method is free from the condition that non-deterministic
values occur to only condition attributes. Thus, we can use the method of possible
equivalence classes to obtain rough approximations between arbitrary sets of
attributes containing non-deterministic values.
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