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Preface

I am honored to write a preface to this remarkably broad and comprehensive volume
on approval voting (AV). It has been almost 35 years since Peter C. Fishburn and
I met in 1976 and began research on AV. Besides my 30-year collaboration with
Fishburn, I have collaborated with several other scholars – including D. Marc
Kilgour, Samuel Merrill, Jack H. Nagel, M. Remzi Sanver, and William S. Zwicker –
on AV-related research. Over these years there has been a profusion of articles and
books reporting on empirical and theoretical aspects of AV and their normative
implications. This volume touches on all aspects of this research and will be a very
helpful sourcebook to scholars who want to carry this research forward.

In Brams and Fishburn (1983/2007, p. 172), Fishburn and I were unabashed in
our support of AV:

Approval voting strikes at the heart of how political debate is resolved. It offers a new
approach to the realization of democratic principles by redefining what constitutes a demo-
cratic choice. Indeed, the foundation on which representative government is built is periodic
elections, and the central problem of elections today is how to translate voter preferences,
with as little distortion as possible, into consensus choices in multicandidate races. We
believe that approval voting is the best practical way for amalgamating these preferences,
fairly and impartially, to produce a winner and thereby ameliorate the multicandate problem.

We added that “more than intellectual issues are at stake,” pointing out that “there
are some 500,000 elected officials serving in approximately 80,000 governments in
the United States” (p. 171). Earlier I had brazenly predicted that AV “would be the
election reform of the twentieth century” (Brams 1980, p. 105).

This was not to be, for reasons described in Brams and Fishburn (2005; reprinted
in this volume); indeed, as we indicated, AV’s success has been decidedly mixed.
Consequently, I take this opportunity to move up the deadline for the widespread
adoption of AV to the twenty-first century!

Of course, not everyone believes this should come to pass; AV, to say the least,
remains controversial. In part, this is because AV is a radical reform – even if it does
not require a constitutional amendment to implement in most democracies of the
world - because the idea of judging each and every candidate as acceptable or not is
fundamentally different from either
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viii Preface

� Restricting a voter’s approval to just one candidate, as under plurality voting; or
� Allowing voters to rank candidates – as under preference systems like the Hare

system of single transferable vote (STV) or the Borda count – but not indicate
where they would draw the line between those who are acceptable and those who
are not

In my opinion, the advantages of AV over plurality voting, or plurality voting with
a runoff, are compelling: AV is as simple as the former and less burdensome and
costly than the latter, not to mention its appealing theoretical properties, such as
its propensity to elect Condorcet winners (when they exist), its robustness against
manipulation, and its monotonicity (STV fails this property). Less clear, however,
is whether AV’s merits extend to electing multiple winners to, say, a council or
legislature.

In several chapters of Brams (2008), I analyze alternative methods of aggregat-
ing approval ballots – a subject that Kilgour, and Laffond and Lainé, also discuss
in this volume – which would, among other things, facilitate the proportional repre-
sentation (PR) of different factions in an electorate. While almost all parliamentary
democracies seek to achieve PR, most limit the choice of voters to voting for parties,
not candidates, and only one party at that. More research is clearly needed to assess
the benefits of using AV ballots to elect representative committees.

Another direction that AV-related research has taken is to allow voters to rate
candidates or other alternatives in terms of more than two grades. Range voting,
which has been championed by Warren D. Smith (see http://rangevoting.org), lets
voters grade candidates on a scale that might include as few as 3 gradations or as
many as 100; the candidate with the highest overall rating, when all voters’ rat-
ings are summed up, is the winner. Under majority judgment voting, Balinski and
Laraki (2010) suggest a 6-tier scale, but they emphasize that the ratings should not
be numerical but verbal (e.g., from “excellent” to “poor”), provided that the voters
share a common language that enables them to make similar judgments. Under their
scheme, the winner is the candidate with the highest median ranking, not the highest
overall (or average) ranking, as range voting prescribes.

While range voting and majority-judgment voting enable voters to make more
nuanced judgments than does AV, they also have some less-than-desirable proper-
ties. Paradoxically, each voting system can elect a candidate preferred – based on
the ratings – by only one voter when all the other voters favor a different candidate.
Moreover, under range voting, voters may have a strategic incentive to dichotomize
their ratings, giving their highest ratings to favored candidates and their lowest to
nonfavored candidates, making it equivalent to AV. Under majority judgment vot-
ing, a voter can sometimes do better by not voting than by giving his or her favorite
candidate the highest possible rating (the so-called no-show paradox). In sum, these
more sophisticated variants of AV carry their own troublesome baggage (Brams
2009).

Besides these refinements of AV, an intellectual and practical challenge is to
extend AV to new situations, such as voting on bills in a legislature, wherein there
might be multiple alternatives to be voted upon (e.g., an original bill, amendments,
and substitute amendments, which are allowed under different parliamentary rules).
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Instead of voting on these alternatives serially, where the order of voting on these
alternatives can critically affect the outcome, it would seem sensible to use AV to
vote on these alternatives all at once.

As a case in point, there can be up to five alternatives on the floor in the US
Congress and the United Nations. If a majority of members considered, say, three of
five alternatives acceptable, one might declare this package to be the social choice -
assuming that the different alternatives are consistent (i.e., one alternative in the
package does not nullify another). I know of almost no research on this kind of AV
application.

To conclude, I believe that empirical and theoretical research on AV, and the
kinds of emendations and applications I have discussed, will continue apace and
may even accelerate. But, as I have ruefully discovered, it is hard to predict when
and where a new idea like AV will take hold and be implemented.

I have not lost hope and still feel that AV will be tried out in significant public
elections. If so, we will learn quickly of any overlooked flaws. But the research
over the past third of a century suggests, at least to me, that there are more likely
to be some pleasant surprises, resulting in the election of consensus candidates who
are better able to formulate and enact public policy. If so, then the contributors to
this volume can – as academics whose contributions are not always taken seriously
by policy makers – glow in the pride of making an intellectual contribution to an
important public good.

Steven J. Brams
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Chapter 1
Introduction to the Handbook on Approval
Voting

Jean-François Laslier and M. Remzi Sanver

. . . the elementary part of each science, which all men can access, becoming more and more
expanded, will in a more complete manner contain all that each man can be required to know
to be able to manage his life and exert his intelligence in total independence. Condorcet
(1793)

Since the publication, in 1983, of Steven Brams and Peter Fishburn’s seminal
work Approval Voting, a variety of theoretical and empirical studies have enhanced
our understanding of the various aspects of this voting system: its axiomatic proper-
ties have been analyzed; its ballot structure has been examined; its strategic aspects
have been scrutinized; the electoral competition structures it induces have been
explored; and the patterns of voter behavior entailed by it have been observed
both in the laboratory and the field. This research has also engendered various aca-
demic controversies, some of which will be mentioned in this introduction. In brief,
the merest glance at the literature since 1983 reveals a remarkable accumulation
of results, obtained through efforts in a remarkably diverse range of fields: social
choice theory, game theory, computer science, political science and experimental
economics. This book, then, presents a collection of essays intended to summarize
the current state of knowledge on this system of voting.

Under Approval Voting, each voter says either “yes” or “no” for each candidate.
The voter can thus approve as many candidates as she wishes, and, for single-winner
elections, the candidate elected is the one who is approved by the largest number of
voters. Initial arguments in favor of this voting system were based on considerations
both from the voter’s point of view and with respect to its consequences for political
parties (see for instance Brams and Fishburn 1978; Cox 1985).

1. Because the voter is given the opportunity to provide more information about
her opinion than with a single-name ballot, adoption of Approval Voting might
increase voter turnout in general elections. Given the generally accepted view
that the quality of a democracy is linked to the number of voters participating

J.-F. Laslier (B)
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2 J.-F. Laslier and M.R. Sanver

and their level of satisfaction with the electoral process, this suggests that
Approval Voting can contribute to strengthening democracy.

2. By eliminating the wasted-vote effect, Approval Voting might broaden the span
of candidates running for office, thereby contributing to the richness of the polit-
ical debate. This point is related to the standard observation that the one-round
Plurality system makes third parties nonviable, a critical point in U.S. politics.

3. By eliminating the squeezing effect, Approval Voting would encourage the elec-
tion of consensual candidates. The squeezing effect is typically observed in
multiparty elections with a runoff. The runoff tends to prevent extremist can-
didates from winning, but a centrist candidate who would win any pairwise
runoff (the “Condorcet winner”) is also often “squeezed” between the left-wing
and the right-wing candidates and so eliminated in the first round. This point is
critical in countries using two-round Plurality.

The validity of such claims would normally be demonstrated by appeal to empir-
ical and historical studies. Approval Voting and related systems have, indeed,
occasionally been used in the past. The complicated rules for the election of the
Dogi of Venice from 1268 to 1789, analyzed by Lines (1986), included the use of
Approval Voting. Aleskerov (2005) depicts the use of Approval Voting in the eigh-
teenth century, during the reign of Catherine the Great, for local elections. There,
instead of ballot papers, there was a double urn for each candidate, made up of two
compartments, “yes” and “no.” The voter was given a ball for each candidate, and
was required to place one ball in the “yes” or in the “no” compartment of each can-
didate’s urn, with his hand covered by a cloth. The same system – with urns, balls
and cloth – was used in Greece from the 1864 Constitution to the 1923 elections,
before the country turned to proportional representation (Pantelis 2007; Voloudakis
1977). The 1800 U.S. presidential election, in which a version of Approval Voting
was used, is discussed by Nagel (2007) and Brams (2008). For nineteenth century
England, Cox (1987) analyzes the effect of the possibility of casting two votes.
Closer to present day, the election procedure of the secretary-general of the United
Nations embodies a variant of Approval Voting. Unfortunately, our information
regarding instances of the use of Approval Voting in history remains based almost
entirely on anecdote: anecdotes that are, indeed, not numerous, not always very well
documented, and which do not give rise to reserves of empirical knowledge compa-
rable to our knowledge of one-round and two-round Plurality. Currently, Approval
Voting is not used in any large election.

Due to the lack of historical evidence, and despite the interesting data provided
by the adoption of Approval Voting in some academic societies, the subject has
essentially remained a matter for theoreticians. There is, indeed, a curious contrast
between the complexity of the academic and intellectual debate devoted to Approval
Voting, and the simplicity of the voting system itself. Except for the Plurality rule,
in which voters are asked to vote for a single candidate, Approval Voting is cer-
tainly simpler than all the systems which ask voters to rank the candidates, to grade
them, or to name a limited number of them. Nevertheless, among all the voting rules
discussed in the literature, Approval Voting would be ranked quite high – indeed,
arguably at the top – regarding the amount of academic attention it has received.
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We do not aim to explain this contrast, but, as is discussed in this volume, we note
that the meaning of Approval Voting as a voting rule affords of an unusually wide
variety of interpretations, due to the fact that its implementation in ballots blurs the
distinction between Approval Voting and the traditional Arrovian model of social
choice theory (Arrow 1952).

This blurriness is at the root of a scholarly controversy that arose in the 1980s. As
well as its obvious significance for our subject, this controversy is also interesting
for anyone curious about the advantages and disadvantages of using mathemati-
cal formalism in the social sciences. The two sides to the controversy can safely
be called pro-AV and anti-AV. The pro-AV scholars are Steven Brams, a political
scientist trained in formal methods, and Peter Fishburn and Sam Merrill, both math-
ematicians. The anti-AV scholars are Richard Niemi, also a political scientist trained
in formal methods, and Donald Saari, a mathematician.

Soon after Brams and Fishburn’s seminal publications (Brams and Fishburn
1978, 1983; Brams 1980), The American Political Science Review published a paper
by Niemi (1984) entitled “The problem of strategic behavior under Approval Vot-
ing.” The main thrust of the paper is a critique of the definition of “sincerity” used by
Brams and Fishburn. Niemi argues that this definition says nothing about whether a
voter “approves” of a candidate or not, but only about whether the voter is willing
to vote for that candidate.1 He then goes on to study the possible strategic behavior
patterns that may be adopted by voters endowed with preferences in the usual sense
(which are complete rankings of candidates), together with opinions about each
candidate taking the form “approved” or “not approved.” Preferences and approval
opinions are related in the sense that a voter who approves some candidate x also
approves any candidate she prefers to x. This requirement is very similar to the defi-
nition of sincerity, except that Niemi now distinguishes “approving x” from “voting
for x under Approval Voting.” This framework is explored in Chap. 20 of this vol-
ume. To adopt, for a moment, the vocabulary of Chap. 20, “approving x” refers to
intrinsic approbation and “voting for x under Approval Voting” refers to the vote
cast by the voter. Given this distinction, there is no reason why strategic behavior
based on individual preferences should bear any relation to intrinsic approbations,
which leads Niemi (1984, p. 958) to conclude regarding Approval Voting that “in
the general case it is neither honest, strategy proof, nor wise.” This negative con-
clusion is not specific to Approval Voting. Since intrinsic approbations are largely
disconnected from preferences, any behavior based on preferences (such as strategic
voting) may produce results largely unrelated to intrinsic approbations. The reason
why Niemi raised this point in connection to Approval Voting, rather than in full

1 Niemi (1984, p. 952) quotes the following definition of Sincere Approval Voting from Brams
(1982, p. 10): “A voter votes sincerely ‘if and only if whenever he votes for some candidate, he
votes for all candidates preferred to that candidate”’ and writes “Note that this definition includes
nothing about approval as such; it does not require voting only for ‘approved’ alternatives.” See
also Brams and Fishburn (1985) and Niemi (1985).
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generality, seems to be related to Niemi’s conception of the link between the nature
of voters’ behavior and the form of the ballots.2

The controversy that arose from Niemi’s criticism turns on the following ques-
tion: Is it a good thing or a bad thing that the machinery of Approval Voting leaves
it open for the voter to approve any number of candidates? This question led to a
further step in the development of this controversy when, in 1988, Public Choice
published a paper by Saari and Van Newenhizen entitled “The problem of indeter-
minacy in approval, multiple and truncated voting systems”. The same issue of this
journal also published comments by Brams, Fishburn and Merrill on this paper, a
response by Saari and Van Newenhizen to these comments, and a further rejoin-
der by Brams, Fishburn and Merrill. Saari and Van Newenhizen (1988a, p. 101)
start from the idea that for voting rules such as Approval Voting “there are several
ways to tally each voter’s preferences.” The paper then deploys geometrical and
mathematical arguments based on Saari’s previous publications in order to derive
basically the same “indeterminacy” conclusion as did Niemi, namely that one can-
not infer much about the outcome of an Approval Voting election under the sole
hypothesis that voters use sincere approval strategies in the usual sense.3 Brams
et al. (1988a,b) respond to this argument by claiming that indeterminacy in Saari
and Van Newenhizen’s sense is the consequence of the existence of multiple sincere
strategies, which is a good thing because it reflects the freedom the voter has to
express further information she might find relevant.

A closer examination of this controversy suggests the conclusion that the matter
is not susceptible to answer purely through the application of formalism and mathe-
matics, as was attempted in the 1980s. It is noticeable that this discussion manifests
limited contact with the usual themes of research within Political Science; for
instance, it makes no connection with the then-contemporary work of Gary Cox
on Approval Voting (Cox 1984, 1985; Weber 1995). Moreover, the discussion is
unconstrained by reference to facts and observation; the relationship with reality
being exclusively through the prism of the scholar’s intuition. This is quite surpris-
ing, given that what is at stake is precisely the conception of the rule from the voter’s
point of view. Fortunately, we now have pieces of evidence that were not available
twenty years ago. Several academic societies have used this voting system and made
the corresponding data available, and various experiments have been conducted to
investigate voters’ understanding and use of the rule. It is now quite clear that voters
consider the possibility of giving an opinion about all candidates as a good thing,
and not as some embarrassing flaw in the system.

2 In the abstract to the same paper he writes “the existence of multiple sincere strategies almost
begs the voter to behave strategically.”
3 The meaning of “indeterminacy” is very clearly defined by Saari and Van Newenhizen (1988b,
p. 135): “The omnipresent danger of indeterminacy: An Approval Voting election can be indeter-
minate. The essential idea is this. Suppose that we know each voter’s ranking of the candidates.
Armed with this information, we can compute the unique election outcome. We cannot do this with
Approval Voting.”
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This conclusion arises from the few pieces of empirical knowledge we have about
Approval Voting, some of which are presented in this book. But it should come as
no surprise to anyone familiar with the variety of voting rules which are actually
used in practice and considered satisfactory. Many voting systems currently in use
require much more from the voter than a single candidate’s name – or maybe one
should say rather that they allow the voter to provide more than a single name.
Small committees often reach a decision after several rounds of voting4 but this is
hardly possible for political elections and, in such cases, a one-round, or at most
two-round, system is most common. A closer look at the systems actually in use
throughout the world (Lijphart 1994; Farrell 2001) reveals that a variety of election
procedures are actually in use for political elections. Most countries in the world
have direct presidential elections, and the most frequent direct rule is majority rule
with a runoff (Blais et al. 1997). To citizens (and scholars) familiar with single-
name, first-past-the-post elections, these rules may appear complicated. In fact, the
diversity of voting systems is reflected in the various form taken by the ballot papers.
The simplest and most common form is a small sheet of paper with a single can-
didate name. More complex ballot papers are used when several elections are held
simultaneously, which may give rise to huge sheets of paper, as occurs sometimes in
the U.S. In New Zealand and Australia, some elections are held under Transferable
Vote systems, and voters submit, as their vote, a ranking of candidates. This requires
complex ballots, and voters actually have the option to write simply that they adhere
to the ranking suggested by one party (Farrell and McAllister 2006).

In Germany, some elections require relatively complex ballots. See for instance
the ballot used in Heidelberg in June 2009 in Fig. 1.1.5 For the election of the 40
members of the municipal council, each voter has 40 votes. In June 2009, there
were 10 lists of 40 candidates. The voter can either give her or his votes to one list
only, in which case she or he returns only the ballot for this list. She or he can also
give votes to candidates of different lists. The voter has 40 votes but can give up to
three votes to a candidate; this is done by writing the number 2 or 3 in front of the
candidate’s name. The ballot is invalid if these conditions are not met (more than
40 votes in total or more than three votes for a candidate).6 The existence of such
voting systems shows that the “simplicity” argument in favor of single-name voting
is weak.

On the contrary, the evidence shows that the public is eager to understand the
consequences of using different voting rules, and is ready to switch rules – pro-
vided, of course, that it is done for sound reasons. The role of academic research

4 A famous instance of this phenomenon is the election of the Pope by the cardinals, where the
number of rounds is not limited. In 1271 the process was endless and the inhabitants of Vitorbo,
the city in the papal states where the election was taking place, had to lock the cardinals in, and
stop bringing them food until they reached a decision. Three days later, Gregory X was elected.
5 We thank Martina Bihn for providing this ballot.
6 The leaflet provided to the voters specifies this rule. Notice that it does not mention the fact that
the 40 elected candidates are those who receive the largest number of votes. The logic of adding
points or votes is obvious.



Fig. 1.1 A ballot used in Germany. A voter can split his or her 40 votes between different such
lists, and give up to three votes to a candidate
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in this case is to understand what may be the consequences of choosing one voting
rule over another. This requires a type of research which is not only descriptive,
but which also attempts to imagine the world as it could be under the new circum-
stances. Accordingly, skills from different research fields are required. Voting rules
have peculiar contents which are not always captured by formal models. There are
peculiarities vis-à-vis the rule’s meaning to the voter and to the society in which
it is employed: different voting rules cause political systems to adjust differently,
and, together with other factors, shape thereby the actual political system as well as
the way citizens think about the act of voting (Myerson 1995). Ultimately, this may
influence the citizen’s conception of democracy itself.

Content of the Book

To better understand the diversity of voting rules, it is worth going beyond for-
mal models and studying the history of their application in various societies. The
first part of the volume (Part I, History of Approval Voting) is a modest attempt in
this direction. It comprises two chapters. Chapter 2 is a short reminder, by Charles
Girard, of how elections for the council of the elders were conducted in ancient
Sparta. There, the voting rule was not exactly by approbation but by shouting. Can-
didates came in one by one, in random order, and voters would shout more or less
loudly in favor of them. The candidate with the greatest and loudest acclamation
was elected. As Girard notes, this non-anonymous rule is a single-round plurinomi-
nal election in which the voter can support as many candidates as he wishes, hence
exhibiting the basic features of Approval Voting. Chapter 3, by Steven Brams and
Peter Fishburn, was originally published in the journal Social Choice and Welfare
in 2006. The authors describe the recent history of Approval Voting at work, in
particular its use, since the eighties, in academic and engineering societies. This
paper is also a reflection on reformism, exploring the paths leading from science to
application when the problem at stake is institutional design.

The second part of the volume (Part II, Axiomatic Theory) is devoted to axiomatic
approaches which conceive of Approval Voting as a method for aggregating judg-
ments provided by the voters about candidates. Chapter 4, written by Biung-Ghi Ju,
is a reasonably complete overview of the literature on the aggregation of dichoto-
mous and trichotomous preferences. In Chap. 5, Yongsheng Xu focuses on the
dichotomous case – which is the basis for Approval Voting – and surveys the various
axiomatic characterizations of Approval Voting.

The third part of the volume (Part III, Committees) diverges from the general
direction of the book. Approval Voting, as generally studied, is essentially designed
to elect precisely one candidate among the existing ones or to choose precisely one
option among a given set of feasible options. By contrast, approval balloting – where
a ballot is a list of any number of approved candidates – can be used as a basis to
elect a committee made up of several candidates. Part III addresses the problem of
electing a committee through approval balloting. In Chap. 6, Marc Kilgour collects
and classifies the plethora of procedures than can be used for counting approval
ballots. In Chap. 7, Gilbert Laffond and Jean Lainé study the properties that one can
expect from these procedures. Their analysis is related to the structure of the voters’
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preferences and it also applies to the case of multiple, simultaneous or sequential
referenda.

The three chapters presented in the fourth part of the volume (Part IV, Strategic
Voting) return to the case of electing a single candidate, and deal with voters’ strate-
gic behavior. In Chap. 8, Jean-François Laslier and Remzi Sanver survey the results
on Approval Voting obtained within the framework of classical noncooperative
game theory. Here, restricting the set of ballots to those which are undominated
strategies and sincere does not help in predicting the outcome of an election under
Approval Voting. Neither does using Nash equilibrium and its usual refinements. On
the other hand, Strong Nash equilibrium, if it exists, predicts the election of the Con-
dorcet winner, which means that, under Approval Voting, voters who can coordinate
will not miss the chance to select a Condorcet winner. The poor predictive power of
Nash equilibrium in most voting games with many voters has led scholars to propose
alternative models, which are presented in Chap. 9 by Matías Núñez. The works of
Myerson, Weber, Laslier and Núñez himself help to understand why voters who
vote strategically in popular elections under Approval Voting would often vote sin-
cerely and elect the Condorcet winner, if one exists; and why this is not always true.
This approach allows for predictive models of voter behavior which can be tested
in the laboratory (see Part VI of this book) and serve as building blocks in models
of electoral competition (see Part VII and the further studies of voting under incom-
plete information by Bouton and Castanheira 2009 or Goertz and Maniquet 2009).
Chapter 10 also studies strategic issues for voters, but from another perspective.
Dorothea Baumeister, Gábor Erdélyi, Edith Hemaspaandra, Lane Hemaspaandra
and Jörg Rothe, all of whom work in the new field of Computational Social Choice,
apply the tools of complexity theory to study how hard it is to modify the outcome
of Approval Voting elections through manipulation, control, or bribery.

As general theory rarely can pretend to be able to predict the outcomes of
Approval Voting elections, scholars aiming for more precise conclusions have
resorted to specific assumptions about voters’ preferences and ballot choices. These
assumptions are usually of a probabilistic nature (Regenwetter and Tsetlin 2004;
Regenwetter et al. 2006). The fifth part of the volume (Part V, Probabilistic Exer-
cises) is devoted to this line of research. An often-used hypothesis is that voters’
preferences are independently and uniformly distributed. In Chap. 11, Mostapha
Diss, Vincent Merlin and Fabrice Valognes follow this tradition, à la Gehrlein
(2006), for studying the three-candidate case, assuming further that voters choose
at random how many candidates they approve. They compute analytically the Con-
dorcet efficiency (i.e., the probability that the Condorcet winner is chosen given
that one exists) of several voting rules. Analytical computations are only possible
for specific assumptions on preferences and behavior. The following two chapters go
beyond those cases by using computer simulations. In Chap. 12, Aki Lehtinen, again
with three candidates and utilities being randomly and independently chosen, con-
trasts what happens when all voters behave “sincerely” with the case in which some
of them behave “strategically”. Unlike the rest of the book, this chapter defines sin-
cere behavior as approving the most preferred candidate and approving the second
best if and only if his utility is larger than the average utility, and strategic behavior
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as voting for any candidate whose utility for the voter is larger than a specified
threshold. In Chap. 13, Jean-François Laslier simulates different sorts of random
electorates: Rousseauist cultures model situations of common interest, impartial
cultures are often used in the social choice literature, and distributive cultures and
spatial cultures are often used in the political science literature. Several voting rules
are compared in these different situations, assuming various voting behaviors. The
study confirms that while voting rules that improve over the Plurality rule do exist,
voter behavior is of primary importance in assessing the quality of a voting rule. It is
also remarked that comparisons may be quite different from one culture to another:
the best rule to resolve a conflict of interest need not be the best rule to aggregate
information. In situations of moderate conflict, Approval Voting usually elects the
Condorcet winner, which represents a moderate candidate, and is relatively robust
to strategizing.

The sixth part of the volume (Part VI, Experiments) deals with empirical obser-
vations, and hence brings us closer to reality. In Chap. 14, Jean-François Laslier
surveys laboratory experiments in which subjects vote and the experimenter (more
or less) controls their preferences through monetary incentives. This is usually
called the Experimental Economics methodology. These experiments all show that,
at least in the laboratory, Approval Voting makes it easier, compared to other voting
rules, to reach consensual voting outcomes. They also make clear that individual
approval decisions are well described by strategic theories, a point that highlights
the importance of information such as previous elections or preelection polls. The
next two chapters are devoted to the description of original experiments that were
performed on the occasion of real elections in France and in Germany. Chapter 15,
by Antoinette Baujard and Herrade Igersheim, deals with the French presidential
elections in 2002 and 2007, while Chap. 16, written by Carlos Alos-Ferrer and
Ðura-Georg Granić, deals with a German state election in 2008. These experiments,
which are here called “field experiments”, took place on election day itself, and vot-
ers were asked to vote using Approval Voting (or some other rule) as if this was the
official system in operation. As votes are anonymous and any voter in the real elec-
tion could participate in the field experiment (excepting constraints imposed by the
location of the experimental polling stations), neither the set of candidates nor the
sample could be controlled. Several lessons can nevertheless be drawn: It is clear
that the idea of experimenting on voting rules, as well as the idea of Approval Vot-
ing, are welcomed by voters. Moreover, extrapolation of the results to the whole
country indicates that, in France, the use of Approval Voting would have changed
the relative position of several candidates and might even have changed the identity
of the elected candidate in favor of a more moderate one. In Germany, there would
have been four (rather than two) main parties of comparable size, and small parties
would have obtained parliamentary representation.

All the preceding supposes that the set of candidates and voters’ preferences
over the candidates are independent of the voting system. This neglects an important
issue: in practice, as noted by political scientists (Duverger 1951), the set of existing
candidates or political parties, and their policy positions, may depend on the formal-
ities of the electoral system and the voting rule in operation. A recurrent theme of
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the political science literature since Black (1958) is that first-past-the-post essen-
tially kills any third party and drives the only two serious parties to propose political
platforms close to the center of the political space. It is therefore important to try to
figure out what may be the outcome of electoral competition under Approval Voting.
This is the subject of Part VII (Electoral Competition), which is, obviously enough,
purely theoretical. The chapters in this part draw on what has been learned about
voters’ behavior from theory and experiments, and concentrate on the behavior of
candidates and parties. In Chap. 17, Jean-François Laslier and François Maniquet
use the classical Downsian model of competition among office-motivated candi-
dates (Downs 1957). They show that if a Condorcet winner policy exists, then there
exists an electoral competition equilibrium supporting this policy. Moreover, if the
set of policies is one-dimensional and voters have single-peaked preferences, then
it is the only electoral competition equilibrium. In Chap. 18, Arnaud Dellis studies
an alternative model of electoral competition, in which each voter decides herself
whether to be a candidate or not, and has to weigh the cost of being a candidate with
the expected payoff from winning the election. In this so-called “citizen-candidate
model”, where the candidates have policy preferences, Dellis shows that Approval
Voting induces the choice of a moderate policy, provided that two conditions are
met: the first condition is that a candidate enters the race as soon as she anticipates
that she has some chance of winning the election, and the second condition is a
reasonable assumption about the voters’ strategic behavior. These two papers on
electoral competition provide arguments in favor of the claim that Approval Vot-
ing, compared to Plurality Voting, is immune to the squeezing and wasted-vote
effects.

The two last chapters of this book are gathered in Part VIII (Meaning for Indi-
vidual and Society). In Chap. 19, Jean-François Laslier recalls that the data obtained
from an election held under Approval Voting is much richer than the mere list of the
scores of candidates. Using Approval Voting, a society can obtain a richer descrip-
tion of itself than can be obtained with a Plurality rule or Plurality with a runoff.
The chapter argues that such data can and should be published as the “result” of
an AV election. In Chap. 20, Remzi Sanver considers Approval Voting within the
context of a widening of the standard ordinal non-comparable framework of Arro-
vian social choice. In the normative perspective, the informational basis of Approval
Voting embodies one element of inter-individual comparability: the alternatives
being intrinsically deemed “good” or “bad” by the individuals, and the notions of
“good” or “bad” are common to all individuals and can therefore used at the level
of the society. This allows us to revisit Approval Voting as well as to define and
study other interesting voting systems which combine preference and approval-type
inputs.

Throughout these 20 chapters, the book raises many different questions about
Approval Voting and proposes answers to most of them. For obvious reasons, the
societal questions can, for the moment, receive only theoretical answers; but these
answers are informed by the theoretical and empirical knowledge we have now
amassed about Approval Voting from the voter’s point of view.
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Part I
History of Approval Voting



Chapter 2
Acclamation Voting in Sparta: An Early
Use of Approval Voting

Charles Girard

An early form of approval voting was arguably used in Ancient Greece, as is
described in Plutarch’s account of the elections to the Gerousia, Sparta’s Council
of Elders.

In his Life of Illustrious Men, Plutarch credits the legendary lawgiver Lycurgus
with having fixed the rules for electing the Spartan Council’s members, the Gerontes.
The office of Elder was seen as a reward for virtue and as a high honor, since the
Gerontes were elected for life and the Gerousia was a powerful institution – it pre-
pared legislation for approval by the Assembly and acted as a high court in serious
cases such as those of homicide (Staveley 1972 p. 76). Plutarch recounts that, after
having filled the Council with men chosen among his followers, Lycurgus ordered
that the future vacancies “be supplied out of the best and most deserving men past
sixty years old”:

We need not wonder if there was much striving for it; for what more glorious competition
could there be amongst men, than one in which it was not contested who was swiftest among
the swift or strongest of the strong, but who of many wise and good was wisest and best, and
fittest to be entrusted for ever after, as the reward of his merits, with the supreme authority
of the commonwealth, and with power over the lives, franchises, and highest interests of all
his countrymen? (Plutarch 1876 p. 40)

Although it is likely that only aristocrats were entitled to put themselves forward
as candidates, the rules organizing the selection of the 28 Gerontes were designed
to favor merit, and not only birth or wealth. And while elections to the Gerousia
involved some form of lottery, it was not exactly an election by lot, as was often the
case in Greek democracies. Sparta resorted to a very specific form of election, in
which voting was conducted by shouting:

The manner of their election was as follows: The people being called together, some selected
persons were locked up in a room near the place of election, so contrived that they could
neither see nor be seen, but could only hear the noise of the assembly without; for they
decided this, as most other affairs of moment, by the shouts of the people. This done, the
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competitors were not brought in and presented all together, but one after another by lot, and
passed in order through the assembly without speaking a word. Those who were locked up
had writing-tables with them, in which they recorded and marked each shout by its loudness,
without knowing in favour of which candidate each of them was made, but merely that they
came first, second, third, and so forth. He who was found to have the most and loudest
acclamations was declared senator duly elected. (Plutarch 1876 p. 40)

Elections to the Gerousia thus involved “an early form of applaudometer” (Elster
1989 p. 85), in which whoever was judged to have received the loudest acclaim
was elected. Aristotle notoriously denounced this procedure as “childish” (Aristotle
1984), probably because he considered it a blatantly inappropriate way to select the
most competent among the citizens – he was also critical of the fact that individuals
had to put themselves forward as candidates to the Gerousia, a rule more suitable
for ambitious men than for virtuous ones.

Aristotle is not alone in judging the Spartan Shout harshly. Historians have
deemed the procedure “primitive” (Staveley 1972 p. 74), interpreting it as a sign
that Spartans had “no notion of ‘one man one vote”’ (Cartledge 2001 p. 51). Con-
temporary political theorists even invoke the “Spartan Shout” as a negative model,
contrasting it with the positive example of Athenian democracy. In Fishkin’s view
“missing in the Spartan method was the entire social context of careful debate and
deliberative argument fostered by the Athenian institutions: : :. Yet if we ask which
model of ancient democracy we have come closer to realizing in our modern quest
for direct democracy, we must concede that there are ways in which the Spartan
model is closer than the Athenian to contemporary practices” (Fishkin 1997 p. 24).
Elections to the Gerousia are even seen as the precursors of today’s media “applau-
dometers,” in which citizens influence politicians in proportion to their loudness.
“The sting of an offensive sound bite arouses a populace that is only sound-bitten.
The ire of talk-show democracy has given us a mass electronic version of the Shout”
(Fishkin 1997 p. 25).

Critics of the Shout thus question the ability of the Spartan Assembly to select the
wisest and the best among the candidates on at least two counts: Because it required
citizens to shout as the candidates were presented in random order, it precluded
careful consideration and deliberation; and because it was based on the auditory
evaluation of a collective shout, it did not give an equal voice to each citizen but
favored the loudest and the most motivated among the Assembly’s members.

However, far from being inexplicably primitive, the Spartan way of proceed-
ing seems to have been designed to respond to specific concerns regarding the
impartiality of the election. The use of the lottery to decide the candidates’ order
of appearance was most likely meant to ensure the spontaneity of the procedure.
“The order in which the candidates appeared was the key to the whole proceed-
ings. Despite the opportunities which an allotment behind closed doors might have
presented for collusion, it is most unlikely that lots were drawn in the presence
of the Assembly itself, if only because foreknowledge of the order in which the
candidates would present themselves would inevitably have detracted from the ele-
ment of spontaneity in the shouting which was so necessary to the credibility of the
vote” (Staveley 1972 p. 74). Such precautions may not have been enough to prevent
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strategies of manipulation, especially by Sparta’s kings and their families (Birgalias
2007 p. 347), but spontaneity was not the Shout’s only upside.

Although Plutarch’s succinct account does not allow us to draw very precise
conclusions, it is clear that the Assembly’s members were free to acclaim several
candidates. To this extent, the shout appears as an early form of approval voting, in
which each elector either approves or disapproves each candidate, the winner being
the one that is approved by the greatest number of electors. In the absence of ballots,
the Spartan version of approval voting appears clearly imperfect: individual voices
may differ in loudness, and one can imagine the Assembly’s members adjusting the
intensity of their cheering to the intensity of their support for each of them. Further-
more, it involved a very approximate method of aggregation: clumping voices rather
than counting ballots. Nonetheless, the Shout roughly satisfies the formal requisites
of approval voting: it was a multi-candidate contest consisting in a single round of
voting that allowed each participant to support as many candidates as desired, lead-
ing to an – admittedly crude – summation of the support received by each candidate.
Looking to fill the Gerousia with men recognized by all as virtuous, Sparta’s law-
givers might have been aware of the advantages offered by such a form of election,
which favors the candidate with the greatest overall support.

If we are to trust Plutarch’s account of the way they celebrated the winner, the
Spartans themselves apparently believed that acclamation voting was a satisfying
form of election. “Upon [his election] he had a garland set upon his head, and went
in procession to all the temples to give thanks to the gods; a great number of young
men followed him with applauses, and women, also, singing verses in his honour,
and extolling the virtue and happiness of his life” (Plutarch 1876 p. 40).
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Chapter 3
Going from Theory to Practice: The Mixed
Success of Approval Voting�

Steven J. Brams and Peter C. Fishburn

3.1 Background

Approval voting (AV) is a voting procedure in which voters can vote for, or approve
of, as many candidates as they like in multicandidate elections (i.e., those with
more than two candidates). Each candidate approved of receives one vote, and the
candidate with the most votes wins.

Beginning in 1987, several scientific and engineering societies adopted AV,
including the

– Mathematical Association of America (MAA), with about 32,000 members;
– American Mathematical Society (AMS), with about 30,000 members;
– Institute for Operations Research and Management Sciences (INFORMS), with

about 12,000 members;
– American Statistical Association (ASA), with about 15,000 members;
– Institute of Electrical and Electronics Engineers (IEEE), with about 377,000

members.

Smaller societies that use AV include the Society for Judgment and Decision
Making, the Social Choice and Welfare Society, the International Joint Conference
on Artificial Intelligence, and the European Association for Logic, Language and
Information.

Additionally, the Econometric Society has used AV (with certain emendations)
to elect fellows since 1980 (Gordon 1981); likewise, since 1981 the selection of
members of the National Academy of Sciences (1981) at the final stage of balloting
has been based on AV. Coupled with many colleges and universities that now use
AV – from the departmental level to the school-wide level – it is no exaggeration to
say that several hundred thousand individuals have had direct experience with AV.

�Reprinted with permission from Brams and Fishburn (2005); see also Brams (2004), which
includes more recent studies on AV and other voting systems that use an AV ballot.
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Probably the best-known official elected by AV today is the secretary-general of
the United Nations (Brams and Fishburn 1983). AV has also been used in internal
elections by the political parties in some states, such as Pennsylvania, where a pres-
idential straw poll using AV was conducted by the Democratic State Committee in
1983 (Nagel 1984).

Bills to implement AV have been introduced in several state legislatures (see
Section 3.2). In 1987, a bill to enact AV in certain statewide elections passed the
Senate but not the House in North Dakota. In 1990, Oregon used AV in a statewide
advisory referendum on school financing, which presented voters with five different
options and allowed them to vote for as many as they wished (Wright 1990).

In the late 1980s, AV was used in some competitive elections in countries in
Eastern Europe and the Soviet Union, where it was effectively “disapproval vot-
ing,” because voters were permitted to cross off names on ballots but not to vote
for candidates (Shabad 1987; Keller 1987, 1988; White 1989; Federal Election
Commission 1989). But this procedure is logically equivalent to AV: candidates
not crossed off are, in effect, approved of, although psychologically there is almost
surely a difference between approving and disapproving of candidates.

With this information as background, we trace in Section 3.2 our early involve-
ment, and that of several associates, with AV. After outlining the arguments we and
others have made for AV, we discuss in Section 3.3 how AV came to be adopted by
the different societies.

In Section 3.4, we report on empirical analyses of ballot data of some profes-
sional societies that adopted AV; they help to answer the question of when AV
can make a difference in the outcome of an election. In Section 3.5, we investi-
gate the extent to which AV elects “lowest common denominators.” In Section 3.6,
we discuss whether voting is “ideological” under AV.

The confrontation between theory and practice offers some interesting lessons
on “selling” new ideas. The rhetoric of AV supporters has been opposed not only by
those supporting extant systems like plurality voting (PV) – including incumbents
elected under PV – but also by those with competing ideas, particularly propo-
nents of other voting systems like the Borda count and the Hare system of single
transferable vote.

We conclude that academics probably are not the best sales people for two rea-
sons: (1) they lack the skills and resources, including time, to market their ideas,
even when they are practicable; and (2) they squabble among themselves. Because
few if any ideas in the social sciences are certifiably “right” under all circumstances,
squabbles may well be grounded in serious intellectual differences. Sometimes,
however, they are not.

3.2 Early History and Rhetoric

In 1976, one of us (Brams) was attracted by the concept of “negative voting” (NV),
proposed in a brief essay by Boehm (1976) that was passed on to me by the late
Oskar Morgenstern. Under NV, voters can either vote for one candidate or against
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one candidate, but they cannot do both. Independently, Robert J. Weber had begun
working on AV (he was apparently the first to coin the term “approval voting”).

When Brams and Weber met in the summer of 1976 at a workshop at Cornell
University under the direction of William F. Lucas, it quickly became apparent that
NV and AV are equivalent when there are three candidates. Under both systems,
a voter can vote for just one candidate. Under NV, a voter who votes against one
candidate has the same effect as a voter who votes for the other two candidates under
AV. And voting for all three candidates under AV has the same effect as abstaining
under both systems.

When there are four candidates, however, AV enables a voter better to express
his or her preferences. While voting against one candidate under NV has the same
effect as voting for the other three candidates under AV, there is no equivalent under
NV for voting for two of the four candidates. More generally, everything that a voter
can do under NV he or she can do under AV, but not vice versa, so AV affords voters
more opportunity to express themselves.

Brams and Weber wrote up their results separately, as did three other analysts
who worked independently on AV in the 1970s (discussed in Brams and Fishburn
1983; see also Weber 1995). But the idea of AV did not spring forth full-blown
only about 25 years ago; its provenance is much earlier. Indeed, AV was actually
used, beginning in the 13th century, in Venice (Lines 1986) and in papal elections
(Colomer and McLean 1998); it was also used in elections in 19th-century England
(Cox 1987), among other places.

In the summer of 1977, after we met at a conference on Hilton Head Island,
SC, under the direction of James S. Coleman, we began a long collaboration, which
resulted in one book (Brams and Fishburn 1983) and many articles on AV and other
voting procedures (Brams and Fishburn 2002).

Our first article (Brams and Fishburn 1978) was a formal analysis of the prop-
erties of AV that included, as an illustration, its application to the 1968 U.S.
presidential election, in which there were three significant candidates (Richard M.
Nixon, Hubert H. Humphrey, and George Wallace). Our analysis of this election was
based on empirical research of Brams’s former Yale student, D. Roderick Kiewiet
(1979), who showed that Nixon’s popular-vote and electoral-vote victory in 1968
would have been much more substantial under AV than it was under PV.1

Even at this early stage AV generated academic controversy (Tullock 1979;
Brams and Fishburn 1979), which we will say more about later. Nevertheless, we
became convinced that AV is a simple and practicable election reform that could
ameliorate, if not solve, serious problems in multicandidate elections.

Brams began a “campaign” in 1979 to get it adopted in public elections, begin-
ning with New Hampshire’s first-in-the-nation presidential primaries in February
1980, which had multiple candidates running in both the Democratic and Repub-
lican primaries. Although his efforts received both national coverage (e.g., in the

1 For other retrospective studies of elections, including the 1992 presidential election involving Bill
Clinton, George Bush, and Ross Perot, see the citations in Brams and Fishburn (2002).
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New York Times and Los Angeles Times) and in several New Hampshire newspapers
(e.g., the Manchester Union-Leader and Concord Monitor), he was not successful
in getting an AV bill out of committee, despite being a native of New Hampshire
(“prodigal son returns”), testifying before Senate and House committees in New
Hampshire’s General Court (legislature), and meeting with the governor. Later tes-
timony Brams gave before legislative committees in other states (e.g., New York
and Vermont) was similarly unavailing in effecting reform.

Arguments we and others have made for AV proved more persuasive in convinc-
ing professional societies to adopt AV. Our rhetoric has remained relatively constant
over the years and can be summarized by the following six propositions:

1. AV gives voters more flexible options. They can do everything they can under
PV – vote for a single favorite – but if they have no strong preference for
one candidate, they can express this fact by voting for all candidates they find
acceptable. In addition, if a voter’s most-preferred candidate has little chance
of winning, then that voter can vote for both a first choice and a more viable
candidate without worrying about wasting his or her vote on the less popular
candidate.

2. AV helps elect the strongest candidate. Under PV, the candidate supported by the
largest minority often wins, or at least makes the runoff if there is one. Under
AV, by contrast, the candidate with the greatest overall support will generally
win. In particular, Condorcet candidates, who can defeat every other candidate in
separate pairwise contests, almost always win under AV, whereas under PV they
often lose because they split the vote with one or more other centrist candidates.

3. AV will reduce negative campaigning. AV induces candidates to try to mir-
ror the views of a majority of voters, not just cater to minorities whose votes
could give them a slight edge in a crowded plurality contest. AV is therefore
likely to cut down on negative campaigning, because candidates will have an
incentive to broaden their appeals by reaching out for approval to voters who
might have a different first choice. Lambasting such a choice, rather than being
more expansive, risks alienating this candidate’s supporters, thereby losing their
approval.

4. AV will increase voter turnout. By being better able to express their preferences,
voters are more likely to vote in the first place. Voters who think they might
be wasting their votes, or who cannot decide which of several candidates best
represents their views, will not have to despair about making a choice.2 By not
being forced to make a single – perhaps arbitrary – choice, they will feel that the
election system allows them to be more honest, which will make voting more
meaningful and encourage greater participation in elections.

2 Perhaps the best recent example of voters who faced this dilemma were supporters of Ralph
Nader in the 2000 U.S. presidential election. Although Nader received less than 3% of the popular
vote in this election, polls show that if his supporters could have voted for a second choice, Al
Gore would have been the choice of most. Thereby Gore would have won Florida and its electoral
votes, making him rather than George W. Bush the winner.
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5. AV will give minority candidates their proper due. Minority candidates will not
suffer under AV: their supporters will not be torn away simply because there is
another candidate who, though less appealing to them, is generally considered a
stronger contender. Because AV allows these supporters to vote for both candi-
dates, they will not be tempted to desert the one who is weak in the polls, as under
PV. Hence, minority candidates will receive their true level of support under AV,
even if they cannot win. This will make election returns a better reflection of
the overall acceptability of candidates, relatively undistorted by strategic voting,
which is important information often denied to voters today.

6. AV is eminently practicable. Unlike more complicated ranking systems, which
suffer from a variety of theoretical as well as practical defects, AV is simple for
voters to understand and use. Although more votes must be tallied under AV
than under PV, AV can readily be implemented on existing voting machines.
Because AV does not violate any state constitutions in the United States (or, for
that matter, the constitutions of most countries in the world), it requires only an
ordinary statute to enact.

Voting systems that involve ranking candidates may appear, at first blush, to be
more appealing than AV. One, the Borda count or Borda voting (BV), awards points
to candidates according to their ranking. Another, the Hare system of single transfer-
able vote (STV; also called the “alternative vote” or “instant runoff”), progressively
eliminates candidates with the fewest first-choice votes and transfers their votes to
second choices – and lower choices if necessary – until one candidate emerges with
a majority.

Proponents of AV argue that these systems have serious drawbacks. BV fosters
“insincere voting” – when, for example, a voter moves a second choice down to last
place to minimize that candidate’s threat to his or her top choice – and is also vul-
nerable to “irrelevant candidates,” who cannot win but can affect the outcome. STV
may eliminate a centrist candidate early on and thereby elect one less acceptable to
a majority. In addition, STV suffers from “nonmonotonicity,” in which voters, by
raising the ranking of a candidate, may actually cause that candidate to lose – just
the opposite of what one would want to happen.

PV is also vulnerable to insincere voting, whereby a voter may switch to a second
choice if his or her first choice appears to be a long shot, as indicated, for example,
by polls. While AV encourages sincere voting – voting for all candidates above the
lowest-ranked candidate one considers acceptable – it does not eliminate strategic
calculations altogether. Because approval of a less-preferred candidate can hurt a
more-preferred candidate, the voter still faces the decision under AV of where to
draw the line between acceptable and nonacceptable candidates.

The pros and cons of AV vs. other voting systems have been debated over the
last twenty years in numerous publications.3 But this is not the subject of this paper,

3 For a sampling of this debate, see Arrington and Brenner (1984) and Brams and Fishburn (1984);
Niemi (1984, 1985) and Brams and Fishburn (1985); Saari and Van Newenhizen (1988), Brams
et al. (1988); Brams and Fishburn (2001) and Saari (2001a); and Brams and Herschbach (2001a,
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except insofar as the rhetoric has influenced the history of adoptions (and nonadop-
tions) of AV.4 We next discuss the adoption decisions of the first societies to use AV
in the late 1980s.

3.3 The Adoption Decisions in the Societies5

Elections are not a burning issue in most scientific societies, with participation
rates often considerably below 50% of the membership and sometimes closer to
about 10%. For the candidates, on the other hand, who are often luminaries in
their disciplines, outcomes are usually more consequential and sometimes repre-
sent, especially if the office is president, recognition of professional achievements
over one’s career.

It is not surprising, then, that candidates are willing to make subdued versions
of what, in political life, would be called campaign statements. In the more rarefied
atmosphere of an academic or professional society, these statements, which usu-
ally accompany a mailed ballot, tend more to emphasize broad goals than specific
programs, although candidates often pledge to undertake new initiatives. Most can-
didates, while listing their past offices and qualifications for the new office, generally
do not seek to disparage the opposition.

Genteel as most of these campaigns are, candidates do, nonetheless, try to gar-
ner support by highlighting their qualifications, and proposing new approaches or
ideas, that differentiate them from their opponents. When AV was first proposed as a
reform in the four societies that adopted AV in the late 1980s, no candidates or fac-
tions, with one major exception, identified AV as a threat either to their candidacies
or points of view.

Of course, after AV’s use, there are winners and losers, and some losers, undoubt-
edly, see themselves as victims of this reform. In one society (The Institute of
Management Sciences, or TIMS, before it merged with the Operations Research
Society of America, or ORSA, to become INFORMS), this logic worked in reverse:

2001b) and Richie et al. (2001). Recent popular accounts of the controversy over voting systems by
science writers include MacKenzie (2000), Guterman (2002), Klarreich (2002), and Begley (2003).
4 Donald G. Saari has been a proponent of BV, most recently in Saari (2001b), but we know of
no recent adoptions of BV, though it and a variant have been used in two small Pacific Island
countries, beginning about 30 years ago (Reilly 2002). Proponents of instant runoff voting (IRV),
based on STV, recently succeeded in getting it enacted in elections in San Francisco; they formed
an organization, the Center for Voting and Democracy (CV&D), which now has a staff of about
ten people that includes the authors of Richie et al. (2001) and Hill (2002). As noted in Brams
and Herschbach (2001a), IRV supporters have done little serious analysis to back up their claims,
although other studies of STV (e.g., Dummett 1984) have been more probing. On the other hand,
CV&D does have human and monetary resources that few academics can claim.
5 This and the next two sections are based on Brams and Fishburn (1992a) as well as earlier and
later studies that we cite.
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the winner under PV, before AV was adopted, would almost certainly have lost under
AV – and this became an argument made for the adoption of AV!

We hasten to add that this argument against PV was not a personal argument
directed against the PV winner. Rather, the argument was that another candidate
commanded broader support and thereby “deserved” to win.

Next we briefly recount the adoption decisions of the first four societies to
use AV:

1. Mathematical Association of America (MAA). In 1985, the president of the
MAA, Lynn Arthur Steen, who was familiar with work on AV, asked the Board
of Governors of the MAA to consider adoption of AV in its biennial elections
for president-elect and other national offices. After “heated but not acrimonious”
debate (Steen 1985), AV was approved by the Board in 1985, passed by the
membership in 1986, and used for the first time in the 1987 MAA elections.

Steen earlier had written an article in Scientific American (Gardner 1980) on
the mathematics of elections, in which he discussed AV. Before the MAA’s con-
sideration of AV, he asked Brams to look into the use of STV by the American
Mathematical Society (AMS), the major research society of mathematicians.6

Brams (1982) demonstrated via two counterexamples that the “Instructions to
Voters” accompanying the 1981 ballot used by the AMS to elect a nominating
committee contained an erroneous statement about a property of STV, which led
to an exchange with Chandler Davis (1982), who had been a proponent of STV
when it was adopted by the AMS several years earlier. The erroneous statement
was deleted from future instructions, but AV was not adopted by the AMS until
1992.7

Both Steen’s knowledge and his position as president of the MAA made him
a crucial player in the MAA’s adoption of AV. So, also, was Steen’s successor
as president of the MAA, Leonard Gillman, who was a strong advocate of AV
and played an active role in its eventual implementation in the 1987 elections of
the Association. For example, he wrote a description of AV for mathematicians,
which included results of his own analysis (Gillman 1987).

2. The Institute of Management Sciences (TIMS), which is now part of INFORMS.
The use of AV by TIMS in 1988 was preceded by an experiment in which mem-
bers were sent a nonbinding AV ballot, along with the regular PV ballot, in the
1985 elections. Although the AV ballot did not count, 85% of the members who
voted in these elections returned the AV ballot. This permitted Fishburn and
Little (1988) to compare the results of voting under the two different systems.

6 The MAA is the more teaching-oriented of the two major American mathematical societies at the
college-university level.
7 It was adopted in part because counting votes by hand under STV proved to be too onerous, and
computerizing the counting was not feasible at the time. Even so, AV was adopted only for those
offices of the AMS that did not require an amendment to the bylaws, which would have required
considerable effort to enact; voting for other offices is still by PV (Daverman 2002, and Fossum
2002). Patently, pragmatic considerations played a key role in the AMS’s choices.
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On the basis of their empirical analysis, which will be discussed later, Fish-
burn and Little (1988) concluded that AV did a better job of electing Condorcet
candidates than did PV. Not only was the experiment “remarkably successful”
(Little and Fishburn 1986), but the results also convinced TIMS Council to adopt
AV in 1987, leading to its later adoption by INFORMS when it formed in 1995.
In fact, an argument for conducting the experiment in the first place was that
management scientists should “practice what we preach” (Jarvis 1984): before
deciding on its usage, TIMS should collect the information necessary to make an
informed judgment about the applicability of the theoretical analysis of AV to its
own elections.

Both the consideration and adoption of AV by TIMS were certainly helped by
the fact that the president of TIMS in 1984–1985, John D. C. Little, was inter-
ested in AV and collaborated with Fishburn on the experiment and its analysis.
Before undertaking the experiment, inquiries were made of the candidates to ask
their permission to participate in it. Because of its research potential, all agreed,
prefiguring AV’s eventual adoption.

3. American Statistical Association (ASA). The former chair of the ASA’s Com-
mittee on Elections, Richard F. Potthoff, had read about AV and brought it
to the attention of his committee. This committee recommended its adoption
first in “internal” ASA elections; the ASA Board of Directors approved this
recommendation.

After AV’s successful use in 1986 in three elections for Council governors, the
election of two editors to serve on the Board, and the election of a Board member
to serve on the Executive Committee, the Committee on Elections recommended
that AV be used in Association-wide elections, which was approved by the Board
(Amendment to ASA By-Laws 1987) and ratified as an amendment in 1987.
Unlike the other societies, the ASA has had no Association-wide multicandidate
elections since the adoption of AV, though some internal elections and single-
winner section elections have had more than two candidates.

4. Institute of Electrical and Electronics Engineers (IEEE). The adoption of AV by
the IEEE has a politically charged history (Brams and Nagel 1991). Beginning
in 1984, AV was considered, along with other voting systems, for possible use
in multicandidate elections. But not until the 1986 elections – when a petition
candidate, Irwin Feerst, ran against two candidates for president-elect who were
nominated by the Board of Directors – did the issue of election reform take
center stage. The reason is that Feerst, with 35% of the vote, defeated one of
the two Board-nominated candidates and came within 242 votes (of 52,405 cast)
of defeating the other candidate. This result starkly illustrated to the Board how
vulnerable their nominees, who together might win a substantial majority in an
election, are to a minority candidate if these nominees should split the majority
vote more or less evenly.

In 1987 the Board reverted to nominating only one candidate for president-
elect, breaking a tradition of nominating two candidates that it had begun in
1982. Feerst was instrumental in bringing the question of how many nominees
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the Board must nominate to a vote of the entire membership in the 1987 elec-
tion, in which he did not run and there were no other petition candidates. By a
57-percent majority, members supported a constitutional amendment requiring
that the Board nominate at least two candidates, but this fell short of the 2/3’s
majority needed to amend the IEEE’s constitution.

Nevertheless, it was clear that there was strong member support for making
IEEE elections more competitive, which renewed interest in AV should the Board
return to nominating two candidates and have petition candidates run as well. In
1987, Brams was invited by the then president of the IEEE, Henry L. Bachman,
to attend an Executive Council meeting to discuss AV.

Unable to do so, he suggested that Jack H. Nagel of the University of Penn-
sylvania, who had done extensive research on AV, take his place. Nagel did; he
also attended a later meeting of the full Board of Directors, which adopted AV
in November 1987. (AV had previously been used in internal IEEE elections,
sometimes in modified form.) With its adoption, the Board voted to nominate at
least two candidates for each office.

When the IEEE’s adoption of AV was announced at a December 1987 IEEE
press conference in New York City that Brams and Nagel attended, Feerst
objected strenuously to its use, arguing that it was a deliberate move to under-
mine his candidacy and the interests of “working engineers,” whom he claimed
to represent. When Feerst ran in 1988 for president-elect under AV, he came in
fourth in a field of four candidates.

To recapitulate, the paths to adoption of AV in the different societies have been
diverse. Only in the MAA did full-scale use of AV begin before it was first tried out
in an experiment (TIMS) or in internal elections (ASA and IEEE).

The presidents of the MAA, TIMS, and the IEEE played active roles in AV’s
adoption in their societies, and each received assistance from an advocate of AV.
In the ASA, on the other hand, it was writings on AV that sparked initial interest,
which turned into adoption without much controversy.

Controversy was the hallmark of the IEEE deliberations. While the IEEE’s adop-
tion of AV was in part a response to a perceived threat to its established leadership,
it is important to realize that the IEEE did not view it as its only alternative.

In fact, several other election systems had been considered before AV was
selected. For example, a runoff election between the two top contenders, if neither
received a majority in the initial balloting under PV, was also seriously considered,
but it was viewed as too costly to have a second round of voting and also would
have required a constitutional change. Ultimately, a majority of Board members
concluded that AV better fit the needs of the organization than any other voting
system, and that is why it was adopted.8

8 By no means do we suggest that AV is a panacea in all elections, especially those involving
multiple winners; for such elections, see the AV-related reforms in Brams (1990), Fishburn and
Brams (1991), Brams and Fishburn (1992b), and Potthoff and Brams (1998).
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This quick overview does not do justice to the serious debates that occurred over
the merits of AV, particularly in the MAA and the IEEE. Indeed, although there has
been dissent over AV’s use in some societies (Kiely 1991), no society that adopted
AV ever rescinded its decision, with one notable exception (the IEEE).9 Looking
at what has AV wrought in them may offer some explanation of why it has been
generally, but not universally, accepted.

3.4 Does Approval Voting Make a Difference?

Clearly, a new voting procedure makes a difference if it leads to the selection of a
different winner. The best evidence we have that AV would have elected a different
winner is from the 1985 TIMS experiment, in which ballot data for both the PV
official elections and the AV nonbinding elections were compared (Fishburn and
Little 1988).

In one of the three 1985 elections, the official PV and actual AV ballot totals
are shown in Table 3.1 for candidates A, B, and C. Also shown are the AV totals
extrapolated from the 85-percent sample of members who returned their AV non-
binding ballots, which is a very high figure. The extrapolation is a straightforward
one: approval votes are added to the actual AV totals for each candidate based on
the propensity of the sample respondents who voted for one particular candidate on
the PV ballot to vote for each of the other candidates on the AV ballot. This extrapo-
lation is justified by the finding that there are no major differences in voting patterns
on the official PV ballot between AV respondents and nonrespondents.

Observe that candidate C wins the official PV election by a bare eight votes
(0.4%), but B would have won under AV by a substantial 170 votes (6.1%). By
itself, the fact that C wins more plurality votes and B wins more approval votes
does not single out one candidate as the manifestly preferred choice. But on the
experimental ballot, voters were asked one piece of additional information: to rank
the candidates from best to worst by marking next to their names 1) for their first
choice, 2) for their second choice, and so on.

These data can be used to reconstruct who would defeat whom in hypothetical
pairwise contests, which is not evident from the PV totals. For example, the fact that
C edges out B in presumed first choices, based on the PV totals, does not mean that
C would hold his or her lead when the preferences of the 166 A voters are taken into
account. In fact, the experimental ballots of these 166 voters show that

9 According to the IEEE Executive Director, Daniel J. Senese, AV was abandoned in 2002 because
“few of our members were using it and it was felt that it was no longer needed.” Brams responded
in an e-mail exchange (June 2, 2002) that since “candidates now can get on the ballot with ‘relative
ease’ [according to former IEEE president Henry L. Bachman in the same e-mail exchange] : : :
the problem of multiple candidates [in the late 1980s] might actually be exacerbated : : : and come
back to haunt you [IEEE] some day.”
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Table 3.1 PV and AV vote totals in 1985 TIMS election

Candidates Official PV Actual AV Extrapolated AV

A 166 417 486

B 827 1;038 1;224

C 835 908 1;054

Total 1;828 2;363 2;764

No. of voters 1;828 1;567 1;828

1. 70 provided rankings in the order ABC;
2. 66 provided rankings in the order ACB;
3. 3 provided no rankings but approved both A and B;
4. 27 made no distinction between B and C by rankings or approval.

In the B-vs.-C comparison, it is reasonable to credit (1) and (3) to B (73 votes),
(2) to C (66 votes), and (4) to neither candidate. When added to the PV totals,
these credits give C (901 votes) exactly one more vote than B (900 votes). However,
assuming the 27 voters in (4) split their votes between B and C in the pattern of
the 139 voters .70 C 66 C 3/ who ranked A first and also expressed a preference
between B and C, B would pick up an additional vote (rounded to the nearest vote),
resulting in a 914–914 tie.

This extrapolation indicates that there is not a single Condorcet candidate.10

While surprising, the lack of a single Condorcet candidate should not obscure the
fact that 170 more voters approved of B rather than C in the extrapolated AV returns,
albeit C won the PV contest by eight votes.

The reason for this discrepancy between the AV and PV results is that whereas C
has slightly more stalwart supporters (i.e., those who vote only for one candidate)
than B, supporters of the third candidate, A, more approve of B than C (36% to
23%). Furthermore, because more of C’s supporters approve of B than B’s do of C,
B would have won handily under AV.

Is this desirable? In the absence of a Condorcet candidate, Fishburn and Little
(1988, pp. 559–560) concluded that approval voting picks a clear winner on the basis
of second choices. These show that B has a broader acceptance in the electorate than
C. Therefore, the approval process, by eliciting more information from the voters,
leads to the election of the candidate with the widest support.

10 It is worth noting that the usual reason for the nonexistence of a Condorcet candidate is because
of a Condorcet paradox, whereby majorities cycle. In this election, however, it is a projected tie
that precludes one candidate from defeating the others in pairwise contests. That there is no cycle,
and that A in fact would lose to both B and C, is shown by ranking data in Fishburn and Little
(1988).
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Although it is theoretically possible in close elections that the Condorcet candi-
date will not be the most approved candidate, it has almost never occurred.11 But
the legitimacy of the AV winner may be questioned on other grounds.

3.5 Does Approval Voting Elect the Lowest Common
Denominator?

One fear that has been expressed about the use of AV is that while it may help
elect candidates more broadly representative than PV, these candidates could turn
out to be rather bland and uninspiring. They may win simply because they offend
the fewest voters, not because they excite the passions of many.

It is difficult to say whether, in principle, a compromise candidate is a better or
worse social choice than a more extreme candidate who is the darling of some vot-
ers but the bane of others. In practice, fortunately, this dichotomous choice seems
rarely to arise, as the data from the AV elections of the four societies demonstrate.
Specifically, the winners under AV were candidates who were generally popular
among all voters, however many candidates they voted for in the different elec-
tions. Thus, a divergence between forceful minority candidates, approved of by
few, and “wishy-washy” majority candidates, approved of by many, is probably an
infrequent event.

There are, however, examples of elections in which the winner was not strong
among all classes of voters. Consider the 1987 MAA election shown in Table 3.2
(Brams et al. 1988), wherein the votes received by the five candidates in this election
are broken down by the votes each of the candidates received from voters’ casting
exactly one vote (1-voters), voters’ casting exactly two votes (2-voters), and so on.
Excluded from these totals are nine voters who voted for all the candidates, whose
undifferentiated support obviously has no effect on the outcome.

11 The 1999 election for president of the Social Choice and Welfare Society, which was decided
by two approval votes among 76 cast, is the only exception we know of: the second-place AV
candidate in this election would have defeated the AV winner by four votes in a head-to-head
contest, based on the hypothetical use of BV, for which voters ranked candidates. Brams and Fish-
burn (2001) deem this “nail-biting” election essentially a toss-up, whereas Saari (2001a) argues
that most positional methods would have chosen the Condorcet candidate (including BC, wherein
the Condorcet winner would have defeated the AV winner 60–59); see Laslier (2003a) for more
details on voting patterns in this election. Regenwetter and Grofman (1998), using a random-utility
model to reconstruct voter preferences in several elections – including some discussed here – show
that AV, BV, and Condorcet winners generally coincide. Laslier (2003b) and Laslier and Van der
Straeten (2003) analyze data from a field experiment with AV in the 2002 French presidential
election, which involved over 5,000 voters in two French towns, and conclude that AV was easily
understood, readily accepted, and provided a more complete picture of the “political space.” Ear-
lier theoretical analyses as well as computer simulations (Brams and Fishburn 1983; Lijphart and
Grofman 1984; Nurmi 1987; Merrill 1988) demonstrate that AV almost always elects a Condorcet
winner if there is one. If there is not one, as in the 1985 TIMS election experiment, then proponents
of AV argue that AV provides a compelling way to break either a cycle or a tie.



3 Going from Theory to Practice: The Mixed Success of Approval Voting 31

Table 3.2 AV vote totals in 1987 MAA election

Candidates 1-Voters 2-Voters 3-Voters 4-Voters Total

A 848 276 122 21 1;267

B 618 275 127 32 1;052

C 652 264 134 34 1;084

D 660 273 118 31 1;082

E 303 132 87 30 552

Total 3;081 1;220 588 148 5;037

No. of voters 3;081 610 196 37 3;924

In this election, 3,081 of the 3,924 voters (79%) were 1-voters, while the remain-
ing 843 voters cast 1,956 votes, or an average of 2.3 votes each. Thus, the multiple
voters cast 39% of the votes, though they constituted only 21% of the electorate.

Did the multiple voters make a difference? It would appear not, because the win-
ner (A) received 28% more votes from 1-voters than the 1-voters’ runner-up (D) did,
just edged out B among 2-voters, but lost to several candidates among 3-voters and
among 4-voters. A’s victory, then, is largely attributable to the substantial margin
received from 1-voters, not from the presumably more lukewarm support received
from multiple voters.

Define a candidate who wins among all classes of voters – those who cast
few votes (narrow voters) and those who cast many votes (wide voters) – as AV-
dominant. In the MAA election, we assume narrow voters are those who cast one or
two votes, and wide voters are those who cast three or four votes.

It turns out that A is not AV-dominant, because he or she wins among narrow
but not among wide voters. Does this vitiate A’s winning status? In winning so
decisively among 1-voters, whose preference intensities would seem to be greatest,
it would be hard to argue that A is any kind of lowest common denominator. It
should be noted, however, that some of the 37 voters who voted for four of the five
candidates probably also had intense preferences – but against the one candidate
they chose to leave off their approved lists.

In 12 of the 16 multicandidate AV elections analyzed in the four societies, the
winners were AV-dominant. In the four elections in which there was not an AV-
dominant winner, the pattern is similar to that in the 1987 MAA election shown
in Table 3.2: the winner won by virtue of receiving greater support among narrow
voters than among wide voters. These AV-nondominant winners, therefore, do not
fit the mold of lowest common denominators – the choice of many wide voters but
few narrow voters – but rather the opposite, which reinforces, not undermines, their
legitimacy as winners.

The fact that the winners in three-quarters of the elections were AV-dominant is
perhaps not surprising, because one would expect such candidates would do better
than losers across different types of voters. A little reflection, however, shows that
this need not be the case. Paradoxically, a candidate may lose among every possible
class of voters – that is, be AV-dominated – and still be the AV winner. For example,
A might be the victor over C among narrow voters, and B might be the victor over
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C among wide voters. But C could emerge as the AV winner if A did badly among
wide voters, B did badly among narrow voters, but C was a close second among
both types.

No winners in the 16 elections were AV-dominated. As already noted, even the
support of the four AV-nondominant winners appeared to be more intense and heart-
felt (i.e., from narrow voters) than that of the losers, so AV does not appear to elect
lowest common denominators.

3.6 Is Voting Ideological?

Consider again the 1987 MAA election. As can be calculated from Table 3.2,
2-voters gave the candidates 22–26% of all their votes, 3-voters 10–16%, and 4-
voters 2–5%. Venn diagrams (not shown here) indicate the shared support among
the 10 subsets of two candidates, 10 subsets of three candidates, five subsets of four
candidates, and one of all five candidates. Examination of the sources of this sup-
port, as shown in the Venn diagrams, does not reveal any particular pairs, triples,
or quadruples that received unusually great support, indicating that there was not
obvious coalitional voting.

On the contrary, multiple votes are spread about as one would expect according to
the null hypothesis that votes are distributed in proportion to the candidates’ totals.
In the case of A, for example, there were 82 shared votes with just B, 91 with just C,
80 with just D, and 23 with just E, which is roughly in accord with the candidates’
overall totals. Indeed, every one of the 32 subsets in this election – including the
2.6% who abstained – got at least three votes.

The story is very different for the 1988 IEEE election shown in Table 3.3 (Brams
and Nagel 1991), wherein the approval vote totals are shown for all 16 subsets of the
four candidates in this race. Consider first the 3-voters, and note that nearly everyone
in this category voted for ABD – 5,605 voters, to be precise. By contrast, only 148,
143, and 89 voters, respectively, supported the other 3-subsets of ABC, ACD, and
BCD that contain C.

Evidently, the numerous supporters of ABD voted against C by voting for every-
body except C. This essentially negative kind of voting against C can also be seen in

Table 3.3 Numbers of voters who voted for 16 different subsets in 1988 IEEE election and AV
totals

Subsets

None D 1;100

A D 10;738 B D 6;561 C D 7;626 D D 8;521

AB D 3;578 AC D 659 AD D 6;679 BC D 1;425 BD D 1;824 CD D 608

ABC D 148 ABD D 5;605 ACD D 143 BCD D 89

All D 523

Totals
A D 28;073 B D 19;753 C D 11;221 D D 23;992
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voting for the six 2-subsets. The three 2-subsets that do not include C (AB, AD, and
BD) had an average of 4,027 voters each, whereas the three that included C (AC,
BC, and CD) had an average of only 897 voters each.

In addition to the predominant clustering of support around A, B, and D, there
are some subtle differences in the sharing of support. For each pair of candidates,
Brams and Nagel (1991) computed an index of shared support by taking the ratio of
ballots approving both candidates by 2-voters and 3-voters to total ballots, excluding
abstentions and votes for all four candidates. By this measure, A and D have the most
affinity, with 22.9% shared support. They are followed by A and B, with 17.2%; and
then by B and D, with 13.9%. Although A, B, and D share much less support with
C, B at 3.1% shares slightly more with C than do A (1.8%) and D (1.5%).

From these results, one might infer an underlying dimension on which D and C
occupy opposite extremes, whereas A and B are located at intermediate positions.
A is somewhat closer than B to D, but both B and A are much closer to D than to C,
as shown in the following hypothetical continuum:

l l l
D A B C

l

This representation corresponds to certain facts about the candidates. D and A
were both Board nominees, whereas C was a vociferous critic of IEEE officers,
Board, and staff. B, though like C a petition candidate, was in other ways close to
the IEEE establishment, having previously served on the Board. As for the slight
distinction between D and A, judging from the candidates’ biographies and state-
ments it may reflect D’s emphasis on technical research, which perhaps made him
seem most distant from C, who sought to champion the working engineer.

Of the 54,204 ballots analyzed in this election, only 3,323 (6.1%) are “incon-
sistent” with the assumption that voters’ preferences are based on the foregoing
DABC ordering of candidates. Inconsistent ballots include approval of two nonad-
jacent candidates without including the adjacent candidate(s) between them, notably
DC (608), AC (659), DAC (143), and DBC (89). Accounting for more than half the
inconsistencies is the relatively minor inconsistency – in terms of perceived dif-
ferences – represented by the pattern DB (1,824). Of the multiple voters, 17,435
(84.0%) cast ballots consistent with the hypothetical ordering.

Thus, candidates with obvious affinities tended disproportionately to share
approval from multiple voters. In this sense voting was ideological: it reflected a
pattern consistent with an underlying ordering of the candidates. Only in this elec-
tion, however, was such a pattern found; far more typically, voting in the societies is
nonideological, which is consistent with the null hypothesis alluded to earlier. But
if AV is used in public elections, their more political character could well lead to the
kind of ideological cleavages observed in the IEEE election.

It is important to note, however, that nonideological voting may mirror regular-
ities not evident in the AV data themselves. As a case in point, the winner in the
1987 MAA election (Table 3.2) was a woman, and this pattern was repeated in the
next MAA election in 1989. We have not analyzed data from the latter election, but
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the 1987 winner’s victory, as shown earlier, cannot be impeached on grounds that
she won mostly because of lukewarm support from wide voters. Nonetheless, as the
only women in each of the two races, it may be the case that they were helped by
their uniqueness: by some they were perceived as the single best choice; by others
they were seen as broadly acceptable.

3.7 Summary and Conclusions

AV has proved to be a practical and viable election reform in the four scientific
and engineering societies that used it for the first time in 1987 and 1988. While AV
supporters played a role in its adoption in three of the four societies (TIMS, MAA,
and IEEE), none of its proponents was even aware of its consideration in the fourth
society (ASA) until its adoption was imminent.

In all these societies, AV’s adoption rested principally on the arguments – sum-
marized earlier – that it is preferable to PV in multicandidate races. In the IEEE,
a petition candidate’s near-win with vocal but only minority support certainly gave
urgency to these arguments, accelerating AV’s adoption after the Board’s attempt to
limit the number of Board-nominated candidates to one person met with the mem-
bership’s disapprobation. Only in the case of the AMS’s 1992 adoption of AV did
practical considerations give it an edge over STV, and then only in some elections
that were relatively easy to change.

The empirical analyses of election returns from the different societies indicate
that AV may make a difference. So far it seems not to have elected candidates who
can be characterized as lowest common denominators but instead candidates who
either enjoyed support among all classes of voters, or who did particularly well
among narrow voters whose support is presumed to be more intense. Although
voting seems generally nonideological in most society elections, a clear ordering
of positions was identified in the IEEE election, and voting tended to be only for
adjacent candidates in this ordering.

Condorcet candidates almost always win under AV, with the only known excep-
tion being the 1999 Social Choice and Welfare election, which was a near-tie under
both AV (the official procedure) and BV (the hypothetical procedure). If there is
no single Condorcet candidate, as was illustrated in the 1985 TIMS election exper-
iment, then AV provides a way of determining which candidate receives the most
support from all voters, not just those who rank this person first.

Not all societies that have been approached about adopting AV, including three
that Brams belongs to – the American Political Science Association (APSA), the
International Studies Association (ISA), and the Public Choice Society (PCS) –
have been amenable to election reform, much less the adoption of AV. Significantly,
these societies are dominated, or heavily populated by, academic political scientists;
none holds competitive elections unless a petition candidate challenges the official
slate (this has never happened in the ISA or PCS; in the APSA, the last challenges
occurred more than 25 years ago).
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Among the lessons we draw from our experience is that the adoption of AV,
and probably any election reform, requires key support from within an organiza-
tion. We never received this kind of support from politicians or political parties in
our attempts to get AV adopted in public elections. By contrast, the society adop-
tions would not have occurred without influential members of each society favoring
reform, sometimes for practical or political reasons. Of course, they also needed to
make their cases with arguments based on democratic principles; we like to believe
that both the rhetoric of AV supporters as well as their analyses helped in this regard.

Acknowledgements We thank Richard F. Potthoff for valuable comments. Brams gratefully
acknowledges the support of the C.V. Starr Center for Applied Economics at New York University.

References

Amendment to ASA By-Laws (1987) AMSTAT News 135:1
Arrington TS, Brenner S (1984) Another look at approval voting; Arrington and Brenner to Brams

and Fishburn. Polity 17(1):118–134, 144
Begley S (2003) Why we sometimes get tofu for president when we want beef. Wall Street J B1
Boehm GAW (1976) One fervent vote against wintergreen. Preprint
Brams SJ (1982) The AMS nomination procedure is vulnerable to truncation of preferences;

Rejoinder [to Chandler Davis]. Not Am Math Soc 29(2):136–138
Brams SJ (1988) MAA elections produce decisive winners. Focus: the newsletter of the mathemat-

ical association of America 8(3):1–2
Brams SJ (1990) Constrained approval voting: a voting system to elect a governing board.

Interfaces 20(5):67–80
Brams SJ (2008) Mathematics and democracy: designing better voting and fair-division proce-

dures. Princeton University Press, Princeton, NJ
Brams SJ, Fishburn PC (1978) Approval voting. Am Polit Sci Rev 72(3):831–847
Brams SJ, Fishburn PC (1979) Reply [to Gordon Tullock]. Am Polit Sci Rev 73(2):552
Brams SJ, Fishburn PC (1983) Approval voting. Birkhäuser Boston, Cambridge, MA
Brams SJ, Fishburn PC (1984) A careful look at another look at approval voting. Polity 17(1):

135–143
Brams SJ, Fishburn PC (1985) Comment on the problem of strategic voting under approval voting;

Rejoinder to Niemi. Am Polit Sci Rev 79(3):816–819
Brams SJ, Fishburn PC (1988) Does approval voting elect the lowest common denominator? PS

Polit Sci Polit 21(2):277–284
Brams SJ, Fishburn PC (1992a) Approval voting in scientific and engineering societies. Group

Decis Negot 1:41–55
Brams SJ, Fishburn PC (1992b) Coalition voting. Math Comput Model (Formal Theory of Politics

II: Mathematical Modelling in Political Science) 16:15–26
Brams SJ, Fishburn PC (2001) A nail-biting election. Soc Choice Welf 18(3):409–414
Brams SJ, Fishburn PC (2002) Voting procedures. In: Arrow K, Sen A, Suzumura K (eds)

Handbook of social choice and welfare. Elsevier Science, Amsterdam, pp 175–236
Brams SJ, Fishburn PC (2005) Going from theory to practice: the mixed success of approval voting.

Soc Choice Welf 25(2):457–474
Brams SJ, Herschbach DR (2001a) Response to Richie, Bouricius, and Macklin. Science 294:

305–306
Brams SJ, Herschbach DR (2001b) The science of elections. Science 292:1449
Brams SJ, Nagel JH (1991) Approval voting in practice. Public Choice 71(1–2):1–17



36 S.J. Brams and P.C. Fishburn

Brams SJ, Fishburn PC, Merrill S III (1988) The responsiveness of approval voting: comments
on Saari and Van Newenhizen; Rejoinder to Saari and Van Newenhizen. Public Choice 59:
121–131, 149

Colomer JM, McLean I (1998) Electing popes: approval balloting and qualified-majority rule. J
Interdiscip Hist 29(1):1–22

Cox GW (1987) The Cabinet and the development of political parties in Victorian England.
Cambridge University Press, New York

Daverman RJ (2002) Private communication
Davis C (1982) Comment Not Am Math Soc 29(2):138
Dummett M (1984) Voting procedures. Oxford University Press, Oxford, UK
Federal Election Commission (1989) Report on the visit by the Federal Election Commission to

the Soviet Union, June 1989. Federal Election Commission, Washington, DC
Fishburn PC, Brams SJ (1991) Yes–no voting. Soc Choice Welf 10:35–50
Fishburn PC, Little JDC (1988) An experiment in approval voting. Manage Sci 34(5):555–568
Fossum RM (2002) Private communication
Gardner M (written by Lynn Arthur Steen) (1980) Mathematical games (From counting votes to

making votes count: the mathematics of elections). Sci. Am. 243(4):16ff
Gillman L (1987) Approval voting and the coming MAA elections. Focus: the newsletter of the

Mathematical Association of America 7, no. 2 (March-April) 2, 5
Gordon JP (1981) Report of the secretary. Econometrica 48(1):229–233
Guterman L (2002) When votes don’t add up: mathematical theory reveals problems in election

procedures. Chron High Educ A18–A19
Hill S (2002) Fixing elections: the failure of America’s winner take all politics. Routledge, New

York
Jarvis JJ (1984) Council—actions and issues: approval voting. OR/MS Today 11(4):16
Keller B (1987) In Southern Russia, a glimpse of democracy. N Y Times 1, 4
Keller B (1988) Moscow says changes in voting usher in many new local leaders. N Y Times A1,

A7
Kiely T (1991) A choice, not an echo? Technol Rev 94(6):19–20
Kiewiet RD (1979) Approval voting: the case of the 1968 election. Polity 12(1):528–537
Klarreich E (2002) Election selection: are we using the worst voting procedure? Sci News 162

(18):280–282
Laslier J-F (2003a) Analysing a preference and approval profile. Soc Choice Welf 20(2):229–242
Laslier J-F (2003b) Spatial approval voting. Working paper 2003–001, Laboratoire d’Econométrie,

Ecole Polytechnique, Paris
Laslier J-F, Van der Straeten K (2003) Approval voting: an experiment during the French 2002

presidential election. Laboratoire d’Econométrie, Ecole Polytechnique, Paris
Lijphart A, Grofman B (eds) (1984) Choosing an electoral system: issues and alternatives. Praeger,

New York
Lines M (1986) Approval voting and strategy analysis: a venetian example. Theory Decis 20:155–

172
Little J, Fishburn P (1986) TIMS tests voting method. OR/MS Today 13(5):14–15
MacKenzie D (2000) May the best man lose. Discover 21(11):84–91
Merrill S III (1988) Making multicandidate elections more democratic. Princeton University Press,

Princeton, NJ
Nagel J (1984) A debut for approval voting. PS Polit Sci Polit 17(1):62–65
National Academy of Sciences (1981) Constitution and Bylaws
Niemi RG (1984) The problem of strategic voting under approval voting. Am Polit Sci Rev

78(4):952–958
Niemi RG (1985) Reply to Brams and Fishurn. Am Polit Sci Rev 79(3):818–819
Nurmi H (1987) Comparing voting systems. D. Reidel, Dordrecht, Holland
Potthoff RF, Brams SJ (1998) Proportional representation: broadening the options. J Theor Polit

10(2):147–178



3 Going from Theory to Practice: The Mixed Success of Approval Voting 37

Regenwetter M, Grofman B (1998) Approval voting, Borda winners, and Condorcet winners:
evidence from seven elections. Manage Sci 44(4):520–533

Reilly B (2002) Social choice in the south seas: electoral innovation and the Borda Count in the
Pacific Island countries. Int Polit Sci Rev 23(4):355–372

Richie R, Bouricius T, Macklin P (2001) Candidate number 1: instant runoff voting. Science
294:303–304

Saari DG (2001a) Analyzing a nail-biting election. Soc Choice Welf 18(3):415–430
Saari DG (2001b) Chaotic elections! a mathematician looks at voting. American Mathematical

Society, Providence, RI
Saari DG, Van Newenhizen Jill (1988) The problem of indeterminacy in approval, multiple, and

truncated voting systems; Is approval voting an ‘unmitigated evil’?: a response to Brams,
Fishburn, and Merrill. Public Choice 59:101–120, 133–147

Shabad T (1987) Soviets to begin multi-candidate election experiment in June. N Y Times A6
Steen LA (1985) Private communication
Tullock G (1979) Comment on Brams and Fishburn and Balinski and Young. Am Polit Sci Rev

73(2):552–553
Weber RJ (1995) Approval voting. J Econ Perspect 9(1):39–49
White S (1989) Reforming the electoral system [USSR]. J Communist Stud 4:1–17
Wright J (1990) School funding reform options unpopular. Register-Guard (Eugene, OR):1C, 3C



Part II
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Chapter 4
Collective Choice for Simple Preferences

Biung-Ghi Ju

4.1 Introduction

Individual preferences often take simple structures in some restricted environments.
The so-called universal domain assumption in the three impossibility results by
Arrow (1951), Sen (1970a,b), and Gibbard (1973) and Satterthwaite (1975) have
been scrutinized and (partially) abandoned in numerous later studies, which do not
intend to identify well-behaved social welfare functions that “would be universal
in the sense that it would be applicable to any community” (Arrow 1951, p. 24).
Important breakthroughs have been made in this line of research: Gaertner (2002)
provides a comprehensive survey of the literature on domain restrictions.

Of our central interest in this survey are simple preferences with few indifference
classes such as the so-called dichotomous or trichotomous preferences as studied by
Inada (1964, 1969, 1970)1. Later investigations on collective choice with dichoto-
mous preferences have been closely connected to studies of the normative and
strategic advantages of majority and approval voting systems and of their axiomatic
foundation: see Brams and Fishburn (2002) for an extensive survey of this literature
as well as Brams and Fishburn (1978) and Fishburn (1978a,b, 1979) among others.
This survey connects old and recent theoretical developments in this literature with
a single but comprehensive perspective.

The survey starts with a brief overview of the classical impossibility results.
Section 4.2 discusses some possibility results on several domains of dichotomous
preferences. Section 4.3 discusses axiomatic foundations for majority and approval
voting systems. We investigate the logical relationship among the existing axiomatic
characterizations. In the process, we discover ways of strengthening existing results
and we offer new characterization results. Readers are referred to Xu (2010) in this

1Dichotomous preferences are also considered by Bogomolnaia and Moulin (2004) and
Bogomolnaia et al. (2005) in their investigation of well-behaved randomization mechanisms.
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volume for a compact overview of the literature on axiomatic characterizations of
majority voting.2 Section 4.4 discusses strategic voting and the robustness of vot-
ing systems. Some results associated with the Condorcet principle and realizability
of Condorcet winners in strategic voting environments are included. Section 4.5
discusses some recent developments in unconstrained multi-issue problems with
separable preferences. The section deals with strategy-proof voting schemes and
shows the conflict between Pareto efficiency and strategy-proofness on the entire
domain of separable preferences and on restricted domains of “dichotomous” or
“trichotomous” preferences. Section 4.6 discusses dichotomous opinion aggrega-
tion problems that have drawn some attention recently among scholars interested in
group identification.

4.1.1 Preliminaries

Let X be the set of all alternatives. There are infinitely many “potential” agents,
identified with the natural numbers in N: Let X and N be the set of finite subsets
of X and of N respectively. Each agent i 2 N has a preference ordering Ri that
is a complete, reflexive, and transitive binary relation over X: Let R be the set of
all preference orderings over X:We sometimes consider binary relations that are not
necessarily transitive. Let R be the set of all complete and reflexive binary relations.
For each N 2 N and each X 2 X ; let RN be the set of profiles of preference
orderings of agents in N and let UN;X � RN � fXg: Let UN � S

X2X UN;X ;

UX � S
N 2N UN;X ; and U � S

N 2N ;X2X UN;X : Subsets of UN;X ; UN ; UX ; and
U are denoted respectively by DN;X ;DN ;DX ; and D: Elements of RN are denoted
byRN ; R

0
N ; R

00
N , etc., and also byR;R0; R00, etc., whenN is clear from the context.

Elements of R are denoted by R0; R
0
0; R

00
0 , etc., and also by Ri ; R

0
i ; R

00
i , etc., when

they belong to agent i .
A social decision function on DN;X is a function f W DN;X ! R associating

with each profile .R;X/ 2 DN;X a social preference relation f .R;X/ 2 R: A
social welfare function on DN;X is a function f W DN;X ! R associating with each
profile .R;X/ 2 DN;X a social preference ordering f .R;X/ 2 R:We often denote
a social preference relation by �, its strict counterpart by �, and its indifference
by �, in order to distinguish them from individual preference relations.

LetP.X/ be the set all subsets ofX and NP.X/ the set of all non-empty subsets of
X: A social preference relation � generates a choice rule C.�I �/ W P.X/ ! P.X/

as follows: for all Y � X;

C.Y I �/ � fx 2 Y W for all y 2 Y; x � yg: (4.1)

By finiteness ofX; if � is transitive, the choice rule is non-empty valued at each non-
empty Y � X: For non-empty valuedness, each of the following weaker conditions

2 Thomson (2001) offers an extensive survey and discussion on the axiomatic method in Social
Choice Theory and Game Theory.
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is also sufficient. Preference relation � is quasi-transitive if its strict counterpart �
is transitive, that is, for all x; y; z 2 X; x � y and y � z imply x � z. It is acyclic
if there is no sequence of finite alternatives, x1; : : : ; xT 2 X such that x1 � x2,
x2 � x3; : : : ; xT �1 � xT ; xT � x1. Clearly, transitivity implies quasi-transitivity,
which implies acyclicity. Quasi-transitivity is sufficient but not necessary for the
non-emptiness of the choice rule in (4.1) (so is transitivity). Acyclicity is necessary
and sufficient for the non-emptiness of the choice rule (Sen 1970a,b, Lemma 1*1).

A collective choice quasi-rule on DN;X is a function c W DN;X � NP.X/ ! P.X/

associating with each profile .R;X; Y / � DN;X � NP .X/ a subset of Y; that is,
c.R;X; Y / � Y: A collective choice rule on DN;X is a non-empty valued collective
choice quasi-rule, namely a function c W DN;X � NP .X/ ! NP.X/ associating with
each profile .R;X; Y / � DN;X � NP .X/ a nonempty subset of Y; that is, ; ¤
c.R;X; Y / � Y: We sometimes use notation cR;X .Y / � c.R;X; Y /:

Each choice rule C W NP .X/ ! NP .X/ generates a binary relation R.C/ as
follows:

xR.C /y if and only if x 2 C.fx; yg/:
Call R.C/ the base relation of C.�/ (as in Herzberger 1973). Choice rule C is
normal if C.�/ D C.�IR.C//: Unless specified otherwise, we consider collective
choice rules generating normal choice rules. Necessary and sufficient conditions for
a choice rule to be normal are summarized in Sen (1977, pp. 64–65, Propositions 8
and 9).3

4.1.2 Classical Impossibility Results

Consider social decision functions or collective choice rules over DN;X : Here are
some basic axioms for social decision functions considered in Arrow (1951), Sen
(1970a,b), Gibbard (1973) and Satterthwaite (1975). In defining the axioms, we will
only state the properties needed for a social decision function f . That is, instead of
stating “f is said to satisfy Axiom A if it satisfies property A,” we simply state
property A.

Unrestricted Domain: DN;X D UN;X :

Transitive Social Preferences, (briefly, Transitivity): For all R 2 DN;X ; the social
preference relation at R; f .R;X/; is transitive.

Replacing transitivity with quasi-transitivity or acyclicity, we define the axioms
of quasi-transitive social preferences (briefly, quasi-transitivity) and acyclic social
preferences (briefly, acyclicity), respectively.

Weak Pareto: For all x; y 2 X; if everyone strictly prefers x to y at R; then x is
strictly preferred to y under the social preference relation f .R;X/:

Non-dictatorship: There is no person i 2 N - such a person would be a dictator -
such that for all R 2 DN;X and all x; y 2 X; if i strictly prefers x to y, then x is
strictly preferred to y under the social preference relation f .R;X/:

3 One necessary and sufficient condition in citetSen77 (properties ˛2 and �2) is the following: for
all Y 2 NP.X/; x 2 C.Y / if and only if for all y 2 Y; x 2 C.fx; yg/.
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Note that if a collective choice rule c.�/ generates a dictatorial base relationR.c/;
then by normality, the dictator’s preferred choices constitute c.R;X; Y / for all Y 2
NP .X/:

Independence of Irrelevant Alternatives: For all R;R0 2 DN;X and all Y � X; if
individual preferences of both profiles R and R0 are identical over Y; then the two
social preference relations at the two profiles generate the same choice over Y; that
is, C.Y If .R;X// D C.Y If .R0; X//.4

Replacing f .R;X/ in the above axioms with the base relation R.c/ generated
from a collective choice rule c.�/, we define the corresponding axioms for collective
choice rules. The same names are used for these axioms.

4.1.2.1 Arrow’s Theorem

Arrow (1951) investigates the existence of social decision functions satisfying the
five basic axioms in the previous section. When there are at least three alternatives,
such a function does not exists.

Theorem 4.1.1 (Arrow’s Impossibility Theorem). If there are at least three alter-
natives, then no social decision function (or collective choice rule) satisfies unre-
stricted domain, transitive social preferences, weak Pareto, non-dictatorship, and
independence of irrelevant alternatives.5

When the axiom of transitive social preferences is weakened to quasi-transitivity,
there does exist a social decision function satisfying the other four axioms. For
example, “Pareto dominance” gives a quasi-transitive, but not necessarily transitive,
social preference relation. Later works in this direction (Gibbard 1969; Guha 1972;
Mas-Colell and Sonnenschein 1972) deliver a characterization of “oligarchic” social
decision functions where a group, namely oligarchy, is decisive and each member
of the group has veto power. Replacing quasi-transitivity with acyclicity leads to
a larger family of social decision functions that may not be oligarchic but close to
oligarchy, in the sense that all decisive groups share some core members as shown
by Brown (1975) and Banks (1995).

Further progress has been made in the line of research that focuses on restricted
preferences in some specialized environments. Gaertner (2002) provides a compre-
hensive survey of the literature on restricted domains. Sections 4.2–4.6 give an
overview of results pertaining to dichotomous preferences. Section 4.2 provides
some possibility results on dichotomous domains. We list several definitions of
dichotomous domains that admit some social decision functions satisfying Arrow’s
axioms except for the axiom of unrestricted domain. Moreover, as we will see in
Sect. 4.3, majority decision stands out among other decision functions as the unique
one satisfying Arrow’s axioms and other standard axioms in the literature.

4 See (4.1) for the definition of the choice rule generated by a social preference relation.
5 Note that normality assumption for collective choice rules allows us to state this result for both
social decision function and collective choice rule at once.
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4.1.2.2 Gibbard–Satterthwaite Theorem

Here we consider a domain DN;X � UN;X such that for some NR � R; DN;X D
NRN � fXg: Preferences are primitive variables for collective choice or social deci-

sion but they are often unobservable. Agents or voters seek their own private
interests and may vote untruthfully whenever advantageous. Collective choice pro-
cedures may not work properly unless they have a certain embedded property in
themselves preventing untruthful voting. An important line of research has been
devoted to the search for truthful collective choice procedures. The seminal work
of Gibbard (1973) and Satterthwaite (1975) show that when there are at least three
alternatives, there is no truthful procedure that also satisfies unrestricted domain,
non-dictatorship, and the full-range condition.

A collective choice rule c W DN;X � NP .X/ ! NP .X/ is resolute if it always picks a
single alternative, that is, for all .R;X/ 2 DN;X and all Y 2 NP .X/; c.R;X; Y / is a
singleton. For truthful procedures, Gibbard (1973) and Satterthwaite (1975) require
that for all possible reported preferences of others, each agent i 2 N always prefers
the outcome that results from the truthful announcement of his preferences to any
outcome that he could obtain by lying.

Strategy-Proofness: For all R 2 DN;X , all Y 2 NP .X/; all i 2 N; and all R0
i 2 NR;

c..Ri ; R�i /; X; Y /Ri c..R
0
i ; R�i /; X; Y /:

An extension of strategy-proofness for set-valued rules is discussed in Sect. 4.4.

Theorem 4.1.2 (Gibbard–Satterthwaite Theorem). If there are at least three
alternatives, no resolute collective choice rule satisfies unrestricted domain, non-
dictatorship, strategy-proofness and the full-range condition.

Important positive results are derived in later works pertaining to specialized envi-
ronments that accommodate some natural restrictions on preferences. We will
survey the results pertaining to dichotomous domains in Sects. 4.2 and 4.4 and the
domain of separable preferences in Sect. 4.5. Moulin (1980) characterizes a large
family of strategy-proof rules on the domain of single-peaked preferences over pub-
lic alternatives that are ordered on a line. Any such rule chooses a “generalized
Condorcet winner.” In the case of private good rationing model with single peaked
preferences, the family of strategy-proof rules is much more restricted as shown by
Sprumont (1991).

4.1.2.3 Sen’s Paretian Liberal Paradox

Sen (1970a,b) investigates the existence of a social decision function that satisfies
weak Pareto and a minimal form of liberalism, as well as the condition of acyclic
social preferences and unrestricted domain. Again the result is negative.

His minimal notion of liberalism requires that there should be at least two agents
who are decisive when making social comparison of a pair of alternatives. Formally,
we say that agent i is decisive for x and y with x ¤ y, if for all R 2 DN;X , xPiy

implies x �f .R;X/ y.
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Minimal Liberalism: There are at least two agents who are decisive for a pair of
alternatives.

His main result, known as the Paretian liberal paradox, is the following.

Theorem 4.1.3 (Sen’s Paradox). No social decision function (or collective choice
rule) satisfies unrestricted domain, acyclic social preferences, weak Pareto, and
minimal liberalism.

Gibbard (1974) pushes this negative result to the most extreme form by showing that
Sen’s liberalism, properly extended in the model of collective decision with personal
components, cannot be well-defined. He provides a simple preference profile for
which any choice of an alternative necessarily violates at least one liberal right: this
is known as Gibbard’s paradox.

We will ask whether Sen’s paradox holds on the dichotomous preferences domain
for the problems of unconstrained choice of multiple issues in Sects. 4.5 and 4.6.

4.2 Possibility Results on Some Dichotomous Domains

Consider DN;X � UN;X such that for some NR � R; DN;X D NRN � fXg:
Throughout this section, we consider several examples of “dichotomous” domains.
On these domains, there do exist some social decision functions satisfying Arrow’s
axioms (in Theorem 4.1.1) except for unrestricted domain. This is shown by some
existing results that we overview here. We also offer some characterizations impos-
ing Arrow’s axiom of independence of irrelevant alternatives together with other
standard axioms.

For allR 2 DN;X and all x; y 2 X; letNx;y.R/ � fi 2 N W x Pi yg be the set of
agents who prefer x to y (or vote for x against y) and nx;y.R/ � jfi 2 N W x Pi ygj
the number of agents who prefer x to y (or the number of votes x wins against y).
Independence of irrelevant alternatives can be restated as follows:

Independence of Irrelevant Alternatives: For all R;R0 2 DN;X and all x; y 2
X; if Nx;y.R/ D Nx;y.R

0/ and Ny;x.R
0/ D Ny;x.R/, then x �f .R/ y implies

x �f .R0/ y:

The next axiom is stronger and is crucial for strategy-proofness.

Monotonicity: For all R;R0 2 DN;X and all x; y 2 X; if Nx;y.R/ � Nx;y.R
0/ and

Ny;x.R
0/ � Ny;x.R/, then x �f .R/ y implies x �f .R0/ y:

Applying monotonicity when Nx;y.R/ D Nx;y.R
0/ and Ny;x.R

0/ D Ny;x.R/

yields independence of irrelevant alternatives.
The next axiom, considered by MaY (1952), plays a key role in his and other

axiomatic characterizations of majority decision.

Positive Response: For all R;R0 2 DN;X and all x; y 2 X; if Nx;y.R/ �
Nx;y.R

0/; Ny;x.R
0/ � Ny;x.R/, and at least one of the two inclusions is strict,

then x �f .R/ y implies x �f .R0/ y:
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Note that when there are only two alternatives, say x and y, positive response
implies monotonicity because then,Nx;y.R/ D Nx;y.R

0/ andNy;x.R
0/DNy;x.R/,

which is the case relevant not to positive response but to monotonicity, imply
R D R0 and so application of monotonicity in this case is trivial. However, with
more than two alternatives, this implication no longer holds, and there is no logical
relation between the two axioms.

The next two axioms require symmetric treatment of individuals and of alterna-
tives, respectively.

Anonymity: For all permutations on N; � W N ! N; and all R 2 DN;X ; f .R/ D
f .R� /; where R� 2 DN;X is such that for all i 2 N; R�i D R�.i/:

Neutrality: For all R 2 DN;X and all x; y; x0; y0 2 X; if R0 2 DN;X is the
preferences profile obtained after relabeling x and y in profile R with x0 and y0
respectively, then x �f .R/ y if and only if x0 �f .R0/ y

0.
The best known decision function satisfying the above axioms is majority deci-

sion function fMAJ.�/, which maps each R 2 DN;X into a social preference relation
�fMAJ.R/ defined as follows: for all x; y 2 X ,

x �fMAJ.R/ y if and only if nx;y.R/ 	 ny;x.; R/:

In fact, there is a large family of monotonic decision functions, of which the special
example is majority decision. In order to define this family, we need the following
notation and concepts. Let d� � f.L1; L2/ W L1; L2 2 P.N/;L1 \ L2 D ;g be
the set of all pairs of disjoint subsets of N: A decisive structure for a pair x; y 2 X;
dx;y is a non-empty subset of d�such that for all .L1; L2/; .L

0
1; L

0
2/ 2 d�;

if .L1; L2/ 2 dx;y ; L1 � L0
1; and L0

2 � L2; then .L0
1; L

0
2/ 2 dx;y : (4.2)

Call this property d-monotonicity. A decisive structure d � .dx;y/x;y2X is a profile
of decisive structures for pairs of alternatives such that for all x; y 2 X and all
.L1; L2/ 2 d�;

if .L1; L2/ … dx;y ; then .L2; L1/ 2 dy;x : (4.3)

Call this property d-completeness. A decisive structure d represents the social
decision function f d defined as follows: for all R 2 DN;X and all x; y 2 X;

x �f d.R/ y if and only if .Nx;y.R/;Ny;x.R// 2 dx;y :

Note that by (4.2), f d is monotonic and that by (4.3), the social preference rela-
tions chosen by f d are complete. It is easy to show that neutrality of f d requires
dx;y D dx0;y0 for all x; y; x0; y0 2 X: Conversely, any monotonic social decision
function f generates a decisive structure df and is represented by it. To show this,
define d

f
x;y as follows: for all .L1; L2/ 2 d�; .L1; L2/ 2 d

f
x;y if and only if for

some R 2 DN;X ; x �f .R/ y; Nx;y.R/ � L1; and L2 � Ny;x.R/: To prove (4.3),

suppose .L1; L2/ 2 d�nd
f
x;y : Consider R 2 DN;X such that Nx;y.R/ D L1 and
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Ny;x.R/ D L2.6 Then not x �f .R/ y and by completeness of f .R/, y �f .R/ x:

This shows .L2; L1/ 2 d
f
y;x : Monotonicity of f directly implies (4.2). Therefore

we obtain:

Proposition 4.2.1. A social decision function satisfies monotonicity if and only if it
is represented by a decisive structure.

For anonymous and neutral decision functions, decisive structures representing them
take a simple form. Let n� � f.n1; n2/ W n1; n2 2 f0; 1; : : : ; ng; and n1 C n2 
 ng:
A decisive index structure for a pair x; y; nx;y is a non-empty subset of n� such
that for all .n1; n2/; .n

0
1; n

0
2/ 2 n�;

if .n1; n2/ 2 nx;y; n1 
 n0
1; and n0

2 
 n2; then .n0
1; n

0
2/ 2 nx;y : (4.4)

Call this n-monotonicity. A decisive index structure n � .nx;y/x;y2X is a profile of
decisive index structures for pairs of alternatives such that for all x; y 2 X and all
.n1; n2/ 2 n�;

if .n1; n2/ … nx;y; then .n2; n1/ 2 ny;x : (4.5)

Call this n-completeness Note that for neutral social decision functions represented
by a decisive index structure n, neutrality and n-completeness imply the following:
for all k 2 f0; 1; : : : ; Œn=2�g and all x; y; x0; y0 2 X with x ¤ y and x0 ¤ y0,

nx;y D nx0;y0 and .k; k/ 2 nx;y; (4.6)

where Œn=2� is the greatest integer that is less than or equal to n=2. Call this
n-neutrality. This property and n-monotonicity together imply that for all k 2
f0; 1; : : : ; Œ.n � 1/=2�g and all x; y; x0; y0 2 X with x ¤ y and x0 ¤ y0,
.k C 1; k/ 2 nx;y D nx0;y0 . Combining this with (4.6), we get: for all .n1; n2/ 2 n�
and all x; y; x0; y0 2 X with x ¤ y and x0 ¤ y0,

nx;y D nx0;y0 , and if n1 	 n2; then .n1; n2/ 2 nx;y : (4.7)

Therefore we obtain:

Proposition 4.2.2. A social decision function satisfies monotonicity and anonymity
if and only if it is represented by a decisive index structure. Adding neutrality, we
characterize the subfamily of social decision functions represented by an n-neutral
decisive index structure. Moreover, these n-neutral index structures satisfy (4.7).

When preferences are linear (no indifference), Propositions 4.2.1 and 4.2.2 give
characterizations of what are known as “monotonic simple games.” Since we will
mostly focus on dichotomous domains where indifference is prevalent, decisive
structures are more relevant to our later discussion.

6 Existence of such R is the basic richness assumption for DN;X that we need in order to obtain
Proposition 4.2.1.
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4.2.1 Two Alternatives

The simplest example of dichotomous domains is of course when there are only
two alternatives, say a; b (that is, X D fa; bg). Then any social decision function
satisfies transitive social preferences trivially. There are numerous social decision
functions satisfying all other axioms in Arrow’s theorem. For example, the social
decision functions represented by a monotonic and non-dictatorial decisive structure
satisfy all of Arrow’s axioms. There are also numerous strategy-proof and non-
dictatorial collective choice functions. An important property for strategy-proofness
in this binary choice framework is monotonicity. Since there are only two alter-
natives, Sen’s minimal liberalism is hardly satisfied unless the set of admissible
preferences is extremely restricted.

Majority decision function stands out among other well-behaved social decision
functions, as shown by MaY (1952). The key axiom in his axiomatic characteriza-
tion of majority decision is positive response.

Now, to find out the implication of positive response, consider a function f rep-
resented by decisive structure d: Let R;R0 be the two profiles in the premise of the
axiom of positive response. Assume x �f .R/ y; that is, .Nx;y.R/;Ny;x.R// 2
dx;y : Positive response, then requires x �f .R0/ y; which implies .Ny;x.R

0/;
Nx;y.R

0// … dy;x : Thus positive response implies the following extra condition
on decisive structures: for all x; y 2 X and all .L1; L2/; .L

0
1; L

0
2/ 2 d� with x ¤ y

and .L1; L2/ ¤ .L0
1; L

0
2/,

if .L1; L2/ 2 dx;y ; L1 � L0
1; and L0

2 � L2; then .L0
2; L

0
1/ … dy;x : (4.8)

For decisive index structures, this condition can be written as: for all x; y 2 X and
all .n1; n2/; .n

0
1; n

0
2/ 2 n� with x ¤ y and .n1; n2/ ¤ .n0

1; n
0
2/,

if .n1; n2/ 2 nx;y ; n1 
 n0
1; and n0

2 
 n2; then .n0
2; n

0
1/ … ny;x : (4.9)

For a neutral social decision function represented by a decisive index structure n;
if there is .n1; n2/ 2 n� such that n1 < n2 and .n1; n2/ 2 nx;y , then by (4.9),
.Œn1Cn2

2
�C 1; Œn1Cn2

2
�/ … ny;x , which contradicts to (4.7). Therefore, neutrality and

positive response together imply the following: for all x; y2X and all .n1; n2/2n�;

if n1 < n2; then .n1; n2/ … nx;y: (4.10)

Combining (4.7) and (4.10), we obtain:

Theorem 4.2.1 (MaY 1952). When there are two alternatives, a social decision
function on UN;X satisfies anonymity, neutrality, and positive response if and only if
it is majority decision function.

An extended version of this result with more than two alternatives is provided in
Theorem 4.3.1. Aşan and Sanver (2002) replaces positive response with the com-
bination of “path independence” and Pareto (if no voter prefers b to a and some
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voter prefers a to b, then a should be socially preferred to b). In the same frame-
work, Sanver (2009) imposes weak Pareto, anonymity, neutrality, and monotonic-
ity, together with some additional axioms, and characterizes variants of majority
decision function.

4.2.2 Two Fixed Indifference Classes

In this section, we assume that there are two types of alternatives and all alternatives
of a type are indifferent. This assumption is formulated by the following domain
property.

Definition 4.2.1. A domain D2f ic
N;X � UN;X has the property of two-fixed-

indifference-class if alternatives are partitioned into two fixed classes and for all
R 2 D2f ic

N;X and all i 2 N; the two classes constitute the two indifference sets of
Ri : Let a; b 2 X be two representative alternatives and the two fixed classes are
denoted by Xa and Xb :

On such a domain, majority decision function do satisfy transitivity (as is implied
by Theorem 4.2.2). Hence there does exist a social decision function satisfying
all of Arrow’s axioms. A characterization of a family of transitive social decision
functions is provided in the next proposition.

Let f W D2f ic
N;X ! R be a social decision function satisfying monotonicity and

transitivity. Let d be a decisive structure representing f: Suppose that for some
x; y 2 Xa and some R 2 D2f ic

N;X ; x �f .R/ y: Then by monotonicity, the strict

social ranking holds at all other preference profiles, that is, for all R0 2 D2f ic
N;X ;

x �f .R0/ y: This is because Nx;y.R/ D Nx;y.R
0/ D Ny;x.R/ D Ny;x.R

0/ D ;:
Then the ranking between x and y can be decided by dx;y and dy;x such that

.;;;/ 2 dx;y and .;;;/ … dy;x : Similarly, if for some R 2 D2f ic
N;X ; x �f .R/ y;

then this social indifference holds at all other preference profiles and .;;;/ 2 dx;y

and .;;;/ 2 dy;x : Therefore, there is a fixed social preference relation over alterna-

tives in Xa and over alternatives in Xb , which holds at all R 2 D2f ic
N;X : Since social

decision function f satisfies transitivity, we may order elements in the two sets Xa

and Xb in the same order of their fixed social rankings; that is, elements of Xa are
a1 � a2 � � � � � aq and elements of Xb are b1 � b2 � � � � � br : Strict ranking
among a1; : : : ; aq or among b1; : : : ; br is excluded when we require the following
mild axiom:

Indifference Unanimity: For all R and all x; y 2 X; if for all i 2 N; x Ii y; then
x �f .R/ y:

The next result characterizes a family of functions satisfying transitivity, mono-
tonicity, and indifference unanimity.

Proposition 4.2.3. Consider a domain with the property of two-fixed-indifference-
class. Denote two representative alternatives in the two fixed classes by a and b and
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the two fixed classes by Xa and Xb . A social decision function satisfies transitivity,
monotonicity, and indifference unanimity if and only if it is represented by a decisive
structure d � .dx;y/x;y2X such that for all x; x0 2 Xa and all y; y0 2 Xb; .;;;/ 2
dx;x0 D dy;y0 and for all x 2 Xa and all y 2 Xb; dx;y D da;b and dy;x D db;a:

Proof. By indifference unanimity, for all R 2 D2f ic
N;X ; alternatives in Xa are all

socially indifferent and similarly for Xb : Define dx;y as follows: for all .L1; L2/ 2
d�; .L1; L2/ 2 dx;y if and only if for some R 2 D2f ic

N;X ; x �f .R/ y; Nx;y.R/ �
L1; and L2 � Ny;x.R/: By indifference unanimity, for all x; x0 2 Xa and all
y; y0 2 Xb; .;;;/ 2 dx;x0 D dy;y0 : Now let x 2 Xa and y 2 Xb : For all R 2
D2f ic

N;X ; since x �f .R/ a and y �f .R/ b; then by transitivity, x �f .R/ yit if
and only if a�f .R/b: This and the construction of d imply dx;y D da;b : Similarly,
dy;x D db;a: ut

4.2.3 Two Indifference Classes

We now consider domains where individual preferences can have at most two
indifference classes.

Definition 4.2.2. A domain D2ic
N;X � UN;X has the property of two-indifference-

class if for all R 2 D2ic
N;X , all triples x; y; z 2 X and all i 2 N; Ri partitions

fx; y; zg into at most two indifference classes.

Clearly any domain with the property of two-fixed-indifference-class has this prop-
erty, but not vice versa. On such domains, majority decision function always
generates a transitive social preference relation.

Theorem 4.2.2 (Inada 1964). On any domain with the property of two-
indifference-class, majority decision function satisfies transitivity.

Proof. Let x; y; z 2 X be three distinct alternatives. If R 2 D2ic
N;X ; then for all

i 2 N; Ri is one of the following seven “dichotomous” preference orderings:
(1) xIiyIi z; (2) xIiyPi z; (3) xPiyIi z; (4) xIi zPiy; (5) yPixIi z; (6) yIi zPix;

(7) zPixIiy: Let n1; : : : ; n7 be the numbers of agents of each type. Note that
nx;y.R/ D n3 C n4; ny;x.R/ D n5 C n6; ny;z.R/ D n2 C n5; nz;y.R/ D n4 C n7;

nx;z.R/ D n2 C n3; and nz;x D n6 C n7: To show transitivity of social preference
relation, suppose x �fMAJ.R/ y and y �fMAJ.R/ z: Then

n3 C n4 	 n5 C n6 and n2 C n5 	 n4 C n7: (4.11)

Combining the two inequalities, we obtain n2 Cn3 Cn4 Cn5 	 n4 Cn5 Cn6 Cn7;

that is,
n2 C n3 	 n6 C n7: (4.12)

This implies nx;z.R/ 	 nz;x.R/: Therefore, x �fMAJ.R/ z: ut
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In fact, majority decision is the only transitive social decision function satisfying
monotonicity, anonymity, and neutrality, except for degenerate indifference function
that is the constant social decision function taking the complete indifference as its
value (alternatives are all indifferent).

Theorem 4.2.3 (Ju 2009b). Consider a domain with the property of two-
indifference-class.7 A social decision function satisfies monotonicity, anonymity,
neutrality and transitivity if and only if it is either majority decision function or
degenerate indifference function.

Proof. By Theorem 4.2.2, majority decision function is transitive. It also satisfies
the other axioms by Proposition 4.2.2. In order to prove the converse, let f be
a social decision function on D2ic

N;X satisfying monotonicity, anonymity, neutrality
and transitivity. By Proposition 4.2.2, f is represented by an n-neutral index struc-
ture n � .nx;y/x;y2X and the index structure satisfies (4.7). Let n0 � nx;y for all
x; y 2 X with x ¤ y. Throughout the proof, we follow the same classification
of dichotomous preferences over fx; y; zg as in the proof of Theorem 4.2.2. For all
k D 1; : : : ; 7; let nk the number of persons with the dichotomous preferences of
type k. Recall nx;y.R/ D n3 C n4; ny;x.R/ D n5 C n6; ny;z.R/ D n2 C n5;

nz;y.R/ D n4 C n7; nx;z.R/ D n2 C n3; and nz;x.R/ D n6 C n7:

Step 1: If .p; q/ 2 n0 and p; q 	 1, then .p � 1; q � 1/ 2 n0.

Let .p; q/ 2 n0 be such that p; q 	 1. Consider a profile R consisting of p � 1

agents of type 3, q�1 agents of type 6, 1 agent of type 4 and type 5, and n�.pCq/
agents of type 1 (thus there is no type 1 agent if p C q D n). That is, at R, n1 D
n � .p C q/, n2 D 0, n3 D p � 1, n4 D 1, n5 D 1, n6 D q � 1, and n7 D 0.
Then nx;y.R/ D p, ny;x.R/ D q, ny;z.R/ D 1, nz;y.R/ D 1, nx;z.R/ D p � 1,
and nz;x.R/ D q � 1. Since .p; q/ 2 n0, x �f .R/ y. By (4.7), .1; 1/ 2 n0 and so
y �f .R/ z. Then by transitivity, x �f .R/ z, which means .p � 1; q � 1/ 2 n0.

Step 2: maxfq � p W .p; q/ 2 n0g D n or 0.

Let .p�; q�/ 2 n0 be such that

q� � p� D maxfq � p W .p; q/ 2 n0g: (4.13)

Suppose q� �p� ¤ 0. Then applying Step 1 repeatedly p�-times, we show .0; q� �
p�/ 2 n0. Then since q� � p� 	 1, by n-monotonicity, .0; 1/ 2 n0.

Suppose by contradiction q� � p� ¤ n. Then evidently q� 
 n � 1. Thus there
is a profile R consisting of q� � p� agents of type 6, 1 agent of type 7, and the rest
of n � .q� � p� C 1/ agents of type 1 (note that q� � p� C 1 
 q� C 1 
 n and
so the number of agents of type 1 is a non-negative integer and the total number of
agents is n). Then at R, n1 D n � .q� � p� C 1/, n2 D n3 D n4 D n5 D 0,
n6 D q� � p�, and n7 D 1. Thus nx;y.R/ D 0, ny;x.R/ D q� � p�, ny;z.R/ D 0,

7 A stronger property, adding a domain richness to the property of two-indifference-class, is needed
to prove this result. See Ju (2009b) for details.
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nz;y.R/ D 1, nx;z.R/ D 0, and nz;x.R/ D q� �p� C1. Since .0; q� �p�/; .0; 1/ 2
n0, then x �f .R/ y and y �f .R/ z. By transitivity, x �f .R/ z, which implies
.0; q� � p� C 1/ 2 n0, contradicting (4.13).

Step 3: f is either majority decision function or degenerate indifference function.

When q� � p� D 0, this and (4.7) imply that f is majority decision function.
When q� � p� D n, .p�; q�/ D .0; n/. Thus by n-monotonicity, n0 D n�. Hence
for all R 2 D2ic

N;X and all x; y 2 X , .nx;y.R/; ny;x.R//; .ny;x.R/; nx;y.R// 2 n0;
so x �f .R/ y. Therefore, f is degenerate indifference function. ut
Remark 4.2.1. Maskin (1995) proved that on the domain of linear preference pro-
files with an odd number of voters, majority decision function is “most transitive”
among social decision functions satisfying monotonicity, anonymity, and neutral-
ity (in fact, he considers independence of irrelevant alternatives and weak Pareto
instead of monotonicity). A similar result without the odd-number-assumption is
obtained by Campbell and Kelly (2000). These results rely on some domain rich-
ness properties that our dichotomous domain does not have; e.g., Campbell and
Kelly’s characterization relies on the availability of single-peaked preferences in the
domain. In addition, dichotomous preferences do not have linearity assumed in the
above two papers. Moreover, our result is with transitivity on the “entire domain
under consideration” and for both odd or even numbers of voters.

Other social decision functions satisfying monotonicity, anonymity, and neutrality
violate transitivity. However, all these functions satisfy acyclicity.

Theorem 4.2.4 (Ju 2009b). On any domain with the property of two-indifference-
class, all social decision functions with monotonicity, anonymity, and neutrality
satisfy acyclicity.

Proof. Let f be a social decision function on D2ic
N;X satisfying the three axioms. By

Proposition 4.2.2, f is represented by an n-neutral index structure n � .nx;y/x;y2X

which satisfies (4.7). For all x; y 2 X with x ¤ y, let n0 � nx;y .

Step 1: For all x; y 2 X and all R 2 D2ic
N;X ; if x �f .R/ y, then nx;y.R/ > ny;x.R/:

This follows directly from (4.7).

Step 2: For all x; y; z 2 X and all R 2 D2ic
N;X , if nx;y.R/ > ny;x.R/ and ny;z.R/ >

nz;y.R/; then nx;z.R/ > nz;x.R/.
The proof of this step uses a similar argument as in the proof of Theorem 4.2.2.

Let nx;y.R/ > ny;x.R/ and ny;z.R/ > nz;y.R/: Then the two inequalities in (4.11)
hold with strict inequality and from them, (4.12) is obtained as a strict inequality,
which means nx;z.R/ > nz;x.R/:

Step 3: If R 2 D2ic
N;X and a sequence of finite alternatives, x1; : : : ; xT 2 X are such

that x1 �f .R/ x2, x2 �f .R/ x3; : : : ; xT �1 �f .R/ xT , then x1 �f .R/ xT ; thus
xT �f .R/ x1 does not hold.

If x1 �f .R/ x2 and x2 �f .R/ x3; then by Step 1, nx1;x2
.R/ > nx2;x1

.R/ and
nx2;x3

.R/ > nx3;x2
.R/, which imply by Step 2, nx1;x3

.R/ > nx3;x1
.R/. Applying

this argument iteratively, we obtain, nx1;xT
.R/ > nxT ;x1

.R/; which implies, by
(4.7), x1 �f .R/ xT . ut
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4.2.4 Two Fixed Classes Separated by Strict Preferences

Now we consider a domain where alternatives are separated into two fixed sub-
sets and any alternative in one is always preferred to any alternative in the other.
Formally:

Definition 4.2.3. A domain D2fcs
N;X � UN;X has the property of two-fixed-class-

separation if for all distinct triples x; y; z 2 X; there is a nonempty proper subset
A � fx; y; zg such that for all R 2 D2fcs

N;X and all i 2 N; either [for all a 2 A and
all b 2 fx; y; zgnA; aPib] or [for all a 2 A and all b 2 fx; y; zgnA; bPia].8

Theorem 4.2.5 (Inada 1964). On any domain with the property of two-fixed-class-
separation, if the number of agents is odd, majority decision function satisfies
transitivity.

Proof. Let x; y; z 2 X be three distinct alternatives. Without loss of generality,
assume that the two fixed classes are A � fxg and B � fy; zg: Let R 2 D2fcs

N;X .
To prove transitivity, we need to consider the following six cases: (1) x �fMAJ.R/

y and y �fMAJ.R/ z, (2) x �fMAJ.R/ z and z �fMAJ.R/ y; (3) y �fMAJ.R/ z and
z �fMAJ.R/ x; (4) z �fMAJ.R/ y and y �fMAJ.R/ x; (5) y �fMAJ.R/ x and x �fMAJ.R/

z; (6) z �fMAJ.R/ x and x �fMAJ.R/ y: Arguments for (1) and (2) are similar and also
the arguments for (3) and (4) and for (5) and (6) are similar. Thus we only consider
(1), (3), and (5) below.

Note that by the property of two-fixed-class-separation,Nx;y.R/ D Nx;z.R/ and
Ny;x.R/ D Nz;x.R/. Thus by independence of irrelevant alternatives and neutrality
of fMAJ,

x �fMAJ.R/ y () x �fMAJ.R/ z: (4.14)

Case 1: x �fMAJ.R/ y and y �fMAJ.R/ z.
By (4.14), x �fMAJ.R/ y implies x �fMAJ.R/ z:

Case 2: y �fMAJ.R/ z and z �fMAJ.R/ x:

By (4.14), z �fMAJ.R/ x implies y �fMAJ.R/ x:

Case 3: y �fMAJ.R/ x and x �fMAJ.R/ z:
By (4.14), y �fMAJ.R/ x implies z �fMAJ.R/ x: Hence z �fMAJ.R/ x; which

implies nz;x.R/ D nx;z.R/:By the property of two-fixed-class-separation,nz;x.R/C
nx;z.R/ D n: Therefore n is an even number, contradicting the initial assumption.
Therefore, Case 3 does not occur on the domain. ut

With a stronger condition on the domain, we can show that except for degen-
erate indifference function, majority decision function is the only transitive social
decision function satisfying the three standard axioms.

8 Sakai and Shimoji (2006) study “dichotomous domains” that are close to domains with two-fixed-
class-separation. Assuming that the domain of individual preferences can be either dichotomous or
universal, they find some domain conditions for the existence of Arrovian social welfare function.
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Theorem 4.2.6 (Ju 2009b). Consider a domain with the property of two-fixed-
class-separation.9 Assume that all preferences in this domain are linear and that
there is an odd number of agents. Then a social decision function satisfies mono-
tonicity, anonymity, neutrality, and transitivity if and only if it is either majority
decision function or degenerate indifference function.

Proof. Let f be a social decision function on DN;X satisfying the four axioms.
By Proposition 4.2.2, f is represented by a decisive structure n � .nx;y/x;y2X

satisfying (4.7). Let n0 � nx;y for all distinct x; y 2 X . By (4.7) and the assumption
that all preference orderings on domain DN;X are linear, in order to show that f is
majority decision function, we only have to show that for all .n1; n2/ 2 n� with
n1 C n2 D n, if n1 < n2, then .n1; n2/ … n0. Suppose that f is not majority
function and so for some .n1; n2/ 2 n�, n1 C n2 D n, n1 < n2, and .n1; n2/ 2 n0.
Let x; y; z 2 X be three distinct alternatives. Without loss of generality, assume that
the two fixed classes are A � fxg and B � fy; zg: Let R 2 DN;X be such that
nx;y.R/ D n2, ny;x.R/ D n1, and for all i 2 N , yPi z. Then by the property of
two-fixed-class-separation, nx;z.R/ D n2 and nz;x.R/ D n1. Since .n1; n2/ 2 n0,
y �f .R/ x and z �f .R/ x. By (4.7), the reverse relations also hold and therefore
y �f .R/ x and z �f .R/ x. Finally by transitivity, y �f .R/ z. Since every agent
prefers y to z at R by construction, this implies that .0; n/ 2 n0, which means that
f is degenerate indifference function. ut

When there are even number of agents, the result does not hold, as shown by
the following example due to Inada (1964). There are four agents with xPiyPi z and
four agents with yIi zPix: Then majority decision gives x �fMAJ.R/ y; y �fMAJ.R/ z;
and x �fMAJ.R/ z, violating transitivity. However, note that this social preference
relation is quasi-transitive. In fact, for quasi-transitivity, we do not need the odd
number assumption. Moreover, any social decision function satisfying monotonicity
and neutrality is quasi-transitive.

Theorem 4.2.7 (Ju 2009b). On any domain with the property of two-fixed-class-
separation, all social decision functions with monotonicity and neutrality satisfy
quasi-transitivity.

Proof. The proof is similar to the proof of the above theorem with the replacement
of weak majority preference relation with the strict one. Note that the arguments
used for Cases 1–2 in the above proof do not depend on the fact that the social
decision function is majority decision function. The same arguments go through for
any social decision function as long as it is represented by a decisive structure and
is neutral. Case 3 will not occur now because y �f .R/ x implies z �f .R/ x; which
contradicts x �f .R/ z: ut

Note that monotonicity in Theorem 4.2.7 can be weakened to independence of
irrelevant alternatives.

9 A stronger property, adding a domain richness to two-fixed-class-separation, is needed to prove
this result. See Ju (2009b) for details.



56 B.-G. Ju

4.3 Axiomatic Foundations for Majority Decision
and Approval Voting

Throughout this section, assume that the set of alternatives X is fixed. Assume fur-
ther that as in Sect. 4.2.3, preferences can have at most two indifference classes.
These preferences are called dichotomous preferences. Each dichotomous prefer-
ence is characterized by the set of best, or preferred alternatives. Thus we use
B0 2 NP .X/ to denote the dichotomous preference of which the set of preferred
alternatives is B0 and use D � NP.X/ to denote the set of dichotomous preferences.
In what follows, we fix the feasibility set to be equal to X and focus on character-
istics of collective choice rules on the set of admissible preference profiles. Thus
given a domain of dichotomous preferences D � D, a collective choice rule in this
section is a non-empty valued correspondence c W SN 2N DN ! NP.X/. Similarly
a collective choice quasi-rule is a correspondence c W SN 2N DN ! P.X/ that
may take the empty set as its value.

Rule c.�/ is anonymous if the identities of persons are inessential, that is, for
all N;N 0 2 N with jN j D jN 0j and all one-to-one functions � W N ! N 0;
c..Bi /i2N / D c..B�.i//i2N /. A profile of dichotomous preferences may be reduced
to a function � W D ! f0; 1; 2; : : :g mapping each dichotomous preference in the
domain to the number of agents who have this preference. Let ….D/ be the set of
all such functions. With a slight abuse, we refer to elements in ….D/ preference
profiles. We often denote an anonymous rule (or quasi-rule) c W ….D/ ! P.X/ as
a function on ….D/ instead of its original domain

S
N 2N DN :

A voting system is a pair of a set of valid ballots B � P.X/ and a non-empty
valued correspondence � W SN 2N BN ! NP .X/ on the set of all possible ballot
profiles. We call �.�/ a ballot aggregator. Voting system .B; �/ is anonymous if
for all N;N 0 2 N with jN j D jN 0j and all one-to-one functions � W N ! N 0;
�..Bi /i2N / D �..B�.i//i2N /: For an anonymous voting system, the identities of
voters are inessential. Reducing this information, a ballot response profile � W B !
f0; 1; 2; : : :g maps each valid ballot into the number of voters casting this ballot. Let
….B/ be the set of all ballot response profiles. For an anonymous voting system
.B; �/; for all pairs N;N 0 2 N , if .Bi /i2N and .B 0

i /i2N 0 generate the same ballot
response profile, then �..Bi /i2N / D �..B 0

i /i2N 0/: Therefore we may define a ballot
aggregator� as a function ' on the set of ballot response profiles….B/. Conversely,
any such function ' W ….B/ ! NP .X/ defines an anonymous ballot aggregator. We
call ' W ….B/ ! NP .X/ a voting rule. When voters have dichotomous preferences
and reveal their true preferences using ballot response profiles in ….B/, a voting
system .B; '/ gives the collective choice rule identical to the voting rule '.

Throughout Sects. 4.3 and 4.4, we assume that ballot space B satisfies the basic
richness, consisting of the following two properties: for all distinct pairs x; y 2 X

and all permutations � W X ! X ,

There is B0 2 B such that x 2 B0 and y … B0: (4.15)

For all B0 2 B; �.B0/ 2 B: (4.16)
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Given a profile � 2 ….D/; for all x 2 X; let n.x; �/ � P
B02DWx2B0

�.B0/ be
the number of votes x wins at � . Majority rule on D, cMAJ W ….D/ ! NP .X/; maps
each profile � 2 ….D/ into cMAJ.�/ � fx 2 X W for all y 2 X; n.x; �/ 	 n.y; �/g.
In the case of voting systems, majority rule is denoted by �MAJ or 'MAJ. Note that
for dichotomous preferences, there always exists a Condorcet winner since major-
ity decision function is transitive (Theorem 4.2.2). Thus the Condorcet rule CW.�/
mapping each preference profile into the set of Condorcet winners is well-defined,
and it coincides with majority rule. In general, any transitive social decision func-
tion f W DN ! R on the restricted domain of dichotomous preferences D � P.X/

generates a collective choice rule as in (4.1). Since we fix the set of alternatives
X in our definition of collective choice rules, not all social decision functions can
be generated by collective choice rules. A collective choice rule can be consid-
ered as generating a social decision function of which the social preferences are
dichotomous.

In the following two subsections, we overview some important axiomatic char-
acterizations for majority rule and approval voting. A more focused overview of
the literature considering the ballot space B D NP.X/ and approval voting is pro-
vided in Xu (2010) in this volume. Most of the characterizations we overview are
accompanied by some conditions on ballot space B that are sufficient for the char-
acterization. Thus, we will clarify to what ballot spaces (or voting procedures) each
characterization of majority rule applies, which was not all clear in the literature.
We will find that some of the results apply to a very wide variety of ballot spaces
(voting procedures) and others apply only to the ballot space for approval voting.

Throughout this section, our discussion is focused on voting systems. However,
most results on voting systems also apply to collective choice rules after the straight-
forward extension of axioms and conditions we state for voting systems. When there
is no need of distinguishing ballot space B and the same domain of dichotomous
preferences, we use B to denote both the ballot space and the preference domain.

4.3.1 Characterizations of Majority Voting Systems

4.3.1.1 Basic Axioms in the Fixed Population Model

In this section, we define basic axioms for voting systems in a fixed population
framework. Let N � f1; 2; : : : ; ng be the set of voters.

The first axiom says that alternatives should be treated equally. In other words,
changing their labels should not make any essential change in the voting outcome.

Neutrality: For all B 2 BN and all permutations � W X ! X; �.�.B// D
�.�.B//:

The next axiom introduced by Baigent and Xu (1991) has the flavor of anonymity.
It embodies the condition that each vote for an alternative by a voter has the same
weight independently of what other alternatives are in his ballot.
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Independence of Vote Exchange: For all B 2 BN and all i; j 2 N; if x 2 Bi nBj

and y 2 Bj nBi ; then letting B 0
i � ŒBi nfxg� [ fyg and B 0

j � ŒBj nfyg� [ fxg;10

�.B 0
i ; B

0
j ; B�fi;j g/ D �.B/.11

When only singleton ballots are available, this axiom coincides with anonymity.
The next axiom pertains to even more drastic vote reallocations than vote exchange.

Independence of Vote Reallocation: For all B;B 0 2 BN ; if for all x 2 X;

n.x;B/ D n.x;B 0/; then �.B/ D �.B 0/:
Clearly, independence of vote reallocation implies independence of vote

exchange.
The next axiom says that when two alternatives win the same number of votes,

they should be treated equally.

Equal Treatment of Equal Votes: For all B 2 BN and all x; y 2 X; if n.x;B/ D
n.y;B/; then x 2 �.B/ if and only if y 2 �.B/.12

This axiom is an implication of neutrality and independence of vote exchange as
shown by the next lemma. Baigent and Xu (1991) obtain this implication in a richer
setting with choice aggregation procedures.

Lemma 4.3.1. Neutrality and independence of vote exchange together imply equal
treatment of equal votes.

Proof. Let B 2 BN and x; y 2 X be such that n.x;B/ D n.y;B/: Since
n.x;B/ D n.y;B/; then N.x;B/nN.y;B/ and N.y;B/nN.x;B/ have the same
cardinality. Thus it is possible to exchange one x-vote and one y-vote between
agents in the former set and agents in the latter set one by one. Let B 0 2 BN be
the profile obtained after these vote exchanges. Applying the reverse iterative vote
exchanges at B 0, we return to B .

It is clear that B 0 can also be obtained after the transposition of x and y at B ,
that is, letting � W X ! X be such that �.x/ D y; �.y/ D x; and �.z/ D z for all
z 2 Xnfx; yg; we have B 0 D �B � .�.Bi //i2N : Clearly, �B 0 D B .

By neutrality, x 2 �.B/ if and only if �.x/ D y 2 �.�B/ D �.B 0/. By indepen-
dence of vote exchange, y 2 �.B 0/ if and only if y 2 �.B/: Therefore, x 2 �.B/
if and only if y 2 �.B/: ut

Baigent and Xu (1991) reformulate May’s (1952) positive response for social
decision function in the current framework as follows.

Positive Response to Vote Addition: For all B 2 BN and all i 2 N; if x … Bi and
B 0

i � Bi [ fxg 2 B; then x 2 �.B/ implies �.B 0
i ; B�i / D fxg:

Note that this axiom has bite when the ballot space B is closed under the addition
of an alternative (vote) to any ballot. For example, if B � ffxg W x 2 Xg; any ballot

10 The two ballots B 0

i ; B
0

j are admissible in B because of assumption (4.16).
11 Xu (2010) in this volume and Baigent and Xu (1991) call this axiom “independence of symmetric
substitution.”
12 The same axiom is called as “equal treatment” in Xu (2010) in this volume.
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aggregator satisfies this axiom trivially. The next axiom is an alternative formulation
that has a wider applicability.

Positive Response* to Vote Addition: For allB 2 BN ; all i 2 N; and all x; y 2 X;
if x … Bi ; x 2 B 0

i 2 B; and Bi \ fyg D B 0
i \ fyg; then x 2 �.B/ implies

�.B 0
i ; B�i /\ fx; yg D fxg:

The next axiom says that any additional vote for another alternative does not do
any good for alternative x.

Negative Response to Competing Vote Addition: For all B 2 BN ; all i 2 N; and
all x; y 2 X; if y … Bi and Bi [ fyg 2 B; then [x … �.B/ or y 2 �.B/] implies
x … �.Bi [ fyg; B�i / (i.e., x 2 �.Bi [ fyg; B�i / implies x 2 �.B/ and y …
�.B/).

Equivalently, for all B 2 BN ; all i 2 N; and all x; y 2 X; if y 2 Bi and
Bi nfyg 2 B; then x … �.Bi nfyg; B�i / or y 2 �.Binfyg; B�i / implies x … �.B/
(i.e., x 2 �.B/ implies x 2 �.Binfyg; B�i / and y … �.Binfyg; B�i /). Like posi-
tive response, this axiom has bite when the ballot space is closed under the addition
of an alternative. Here is an alternative formulation with wider applicability.

Negative Response* to Competing Vote Addition: For all B 2 BN ; all i 2 N;

all B 0
i 2 B; and all x; y 2 X; if y … Bi ; y 2 B 0

i ; and Bi \ fxg D B 0
i \ fxg; then

[x … �.B/ or y 2 �.B/] implies x … �.B 0
i ; B�i / (equivalently, x 2 �.B 0

i ; B�i /

implies x 2 �.B/ and y … �.B/).

4.3.1.2 Characterization Results: Voting Systems

We first show that May’s Theorem (Theorem 4.2.1) for the binary choice framework
can be extended in the current framework in a fairly straightforward manner. This
result is based on Propositions 4.2.1 and 4.2.2. Since there can be more than two
alternatives, we need independence of irrelevant alternatives in addition to May’s
three axioms.

Theorem 4.3.1. A social decision function on BN satisfies independence of irrel-
evant alternatives, anonymity, neutrality, and positive response if and only if it
is majority decision function on BN . Moreover, majority decision function on
BN satisfies transitivity and generates majority voting system .B; �MAJ/ as its
choice rule.

Proof. By Theorem 4.2.2, majority decision function satisfies transitivity on
dichotomous domain B as well as the other three axioms. To prove the converse, let
f be a social decision function on BN satisfying the four stated axioms. Indepen-
dence of irrelevant alternatives and positive response together imply monotonicity.
Due to the richness of ballot space B stated in (4.15) and (4.16), Proposition 4.2.2
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holds, and f can be represented by a decisive structure. By anonymity, neutrality,
and Proposition 4.2.2, f can be represented by a decisive index structure satisfy-
ing (4.7). Following the same argument as is given before Theorem 4.2.1, we show
(4.10). ut

As a corollary, we obtain:

Corollary 4.3.1. A voting system .B; �/ is generated by a social decision function
on BN satisfying independence of irrelevant alternatives, anonymity, neutrality, and
positive response if and only if it is a majority voting system, that is, � D �MAJ: Thus
when B D NP .X/; it is approval voting system.

In the framework of collective aggregation procedures, Baigent and Xu (1991)
obtain a similar axiomatic characterization of approval voting imposing positive
response to vote addition. In the current framework, their result can be stated as
follows:

Theorem 4.3.2 (Baigent and Xu 1991). Assume that ballot space B is closed
under the addition of a single vote, that is, for all B0 2 B and all x 2 X;

B0 [ fxg 2 B.13 Then the following are equivalent:

(i) Voting system .B; �/ satisfies neutrality, independence of vote exchange, and
positive response to vote addition.14

(ii) Voting system .B; �/ satisfies equal treatment of equal votes and positive
response to vote addition.

(iii) Voting system .B; �/ is a majority voting system, � D �MAJ.

Proof. Lemma 4.3.1 shows that (i) implies (ii). It is easy to show (iii) implies (i).
We only prove (ii) implies (iii) below. Let B be the ballot space with the stated
property.

Let � be the ballot aggregator in part (ii). Let B 2 BN : We need to show that
x 2 �.B/ if and only if for all y 2 X; n.x;B/ 	 n.y;B/. By equal treatment of
equal votes, we only have to show the “only if ” part. Suppose to the contrary that
x 2 �.B/ and for some y 2 X; n.y;B/ > n.x;B/: ThenN.y;B/nN.x;B/¤; and
there are at least Œn.y; B/�n.x;B/� agents in this set. Change ballots of these agents
from Bi to B 0

i � Bi [ fxg: For all other i ’s, let B 0
i � Bi : Thus by construction,

n.x;B 0/ D n.y;B 0/: By positive response to vote addition, �.B 0/ D fxg: On the
other hand, since n.x;B 0/ D n.y;B 0/; then by equal treatment of equal votes,
y 2 �.B 0/ D fxg; which is a contradiction. ut

Unlike Theorem 4.3.1, this result uses the assumption that the ballot space is
closed under vote addition.

13 Thus we need to allow X 2 B. The assumption is needed to prove that (ii) implies (iii). It is not
needed for other implications.
14 Universal domain axiom is added in Baigent and Xu (1991).
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Remark 4.3.1. Instead of the assumption on B in the above theorem, require that
for all distinct pairs x; y 2 X; there is B0 2 B such that x; y 2 B0: Then the
same result holds if positive response in parts (i) and (ii) is replaced with positive
response*. To prove this, we only replace B 0

i in the proof with B 0
i 2 B such that

x; y 2 B 0
i and replace �.B 0/ in the proof with �.B 0/\ fx; yg: The rest of the proof

is the same.
The equivalence between (i) and (iii) is also stated in Theorem 5 of Xu (2010) in

this volume, focusing on B D P.X/nf;g. In fact, as stated in Theorem 4.3.2, the
equivalence holds for a broader set of ballot spaces. The equivalence between (ii)
and (iii) is somewhat close to Theorem 4 of Xu (2010) in this volume, focusing on
B D P.X/nf;g.

An alternative characterization with negative response to competing vote addition is
obtained with a different assumption on B.

Theorem 4.3.3. Assume that ballot space B is closed under the deletion of a single
vote, that is, for all B0 2 B and all x 2 B0; B0nfxg 2 B.15 Then the following are
equivalent:

(i) Voting system .B; �/ satisfies neutrality, independence of vote exchange, and
negative response to competing vote addition.

(ii) Voting system .B; �/ satisfies equal treatment of equal votes and negative
response to competing vote addition.

(iii) Voting system .B; �/ is a majority voting system, � D �MAJ:

Proof. By Lemma 4.3.1, (i) implies (ii). We only prove that (ii) implies (iii). Let B
be given as stated above.

Let � be the ballot aggregator in part (ii). Let B 2 BN : We need to show that
x 2 �.B/ if and only if for all y 2 X; n.x;B/ 	 n.y;B/: By equal treatment of
equal votes, we only have to show the “only if part.” Suppose to the contrary that
x 2 �.B/ and for some y 2 X; n.y;B/ > n.x;B/: Then N.y;B/nN.x;B/ ¤ ;
and there are at least Œn.y; B/ � n.x;B/� agents in this set. Change ballots of these
agents from Bi to B 0

i � Binfyg (this is possible by the assumption on B). For
all other i ’s, let B 0

i � Bi : Thus by construction, n.x;B 0/ D n.y;B 0/: Applying
negative response to competing vote addition repeatedly, we show x 2 �.B 0/ and
y … �.B 0/; contradicting equal treatment of equal votes for n.x;B 0/ D n.y;B 0/. ut
Remark 4.3.2. Assume instead that for all distinct pairs x; y 2 X; there is B0 2 B
such that B0 \ fx; yg D ;: Then the same result holds if negative response in parts
(i) and (ii) is replaced with negative response*. To prove this, we only replace B 0

i in
the proof with B 0

i 2 B such that B 0
i \ fx; yg D ;: The rest of the proof is the same.

4.3.1.3 Extension in the Variable Population Framework

We now consider voting systems on a variable population domain. All the axioms
defined in the fixed population framework can be extended to that framework by

15 Thus we need to allow ; 2 B.
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simply adding the quantifier “for all N 2 N .” All results in the previous section
can be extended in the variable population framework. In particular, Theorem 4.3.2
can be so extended. Moreover, the result applies to more variety of ballot spaces by
adding the extra, but mild condition that the empty ballot is allowed (; 2 B), and
the following natural axiom pertaining to the effect of the empty ballot. It says that
adding an empty (abstention) vote does not affect the voting outcome.

Null Consistency: For all N 2 N and all B 2 BN ; if i … N and Bi D ;; then
�.B/ D �.B;Bi /.

The next two results extend Theorem 4.3.2 in the variable population framework.

Theorem 4.3.4. Assume that ; 2 B and for all x 2 X; fxg 2 B: Then on the
domain

S
N 2N BN ; the following are equivalent:

(i) Voting system .B; �/ satisfies null consistency, neutrality, independence of vote
exchange, and positive response to vote addition.

(ii) Voting system .B; �/ satisfies null consistency, equal treatment of equal votes,
and positive response to vote addition.

(iii) Voting system .B; �/ is a majority voting system, � D �MAJ:

Proof. The proof is similar to the proof of Theorem 4.3.2. To prove that (ii) implies
(iii), suppose to the contrary that x 2 �.B/ and for some y 2 X; n.y;B/ >

n.x;B/: Let N 0 be a set of Œn.y; B/ � n.x;B/� agents such that N 0 \ N D ;. Let
B0 � .;; : : : ;;/ 2 BN 0

and B 0 2 BN 0

be such that for each i 2 N 0, B 0
i D fxg: By

construction, n.x; .B;B 0// D n.y; .B;B 0// and by null consistency, �.B;B0/ D
�.B/ and so x 2 �.B;B0/. Applying positive response to vote addition repeatedly
at .B;B0/; we get �.B;B 0/ D fxg: On the other hand, by equal treatment of equal
votes, y 2 �.B;B 0/ D fxg; which is a contradiction. ut

Replacing positive response with positive response* to vote addition, we obtain
a similar result. Unlike in Theorem 4.3.4, we do not need any assumption on the
ballot space except for the availability of the empty ballot.

Theorem 4.3.5. Assume that ; 2 B. On the domain
S

N 2N BN ; the following are
equivalent:

(i) Voting system .B; �/ satisfies null consistency, neutrality, independence of vote
exchange, and positive response* to vote addition.

(ii) Voting system .B; �/ satisfies null consistency, equal treatment of equal votes,
and positive response* to vote addition.

(iii) Voting system .B; �/ is a majority voting system, � D �MAJ:

Proof. To prove this, we only have to replace B 0
i D fxg in the proof of Theo-

rem 4.3.4 with B 0
i 2 B such that x 2 B 0

i and y … B 0
i (such B 0

i exists by (4.15)) and
replace �.B;B 0/ with �.B;B 0/\ fx; yg: The rest of the proof is the same. ut
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4.3.2 Characterizations of Majority Voting in the Variable
Population Framework

In this section, we consider anonymous voting systems in the variable population
framework. Recall that such a voting system can be described by a pair of a ballot
space B and a voting rule (an anonymous ballot aggregator) ' W ….B/ ! NP .X/:
We will use the following concept and notation.

A null response profile is a profile � where no alternative is supported by anyone,
that is, for all A 2 NP .X/; � .A/ D 0: The empty response profile �; is the null
response profile with no vote, that is, for all A 2 P.X/, �;.A/ D 0: For all A 2
P.X/; let �A be such that �A.A/ D 1 and for all other ballots B 2 P.X/nfAg;
�A.B/ D 0: For all � 2 ….B/ and all x 2 X , let n.x; �/ � P

AWx2A �.A/ and
n.�/ � P

x2X n.x; �/:

4.3.2.1 Basic Axioms of Voting Rules

Let m � jX j be the number of alternatives. The following axioms have been
considered by numerous authors in the literature on approval voting.

First, if there is only one voter, that voter’s ballot should be fully respected.

Faithfulness: For all A 2 Bnf;g; '.�A/ D A:

Neutrality can be defined in the same way in the current framework as in earlier
sections. A much weaker axiom requires that decisions at a null response profile
should be neutral.

Null-Neutrality: For all null response profiles � 2 ….B/, ' .�/ D X .

The next axiom plays a key role in some characterizations of approval voting to
be presented later. It pertains to a merger of two groups of voters. If a rule has
a common recommendation for the two groups before the merger, the common
recommendation should be the recommendation after the merger.

Consistency: For all �; � 0 2 ….B/; if '.�/ \ '.� 0/ ¤ ;; then '.� C � 0/ D
'.�/ \ '.� 0/.16

The next one is a weaker version of consistency considered by Sertel (1988).

Weak Consistency: For all � 2 ….B/ and all A 2 B; if ' .�/\ ' .�A/ ¤ ;; then
' .� C �A/ D ' .�/ \ ' .�A/ :

The next axiom says that when there are two voters casting disjoint ballots, a
voting rule should recommend the union of the two ballots.

Disjoint Equality: For allA;B 2 Bnf;g; ifA\B D ;; then '.�AC�B / D A[B:
The next axiom proposed by Sertel (1988) captures a similar idea but in a much

stronger form.

16 This axiom and other axioms of consistency were studied also by Ching (1996) and Yeh (2006)
for characterizations of plurality voting rule on the standard domain of preferences.
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Sertel Disjoint Equality: For all � 2 ….B/ and all A 2 B if ' .�/\ ' .�A/ D ;;
then x 2 ' .� C �A/ if and only if x 2 ' .�/ or [x 2 ' .�A/ and maxy2'.�/

n .y; �/ D 0] or [x 2 ' .�A/ and n .x; �/ D maxy2'.�/ n .y; �/ � 1 	 0].

The next axiom pertains to a special case of ballot responses where all alterna-
tives receive the same number of votes. It requires in this case that a voting rule
should treat all alternatives equally by recommending all of them.

Cancellation: For all � 2 ….B/; if all alternatives receive the same number of
votes at � , that is, for all x; y 2 X; n.x; �/ D n.y; �/; then '.�/ D X:

Cancellation implies that the choice at any null response profile should be X as
in approval voting.

The next axiom requires that a voting rule should make the same decision when
two voters merge their ballots and cast the merged ballot as a single voter.

Independence of Pairwise Vote Merge: For all � 2 ….B/ and all A;B 2 B; if
A \ B D ; and A[ B 2 B, then '.� C �A C �B / D '.� C �A[B /:

Vote merge is a type of vote reallocation. The next independence axiom pertains
to more drastic vote reallocations.

Independence of Vote Reallocation: For all �; � 0 2 ….B/; if for all x 2 X;

n.x; �/ D n.x; � 0/; then '.�/ D '.� 0/.
Note that independence of pairwise vote merge together with faithfulness and

consistency imply cancellation.17

4.3.2.2 Scoring Rules

Majority rule is an example in the large family of voting rules based on scoring
methods. Characterization of this family is quite useful for our later discussion of
majority or approval voting.

A score function s W f1; : : : ; mg ! R maps each natural number of a ballot size
into a real number (the score of the ballot). For all � 2 ….B/ and all x 2 X; let

p.x; �I s/ �
X

B2BWx2B

s.jBj/�.B/ D
mX

kD1

X

B2BWx2B;
jBjDk

s.k/�.B/

be the total points x wins at � under score function s. A voting rule ' is a scoring
rule if there is a score function s W f1; : : : ; mg ! R such that for all � 2 ….B/;

17 To show this let � 2 ….B/ be such that for all x; y 2 X; n.x; �/ D n.y; �/: Note that by inde-
pendence of pairwise vote merge (when B D ;), we may assume that �.;/ D 0: Let n � n.x; �/

for all x 2 X: Applying this axiom again repeatedly, we obtain '.�/ D '.
P

x2X n�fxg/ D
'.n

P
x2X �fxg/ D '.n�X/: By faithfulness and consistency, '.n�X/ D X .
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'.�/ � fx 2 X W p.x; �I s/ 	 p.y; �I s/ for all y 2 Xg:

Note that when ' is represented by score function s; ' is also represented by a � s
for all a > 0:Majority rule is the scoring rule represented by a positive and constant
score function s such as s.k/ D 1 for all k D 1; : : : ; m: When B D P.X/ or
P.X/nf;g or P.X/nf;; Xg, majority rule on ….B/ is called as approval voting
rule.18

Given a finite sequence of score functions s1; : : : ; sT ; for all x; y 2 X and all
� 2 …; .p.y; �I st //TtD1 lexicographically dominates .p.x; �I st //TtD1 if there is
t0 2 f1; : : : ; T g such that p.y; �I st0/ > p.x; �I st0/ and for all t D 1; : : : ; t0 � 1;

p.y; �I st / 	 p.x; �I st /: A voting rule ' is a lexicographic scoring rule if there
are T 	 1 score functions s1; : : : ; sT such that for all � 2 ….B/; x 2 '.�/ if and
only if there is no y 2 X such that .p.y; �I st //TtD1 lexicographically dominates
.p.x; �I st //TtD1.

Young (1975) characterizes (lexicographic) scoring rules in the framework of
ranked voting procedures, where voters can express their preferences in their bal-
lots. The key axioms in his result are neutrality and consistency. In the current
“non-ranked” voting procedures, the next two results are counterparts of Young’s
characterization.

Theorem 4.3.6 (Fishburn 1979). Given a ballot space B � P.X/nf;; Xg; a vot-
ing rule satisfies neutrality and consistency if and only if it is a lexicographic scoring
rule. Moreover, the number of score functions representing the rule is at most the
number of possible sizes of ballots, namely, jfjBj W B 2 Bgj:
Due to the nature of lexicographic comparison, “overwhelming majority” may not
be enough to influence the voting outcome under lexicographic scoring rules. In
order to avoid this unnatural feature, we impose the next axiom.19

Continuity: For all �; � 0 2 ….B/ and all x 2 X; if x … '.�/; then there is an
integerK > 0 such that for all k 	 K; x … '.k� C � 0/:

It is clear that scoring rules satisfy continuity since increasing k, the difference
between the score of x and the score of another winning alternative at � gets arbi-
trarily larger. No other lexicographic scoring rules can satisfy continuity and we
obtain:

Theorem 4.3.7 (Fishburn 1979). Given a ballot space B � P.X/nf;; Xg, a
voting rule satisfies neutrality, consistency, and continuity if and only if it is a
scoring rule.

Suppose that a lexicographic scoring rule is represented by score functions s1; : : : ;

sT , and for some k 2 fjBj W B 2 Bg and t 2 f1; : : : ; T g; s1.k/D � � � D st�1.k/D 0

18 Admissibility of ; or X in the ballot space does not make any essential difference in the choices
made by majority rule.
19 Myerson (1995) calls it “overwhelming majority.”
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and st .k/ < 0: Then for any B 2 B with jBj D k and any b 2 B; p.b; �B I
s1/ D � � � D p.b; �B I st�1/ D 0 and p.b; �B I st / D st .k/ < 0: Then b is not
chosen by this lexicographic scoring rule, violating faithfulness. Thus faithfulness
implies that the first non-zero component in .s1.k/; : : : ; sT .k// is positive. Con-
sequently, a scoring rule satisfies faithfulness if and only if it is represented by a
positive score function.

Corollary 4.3.2. Assume that B � P.X/nf;; Xg. Then:

(i) A voting rule satisfies neutrality, consistency, and faithfulness if and only if it is
a lexicographic scoring rule represented by a finite sequence of score functions
s1; : : : ; sT such that for all k 2 f1; : : : ; mg; there is t 2 f1; : : : ; T g such that
s1.k/ D � � � D st�1.k/ D 0 < st .k/:

(ii) A voting rule satisfies neutrality, consistency, continuity, and faithfulness if and
only if it is a scoring rule represented by a positive score function.

4.3.2.3 Characterizations of Majority Voting

If a positive score function s gives different score points for different ballot sizes,
then there is � 2 … such that all alternatives win the same number of votes but
the alternatives winning a ballot with a higher score point have the greatest total
score point. These alternatives are chosen and other alternatives are not chosen. For
example, when s.1/ > s.2/, let � be such that �.fa; bg/ D 1; for all x 2 Xnfa; bg;
�.fxg/ D 1; and for all other ballots Y; �.Y / D 0: Then the scoring rule will choose
Xnfa; bg;which is a violation of cancellation. Thus, in order to satisfy cancellation,
score function s must be constant. Therefore, the scoring rule represented by s is
majority rule. The next result is similar to Young’s characterization of the Borda
rule for linear preferences.

Theorem 4.3.8 (Fishburn 1979). Given a ballot space B � P.X/nf;; Xg, a vot-
ing rule satisfies neutrality, consistency, faithfulness, and cancellation if and only if
it is majority rule.

Note that this result holds for any arbitrary ballot space satisfying the richness con-
ditions (4.15) and (4.16). For example, the ballot space consisting of only singleton
ballots is rich. When the ballot space has no restriction on ballot sizes, the theorem
yields a characterization of approval voting. The proof of Theorem 4.3.8 is relatively
long. A much simpler proof is provided by Alos-Ferrer (2006) for unrestricted bal-
lot space B D NP.X/: Moreover, he shows that neutrality in Fishburn’s result can
be dropped. The next theorem is based on the main results in Alos-Ferrer (2006).

Theorem 4.3.9. Assume B � NP .X/: Consider a voting rule ' on ….B/nf�;g:
The following are equivalent:

(i) Voting rule ' satisfies faithfulness, consistency, and cancellation.
(ii) Voting rule ' satisfies faithfulness, consistency, and independence of pairwise

vote merge.
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(iii) Voting rule ' satisfies faithfulness, consistency, and independence of vote
reallocation.

(iv) Voting rule ' is a majority rule, ' D 'MAJ:

Proof. It is easy to show (iv) )(i). In what follows, show (i) ) (ii) ) (iii) ) (iv).

Step 1: (i) ) (ii)

We only have to show that the three axioms in (i) imply independence of pairwise
vote merge. Let A;B 2 P.X/ be such that A\ B D ;: By cancellation,

'.�A[B C �Xn.A[B// D X D '.�A C �B C �Xn.A[B//: (4.17)

Hence,

'.� C �A C �B/ D '.� C �A C �B /\ '.�A[B C �Xn.A[B//I (4.18)

'.� C �A[B/ D '.� C �A[B /\ '.�A C �B C �Xn.A[B//:

Then by consistency,

'.� C �A C �B /\ '.�A[B C �Xn.A[B//

D '.� C �A C �B C �A[B C �Xn.A[B//I (4.19)

'.� C �A[B /\ '.�A C �B C �Xn.A[B//

D '.� C �A[B C �A C �B C �Xn.A[B//:

Finally, since�C�AC�B C�A[B C�Xn.A[B/ D �C�A[B C�AC�B C�Xn.A[B/;

then (4.18) and (4.19) give '.� C �A C �B / D '.� C �A[B /:

Step 2: (ii) ) (iii)

We only have to show that the three axioms in (ii) imply independence of
vote reallocation. Let � 2 …: By independence of pairwise vote merge, we may
assume that �.;/ D 0: Iterative application of independence of pairwise vote
merge gives '.�/ D '.

P
A2 NP .X/ �.A/

P
x2A �fxg/: Since

P
A2 NP .X/ �.A/

P
x2A

�fxg D P
x2X n.x; �/�fxg;

'.�/ D '.
X

x2X

n.x; �/�fxg/:

Thus '.�/ depends only on n.x; �/: Therefore, when � and � 0 satisfy n.x; �/ D
n.x; � 0/ for all x 2 X; '.�/ D '.� 0/:
Step 3: (iii) ) (iv)

Let � 2 ….B/ and K � maxx2Xn.x; �/: Since ; … B and �; is assumed
to be out of the domain, K > 0.20 For each k 2 f1; : : : ; Kg; let Xk � fx 2 X W

20 If �; is in the domain, neither independence of pairwise vote merge nor independence of vote
reallocation implies '.�;/ D 'MAJ.�

;/ D X; while cancellation does. Thus the equivalence
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n.x; �/ D kg: Then X0; X1; : : : ; XK partition X . Now construct a non-decreasing
sequence of subsets as follows:

YK �
YK�1 �
YK�2 �
:::

:::

Y1 �

XK

XK [XK�1

XK [XK�1 [ XK�2

:::

XK [XK�1 [ XK�2 [ � � � [ X1

Note that YK \YK�1 D XK ;YK \YK�1 \YK�2 D XK ; � � � ; YK \YK�1 \YK�2 \
� � � \ Y1 D XK : By faithfulness,

'.�YK
/ D YK ; '.�YK�1

/ D YK�1; : : : ; '.�Y1
/ D Y1:

Applying consistency,

'.�YK
C �YK�1

C � � � C �Y1
/ D '.�YK

/\ '.�YK�1
/\ � � � \ '.�Y1

/

D YK \ YK�1 \ � � � \ Y1

D XK :

Finally, since � and �YK
C �YK�1

C � � � C �Y1
give the same number of votes for

each alternative, by independence of vote reallocation, '.�/ D XK D 'MAJ.�/: ut
The proof relies heavily on the richness of the ballot space B � NP .X/: In partic-

ular, the ballot space is closed under union.21 Therefore the result cannot be applied
to restricted ballot spaces such as the space of singleton ballots. The equivalence
between (i) and (iv) is also stated in Theorem 1 in Xu (2010) of this volume.

The next characterization of approval voting rule uses disjoint equality. Unlike
Theorem 4.3.8, the result applies only to the ballot space P.X/nf;; Xg:
Theorem 4.3.10 (Fishburn 1978a, 1979). Assume that B D P.X/nf;; Xg and
consider voting rules over….B/nf�;g:
(i) Assume jX j D 2: Then a voting rule satisfies neutrality, consistency, and

faithfulness if and only if it is majority rule.
(ii) Assume jX j 	 3: Then a voting rule satisfies neutrality, consistency, and

disjoint equality if and only if it is majority rule.

cannot be established. If �; is in the domain, the result may be changed by replacing cancellation
with a slightly weaker version by requiring � ¤ �; in the definition of the axiom and weakening
(iv) by allowing for any arbitrary choice at �;.
21 Alos-Ferrer (2006) assumes X … B: But then Y1 in the above proof may not be an admissible
ballot (the ballot space is not closed under union) and the proof does not go through. This is why
we assume X 2 B.
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Sertel (1988) replaces disjoint equality with a stronger axiom, Sertel disjoint equal-
ity, and characterizes the rule that coincides with majority rule except when the
empty set is the only ballot response. In this case, the rule selects the empty set
(taking the empty value is allowed in his definition of voting rules). Although Sertel
disjoint equality is less primitive and harder to motivate than disjoint equality, his
proof is remarkably simpler than the proof of Theorem 4.3.10. Here we present his
result in a different way in order to give a more clear comparison. Unlike Theo-
rem 4.3.10, Sertel’s characterization holds with an arbitrary ballot space B and with
null-neutrality, which is much weaker than neutrality.

Theorem 4.3.11. Given any ballot space B; a voting rule ' satisfies null-neutrality,
faithfulness, weak consistency, and Sertel disjoint equality if and only if ' D 'MAJ.

Remark 4.3.3. Sertel’s faithfulness says that when there is only one ballot response
A that is possibly the empty set, voting rule must choose A (recall that in our def-
inition, faithfulness pertains to non-empty A). Clearly 'MAJ does not satisfy this
axiom. Sertel (1988) shows that his approval voting rule (identical to the standard
approval voting rule except at null response profiles) is the only quasi-rule satisfying
his faithfulness together with neutrality, weak consistency, and Sertel disjoint equal-
ity. In fact, dropping the requirement of non-empty valuedness in the definition of
voting rule (thus among quasi-rules) and replacing null-neutrality in Theorem 4.3.11
either with neutrality or with “'.�/ D ; or X at all null response profiles � ,” we
obtain a joint characterization of the two rules, Sertel’s approval voting rule and the
standard approval voting rule. The proof is essentially the same.

Proof. Let B be a ballot space and ' a rule on ….B/ satisfying the four axioms.
In what follows, for all k 2 N; we prove the claim that for all � 2 ….B/ with
n.�/ 
 k; '.�/ D 'MAJ.�/. The proof is by induction on k: The claim with
k D 1 follows directly from null-neutrality and faithfulness. Let k 	 2: Suppose by
induction that for all � 2 ….B/ with n.�/ 
 k; '.�/ D 'MAJ.�/. Let � 2 ….B/
be such that n.�/ D k C 1: We prove that '.�/ D 'MAJ.�/: Note that there are
� 0 2 ….B/ and A 2 B such that n.� 0/ D k and � D � 0 C �A: Then by the
induction hypothesis, '.� 0/ D 'MAJ.�

0/ and '.�A/ D 'MAJ.�A/:

Case 1: '.� 0/ \ '.�A/ ¤ ;: Then 'MAJ.�
0/ \ 'MAJ.�A/ ¤ ;: Since both '

and 'MAJ satisfy weak consistency, '.� 0 C �A/ D '.� 0/ \ '.�A/ and 'MAJ.�
0 C

�A/ D 'MAJ.�
0/ \ 'MAJ.�A/: Since '.� 0/ D 'MAJ.�

0/; '.�A/ D 'MAJ.�A/; and
� D � 0 C �A; then '.�/ D 'MAJ.�/:

Case 2: '.� 0/ \ '.�A/ D ;: Then 'MAJ.�
0/ \ 'MAJ.�A/ D ;: By Sertel

disjoint equality of ', x 2 '.� 0 C �A/ if and only if (i) x 2 '.� 0/ or (ii)
x 2 '.�A/ and maxy2'.� 0/n .y; �

0/ D 0 or (iii) x 2 '.�A/ and n .x; � 0/ D
maxy2'.� 0/n .y; �

0/ � 1 	 0: Note that since '.� 0/ D 'MAJ.�
0/ and '.�A/ D

'MAJ.�A/; then (i), (ii), and (iii) are equivalent respectively to (i0) x 2 'MAJ.�
0/,

(ii0) x 2 'MAJ.�A/ and maxy2'MAJ.� 0/n .y; �
0/ D 0; and (iii0) x 2 'MAJ.�A/ and

n .x; � 0/ D maxy2'MAJ.� 0/n .y; �
0/ � 1 	 0: Therefore since both ' and 'MAJ sat-

isfy Sertel disjoint equality, x 2 '.� 0 C �A/ if and only if x 2 'MAJ.�
0 C �A/:

Since � D � 0 C �A, we obtain '.�/ D 'MAJ.�/: ut
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4.4 Strategic Voting and Condorcet Principle

In this section, we overview important supports for approval voting from the point of
view of robustness to strategic voting as well as satisfying the Condorcet principle.

Consider a ballot space B. For all profiles of dichotomous preferences � 2
….B/, the Condorcet set CW.�/ � fx W n.x; �/ 	 n.y; �/; for all y 2 Xg is the
set of Condorcet winners at � . By Theorem 4.2.2, the Condorcet set is non-empty
and it coincides with the choice made by majority voting rule, 'MAJ.�/ D CW.�/.
The Condorcet principle requires that a voting rule should select the Condorcet set.

Condorcet: For all � 2 ….B/; '.�/ D CW.�/.

Evidently, a voting rule on B satisfies Condorcet if and only if it is the majority
rule on B. A weaker requirement is that a voting rule should select some Condorcet
winners.

Weak Condorcet: For all � 2 ….B/; '.�/ \ CW.�/ ¤ ;.

A voting rule ' on B is minimally selective if for some � 2 ….B/; '.�/¤X .
Clearly, any non-constant voting rule is minimally selective. Fishburn (1979) obtains
the following characterization of majority voting rule.

Theorem 4.4.1 (Fishburn 1979). A voting rule on B satisfies neutrality, consis-
tency, continuity, minimal selectiveness, and weak Condorcet if and only if it is
majority voting rule.

In the strategic voting environment, Condorcet, not to speak of weak Condorcet,
does not guarantee a Condorcet winner to be a final voting outcome. To investigate
strategic voting behavior under a voting rule that sometimes produces tied outcomes,
understanding how voters evaluate subsets of alternatives is needed. For a dichoto-
mous preference relation B 2 D of voter i there are five natural assumptions about
its extension over subsets of alternatives. Denote the extended preference relation of
B by RB

i : The five assumptions are as follows: for all x; y 2 X;
P1. fxgPB

i fyg if and only if x 2 B and y … BI
P2. fxgPB

i fx; yg and fx; ygPB
i fyg if x 2 B and y … BI

P3. ARB
i A

0 if A � B or A0 � XnB or [AnA0 � B and A0nA � XnB],
P4. A[ fagIB

i A[ fa0g if a; a0 … A[ B or a; a0 2 BnA,
P5. APB

i XnB if A\ B ¤ ;; BPB
i A if A\ ŒXnB� ¤ ;, where PB

i is the strict
counterpart of RB

i :

The first three assumptions, P1–P3, are considered by Fishburn (1979). Two addi-
tional assumptions, P4–P5, are needed to extend his result on the unrestricted ballot
space to general ballot spaces.

4.4.1 Strategic Voting Under Anonymous Voting Systems

Given a ballot space B and an agent with dichotomous preference B 2 D, a
ballot response A 2 B is dominated by ballot response A0 2 B if for all
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� 2 ….B/ [ f�;g; '.� C �A0/RB'.� C �A/ with strict relation for at least one
� 2 ….B/[ f�;g: Let Bud .B; '/ be the set of all undominated ballots in B: Since
B is a finite set, there exists at least one undominated ballot and Bud .B; '/ ¤ ;:
For each dichotomous preference profile � 2 ….D/, let …ud .B/.�; '/ be the
set of all ballot response profiles consisting of undominated ballots of all agents.
A voting system .B; '/ and the correspondence of undominated ballot response
profiles …ud .B/.�; '/ generate a collective choice rule for dichotomous prefer-
ences in D � D, c W ….D/ ! P.X/nf;g defined as follows: for all � 2 ….D/;
c.�/ � Sf'. O�/ W O� 2 …ud .B/.�; '/g: It is natural to assume that each voter
will not cast a dominated ballot and that the outcomes from strategic voting will be
within the set of outcomes from undominated ballot profiles, that is, c.�/: Strategic
voting is not an issue for agents who have complete indifference over all outcomes,
namely agents with unconcerned dichotomous preference X because any two bal-
lots will be indifferent independently of others’ ballots. In what follows, we will
focus on concerned agents who have dichotomous preferences with a preferred set
B ¤ X .

The set of undominated outcomes c.�/ may be quite different from the set of
outcomes from truthful voting, '.�/ and so the voting system .B; '/may lead to too
different an outcome from the truthful outcome. Particular attention has been paid
to voting systems that do not have this problem. A voting rule ' (or an anonymous
collective choice rule c) on domain….D/ is realizable in undominated strategies by
voting system .B; '/ if for all profiles of concerned preferences � 2 ….DnfXg/;
O'. O�/ � '.�/ for all undominated ballot response profiles O� 2 ….B/ at � . Voting
rule '.�/ on ….D/ is strategy-proof if for all profiles of concerned preferences � 2
….DnfXg/; it is realizable in undominated strategies by voting system .B; '/ and
there is a unique undominated ballot response profile at � . We say that voting system
.B; '/ is strategy-proof on D if it always has a unique undominated profile at all
� 2 ….DnfXg/. Formally:

Strategy-Proofness on D: For all � 2 ….DnfXg/; …ud .B/.�; '/ D f� 0g and
'.� 0/ � '.�/:

The next lemma shows that if a neutral and faithful voting system is strategy-
proof on D, then there should be no constraint on expressing one’s concerned
preferences in D. That is,

No Ballot Constraint on D: DnfXg � B.

Now we are ready to state the lemma.

Lemma 4.4.1. If a voting system .B; '/ satisfies neutrality, faithfulness, and
strategy-proofness on D, then it has no ballot constraint and for all B 2 DnfXg, B
is the unique undominated strategy for dichotomous preference B .

Proof. Let B 0 be the undominated strategy for a concerned preference B and B 0 …
fB;XnB;;; Xg. Then there exist c; d 2 X such that (i) c 2 B 0 \ ŒXnB� and
d 2 ŒXnB�nB 0 or (ii) c 2 B 0 \B and d 2 BnB 0. Consider the first case (i) (similar
argument applies to case (ii)). Let � W X ! X be such that �.c/ D d , �.d/ D c,
and for all other x 2 Xnfc; d g, �.x/ D x. Then since B 0 is the only undominated
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strategy for B , for some � , '.�B0 C�/PB'.�ŒB0nfcg�[fdg C�/. Note that �B0� D
�ŒB0nfcg�[fdg and �B0 D �ŒB0nfcg�[fdg�. Hence '..�B0 C�/�/ D '.�ŒB0nfcg�[fdg C
��/ and '..�ŒB0nfcg�[fdg C �/�/ D '.�B0 C ��/. By neutrality, '.�ŒB0nfcg�[fdg C
��/ D �.'.�B0 C �// and '.�B0 C ��/ D �.'.�ŒB0nfcg�[fdg C �//. By P4,
�.'.�B0 C�//IB'.�B0 C�/ and �.'.�ŒB0nfcg�[fdg C�//IB'.�ŒB0nfcg�[fdg C�/.
Hence '.�ŒB0nfcg�[fdg C ��/PB'.�B0 C ��/, which shows that ŒB 0nfcg� [ fd g
is not dominated by B 0, contradicting that B 0 is the unique undominated strategy
for B .

IfXnB is the unique undominated strategy forB , '.�XnB C�;/RB'.�A C�;/
for any A 2 B with A\ B ¤ ;. If ' is faithful, then XnBRBA, contradicting P5.

Therefore, if a neutral and faithful voting system .B; '/ is strategy-proof on D,
then for all concerned preference B 2 DnfXg, B should be the unique undomi-
nated strategy; so B 2 B. Hence there should be no constraint in expressing one’s
concerned preferences in D. ut

Brams and Fishburn (1978, Theorems 2 and 6) offer a necessary and sufficient
conditions for undominated ballots under majority voting systems. For dichotomous
preferences, their condition roughly says that undominated ballots for each dichoto-
mous preference B are the ballots that best approximate B either from above or
from below in the ballot space B. Formally:

Lemma 4.4.2 (Brams and Fishburn 1978). Given a majority voting system
.B; 'MAJ/, for each dichotomous preference B 2 P.X/nf;; Xg; a ballot OB 2 B
is undominated if and only if (i) OB � B and there is no A 2 Bnf OBg such that
OB � A � B or (ii) B � OB and there is no A 2 Bnf OBg such that B � A � OB:

Thus if dichotomous preference B is in ballot space B; then B is the only undomi-
nated strategy, Bud .B; 'MAJ/ D fBg: Similarly, if � 2 ….B/; …ud .B/.�; 'MAJ/ D
f�g: Thus if D � B; majority voting system .B; 'MAJ/ is strategy-proof on D.
Conversely, if D � B, then by Lemma 4.4.2, majority voting system .B; 'MAJ/

has more than one undominated ballot response profiles at a profile � consisting of
some B in DnB: Therefore, we obtain:

Theorem 4.4.2. Majority voting system .B; 'MAJ/ is strategy-proof on a subdomain
of dichotomous preferences D � D if and only if there is no ballot constraint, i.e.,
D � B. Thus approval voting is the only strategy-proof majority voting system on
the entire domain of dichotomous preferences, D.

Note that Condorcet winners at � coincide with the alternatives selected by major-
ity voting rule at � . Thus when � is in the space of ballot response profiles, by
Lemma 4.4.2, � is the only undominated ballot response profile and thus any
undominated ballot response profile at � gives the set of Condorcet winners. How-
ever, if a voter has a dichotomous preference that is not in the ballot space, then
this equivalence between the set of Condorcet winners and the set of alternatives
obtained by an undominated strategy profile in the majority voting system fails.
Moreover, the failure can be so drastic that some undominated ballot response
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profile does not give any Condorcet winner. A stronger version of this claim is
established for voting systems satisfying neutrality and the following basic axiom.

Strong Pareto: For all � 2 ….B/ and all x; y 2 X , if for allA 2 B with �.A/ > 0,
x 2 A or x; y 2 XnA, and there is A 2 B with �.A/ > 0 such that x 2 A and
y 2 XnA; then y … '.�/:22

Lemma 4.4.3 (Fishburn 1979, Theorem 9). Consider a voting system .B; '/ sat-
isfying neutrality and strong Pareto. Assume that for a dichotomous preference,
B 2 P.X/nf;; Xg; there is an undominated ballot A different from B (i.e.,
A 2 Bud .'; B/ and A ¤ B), then there is a profile of dichotomous preferences
� 2 … such that for some undominated ballot response profile O� 2 …ud .B/.�; '/;
'. O�/\ CW.�/ D ;:
Proof. Consider a voting system .B; '/ satisfying neutrality and strong Pareto, and
a dichotomous preference B 2 P.X/nf;; Xg. Suppose A 2 Bud .'; B/ and A¤B .

Case 1: There is b 2 BnA:
Let � be such that for all B 0 2 P.X/ with b 2 B 0 and jB 0j D jBj; �.B 0/ D 1

and for all other C 2 P.X/; �.C / D 0: Since A 2 Bud .'; B/, then for all B 0 2
P.X/nf;; Xg with b 2 B 0 and jB 0j D jBj; by neutrality, there is A.B 0/ 2 B such
that A.B 0/ 2 Bud .f; B 0/ and b 2 B 0nA.B 0/: Let O� be such that for all B 0 with
b 2 B 0 and jB 0j D jBj; O�.A.B 0// D 1 and for all other C 2 B; O�.C / D 0: Then
by construction of �; CW.�/ D fbg:Also by construction, O� 2 …ud .B/.'; �/ and
by strong Pareto, b … '. O�/: Therefore, '. O�/ \ CW.�/ D ;:

Case 2: There is a 2 AnB:
Let � be such that for all A0 2 B with a 2 A0 and jA0j D jAj; �.A0/ D 1 and

for all other ballots B 0 2 B; �.B 0/ D 0: Since A 2 Bud .'; B/, then by neutrality,
for all A0 2 B with a 2 A0 and jA0j D jAj, there is B.A0/ 2 P.X/nf;; Xg such
that A0 2 Bud .'; B.A0// and a 2 A0nB.A0/: Let O� be such that for all A0 with
�.A0/ > 0; O�.B.A0// D 1 and for all other ballots C 2 P.X/, O�.C / D 0: Then
by strong Pareto, '.�/ D fag: Also by construction of O� , � 2 …ud .B/.'; O�/ and
a … CW. O�/: Therefore, '.�/\ CW. O�/ D ;: ut

We now return to the Condorcet principle in the strategic voting environment.

Condorcet realizability on D: For all � 2 ….D/ and all O� 2 …ud .B/.�; '/;
'. O�/ D CW.�/:

The next axiom is weaker and corresponds to weak Condorcet.

Weak Condorcet realizability on D: For all � 2 ….D/ and all O� 2 …ud .B/.�; '/;
'. O�/\ CW.�/ ¤ ;:

The next lemma is important for establishing the next characterization of major-
ity voting.

22 If for all A 2 B with �.A/ > 0; y … A; then using any x 2 A for some A 2 B with �.A/ > 0;
we can show that the premise of strong Pareto is met. Thus in this case y … '.�/.
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Lemma 4.4.4. If voting system .B; '/ satisfies neutrality, strong Pareto, and weak
Condorcet realizability on D, then the system has no ballot constraint on D (that is,
D � B), strategy-proofness on D and weak Condorcet. Replacing weak Condorcet
realizability with Condorcet realizability, we obtain ' D 'MAJ. Thus when D D
P.X/nf;; Xg, it is approval voting.

Proof. For any voting system .B; '/ satisfying neutrality and strong Pareto, if there
is an undominated strategy A that differs from the voter’s dichotomous prefer-
ence B 2 D, by Lemma 4.4.3, voting system .B; '/ violates weak Condorcet
realizability. Note that there can be such an undominated strategy A ¤ B if
B 2 DnB or the voting system is not strategy-proof. Hence, neutrality, strong
Pareto, and weak Condorcet realizability together imply both no ballot constraint,
D � B, and strategy-proofness. Moreover, the unique undominated strategy for
B 2 D is B itself. Therefore, at all dichotomous preference profiles � 2 ….D/,
…ud .B/.�; '/ D f�g and weak Condorcet realizability implies '.�/\CW.�/¤;;
that is, the voting system satisfies weak Condorcet. If .B; '/ satisfies Condorcet
realizability, then the last conclusion is strengthened to '.�/ D CW.�/, that is the
voting system satisfies Condorcet; it is majority voting. ut

We now obtain the following characterization of majority voting based on Con-
dorcet realizability and strategy-proofness.

Theorem 4.4.3. Consider a subdomain of dichotomous preferences D � D and a
ballot space B � D: The following are equivalent.

(i) Voting system .B; '/ satisfies neutrality, strong Pareto, and Condorcet realiz-
ability on D.

(ii) Voting system .B; '/ satisfies neutrality, consistency, continuity, minimal selec-
tiveness, and weak Condorcet realizability on D.

(iii) Voting system .B; '/ satisfies neutrality, consistency, faithfulness, and strategy-
proofness on D.

(iv) Voting system .B; '/ is majority voting without ballot constraint on D.

Proof. The proof of the equivalence between (i) and (iv) is established using Theo-
rem 4.4.2 and Lemma 4.4.4. The equivalence between (ii) and (iv) is obtained from
Lemma 4.4.4 and Theorem 4.4.1. Finally, the next lemma states that (iii) implies
(iv), and the converse follows from Theorem 4.4.2. ut

The next lemma is an extension of a result in Fishburn (1979, Theorem 10,
pp. 216–217), which is for the ballot space NP .X/nfXg. Our result is for any
arbitrary ballot space satisfying the richness conditions, (4.15) and (4.16).

Lemma 4.4.5. Consider a subdomain of dichotomous preferences D � D and
a ballot space B � D: If voting system .B; '/ satisfies neutrality, consistency,
faithfulness, and strategy-proofness on D, then it is majority voting without ballot
constraint on D.

Proof. By Theorem 4.3.6, there are scoring functions s1; : : : ; sT that represent '
as the lexicographic scoring rule. The case where all scoring functions are zero
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functions can be treated easily.23 Excluding this case, without loss of generality,
assume that no st is uniformly zero.

By Lemma 4.4.1, the voting system has no ballot constraint (DnfXg D BnfXg)
and for all B 2 DnfXg, B is the unique undominated strategy for dichotomous
preference B .

Suppose that for some B 2 Dnf;; Xg, s1.jBj/ < 0: Then '.�B / D XnB (since
B ¤ ;; X and so XnB ¤ ;; X ), contradicting faithfulness.

Suppose that for some A;B 2 Dnf;; Xg, 0 
 s1.jAj/ < s1.jBj/: Without loss
of generality, assume there exist a 2 AnB and b 2 BnA. Consider dichotomous
preference A. Construct a ballot response profile � such that for all C 2 B; if
�.C / > 0; then jC j D jBj, and n.b; �/ D n.a; �/C 1 and n.x; �/ 
 n.a; �/ � 1

for all x 2 Xnfa; bg:24 Existence of such a profile is guaranteed by (4.15) and
(4.16) because D � B. Since s1.jAj/ < s1.jBj/; '.� C �A/ D fbg. On the other
hand, '.� C �ŒBnfbg�[fag/ D fa; bg; which is preferred to fbg by the agent with
preferences A: Therefore, A does not dominate ŒBnfbg� [ fag, which implies that
A is not the only undominated ballot, contradicting Lemma 4.4.1.

The above argument shows that s1.�/ is a constant and positive valued function
over fjBj W B 2 Dnf;; Xgg. The same argument can be used to show that the
remaining score functions s2.�/; : : : ; sT .�/ are constant functions over fjBj W B 2
Dnf;; Xgg, which is sufficient to conclude that ' D 'MAJ. ut

It follows from Theorem 4.4.3 and Lemma 4.4.5 that:

Corollary 4.4.1. Consider the domain of all dichotomous preferences, D. Then the
following are equivalent.

(i) Voting system .B; '/ satisfies neutrality, strong Pareto, and Condorcet realiz-
ability on D.

(ii) Voting system .B; '/ satisfies neutrality, consistency, continuity, minimal selec-
tiveness, and weak Condorcet realizability on D.

(iii) Voting system .B; '/ satisfies neutrality, consistency, faithfulness, and strategy-
proofness on D.

(iv) Voting system .B; '/ is approval voting.

4.5 Unconstrained Multi-issue Problems and Voting
by Committees

In this section, we consider a collective decision model where there are multiple
issues and for each issue, a binary decision needs to be made. This model is studied

23 If all scoring functions are zero functions, then ' will always choose X; in which case no ballot
is dominated and all ballots are undominated.
24 Consider a ballot response profile � such that �.B/ D 1, �.ŒBnfxg� [ fag/ D 2 for each
x 2 Bnfbg, and �.B 0/ D 0 for all other ballotsB 0: Then n.b; �/ D 2.jBj�1/C1 D n.a; �/C1;
and for each x 2 Bnfbg; n.x; �/ D 2.jBj � 2/C 1 D n.a; �/� 1.
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by Barberà et al. (1991, 1997), etc., and an extended model by Barberà et al. (1993),
Le Breton and Sen (1999), etc.

Let M � f1; : : : ; mg be the set of issues. A collective decision is a vector of 1
or �1, that is,

x � .x1; : : : ; xm/ 2 f�1; 1gM ;

where 1 in the kth component means accepting the kth issue and �1 means reject-
ing it. Thus Sx � fk 2 M W xk D 1g is the set of accepted issues at x. Let
X � f�1; 1gM be the set of all possible decisions. There is no constraint on the
set of accepted issues in this model and any number or none of the issues can be
accepted.25

On the unrestricted domain of preferences, the three impossibility results, The-
orems 4.1.1–4.1.3, apply. Moreover, an even more disturbing paradox, known as
Gibbard’s paradox, holds (Gibbard 1974): the mere assignment of Sen’s liberal
rights to each person cannot be made coherently under any collective choice func-
tion. Sen (1983, p. 14) points out that Gibbard’s paradox does not hold on the
restricted domain of preferences for which each issue affects a person’s welfare
separately from other issues, the so-called separable preferences. Moreover, on the
restricted domain of separable and linear preferences, Gibbard–Satterthwaite theo-
rem does not hold and there do exist non-dictatorial and well-behaved strategy-proof
rules (Barberà et al. 1991).

Formally, a preference R0 is separable if for all x; x0 2 X and all k 2 M ,
.xk ; x�k/R0.�xk ; x�k/ if and only if .xk ; x

0
�k
/R0.�xk ; x

0
�k
/. An issue k 2 M is

a good (resp. a bad or a null) if for all x 2 X with xk D 1; .1; x�k/P0.�1; x�k/

(resp. .�1; x�k/P0.1; x�k/ or .1; x�k/I0.�1; x�k/). LetG.R0/ be the set of goods
for R0 and B.R0/ the set of bads. Let S be the set of separable preferences and
SL the set of linear separable preferences. Given a domain of separable preference
profiles, D � SN , a collective choice function c W D ! X associates with each
preference profile a single collective decision.

Collective choice functions that can be practiced through a simple non-ranked
voting procedure have been of central interest in the literature. A voting scheme is a
collective choice function that only uses information about which issues are good or
bad and so can be applied through a voting procedure under which voters express,
in their ballots, which issues are goods and which are bads. That is, a voting scheme
is a collective choice function satisfying:

Votes-Only: For all R;R0 2 SN , if for all i 2 N; G.Ri / D G.R0
i / and B.Ri / D

B.R0
i /; then c.R/ D c.R0/.

On the domain of linear separable preferences SN
L , this property is known as

the “tops-only” property because G.Ri / is the top alternative for Ri 2 SL. When
there are nulls, adding some or all nulls to G.Ri / makes no difference from G.Ri /

25 Barberà et al. (2005) consider a similar model with some constraints on the number of issues to
be accepted.



4 Collective Choice for Simple Preferences 77

and makes another top alternative for Ri . Thus there are multiple top alternatives
consisting of all goods, some or all nulls, and no bads.

The following two additional axioms pin down an important family of voting
schemes. The first axiom says that if for each agent, there are more goods and less
bads, then more issues should be accepted.

Issues Monotonicity: For all R;R0 2 SN ; if for all i 2 N; G.Ri / � G.R0
i / and

B.Ri / � B.R0
i /, then c.R/ 
 c.R0/:

The next axiom says that decisions on each issue should be made independently
from the other issues, relying on who is in favor of the issue and who is against it.
For all R 2 SN and all k 2 M , let NG

k
.R/ be the set of agents for whom issue k is

a good, and NB
k
.R/ the set of agents for whom issue k is a bad.

Issues Independence: For all R;R0 2 SN and all k 2 M; if NG
k
.R/ D NG

k
.R0/

and NB
k
.R/ D NB

k
.R0/, then ck.R/ D ck.R

0/:
Note that each of the above two axioms implies votes-only. The family of collec-

tive choice functions satisfying the two axioms can be represented by an issue-wise
decisive structure, similar to the decisive structures in Sect. 4.2, defined as follows.
For all k 2 M; a decisive structure for issue k is a nonempty subset of d�, dk � d�
satisfying: for all .L1; L2/; .L

0
1; L

0
2/ 2 d�;

if .L1; L2/ 2 dk ; L1 � L0
1 and L2 � L0

2; then .L0
1; L

0
2/ 2 dk :

Call this property d-monotonicity, as in Sect. 4.2. An issue-wise decisive structure
is a list of decisive structures for all issues, d D .dk/k2M . An issue-wise decisive
structure d D .dk/k2M represents the function c.�/ defined as follows: for all R 2
SN and all k 2 M; ck.R/ D 1 if and only if .NG

k
.R/;NB

k
.R// 2 dk .

Proposition 4.5.1 (Ju 2003). A collective choice function on SN (or on SN
L ) satis-

fies issues monotonicity and issues independence if and only if it is represented by
an issue-wise decisive structure.

The proof is similar to the proof of Proposition 4.2.1, and it holds on numerous
subdomains of SN (Ju 2003). On the domain of linear separable preferences SN

L ,
voting schemes represented by an issue-wise decisive structure consisting of proper
subsets dk of d� for all k 2 M are called schemes of voting-by-committees (Barberà
et al. 1991). Note that because for all k 2 M , dk is a proper subset of d�, schemes
of voting-by-committees have full-range. Issue-wise majority voting scheme is the
voting scheme represented by d � .dk/k2M such that for all k 2 M; .L1; L2/ 2 dk

if and only if jL1j > jL2j. An axiomatization of issue-wise majority voting scheme
can be established with the combination of issues monotonicity, issues indepen-
dence, anonymity, neutrality, and a duality-type axiom, on the domain of separable
linear preferences with an odd number of agents.
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4.5.1 Strategy-Proofness and Separable Preferences

Barberà et al. (1991) show that on the domain of linear separable preferences SN
L ,

all strategy-proof collective choice functions with full-range satisfy the votes-only
property, and so they are voting schemes. Based on this result, they also show
that strategy-proofness and the full-range condition together imply issues indepen-
dence as well as issues monotonicity. This leads to the following characterization of
voting-by-committees.

Theorem 4.5.1 (Barberà et al. 1991). A collective choice function on the domain
of linear separable preferences satisfies the full-range condition and strategy-
proofness if and only if it is a scheme of voting-by-committees.

Barberà et al. (1993) and Le Breton and Sen (1999) generalize this result in the
extended model of multi-issue problems where more than two alternatives are avail-
able on each issue. In particular, Le Breton and Sen (1999) identify a general domain
condition under which their characterization holds. The key argument is to prove
an extended version of issues independence, called “decomposability,” of strategy-
proof collective choice functions. All these works assume linearity of preferences,
which plays a crucial role.

When preferences are not linear, as shown by Le Breton and Sen (1995), issues
independence of a strategy-proof collective choice function is not guaranteed, which
makes it hard to obtain a result like Theorem 4.5.1 on the domain of separable
“weak” orderings SN . In fact, we need an additional axiom to characterize voting
schemes represented by an issue-wise decisive structure.

Null-Independence: For all i 2 N; all k 2 M , all Ri ; R
0
i 2 S; and all R�i 2

SN nfig, if k is a null issue for both Ri and R0
i ; then ck.Ri ; R�i / D 1 if and only if

ck.R
0
i ; R�i / D 1.

Among voting schemes, the combination of strategy-proofness and null-
independence is equivalent to the combination of issues monotonicity and issues
independence (Ju 2003, Proposition 4, p. 485). Thus it follows from Proposi-
tion 4.5.1 that:

Theorem 4.5.2 (Ju 2003). A voting scheme on the domain of separable preferences
satisfies strategy-proofness and null-independence if and only if it is represented by
an issue-wise decisive structure.

After identifying a domain D where well-behaved strategy-proof functions exist, it
is important to understand whether this existence result may be extended to a larger
domain. In fact, as shown by Barberà et al. (1991, Theorem 3), the domain of sepa-
rable linear preferences is the unique maximal “rich” domain (of linear preferences)
where well-behaved strategy-proof functions exist. Dropping the linearity assump-
tion, yet focusing on voting schemes, Ju (2003, Theorem 3) shows that the domain of
separable preferences (weak orderings) is the unique maximal “rich” domain where
well-behaved strategy-proof voting schemes exist. Maximal domain results are also
established in the extended model of multi-issue problems by Serizawa (1995) and
Le Breton and Sen (1999).
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4.5.2 Strategy-Proofness Versus Efficiency and Domain
Restrictions

Although strategy-proof collective choice functions on the domain of separable
preferences are numerous, only dictatorial ones are efficient.

Theorem 4.5.3 (Barberà et al. 1991). When there are at least three issues, a
collective choice function on the domain of linear separable preferences is strategy-
proof and efficient if and only if it is dictatorial.

Le Breton and Sen (1999) obtain this result in their extended model of multi-issue
problems. Shimomura (1996) weakens efficiency by requiring it on the subdomain
where agents’ preferences bear some degrees of resemblance and pins down a small
family of schemes of voting by committees, which includes non-dictatorial voting
schemes. When the set of alternatives is variable, Ju (2005b) requires efficiency only
for problems with at most two alternatives. He shows that only those voting schemes
that are quite close to the issue-wise majority function satisfy this restricted notion
of efficiency as well as strategy-proofness, anonymity, and two additional axioms
pertaining to agenda variation.

Ju (2005a) further restricts the domain of separable preferences to domains of
“dichotomous” preferences. An additive preference is a separable preference rep-
resented by a utility vector u � .u1; : : : ; um/ 2 R

m as follows: for all x; x0 2
f�1; 1gM ; xR0x

0 if and only if u�x 	 u�x0:An additive preference is trichotomous if
all goods are indifferent and all bads are indifferent. A trichotomous additive prefer-
ence is dichotomous if all issues are either goods or bads. Although we use the same
term as in the earlier sections, dichotomous preferences here are not dichotomous in
the sense we use in Sect. 4.3. Dichotomous preferences in this section have at most
two indifference sets of issues but may have more than two indifference sets in the
alternative space f�1; 1gM . Considering some examples of restricted domains con-
sisting of dichotomous or trichotomous additive preferences, Ju (2005a) proves that
only those voting schemes that are very close to issue-wise majority voting scheme
satisfy efficiency as well as issues independence, anonymity, and neutrality (neutral-
ity is needed only in the case of dichotomous preferences). Whether this result or
a similar result holds for other simple domains such as the domain of dichotomous
separable preferences that are not necessarily additive is open for future research.

4.6 Simple Opinion Aggregation and Decision by Powers
and Consent

In this section, we consider the problem of aggregating dichotomous or trichoto-
mous opinions, introduced by Wilson (1975) and further studied by Rubinstein and
Fishburn (1986), Aleskerov et al. (2007), and Ju (2005a, 2008, 2010). The model
is similar to the unconstrained multi-issue problems except that here, we deal with
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opinions rather than preferences. For separable linear preferences, issues are either
goods or bads. Thus opinions can be interpreted as restricted preference revelations.

A special example of opinion aggregation is the problem of group identifi-
cation. A finite number of potential members have to decide who among them-
selves belong to a certain collective through aggregating their dichotomous or
trichotomous opinions. This problem is introduced by Kasher and Rubinstein (1997)
and further studied by Samet and Schmeidler (2003), Sung and Dimitrov (2003),
Dimitrov et al. (2007), Çengelci and Sanver (2010), Miller (2008), and Ju (2008,
2009a, 2010).

We continue using the same notation as in Sect. 4.5. Each person i 2 N has
his opinion on issues in M , represented by an 1 � m row vector Vi consisting
of 1, 0, or �1. A problem is an n � m opinion matrix V consisting of n row vec-
tors V1; : : : ; Vn. Let VTri be the set of all opinion matrices, called, the trichotomous
(opinion) domain. An alternative is a vector of 1 and �1, x � .x1; : : : ; xm/ 2
f�1; 1gM , where 1 (resp. �1) in the kth component means accepting the kth issue
(resp. rejecting the kth issue). For all V 2 VTri and all k 2 M , V k denotes the kth
column vector of V . Let

jjV kC jj�
X

i2N WVikD1

Vik; jjV k� jj�
X

i2N WVikD�1

�Vik; and jjV kC;�jj � jjV kCjjCjjV k� jj.

For example, in the group identification model,M D N and an alternative describes
who belongs to the collective and who does not.

Let VDi be the subset of VTri, consisting of the opinion matrices whose entries are
either 1 or �1, called the dichotomous (opinion) domain. Let D be either one of the
two domains. Samet and Schmeidler (2003) consider the dichotomous domain of the
group identification model.26 A collective choice function on D, c W D ! f�1; 1gM ,
associates with each problem in the domain a single alternative. A collective choice
function satisfies non-degeneracy if for each i 2 N , there exist V; V 0 2 D such that
ci .V / D 1 and ci .V

0/ D �1.
Section 4.5 provides the definition of a collective choice function represented

by an issue-wise decisive structure. The same definition applies here, treating all
issues k with Vik D 1 as goods for person i and all issues l with Vi l D �1 as
bads, and all other issues as nulls. In the same way, we can extend the definitions
of issues monotonicity and issues independence, which together characterize the
family of collective choice functions represented by an issue-wise decisive structure
(Proposition 4.5.1).

A subfamily of these collective choice functions plays an important role in the
literature on opinion aggregation. In particular, an issue-wise dictatorial function
c.�/ is represented by an issue-wise decisive structure conferring on a person the
full decision power over an issue: that is, for each k 2 M , there is i 2 N such that

26 Dichotomous opinions in Samet and Schmeidler (2003) are described by vectors of 1 and 0,
where 0 has the same meaning as �1 in our model.
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for all V 2 D with Vik 2 f�1; 1g; ck.V / D Vik: In group identification problems
with dichotomous opinions, the issue-wise dictatorial function where person i has
the decision power on his own qualification is called as the liberal function. A milder
notion of decision powers is discussed in the next subsection.

4.6.1 Social Decision by Powers and Consent for Dichotomous
or Trichotomous Opinion Aggregation

Here we define a milder notion of decision powers. We first focus on dichotomous
opinions. After this, we give the general definition.

Given a collective choice function c defined on the dichotomous domain VDi,
person i 2 N has the “power to influence the social decision on the kth issue”,
briefly, the power on the k-th issue if the decision on the kth issue is made follow-
ing person i ’s opinion whenever person i ’s opinion obtains sufficient consent from
society: formally, there exist qC; q� 2 f1; : : : ; nC 1g such that for all V 2 VDi,

(i) when Vik D 1, ck .V / D 1 , jjV kC jj 	 qC I
(ii) when Vik D �1, ck .V / D �1 , jjV k� jj 	 q� :

(4.20)

The two numbers qC and q� are called consent-quotas. The greater qC or q� is, the
higher degree of social consent is required for the exercise of the power. There are
three extreme cases. When qC D q� D 1, i ’s opinion determines social decision
independently of social consent. Thus the power is decisive. When qC D nC 1 and
q� D n C 1, the power is anti-decisive because i ’s opinion is reflected reversely
in the social decision. When qC C q� D n C 1; the two parts in (4.20) coincide
and all persons can have the same powers as person i (changing i with any j in
(4.20) makes no difference). In this case, all persons have the equal power on the
same issue; so such a power is said to be non-exclusive (formal definition will be
provided later).27

The total number of positive or negative votes, denoted by �, always equals n on
the dichotomous domain. However, on the trichotomous domain, it is variable. We
allow consent-quotas to vary relative to the total number of votes. Given a collective
choice function c defined on VTri, a person i 2 N has the power on the k-th issue
if there exist three functions qC W N [ f0g ! N [ f0; n C 1g, q0 W N [ f0g !
N [ f0; nC 1g, and q� W N [ f0g ! N [ f0; nC 1g such that for all � 2 N [ f0g,
and all V 2 VTri with jjV kC;�jj D �,

(i) when Vik D 1, ck .V / D 1 , jjV kCjj 	 qC .�/ I
(ii) when Vik D 0, ck .V / D 1 , jjV kCjj 	 q0 .�/ I
(iii) when Vik D �1, ck .V / D �1 , jjV k� jj 	 q� .�/ :

(4.21)

27 Consent quotas are closely related with the power index by Shapley and Shubik (1954) as
discussed in Ju (2010).



82 B.-G. Ju

We call the list of the three functions q .�/ � .qC .�/ ; q0 .�/ ; q� .�// the consent-
quotas function. The power is decisive if for all � 2 N , both qC .�/ and q� .�/ take
the value of 1. The power is anti-decisive if for all �, both qC .�/ and q� .�/ take the
value of � C 1. To avoid unnecessary complication, we assume that for all � 2 N;

qC.�/; q�.�/ 2 f1; : : : ; � C 1g; q0.�/ 2 f0; 1; : : : ; � C 1g; and q0.0/ 2 f0; 1g;

and
qC.0/ D qC.1/; q�.0/ D q�.1/; and q0.n/ D q0.n � 1/:

Let Q be the family of consent-quota functions satisfying these assumptions.

Definition 4.6.1 (System of Powers). A system of powers representing a collec-
tive choice function c on VTri is a function W W M ! N � Q mapping each issue
k 2 M into a pair of the person, W1 .k/, who has the power on the kth issue, and
the consent-quotas function, W2 .k/ D .qC .�/ ; q0 .�/ ; q� .�//, associated with the
power. That is, when W1 .k/ D i , for all � 2 f0; 1; : : : ; ng and all V 2 VTri with
jjV kC;�jj D �, the social decision on the kth issue is made as described in (4.21).

The power on the kth issue is (fully) exclusive if there is a person i who has the
power on the kth issue and no one else does. It is (fully) non-exclusive if all persons
have the “equal” power on the kth issue associated with a single consent-quotas
function (or, on the dichotomous domain, a list of consent-quotas). The power on an
issue is either exclusive or non-exclusive (Remark 1 of Ju (2010)). Thus either only
one person has the power or all persons have equal power. Two systems of powersW
andW 0 are equivalent, denoted byW � W 0, if for all k with W1 .k/ ¤ W 0

1 .k/, the
power on the kth issue is non-exclusive (so,W2 .k/ D W 0

2 .k/); otherwise,W2.k/ D
W 0

2.k/: If a collective choice function is represented by a system of powers, the
system of powers is unique up to this equivalence relation (Ju 2010, Proposition 2).
The following two extreme systems are notable. Under a non-exclusive system of
powers, everyone has non-exclusive power on every issue. Under a monocentric
system of powers, one person has exclusive power on every issue.

A necessary and sufficient condition for issues monotonicity is composed of the
following two properties of consent-quotas functions (Ju 2010, Proposition 3). A
consent-quotas function q .�/ � .qC .�/ ; q0 .�/ ; q� .�// has the component ladder
property if for all � 2 f1; : : : ; ng, the following three inequalities hold:

(i) qC .� � 1/ 
 qC .�/ 
 qC .� � 1/C 1I
(ii) q0 .� � 1/ 
 q0 .�/ 
 q0 .� � 1/C 1I
(iii) q� .� � 1/ 
 q� .�/ 
 q� .� � 1/C 1:

(4.22)

When this property fails, the decision may not respond monotonically after other
persons’ opinions become more favorable. The function has the intercomponent
ladder property if for all � 2 f1; : : : ; ng,

qC .�/ 
 q0 .� � 1/C 1 
 � � q� .�/C 2: (4.23)
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When this property fails, the issue, initially accepted, may be rejected after the per-
son who has the power on the issue becomes more favorable. For example, any
anti-decisive power which has qC.�/ D q�.�/ D � C 1 for all � violates intercom-
ponent ladder property. On the dichotomous domain, component ladder property
has no bite and intercomponent ladder property reduces to qC C q� 
 n C 2. The
ladder property refers to the conjugation of the two ladder properties.

In the Arrovian framework, Sen (1970a,b, 1976, 1983) and many of his critics
formulate individual rights based on (1) the existence of the so-called recognized
personal spheres and (2) ‘how the recognition of the personal spheres of different
individuals should be reflected in the choices made by the society’ (Gaertner et al.
1992, p. 162). Here, to formulate such recognized personal spheres, we use a func-
tion mapping each issue into a person, � W M ! N , called a linkage. The next axiom
requires the existence of recognized personal spheres. However, it does not impose
any specific condition regarding what form the recognition should take, except for a
minimal “symmetry” condition, which says that collective choice functions should
treat person i and i ’s issues (constituting i ’s personal sphere) symmetrically to any
other person j and j ’s issues. Technically, when names of person i and all i ’s issues
are switched simultaneously to names of person j and all j ’s issues, social decision
should also be switched accordingly. Given a linkage � 2 ƒ, for all i 2 N , let us
call elements in ��1 .i/ person i ’s issues. Let � W N ! N and ı W M ! M are
permutations on N and on M such that for all i 2 N , ı maps the set of person i ’s
issues onto the set of person � .i/’s issues. Let ı

�P be the matrix such that for all
i 2 N and all k 2 M , ı

�Pik � P�.i/ı.k/. Then person i and his issue k play the
same role in ı

�P as person � .i/ and his issue ı .k/ do in P .

Symmetric Linkage There is a linkage � W M ! N such that for all permutations
� W N ! N and all permutations ı W M ! M , if for all i 2 N , ı maps the set
of i ’s issues ��1 .i/ onto the set of � .i/’s issues ��1 .� .i//, then for all k 2 M ,
fk

�
ı
�P

� D fı.k/ .P /.

Symmetry holds in the model of group identification if the collective choice
function satisfies symmetric linkage and the linkage is the identity function, which
means that the qualification of i is recognized as i ’s personal sphere, as is natural in
this model.

A condition on systems of powers that is necessary and sufficient for symmet-
ric linkage is horizontal equality: for all pair of persons i and j 2 N with the
same number of issues underW1, that is, jW �1

1 .i/ j D jW �1
1 .j / j, their powers are

associated with the same consent-quotas function, that is, for all k 2 W �1
1 .i/ and

all l 2 W �1
1 .j /, W2 .k/ D W2 .l/ (Ju 2010, Proposition 4).28 When i D j , this

28 A linkage creates primitive differences among persons and among issues in this setting; except
for this, all other aspects of the model give equal standing to all persons (they share the same set of
potential opinion vectors) and to all issues. A linkage differentiates persons vertically depending
on the number of issues one is associated with. Horizontal equality allows us to incorporate this
vertical differentiation in systems of powers not harming equality too much among persons.
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property says that person i ’s powers on two different issues are associated with the
same consent-quotas function.

Adding symmetric linkage to issues monotonicity and issues independence pro-
vides a characterization of collective choice functions represented by a system of
powers.

Theorem 4.6.1 (Ju 2010). Let D 2 fVDi;VTrig. A collective choice function on D
satisfies issues monotonicity, issues independence, and symmetric linkage if and
only if it is represented by a system of powers satisfying the ladder property and
horizontal equality. Moreover, the system is unique up to the equivalence relation �.

4.6.2 Group Identification

We now consider group identification problems, where M D N . Several recent
studies on group identification introduced by Kasher and Rubinstein (1997) formu-
late principles of liberalism in this specific model and establish axiomatic charac-
terizations of “liberal” collective choice function.

4.6.2.1 Liberalism and Axiomatic Characterizations

A system of powers W on the domain of dichotomous problems VDi is liberal if
W1.i/ D i for all i 2 N and all powers are decisive. The liberal collective choice
function on VDi is represented by the liberal system of powers.

The next axiom incorporates the minimal sense of liberalism by requiring only
that if someone qualifies (disqualifies) herself, then not everyone should be disqual-
ified (qualified), in other words, there should be someone, possibly the same person,
who is qualified (disqualified).

Semi-Liberal Principle: For all V 2 VDi , if for some i 2 N; Vi i D 1, then for
some j 2 N , cj .V / D 1; if for some i 2 N , Vi i D �1, then for some j 2 N ,
cj .V / D �1.

Sung and Dimitrov (2003) establish the following characterization of the liberal
collective choice function.

Theorem 4.6.2 (Sung and Dimitrov 2003). Assume M D N . A collective choice
function on VDi satisfies independence, symmetry, and semi-liberal principle if and
only if it is the liberal function.

This is a strengthening of the characterization by Kasher and Rubinstein (1997)
where they impose monotonicity and unanimity as well as the three axioms above.
Sung and Dimitrov (2003) show that these two additional axioms are redundant and
that the three remaining axioms are logically independent.
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Samet and Schmeidler (2003) propose the following two interesting axioms.29

The first axiom says, in their words, that non-Hobbits’ opinions about Hobbits do
not matter in determining who are Hobbits.

Exclusive Self-Determination: If V; V 0 2 D are such that for all i; j 2 N; Vij ¤
V 0

ij only if ci .V / D �1 and cj .V / D 1; then c.V / D c.V 0/:
The next axiom says that the two groups, of Hobbits and of qualifiers of Hobbits,

should coincide.

Affirmative Self-Determination: For all V 2 D, c.V / D c.V t /, where V t is the
transpose of V:

Imposing either one of the two self-determination axioms together with other
axioms defined earlier, we have the following characterization of liberal choice
function:

Theorem 4.6.3 (Samet and Schmeidler 2003). Assume M D N . A collective
choice function on VDi satisfies monotonicity, independence, non-degeneracy and
exclusive self-determination (or affirmative self-determination) if and only if it is the
liberal function.

Ju (2010) extends this result on the domain of trichotomous opinions VT ri .
Çengelci and Sanver (2010) introduces the axiom of positive weak equal treat-
ment property requiring that all persons should be qualified when everyone qualifies
himself. Based on this axiom or a variant, they establish a characterization of the
liberal choice function. Ju (2009a) weakens monotonicity and non-degeneracy in
Theorem 4.6.3 and obtains an alternative characterization result.

For all x; x0 2 f�1; 1gN , let x ^ x0 � .minfxi ; x
0
i g/i2N and x _ x0 � .max

fxi ; x
0
i g/i2N . Similarly, for all V; V 0 2 VDi , let V ^ V 0 � .minfVij ; V

0
ij g/i2N;j 2N

and V _V 0 � .maxfVij ; V
0

ij g/i2N;j 2N . Miller (2008) considers an extended frame-
work where a collective choice function is used to identify more than one groups.
The key axiom in Miller (2008) pertains to the two methods of identifying a collec-
tive consisting of persons with feature a and feature b. One method is to identify
the collective with feature a and the collective with feature b separately and take the
intersection of the two groups. The other method is to identify the collective with
feature a and feature b at once. The next axiom requires that both methods should
yield the same group.

Meet Separability: For all V; V 0 2 D, c.V / ^ c.V 0/ D c.V ^ V 0/.
The same requirement for identifying a collective consisting of persons with

feature a or feature b is as follows.

Join Separability: For all V; V 0 2 D, c.V / _ c.V 0/ D c.V _ V 0/.
Miller (2008) shows that the liberal function is the only collective choice function

satisfying the two separability axioms as well as non-degeneracy and anonymity.

29 See Samet and Schmeidler (2003, pp. 222–224), for detailed discussion and motivation for the
two axioms.
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Theorem 4.6.4 (Miller 2008). Assume M D N . A collective choice function on
VDi satisfies meet separability, join separability, non-degeneracy, and symmetry if
and only if it is the liberal function.

Miller (2008, Theorem 2.5) shows that collective choice functions satisfying the
first three axioms depend only on a single vote and call them one-vote rules. From
this result, Theorem 4.6.4 directly follows because only the liberal function among
these one-vote rules can satisfy symmetry. Note that independence is not needed in
this characterization result and in fact, it is implied by the four axioms.

4.6.2.2 Consent-Based Choice Functions

Samet and Schmeidler (2003) introduce a spectrum of choice functions connecting
issue-wise majority function and the liberal function as two extreme functions of
the family. A consent-based choice function on the domain of dichotomous opinions
VDi is represented by a system of powersW such that for all i 2 N ,W1.i/ D i and
qC C q� 
 nC 2, where .qC; q�/ D W2.k/ for all k 2 N .

Theorem 4.6.5 (Samet and Schmeidler 2003). Assume M D N . A collective
choice function on VDi satisfies monotonicity, independence, and symmetry if and
only if it is a consent-based choice function.

A collective choice function c on VDi satisfies self-duality if for all V 2 VDi ,
c.�V / D �c.V /. Adding self-duality to the three axioms above, Samet and
Schmeidler (2003, Theorem 2) characterize the subfamily of consent-based choice
functions of which the consent quotas functions satisfy the following property: for
all i; j 2 N , W2.i/ D W2.j / D .qC; q�/ and qC D q�.

Note that self-dual consent-based choice functions have the same consent quo-
tas for all persons. Allowing for different consent quotas across persons, a slightly
larger family can be defined. This family is characterized by Çengelci and Sanver
(2010, Theorem 4.1) with the set of four axioms, monotonicity, independence, self-
duality and a weaker version of anonymity axiom. It should be noted that in this
characterization, they do not impose symmetry, which plays a crucial role in Samet
and Schmeidler (2003).

When qC C q� D n C 1, parts (i) and (ii) of (4.20) are identical to the single
condition that for all V 2 VDi and all i 2 N , ci .V / D 1 if and only if jjV iCjj 	
qC. Thus social decisions are made anonymously. Conversely, anonymous consent-
based choice functions have consent quotas with qC C q� D nC 1.

When there is an odd number of persons, the two conditions qC D q� and
qC C q� D n C 1 are satisfied only by the issue-wise majority function. There-
fore, the issue-wise majority function is characterized by adding anonymity to the
four axioms of monotonicity, independence, symmetry, and self-duality (Samet and
Schmeidler 2003, p. 225). Replacing anonymity with neutrality, gives an alternative
characterization of the issue-wise majority function.
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4.6.3 Simple Preferences and the Paradox of Paretian Liberal

Compatibility of Pareto efficiency and existence of the so-called libertarian rights
(decisive powers) is widely studied by a number of authors after Sen (1970a,b). We
investigate Sen’s paradox of Paretian liberal (Sen 1970a,b) in the current opinion
aggregation framework by considering separable preference relations. We formulate
Sen’s liberal rights as a person’s decisive power on a certain issue (Gibbard 1974).
Note that each separable preferenceR0 is associated with an opinion vector V0, each
positive (resp. negative or zero) component of V0 representing the corresponding
issue as a good (resp. a bad or a null). Obviously, there are a number of separable
preference relations corresponding to a single opinion vector.

Sen’s paradox holds on the separable preferences domain.30 Sen’s (1970a,b)
minimal liberalism postulates that there should be at least two persons who have
decisive powers. Assume that persons 1 and 2 are given the decisive powers on the
first issue and the second issue respectively. Consider the following preference rela-
tions of the two persons. For person 1, the first issue is a bad and the second issue
is a good. But person 1 cares so much about the second issue (person 2’s issue) that
he prefers the positive decision on this issue to the negative decision no matter what
decisions are made on the other issues. For person 2, the second issue is a bad and
the first issue is a good. But person 2 cares so much about the first issue (person 1’s
issue) that he prefers the positive decision on this issue to the negative decision no
matter what decisions are made on the other issues. Then by the decisive powers of
the two persons, decisions on the first and the second issues are both negative. But
the two persons will be better off at any decision with positive components for both
issues. This confirms that minimal liberalism and Pareto efficiency are incompatible
on the separable preferences domain.

Preference relations in the above example are “meddlesome”’ (Blau 1975). One
may hope that without such relations, the paradox of Paretian liberal will not occur.
Unfortunately, the paradox holds even in a substantially restricted environment
where only trichotomous or dichotomous preference relations are admissible. Con-
sider a trichotomous preference relation R0 that is a separable preference relation
represented by a function U0 W f�1; 1gM ! R such that for each x 2 f�1; 1gM ,
U0 .x/ D P

k2M WxkD1 V0k; where V0 2 f�1; 0; 1gM is the opinion vector cor-
responding to R0.31 Let A�

T ri be the family of all such trichotomous preference
relations. Let A�

Di be the subfamily of dichotomous preferences in A�
T ri .

Proposition 4.6.1 (Ju 2008). When there are at least three persons, no Pareto
efficient collective choice function on A�

Di or A�
T ri satisfies minimal liberalism.

Proof. Suppose that persons 1 and 2 have the decisive powers respectively on
issue 1 and issue 2. Consider the profile of dichotomous preference relations

30 This was originally proven by Gibbard (1974, Theorem 2).
31 Equivalently, U0 .x/ D jfk 2 M W xk D 1 and P0k D 1gj � jfk 2 M W xk D 1 and
P0k D �1gj.
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.Ri /i2N given by the following opinion vectors: V1 � .1;�1;�1; : : : ;�1/, V2 �

.�1; 1;�1; : : : ;�1/, and for all i 2 Nnf1; 2g, Vi � .�1; : : : ;�1/. Then by the
decisive powers of persons 1 and 2, c1 .R/ D c2 .R/ D 1. If c.�/ is Pareto efficient,
for all k 2 Mnf1; 2g, ck .R/ D �1. Thus c .R/ D .1; 1;�1; : : : ;�1/. Note that this
alternative is indifferent to x � .�1; : : : ;�1/ for both person 1 and person 2 and x
is preferred to c .R/ by all others. This contradicts Pareto efficiency. ut

Note that unlike the previous paradox on the separable preferences domain, we
need the assumption n 	 3. The case with two persons ruled out by this assumption
is very limited. In fact, the paradox does not apply in the two-person case (deci-
siveness is quite close to majority principle since one person’s opinion accounts for
50%).

Collective choice functions that are represented by a system of powers do not
satisfy minimal liberalism if no power is decisive. However they capture a some-
what weak sense of liberalism because they allow limited powers to individuals.
Ju (2008) shows among these collective choice functions, there do exist Pareto effi-
cient ones on A�

T ri . Issue-wise majority function is an example and all other Pareto
efficient functions are very close to the issue-wise majority function. The only dif-
ference is when the number of voters in favor of an issue is the same as the number
of voters against the issue, in which case the person who has the power on the issue
dictates the social decision. Thus the exercise of a person’s power is most limited.
To be compatible with Pareto efficiency, exclusive powers that can be assigned to
individuals should be limited so extremely that the resulting collective choices are
very close to the issue-wise majority function where no individual has an exclusive
power.
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Chapter 5
Axiomatizations of Approval Voting

Yongsheng Xu

5.1 Introduction

There has been a number of axiomatic studies of approval voting since its intro-
duction by Brams and Fishburn (1978). The axiomatic characterizations of approval
voting have given researchers a better understanding of the structure of approval
voting, and have made the pros and cons of approval voting much sharper. In this
article, we present a survey of various axiomatic characterizations of approval voting
that are there in the literature.

Approval voting discussed in this article is referred to the way that ballots are
aggregated, and is therefore a particular example of a broad class of methods that
aggregate individual ballots. An individual ballot can be regarded as consisting of
those candidates or options that are acceptable to a particular voter. Interpreted
in this way, a voter can be viewed as expressing a dichotomous preference over
all relevant candidates or options by dividing them into acceptable and unaccept-
able ones. The problem of aggregating ballots is therefore naturally linked with
the classical social choice problem of aggregating individual preferences under the
domain restriction of dichotomous preferences (interested readers should consult
Chap. 20). In this article, however, we shall focus on approval voting as a method of
aggregating ballots.

The existing axiomatic characterizations of approval voting based on ballot
aggregation can be categorized into three groups. In the first place, Fishburn
(1978a,b) develops a framework with variable electorate to analyze approval voting.
The essence of the framework is that it assumes electorates consist of all non-empty
and finite collections of voters, and voters cast their ballots for their approved can-
didates. Within this framework, Fishburn (1978a) characterizes approval voting by
using three axioms: neutrality, consistency and disjoint equality (see Sect. 5.3 for
formal definitions). Sertel (1988) uses similar axioms to the ones used in Fishburn
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(1978a) to characterize a slightly different version of approval voting: in Fishburn
(1978a), approval voting picks up every candidate as a winning candidate when none
is approved by any voter; while in Sertel (1988), when every voter approves no can-
didate, approval voting picks none as well. Within the same framework, Fishburn
(1978b) presents another axiomatization of approval voting by using four axioms:
neutrality, consistency, faithfulness and cancellation (see Sect. 5.3 for formal def-
initions). As shown by Alós-Ferrer (2006), neutrality in this characterization is
redundant: approval voting is characterized by consistency, faithfulness and can-
cellation. Within this framework, a slightly different characterization of approval
voting is presented: approval voting is characterized by consistency, faithfulness
and disjoint equality. The second group of axiomatizations of approval voting is
developed in Baigent and Xu (1991) where they work with a fixed electorate. The
set of voters is assumed to be given and fixed. In this framework, they characterize
approval voting by neutrality, independence of symmetric substitutions and positive
responsiveness (see Sect. 5.4 for formal definitions). Based on the work by Baigent
and Xu (1991), we present a variant of their characterization by using neutrality,
equal treatment (a stronger version of independence of symmetric substitutions; see
Sect. 5.4 for a formal definition) and monotonicity. The third group of axiomatiza-
tion of approval voting has been developed in Xu (2008) for variable electorates that
are drawn from a fixed set of voters. He works in a single profile of voters’ ballots
and axiomatically characterizes approval voting by four axioms: faithfulness, weak
consistency, disjoint inclusion and dual consistency.

It may be noted that approval voting has been studied from various other
perspectives in the literature. For example, in the framework of aggregating dichoto-
mous preferences, Brams and Fishburn (1978) examine whether approval voting
is strategy-proof (defined on the domain of dichotomous preferences), and more
recently, Vorsatz (2007) shows that approval voting can be characterized by strategy-
proofness together with some other well-known axioms characterizing approval
voting. In our approach, ballots are aggregated into a set of winning candidates. One
could also consider the possibility of aggregating ballots into probability distribu-
tions over candidates. This is the approach adopted by Bogomolnaia et al. (2005)
where, among other things, they present an axiomatic characterization of approval
voting in the framework of aggregating dichotomous preferences: approval voting
is characterized by anonymity, neutrality, strategy-proofness, and efficiency (under
the domain restriction of dichotomous preferences). Lastly, it may be noted that
approval voting is a member of scoring rules in the classical social choice approach
of aggregating individual preferences and has been studied along this line as well.
For a summary of the results along this approach, see Chebotarev and Shamis
(1998).

The structure of the remaining article is as follows. In Sect. 5.2, we present the
basic notion and definitions. Section 5.3 is devoted to axiomatizations of approval
voting with variable electorate developed in Fishburn (1978a,b). Section 5.4 focuses
on axiomatizations with fixed electorate considered in Baigent and Xu (1991), and
Sect. 5.5 presents a characterization result based on variable electorate developed in
Xu (2008).
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5.2 Notation and Definitions

Let X be a finite set of alternatives. It is assumed that X contains at least two alter-
natives. Alternatives in X in our context may be interpreted as candidates in an
election. The set of all non-empty subsets of X will be denoted by K. An element
A of K is called a ballot.

An electorate is understood as a collection of voters with at least one but a finite
number of them. Each voter in an electorate is assumed to cast one and only one
ballot. It is assumed that a ballot is non-empty so that abstention is represented by
the full ballot X in the present context.

Let N be the set of all non-negative integers. A ballot response profile is a func-
tion � W K ! N. For any A 2 K, �.A/ is the number of voters who cast ballot A.
The number of voters who participated in the election is

X

A2K
�.A/. The set of all

ballot response profiles is denoted by…. For any �; � 0 2 …, �C� 0 is to denote the
following profile: for all A 2 K, .� C � 0/.A/D�.A/C � 0.A/.

Example 5.2.1. An example would be helpful to illustrate the above concepts. Let
X D fx; y; zg. Then KD ffx; y; zg; fx; yg; fx; zg; fy; zg; fxg; fyg; fzgg. Faced with
the set X of the three candidates and when a voter approves both x and y,
the voter casts the ballot fx; yg. Consider the following ballot response profile:
�.fx; y; zg/ D 0; �.fx; yg/ D 3; �.fx; zg/ D 5; �.fy; zg/ D 2; �.fxg/ D 4;

�.fyg/ D 2; �.fzg/D 0. In this example, there are no voters casting the ballot
fx; y; zg, 3 voters casting the ballot fx; yg, 5 voters casting the ballot fx; zg, 2 casting
fy; zg, 4 casting fxg, 2 casting fyg, and 0 casting fzg. The number of participating
voters is: 0C 3C 5C 2C 4C 2C 0D 16.

Let D.…/ be a non-empty subset of …. A ballot aggregation function is a func-
tion f W D.…/ ! K such that, for every ballot response profile � 2 D.…/,
f .�/ 2 K is the (winning) ballot. Candidates in f .�/ are often called winning
candidates under � . Note that a ballot response profile � does not retain voters’
identities. It is therefore clear that a ballot aggregation function f is necessarily
anonymous by definition: the names of voters have no impact on the aggregation
result.

For any x 2 X and � 2 D.…/, let n.x; �/D
X

A2K; x2A

�.A/. Thus, n.x; �/ is

the number of voters who approve of x when a ballot response profile is � . f is said
to be approval voting if, for all � 2 …, f .�/D fx 2 X W n.x; �/ 	 n.y; �/ for all
y 2 Xg.

Example 5.2.2. In Example 5.2.1, for the givenX and ballot response profile � , we
have n.x; �/D 3C 5C 4D 12; n.y; �/D 3C 2C 2D 7; and n.z; �/D 5C 2D 7.
Then, fxg is the outcome of approval voting.
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5.3 Variable Electorate

In this section, we present a summary of axiomatizations of approval voting with
a variable electorate for a given, fixed set of candidates X based on Fishburn
(1978a,b). It is further assumed that electorates consist of all non-empty and finite
collections of voters who cast their ballots for their approved candidates. The
domain of a ballot aggregation function is taken to be the set of all ballot response
profiles; that is, D.…/D…. We start by defining several axioms to be imposed on
a ballot aggregation function f .

A ballot aggregation function satisfies:

� Faithfulness if and only if, for all A 2 K and all � 2 …, if �.A/D 1 and
�.B/D 0 for all B 2 .K � fAg/, then f .�/DA.

� Consistency if and only if, for all �; � 0 2 …, if f .�/ \ f .� 0/ ¤ ; then
f .� C � 0/Df .�/ \ f .� 0/.

� Cancellation if and only if, for all � 2 …, if [n.x; �/D n.y; �/ for all x; y 2 X ]
then f .�/DX .

� Disjoint equality if and only if, for all A;B 2 K with A\B D ;, and all � 2 …,
if �.A/D�.B/D 1, and �.C /D 0 for allC 2 .K�fA;Bg/, then f .�/DA[B .

� Neutrality if and only if, for all �; � 0 2 …, if � 0 is such that � 0.A/D�.	.A//

for all A 2 K, where 	 is a permutation on X , then f .� 0/D 	.f .�//.

The above axioms are introduced in Fishburn (1978a,b). Faithfulness requires that,
if an electorate has just one voter who casts a ballot A, then every candidate in A
must be a winning candidate. Consistency says that if there are overlapping winning
candidates under ballot response profiles � and � 0, then the winning candidates
for a ballot response profile that joins the two original ballot response profiles are
exactly those who overlap. Cancellation stipulates that if all the candidates get the
same number of votes from participating voters, then every candidate is a winning
candidate. Disjoint equality requires that, if an electorate has two voters who cast
two disjoint ballots A and B , then every candidate approved by either of the two
voters is a winning candidate. Neutrality basically says that the names of candidates
should not play any role in determining winning candidates.

Theorem 5.3.1 (Fishburn 1978b, Alós-Ferrer 2006). A ballot aggregation func-
tion f is approval voting if and only if f satisfies Faithfulness, Consistency and
Cancellation.

Proof. It can be checked that if f is approval voting, then f satisfies Faithful-
ness, Consistency and Cancellation. We next show that, if f satisfies Faithfulness,
Consistency and Cancellation, then f must be approval voting.

Let f be a ballot aggregation function satisfying Faithfulness, Consistency and
Cancellation. We first show that, for any �1; �2; �3 2 … and any A;B 2 K with
A \ BD ;, if [�2.A/D 1 and �2.C /D 0 for all C 2 .K � fAg/� and [�3.B/D 1

and �3.C /D 0 for all C 2 .K � fBg/�, then

f .�1 C �2 C �3/ D f .�1 C .�2 C �3// (5.1)
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Consider � 2 … such that �.X � .A[B//D 1 and �.C /D 0 for all C 2 K�fX �
.A [ B/g. If A [ B DX , then, by Faithfulness, f ..�2 C �3//DX . Otherwise, by
Cancellation, f ..�2 C�3/C�/DX . By Consistency and noting that f .�1 C�2 C
�3/\ f ..�2 C �3/C �/ ¤ ;, it follows that

f .�1 C �2 C �3/ D f .�1 C �2 C �3 C .�2 C �3/C �/ (5.2)

Similarly, by Cancellation, f .�2 C �3 C �/DX . By Consistency and noting that
f .�1 C .�2 C �3// \ f .�2 C �3 C �/ ¤ ;, it follows that

f .�1 C .�2 C �3// D f .�1 C .�2 C �3/C �2 C �3 C �/ (5.3)

Note that f .�1 C .�2 C�3/C�2 C�3 C�/D f .�1 C�2 C�3 C .�2 C�3/C�/.
Thus,

f .�1 C .�2 C �3// D f .�1 C �2 C �3 C .�2 C �3/C �/ (5.4)

Therefore, (5.1) follows from (5.2) and (5.4) immediately. In particular, we note
that,

f .�2 C �3/ D f ..�2 C �3// (5.5)

Take any ballot response profile � 2 … and consider � 0 2 … such that [� 0.A/ >
0 ) jAj D 1 for all A 2 K] and [n.x; �/D n.x; � 0/ for all x 2 X ]. Starting with
(5.5) and by the repeated use of (5.1), it then follows that f .�/D f .� 0/.

To show that f .�/D fx 2 X W n.x; �/ 	 n.y; �/ for all y 2 Xg, we
first define m� D maxx2X n.x; �/. Since X is finite, m� is well-defined. For each
mD 0; 1; : : : ; m�, we define

Xm D fx 2 X W n.x; �/ D mg

Define

A0 D Xm� ; A1 D Xm� [ Xm��1; : : : ; Am��1 D Xm� [Xm��1 [ : : : [X1

Consider �0; : : : ; �m��1 2 D.…/ defined as follows: for each mD 0; 1; : : : ; m�,
�m.Am/D 1 and �m.B/D 0 for all B 2 K � fAmg. By Faithfulness, for each
mD 0; : : : ; m�, f .�m/DAm. By Consistency, f .�0 C �1/DXm� ; : : : ; f .�0 C
� � � C �m�

/DXm� . Note that n.x; � 0/Dn.x; �0 C � � � C �m�

/ for all x 2 X .
Therefore, f .�0 C � � � C �m�

/Df .� 0/. Consequently, f .�/DXm� . ut
The proof of Theorem 5.3.1 is based on Alós-Ferrer (2006). It may be noted

that, in Fishburn (1978b), Neutrality is also used on top of the other three properties
figured in the theorem. Alós-Ferrer (2006) shows that Neutrality is redundant.

Note that, in the proof of Theorem 5.3.1, Cancellation can be replaced by Disjoint
equality in deriving (5.1). It is clear that approval voting satisfies Disjoint equality.
Therefore, the following result follows immediately.
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Theorem 5.3.2. A ballot aggregation function f is approval voting if and only if
f satisfies Consistency, Disjoint equality and Faithfulness.

Next, we present a characterization of approval voting due to Fishburn (1978a)
without giving a proof. Interested readers can consult Fishburn (1978a) for a proof.

Theorem 5.3.3 (Fishburn 1978a). A ballot aggregation function f is approval
voting if and only if f satisfies Consistency, Disjoint equality and Neutrality.

The independence of the axioms used in each of the above results can be checked.
For example, in Theorem 5.3.1, we can check that the three axioms, faithfulness,
consistency and cancellation, used there are independent. For this purpose, consider
first the following two ballot aggregation functions, f1 and f2, defined below: for
all � 2 …,

f1.�/ D X

f2.�/ D fx 2 X W n.x; �/ > 0g
f1 selects every candidate in X for any ballot response profile. f2 selects every
candidate that is chosen by at least one voter. Note that f1 satisfies both consis-
tency and cancellation, but fails faithfulness thus showing that faithfulness is not
implied by the combination of consistency and cancellation. f2 satisfies faithful-
ness and cancellation, but fails consistency showing that consistency is not implied
by faithfulness and cancellation. Finally, to see that cancellation is not implied by
faithfulness and consistency, we consider the following ballot aggregation function
f3: let x 2 X be fixed, for all � 2 …, f3.�/D fxg if [n.a; �/D n.b; �/ > 1

for all a; b 2 X and �.X/D 0] and f3.�/ is given by approval voting other-
wise. f3 fails cancellation. It can also be checked that f3 satisfies faithfulness and
consistency.

The independence of the axioms figured in the other two results can be checked
as well and we leave this as an exercise for interested readers.

It may be noted that, in our approach, since we do not allow the empty ballot to
be casted by any voter, the abstention is represented by the full ballotX . In Fishburn
(1978a), the abstention is captured by both the empty ballot and the full ballot. As a
consequence, in Fishburn (1978a), the empty ballot and the full ballotX are treated
equivalently by a ballot aggregation function, so that for both cases, a ballot aggre-
gation function yields every candidate in X as a winning candidate. Sertel (1988)
makes an argument that the empty ballot and the full ballot are different ways of han-
dling abstention. When the empty ballot and the full ballot are treated differently,
Sertel (1988) defines a slightly modified approval voting in which it is approval
voting except when every voter casts the empty ballot, the ballot aggregation func-
tion picks no candidate as a winning candidate. In this framework, Sertel (1988)
presents an axiomatization of this modified approval voting by similar axioms used
in Theorem 5.3.2.
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5.4 Fixed Electorate

In this section, we present an alternative axiomatization of approval voting with a
fixed electorate for a given and fixed set of candidates X . It is therefore assumed
that, for some positive integer n, for any ballot response profile � in the domain,X

A2K
�.A/Dn and the set of participating voters is fixed. Let DF .…/ denote this

domain of ballot response profiles.
For the purpose of axiomatization, we introduce two further axioms that are

based on Baigent and Xu (1991). A ballot aggregation function f satisfies:

� Equal treatment if and only if, for all �; � 0 2 D.…/, if n.x; �/D n.x; � 0/ for all
x 2 X , then f .�/D f .� 0/.

� Monotonicity if and only if, for all �; � 0 2 D.…/, all A 2 K and all x 2 X , if
n.x; � 0/Dn.x; �/ C 1 and n.y; � 0/Dn.y; �/ for all y 2 X � fxg, then x 2
f .�/ ) fxg Df .� 0/.

Equal treatment is a variant and stronger version of Independence of symmet-
ric substitutions introduced in Baigent and Xu (1991). It says that, for two ballot
response profiles � and � 0, if, for each candidate x 2 X , the number of voters who
approve x under � is the same as the number of voters who approve x under � 0,
then f .�/D f .� 0/ – the sets of winning candidates under � and � 0, respectively,
must be identical. It essentially requires that the information about “who approves
whom” should not play a significant role in figuring out winning candidates. Mono-
tonicity requires that, if a candidate x is a winning candidate under � , and if some
voter does not approve x under � but approves x under � 0 while all other candi-
dates get exactly the same number of approved voters under � and under � 0, then x
becomes the sole winning candidate under � 0. Monotonicity is a stronger version of
a similar property proposed in Baigent and Xu (1991) where it was called Positive
responsiveness.

Theorem 5.4.1. A ballot aggregation function f on DF .…/ is approval voting if
and only if f satisfies Neutrality, Equal treatment and Monotonicity.

Proof. We note that approval voting satisfies Neutrality, Equal treatment and Mono-
tonicity. The remainder of the proof is to show that, if a ballot aggregation function
f satisfies Neutrality, Equal treatment and Monotonicity, then f must be approval
voting.

Let f be a ballot aggregation function satisfying Neutrality, Equal treatment and
Monotonicity. We first show that, for any � 2 DF .…/ and any x; y 2 X ,

n.x; �/ D n.y; �/ ) Œx 2 f .�/ , y 2 f .�/� (5.6)

To see (5.6) is true, consider� 2 DF .…/ and any x; y 2 X with n.x; �/D n.y; �/,
and x 2 f .�/. Consider the following permutation 	 on X : 	.x/D y; 	.y/D x;

	.z/D z for all z 2 X � fx; yg. For each A 2 K, let 	.A/D f	.a/ W a 2 Ag.
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Consider � 0 such that � 0.	.A//D�.A/ for all A 2 K. Note that � 0 2 DF .…/:
whoever casted a ballot A under � casts the ballot 	.A/ under � 0. Note that, by
Neutrality, y 2 f .� 0/ since x 2 f .�/ and 	.x/D y. Since n.x; �/D n.y; �/,
from the definition of the permutation 	 , it follows that n.z; �/D n.z; � 0/ for all
z 2 X . By Equal treatment, we must have f .�/D f .� 0/. Note that y 2 f .� 0/.
Therefore, y 2 f .�/. This completes the proof of (5.6).

Next, we show that, for any � 2 DF .…/ and any x 2 X ,

x 2 f .�/ ) Œn.x; �/ 	 n.y; �/ for all y 2 X� (5.7)

Suppose, to the contrary that x 2 f .�/ and there exists z 2 X such that n.x; �/ <
n.z; �/. To begin with, suppose n.x; �/ C 1Dn.z; �/. Since n.x; �/ < n.z; �/,
there must be a voter who does not approve x under � and who casts a ballot A
.x 62 A/. Consider � 0 2 DF .…/ such that the voter who casts the ballotA now casts
the ballot A[ fxg and all other voters cast the same ballot under � and � 0. Clearly,
� 0 2 DF .…/. It is also clear that n.x; � 0/Dn.x; �/ C 1 and n.y; � 0/Dn.y; �/

for all y 2 X � fxg. By Monotonicity, from x 2 f .�/, we must have fxg Df .� 0/.
However, from (5.6), given that n.x; � 0/Dn.z; � 0/, we must have x; z 2 f .� 0/, a
contradiction. This completes (5.7).

To complete the proof of the theorem, we establish the following: For all � 2
DF .…/ and any x 2 X ,

Œn.x; �/ 	 n.y; �/ for all y 2 X� ) x 2 f .�/: (5.8)

To prove (5.8), we need only to show that x 62 f .�/ implies that there exists
z 2 X such that n.x; �/ < n.z; �/. It must be the case that either n.x; �/D 0

or n.x; �/ > 0. If n.x; �/D 0, then we consider any y 2 A such that �.A/ > 0.
Clearly, n.x; �/ < n.y; �/. If n.x; �/ > 0, then we consider any y 2 f .�/. It
follows from (5.7) that n.y; �/ 	 n.x; �/. If n.y; �/D n.x; �/, then, from (5.6),
x 2 f .�/, a contradiction. Therefore, n.y; �/ > n.x; �/. This completes (5.8).

Equation (5.7), together with (5.8), completes the proof of the theorem. ut
It may be checked that the axioms used in Theorem 5.4.1 are independent. The

ballot aggregation function f1 defined in the last section satisfies neutrality and
equal treatment, but fails to satisfy monotonicity proving that monotonicity is not
implied by neutrality and equal treatment together. To see that neutrality is not
implied by the combination of equal treatment and monotonicity, let us consider
the following ballot aggregation function f4 which is due to Alós-Ferrer (2006):
let X D fx; y; zg and let f4.�/D fxg if �.fxg/D�.fyg/ > 0 and �.B/D 0 for
all B ¤ fxg; fyg and f4.�/ coincide with approval voting otherwise; then f4 sat-
isfies equal treatment and monotonicity, but fails neutrality. And finally, consider
the following ballot aggregation function f5: let i be a fixed voter who is a partic-
ipating voter under any ballot response profile and let X�

i be the ballot casted by
voter i under �; define f5.�/ as approval voting applied over X�

i ; then f5 satisfies
neutrality and monotonicity, but fails to satisfy equal treatment.
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To complete this section, we introduce two axioms used by Baigent and Xu
(1991) in their characterization of approval voting in the current context.

A ballot aggregation function f satisfies:

1. Independence of symmetric substitutions if and only if, for all �; � 0 2 DF .…/,
all A;B;C;D 2 K and all x 2 A; y 2 B with C D .A � fxg/ [ fyg,
DD .B � fyg/ [ fxg, y 62 A; x 62 B , if �.A/D� 0.A/ � 1, �.B/D� 0.B/ � 1,
� 0.C /D�.C / C 1 and � 0.D/D�.D/ C 1, and �.E/D� 0.E/ for all E 2
.K � fA;B;C;Dg/, then f .�/D f .� 0/.

2. Positive responsiveness if and only if, for all �; � 0 2 DF .…/, all A 2 K, and all
x 2 X�A, if � 0.C /D�.C / for all C 2 K� fA;A[ fxgg, � 0.A/D�.A/�1 	
0 and � 0.A[ fxg/D�.A [ fxg/C 1, then x 2 f .�/ ) fxg Df .� 0/.

It may be noted that, in Baigent and Xu (1991), the axioms are formulated in
terms of choice functions. Independence of symmetric substitutions is a weaker
property than equal treatment. The basic idea underlying this axiom is that it does
not matter “who votes for whom.” For further discussions of these two axioms, see
Baigent and Xu (1991).

We now present the result which closely resembles the characterization of
approval voting by Baigent and Xu (1991). Its proof is similar to the proof of
Theorem 5.4.1 and we omit it.

Theorem 5.4.2. A ballot aggregation function f is approval voting if and only if
it satisfies Neutrality, Independence of symmetric substitution and Positive respon-
siveness.

For the independence of the axioms figured in the above theorem, interested
readers are referred to Baigent and Xu (1991).

5.5 Variable Electorate with a Single Ballot Response Profile

In this section, we consider an axiomatization of approval voting with variable elec-
torates that are drawn from a given and fixed set N D f1; : : : ; mg of finite number
of voters and with a single ballot response profile. The approach in this section is
closely related to the classical framework of aggregating a single profile of individ-
ual preferences developed in the literature of social choice theory. For this purpose
and throughout this section, we assume that (1) each voter i 2 N casts a non-empty
ballotAi 2 K; (2) the profile of ballots .A1; : : : ; Am/ casted by voters inN is fixed;
and (3) any voter i in an electorate E � N casts the ballot Ai . These assumptions
will put a restriction on the domain of a ballot aggregation function f . We shall
denote this domain by DVS .…/ which is given by

f� 2 … W �.A/ > 0 ) Œ for some E � N; #E D k;A D Ai for some i 2 E�g
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It may be noted that, for any � 2 DVS .…/,
X

A2K
�.A/D k for some E � N

with #ED k.

Example 5.5.1. An example will be helpful in understanding the above restrictions
on the domain. Let X D fx; y; zg and a fixed electorate be given by f1; 2; 3g. There
are seven ballots: X; fx; yg; fy; zg; fx; zg; fxg; fyg; fzg. Suppose voter 1 casts the
ballot fx; yg, voter 2 casts fyg and voter 3 casts fzg. Then, DVS .…/ contains the
following 7 ballot response profiles:

�1 W �1.A/ D
�
1 if A 2 ffx; yg; fyg; fzgg
0 if A 2 fX; fy; zg; fx; zg; fxgg

�2 W �2.A/ D
�
1 if A 2 ffx; yg; fygg
0 if A 2 fX; fy; zg; fx; zg; fxg; fzgg

�3 W �3.A/ D
�
1 if A 2 ffx; yg; fzgg
0 if A 2 fX; fy; zg; fx; zg; fxg; fygg

�4 W �4.A/ D
�
1 if A 2 ffyg; fzgg
0 if A 2 fX; fy; zg; fx; zg; fxg; fx; ygg

�5 W �5.A/ D
�
1 if A 2 ffx; ygg
0 if A 2 fX; fy; zg; fx; zg; fxg; fygg

�6 W �6.A/ D
�
1 if A 2 ffygg
0 if A 2 fX; fy; zg; fx; zg; fx; yg; fzgg

�7 W �7.A/ D
�
1 if A 2 ffzgg
0 if A 2 fX; fy; zg; fx; zg; fx; yg; fygg

We now introduce three further axioms to be imposed on a ballot aggregation
function f (see Xu 2008).

A ballot aggregation function f onDVS .…/ satisfies:

� Disjoint inclusion if and only if, for all �; � 0 2 DVS .…/ and all A 2 K,
if � 0.B/D�.B/ for all B 2 K� fAg, �.A/D 0 and � 0.A/D 1, then A \
f .�/D ; ) f .�/ � f .� 0/.

� Weak consistency if and only if, for all �; � 0 2 DVS .…/ and all A 2 K, if
� 0.A/D 1, � 0.B/D 0 for all B 2 K � fAg, and .� C � 0/ 2 DVS .…/, then
f .�/ \ f .� 0/ ¤ ; ) f .� C � 0/Df .�/ \ f .� 0/.

� Dual consistency if and only if, for all �; � 0 2 DVS .…/ and all x 2 X , if
x 62 f .�/, n.x; � 0/ D 0, and .� C � 0/ 2 DVS .…/, then x 62 f .� C � 0/.

Disjoint inclusion requires that, if a ballot response profile � 0 is enlarged from a
ballot response profile � by adding a voter who is not a participant under � and who
casts a ballot A, and if none of the candidates in A is a winning candidate under � ,
then all the winning candidates under � continue to be winning candidates under
� 0. Weak consistency is similar to consistency, but a bit weaker than consistency.
Dual consistency stipulates that, if a candidate is not a winning candidate under �
and is not approved by any voter under � 0, then it cannot be a winning candidate
when the two ballot response profiles are joined.
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Theorem 5.5.1 (Xu 2008). A ballot aggregation function f on DVS .…/ is app-
roval voting if and only if f satisfies Faithfulness, Disjoint inclusion, Weak consis-
tency and Dual consistency.

Proof. It can be checked that approval voting defined on DVS .…/ satisfies Faith-
fulness, Disjoint inclusion, Weak consistency and Dual consistency. It remains to be
shown if a ballot aggregation function f onDVS .…/ satisfies Faithfulness, Disjoint
inclusion, Weak consistency and Dual consistency, then f must be approval voting.

Let f on DVS .…/ satisfy Faithfulness, Disjoint inclusion, Weak consistency
and Dual consistency. Let � 2 DVS .…/. We shall prove the result by induction onX

A2K
�.A/D k. Clearly, 1 
 k 
 m. By Faithfulness,

f .�/ D A if �.A/ D 1 and �.B/ D 0 for all B 2 K � fAg (5.9)

Suppose f .�/ is approval voting for any � such that
X

A2K
�.A/ 
 k. We now

show that f .�/ is approval voting for any � such that
X

A2K
�.A/D k C 1. Let

� 2 DVS .…/ be such that there are k C 1 voters who cast ballots. We denote
these ballots by A1; : : : ; AkC1. For each pD 1; : : : ; k C 1, let ��p 2 DVS .…/ be
such that ��p is generated by an electorate consisting of all the participating vot-
ers under � except the voter who casts Ap , and let �p 2 DVS .…/ be such that it
is generated by a single voter who casts the ballot Ap. Note that, by Faithfulness,
f .�p/DAp for each pD 1; : : : ; k C 1. Note also that � D�p C ��p for every
pD 1; : : : ; k C 1. If, for some pD 1; : : : ; k C 1, f .�p/ \ f .��p/ ¤ ;, then by
Weak consistency, f .�/Df .�p/ \ f .��p/. Since f .��p/ and f .�p/ are given
by approval voting, it is immediately clear that f .�/ is given by approval voting as
well. If, for all pD 1; : : : ; kC 1, f .�p/\ f .��p/D ;, then, by Disjoint inclusion,
f .��p/ � f .�/. That is, [p D 1;:::;kC1f .��p/ � f .�/. It is easy to check that,
in this case, for any x 2 [p D 1;:::;kC1f .��p/, n.x; �/ 	 n.y; �/ for all y 2 X .
If we can show f .�/D [p D 1;:::;kC1 f .��p/, then we are done. Consider any
z 2 X�.[p D 1;:::;kC1f .��p//, z 2 f .�/. Since z 62 f .��p/ for all pD 1; : : : ; kC1
and each f .��p/ is given by approval voting, it must be the case that, for some
pD 1; : : : ; k C 1, z 62 Ap. Then, by Dual consistency, z 62 f .�p C ��p/Df .�/.
Therefore, in this case, f .�/D [pD1;:::;kC1 f .��p/, which shows that f .�/ is
given by approval voting.

From our induction hypothesis and by (5.9), it then follows that f is approval
voting. ut

Interested readers may want to check whether the axioms used in Theorem 5.5.1
are independent.
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Part III
Committees



Chapter 6
Approval Balloting for Multi-winner Elections

D. Marc Kilgour

6.1 Introduction

Approval voting is a well-known voting procedure for single-winner elections. Vot-
ers approve of as many candidates as they like, and the candidate with the most
approvals wins (Brams and Fishburn 1978, 1983, 2005). But Merrill and Nagel
(1987) point out that there are many ways to aggregate approval votes to determine
a winner, justifying a distinction between approval balloting, in which each voter
submits a ballot that identifies the candidates the voter approves of, and approval
voting, the procedure of ranking the candidates according to their total numbers of
approvals.

Approval balloting can also be used in a multi-winner election, where the objec-
tive is to identify a “best” subset of candidates using the ballots, i.e., the voters’
approvals, as input. We discuss several different procedures for determining a subset
of candidates based on a profile of approval ballots. In practice, the subset selected
could be anything from a standing committee of, say, university faculty, to a con-
stitutional convention, to an all-star team. Nonetheless, we will refer to subsets of
the candidates, including the subset selected by the voters, as committees. We con-
sider only systems in which every voter has an equal role; in particular, every voter
must receive an identical ballot, and must have the opportunity to vote for any and
all approved-of candidates. Note that these conditions rule out some multi-winner
elections, such as those for national legislatures in many countries. But many elec-
tions do fit this description and, as will be seen, there are many ways to determine a
winning committee in such elections.

Filling out an approval ballot is equivalent, of course, to selecting a subset of
the candidates – the voter’s approved subset. Thus there is a natural correspondence
between a committee and an approval ballot, in that both are subsets of the set of
candidates. This fundamental link is exploited by some procedures for combining
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the voters’ preferences, as registered in a profile of approval ballots, to produce a
“best” committee.

It is usual to assess voting systems by identifying and comparing their prop-
erties (Arrow et al. 2002; Brams and Fishburn 2002). Some voting systems for
electing committees are studied in this way by Ratliff (2003, 2006). Though the
main objective of this chapter is to collect and classify procedures that use approval
balloting to elect committees, we will compare some of them according to prop-
erties that are obvious or well-established. It should be noted that all procedures
mentioned here are anonymous (treat all voters fairly) and neutral (treat all can-
didates fairly). Nonetheless, the presentation of properties below is no doubt far
from complete. This article will simply present procedures in a format suitable for
comparison; some conclusions are drawn about which systems are appropriate for
particular purposes, but many open questions remain.

6.2 The Setting

We assume throughout that there are n > 1 voters andm > 1 candidates. Let Œm� D
f1; 2; : : : ; mg. We will survey procedures to select a committee based on n approval
votes with candidate set Œm�; thus, we are conducting a multi-winner election in the
sense that every member of the elected committee wins. However, we allow for ties,
so there may be several winning committees. (Most of our notation and terminology
is drawn from Kilgour et al. (2006) and Fishburn and Pekeč (2004).)

The set of all subsets of the set of candidates is 2Œm�, and in general there are
2m possible committees, namely the members of 2Œm�. In practice, however, multi-
winner elections are often conducted under a priori restrictions on the possible
winning subsets. In other words, it is typical that many of the 2m subsets of candi-
dates cannot win. For example, the size of a committee is often decided in advance
of the election, for example by a constitution. Rarely is it meaningful to select the
entire set of candidates, Œm�. (Why hold the election, if not to reject at least one
candidate?) As well, there are often “representativeness” restrictions; the winning
subset must contain at least one woman, or equal numbers of men and women, or
at least one member of a predefined subset of the candidates, or representation from
each of several defined subgroups. For example, a basketball all-star team requires
one center, two forwards, and two guards; similarly, university committees are often
required to include members from various subdivisions.

Another condition, often implicit, is that some candidate(s) must win; i.e., the
winning set cannot be ;. This condition might not be appropriate for some elections,
such as for members of a “hall of fame,” which must allow for the collective deci-
sion that no candidates are suitable for enshrinement. (For example, in the National
Baseball Hall of Fame, ballots have about 25 candidates, of whom only a handful
are elected in a typical year. Voting is by approval balloting except that voters are
permitted to vote for at most 10 candidates. See National Baseball Hall of Fame
[BBHOF] (2009) for details.)
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For any multi-winner election, we call the allowable winning committees the
admissible committees, denoted A. We assume throughout that A � 2Œm� is a fixed
non-empty collection of subsets of the set of all candidates, and consider it to be
a “parameter” of the election, like n and m. For instance, it is common for the
admissible committees to be all subsets containing exactly k candidates, where k is
fixed and satisfies 1 
 k < m. This set of committees is denoted Ak ; if the election
is to choose such a committee, we say that A D Ak . In another useful example, all
non-empty committees are admissible; in this case, we say that A D AF D 2Œm��;.

Let i D 1; 2; : : : ; n. Then voter i ’s ballot is Vi � Œm�; note that a voter
is allowed to vote for no candidates, so Vi may be empty. The ballot profile is
V D .V1; V2; : : : ; Vn/, and the set of all possible ballot profiles is V D �

2Œm�
�n

.
Any voting procedure is then a function, possibly multi-valued, from V to A.

We now introduce several examples that will be useful to illustrate the distinc-
tions among the procedures. The first is from Kilgour et al. (2006), and the second
from Fishburn and Pekeč (2004).

Example 6.2.1. There are n D 4 voters named 1, 2, 3, and 4; m D 3 candidates
named 1, 2, and 3; and all non-empty committees are admissible (A D AF ).

Voter 1 2 3 4
Ballot 1 12 13 13

Example 6.2.2. n D 9 voters; m D 8 candidates; any three-member committee
admissible (A D A3).

Voter 1 2 3 4 5 6 7 8 9
Ballot 2 12 12 13 37 45 46 47 48

Example 6.2.3. n D 6 voters; m D 4 candidates; any two-member committee
admissible (A D A2).

Voter 1 2 3 4 5 6
Ballot 12 12 24 34 13 13

Example 6.2.4. n D 6 voters; m D 6 candidates; any two-member committee
admissible (A D A2).

Voter 1 2 3 4 5 6
Ballot 1 1 234 24 235 356

Suppose that voter i ’s approval ballot is Vi � Œm� and that S � Œm�. Then
the set of candidates in S approved by voter i is Vi \ S , and the number of such
candidates is App.Vi ; S/ D Appi .S/ D jVi \ S j. To illustrate, let S D f2; 3g,
which we will write S D 23. In Example 6.2.1, for instance, Appi .23/ D
0; 1; 1; 1 for i D 1; 2; 3; 4, respectively. Similarly, in Example 6.2.2, the nine val-
ues of Appi .23/ are, in sequence, 1, 1, 1, 1, 1, 0, 0, 0, 0. In Example 6.2.3, the
sequence is Appi .23/ D 1; 1; 1; 1; 1; 1; every voter approves of either candidate 2
or candidate 3, but never both.
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6.3 Scoring Procedures

A “score” for a committee election conducted with approval balloting is a measure
of the ability of a possible committee to represent the voters. A score defines a scor-
ing procedure: an admissible committee with maximum score is elected. Multiple
winning committees arise if, and only if, two or more admissible committees tie for
the highest score. There are many ways to define a score using a profile of approval
ballots, but before introducing them, we discuss one important property that scores
may or may not possess.

Consider a multi-winner election conducted with approval ballots, in which there
are m candidates, n voters, the admissible set is A, and the ballot profile is V .
A score is a function f W A �! R; f .S/ is usually interpreted as a measure of
the appropriateness of S to win the election. In fact, we will usually assume that the
score is defined on all subsets, so that f W 2Œm� �! R, which is often convenient.
As well, it is usually required that f .;/ D 0.

A score f .�/ is additive iff, whenever S1; S2 � 2Œm�; S1 \ S2 D ;, then f .S1 [
S2/ D f .S1/ C f .S2/. In words, the score of a union of disjoint subsets is the
sum of the scores of the subsets. It follows that, for an additive score, the score of
a subset is equal to the sum of the scores of the members of that subset. In other
words, once the scores of individual candidates are known, then the score of any
possible committee can be obtained by summation.

The property of additivity makes a score easier to work with, provided that the
admissible set has suitable structure, for then inspection of the scores of individual
candidates can make the winning committee obvious. For example, if A D Ak , a
committee is winning if and only if it contains k top-scoring candidates. In particu-
lar, there is a tie for winning committee if and only if, when the candidates are listed
in decreasing order of score, there is a tie between the kth and .kC 1/st candidates.
Similarly, if A D 2Œm�, a committee is winning if and only if it includes all positive-
scoring candidates and excludes all negative-scoring candidates. In particular, the
unique winning committee is ; if and only if all candidates’ scores are negative.
In these cases, and others, additivity of the scoring rule reduces the computational
requirements substantially.

6.3.1 (Simple) Approval

The natural way to use approval ballots to score a committee is simply to count the
total number of approvals received by the committee’s members. The total number
of approvals for committee S is

App.S/ D
X

i

App.Vi ; S/ D
X

i

Appi .S/;

and the (Simple) Approval rule is to select any S 2 A that maximizes the score
App.S/. The Approval rule is an obvious generalization of approval voting: If
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A D A1, then the Approval procedure reproduces a conventional (Single-Winner)
approval-voting election.

It is easy to see that the scoreApp.�/ is additive. Let S1; S2 � 2Œm�; S1 \S2 D ;.
Then

App.S1 [ S2/ D jVi \ .S1 [ S2/ j D j .Vi \ S1/ [ .Vi \ S2/ j
D jVi \ S1j C jVi \ S2j D App.S1/C App.S2/;

since S1 and S2 are disjoint. It follows that, for any S 2 A, App.S/ DP
j 2S App.j /.

For instance, in Example 6.2.2 it is easy to verify that App.j / D 3, 3, 2, 4, 1, 1,
2, 1 for j D 1; 2; : : : ; 8. The Approval Committee, the three-member committee
S that maximizes App.S/, is therefore 124. It is easy to verify that, in Exam-
ple 6.2.3, the Approval Committee is f12; 13g, i.e., the two committees 12 and 13
tie. Similarly, in Example 6.2.1, the approval committee is clearly 123, the set of
all candidates. In fact, it is obvious that the Approval rule tends to select the larger
committees, since the scores of individuals, App.i/, are never negative. In particular,
Approval will select 2Œm� whenever it is admissible. This property explains why the
Approval procedure is not recommended except when admissible committees are of
fixed size, i.e., A � Ak for some k satisfying 1 
 k 
 m.

Fishburn and Pekeč (2004, p. 6) noted that the Approval procedure is addi-
tive, and discussed the implications for efficiency. The procedure is easy to apply
when there are relatively few candidates, but it is not efficient in the sense of NP-
completeness (Garey and Johnson 1979). In fact, the natural algorithm based on
additivity of the Approval score, App.�/, is polynomial inmnCjAj. Since jAj 
 2m,
then if the number of candidates, m, is relatively small, computational effort is
reasonable even if the number of voters, n, is large.

6.3.2 Net Approval

The Approval rule works well, and is easy to implement, especially if the number of
candidates is not large. But because of its natural bias toward larger committees, it
can be recommended only in situations where the committee size is fixed in advance.
A related rule that lacks this bias can be found by taking a “two-way” (or self-dual)
approach to approval voting: If the score of a committee increases with the addition
of an approved candidate, then it should decrease with the addition of a disapproved
candidate. A natural measure of the score that voter i , whose vote was Vi , would
assign to committee S � Œm� is its Net Approval score,

NAppi .S/ D jVi \ S j � jV c
i \ S j ;

where V c
i is the complement of Vi in Œm�. The Net Approval procedure is to select

any S 2 A that maximizes NApp.S/ D P
i NAppi .S/.
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It is easy to see that, if we define AppC.S/ D App.S/ D P
i jVi \ S j and

App�.S/ D P
i jV c

i \ S j, then NApp.S/ D AppC.S/ � App�.S/. In other words,
the Net Approval score of S is the Approval score of S calculated on the basis
of V D .V1; V2; : : : ; Vn/, minus the Approval score of S calculated on the basis
of V c D .V c

1 ; V
c

2 ; : : : ; V
c

n /. Thus, the Net Approval score of a subset equals its
Approval score (candidates in S voted for) minus its Disapproval score (candidates
in S voted against).

Because the Approval score, App.S/ D AppC.S/ is additive, it is immediate
that the Disapproval score, App�.S/, is also additive. Also, it is easy to check that
the sum or difference of two additive functions is additive, which implies that the
Net Approval score, NApp.�/, is additive. This can also be demonstrated directly. It
follows that, for any S 2 A, NApp.S/ D P

j 2S NApp.j /.
If, for example, A D AF , i.e., any committee with at least one member may

win, then additivity makes the Net Approval procedure easy to apply if at least
one candidate has non-negative score. The winning committees are precisely those
committees containing all candidates with positive score and no candidates with
negative score. For Example 6.2.1, it is easy to check that NApp.j / D 4;�2; 0 for
j D 1; 2; 3, so under Net Approval there is a tie between the committees 1 and
13. This result might be criticized for being indecisive, but it does establish that
committees of different sizes can be competitive under Net Approval, which directly
contrasts with the tendency of (Simple) Approval to select the largest admissible
committee.

When A � Ak , the two scores Appi .S/ and NAppi .S/ are related. Because
.Vi \ S/[ .V c

i \ S/ D S , it is easy to show that

NAppi .S/ D 2Appi .S/ � k;

whenever jS j D k. Thus, when admissible committees are all the same size,
the variation in NAppi .S/ reflects only variation in Appi .S/, and similarly for
NApp.S/ and App.S/. Net Approval scoring is valuable only when committees of
different sizes are to be compared. To illustrate, consider Example 6.2.3, where the
candidate approval scores are App.j / D 4; 3; 3; 2 for j D 1; 2; 3; 4, respectively,
and the corresponding candidate net approval scores are NApp.j / D 2; 0; 0;�2.
So if, as in Example 6.2.3, the admissible sets are A2, then the winning commit-
tees are 12 and 13 under the Net Approval procedure, exactly the same as under the
Approval procedure.

One benefit of a score like Net Approval is that it can provide an absolute thresh-
old for assessment of voter support. In particular, it gives the voters complete control
over the size of the committee, which may be appropriate for some elections, such as
enshrinement in a hall of fame. (In a hall of fame – see, for instance, BBHOF, 2009 –
supermajority threshold approval is typically required for election.) If all candidates’
scores fall below the threshold – in the majority case, if they are negative – then the
best committee, if it is admissible, is ;. If A D 2Œm�, i.e., all committees are admis-
sible, then the Net Approval procedure is equivalent to Candidate-by-Candidate
Majority Voting – any candidate with more approvals than disapprovals is elected,
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any candidate with more disapprovals than approvals is defeated. There is a tie if
and only if there are candidates with equally many approvals and disapprovals, in
which case a subset is winning if and only if it contains no candidates with more
disapprovals than approvals. Example 6.2.1 illustrates such a tie.

If every candidate’s Net Approval score is negative and ; is not admissible –
for example, if A D AF – then the winner is any non-empty admissible subset
of candidates tied for the maximum score. For instance, in Example 6.2.2 the can-
didates’ Net Approval scores are NApp.j / D �3;�3;�5;�1;�7;�7;�5;�7 for
j D 1; : : : ; 8, so the winning committee would be ; if it were admissible. But it is
not, and the winning committee is 124.

6.3.3 Satisfaction

Brams and Kilgour (2010) proposed another method for using approval ballots in
multi-winner elections, called Satisfaction (Approval) Voting. This procedure is a
scoring rule based on selection of the admissible committee, S , that maximizes the
Satisfaction score

Sat.S/ D
X

i

jS \ Vi j
jVi j :

(By convention, the fraction in the summation equals zero if voter i voted for no
candidates, i.e., if Vi D ;. Such voters have no effect on the outcome of the election
using the Satisfaction procedure.) The definition of the score Sat.S/ reflects another
view of what distinguishes a good committee. Voter i ’s “satisfaction” with commit-
tee S equals the proportion of candidates supported by i who belong to S . As Brams
and Kilgour (2010) point out, under the Satisfaction procedure a voter pays a high
price for approving of two or more candidates, so it seems likely that voters would
bullet vote unless they were indifferent, or nearly so, among several candidates.

The score Sat.�/ is additive, for if Vi 6D ; and if S1; S2 � 2Œm�; S1 \ S2 D ;,
then

Sat.S1 [ S2/ D jVi \ .S1 [ S2/ j
jVi j D j .Vi \ S1/[ .Vi \ S2/ j

jVi j
D jVi \ S1j C jVi \ S2j

jVi j D jVi \ S1j
jVi j C jVi \ S2j

jVi j
D Sat.S1/C Sat.S2/;

since S1 and S2 are disjoint. It follows that, for any S 2 A, Sat.S/ DP
j 2S Sat.j /.
The Satisfaction procedure can be recommended only for elections in which

A � Ak for some k, since it tends to favor larger committees over smaller. (After
all, Sat.S/ is never negative.) For Example 6.2.4, the individual Satisfaction scores
are Sat.j / D 2; 1:17; 1; 0:83; 0:67; 0:33 for j D 1; : : : ; 6, so the winning committee
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under the Satisfaction procedure is 12. (In contrast, under Approval, the winner is
23.) For Example 6.2.1, the candidates’ Satisfaction scores are S.j / D 2:5; 0:5; 1

for j D 1; 2; 3, so the winning committee is 123 illustrating that, as for with
Approval, the Satisfaction procedure is biased toward larger committees.

6.3.4 Net Satisfaction

Just as the Net Approval score can be developed from the Approval score by taking
a “two-way” (or self-dual) approach, a Net Satisfaction score can be developed from
the Satisfaction score. If satisfaction with a committee increases with the addition of
an approved candidate, then it should decrease with the addition of an unapproved
candidate. The Net Satisfaction score captures this idea; a measure of the satisfaction
that voter i , whose vote was Vi , would assign to committee S � Œm� is

N Sati .S/ D jVi \ S j
jVi j �

ˇ
ˇV c

i \ S
ˇ
ˇ

ˇ
ˇV c

i

ˇ
ˇ
;

where V c
i is the complement of Vi in Œm�. (By convention, any fraction with denom-

inator 0 is taken to equal 0.) The Net Satisfaction procedure is to select any S 2 A
that maximizes N Sat.S/ D P

i N Sati .S/.
Again, it is easy to see that if we define SatC.S/ D Sat.S/ D P

i
jVi \S j

jVi j
and Sat�.S/ D P

i
jV c

i
\Sj

jV c
i j , then N Sat.S/ D SatC.S/ � Sat�.S/. As with Net

Approval, the Net Satisfaction score of S is the Satisfaction score of S calculated on
the basis of V1; V2; : : : ; Vn, minus the Satisfaction score of S calculated on the basis
of V c

1 ; V
c

2 ; : : : ; V
c

n . We can say that the Net Satisfaction score of a subset equals its
Satisfaction score (based on elected candidates voted for) minus its Dissatisfaction
score (based on elected candidates voted against).

Because the Satisfaction score, Sat.S/ D SatC.S/ is additive, it is again imme-
diate that the Dissatisfaction score, Sat�.S/, is also additive. Because the difference
of additive functions is additive, the Net Satisfaction score, N Sat.�/, is additive. It
follows that, for any S 2 A, N Sat.S/ D P

j 2S N Sat.j /.
For Example 6.2.1, it is easy to check thatN Sat.j / D 2:5� 0 D 2:5; 0:5� 2:5 D

�2; 1:0 � 1:5 D �0:5 for j D 1; 2; 3, so applying the Net Satisfaction procedure
rule to Example 6.2.1 produces uniquely the committee 1. (Recall that Net Approval
produced a tie between 1 and 13 for this example.)

Like Net Approval, Net Satisfaction can be interpreted as providing an abso-
lute threshold for assessment of voter support. If A D 2Œm�, then there can be no
problem applying the Net Satisfaction with threshold zero. However, admissibility
restrictions may increase the complexity of the procedure.
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6.3.5 Representativeness

Monroe (1995) proposed a design principle for electoral systems: maximize propor-
tional representation by minimizing “misrepresentation.” Potthoff and Brams (1998)
showed how to implement such systems using integer programming, and suggested
that approval ballots made misrepresentation easy to measure. Below we show that,
under approval balloting, a maximally representative subset can be determined by
implementing a scoring procedure.

The fundamental idea of Monroe (1995) is that a procedure should assign a spe-
cific elected candidate to each voter; the voter is then “represented” by the assigned
candidate. A condition of the assignment is that, as nearly as possible, each elected
candidate should be assigned to an equal number of voters.

In the approval balloting context, it is natural to say that a candidate can represent
a voter if and only if the voter approved of the candidate. Therefore, minimizing
misrepresentation is equivalent to maximizing the number of voters assigned elected
candidates they voted for. Based on this idea, and provided that a fixed number, k,
of candidates is to be elected, i.e., that A � Ak , the integer program of Potthoff and
Brams (1998) can be implemented as a Representativeness score,

Rep.S/ D
X

j 2S

nX

iD1

xij Ind.j; Vi /

where Ind.j; Vi / D 1 if j 2 Vi and Ind.j; Vi / D 0 otherwise. (To see that this
score measures representation, note that xij D 1 if elected candidate j is assigned
to voter i , and xij D 0 otherwise. If the candidates in S are elected, Rep.S/ is thus
equal to the number of times that a voter is assigned to an elected candidate that the
voter approved of.)

For any S 2 Ak , define xj ; j D 1; 2; : : : ; m by xj D 1 if j 2 S and xj D 0

otherwise. The 0–1 variables xij ; i D 1; 2; : : : ; n; j D 1; 2; : : : ; m must be chosen
in accordance with the following conditions:

X

j

xij D 1 for each i D 1; 2; : : : ; n

�Lxj C
nX

iD1

xij 	 0 for each j D 1; 2; : : : ; m

�Uxj C
nX

iD1

xij 
 0 for each j D 1; 2; : : : ; m

where L D b n
k

c and U D d n
k

e. Note that if n
k

is an integer, then L D U and the last
two conditions can be replaced by

nxj D k

nX

iD1

xij for each j D 1; 2; : : : ; m:
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To interpret the constraints, note that xj D 1 indicates that candidate j is elected,
and xij D 1 indicates that candidate j is assigned to voter i . (Each voter, i , is
assigned exactly one elected candidate.) If xj D 0, then xij D 0 for all i . If xj D 1,
then there are at least L and at most U voters, i , for whom xij D 1, i.e., who
are assigned to candidate j . Note that L D U if n

k
is an integer and L D U � 1

otherwise.
To summarize, the Representativeness score of candidate j is 0 if j is not elected;

if j is elected, it equals the number of voters assigned to j who approved of j . The
representativeness score of an elected candidate therefore cannot exceed the number
of voters assigned to that candidate, either L or U . If there exists an admissible
committee such that every voter can be assigned to a member of that committee of
whom the voter approved, subject to all constraints, then every voter is represented,
and that committee achieves the maximum representativeness score, n.

To see the role of the constraints, consider Example 6.2.3. Since n
k

D 3, each
elected candidate must be assigned to represent three voters. Candidate 1 could
represent voters 1, 2, 5, or 6, but not voters 3 or 4. The only candidate who
could represent both voters 3 and 4 is Candidate 4. But Candidate 4 received
only two approval votes and can therefore contribute a maximum of two to the
Representativeness score of any committee. Therefore Rep.14/ D 5, and simi-
larly Rep.12/ D Rep.13/ D 5, whereas Rep.23/ D 6, the maximum score. It is
easy to check that no other committees achieve Representativeness score 6, so that
according to the Representativeness procedure the unique winning committee in
Example 6.2.3 is 23. In contrast, most other procedures find winning committees
that include Candidate 1, who received the most approval votes.

It is obvious that Rep.S/ is an additive score. However, the need to assign elected
candidates to voters seems to cancel out any computational advantages conferred by
additivity. See Potthoff and Brams (1998) or Brams (2008, Chap. 6), for a discussion
of the implications of relaxing the integrality constraint, i.e., allowing two or more
candidates to be assigned, fractionally, to represent a voter.

6.3.6 Proportional Approval

Another idea for scoring approval ballots for committees was suggested by
Simmons (2001). Under the (Simple) Approval rule, each member of a committee
voted for by a voter contributes equally to the committee’s score, so that a commit-
tee that includes two of voter 1’s candidates and none of voter 2’s scores just as well
as a committee that includes one candidate supported by each voter. The motiva-
tion for the Proportional Approval rule is that it is more important for a committee
to represent more voters than to give extra representation to a voter who is already
represented.

For a general presentation, set r.0/ D 0 and let r.1/; r.2/; : : : ; r.m/ be any
increasing sequence of positive numbers. The specific sequence suggested by
Simmons (2001) was
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r.k/ D 1C 1

2
C � � � C 1

k
D

kX

j D1

1

j
(6.1)

for k D 1; 2; : : : ; m, which matches the Hamilton method of apportionment. For
any S � Œm�, define

PApp.S/ D
X

i

r.jS \ Vi j/

The Proportional Approval procedure is to select any S 2 A that maximizes
PApp.S/.

For example, using the sequence (6.1), the score of a subset S is increased by 1
for each voter who votes for one member of S , by 1 C 1

2
D 3

2
for each voter who

votes for two members of S , by 1C 1
2

C 1
3

D 11
6

for each voter who votes for three
members of S , etc.

A difficulty with the Proportional Approval score is that in general it is not
additive. For example, using the standard scoring sequence (6.1) in Example 6.2.3
produces PApp.1/ D 4 and PApp.2/ D 3 but PApp.12/ D 6. Computation with
Proportional Approval is therefore more difficult. It can be shown that a Proportional
Approval sequence r.1/; r.2/; : : : ; r.m/ produces an additive score if and only if it
satisfies r.k/ D Ak for some positive A. Of course, the Approval score is captured
by the score sequence r.k/ D k. We have shown that the “diminishing marginal
value of representation” property, achieved iff the sequence r.k/ is increasing at a
decreasing rate, is incompatible with additivity.

Of course, the proportional approval score of a subset S increases as S gets
larger, because the sequence r.k/ is increasing, and a bigger S cannot have fewer
intersections with Vi (for each i ). A consequence, of course, is that the Propor-
tional Approval rule does not work well unless the size of the committee to be
elected is restricted, and it is usually applied only when A � Ak for some
k D 1; 2; : : : ; m� 1. A related rule that might be appropriate if committees of dif-
ferent sizes are admissible could be based on a Net Proportional Approval score,
which would have the form

NPApp.S/ D
X

i

�
rC.jS \ Vi j/ � r�.jS \ V c

i j/�

where rC.k/ and r.k/ are increasing sequences of positive numbers, possibly equal
to each other, and possibly both given by (6.1).

6.3.7 Sequential Proportional Approval

Another computationally difficult system is the Sequential Proportional Approval
procedure, proposed by Thiele (c. 1890). As noted above, the (Simple) Approval
rule in an election with A � A1 produces the usual approval voting winner.
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To express the Sequential Proportional Approval procedure as a scoring rule, the
single-winner Approval procedure must be executed iteratively, but with weighted
voters. Suppose that voter i has weight wi > 0. Then in a single-winner election
(i.e., a committee of size k D 1 is to be elected), the Weighted Approval score of
candidate j 2 Œm� can be taken to be

W App.j / D
X

i

wi Ind.j; Vi /; (6.2)

where Ind.j; Vi / D jj \Vi j. The winning candidate would be any j that maximizes
W App.j /.

If k > 1, the Sequential Proportional Approval procedure to elect a k-member
committee (i.e., with A � Ak) is an iterative procedure:

� Begin by setting C0 D Œm� and letting w1
i D 1 for all voters i . Apply (6.2)

to obtain scores W App1.j / for all j 2 C0. The first candidate seated on the
committee is then any candidate j1 2 C0 that maximizes W App1.j /. Now set
C1 D C0 � j1.

� Suppose that 1 < h 
 k and that candidates j1; j2; : : : ; jh�1 have been seated
on the committee, and that the subset of remaining candidates is Ch�1. Reweight
the voters so that the weight of voter i is

wh
i D 1

1C jVi \ fj1; j2; : : : ; jh�1gj :

Apply (6.2) to obtain scores W Apph.j / for all j 2 Ch�1. The hth candidate
seated on the committee is any candidate jh 2 Ch�1 that maximizes W Apph.j /.
If h D k, stop. Otherwise set Ch D Ch�1 � jh and repeat.

Examples show that the Sequential Proportional Approval procedure is differ-
ent from the Proportional Approval procedure. For instance, in Example 6.2.3,
Sequential Proportional Approval produces a tie among 12, 13, and 14, whereas
Proportional Approval produces a four-way tie: these three committees, as well
as 23.

Like the Approval score, the Weighted Approval score (6.2) is additive. But the
facts that candidates are elected to the committee one at a time, and that after every
election each voter’s weight must be recalculated, make the efficiency of the Sequen-
tial Proportional Approval procedure low, and closer to the Proportional Approval
procedure than the Simple Approval or Satisfaction procedures.

6.4 Threshold Procedures

Each scoring rule is characterized by a score function that measures the “appropri-
ateness” of each admissible subset; then any subset with maximum score wins the
election. The score of a possible committee should increase as the subset becomes



6 Approval Balloting for Multi-winner Elections 117

more similar to the voters’ ballots; in general, scores reflect that overlap is good and
more overlap is better, presumably because it means better representation.

Threshold methods, developed by Fishburn and Pekeč (2004), are characterized
by binary (Yes or No) judgements about representativeness: either a subset has suf-
ficient overlap with a voter’s ballot to represent that voter, or it does not. The best
committee is then the one that represents the most voters. In particular, insufficient
overlap with a voter’s ballot counts for nothing, and if the overlap exceeds a thresh-
old, then any extra preference for that committee because of the additional overlap
also counts for nothing. Thus, two subsets that meet the same thresholds for repre-
sentation have the same argument for selection, even if one exceeds all thresholds
while the other merely meets them.

To develop an array of threshold methods, Fishburn and Pekeč (2004) define a
threshold function to be a function t W A �! R

C, which maps every admissible
set to a positive real number. The interpretation is that t.S/ is the threshold for
a possible committee S to be representative: S represents any voter i for whom
jVi \ S j 	 t.S/. The Threshold Approval procedure t is to select S 2 A if and
only if

jfi W jVi \ S j 	 t.S/gj 	 jfi W jVi \ T j 	 t.T /gj for all T 2 A:

In other words, select S to maximize jfi W jVi \ S j 	 t.S/gj, the number of voters
represented by S , according to the threshold embodied in t.�/.

Note that the criterion of representativeness of a voter by a subset may depend
on the subset, but it does not depend on the voter. Once the votes are in, i.e., given
that V 2 V is fixed, then whether voter i1 is counted as represented by S 2 A
depends on t.S/, but it is determined in exactly the same way as whether voter i2 is
represented by S .

Note that many threshold rules are possible, depending on the choice of the
threshold function t.�/. Fishburn and Pekeč (2004) suggest many possibilities. If
A � Ak , so that any committee elected must have exactly k members, then a con-
stant threshold, t.S/ D `, for 1 
 ` 
 k is a natural choice. Thus, a committee S is
counted as representing a voter i iff jVi \S j 	 `, i.e., voter i has voted for at least `
members of S . For Example 6.2.2, the Constant Threshold Approval rule with t D 1

produces the committee 234, which is approved by all voters (at this threshold). In
the same example, the Constant Threshold Approval rule with t D 2 produces the
committee 123, which is approved by three voters at this threshold, while no other
committee is approved by more than two.

Since only neutral voting rules are considered here, thresholds must be cardi-
nal, i.e., for all S1; S2 2 A, if jS1j D jS2j, then t.S1/ D t.S2/. Clearly, constant
thresholds are cardinal. For situations in which committees of different sizes are
admissible, constant threshold rules tend to select larger committees – exactly the
same phenomenon as for scoring rules like Approval and Satisfaction. To avoid
nonsensical results, Fishburn and Pekeč (2004) suggest that thresholds should be
non-decreasing; cardinal thresholds that are non-decreasing have the property that
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if jS1j < jS2j, then t.S1/ 
 t.S2/ for all S1; S2 2 A. With a non-decreasing thresh-
old, when a larger committee represents a voter, its overlap with the voter’s ballot is
not less than would be required for a smaller committee to represent the voter.

Two non-decreasing thresholds suggested by Fishburn and Pekeč (2004) are the
majority threshold, t.S/ D jS j

2
and the strict majority threshold, t.S/ D .jS jC1/

2
.

In Example 6.2.1, for instance, 1, 12, and 13 tie for majority threshold committee,
whereas the unique strict majority threshold committee is 1.

Finally, Fishburn and Pekeč (2004) point out that threshold methods are all NP-
hard; for instance, they prove that in the special case that jVi j D 2 for all voters
i , the problem of determining whether there exists an S 2 Ak that is approved by
all voters is equivalent to finding a vertex cover of a graph with vertex set Œm�, a
problem known to be NP-complete (Garey and Johnson 1979). Nonetheless, if the
number of candidates is relatively small, computational effort is not excessive even
as the number of voters becomes large.

6.5 Centralization Procedures

Centralization procedures for committee elections with approval balloting are adap-
tations of an approach used in many problems: Each voter’s ballot can be considered
to propose a committee, so the most representative committee is the one that is “clos-
est” to the ballots. These voting procedures can be traced to a study (Brams et al.
2004) of ways to identify a good outcome in a multi-party negotiation over many
binary (Yes–No) issues. If there are m issues, a party’s position can be represented
as the subset of issues on which it supports the Yes side, which can be thought of as
a vertex of an m-dimensional hypercube. The principle of negotiating by conduct-
ing a majority vote of the parties on each issue was demonstrated to be equivalent
to finding all vertices of the hypercube – i.e., Yes–No sequences – that minimize
the total distance (or average distance) to the vertices representing the positions of
all negotiators. Brams et al. (2004) also adapted the Fallback procedure of Brams
and Kilgour (2001) to the bargaining problem, showing that it is equivalent to find-
ing all vertices of the hypercube that minimize the maximum distance to any vertex
representing the position of a party.

These ideas were adapted to voting in multi-winner elections by Kilgour et al.
(2006) and Brams et al. (2007), who also raised the possibility of forming a com-
mittee member-by-member, using majority voting. As shown below, this procedure
can be expressed as a scoring rule, except that it allows no natural way to account
for admissibility. A candidate whom more voters support than oppose must join
the committee, and a candidate with more opponents than supporters cannot. The
decision on each candidate is based on the balance of votes for that candidate
only. For instance, the empty committee cannot be excluded a priori. Thus, this
correspondence relies on A D 2Œm�, i.e., any subset, including the empty set, is
admissible.

The representation of distance between subsets used by Kilgour et al. (2006) can,
however, account for admissibility in a natural way. Let S; T � Œm�, and measure
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the distance between S and T as the Hamming distance, d.S; T /, defined by

d.S; T / D jS 
T j D jS � T j [ jT � S j D j .S \ T c/[ .Sc \ T / j:

Thus, the distance between S and T equals the number of points (candidates) in one
of S and T but not the other.

Recall that the ballot profile is called V . For any S 2 2Œm�, define d.S; V / DP
i d.S; Vi /. Then d.S; V / represents the total distance from S to the collec-

tion of all ballots. Brams et al. (2004) proved that any committee S 2 2Œm� that
minimizes d.S; V / must contain every candidate who is supported on more than
half the ballots, and cannot contain any candidate who is supported on fewer
than half the ballots. Thus, the Candidate-by-Candidate Majority Voting rule men-
tioned above can be implemented using the total distance minimization criterion,
which was christened “Minisum.” But choosing the admissible committee, S ,
that minimizes d.S; V / does allow inadmissible committees to be excluded, so –
unlike Candidate-by-Candidate Majority Voting – the Minisum procedure respects
admissibility.

In fact, we have already identified a scoring procedure that is equivalent to the
Minisum procedure. When all subsets are admissible, the Net Approval procedure
elects any subset that contains all candidates with more approvals than disapprovals
and no candidates with fewer approvals than disapprovals. Thus, the Net Approval
scoring procedure, Candidate-by-Candidate Majority voting, and the Minisum pro-
cedure are all equivalent when A D 2Œm�. It is not hard to see that the equivalence
of Net Approval and Minisum continues when some subsets are inadmissible.

We illustrate the Minisum procedure to select any S 2 A that minimizes
d.S; V / D P

i d.S; Vi /, using Example 6.2.1. The admissible committees are S D
1, 2, 3, 12, 13, 23, and 123, and the respective values of d.S; V / are 3, 9, 7, 5, 3, 9,
and 5. Thus for Example 6.2.1, the Minisum procedure produces a tie between com-
mittee 1 and committee 13. As noted above, the Net Approval procedure produces
exactly the same result.

Clearly, then, the Minisum centralization procedure is a scoring procedure. But
a second centralization procedure is not. The Minimax procedure also originated
in the study of multi-party negotiation over binary issues, where the Fallback Bar-
gaining idea was shown to result in a subset of issues that minimizes the maximum
distance to the subset supported by any bargainer. The analogue for approval bal-
loting is the Minimax procedure, a centralization system suggested by Brams et al.
(2007) and presented formally in Kilgour et al. (2006). Minimax selects

argmin S2A
�

max
i
d.S; Vi /

�

:

That is, the winning committee under Minimax is any admissible committee S with
the property that the maximum distance from S to any Vi is a minimum. For Exam-
ple 6.2.1, the admissible committees are S D 1, 2, 3, 12, 13, 23, and 123, and the
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respective values of maxi d.S; Vi / are 1, 3, 3, 2, 2, 3, and 2, so that the Minimax
rule selects committee 1 (uniquely).

A study of examples, and of the specific properties of the Minimax procedure, led
to some suggested modifications. In Brams et al. (2007), the principle of applying
Minimax followed by Minisum was applied to data from a large-scale election. In
Kilgour et al. (2006), the observation that the Minimax procedure ignores clones
completely – so that the Results for Example 6.2.1 would be unchanged by the
addition of 100 new voters, all of whom voted for 13 – led to a weighting principle.
In order to make the voting system responsive to “enough” voters, weights were
proposed that allow the minimax calculation to register a preponderance of voting
support.

The weighted minimax system had to be applied to ballots, as opposed to voters.
Now letW D fW1;W2; : : : ;W`g denote the set of distinct ballots cast by the voters,
and note that jW j D `. Moreover, if h D 1; 2; : : : ; `, let nh denote the number of
voters who cast the ballot Wh. Suppose that some weight vector .w1;w2; : : : ;w`/

is given, where wh is the weight assigned to ballot Wh. Then the weighted distance
from a subset S 2 2Œm� to Wh is whd.S;Wh/. A Weighted Minimax procedure
is to select the admissible subset S that minimizes

P`
hD1 whd.S;Wh/. Note that

weights are required to be non-negative, but there is no “normalization” condition;
the sum of the weights may be any positive number. As Kilgour et al. (2006) note,
weights provide only relative information, so a set of weights can be multiplied by
any positive number without changing the information it contains.

The distance from a given committee to a ballot can be considered to be a
weighted distance if a weight has been assigned to a ballot. (This is a benefit of
working with distinct ballots rather than distinct voters; thus, the distance, d.S; Vi /,
is replaced by the weighted distance whd.S;Wh/.) This idea extends both the Min-
isum and Minimax systems. Moreover, it is clear that the results of the Weighted
Minisum Rule and Weighted Minimax Rule depend on the particular weights used.

One natural set of weights is count weights, which assign to each ballot a weight
equal to the number of voters who cast it. Thus, count weights are defined by
wh D nh for h D 1; 2; : : : ; `. The results are conveniently displayed, for both
Weighted Minisum and Weighted Minimax, in a table (Kilgour et al., 2006), which
for Example 6.2.1 using count weights is as follows:

Ballot: 1 12 13
Weight: 1 1 2

P
max

Subsets: 1 0 1 2 3� 2�
2 2 1 6 9 6
3 2 3 2 7 3

12 1 0 4 5 4
13 1 2 0 3� 2�
23 3 2 4 9 4

123 2 1 2 5 2�
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The winning subsets for Minisum (
P

) and Minimax (max) are indicated by
asterisks. As Kilgour et al. (2006) showed, if count weights are used, the Minisum
procedure is exactly as described above using voters rather than weighted ballots. In
general, the Minisum Count procedure is equivalent to Net Approval and, provided
all subsets are admissible, to Candidate-by-Candidate Majority Voting. In Exam-
ple 6.2.1, for instance, the Minisum outcomes using count weights remain 1 and
13. But while the direct Minisum procedure is identical to the Weighted Minisum
procedure with count weights, the Minimax procedure gives different results when
count weights are applied; now, the committees selected are 1, 13, 123 (tied).

Quite different results are obtained using proximity weights, which are defined by

wh D nh
P`

rD1 nrd.Wh;Wr/
:

Proximity weights were proposed by Kilgour et al. (2006) to give less weight to bal-
lots cast by extreme or isolated voters, thereby reducing their influence on the final
decision. To elaborate on the definition systematically, the numerator shows that wh

is proportional to nh, the number of voters who voted for Wh. The denominator of
the expression for wh is the sum of the distances from Wh to all other ballots. (Of
course, d.Wh;Wh/ D 0, so the distance fromWh to itself does not contribute to this
sum.) Thus wh, the weight of Wh, is small when few voters approve of exactly Wh

or any subset close to it. As a ballot moves closer to other ballots, it receives greater
weight, either because the distances are smaller so the denominator is reduced or
because the numerator is increased because it duplicates an existing ballot.

For Example 6.2.1, there are `D 3 ballots,W1 D 1,W2 D 12, andW3 D 13, with
counts n1 D 1, n2 D 1, and n3 D 2. Thus, count weights are .w1;w2;w3/D .1; 1; 2/,
while proximity weights are w1 D 1

1�0C1�1C2�1 D 1
3
;w2 D 1

1�1C1�0C2�2 D 1
5
; and

w3 D 2
1�1C1�2C2�0 D 2

3
. Multiplying by 15 to clear fractions gives .w1;w2;w3/D

.5; 3; 10/. For the seven admissible subsets, these proximity weights give the fol-
lowing table:

Ballot: 1 12 13
Weight: 5 3 10

P
max

Subsets: 1 0 3 10 13 10
2 10 3 30 43 30
3 10 9 10 29 10

12 5 0 20 25 20
13 5 6 0 11� 6�
23 15 6 20 41 20

123 10 3 10 23 10

Thus, in Example 6.2.1 with proximity weights, both the Minisum and Minimax
procedures produce (uniquely) the subset 13.
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6.6 Conclusions

This chapter has surveyed methods of using approval ballots in multi-winner elec-
tions, where both the ballot cast by a voter and the election result can be considered
to be subsets of the candidates. Consideration has been restricted to voting proce-
dures that are anonymous (treat voters equally), neutral (treat candidates equally)
and that permit the class of admissible, or potentially winning, subsets to be spec-
ified independent of the procedure. The systems studied here were classified into
scoring procedures, in which the admissible subset with the highest total score wins,
threshold procedures, in which the maximally representative admissible subset is
selected, and centralization procedures, in which the admissible subset that is most
central among the ballots is selected.

The table below compares the procedures discussed here in the context of the
four examples. As noted above, two procedures, Net Approval and Minisum Count
are identical. The table itself is proof that, except for those two, all procedures are
different, since any two of them differ on at least one example. Note that two pro-
cedures, Representativeness and Sequential Proportional Approval, are defined only
for some admissible sets. Specifically, Representativeness requires that A � Ak ,
and Sequential Proportional Approval that ADAk . Therefore, neither procedure
can be applied to Example 6.2.1, where A D AF .

Example: 1 2 3 4

Simple Approval 123 124 12, 13 23
Net Approval 1, 13 124 12, 13 23

Satisfaction 123 124 12, 13 12
Net Satisfaction 1 124 12, 13 12

Representativeness – 147, 234, 247 23 12, 13
Proportional Approval 123 124, 234 12, 13, 14, 23 12, 13, 23
Sequential Prop. App. – 124, 234 12, 13, 14 12, 13, 23
Threshold – Majority 1, 12, 13 123 14, 23 12, 13
Threshold – Str. Maj. 1 123 12, 13 23, 24, 35

Minisum Count 1, 13 124 12, 13 23
Minisum Proximity 13 124 12, 13 23

Minimax Count 1, 13, 123 123, 124, 125 12, 13, 14, 23 13, 23, 25, 26
126, 127, 128 34, 35, 36, 45

Minimax Proximity 13 124 12, 13, 14, 23 12

There are many ways that voting systems can be compared, and much work
remains to be done to compare these systems on grounds of theoretical properties,
computational complexity, and practical utility. One large-scale comparison of pro-
cedures is reported by Brams et al. (2007) and Brams and Kilgour (2010), based on
ballot data from the 2003 election by the Game Theory Society of 12 new members
of council from a list of 24 candidates. The Approval, Satisfaction, Minimax and
Minisum councils were compared, both when only 12-member committees were
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admissible, and without this restriction. None of the 12-member councils was rep-
resentative, in the sense of including at least one candidate supported by each voter,
even though there are subsets containing only eight candidates that represent every
voter. But Brams and Kilgour (2010) also point out that, given a representative sub-
set, there are no natural procedures for expanding or contracting it to construct a
committee of predetermined size.
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Chapter 7
Does Choosing Committees from Approval
Balloting Fulfill the Electorate’s Will?

Gilbert Laffond and Jean Lainé

7.1 Introduction

An approval ballot is a voting ballot where voters indicate the candidates they
approve among finitely many ones running for elections. We review below some
recent studies of procedures that select groups of candidates, or committees, from
approval ballots. Many examples can be found of collective decision-making situa-
tions where a committee, rather than a single candidate, has to be chosen: deciding
about who among a class of students are the ones to be awarded, selecting a board
of trustees, appointing new members of an academy, or new professors in a faculty
department are all cases where a group of candidates has to be chosen by an elec-
torate. Another example is provided by multiple referendum, where several issues
are presented to the voters, who are asked issue-wise to answer by either yes or no.

We address the following question: how faithfully does the outcome of a voting
rule designed from approval ballots represent the actual preferences of the voters?
Approval ballots ex ante provide little information about how voters compare com-
mittees. As long as they sincerely vote, their ballot describes their most preferred
outcome, and there is no obvious way to deduce from the observed votes the way
they compare any two committees. Thus, some assumptions are to be made about
underlined preferences. Special attention has been paid to the case of separable pref-
erences, where the voters’ position regarding each of the candidates is preferentially
independent from the decision regarding any other candidate. Separability naturally
calls for candidate-wise voting rules, through which the selected committee results
from separate decisions, each regarding one candidate. A special candidate-wise
voting rule is the (parallel) majority rule, which is typically used in multiple refer-
endum: are elected all those candidates who are approved by a majority of voters.
When preferential dependencies exist between candidates, there is little hope for a
candidate-wise voting rule to perform well, since ballots provide no information
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about the dependencies, and also since the voting rule itself ignores them. A
theoretical answer consists of asking voters to report their preferences about all pos-
sible committees. However, since the number of committees exponentially grows
with the number of candidates, such a solution cannot be implemented in practice.
We discuss below several proposals that have been made to overcome the difficulty.

We focus on three different notions of representativeness for a voting rule. Pareto
efficiency relates to choosing consistently with a unanimous will: a voting rule is
Pareto efficient if it never selects a committee that is unanimously less preferred
than another one. Condorcet efficiency pertains to the majority will: a voting rule
is consistent with the Condorcet winner (resp. loser) if it always selects, when it
exists, the committee that is more preferred than any other one (resp. never selects
a committee that is less preferred than any other one) by a majority of voters.
Finally, we consider two notions of compromise, both based on the idea that vot-
ers may accept to lose in satisfaction in order to favor a large consensus on some
committee.

These three approaches are investigated under the assumption of separable pref-
erences. That a candidate-wise voting rule may fail at satisfying one of them may be
considered as a voting paradox. Indeed, under sincere voting, separable preferences
provide the most favorable situation for such a rule to well represent the electorate’s
will. We show in Sect. 7.3 that almost all these paradoxes hold, and furthermore, we
study the (strong) conditions that allow for avoiding them. Finally, we briefly review
in Sect. 7.4 how bad candidate-wise voting rules may behave under non-separable
preferences. This calls for the design of alternative procedures of preference elici-
tation through ballots, such as sequential voting (where voters successively approve
or disapprove a candidate knowing the result about the previous ones), or set-wise
voting (where several candidates are packaged into bundles, or where the number of
possible committees presented to the voters is limited). Section 7.2 is devoted to the
formal presentation of voting rules from approval ballots.

7.2 Voting from Approval Ballots

We adopt the following notation: IN stands for the set of non-zero integers, N D
f1; : : : ; n; : : : ; N g stands for the set of voters, and C D f1; : : : ; c; : : : ; C g for the
set of candidates, where both N;C belong to IN. Each candidate applies to a posi-
tion in a committee, which can be either of a given fixed size k 
 C , or of any
possible size.

A committee is a subset of C. A committee involving k members can equivalently
be described as an element x D .x1; : : : ; xC / 2 f0; 1gC , where k Dj fc 2 C W
xc D 1g j. We denote by 1.x/ the set of candidates who are appointed in x: 1.x/ D
fc W xc D 1g. The set of all such committees is denoted by �C k , and �C D
[k�C�C k , and � D [C 2IN�C is the set of possible committees for a variable
number of candidates and all possible committee sizes. For any subset D of C of size
D and any committee x 2 f0; 1gC , we denote by x=D 2 f0; 1gD the restriction of
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Table 7.1 1 2 3

x1 0 1 1

x2 1 1 0

x3 1 0 0

x to D, which is defined by: 8c 2 D, .x=D/c D xc . Moreover, if fD1;D2g
is a partition of C into two non-empty sets, then we equivalently write x and
.x=D1; x=D2).

Each voter n casts an approval ballot, by which she approves as many can-
didates as she wishes. Formally, an approval ballot is defined as a vector xn D
.xc

n/cD1;:::;C 2 f0; 1gC , where xc
n D 1 (resp. xc

n D 0) means that n approves
(resp. disapproves) candidate c. For any x 2 f0; 1gC , .�x/ is defined by 8c,
.�x/c D 1 , xc D 0. A ballot set is a setX D fx1; : : : ; xN g � f0; 1gC . We denote
by 1X .c/ (resp. 0X .c/) the number of approvals (resp. disapprovals) c receives in
X (that is 1X .c/ D P

n x
c
n, and 0X .c/ D N � 1X .c/). A ballot set can equiva-

lently be written as a matrix X D Œxc
n�

cD1;:::;C
nD1;:::;N ; where row n corresponds to voter

n’ s approval ballot xn, and each column is associated with one specific candidate.
Table 7.1 describes a ballot set involving three voters and three candidates.

A ballot set X is said to be rich if whenever x 2 X , then .�x/ 2 X : for any
cast ballot, one finds at least once its opposite in the ballot box. We denote by XC

the set of all ballot sets involving C candidates, and by X D [C 2INXC the set of all
ballot sets for any possible number of candidates.

7.2.1 Candidate-Wise Voting Rules

A voting rule describes how one or several committees are selected from a ballot
set. We restrict the presentation to the case where a unique committee is always
chosen. Formally, a voting rule is an application V from XV to�, such that, for any
ballot set X 2 XC and any C , V.X/ � �C , where XV is the subset of profiles
that are admissible for V , that is such that V is well-defined. A voting rule is said
to be simple when the special case C D 1 holds: the decision is whether to elect or
not one candidate. A voting rule is anonymous if its outcome is non-sensitive to the
voters’ names.1

Furthermore, a voting rule V is candidate-wise if, for anyX 2 XV , one can write

V.X/ D .v1.X/; : : : ; vc.X/; : : : ; vC .X//

where v1; : : : ; vC are simple voting rules: the collective choice is defined as a set of
separate decisions, each regarding one single candidate.

1 Formally, for any X D fx1; : : : ; xN g 2 XV , for any permutation 	 of f1; : : : ; N g, V .X/ D
V .X	/, where X	 D fx	1 ; : : : ; x	N g is defined by: 8n, x	n D x	�1.n/.
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We focus below on two specific classes of candidate-wise voting rules (CWVR),
namely the parallel and the sequential rules.

A CWVR V is parallel if one can write for any X 2 XV ,

V.X/ D .v1.X=f1g/; : : : ; vc.X=fcg/; : : : ; vC .X=fC g//

where v1; : : : ; vC are simple, and whereX=fcg is the restriction ofX to candidate c
(that is the cth column of X ). A parallel rule is a referendum-type rule, where the
decision to appoint a candidate only depends on the voters’ positions about this can-
didate. Hence, a parallel rule decomposes the election into simultaneous mutually
independent choices, each dealing with one single candidate.

If V is parallel and anonymous, then at any admissible ballot set X and for any
candidate c, one can write vc.X=fcg/ D fc.1X .c/; 0X .c//: the collective position
regarding c only depends on the number of approvals and disapprovals given to c.

An example of parallel and anonymous voting rule is the candidate-wise sim-
ple majority rule Maj, under which candidates are appointed if they gather more
approvals than disapprovals: for any ballot set X involving an odd number of vot-
ers, Maj.X/ D .m.X=f1g/; : : : ; m.X=fC g//, where, for all c,m.X=fcg/ D 1 if and
only if 1X .c/ > 0X .c/.

Maj is a particular example of a threshold rule: a candidate is elected if she
receives a given minimum percentage of approvals.

When the committee size is restricted, a threshold rule may fail to select a com-
mittee having the relevant size k (even if there are exactly k approvals per ballot). A
natural adaptation of Maj is the k-plurality rule P lurk , which selects the k best can-
didates in terms of number of approvals. Since several different committees can be
chosen through P lurk , we adopt a simple tie-breaking rule which ensures a unique
choice. Formally, P lurk is the CWVR that is defined as follows. For k 
 C , for
X 2 XC , the linear order �X of C is defined by: for any two c; c0 2 C, c �X c0 if
either Œ1X .c/ > 1X .c

0/� or Œ1X .c/ D 1X .c
0/ and c < c0�. Then P lurk.X/ selects

the first k best elements of C for �X .
Instead of decomposing the election in parallel, a sequential CWVR sequentially

composes simple voting rules according to an exogenous order � of candidates.
Denote by �.r/ the candidate having rank r in �. Then successive elections take
place, through which the social decision v�.1/.X

1/ is made upon candidate �.1/
from a ballot set X1 2 f0; 1gN , and then upon �.2/ from X2 2 f0; 1gN with com-
mon knowledge of v�.1/.X

1/ 2 f0; 1g, and so on, the choice about candidate �.r/
being made given the preceding choices about candidates �.1/; : : : ; �.r � 1/. Orga-
nizing successive elections through approval balloting generates a sequence of ballot
sets fX r ; r D 1; : : : ; C g, where in each X r , voters indicate their position regarding
the candidate having rank r in �, knowing the results of all successive past votes
v�.1/.X

1/; : : : ; v�.r�1/.X
r�1/. Given a set of C simple rules v1; : : : ; vC and an

order � of C, this defines the sequential rule Seq.�; v1; : : : ; vC /. A typical example
is given by the sequential majority rule SeqMaj, where the successive simple rules
v1; : : : ; vC all coincide with the simple majority rule m.
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7.2.2 Preferences Over Committees

In order to evaluate how well the outcome of alternative CWVR depicts the will of
the electorate, we have to make assumptions about how voters compare committees.
Since approval ballots are the only observed data, preferences over committees have
to be elicited from the ballots, through some consistency properties which relate the
voting behavior and the underlined preferences over possible choices.

Ignoring for a while any committee size constraint, we assume that voters’ pref-
erences over committees are complete preorders of f0; 1gC . A preference profile is
a N -tuple of complete preorders � D .R1; : : : ; RN /.2 We denote by …C the set of
all profiles with C candidates, and … D [C 2IN…

C is the set of all possible profiles
when C varies.

The construction of preferences is made by mapping ballot sets to preference
profiles, using a preference extension rule ", defined as an application from X
to …, which maps each ballot set X D fx1; : : : ; xN g 2 XC to a profile �.X/ D
.R1; : : : ; RN / in …C .

A specific preference extension rule is the Hamming rule, through which voters
compare committees according to the symmetric distance to their ballot. The Ham-
ming distance between any two vectors x D .x1; : : : ; xC / and y D .y1; : : : ; yC /

in f0; 1gC is defined by d.x; y/ Dj fc W xc ¤ ycg j. The Hamming extension rule
"H is then defined by: 8X 2 XC , "H .X/ D .RH

1 ; : : : ; R
H
N /, where for all n and

y; z 2 �C , d.xn; y/ < d.xn; z/ , y PH
n z and d.x; y/ D d.x; z/ , y IH

n z.
Consider the ballot set described in Table 7.1. The Hamming extension rule

produces the preference profile on f0; 1gC (Table 7.2).3

The Hamming extension rule shares several interesting properties. First, it is top-
consistent: every voter’s ballot is her unique most preferred committee. In other
words, each vote is assumed to be sincere. In addition, "H shares the property of
separability: each candidate c is preferentially independent from C�fcg, in the sense
that a voter’s position about a candidate does not depend on the choice to be made
about other candidates. Put differently, preferences over committees produce a clear
ranking of individual candidates. Separability is formally defined as follows: for any
candidate c and any two committees x D .x1; : : : ; xC /, y D .y1; : : : ; yC / 2
f0; 1gC , let .y�c ; x

c/ D .y1; : : : ; yc�1; xc ; ycC1; : : : ; yC /; the preference Rn of

Table 7.2
Voter 1 Voter 2 Voter 3

.0; 1; 1/ .1; 1; 0/ .1; 0; 0/

.1; 1; 1/; .0; 0; 1/; .0; 1; 0/ .1; 1; 1/; .0; 1; 0/; .1; 0; 0/ .1; 1; 0/; .0; 0; 0/; .1; 0; 1/

.1; 0; 1/; .1; 1; 0/; .0; 0; 0/ .0; 0; 1/; .0; 1; 1/; .1; 0; 1/ .0; 1; 0/; .0; 0; 1/; .1; 1; 1/

.1; 0; 0/ .0; 0; 1/ .0; 1; 1/

2 The asymmetric counterpart of Rn is denoted by Pn, while In stands for its indifference part.
3 Decreasing preference is to be read downwards in each column, and several committees figuring
in the same cell are indifferent.
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Table 7.3 1 2 3 4 5

x1 0 1 1 1 0
x2 1 1 1 1 1

voter n is separable if, for any three committees x; y; z, any candidate c, .y�c ; x
c/

Pn .y�c ;�xc/ implies .z�c ; x
c/ Pn .z�c ;�xc/, and .y�c ; x

c/ In .y�c ;�xc/

implies .z�c ; x
c/ In .z�c ;�xc/.

Top-consistency is not problematic as long as separability prevails too. Indeed, it
is already known (Lacy and Niou 2000) that, when Maj (or SeqMaj) is the prevailing
rule, each voter with separable preferences casts a ballot which is her most preferred
committee.

When there is a size constraint k, the Hamming extension rule obviously pro-
vides a complete preorder of the k-member committees. However, since ballots may
contain more than k approvals, the Hamming rule is no longer top-consistent. For
instance, in Table 7.2, voter 3 has two most preferred 2-member committees. This
motivates the following top-k-consistency property: when a voter approves at most
k candidates, she prefers any committee that includes those candidates than any
other one, and if, when she approves more than k candidates, she would prefer any
committee all members of which she approves than any other one.4

Let us suppose that a two-member committee has to be chosen from the ballot
set depicted in Table 7.3.

Consider the two-member committees x D .0; 0; 1; 1; 0/ and y D .0; 1; 1; 0; 0/.
The Hamming extension rule makes both voters indifferent between x and y. The
reason is that voters’ positions regarding candidates who are appointed neither in
x nor in y do not matter when comparing x and y. This leads to the following k-
independence property. The extension rule " is k-independent if, for any C 	 k,
for any ballot set X in XC , for any two k-member committees y and z, for any two
ballots x1 and x2 who coincide on 1.y/ [ 1.z/, one has Œy I1 z� , Œy I2 z� and
Œy P1 z� , Œy P2 z�.

Many further properties can be retained for preference extension rules. In fact,
comparing committees in this setting is equivalent to extending dichotomous pref-
erences over individuals to preferences over sets of individuals.5

Among the properties described above, the most controversial is certainly sepa-
rability. Indeed, many examples can be found where complementarities or spill-over
effects prevail in the comparison of committees. Among them is the case of sport
teams: some player might be judged worthwhile to get appointed under the condi-
tion she plays with another specific one. Similarly, voters may be reluctant to face
an elected assembly which over-represents a party.

4 Formally, " is top-k-consistent if, for any C 	 k, for any ballot set X D fx1; : : : ; xN g 2 XC , for
any n, one has (1) Œj 1.xn/ j� k ) y Pn z� for all y; z 2 �k with 1.xn/ 
 1.y/ and 1.xn/ � 1.z/,
and (2)

Œj 1.xn/ j> k ) y Pn z� for all y; z 2 �k with 1.y/ 
 1.xn/ and 1.z/ � 1.xn/.
5 The reader can refer to Barbera et al. (2001) for reviewing how to design preferences over
sets.
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A way to relax separability is suggested in (Lang and Xia 2009), consisting on
inducing linear orders of committees from conditional preference networks, or CP-
net preferences. It appears that this preference domain allows for a well-defined
sequential voting behavior. Consider a case where there are C candidates. Write
f0; 1gC D D1 � : : : � DC , where Dc D f0; 1g for all c is called a dimension.6

Furthermore, let � be a linear order of the dimensions, say D1 � D2 � : : : � DC .
Moreover, suppose that a voter n has preferences over committees represented
by the linear order Pn such that, for any two z; z0 2 D2 � : : : � DC , one has
.1; z/Pn.0; z/ , .1; z0/Pn.0; z0/ and .0; z/Pn.1; z/ , .0; z0/Pn.1; z0/. Thus, n0s
position about candidate 1 does not depend on the decisions to be taken about
the other candidates. Similarly, we assume that for any a 2 f0; 1g and any two
z; z0 2 D3 � : : : � DC , one has .a; 1; z/Pn.a; 0; z/ , .a; 1; z0/Pn.a; 0; z0/ and
.a; 0; z/Pn.a; 1; z/ , .a; 0; z0/Pn.a; 1; z0/. More generally, there is a preferen-
tial independence between any candidate c (or dimension Dc) and the choice
made about the subsequent candidates c C 1; : : : ; C , that is the choice made in
DcC1 � : : :�DC . Note however that preferences within each dimensionDc depend
on the previous choices inD1 �: : :�Dc�1. It is obviously seen that sincere voting in
a sequential CWVR is well-defined in that case, since the best decision about a can-
didate is independent from the future decisions to be made. In fact, Lang and Xia
(2009) show that this is still the case when � is replaced with any acyclic binary
relation over the dimensions. Formally, one defines a directed graph G D .C; E/
having C as set of vertices, and E as set of edges, where, for a candidate c, the set
of edges E.c/ to c is the set of all candidates the position about c is preferentially
dependent from. Given the graph G, one also defines a set CP.G/ of conditional
preferences, that describes how the preferred position regarding each of the candi-
dates c depends from the decision taken about her ‘parents’E.c/. It is easily shown
that CP.G/ generates a partial preference relation on committees, which is finally
extended to a linear order. Consider the next example: C D f1; 2; 3g, G D
f.1; 2/; .2; 3/; .1; 3/g, and CP.G/ is given in Table 7.4.7

Table 7.4 c D 1 c D 2 c D 3

1 � 0 x1 D 1 ) 1 � 0 .x1; x2/ D .1; 1/ ) 1 � 0

x1 D 0 ) 0 � 1 .x1; x2/ D .1; 0/ ) 1 � 0

.x1; x2/ D .0; 1/ ) 1 � 0

.x1; x2/ D .0; 0/ ) 0 � 1

6 Lang and Xia (2009) consider the more general case where each dimension is a finite set. The
interpretation is then that a committee is defined as a set of seats, each seat receiving a finite number
of candidates. This leads to seat-wise instead of candidate-wise voting rules. We focus here on the
case of approval ballots, which is equivalent to seat-wise designation by voters of the best among
exactly two candidates.
7 Table 7.4 is to be read as follows: in column 3, approving is better than disapproving candidate
3, if both candidates 1 and 2 are elected, but the reverse holds if neither 1 nor 2 is elected.
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CP.G/ induces the following partial preference relation ��on f0; 1g3:

� .1; 1; 1/ �� .0; 1; 1/, .1; 1; 0/ �� .0; 1; 0/, .1; 0; 1/ �� .0; 0; 1/, .1; 0; 0/ �� .0; 0; 0/

� .1; 1; 1/ �� .1; 0; 1/, .1; 1; 0/ �� .1; 0; 0/, .0; 0; 1/ �� .0; 1; 1/, .0; 0; 0/ �� .0; 1; 0/

� .1; 1; 1/ �� .1; 1; 0/, .1; 0; 1/ �� .1; 0; 0/, .0; 1; 1/ �� .0; 1; 0/, .0; 0; 0/ �� .0; 0; 1/

The transitive closure �T of �� is defined by: .1; 1; 1/ �T .1; 0; 1/; .1; 1; 0/ �T

.1; 0; 0/ �T .0; 0; 0/ �T .0; 0; 1/ �T .0; 1; 1/ �T .0; 1; 0/. which finally allows
for two possible linear orders that are consistent with �T .

Lang and Xia (2009) show that, as long as all voters agree on the same acyclic
graph G, then sequential voting behavior is well-defined. That all voters must follow
the same preferential dependencies among candidates is a strong assumption, which
is still weaker than separability.

7.3 Representativeness of Voting Rules Under Separable
Preferences

Do both parallel and sequential CWVR select a committee that can be assessed as
a ‘satisfactory representative’ of voters’ preferences? Since approval ballots offer a
very incomplete information about the latter, we may anticipate a rather negative
answer, unless strong assumptions are made about the way ballots depict prefer-
ences. In particular, CWVR ignore complementarities in preferences. Hence, ruling
out these complementarities, by assuming separability, brings the most favorable
situation for CWVR to perform well. Moreover, assuming that votes are sincere,
parallel and sequential CWVR always select the same committee.

We distinguish two broad types of representativeness properties. The first relates
to the size of the largest fraction of voters who prefer at least one non-chosen
committee instead of the chosen one. More precisely, we focus on the Pareto effi-
ciency and several Condorcet-consistency properties of voting rules. A voting rule
V is Pareto-efficient if it always selects a committee which is not less preferred
than another one by all voters. Moreover, V is Condorcet-winner (resp. Condorcet-
loser) consistent if it always selects the Condorcet winner whenever it exists, that
is a committee which is more preferred than any other one by a majority of voters
(resp. never selects a Condorcet loser, that is a committee which is less preferred
than any other one by a majority of voters).8 The second type of representativeness
property rests on the idea that the elected committee should appear as a compro-
mise which would arise when voters directly bargain over the outcome. Examples
of compromises are the majoritarian compromise, and the majority approval.

Situations where a parallel CWVR fails at satisfying each of these properties
are generally presented as voting paradoxes, since the assumption of separable

8 For alternative definitions of Condorcet winning committees in settings where approval ballots
are not the premises, see Fishburn (1981), Gehrlein (1985), Ratliff (2003), and Kaymak and Sanver
(2003).
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preferences naturally calls for separate candidate-wise voting. We briefly review
below recent results obtained on these voting paradoxes.

7.3.1 Pareto Efficiency

It is already known that candidate-wise majority voting is Pareto-efficient under
Hamming preferences, both in the variable and restricted committee size cases
(see Brams et al. 1997; Brams et al. 2004, 2007). Indeed, for any ballot set X D
fx1; : : : ; xN g, Maj always selects the committee which minimizes the total Ham-
ming distance

P
n2N d.xn; x/ in the set of all possible committees with variable

size. Since the total Hamming distance can be interpreted as the sum of dis-utilities,
then Maj selects the committee which fulfills the utilitarian criterion.9

However, it is worth mentioning that Maj can produce a committee that is
almost Pareto dominated. More precisely, for ˛ 2�0; 1Œ, say that the CWVR V

is ˛-efficient for the extension rule " if, at any ballot set, no fraction representing
a proportion strictly more than ˛ of the electorate can agree on another commit-
tee. Note that weak Pareto efficiency is equivalent to the 1-efficiency limit case.
Then, Cuhadaroglu and Lainé (2009) describe a ballot set X such that Maj.X/ is
not ˛-efficient for any ˛ 2�0; 1Œ.

More importantly, Maj is no longer Pareto efficient when the Hamming rule is
replaced with another separable one (Kadane 1972). For instance, consider the ballot
set X depicted in Table 7.5.

Then Maj.X/ D .1; 1; 1/. Let " be the extension rule leading to the preference
profile (Table 7.6).

It is easily checked that " is separable, while voters unanimously prefer .0; 0; 0/
than Maj.X/.

However, separability ensures that Maj never selects a universally Pareto domi-
nated committee, that is less preferred than any other committee by all voters (Lacy
and Niou 2000).

This example illustrates the following general result by Benoit and Kornhauser
(2006).10 Define dictatorship as the voting rule which identifies the collective deci-
sion with a specific voter’s ballot (formally, the dictatorship Dictn� for voter n� is
defined by: 8xn� 2 f0; 1gC , 8X D fx1; : : : ; xn� ; : : : ; xN g 2 XC , Dictn�.X/ D
xn� ).

Proposition 7.3.1 (Benoit and Kornhauser 2006). If one allows for any separable
preference extension rule that leads to a profile of linear orders over committees,

9 With C candidates, "H produces from any ballot set X D fx1; : : : ; xN g a profiles .P1; : : : ; PN /
of preorders where each Pn is represented by the utility function Un defined on f0; 1gC by Un.x/ D
.C �P

c j xcn � xc j/ D C � d.xn; x/. Hence,
P

n d.xn; x/ D NC �P
n Un.x/.

10 We state here a specific version of the result consistent with approval balloting. In fact, the result
is more general, since it deals with seat-wise voting rules when finitely many candidates apply for
each seat in a committee.
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Table 7.5 c 1 2 3

x1 1 1 0

x2 0 1 1

x3 1 0 1

Table 7.6 R1 R2 R3

.1; 1; 0/ .0; 1; 1/ .1; 0; 1/

.0; 1; 0/ .0; 1; 0/ .1; 0; 0/

.1; 0; 0/ .0; 0; 1/ .0; 0; 1/

.0; 0; 0/ .0; 0; 0/ .0; 0; 0/

.1; 1; 1/ .1; 1; 1/ .1; 1; 1/

.0; 1; 1/ .1; 1; 0/ .1; 1; 0/

.1; 0; 1/ .1; 0; 1/ .0; 1; 1/

.0; 0; 1/ .1; 0; 0/ .0; 1; 0/

and if there are at least three candidates, dictatorship is the unique Pareto-efficient
candidate-wise voting rule.11

In the two-candidate case, Özkal-Sanver and Sanver (2006) have proven that Maj
is the unique anonymous Pareto efficient CWVR if any separable extension rule is
allowed. In fact, Maj is Pareto efficient for any top-consistent extension rule. To see
why, consider the next four possible ballots x D .1; 1/, y D .1; 0/, z D .0; 1/, and
w D .0; 0/. Denote by Nt the number of ballots t D x; y; z;w in the ballot set X .
Now suppose that Maj.X/ D w (this entails no loss of generality, since a relevant
relabelling of ballots can be done to ensure it), and that w is Pareto-dominated. Top-
consistency ensures thatNw D 0. Moreover, one must haveNz > Nx CNy . Hence,
Maj.X/ D z, a contradiction.

Since Maj is Pareto-efficient with Hamming preferences extension, Proposi-
tion 7.3.1 raises the following question: what is the largest domain (for inclusion) of
separable extension rules for which Maj is Pareto efficient? It is already known from
Benoit and Kornhauser (1994) that if any separable and top-lexicographic extension
rule is allowed, then Maj is Pareto-efficient. Top-lexicographic means that all vot-
ers agree on the order of importance of candidates. For instance, if this order is
1 > � � � > C , then what should matter the most for all voters is whether the choice
regarding candidate 1 fulfills their wish. Note that the extension rule that brings the
profile in Table 7.7 is not lexicographic: R2 calls for ranking the candidates in the
order 1 > 2 > 3, but R1 disagrees with such an order.

11 This proposition extends a result by Özkal-Sanver and Sanver (2006), which states that, as long
as there are at least three candidates and any top-consistent and separable extension rule is allowed,
then there is no anonymous Pareto-efficient CWVR. Note however that Özkal-Sanver and San-
ver allow for indifference between committees. Moreover, Lang and Xia (2009) have shown that
Proposition 7.3.1 remains true for voting correspondences.
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Table 7.7 c 1 2 3

x1 1 1 1

x2 1 1 0

x3 1 0 1

x4 0 1 1

x5; x6; x7 1 0 0

x8; x9; x10 0 1 0

x11; x12; x13 0 0 1

A partial answer is given in Cuhadaroglu and Lainé (2009), where attention is
restricted to neutral domains of separable extension rules.

Proposition 7.3.2 (Cuhadaroglu and Lainé 2009). The largest neutral domain of
top-consistent and separable preference extension rules for which candidate-wise
majority voting is Pareto-efficient is the domain of Hamming-consistent extension
rules.

A domain of preference extension rules E is neutral if neither the names of
the candidates, nor the labelling of the ballots provide valuable information about
preferences. Formally, the two following properties must hold:

(1) Consider a ballot set X where ballots x1 and x2 contain the same number
of approvals. Then, x2 can be deduced from x1 by means of a permutation 	 of
the candidates. Let Rt ."/ the preference obtained from xt , where t D 1; 2; through
some extension rule " 2 E , and suppose that yR1."/z. Then, there exists "0 2 E for
which yR1."

0/z and y�R2."
0/z� , where y� and z� are obtained from y and z by

running 	 .
(2) Moreover, suppose now that x2 D .x1=D1;�x1=D2/; where fD1;D2g is

a partition of C into two non-empty sets, and suppose that yR1."/z for some
" 2 E . Then, there exists "0 2 E for which yR1."

0/z and .y=D1;�y=D2/R1."
0/

.z=D1;�z=D2/.
Furthermore, we say that a preference extension rule is Hamming-consistent if it

extends the Hamming preferences to the case where indifference may be cut within
its indifference classes.12

In the case where the committee size is fixed to k, then k-plurality also mini-
mizes the total Hamming distance in the set of all committees with size k (Brams
et al. 2007).13 Furthermore, k-plurality voting shares an even stronger property: the
Hamming preference extension rule is the unique strongly neutral and top-consistent
rule for which k-plurality voting is Pareto-efficient for any non-zero integer k,
where strong neutrality essentially means that committees are compared by only
considering their respective numbers of approved members (Cuhadaroglu and Lainé
(2009)).

12 Formally, " is Hamming-consistent if for any X D fx1; : : : ; xN g 2 XC , for any voter n and any
two committees y and z, d.xn; y/ < d.xn; z/ ) y Pn z.
13 Note that, similarly to the case of unrestricted size, P lurk may select a ˛-inefficient committee
for any ˛ 2�0; 1Œ.
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As long as votes are assumed to be sincere, a stronger requirement than Pareto-
efficiency is that the chosen committee is the one which is the ideal outcome of the
highest number of voters. The paradox of multiple elections occurs whenever the
committee chosen by Maj receive the fewest votes. Brams et al. (1998) show that
this paradox generalizes the paradox of voting, and provide an extensive study of the
three-candidate case. Consider the ballot set depicted in Table 7.7 involving three
candidates and 13 voters.

Then, Maj.X/ D .0; 0; 0/ does not belong to X , hence the paradox. Scarsini
(1998) introduced a stronger version of the paradox, where not only Maj.X/ but
also all the committees sufficiently close to it, receive zero votes. Sufficiently close
means at a Hamming distance strictly less than the smaller integer larger than C C1

2
.

Avoiding this strong paradox clearly ensures that, under top consistency, Maj
is Pareto-efficient. A property of ballot sets that provides a sufficient condition for
avoiding the strong paradox is stated below. Let B 
 f0; 1gC be a set of at least
three different ballots. Say that B is stable if Maj.X/ 2 B for any ballot set X such
that xn 2 B for all n.

Proposition 7.3.3 (Laffond and Lainé 2009d). Let B 
 f0; 1gC be a set of at
least three different ballots. Then B is stable if and only if Maj.fx; y; zg/ 2 B for
any triple fx; y; zg of different ballots in B .14

It follows that if B is stable, and if all ballots in B are cast in X , then Maj.X/ is
a Pareto efficient committee.

7.3.2 Condorcet Properties

7.3.2.1 Voting Paradoxes

A Pareto efficient voting rule never chooses a committee against a unanimous
will. More demanding is not to choose against a majority will. Kadane (1972)
proved that Maj is Condorcet-winner consistent for any separable extension rule
(see also Schwartz 1977). Moreover, it is easy to show that separability ensures the
Condorcet-loser consistency of Maj.

However, a Condorcet winner may not exist, even under Hamming preferences.
Equivalently, under separable preferences, Maj may produce a committee that is
majority defeated. Consider the ballot set X depicted in Table 7.8.

Then Maj.X/ D .0; 0; 0/, while the majority formed by the first 3 voters less pre-
fer Maj.X/ than its opposite. It is easily checked that every committee is defeated by
another one under the majority rule. Benoit and Kornhauser (1994) prove that Maj
selects the Condorcet winner if voters’ preferences share a very demanding lexi-
cographic property, which in particular implies that all voters agree on the relative
importance of each of the candidates.

14 Furthermore, Maj is the unique Pareto-efficient, neutral and anonymous CWVR for which this
property holds.
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Table 7.8 1 2 3

x1 1 0 1
x2 1 1 0
x3 0 1 1
x4; x5 0 0 0

Hence, the possibility for Maj.X/ to be majority defeated relates to the well-
known Condorcet paradox adapted to a specific setting. There is a close relationship
between such a possibility and the Ostrogorski paradox (Rae and Daudt 1976;
Bezembinder and Van Acker 1985; Deb and Kelsey 1987; Nurmi 1998, 1999),
although they are not equivalent. The Ostrogorski paradox occurs when, interpret-
ing 0 and 1 as two competing political parties having opposite views on issues
c D 1; : : : ; C , and assuming that voters vote for the party they agree with on a
majority of issues, the winning party get issue-wise a minority of supports.15

Another related compound-majority voting paradox is the Anscombe paradox
(Anscombe 1976), which refers to ballot sets X where a majority of voters disagree
with Maj.X/ on a majority of candidates. Table 7.8 also illustrates this paradox:
three voters among five disagree with Maj.X/ on two among the three candidates.
In fact, the Anscombe paradox is equivalent to Maj.X/ being majority defeated by
its opposite (see Laffond and Lainé 2009c).

For a set X involving an odd number of ballots, and for the preference extension
rule ", the majority tournament T .X; "/ is the complete and reflexive binary relation
defined on f0; 1gC � f0; 1gC by .y; z/ 2 T .X; "/ if the number of voters in ".X/
who prefer y than z is strictly larger than the number of those who prefer z than y.16

We say that a ballot set X faces the (resp. strict) majoritarian paradox for "
if there exists a committee y such that .y;Maj.X// 2 T .X; "/ (resp. .�Maj.X/;
Maj.X// 2 T .X; "/). Note that under Hamming preferences, a committee is non-
defeated in T .X; "H / if and only if it is the Condorcet winner of X (Laffond and
Lainé 2009a).17 Since Maj.X/ is the Condorcet winner of X whenever it exists,
then the majoritarian paradox prevails if X has no Condorcet winner.

A paradox stronger than the majoritarian paradox has been introduced in
Laffond and Lainé (2009a). A tournament solution S is a correspondence from

15 Table 7.8 depicts an Ostrogorski paradox, but the following ballot set

1 2 3
x1; x2 0 1 0
x3 1 0 0
x4; x5 1 1 1

also depicts

an Ostrogorski paradox where Maj elects a Condorcet winner.
16 Under Hamming preferences, .y; z/ 2 T .X; "H / if j fn W d.xn; y/ < d.xn; z/g j>j fn W
d.xn; z/ < d.xn; y/g j.
17 Recall that we assume an odd number of voters. When the number of voters is even, this equiv-
alence disappears: add up one voter to the set in Table 7.7, with ballot Maj.X/. One get that
Maj.X [ fMaj.X/g/ D Maj.X/. However, both Maj.X/ and �Maj.X/ are non-defeated in
T .X; "H /.
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the set of all complete and reflexive binary relations on f0; 1gC � f0; 1gC to the
set of non-empty subsets of f0; 1gC , such that, for any set X and any extension
rule ", S.T .X; "// D fx�g whenever the Condorcet winner x� ofX exists.18 Hence,
S either selects from T .X; "/ the unique Condorcet winner if it exists, or a sub-
set of committees otherwise. The S-paradox for " occurs at the ballot set X if
Maj.X/ … S.T .X; "//.

The Top-Cycle TC (Schwartz 1972) and the Uncovered Set UC (Miller 1977)
are well-known tournament solutions. A committee x belongs to TC.T .X; "// if x
defeats either directly or indirectly all other committees: formally,x 2 TC.T .X; "//
if, for any y 2 f0; 1gC , there exists a sequence fyhg0�h�H of committees such that
y0 D x, yH D y, and .yh; yhC1/ 2 T .X; "/ for all h D 0; : : : ;H �1. Furthermore,
x belongs to UC.T .X; "// if x defeats either directly or indirectly in two steps all
other committees. An equivalent definition is: x 2 UC.T .X; "// if there is no other
committee y such that .y; x/ 2 T .X; "/ and for any committee z, .x; z/ 2 T .X; "/

implies .y; z/ 2 T .X; "/.
The next example proves that the outcome of Maj.X/ may not belong to the

Uncovered Set, when " D "H . Since most tournament solutions are refinements of
UC, then the UC-paradox essentially states that Maj is inconsistent with Condorcet-
type choice from Hamming profiles.

In the case of five candidates, consider the ballot set X containingN D ˛C 10ˇ

ballots, where ˛ voters cast .0; 0; 0; 0; 0/, and where each ballot with three approvals
is cast by ˇ voters. Denoting by �t the subset of ballots with t approvals, one
get that:

� .�Maj.X/;Maj.X// 2 T .X; "H / if ˛ < 10ˇ
� .Maj.X/; x/ 2 T .X; "H / where x 2 �1 [�2 if ˛ > 2ˇ
� .Maj.X/; x/ 2 T .X; "H / where x 2 �3 [�4 if ˛ > 4ˇ
� .�Maj.X/; x/ 2 T .X; "H / where x 2 �1 [�2 if ˛ < 4ˇ
� .�Maj.X/; x/ 2 T .X; "H / where x 2 �3 [�4 if ˛ < 2ˇ

Thus, if 2 < ˛
ˇ
< 4, then .�Maj.X/; x/ 2 T .X; "H / whenever .Maj.X/; x/ 2

T .X; "H /, which implies that Maj.X/ … UC.T .X; "H //.
However, for separable preference extension rules, Maj always selects within the

Top-Cycle (Laffond and Lainé (2009a)).

7.3.2.2 Avoiding Paradoxes

Which restrictions upon ballot sets are sufficient to avoid the majoritarian and S-
paradoxes? A possible route deals with the level of the candidate-wise majority
size. First, under the Hamming extension rule, the majoritarian paradox cannot

18 Since Hamming preferences allow for indifference, T .X/ is a weak tournament. See Peris and
Subiza (1999) for an analysis of weak tournament solutions, and Laslier (1997) for a complete
review of tournament solutions.
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occur when all such sizes are greater that 75% (see Wagner 1983, 1984 about the
Anscombe paradox). Furthermore, this ‘three-fourth’ rule draws also a benchmark
for the UC-paradox. For the ballot set X and candidate c, we denote by m.c/ the
candidate c0s size, that is m.c;X/ D jfnWMaj.X=fcg//Dxc

nj
N

.

Proposition 7.3.4 (Laffond and Lainé 2009a). LetX be a ballot set withN ballots
such that m.c;X/ 	 3

4
for all candidates c. Then, under the Hamming extension

rule, Maj.X/ is a Condorcet winner of X . Moreover, for any ˛ > 0, there exists a
ballot set X such that m.c;X/ > .3

4
� ˛/ for all c and Maj.X/ … UC.T .X; "H//.

Another approach, proposed in Laffond and Lainé (2009b), is to relate the exis-
tence of a paradox to the level of proximity between ballots. The underlying intuition
is that the mutually closer are the ballots, the more unlikely is the possibility of a
paradox. One measure of proximity is the maximal Hamming distance one can find
between two cast ballots. For a ballot set X D fx1; : : : ; xN g with C candidates, the
proximity level of X is defined by ı.X/ D Maxf d.xn;xm/

C
; xn; xm 2 Xg, that is the

maximal fraction of candidates whom two ballots disagree on.

Proposition 7.3.5 (Laffond and Lainé 2009b). If the electorate is large enough,
then the strict majoritarian (or Anscombe) paradox never prevails at X if ı.X/ 
p
2�1:Moreover, for any ˛ > 0, there exists a ballot setX with ı.X/ < ˛Cp

2�1
at which the paradox holds.

Proposition 7.3.5 can be generalized. Let 
.X/ denote the proportion of voters
who prefer Maj.X/ than its opposite. Hence, the Anscombe paradox holds at X
whenever 
.X/ < 1

2
.

Proposition 7.3.6 (Laffond and Lainé 2009b). Let � 2 Œ0; 1�. Let r� be the mini-
mal number in Œ0; 1� for which there exists a ballot set X such that ı.X/ D r� and


.X/ D �. If the electorate is large enough, then r� D 1��
�
:.
q

1
1��

� 1/.

Proposition 7.3.6 is to be read as follows. Suppose that one aims at Maj.X/ being
supported by 75% of the electorate against �Maj.X/. Thus, � D 3

4
and r0:75 D 1

3
.

This means that we reach the target for any ballot set where if any two ballots differ
on less than a third of the candidates, and also that, for any r > 1

3
, there exists a

ballot set X 0 such that the maximal distance between two ballots is r and more than
a fourth of the electorate less prefer Maj.X 0/ than its opposite.

Laffond and Lainé (2006) note that a ballot set with at most three different ballots
never faces the majoritarian paradox. They also establish a necessary and suffi-
cient condition for avoiding the majoritarian paradox. We first proceed with several
preliminary definitions.

A ballot set Y � f0; 1gC is said to be simple if all its elements are mutually
different. Given a ballot set X , we call range ofX the simple ballot set Y.X/ whose
all elements are ballots in X . For any subset D � C of candidates, a D-relabelling
of the simple voting set Y is obtained by reversing in each ballot approvals and
disapprovals regarding all the candidates in D. Furthermore, for any permutation 	
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of C, a 	-permutation of Y is the simple ballot set obtained by reshuffling the set
of candidates (i.e., columns of Y ) without modifying the voters’ positions regarding
each of them.19

Two simple ballot sets Y and Y 0 are equivalent if there exist a subset D � C
of candidates and a permutation 	 of C such that Y 0 is obtained from Y through a
D-relabelling together with a 	-permutation.

A simple ballot set Y D fy1; : : : ; yN g has a single-switch representation if in
each ballot yn, there exists at most one candidate 1 
 c.n/ 
 C � 1 such that
y

c.n/
n ¤ y

c.n/C1
n . Moreover, Y is said to be single-switch if it is equivalent to a

ballot set having a single-switch representation.20

The single-switchness property characterizes the rich ballot sets that are not
exposed to the majoritarian paradox.21

Proposition 7.3.7 (Laffond and Lainé 2006). If there are at least three voters, a
rich ballot set with at least three different pairs of opposite ballots cannot face the
majoritarian paradox if and only if its range is single-switch.

Single-switchness is a strong restriction which rules out a large number of bal-
lots. It relates to some consistency across ballots: indeed, a simple ballot set is
single-switch if and only if, for any two voters n and m, the set of voters approved
by n either contains the set of those approved by m, or contains the set of those
disapproved by m.

7.3.3 Compromising Through Majority Voting

We now define the representativeness of a CWVR as its ability to reach a com-
promise. A compromise relates to the outcome of some non-specified negotiation
among voters through which some (hopefully large) fraction of them agree on a

19 The D�relabelling of Y D Œycn�
cD1;:::;C
nD1;:::;N is the ballot set V D D Œy0c

n �
c
n defined by: 8c 2 D,

8n, ycn D 1 , y0c
n D 0, and 8c … D, 8n, ycn D y0c

n . The 	 -permutation of Y is a ballot set
Y 	 D Œx	cn �

c
n defined by: 8c, 8n, x	cn D xc

	�1.n/
.

20 For instance, the simple ballot set

1 2 3 4
x1 1 0 1 0
x2 1 1 1 0
x3 0 1 1 1
x4 0 0 0 1

is single switch. To see why, the f1g-relabelling

of Y gives

1 2 3 4
x1 0 0 1 0
x2 0 1 1 0
x3 1 1 1 1
x4 1 0 0 1

, while

4 1 2 3
x1 0 0 0 1
x2 0 0 1 1
x3 1 1 1 1
x4 1 1 0 0

has a single-switch representation.

21 Remember that a ballot set is rich if it contains only pairs of opposite ballots.
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single outcome. Compromising refers to the acceptance by individuals of some
decrease in their satisfaction in order to reach an agreement. We categorize below
two types of compromise solutions from preference profiles over committees.

For a top-consistent preference extension rule ", a committee x is a Fallback
˛-bargaining committee in the ballot set X if it fulfills three conditions: (1) it is
supported by a fraction ˛ of the voters at some maximal loss of h ranks in their
preference given in ".X/, (2) no other committee can be supported by a fraction
˛ of the electorate whose members suffer from a lower loss in satisfaction, and
(3) no other committee get a larger support under the maximal loss h. Fallback ˛-
bargaining is thus a negotiation procedure under which voters begin by indicating
their preference ranking over all committees. They then fall back, in lockstep, to
less and less preferred committees - starting with first choices, then adding second
choices, and so on - until one is found on which a fraction ˛ of the voters agree.

Attention has been paid to the cases where either ˛ D 1
2

or ˛ D 1. The former
is known as the Majoritarian Compromise, or MC (Sertel 1987; Sertel and Yılmaz
1998; Giritligil Kara and Sertel 2005), while the latter is the Fallback Bargaining
solution, or FB (Brams and Kilgour 2001; Brams et al. 2004, 2007; Kilgour et al.
2006).22 We respectively denote byMC.X/ and FB.X/ the set of majoritarian and
fallback bargaining committees at X given the extension rule "H .

Assuming Hamming preferences, we will use the following notations and defini-
tions: for a committee x, a ballot set X with N voters, and k 2 IN, the k�support
of x in X is the integer Suppk.x;X/ equal to the number of voters who place
x at worst at the kth rank in their preferences. Moreover, for ˛ 2 Œ0; 1�, let
k�.X; ˛/ D Minfk 2 IN W 9x 2 f0; 1gQ such that Suppk.x;X/ 	 ˛:N g, that is
the minimal loss in satisfaction to be accepted for a fraction ˛ of the voters to agree
on some committee. A committee x is a Fallback ˛-bargaining committee at X if,
for any other committee y, Suppk�.X;˛/.x;X/ 	 Suppk�.X;˛/.y;X/. It is obviously
checked that there always exist one or maybe several ˛-bargaining committees for
any value of ˛.

Consider the ballot set X depicted in Table 7.9.
Under the Hamming extension rule, one get the following profile over commit-

tees (Table 7.10).
The reader will check that k�.X; 1

2
/ D 2, which leads to MC.X/ D f.0; 0; 0; 0/;

.1; 0; 0; 0/g. Furthermore, k�.X; 1/ D 3, and one get FB.X/ D f.1; 1; 0; 0/;

.1; 0; 1; 0/,.1; 0; 0; 1/g.

Table 7.9 1 2 3 4

x1 1 1 1 1
x2 1 0 0 0
x3 0 0 0 0

22 Brams et al. (2007) introduce two notions of weighted FB we will not discuss here.
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Table 7.10
Voter 1 Voter 2 Voter 3

1111 1000 0000
1110,1101,1011,0111 1100,1010,1001,0000 1000,0100,0010,0001
0011,0101,0110,1001,1010,1100 0100,0010,0001,1110,1101,1011 1100,1010,1001,0110,0101,0011
1000,0100,0010,0001 0110,0101,0011,1111 1110,1101,1011,0111
0000 0111 1111

Table 7.11 x1 1 1 1 0
x2 1 1 0 1
x3 1 0 1 1
x4 0 1 1 1
x5; x6; x7 0 0 0 0

The second type of compromise solution rests upon a dual approach. Given a
ballot set X and the extension rule "H , the number of indifference classes generated
by "H in the profile ".X/ is equal to C C 1. Say that a committee x is ˇ-acceptable
for voter n if the rank given to x in Rn is less than ˇ..C C 1/. The ˇ-compromise
of X is the set of all committees that are ˇ-acceptable for a maximal number of
voters. We focus here on the case ˇ D 1

2
: a committee x is 1

2
-acceptable for voter

n if n agrees with x on more than half of the candidates. We denote by C.X/ the
1
2

-compromise at X . It is easily checked that C.X/ D MC.X/ when X is defined
in Table 7.9 (henceC.X/\FB.X/ D ∅). But it is easy to find cases where C.X/\
MC.X/ D ∅.

Consider again Table 7.9. Since Maj.X/ D .1; 0; 0; 0/, then Maj.X/ 2 MC.X/

while Maj.X/ … FB.X/. How well does Maj perform as a way to reach the
Majoritarian, the Fallback Bargaining and the 1

2
-compromise is examined in Brams

et al. (2004, 2007) and in Laffond and Lainé (2009c). Since Maj minimizes the sum
of distances, while FB minimizes the maximal distance to the preference profile, it
is not a surprise that Maj may not select a Fallback Bargaining committee, unless
restrictions are made about ballot sets.

Table 7.11 gives a case where the outcome of Maj is not a majoritarian compro-
mise, while its opposite is.

One get Maj.X/ D x5. Since no ballot gathers a majority of votes, then
k�.X; 1

2
/ > 1. Moreover, note that Supp2.�x5; X/ D 4 > N

2
. Suppose that .�x5/ …

MC.X/. Let y 2 MC.X/. Then it must be true that the majority supporting y
involves 5; 6 and 7. Hence y must contains at least three disapprovals. But this
implies that, for n D 1; 2; 3; 4, d.y; xh/ > 1, so that 5; 6 and 7 must represent
more than half of the voters, a contradiction. Thus, .�x5/ 2 MC.X/, which clearly
implies that x5 … MC.X/.

Table 7.12 illustrates the same problem with the 1
2

-compromise.
Maj.X/ D w D .0; 0; 0; 0; 0/ and the 45 voters from 51 to 95 find that w is 1

2
-

acceptable, while �w is 1
2

-acceptable for the first 50 voters. Moreover, no voter
among the last 45 ones find 1

2
-acceptable any three-member or four-member
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Table 7.12 x1; : : : ; x10 1 1 1 0 0
x11; : : : ; x20 0 1 1 1 0
x21; : : : ; x30 0 0 1 1 1
x31; : : : ; x40 1 0 0 1 1
x41; : : : ; x50 1 1 0 0 1
x51; : : : ; x59 1 0 0 0 0
x60; : : : ; x68 0 1 0 0 0
x69; : : : ; x77 0 0 1 0 0
x78; : : : ; x86 0 0 0 1 0
x87; : : : ; x95 0 0 0 0 1

committee. One also check that each one-member committee is found 1
2

-acceptable
by 48 voters, and that each two-member committee is found 1

2
-acceptable by 38

voters. Thus, C.X/ D f�wg, so that Maj.X/ … C.X/.23

The three propositions below summarize conditions for Maj to select within each
of the three compromise concepts. The first points out that the three-fourth rule is
of little help.

Proposition 7.3.8 (Laffond and Lainé 2009c). Let X be a ballot set with at most
three different ballots such that m.c;X/ 	 3

4
for all candidates c. Then, Maj.X/

belongs to MC.X/. However, there exists a ballot set X with six different ballots
such that m.c;X/ 	 3

4
and Maj.X/ … MC.X/. Finally, there is no ballot set X

such that m.c;X/ 	 3
4

and �Maj.X/ 2 MC.X/.

Actually, no condition dealing with the level candidate-wise majority size can
secure a compromise through Maj: indeed, Maj may choose a committee that is
not a majoritarian compromise (or a 1

2
-compromise, or a Fallback bargaining) even

when voters are almost unanimous candidate-wise.

Proposition 7.3.9 (Laffond and Lainé 2009c). For any ˛ > 0, there exist three
ballot sets X;X 0; X 00 with respectively N;N 0; N 00 voters such that m.c;X/ > .1 �
˛/ and Maj.X/ … MC.X/, m.c;X 0/ > .1 � ˛/ and Maj.X 0/ … C.X 0/, and
m.c;X 00/ > .1� ˛/ and Maj.X 00/ … FB.X 00/.

Furthermore, looking for the equivalent of the single-switch condition leads to
an almost impossibility result.

Proposition 7.3.10 (Laffond and Lainé 2009c). A rich ballot set X cannot be
such that Maj.X/ … MC.X/ if and only if its range contains either one unique
pair of opposite ballots, or two pairs fx;�xg and fy;�yg of opposite ballots such
that d.x; y/ 
 1. Moreover, for any two distinct pairs of opposite ballots fx;�xg
and fy;�yg, there exists a ballot set X with range ffx;�xg; fy;�ygg such that
Maj.X/ … C.X/.

23 It is shown in Laffond and Lainé (2009c) that having �Maj.X/ 2 MC.X/ requires at least four
candidates, whereas having �Maj.X/ 2 C.X/ requires at least five candidates. Finally, having
ŒMaj.X/ … MC.X/� or Maj.X/ … C.X/� requires at least three candidates.
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Since Maj always selects the Condorcet winner when it exists, a by-product of
Proposition 7.3.10 is that no Condorcet choice voting rule always selects either
in the Majoritarian Compromise or in the approval 1

2
-compromise. To conclude,

it is obvious that both Propositions 7.3.8 and 7.3.9 remain valid if any separa-
ble preference rule is allowed beyond the Hamming rule. And Proposition 7.3.10
becomes even more negative: there is no set of potential ballots where Maj selects
a majoritarian compromise committees whatever the distribution of votes among
ballots.

Finally, most results dealing with Condorcet properties and Compromise solu-
tions still hold when the size of committee is restricted.

7.4 Non-separable Preferences

We have shown that candidate-wise voting, and in particular Maj, may poorly rep-
resent the voters’ preferences about committees, even when these preferences are
assumed to be separable. We also showed that only strong restrictions, beyond
separability, upon either preferences or ballot sets, can overcome this lack of repre-
sentativeness. Not surprisingly, allowing for non-separable preferences exposes Maj
to even worst difficulties, and referring to a voting paradox is no longer appropriate.

Preferential dependencies are likely in many real-life elections, and this has been
demonstrated in several studies: among them, Lacy and Niou (2000) use data from
elections via the Internet, and Ratliff (2006) analyzes the ballots of two elections at
Wheaton College in Massachusetts. Hodge and Schwallier (2006) study, by means
of randomly generated preference profiles, how non-separability influences the rep-
resentativeness of multiple referendum, where the measure of representativeness is
based on the Borda score.

Under non-separable preferences, Maj is no longer Condorcet-loser consistent,
and its outcome may even be Pareto-dominated by all other committees (Lacy and
Niou 2000). Consider the two ballot sets depicted in Table 7.13.

If preferences over committees are not separable, then nothing precludes that
both voters 1 and 2 uniquely rank Maj.X/ D .0; 0/ last in ".X/, and that all three
voters uniquely rank Maj.X 0/ D .1; 1; 1/ last in ".X 0/.24

By construction, CWVR like Maj ignore some essential features which drive the
preferences behind the ballots. So, separating the overall profile of preferences into
a set of candidate-wise (binary) profiles, and designing vote from the latter, exposes
the choice procedure to a (maybe strong) lack of representativeness.25

24 Lacy and Niou (2000) prove that, when preferences are separable, Maj selects a committee that
cannot be unanimously less preferred than any other one.
25 This simple argument is also put ahead in Saari and Sieberg (2001), “these paradoxical behaviors
arise because the separation of inputs into disconnected parts can cause a concomitant loss of
available and crucial information.”
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Table 7.13 1 2

x1 1 0
x2 0 1
x3 0 0

1 2 3

x1 1 1 0
x2 1 0 1
x3 0 1 1

Table 7.14 1 2

x1 0 1
x2 1 0
x3 0 0

Table 7.15 Voter 1 Voter 2 Voter 3

.0; 1/ .1; 0/ .0; 0/

.1; 1/ .1; 1/ .1; 1/

.0; 0/ .0; 0/ .0; 1/

.1; 0/ .0; 1/ .1; 0/

There is another important consequence of non-separability: votes may not be
sincere. For instance, by casting the ballot .0; 1/ in Table 7.13, voter 1 ensures the
election of the candidate 2 only, and hence may increase her level ofs satisfaction.
More generally, since candidate-wise positions are not clear when preferences are
non-separable, it may somehow be difficult to forecast the voters’ behavior when
facing either a parallel or a sequential CWVR: how would voter 1 decide about
candidate 1 in a three-candidate case if willing 1 to get elected also depend on the
decision to be taken, either simultaneously, or in the future, about another candidate?
Another way to look at strategic voting is to expect it could help at escaping from the
major problems met by Maj. For instance, we already know that, under separability,
strategic voting leads to sincere votes, and Maj always select the Condorcet winner
when it exists.26 Unfortunately, this is no longer true when some voter has non-
separable preferences. Consider the ballot set X defined in Lacy and Niou (2000)
by (Table 7.14) and suppose that the extension rule " defines the following profile
".X/ D .P1; P2; P3/ of orders (Table 7.15).

Suppose that Maj is used. Both voters 1 and 2 having separable preferences, a
dominant strategy is for them to vote sincerely. It follows that voter 3 is pivotal on
each candidate, so that his best response to the other strategies is voting also sincere.
It follows that Maj.X/ D .0; 0/. Finally, .1; 1/ is the Condorcet winner of T .X; "/.
Hence, strategic voting cannot secure the choice of the Condorcet winner when it
exists.

We are left with the following statement: when voters are asked to cast approval
ballots, and when a parallel CWVR is used, there is little hope to always avoid
choosing a committee that is poorly considered by a significant fraction of the

26 See Kramer (1972) for the same result in a more general setting.
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voters. Even under the most favorable case, namely separable preferences, strong
additional assumptions are required in order to escape from the different voting para-
doxes. And when preferential dependencies among candidates prevail, the best route
to be followed is to design voting procedures which better elicit voters’ preferences
than CWVR do.

Asking voters to report their entire preference relation has only a theoretical
value, and must be ruled out from any practically implementable voting procedure,
unless the number of candidates is very small. Indeed the exponential number of
possible committees should preclude to defend this option. We are left with three
alternative methods:27

� Choosing among a subset of possible committees (Kilgour and Bradley 1998;
Brams et al. 1997)

� Designing procedures based on partial reports of preferences (Brams et al. 1997;
Ratliff 2006)

� Sequential voting (Lacy and Niou 2000; Lang and Xia 2009)

As argued in Lang and Xia (2007, 2009), and already recognized in Brams et al.
(1997), the first option, that is ‘packaging the candidates’ in order to reduce the
number of committees to be compared, is hardly feasible in a systematic way, and
might be an actual option in very specific contexts. The second option consists of
asking voters either to report their first k best committees (where k is given a rea-
sonably small value), and to apply a choice function on this restricted profile, or to
indicate which committees they approve and select the plurality winner(s). In both
methods, voters cast several instead of a single approval ballot.28 To our knowledge,
a complete analysis of the representativeness properties of both options 1 and 2
remain to be done.

While options 1 and 2 follow the ‘global’ way (voters vote for bundles of candi-
dates), sequential voting follows the ‘local’ way of candidate-wise choice, although
non-separability does not naturally call for it. The intuition is that successive votes
may help at taking into account at least part of the preferential dependencies.
Still, the actual voting behavior cannot be specified without assumptions on vot-
ers’ expectations about the future candidates. Lacy and Niou (2000) assume that
voters are optimistic, in the sense that they always vote for the candidate according
to their most preferred committee given the past decisions. Under this assumption,
the sequential majority voting is Condorcet-loser consistent. However, as illustrated
by the next example (Table 7.16) with three candidates (Lang and Xia 2009), the
selected committee may be a ‘nearly’ Condorcet loser:

27 The list is not exhaustive. An alternative method has been proposed by Bock et al. (1998), in
which the size of the committee is determined from votes cast on single candidates.
28 Brams et al. (1997) describe two refinements of approval voting on committees which deal with
the possibility to abstain over certain candidates, and compare them with approval voting using
the data of a specific multiple referendum election. Ratliff (2006) shows how voting from partially
reported preferences may help in a specific real-life election.
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Table 7.16 voter 1 voter 2 voter 3

.1; 1; 0/ .1; 0; 1/ .0; 1; 1/

.0; 0; 0/ .0; 0; 0/ .0; 0; 0/

: : : : : : .0; 1; 0/

: : : : : : .0; 0; 1/

: : : : : : .1; 1; 1/

: : : : : : .1; 1; 0/

.1; 0; 1/ .1; 1; 1/ .1; 0; 0/

.1; 1; 1/ .1; 1; 0/ .1; 0; 1/

Table 7.17 voter 1 voter 2 voter 3

.1; 1/ .1; 0/ .0; 1/

.0; 1/ .1; 1/ .0; 0/

.1; 0/ .0; 1/ .1; 0/

.0; 0/ .0; 0/ .1; 1/

Suppose that the decisions are made first about candidate 1, then candidate 2,
then 3. Then 1 is elected, leading voters 1 and 3 to elect candidate 2, and finally
voters 2 and 3 approve candidate 3. The resulting committee .1; 1; 1/ is majority
defeated by all committees but .1; 1; 0/.

Another positive property of sequential majority voting is that it never selects a
universally Pareto dominated committee, although it can be Pareto dominated (Lacy
and Niou 2000).

We argue that optimistic voting behavior is unlikely to prevail. Indeed, SeqMaj is
manipulable, while optimistic voting is equivalent to sincere voting. In the example
with two candidates given in Table 7.17, we suppose that candidate 1 is chosen
first. If voter 1 is sincere at the first vote, then .1; 0/ is chosen, while disapproving
candidate 1 leads to the preferred committee .0; 1/.

However, Lacy and Niou (2000) show that sophisticated voting29 always results
in a Condorcet winner whenever it exists.30 The example in Table 7.16 illustrates
the result: .0; 0; 0/ is the Condorcet winner. At the last vote, if .0; 0/ is the current
situation, then clearly .0; 0; 0/ will be elected against .0; 0; 1/. Consider backwards
the vote about candidate 2. Then .0; 0/ will be elected against .0; 1/ since voters
anticipate the last vote, Similarly, candidate 1 will be not elected, voters anticipating
the subsequent sequence of results. Hence, strategic voting preserves Condorcet-
winning consistency with non-separable preferences.

Finally, Lang and Xia (2007, 2009) offer a general study of sequential voting
when voters have CP-net preferences. We summarize below the properties dealing
with representativeness:31

29 Sophisticated voting prevails when voters rule our their dominated strategies, and vote candidate-
wise according to the most preferred outcome their choice is likely to produce.
30 This extends a result by Farquharson (1969) to multiple referendum. See also Kramer (1972).
31 Lang and Xia (2007, 2009) essentially study whether the sequential composition of simple
voting rules inherits a given property satisfied by all the simple rules. They also address the
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Proposition 7.4.1 (Lang and Xia 2009). Suppose that all voters have CP-net
preferences. Then,

(1) SeqMaj is Condorcet-winner consistent.32

(2) SeqMaj is Condorcet-loser consistent.

The main interest of Proposition 7.4.1 is to generalize the Condorcet consistency
properties established for separable preferences (Kadane 1972) to a strictly larger
domain. However, since Pareto efficiency is violated under separable preferences, it
remains so in this larger domain.

As a conclusion, how to design committee choice procedures from approval bal-
loting remains a widely unsolved question. Both parallel majority voting Maj with
separable preferences, and sequential majority voting SeqMaj with CP-net prefer-
ences are Condorcet (winner and loser) consistent. However, Maj (and thus SeqMaj)
does not share other appealing representativeness properties, unless very strong
restrictions are made on separable preferences. And there is no hope to move out
this dead end when preferential dependencies are allowed. Several suggestions, like
driving a richer information about preferences through the provision of more than
one ballot, or presenting bundles of candidates, seem to allow for some promising
benefits in specific real-life elections. Their general formalization is a challenging
question of economic design.
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Part IV
Strategic Voting



Chapter 8
The Basic Approval Voting Game

Jean-François Laslier and M. Remzi Sanver

8.1 Introduction

There is a vast literature which conceives Approval Voting as a mechanism where
the approval of voters is a mere strategic action with no intrinsic meaning. As usual,
a group of voters who have preferences over a set candidates is considered. Every
voter announces the list of candidates which he approves of and the winners are
the candidates which receive the highest number of approvals. Assuming that voters
take simultaneous and strategic actions, we are confronted to a normal form game
whose analysis dates back to Brams and Fishburn (1983). This chapter surveys the
main results of this literature.

The problem with this approach is that the main conceptual tool of game theory –
Nash equilibrium – is of little help for understanding Approval Voting and most
voting rules. By definition, an equilibrium is a vote profile in which no voter can, by
changing her vote only, change the outcome of the game in such a way that the new
outcome is strictly better for her. In a world where voters are only interested in who
wins the election (instrumental and consequentialist voting, opposed to expressive
voting), the outcome of the game is just the identity of the elected candidate, or
candidates in case of a tie. Then it is almost always the case that no voter can, by
changing her vote only, change the outcome of the game. With Approval Voting, as
well as with most voting rules, this will happen as soon as one candidate is winning
the election with a margin of more than two votes. Therefore, apart cases where
several candidates tie or almost tie, almost everything is a Nash equilibrium. In
particular, except in some very degenerated cases, any candidate is winning at some
Nash equilibrium.

The game-theoretical literature on voting, and in particular on Approval Voting,
has therefore focused on the possibility of using more powerful tools than Nash
equilibrium in order either to predict the outcome of a voting game or at least to
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narrow down the set of possible outcomes. To this aim, several routes have been
followed.

The first route is to restrict the set of voting strategies that a voter is supposed to
possibly use. The natural idea, from the game theoretic perspective, is to suppose
that voters do not use dominated strategies. Although this idea reveals very pow-
erful in solving sequential voting games (Farquharson 1969; Moulin 1979; Moulin
1983; Banks 1985; Bag et al. 2009) this is not the case for simultaneous voting
games defined by the usual voting rules (Dhillon and Lockwood 2004; Buenrostro
and Dhillon 2003; Dellis and Oak Dellis and Oak). For Approval Voting, undomi-
nated strategies are often called “admissible strategies” and can be characterized: If
the voter’s preference is strict, she approves her preferred candidate, she does not
approve her worse candidate, and no constraint is imposed as to the other, inter-
mediate candidates (for a precise statement, see Proposition 8.3.1). For Approval
Voting, another meaningful restriction on the set of strategies is the sincerity require-
ment, which imposes that when the voter approves a candidate, she also approves
all the candidates she strictly to prefers to this one. Brams and Sanver (2006) have
described the set of possible outcomes when voters use only undominated (“admis-
sible”) and sincere strategies. It turns out that, except in some degenerated situations,
all candidates pass this test (see Sect. 8.4.1).

The second route is to come back to a notion of equilibrium and to refine the
notion of Nash equilibrium according to the usual concepts of game theory. (See
Myerson 1991 or Van Damme 1991 for the general theory and De Sinopoli 2000
for an application to plurality voting.) In comparison with the previous approach,
this amounts to give up the idea that the voter’s behavior can be restricted a pri-
ori and to instead consider that each voter is reacting to what she believes are the
voting intentions of the other voters. Remark that among the plethora of Nash equi-
libria of the voting games, most of them are degenerated from the strategic point
of view in the sense that no player has any incentive not to deviate. In fact, unless
she is “pivotal,” the voter’s choice has indeed no consequence at all on the out-
come. This is a clear case for the refinement of equilibrium. One could hope that
statements of the kind “A Condorcet loser cannot be elected at equilibrium under
Approval Voting” or “Voters vote sincerely at equilibrium under Approval Voting”
could be demonstrated when the notion of equilibrium is properly defined. This
hope is justified if one allows not only for individual deviations but also for group
deviations – hence considers strong equilibrium as the game-theoretic solution con-
cept. (See Proposition 8.4.2 about Condorcet-consistency.) But the notion of strong
equilibrium has a major drawback as a predictive tool since, in many cases, there
is no such equilibrium. On the other hand, for different refinements of Nash equi-
librium that yield non-empty predictions in finite normal-form games, De Sinopoli
et al. (2006) have provided counter-examples (reproduced in Sect. 8.4.2) that kill
the hope to make these statements true for any of the classical refinements of Nash
equilibrium through concepts such as “perfection,” “properness” or “stability.”

The third route is to refine the concept of equilibrium following non-standard
ideas that would be specific to the voting context. In politics, voting situations often
involves large number of players, a fact that raises new difficulties but also new
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possibilities. This avenue, pioneered by Myerson and Weber (1993) and Myerson
(2002) is the object of the survey of Nunez (2010) in this book and is out of the
scope of the present chapter.

Section 8.2 presents the basic notation and concepts. Section 8.3 deals with
undominated and sincere individual strategies. Section 8.4 deals with the aggregate
outcome of the vote. Section 8.5 concludes.

8.2 The Normal Form Game

We denote by I the finite set voters (sometime called individuals or players) and by
X the finite set of candidates (sometimes called alternatives). We assume #I 	 2

and #X 	 2. Every voter i has a preference over X, expressed by a utility function
ui W X �! IR. So given two candidates x; y 2 X, voter i finds x at least as good as
y iff ui .x/ 	 ui .y/. A candidate x is high in ui iff ui .x/ 	 ui .y/ for all y 2 X:
We say that x is low in ui iff ui .y/ 	 ui .x/ for all y 2 X: We call ui null whenever
i is indifferent among all alternatives, i.e., ui .x/ 	 ui .y/ for every x; y 2 X. If
ui is null then every candidate is both low and high in ui . If ui is not null then the
candidates which are high in ui and those which are low in ui form disjoint sets.

A ballot is any subset of the set of candidates; we denote by 2X the set of bal-
lots. When voter i casts ballot Bi , we say that i approves the candidates in Bi .
We let B D .Bi /i2I 2 �

2X
�I

stand for a ballot profile and write B D .Bi ; B�i /

with B�i D �
Bj

�
j 2Infig, whenever we wish to highlight the dependency of B with

respect to i ’s ballot. We refer to B�i as a ballot profile without i .
Given a ballot profile B , the score of candidate x is

s.xIB/ D #fi 2 I W x 2 Bi g

and the (non-empty) set of winning candidates (under Approval Voting) is

W.B/ D fx 2 X W s.xIB/ 	 s.yIB/8y 2 Xg:

Similarly, we write s.xIB�i / D #fj 2 Infig W x 2 Bj g.
We suppose that voters vote simultaneously by casting a ballot which is some

set of candidates while Approval Voting is used as the outcome function. So we
consider a normal form game where the strategy set for any voter i is the set 2X of
possible ballots. Hence a ballot profile B is also a strategy profile and the outcome
is the set of winning candidatesW.B/.

As W.B/ may contain more than one candidate, our strategic analysis requires
the knowledge of voters’ preferences over non-empty subsets of X. We assume that
ties over outcomes are broken by fair lotteries and that voters evaluate outcomes by
expected Von-Neumann Morgenstern utilities. So the utility that voter i attaches to
a set S of winning candidates is
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ui .S/ D 1

#S

X

x2S

ui .x/:

Note that we abuse notation and allow ui to have arguments which are both elements
and non-empty subsets of X.

8.3 Admissibility and Sincerity

8.3.1 Admissible Strategies

Following the game-theoretical vocabulary, for any voter i with preference ui ,
we say that the ballot Bi (weakly) dominates the ballot B 0

i if and only if
ui .W.Bi ; B�i // 	 ui .W.B

0
i ; B�i // for all B�i and ui .W.Bi ; B�i // > ui

.W.B 0
i ; B�i // for some B�i . A ballot is undominated if and only if it is dominated

by no ballot. Following Brams and Fishburn (1983), we qualify undominated bal-
lots as admissible and use either words. The following proposition characterizes
admissible ballots.

Proposition 8.3.1.

(i) If ui is null then all ballots are admissible for voter i .
(ii) Let the number of voters be at least three. If ui is not null then the ballot Bi is

admissible for voter i if and only if Bi contains every candidate who is high in
ui and no candidate who is low in ui .

Proof. .i/ directly follows from the definitions. To show the “only if” part of .i i/,
consider a ballot Bi which fails to contain a candidate y who is high in ui . Let
B 0

i D Bi [ fyg. We will prove that B 0
i dominates Bi .

Given any B�i , all candidates except y have the same score at .Bi IB�i / and
.B 0

i IB�i / while the score of y is raised by one unit at the latter ballot pro-
file. Therefore, regarding the sets of winning candidates Y D W.Bi IB�i / and
Y 0 D W.B 0

i IB�i /, the following three cases are exhaustive:

1. y … Y and Y 0 D Y .
2. y … Y and Y 0 D Y [ fyg.
3. y 2 Y and Y 0 D fyg.

In all three cases, ui .Y
0/ 	 ui .Y /. Now fix some k 2 Infig and consider B�i

where Bj D ; for all j 2 Infi; kg and Bk D fzg for some candidate z who
is not high in ui . If z … Bi then W.Bi IB�i / D Bi [ fzg and W.B 0

i IB�i / D
B 0

i [ fzg D Bi [ fy; zg, hence ui .W.B
0
i IB�i // > ui .W.Bi IB�i //. If z 2 Bi ,

then W.Bi IB�i / D fzg, W.B 0
i IB�i / D fy; zg and we have ui .W.B

0
i IB�i // >

ui .W.Bi IB�i //. This proves thatB 0
i dominatesBi , and we conclude that an undom-

inated ballot must contain all candidates who are high in ui . Similar arguments show
that an undominated ballot cannot contain a candidate who is low in ui .
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We now show the “if” part of .i i/. Consider a ballotBi that contains every candi-
date high in ui and no candidate low in ui . In order to show that Bi is undominated,
we consider any distinct ballot B 0

i and establish the existence of some B�i where
ui .W.Bi IB�i // > ui .W.B

0
i IB�i //.

First let B 0
i contain a candidate y low in ui . Let B�i be such that Bj D fyg for

some voter j 2 Infig and Bk D ; for every voter k 2 Infi; j g. So W.Bi IB�i / D
Bi [ fyg, W.B 0

i IB�i / D fyg and ui .W.Bi IB�i // > ui .W.B
0
i IB�i //.

Now let B 0
i fail to contain all candidates high in ui . So the set Y of candidates in

Bi nB 0
i who are high in ui is non-empty. Let L be the set of candidates who are low

in ui . Let B�i be such that Bj D Y [ L for some voter j 2 Infig and Bk D ; for
every voter k 2 Infi; j g. So W.Bi IB�i / D Y and at .B 0

i IB�i /, the score of every
candidate who is high in ui is at most one and the score of some candidates who
are low in ui is one. Thus, W.B 0

i IB�i / contains candidates who are not high in ui .
Hence ui .W.Bi IB�i // > ui .W.B

0
i IB�i //.

Finally let B 0
i contain every candidate high in ui and no candidate low in ui .

First consider the case where there exists a candidate y in Bi not in B 0
i . Let B�i be

such that for two (distinct) voters j; k 2 Infig we have Bj D Bk D fy; zg where
z is low in ui and Bl D ; for every voter l 2 Infi; j; kg. So W.Bi IB�i / D fyg,
W.B 0

i IB�i / D fy; zg and ui .W.Bi IB�i // > ui .W.B
0
i IB�i //. Now consider the

case where Bi is a proper subset of B 0
i . Take some y 2 B 0

i n Bi . Note that y is
not high in ui . Take some candidate z high in ui and let B�i be such that for two
(distinct) voters j; k 2 Infig we haveBj D Bk D fy; zg andBl D ; for every voter
l 2 Infi; j; kg. SoW.Bi IB�i / D fy; zg,W.B 0

i IB�i / D fyg and ui .W.Bi IB�i // >

ui .W.B
0
i IB�i //.

8.3.2 Sincerity

Following Brams and Fishburn (1983), a strategy (or ballot) Bi of voter i with
preference Pi is said to be sincere iff for all candidates x, y 2 X,

y 2 Bi and ui .x/ > ui .y/ ) x 2 Bi :

So under a sincere strategy Bi , if i approves of a candidate y then she also approves
of any candidate x which she strictly prefers to y. With K candidates, if voter i
is never indifferent between two distinct candidates, she has at her disposal K C 1

sincere strategies, including the full ballot Bi D X which consists of approving of
all candidates, and the empty ballot Bi D ; which consists of approving of none.

Proposition 8.3.1 does not make any statement about candidates who are nei-
ther high nor low. In fact, for a voter i with preference ui , every non-sincere ballot
that contains every candidate high in ui and no candidate which is low in ui . is an
undominated strategy for i . So admissible ballots need not be sincere, nor sincere
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ballots have to be admissible.1 On the other hand, sincere and non-sincere ballots
can be discriminated through the fact that every ballot profile B�i without i admits
at least one sincere ballot Bi as a best-response of i . In other words, the set of best
responses of i to B�i cannot consist of insincere ballots only.

Proposition 8.3.2. Given any voter i with preference ui and any ballot profile
B�i without i , there exists a sincere ballot Bi 2 2X such that ui .W.Bi IB�i // 	
ui .W.B

0
i IB�i // for every ballot B 0

i 2 2X.

Proof. Take any voter i with preference ui and any ballot profile B�i without i . Let
Y be the (non-empty) set of candidates who receive the highest number of approvals
at B�i . Let Z be the (possibly empty) set of candidates who receive at B�i pre-
cisely one approval less than the highest number of approvals. The outcome set
W.Bi ; B�i / when Bi vary can take two forms: if Bi \ Y ¤ ;, then W.Bi ; B�i / D
Bi \ Y , and if Bi \ Y D ;, then W.Bi ; B�i / D Y [ Z0, for Z0 D Bi \ Z.
Denote by u�

i the maximum utility obtained by i . Then u�
i 	 maxy2Y ui .y/, and

u�
i 	 maxZ0
Z ui .Y [Z0/, with one of these two inequalities being an equality. Let
y� 2 Y be such that ui .y

�/ D maxy2Y ui .y/. LetB1
i D fx 2 X W ui .x/ 	 ui .y

�/g.
This is a sincere ballot, so if B1

i is a best response, we are done.
Notice that B1

i brings at least the level of utility ui .y
�/; so if B1

i is a not best
response, it must be the case that ui .y

�/ < u�
i and that u�

i D maxZ0
Z ui .Y [Z0/:
In that case, let Z� D fz 2 Z W ui .z/ 	 ui .Y /g. Recall that the utility for a
subset is the average utility of its elements; as one can easily check, it follows that
ui .Y [Z�/ D maxZ0
Z ui .Y [Z0/. LetB2

i D fx 2 X W ui .x/ 	 ui .Y [Z�/g This
is again a sincere ballot. Moreover, in that case, B2

i \ Y D ; so that the ballot B2
i

brings the utility ui .Y [ .B2
i \Z//. Here,B2

i \Z D fz 2 Z W ui .z/ 	 ui .Y [Z�/g
and ui .z/ 	 ui .Y [ Z�/ if and only if ui .z/ 	 ui .Y /, so that B2

i \ Z D Z�, and
B2

i brings the maximal utility u�
i . We again found a sincere best response.

Proposition 8.3.1 slightly differs from the existing results of the literature regard-
ing the way preferences over sets are handled. In fact, it makes the same statement
as Corollary 2.1 in Brams and Fishburn (2007) which is shown under more gen-
eral assumptions for extending preferences over sets. On the other hand, the result
announced by Proposition 8.3.2 has no analogous in Brams and Fishburn (1983,
2007), as it fails to hold under these more general assumptions.2

1 Nevertheless, if there are precisely three candidates, then every admissible ballot is sincere.
2 To see this, let voter i have the preference ui .x1/ > ui .x2/ > ui .x3/ > ui .x4/ > ui .x/
8x 2 Xnfx1; x2; x3; x4g and let B�i be such that s.x2IB�i / D s.x4IB�i / > s.x1IB�i / D
s.x3IB�i / > s.xIB�i /8x 2 Xnfx1; x2; x3; x4g while s.x2IB�i /� s.x1IB�i / D 1: The ballot
Bi D fx1; x3g which yields fx1; x2; x3; x4g can be a best-response under the Brams and Fishburn
(1983, 2007) assumptions while there is no sincere ballot for voter i which yields the same out-
come. Endriss (2009) identifies the assumptions on preferences over sets which rule out incentives
to vote insincerely.
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Proposition 8.3.2 has no analogous for insincere ballots. In other words, the best
response of i to B�i can consist of sincere ballots only.3 As a result, one may be
tempted to assume – as we do in Sect. 8.4.1 – that voters restrict their strategies to
those which are admissible and insincere. On the other hand, in Sect. 8.4.2, we see
that such an assumption is not totally innocuous.

8.4 Approval Voting Outcomes

8.4.1 Admissible and Sincere Outcomes

Brams and Sanver (2006) study the set of candidates which are chosen under
Approval Voting at a given preference profile, assuming that voters use admissi-
ble and sincere strategies. For a formal expression of their findings, let u D .ui /i2I

be a preference profile. Write

˛.u/ D
n
B 2 �2X�I W 8 i 2 I; Bi is admissible and sincere with respect to ui

o
:

We define
AV.u/ D fx 2 X W x 2 W.B/ for some B 2 ˛.u/g

as the set of (admissible and sincere) Approval Voting outcomes at u. So candidate
x is an Approval Voting outcome at u if and only if there exists a profile of sincere
and admissible strategies B where x is a (possibly tied) winning candidate under
Approval Voting.

Note that a voter who strictly ranks K candidates has exactly K � 1 admissi-
ble and sincere strategies which consist of approving her first k 2 f1; : : : ; K � 1g
best candidates. This is a drastic reduction of a voter’s strategy space which origi-
nally contained 2K strategies. Nevertheless, this does not restrict much the size of
AV.u/ which Brams and Sanver (2006) characterize, assuming that voters are never
indifferent between any two candidates, i.e., ui .x/ ¤ ui .y/ 8i 2 I;8x; y2 X.

Proposition 8.4.1. Given a preference profile u with no indifferences, a candidate
x is not in AV.u/ if and only if there exists a candidate y 2 Xnfxg such that
according to u, the number of voters who rank y as the best and x as the worst
candidate exceeds the number of voters who prefer x to y.

Based on Proposition 8.4.1, AV.u/ may contain Pareto dominated alternatives4

as well as Condorcet losers. Moreover, at every preference profile u, a Condorcet

3 Consider four voters and four candidates where each of voters 2, 3 and 4 approve of precisely one
candidate; say x, y and z respectively. Let the fourth candidate w be ranked last in the preference of
voter 1 whose unique admissible best response is to approve of the candidate he prefers the most.
4 In the environment we consider, if a Pareto dominates b and b 2 AV.u/, then a 2 AV.u/ as
well.
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winner (whenever it exists); all scoring rule outcomes; the Majoritarian Compro-
mise winner; the Single Transferable Vote winner are always in AV.u/. We refer
the reader to Brams and Sanver (2006) for a more detailed and formal expression of
these results. Nevertheless, we can right away conclude that, in our game theoretic
framework, assuming that voters restrict their strategies to those which are admissi-
ble and sincere does not suffice to have a fine prediction of the election result under
Approval Voting.

8.4.2 Equilibrium Outcomes

The model can be more predictive, when admissible and sincere strategy profiles are
required to pass certain stability tests. A profile of sincere and admissible strategies
B is strongly stable at preference profile u iff given any other profile of admissible
and sincere strategies B 0, there exists a voter i with Bi ¤ B 0

i while ui .W.B// 	
ui .W.B

0//. So B is strongly stable at u iff there exists no coalition of voters whose
members can all be better-off by switching their strategies to another admissible and
sincere one (which may differ among the members of the coalition). Let AV �.u/ D
fx 2 X W x 2 W.B/ for some B 2 ˛.u/ which is strongly stableg be the set of
strongly stable AV outcomes at u. Clearly, AV �.u/ refines AV.u/ and the reduction
is indeed dramatic:

Proposition 8.4.2. Given a preference profile u, a candidate x is strongly stable at
u if and only if x is a weak Condorcet winner at u.

Note that the definition of a Condorcet winner is a weak one: x is a weak Con-
dorcet winner at u iff given any other candidate y, the number of voters who prefer
x to y is at least as much as the number of voters who prefer y to x. So, in some
cases, u may admit more than one weak Condorcet winner. Of course, u may admit
no weak Condorcet winner, hence no strongly stable profile of admissible and sin-
cere strategies. This last observation is not surprising, as strong stability – which
corresponds to strong Nash equilibrium – is a rather demanding condition. The inter-
ested reader can see Sertel and Sanver (2004) for a more general treatment of strong
equilibrium outcomes of voting games.

The complete proof of Proposition 8.4.2 can be found in Brams and Sanver
(2006). However, we wish to give a simple and instructive description of the proof.
If an outcome x is not a weak Condorcet winner, it means that there exists another
outcome y which is preferred to x by some majoritarian coalition of voters which
can block any strategy profile which yields x as the Approval Voting outcome. If x
is a weak Condorcet winner, then no coalition can block the strategy profile where
voters for whom x is not low approve x but do not approve anything below x and
voters for whom x is low approve only their high candidate.5

5 We take the occasion to claim that Proposition 8.4.2 remains valid when strong stability is further
strengthened so as to allow non-admissible and non-sincere strategies.
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We now present two results from De Sinopoli et al. (2006) which advise caution
in interpreting Propositions 8.4.2 and 8.3.2:

1. There may exist non-trivial equilibria where a Condorcet winner obtains no vote.
2. There may exist non-trivial equilibria with some voters voting non-sincerely.

Example 8.4.1 (Condorcet in-consistency). There are four candidates, X D fa; b;
c; d g and three voters f1; 2; 3g with utility:

u1.a/ D 10; u1.b/ D 0; u1.c/ D 1; u1.d/ D 3;

u2.a/ D 0; u2.b/ D 10; u2.c/ D 1; u2.d/ D 3;

u3.a/ D 1; u3.b/ D 0; u3.c/ D 10; u3.d/ D 3:

Candidate d is the Condorcet winner of this utility profile. Consider the following
strategy profile:

� Voter 1 votes fag.
� Voter 2 votes fbg.
� Voter 3 votes fcg.

In such a situation there is a tie among the candidates a, b, and c, so that the
payoff to each player is 11=3. Starting from this situation each player is playing a
unique best response: any other choice would lead to a strictly lower payoff. In this
strict equilibrium, the Condorcet winner receives no vote.

The question of sincerity is raised by considering the possibility that players
use mixed strategies. A mixed strategy is a probability distribution over the set of
pure strategies. Here the set of mixed strategies is thus the simplex 
.2X / with 2K

vertices, that is an affine space of dimension 2K � 1. We denote by

	i 2 
.2X /

a mixed strategy of voter i and by 	�i a profile of mixed strategies for the other
voters. Payoffs are defined in the usual ways as expected values. For a mixed strategy
profile 	 , 	.B/ is the probability of the pure-strategy profile B under 	 . Players are
supposed to randomize independently the ones from the others so that;

	.B/ D
Y

i2I

	i .Bi /

and

ui .	/ D
X

B2.2X/
I

ui .B/	.B/ D
X

B2.2X/
I

1

#W.B/

X

x2W.B/

ui .x/	.B/.

Example 8.4.2 (A non-sincere equilibrium). There are four candidates, X D fa; b;
c; d g and three voters f1; 2; 3g with utility:
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u1.a/ D 1000; u1.b/ D 867; u1.c/ D 866; u1.d/ D 0;

u2.a/ D 115; u2.b/ D 1000; u2.c/ D 0; u2.d/ D 35;

u3.a/ D 0; u3.b/ D 35; u3.c/ D 115; u3.d/ D 1000:

Candidate d is the Condorcet winner of this utility profile. Consider the following
strategy profile:

� Voter 1 votes fa; cg.
� Voter 2 votes fbg with probability 1/4 and fa; bg with probability 3/4.
� Voter 3 votes fd g with probability 1/4 and fc; d g with probability 3/4.

Note that voter 1 is not voting sincerely. Nevertheless, this strategy profile is an
equilibrium and De Sinopoli et al. (2006) show that it forms a singleton-stable set,
an important refinement of Nash equilibrium.

8.5 Conclusion

The analysis above raises three issues:

� An a priori restriction of voters’ strategies based on a reasonable intuition such
as undominated and sincere voting is not sufficient to restrict the set of possible
outcomes of an Approval Voting election.

� Many refinements of Nash equilibrium, when applied to Approval Voting games,
ensure the existence of equilibrium but the outcome of these equilibria do not
seem to behave particularly well with respect to social choice requirements.

� Strong Nash equilibrium predicts Condorcet winners as the only Approval Voting
outcomes but equilibrium fails to exist when there is no Condorcet winner.

These essentially negative theoretical results call for developing a finer under-
standing of how a voter chooses a ballot under Approval Voting. This analysis could
rely on some general, game-theoretic principles such as the ones just described,
but should probably also embody some elements specific to real voting situations
such as the large size of the electorate, the specific structures of Approval Voting
strategies, or the specificities of political information.
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Chapter 9
Approval Voting in Large Electorates

Matías Núñez

9.1 Introduction

The strategic analysis of voting rules has given some insight into the understand-
ing of their properties. However, one can assert that these analyses are “too rich”
in the sense that they show that a plethora of equilibria can arise under most vot-
ing rules. In particular, there is a controversy over Approval voting or AV , a voting
rule which has been called “the electoral reform of the twentieth century.” This
voting rule allows the voter to vote for as many candidates as he wishes and the
candidate who gets the most votes wins the election. Its detractors claim that this
kind of method enhances strategic voting when compared for instance to Plural-
ity voting (henceforth PV ), whereas its proponents consider that it has several
advantages as far as strategic voting is concerned. For an extensive discussion
on this controversy over AV , the reader can refer to Brams (2008) and Weber
(1995).

One important feature of AV was characterized by Brams and Fishburn (1981).
They show that if a Condorcet Winner exists then the AV game has a Nash equilib-
rium in undominated strategies that selects the Condorcet Winner. The Condorcet
Winner – the candidate who beats all other candidates on pairwise contests – has
often been considered to be a good equilibrium solution in voting games. The robust-
ness of the previous result has been weakened by De Sinopoli et al. (2006). To do so,
they apply Nash equilibrium refinements such as the perfect equilibrium solution to
Approval games. Using these techniques, they prove that there may exist equilibria
in which the Condorcet Loser and Condorcet Winner are selected with the same
probability or even in which the Condorcet Winner gets no vote at all. Therefore,
AV does not guarantee what is called Condorcet consistency: the Winner of the
election does not always coincide with the Condorcet Winner.
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However, the previous works were performed in a basic game theoretical frame-
work.1 Such a framework faces some criticisms when dealing with elections with a
large number of voters. Indeed, it is no longer realistic to assume that voters have
no uncertainty over the scores of the candidates.2 The existence of candidates with
almost no chance of winning the election might affect voters’ behavior as a voter
might not vote for such a candidate. The introduction of commonly shared prior
beliefs over the outcome of the election is the main objective of models with large
electorates. To our knowledge, there exists three main models dealing with elections
with a large number of strategic voters: the Myerson–Weber framework (Myerson
and Weber 1993), the Score Uncertainty model (Laslier 2009) and the Population
Uncertainty model (Myerson 1998, 2000, 2002).

The so-called Myerson–Weber framework (Myerson and Weber 1993) intro-
duces the idea that in a voting equilibrium, voters behave in accordance to their
preferences and with respect to their anticipations regarding the relative chances of
different pairs of candidates of being in contention for victory. The Myerson–Weber
framework skips the main technical difficulties and introduces in an exogenous man-
ner the pivot probabilities, i.e., of changing the winner of the election from one
candidate to another. To keep things simple, it is assumed that these pivot probabili-
ties will be common knowledge for voters in the election and that they respect some
ordering condition (in some sense, candidates’ expected scores and pivot probabil-
ities will be correlated in an intuitive way). The authors draw a positive conclusion
over the properties of AV when compared with PV and the Borda Count.

The remaining models (Score and Population Uncertainty model) set up for-
mal game-theory models in which the pivot probabilities are neither exogenously
introduced nor assumed to be common knowledge for all voters.

Laslier’s (2009) Score Uncertainty model is performed in a standard game the-
oretical framework where uncertainty is introduced by assuming that there is some
small but strictly positive probability that each vote is erased. Under this approach,
Laslier (2009) shows that AV leads to equilibria with desirable properties such
as Condorcet Consistency and sincerity of voters’ best responses. These positive
results are a consequence of the properties of pivot probabilities in such a setting. In
the Score Uncertainty model, pivot probabilities are ordered in such a manner that
voters’ unique best responses satisfy a simple rule. If we let a denote the candidate
who is considered to be the most likely winner, a voter will approve of any candidate
he prefers to candidate a. Besides, he will never approve of a candidate he prefers

1 See the chapter on this book (Laslier and Sanver 2010a) that presents a detailed account of the
main results concerning strategic approval voting in the classic framework.
2 Whereas in a Nash equilibrium, voters perfectly know candidates’ scores, this is not the case
in a trembling-hand perfect equilibrium. Indeed, such an equilibrium concept is the limit of a
sequence of completely mixed strategies equilibria, in which a mixed strategy represents voters’
mistakes (voters have a trembling hand). Within each of these mixed strategy equilibria, voters are
uncertain about candidates’ scores. However, as will be shown the advantage of the models with
large electorates, is that all voters share the same prior probability distribution over their probability
of affecting the outcome of the election. Hence, these models provide a simpler way of computing
voters’ best responses.
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candidate a to. Finally, to decide whether to vote for candidate a, the voter compares
a to the second most likely winner. This simple rule will not be satisfied in the last
model addressed within this work, the Population Uncertainty model. As far as the
information is concerned, pivot probabilities will not be equally shared by voters in
the Score Uncertainty model as assumed in the Myerson–Weber framework. How-
ever, as the electorate becomes large the differences between the pivot probabilities
are greatly reduced so that voters’ best responses are not affected.

The third model with a large number of strategic voters is Myerson’s Popula-
tion Uncertainty framework, also known as Large Poisson Games.3 Myerson (1998,
2000, 2002) introduces an uncertainty over the total number of voters in the election.
To do so, it is assumed that the total number of voters in the game is not constant
and is drawn from a Poisson distribution of a given parameter n, the expected size
of the population. Due to the Poisson uncertainty, Myerson (1998) shows that pivot
probabilities are common knowledge in any Poisson game (independently of the
size of the electorate). Besides, Myerson (2002) draws a positive conclusion over
the properties of AV when compared to other voting rules by analyzing some sim-
ple voting situations. This conclusion is drawn by showing that AV does not have
the undesirable properties of other one-shot voting rules such as PV or the Borda
Count. However, Myerson (2002) does not provide a full characterization of the vot-
ing equilibria that remain underAV . In order to address such an issue, Nuñez (2009,
2010) shows that AV need not correctly aggregate preferences. Nuñez (2010) con-
structs a simple voting situation where a candidate who is ranked first by more than
half of the population (and thus the Condorcet Winner) is not the Winner of the
election in equilibrium. In equilibrium, voters anticipate that the Condorcet Winner
is not included in the most probable pivot outcome. This information concerning
the probability of affecting the outcome of the election makes the majority of the
voters vote for their preferred and for their second preferred candidate and this leads
to the election of the latter. The existence of such an equilibrium is a consequence
of the non-intuitive ordering of pivot probabilities that arise in Poisson games. This
example shows that the refinement of the set of Nash equilibria on Large Poisson
Games is limited.

However, in the previously mentioned situation, there also exist equilibria where
the Condorcet Winner wins the election. As argued by Schelling (1960) and Myer-
son and Weber (1993) the multiplicity of equilibria has a political significance. A
large set of equilibria in an electoral situation implies that informational issues have
a great influence when determining the result of the election. In order to address
this multiplicity of equilibria, Nuñez (2009) shows that it can be the case that, with
three candidates, the Condorcet Winner is not the winner of the election in any of
the equilibria of the game. Hence, AV can lead to worse preference aggregation
than PV in Large Poisson Games. In addition to the Condorcet Consistency of AV ,
Nuñez (2009) investigates whether this voting rule leads to sincere best responses.

3 Large Poisson Games are a novel field of research. Among the few works dealing with these
games, the reader can refer to Bouton and Castanheira (2008), Goertz and Maniquet (2008),
Krishna and Morgan (2008), Nuñez (2009, 2010), and De Sinopoli and Gonzalez Pimienta (ming).
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Indeed, the proponents of AV often suggest that this voting rule enhances sincere
voting as voters are allowed to vote for as many candidates as they wish. As Nuñez
(2009) shows, this is not the case on Large Poisson Games. Indeed, Nuñez (2009)
provides an example in which voters’ best responses are not sincere and such that
the Condorcet Winner gets no vote under AV in equilibrium.

The present work is structured as follows. Section 9.2 introduces the Myerson–
Weber framework, Sect. 9.3 presents the Score Uncertainty model and Sect. 9.4
describes in detail Large Poisson Games. Section 9.5 concludes.

9.2 The Myerson–Weber Framework

There are n voters in the election. Each voter has a type t that determines his pref-
erences over the set of candidates K D fk; l; : : :g. The preferences of a voter with
a type t is denoted by ut D .ut .k//k2K . Thus, for a given t , ut .l/ > ut .k/ implies
that t-voters strictly prefer candidate l to candidate k. Each type t belongs to the
finite set of types T .

Each voter’s type is drawn from T according to the distribution of types denoted
by r D .r.t//t2T .4 In other words, r.t/ represents the probability that a voter
randomly drawn from the population has type t .

For any pair of candidates k; l 2 K , let Tk;l D ft 2 T j ut .k/ > ut .l/g be the
set of preference types where candidate k is strictly preferred to candidate l . The
Condorcet Winner (C:W:) of the election is defined as:

Definition 9.2.1. A candidate k is called the Condorcet Winner of the election if

X

t2Tk;l

r.t/ > 1=2 8 l 2 K; l ¤ k:

Similarly, the Condorcet Loser of the election is a candidate k such that
P

t2Tk;l

r.t/ < 1=2 8 l 2 K; l ¤ k.
Each voter i must choose a ballot c from a finite set of possible ballots denoted

by C . Within this work, we stick to the comparison of Plurality and Approval
voting.

Definition 9.2.2 (One Man, One Vote). A Plurality voting ballot (PV) specifies the
candidate the voter approves of.

Definition 9.2.3 (One Man, Many Votes). An Approval voting ballot (AV) speci-
fies the subset of candidates the voter approves of.

Formally, an AV ballot consists of a vector of length K that lists whether a
candidate has been approved or not (whenever candidate k is approved there is a
one in the kth coordinate, whereas the lack of approval is represented by a zero). A

4 The distribution of types satisfies r.t/ > 0 8 t 2 T and
P

t2T r.t/ D 1.
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PV ballot is a vector of lengthK in which every coordinate equals zero but the one
corresponding to the approved candidate that is denoted by one. Hence, in order to
unify both notations we refer generally to the set of available ballots as C .

We assume that each voter maximizes his expected utility to determine which
ballot in the set C he will cast. In this model, his vote has an impact in his payoff
if it changes the winner of the election. Therefore, a voter needs to estimate the
probability of these situations: the pivot outcomes.

We say that two candidates are tied if their vote totals are equal. Furthermore,
let H denote the set of all unordered pairs of distinct candidates. We denote a pair
fk; lg in H as kl with kl D lk.

For each pair of candidates k and l , the kl-pivot probabilitypkl is the probability
of the outcome perceived by the voters that candidates k and l will be tied for first
place in the election. Furthermore, we assume that the probability of candidates k
and l being tied for first place is the same than the probability of candidate k being
in first place one vote ahead candidate l (and both candidates above the rest of the
candidates), which is in turn the same one than the probability of candidate l being
in first place one vote ahead candidate k.5

A vector that lists the pivot probabilities for all pairs of candidates is denoted by
p D .pkl/kl2H . This vector p is assumed to be the same one for all voters in the
election. A voter with kl-pivot probability pkl anticipates that submitting the ballot
c has the impact Pkl on his expected utility with

Pkl D
8
<

:

pkl if he approves candidate k and does not approve candidate l
�pkl if he approves candidate l and does not approve candidate k
0 elsewhere

Let EUt Œc� denote the expected utility by a voter of type t from casting ballot c
when p is the common vector of pivot probabilities. It follows that

EUt Œc� D
X

kl2H

Pkl Œut .k/ � ut .l/�:

A strategy function is a probability distribution 	 over the set C that summarizes
the voting behavior of voters of each type. For any c 2 C and any t 2 T , 	.c j t/ is
the probability that a voter with type t casts ballot c. Therefore,

�.c/ D
X

t2T

r.t/	.c j t/;

5 Myerson and Weber (1993) justify this assumption by arguing that it seems reasonable when the
electorate is large enough. However, Large Poisson Games (Myerson 1998, 2000, 2002) do not
respect this intuition. It can be the case that the probability of candidates k and l being tied for first
place becomes infinitely more likely than the probability of candidate k being in first place one
vote ahead candidate l as the electorate becomes large enough. For an example of these divergent
probabilities, see the voting game analyzed by Sect. 9.4.5 within this chapter.
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is the share of the electorate who cast ballot c. Given a vote distribution � , the
expected score of candidate k is

�.k/ D
X

c2Ck

�.c/;

in which Ck consists of the subset of ballots in which candidate k is approved. A
Winner of the election is a candidate whose expected score is maximal.

9.2.1 Voting Equilibrium in the Myerson–Weber Framework

One substantive assumption of the Myerson–Weber framework is what we will refer
to as the ordering condition. As will be shown throughout, the main differences
between three models with a large number of voters lie on this type of conditions
over the pivot probabilities. Myerson and Weber (1993) assumes that voters expect
candidates with lower expected scores are less likely serious contenders for first
place than candidates with higher expected scores. In other words, if the expected
score for some candidate k is strictly less than the expected score for some candi-
date l , then the voters would perceive that candidate k’s being tied with any third
candidate m is much less likely than candidate l’s being tied for first place with
candidatem.

Definition 9.2.4 (Ordering condition). Given a strategy function 	 and any 0 

" < 1, a pivot probability vectorp satisfies the ordering condition for " (with respect
to 	) if, for every three distinct candidates k, l and m, if �.k/ < �.l/, then pkm 

"plm.

Besides, Myerson and Weber (1993) assumes that the probability of three (or more)
candidates being tied for first place is infinitesimal in comparison to the probability
of two-candidate tie.

Definition 9.2.5 (Equilibrium in the Myerson–Weber framework). We refer to
	 as an equilibrium of the game if and only if, for every positive number ",
there exists some vector p of positive pivot probabilities that satisfies the ordering
condition and such that, for each c 2 C and for each t 2 T ,

	.c j t/ > 0 H) c 2 arg max
d2C

EUt Œd �:

It can be shown that the set of voting equilibria is non-empty given the existence
of the ordering condition.6 In order to ensure the existence of equilibrium, Myer-
son and Weber (1993) assume that the pivot probability vector is a probability
distribution over the setH of unordered pairs of candidates so that

P
kl2H pkl D 1.

6 See Theorem 1, p. 105 in Myerson and Weber (1993).
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9.2.2 Comparison of AV and PV in the Myerson–Weber
Framework

Given the previous simple framework, Myerson and Weber (1993) draws a positive
conclusion over the properties of AV when compared with PV . The current sub-
section presents a brief outline of their results. Let us consider a Myerson–Weber
voting game where there are three candidatesK D fa; b; cg and three different types
T D ft1; t2; t3g such that:

t1 t2 t3

a b c

b a a

c c b

in which the utility of the voters satisfies ut1.a/ D 10 > ut1.b/ D 9 > ut1.c/ D 0;
ut2.b/ D 10 > ut2.a/ D 9 > ut2.c/ D 0 and ut3.c/ D 10 > ut3.a/ D ut3.b/ D 0.
Besides, the distribution of types satisfies

r.t1/ D 0:3; r.t2/ D 0:3 and r.t3/ D 0:4:

Given this distribution, candidate c is the Condorcet Loser as r.t3/ < r.t1/C r.t2/.

Proposition 9.2.1. In the previous example, PV can implement the Condorcet loser
as the unique Winner of the election.

Proposition 9.2.2. In the previous example, AV does not implement the Condorcet
loser as the unique Winner of the election.

Proof. The present situation is the typical case of a divided majority election.7 There
is a majority of the electorate that prefers candidates a and b to candidate c. How-
ever, this majority is divided in two symmetric groups: one of which strictly prefers
candidate a to candidate b and the other that prefers candidate b to candidate a.

Under PV , there are three voting equilibria: two equilibria on which voters on
the majority coordinate and make either candidate a or candidate b to be elected
and a third equilibrium on which voters with type t1 and t2 split their votes and
candidate c is the expected Winner. The latter equilibrium is such that

	.a j t1/ D 	.b j t2/ D 	.c j t3/ D 1;

which implies that

�.a/ D 0:3; �.b/ D 0:3; �.c/ D 0:4;

7 See the chapter on this book (Laslier and Sanver 2010b) that presents a detailed account on voting
experiments dealing with the classical case of a divided majority election.
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so that candidate c is the Winner of the election. This equilibrium exists whenever
the pivot probability vector p satisfies pab D 0, 9=19 
 pac 
 10=19 and pbc D
1 � pac . Since candidates a and b have similar probabilities of being in contention
for victory with candidate c, voters with type t1 and t2 fail to coordinate.

Under AV , there are also three voting equilibria. In two of them, voters on the
majority coordinate and make either candidate a or b to be elected in a similar man-
ner to the one with PV . However there does not exist an equilibrium under which
candidate c has the strictly highest expected score. In the third equilibrium is such
that the three candidates get the same expected score. Indeed, such an equilibrium
satisfies

	.a j t1/ D 2=3; 	.a; b j t1/ D 1=3;

	.b j t2/ D 2=3; 	.a; b j t2/ D 1=3; and 	.c j t3/ D 1;

which implies that

�.a/ D r.t1/
�
	.a j t1/C 	.a; b j t1/

�C r.t2/	.a; b j t2/ D 0:4;

and similarly �.b/ D �.c/ D 0:4, so that the three candidates get the same
expected score. This equilibrium exists whenever the pivot probability vector p
satisfies pab D 9=11, pac D pbc D 1=11. In this equilibrium, none of the pivot
probabilities is negligible with respect to the others but the probability of a pivot
between candidates a and b is nine times probable than the other two candidate
pivot outcomes.

A Change on the Type Distribution

In order to prove that the positive conclusion over AV drawn on the previous exam-
ple lies on the particular distribution of types, Myerson and Weber (1993) modify
the distribution of types so that

r.t1/ D 0:49; r.t2/ D 0:49 and r.t3/ D 0:02:

In this modified version of the example, AV uniquely leads to a unique equilibrium
in which everyone for his most preferred candidate. Such an equilibrium satisfies

	.a j t1/ D 	.b j t2/ D 	.c j t3/ D 1;

which implies that
�.a/ D �.b/ D 0:49; �.c/ D 0:02;

so that both candidates a and b get the same expected score. To have such an equi-
librium, it suffices to specify a pivot probability vector p such that pab D 1 and
pac D pbc D 0. The set of voting equilibria under PV is much larger in this
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example and can lead voters from both types t1 and t2 to vote for candidate a
(whenever the pivot probability vector p satisfies pac D 1 and pab D pbc D 0).

The results of the Myerson–Weber framework suggest that AV leads to a better
preference aggregation than other simple one-shot voting rules such as PV . How-
ever the previous analysis is performed in a setting in which strong assumptions are
made over the information available to voters. The remaining models in this work
try to escape from these assumptions and analyse elections building on the intro-
duction of trembles, in a similar spirit to the trembling-hand perfect equilibrium of
Selten (1975).

9.3 The Score Uncertainty Model

The Score Uncertainty model introduced by Laslier (2009) is based on the intro-
duction on some strictly positive probability that every vote is erased. This erasing
probability creates the uncertainty faced by voters and generates the pivot probabil-
ity vectors, that were exogenously introduced on the previously described Myerson–
Weber setting. Therefore, all the notations will remain the same unless otherwise
specified.

There are n voters in the election. Each voter has a type t that determines his
preferences over the set of candidates K D fk; l; : : :g. The preferences of a voter
with a type t is denoted by ut D .ut .k//k2K . Thus, for a given t , ut .j / > ut .k/

implies that t-voters strictly prefer candidate j to candidate k. Each type t belongs
to the finite set of types T .

Each voter’s type is drawn from T according to the distribution of types denoted
by r D .r.t//t2T . Each voter i must choose a ballot c from a finite set of possible
ballots denoted by C . The possible set of ballots we focus on (AV and PV ) have
already been defined in the previous section

We assume that each voter maximizes his expected utility to determine which
ballot in the set C he will cast. Similarly to the previous model, his vote has an
impact in his payoff if it changes the winner of the election. Therefore, a voter needs
to estimate the probability of these situations: the pivot outcomes. The main dif-
ference between the Myerson–Weber framework and the Score uncertainty model
is the way of introducing uncertainty in the model. Whereas Myerson and Weber
(1993) introduces it in a exogenous way, Laslier (2009) introduces a small proba-
bility q that each vote for each candidate is erased. Voters have some uncertainty
over the total scores of candidates which comes from this small but strictly positive
probability that their vote is erased.

Formally, Laslier (2009) considers a large electorate. To do so, the electorate
with n voters is replicated � times as follows. By assumption, we know that r.t/
stands for the share of the electorate with type t with

P
t2T r.t/ D 1. In the �-fold

replicate economy the number of type-t voters is n�r.t/ and the total number of
voters is equal to n�.
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Furthermore, we assume that for any voter and each candidate approved by this
voter there is a probability q > 0 that this vote is not recorded. This probability is
supposed to be small, with q < 1=n (independently of �). These mistakes occur
independently of the voter, of the candidate, and of the voter approving or not other
candidates.

For any c 2 C and any t 2 T , the strategy function 	.c j t/ stands for the
probability that a voter with type t casts the ballot c. Therefore,

�.c/ D
X

t2T

r.t/	.c j t/;

is the share of the electorate who cast ballot c. The maximal score of candidate k is

�.k/ D
X

i2Ck

�.c/;

in which Ck consists of the subset of ballots in which candidate k is approved.
However, given the erasing probability the realized score of candidate k differs from
the maximal one. For any candidate k and any voter i , let �i;k denote the random
variable such that

�i;k D
�
1 with probability q
0 with probability 1 � q:

When the maximal number of votes for candidate k equals n��.k/, the realized
number of votes for candidate k is a random variable s.k/. If we let AV.k/ denote
the set of voters who approve candidate k, the random variable s.k/ satisfies

s.k/ D
X

i2AV.k/

.1 � �i;k/:

The score profile s D .s.k//k2 K is a vector that describes the realized number of
votes each candidate gets. There are at most n��.k/ voters who approve of candidate
k so that the score s.k/ of candidate k is a binomial random variable with expected
value and variance:

EŒs.k/� D .1 � q/n��.k/

V Œs.k/� D q.1 � q/n��.k/:

A Winner of the election is a candidate k whose score �.k/ satisfies �.k/ D
maxl2K �.l/. It is important to emphasize that given the score distribution �.k/,
the scores of candidates s.k/ are independent random variables whereas this will
not be the case in Large Poisson Games.

Given the score profile s, an outcome of the election is a pivot between a non-
empty subset of candidates Y if and only if:
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8 y 2 Y s.y/ 	 maxk2K s.k/ � 1
8 y 62 Y; s.y/ < maxk2K s.k/ � 2:

A pivot between the pair of candidates k and l will be denoted by pivot.k; l/ and
its probability will be represented by pkl . These pivot probabilities for all pairs of
candidates are summarized by a vector p D .pkl/kl2H , in which H stands for
the set of unordered pair of candidates. This vector is not anymore assumed to be
common for all voters: it is indeed generated by the erasing probability. A voter with
kl-pivot probability pkl anticipates that submitting the ballot c has the impact Pkl

on his expected utility with

Pkl D
8
<

:

pkl if he approves candidate k and does not approve candidate l
�pkl if he approves candidate l and does not approve candidate k
0 elsewhere

Let EUt Œc� denote the expected utility by a voter of type t from casting ballot c
when p is the common vector of pivot probabilities. It follows that

EUt Œc� D
X

kl2H

Pkl Œut .k/ � ut .l/�:

in which Pkl is defined as previously. Indeed, the Score Uncertainty model, as
the Myerson–Weber setting, assumes that the probability of three (or more) can-
didates being tied for first place is infinitesimal in comparison to the probability of
two-candidate tie which allows us to write the previous simple expression for the
expected utility of voters.

9.3.1 Voting Equilibrium in the Score Uncertainty Model

Laslier (2009) does not assume the ordering condition which was an important prop-
erty of the Myerson–Weber framework. Given the erasing probability q, it is shown
that any pivot probability vector satisfies the limit ordering condition.

Definition 9.3.1 (Limit Ordering condition). Given a strategy function 	 , a pivot
probability vector p satisfies the limit ordering condition if, for every three distinct
candidates k, l and m, if �.k/ < �.l/, then

lim
�!1

pkm

plm

D 0:

Proposition 9.3.1. Given that there are no ties in the score distribution, any pivot
probability vector satisfies the limit ordering condition in the Score Uncertainty
model.
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Proposition 9.3.2. The pivot probability vectors are not equal for all the vot-
ers. However, whenever the electorate is large, the differences between the pivot
probability vectors do not affect voters’ best responses.

Definition 9.3.2 (Equilibrium in the Score Uncertainty Model). We refer to 	 as
an equilibrium of the game if and only if for each ballot c 2 C and each t 2 T ,

	.c j t/ > 0 H) c 2 arg max
d2C

EUt Œd �:

9.3.2 Approval Voting on the Score Uncertainty Model

Once we have properly defined the Score Uncertainty model and the equilibrium
of the voting game, we introduce the two results that summarize Laslier’s (2009)
conclusions over AV . These results are very positive for AV in a large elec-
torate. Indeed, both sincerity and Condorcet Consistency are satisfied by AV at
equilibrium.

Definition 9.3.3 (Sincerity). An AV ballot is sincere if, given the lowest-preferred
candidate k that a voter approves of, he also approves of all candidates he prefers
to k.

Theorem 9.3.1. For a large electorate, in the absence of a tie in the score distribu-
tion, best responses are sincere under AV .

Theorem 9.3.2. For a large electorate, in the absence of a tie in the score distribu-
tion, AV uniquely selects the Condorcet Winner (whenever it exists) as the Winner
of the election. If the preference profile admits a Condorcet Winner and the Con-
dorcet Winner has a unique best contender then the game has a unique equilibrium.
In this equilibrium, the Condorcet Winner is elected.

The underlying rationale for both theorems is the limit ordering condition. Under
the limit ordering condition, we can say that pivot probabilities are “well ordered.”
For instance, let us pick three candidates a, b and c such that �.a/ > �.b/ > �.c/

(the expected score of candidate a is higher than the expected score of candidate
b and so on). Whenever the electorate is large, we know that every voter in the
election anticipates that the pivot between candidates a and b is the most probable
one and that as the size of the electorate becomes larger, the pivot probabilities pac

and pbc become negligible when compared with the pivot probability pab . This, in
turn, implies that voters vote according to the following rule: for every voter with
type t , the unique best-response ballot Rt is such that

a voter with type t s.t. ut .a/ > ut .b/ H) Rt D fk 2 K W ut .k/ 	 ut .a/g;
a voter with type t s.t. ut .a/ < ut .b/ H) Rt D fk 2 K W ut .k/ > ut .a/g;
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Indeed, given that voters are expected-utility maximizers, every voter will voter for
either candidate a or candidate b and no voter will vote for both. When a voter
has voted for either candidate a or candidate b, he still needs to decide whether
he will give his approval to candidate c. However, this decision is quite easy given
the limit ordering condition. Let us suppose that a voter has approved of candidate
a. Whenever he prefers candidate c to candidate a, he will approve of candidate c
as the most probable pivot in which candidate c is involved is against candidate a
(due to the limit ordering condition). In such an outcome, the expected utility of the
voter increases by approving of candidate c. Similarly, if the voter prefers candidate
a to candidate c, he will not approve of candidate c as the most probable pivot in
which candidate c is included is against candidate a. Similar arguments show that
the unique best-response ballot satisfies the previous claim for a finite number of
candidates.

The fact that the limit ordering condition implies a unique best response ballot
has different consequences. First of all, it is simple to see that Theorem 9.3.1 is a
direct consequence. Indeed, a sincere ballot underAV is a ballot such that whenever
you give your approval to some given candidate a, you approve any candidate that
you prefer to candidate a. The best response ballot Rt satisfies this definition and
thus every voter is sincere at equilibrium.

The second implication of the limit ordering condition is that the score of the
first-ranked candidate in equilibrium equals the share of the electorate who prefers
the first-ranked candidate to the second-ranked candidate. And the score of any other
candidate equals the share of the electorate who prefers such a candidate to the first-
ranked candidate. Therefore, the Condorcet Winner is the only possible Winner of
the election in equilibrium as the Condorcet Winner is the candidate who is preferred
in pairwise comparisons to the rest of the candidates in the election.

As will be shown in the remaining chapter, the limit ordering condition is not
satisfied by Large Poisson Games and this will be the source of the failure of pref-
erence aggregation under AV in such a setting. Indeed, given three candidates a, b
and c such that �.a/ > �.b/ > �.c/, it could be the case that the pivot probabil-
ity pac becomes infinitely larger than any other pivot probability as the size of the
electorate becomes large.

9.4 Large Poisson Games

A Poisson random variable P.n/ is a discrete probability distribution that depends
on a unique parameter which represents its mean. The probability that a Poisson
random variable of parameter n takes the value v, being v a nonnegative integer is
equal to

e�n n
v

vŠ
:

A Poisson voting Game of expected size n is a game such that the actual number
of voters taking part in the election is a random variable drawn from a Poisson
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distribution with mean n. This assumption represents the uncertainty faced by voters
w.r.t. the number of voters that show up the day of the election. The probability
distribution and its parameter n are common knowledge.

Each voter’s type is independently drawn from T according to the distribution of
types denoted by r D .r.t//t2T .

A Poisson game of expected size n is then represented by .K; T; n; r; u/. The
expression “large Poisson game” is used to describe the asymptotic behavior of a
sequence of Poisson games of expected size n when n is large enough.

In order to completely determine an election in a Poisson voting game, the vot-
ing rule remains to be specified. A Poisson voting game will be represented by
.K; T; C; n; r; u/ in which C stands for the set of available ballots. The set of bal-
lots we focus on (AV and PV ) have already been defined in the description of the
Myerson–Weber framework (Sect. 9.2).

As shown by Myerson (1998), assuming a Poisson population has two main
advantages: common public information and independence of actions.

As usual, voters’ actions depend on their type (private information) and on the
actions of other voters. In such a probabilistic framework, there exists a probabil-
ity distribution over the different possible outcomes that might arise in the election.
When we refer to common public information, we mean that this probability dis-
tribution does not depend on the type t . Indeed, each voter in the election fully
knows the probability distribution over the different outcomes independently of t .
This is not the case when using solution concepts such as the perfect equilibrium
of Selten (1975). In a perfect equilibrium, strategic voters have some prior beliefs
over the expected scores of the candidates. However, in such an equilibrium, there
is an asymmetry of information that makes more difficult the analysis of the game.
This common public information property of Poisson Games entails that voters’
actions uniquely depend on their private information t on this type of games in
equilibrium.

The second main advantage is usually referred as the independence of actions.
Indeed, the number of voters who choose a given ballot is independent from the
number of voters who choose another ballot. This is not the case if we assume for
instance a binomial distribution. Let us assume that a binomial random variable rep-
resents the number of voters in the election. A binomial distribution is characterized
by two parameters n and p. Whereas p represents the probability of taking part in
the election, the parameter n stands for the maximal size of the population. This
upper-bound for the number of voters implies that voters’ actions are correlated.8

This is not the case in a Poisson voting game as there is not an upper-bound for
the number of voters in the election. These two properties substantially simplify
the analysis of the voting game and are unique to the Poisson games as shown by
Myerson (1998).

8 To see this correlation, it suffices to understand that under the binomial assumption, whenever a
voter does not vote for a candidate, there is a most n� 1 voters that can do it.
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We represent voters’ actions by the strategy function 	.cj t/9 which is a function
from T into 
.C/ the set of probability distributions over C . Formally, we write

	 W
�
T �! 
.C/

t 7�! 	.: j t/:

A voter with type t chooses ballot c with probability 	.c j t/. Then, taking
into account the distribution of types r and the strategy function 	.: j t/, the vote
distribution � D .�.c//c2C can be determined as follows. For each c 2 C , we
define

�.c/ D
X

t2T

r.t/	.c j t/:

The vote distribution � represents the share of votes each ballot gets. We denote
by x.c/ the Poisson random variable with parameter n�.c/ that describes the num-
ber of voters x.c/ who choose ballot c. Furthermore the vote profile x D .x.c//c2C

is a vector of length C of independent random variables (due to the independent
actions property).

We denote by b a vector of length C of non-negative integer numbers. Each
component b.c/ of vector b accounts for the number of voters who vote for ballot
c. The set of electoral outcomes10 given ballot set C is denoted by B, where

B D fb 2 R
C j b.c/ is a non-negative integer for all c 2 C g

The subsets of B will be denoted by capital letters B 
 B.
Given the vote profile x, the (common knowledge) probability that the outcome

is equal to a vector b 2 B is such that

P Œx D b j n�� D P Œ
\

c2C

x.c/ D b.c/ j n��

D
Y

c2C

P Œx.c/ D b.c/ j n��

D
Y

c 2 C

 
e�n	.c/.n�.c//b.c/

b.c/Š

!

:

For ease of notation, we refer to P Œx D b j n�� by P Œx D b�. We will be mainly
interested in computing the probabilities of subsets of B rather than probabilities of
vectors themselves, as for instance the probability of two given candidates getting
the same number of votes. Given the vote profile x, we write that the probability of

9 The strategy function satisfies 	.c j t / 	 0 8 c 2 C and
P

d2C 	.d j t / D 1.
10 In probabilistic terminology, an electoral outcome is usually referred as an event or realization
of a random variable, i.e., the value that is actually observed (what actually happened). For ease of
notation, we will refer to them simply as outcomes.
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the outcome B 
 B is equal to

P Œx 2 B� D
X

b2B

P Œx D b�:

Let Ck denote the set of ballots in which candidate k is approved. Given the vote
profile x, the score distribution � D .�.k//k2K describes the share of votes that
each candidate gets. For each k 2 K ,

�.k/ D
X

c2Ck

�.c/:

It follows that the number of voters that vote for a candidate k is drawn from a
Poisson random variable with mean n�.k/. Given the score distribution, we define
the score profile s D .s.k//k2 K describes the number of voters who vote for each
candidate k with

s.k/ D
X

c2Ck

x.c/ � P.n�.k//:

Given that under AV voters can vote for several candidates, it is not true in
general that the score profile s is a vector of independent random variables. As
will be shown this lack of independence is an important property of AV on Poisson
games. Indeed, due to this correlation between the candidate scores, counterintuitive
situations might arise.

Given an outcome B 
 B, let M.B/ D arg maxj 2K �.j / denote the set of can-
didates with the most points. We say that candidate a is the Winner of the election
whenever candidate a is the unique candidate in the set M.B/. Assuming a fair
toss of a coin, the probability of candidate k winning the election given the vector
B 
 B is

QŒk j B� D
�
1=#.M.B// if k 2 M.B/
0 if k 62 M.B/:

9.4.1 Voting Equilibrium on Large Poisson Games

For any outcome B 
 B and any ballot c 2 C , we let B C fcg denote the outcome
such that one ballot c is added. That is, we write that the outcome D 
 B is such
that

D D B C fcg D fd 2 D j d D b C c for any b 2 B; c 2 C g:
in which the sum of vectors b and c is componentwise. Thus, given the vote profile
x, a voter with type t casts the ballot c that maximizes his expected utility

EUt Œc j n�� D
X

B�B

P Œx 2 B�
X

k2K

QŒk j B C fcg�ut .k/:

Again, for ease of notation, we write EUt Œc� for EUt Œc j n��.
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Definition 9.4.1 (Equilibrium of a Poisson game). We refer to 	 as an equilibrium
of the Poisson voting game .K; T; C; n; r; u/ if for each c 2 C and each t 2 T , given
the vote distribution � ,

	.c j t/ > 0 H) c 2 arg max
d2C

EUt Œd �:

As the focus of this work is on elections with a large number of voters, one shall look
at the limits of equilibria as the expected number of voters n tends to infinity. Thus,
we refer to a large equilibrium sequence of .K; T; C; r; u/ to denote any equilibria
sequence f	ng1

nD1 of the voting games .K; T; C; n; r; u/ such that the vectors 	n

are convergent to some limit 	 as n ! 1 in the sequence. We refer to this limit
	 as a large equilibrium of .K; T; C; r; u/. Furthermore, we refer to a sequence of
outcomes in B by fBng1

nD1. The limit B of a sequence of outcomes fBng1
nD1 in B

is an outcome and so it is a subset of B.

9.4.2 The Decision Process

As previously stated, we assume that each voter determines which ballot he casts by
maximizing his expected utility. As voters are instrumentally motivated, they care
only about the influence of their own vote in determining the Winner’s identity. As
usual in voting environments with a large number of voters, a voter’s action has a
negligible impact on the outcome of the election. Indeed, it has some impact only
if there is some set of candidates involved in a close race for first place where one
ballot could pivotally change the result of the election: a pivot.

Definition 9.4.2. Given the score profile s and a subset Y of the set of candidates
K , an outcome B 
 B is a pivot.Y / if and only if:

8 y 2 Y; s.y/ 	 max
k2K

s.k/ � 1
8 k 62 Y; s.k/ < max

k2K
s.k/ � 2:

The set of all pivot outcomes is denoted by †.C/ 
 B, where

†.C/ D fB 
 B j 9 Y 
 K; B D pivot.Y /g:

Besides, the set of all pivot outcomes in which candidate k is involved is denoted
by †.C; k/ 
 †.C/, where

†.C; k/ D fB 2 †.C/ j 9 Y 
 K s.t. k 2 Y andB D pivot.Y /g:

The vector p D .pkl/kl2H summarizes the pivot probabilities for all pairs of candi-
dates in whichH stands for the set of unordered pairs of candidates. Similarly to the
previous models, the vector p deserves special attention. However, in Large Poisson
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Games, there are no restrictions over the probabilities of pivot outcomes involving
three (or more) candidates.

Thus, given the vote profile � , the expected utility for a voter with type t of
casting ballot c is such that

EUt Œc� D
X

B�B

P Œx 2 B�
X

k2K

QŒk j x C fcg�ut .k/

D
X

B�†.C /

P Œx 2 B�
X

k2K

QŒk j x C fcg�ut .k/:

The probability of any pivot outcome generally tends to zero as the expected
population n becomes large. However, we can still compare their likelihood by
comparing the rates at which their probabilities tend to zero. These rates can be
measured by a concept of magnitude, defined as follows.

Given a large equilibrium sequence f	ng1
nD1, the magnitude �ŒB� of the limit B

of a sequence of outcomes fBng1
nD1 
 B is such that

�ŒB� D lim
n!1

1

n
logP Œx 2 B j n�� D lim

n!1
1

n
logP Œx 2 B�:

Notice that the magnitude of an outcome must be inferior or equal to zero, since
the logarithm of a probability is never positive. The main advantage of using mag-
nitudes is to have an analytical way to compare likelihoods of outcomes rather than
estimations, as the following example shows.

Example 9.4.1. Probabilities and Magnitudes in a Poisson voting game.

Let .K; T; C; n; r; u/ be a Poisson voting game. The vote profile x describes the
number of voters who cast a given ballot. For two given ballots c and c0, we write

x.c/ � P.n�.c// and x.c
0

/ � P.n�.c0

//:

Given the independent actions property, both x.c/ and x.c0/ are independent ran-
dom variables. Let us denote by fBng1

nD1 
 B the sequence of outcomes in which
there is the same number of voters that choose ballot c and ballot c

0

for each
expected size of the electorate n. We denote the limit of the sequence of outcomes
fBng1

nD1 by B . For a given n, each outcome Bn is formally defined by

Bn D fb 2 B j b.c/ D b.c
0

/g;

The definition of the probability of an outcome implies

P Œx 2 Bn� D
X

b2Bn

P Œx D b� D
1X

kD0

P Œx.c/ D k \ x.c
0

/ D k�:
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Therefore, the independence of actions property entails that P Œx.c/ D k\ x.c
0

/ D
k� D P Œx.c/ D k�P Œx.c

0

/ D k� so that

P Œx 2 Bn� D e�n.	.c/C	.c
0

//

1X

kD0

.n2�.c/�.c
0

//k

.kŠ/2

D e�n.	.c/C	.c
0

//I0

�

2n

q
�.c/�.c

0

/

	

;

where I0 is a modified Bessel function.11 Hence, the magnitude of the limit outcome
B 
 B is such that:

�ŒB� D lim
n!1

1

n
logP Œx 2 Bn�

D lim
n!1

1

n
log e�n.	.c/C	.c

0

//I0

�

2n

q
�.c/�.c

0

/

	

D 2

q

�.c/�.c
0

/ � .�.c/C �.c
0

//

D �.p�.c/ �
q
�.c

0

//2;

which gives an explicit rate of convergence towards zero.

If one can show that a pivot between one pair of candidates has a magnitude that
is strictly greater than the magnitude of a pivot between another pair of candidates,
then the latter becomes infinitely less likely as the expected number of voters goes
to infinity. That is to say, given two subsets Y and Y

0

of the set of candidatesK , for
any pair of outcomes pivot.Y / and pivot.Y

0

/ 
 B, if

�Œpivot.Y /� > �Œpivot.Y
0

/�;

then we know that the pivot outcome between candidates in Y is infinitely more
likely than the pivot outcome between candidates in Y

0

, i.e.

lim
n!1

P Œx 2 pivot.Y /0

�

P Œx 2 pivot.Y /� D 0:

We now move to the description of the decision process of voters. Let k be a
candidate. Let c and c0 be two ballots that only differ by an extra candidate k:
c0 D c [ k. In order to evaluate which of the ballots the type-t voter casts, he
computes the sign of the following expression

11 See Formula (9.6.10) in Abramowitz and Stegun (1965). A modified Bessel function I0 satisfies
limn!1

1
n

log I0.n˛/ D ˛.
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 D EUt Œc
0� �EUt Œc�

D
X

B� †.C /

P Œx2B�
X

k2K

�
QŒk j x2B C fc0g��QŒk j x2B C fcg� � ut .k/:

The sum 
 simply represents the effect of adding candidate k to his ballot in his
expected utility. However, adding this extra candidate to his ballot can only have an
impact in the cases where this candidate is involved in a pivot. Therefore,
 can be
rewritten as follows:

X

B� †.C;k/

P Œx 2 B�
X

k2K

�
QŒk j x 2 B C fc0g��QŒk j x 2 B C fcg� � ut .k/:

Then, if there exists a pivot.Y / 
 †.C; k/ where candidate k is involved which
probability becomes infinitely more likely as n tends towards infinity than every
other pivot B 
 †.C; k/, one can factor out by this pivot. Indeed, let us assume
that every pivot B where candidate k is involved becomes infinitely less likely than
pivot.Y / as the expected number of voters n tends towards infinity,

lim
n!1

P Œx 2 B�
P Œx 2 pivot.Y /� D 0 for all B 2 †.C; k/:

Given this focalisation of voters’ attention on the outcome pivot.Y /, a voter’s deci-
sion (the sign of 
) is reduced to evaluating which ballot maximizes his expected
utility in case of a pivot.Y /,

sign.
/ D sign.
X

k2K

�
QŒk j x2pivot.Y /C fc0g� �QŒk j x 2 pivot.Y /C fcg� � ut .k//:

Repeating the previous procedure, one can deduce the best response for every
voter in the election. Therefore, if given the vote profile x, there exists a strict order-
ing of the magnitudes of the pivot outcomes, we can ensure the existence of a unique
best response, in a similar manner to the best response sets Rt described for the
Score Uncertainty model.

9.4.3 Computing Magnitudes

This section introduces the main technical tools for the computation of the magni-
tudes in Poisson games. A reader mainly interested in the strategic properties of the
voting rules can skip this section.

As previously defined, the magnitude of an outcome represents the speed of
convergence towards zero of the probability of such an outcome. The magnitude
theorem (Myerson 2000) states that a magnitude can be computed as the solu-
tion of a maximization problem with a concave and smooth objective function.
The dual magnitude theorem or DMT (Myerson 2002) gives a method to compute
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magnitudes of outcomes that can be defined by linear inequalities involving the vote
profile x D .x.c//c2C . Finally, as a pivot outcome cannot be defined with such
linear inequalities, the Magnitude equivalence theorem orMET (Nuñez 2010) sets
up a method of computing magnitudes of pivot outcomes by using the DMT .

In order to formally introduce the results, we first give the definition of offset
ratio of an outcome that will be necessary throughout.

For any outcome B 
 B and any ballot c 2 C , the ratio B.c/=n�.c/ is called
the c-offset ratio of B when n� is the vote distribution. That is, the c-offset is a ratio
which describes the number of players who vote for ballot c as a fraction of the
expected number of voters who were supposed to cast ballot c.

For any ballot c 2 C , we say that ˛.c/ is the limit of c-offsets in the sequence
of outcomes fBng1

nD1 iff fBng1
nD1 has a finite magnitude and, for every major

sequence12 of points fbng1
nD1 in fBng1

nD1, we have

˛.c/ D lim
n!1

bn.c/

n�n.c/
D b.c/

n�.c/
with �.c/ D lim

n!1 �n.c/ and b.c/ D lim
n!1 bn.c/:

Theorem 9.4.1 (Magnitude Theorem, Myerson 2000). Let fBng1
nD1 be a

sequence of outcomes in B. Then

lim
n!1 logP Œx 2 Bn�=n D lim

n!1 max
bn2Bn

logP Œx D bn�=n

D lim
n!1 max

bn2Bn

X

c2C

�n.c/ .
bn.c/

n�n.c/
/:

in which  .x/ D x.1 � log.x// � 1 whenever x > 0 and  .0/ D �1.

Theorem 9.4.2 (Dual Magnitude Theorem, Myerson 2002). Let B 
 B be an
outcome defined by

B D
(
X

c2C

ak.c/x.c/ 	 0 8 k 2 J
)

;

in which J is a finite set and parameters ak.c/ are given for every k 2 J and c 2 C .
Suppose that � 2 R

C is an optimal solution to the problem

min
�

X

c2C

�.c/.exp.
X

k

�kak.c// � 1/ s.t. �k 	 0; 8 k 2 J: .F /

12 A sequence fbng1

nD1 is a major sequence of points in the sequence of outcomes fBng1

nD1 iff each
bn is a point in Bn and the sequence of points fbng1

nD1 has a magnitude that is equal to the greatest
magnitude of any sequence that can be selected from the outcomes Bn . Formally, bn 2 Bn 8n and
limn!1 log.P Œx D bn�/=n D limn!1 maxyn2Bn log.P Œx D yn�/=n. See Sect. 3 in Myerson
(2000) for a more detailed account of sequences of outcomes in Large Poisson Games.
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Then the optimal value of the objective function .F / coincides with the magnitude
�ŒB� of the outcome B 
 B and the limits of the c-offset ratios associated are such
that

˛.c/ D exp.
X

k

�kak.c//; for all c 2 C:

This theorem states a simple technique to compute magnitudes of outcomes are
defined w.r.t. to a finite series of inequalities.
Example 9.4.1 (continued). Probabilities and Magnitudes in a Poisson voting game.

Let us apply theDMT to compute the probability of two ballots c and c
0

getting
the same number of votes. Indeed, we can represent the limit outcome B 
 B as

B D
n
Œx.c/ � x.c0

/ 	 0� \ Œx.c0

/� x.c/ 	 0�
o
:

Then, by the DMT , the magnitude �ŒB� of B 
 B is such that

�ŒB� D min
�
�.c/ exp.�1 � �2/C �.c

0

/ exp.��1 C �2/ � �.c/ � �.c0

/;

s.t. �i 	 0 8 i . Solving this minimization problem yields to

˛.c/ D exp.�1 � �2/ D
s
�.c

0

/

�.c/
and ˛.c

0

/ D exp.��1 C �2/ D
s
�.c/

�.c
0

/
;

and to

�ŒB� D 2

q

�.c/�.c
0

/� �.c/ � �.c0

/ D �.
p
�.c/ �

q

�.c
0

//2:

which coincides with the magnitude of the limit outcome B previously computed.
The Magnitude Equivalence Theorem or MET (Nuñez 2010) substantially

reduces the computations of the magnitude of a pivot outcome: it allows us to use
directly the DMT to compute magnitudes of pivot outcomes.

The DMT is conceived to compute the magnitude of outcomes defined by a
series of inequalities involving the vote profile x D .x.c//c2C . Formally, using the
DMT we compute the magnitude of an outcome B 
 B defined by

B D
(
X

c2C

ak.c/x.c/ 	 0 8 k 2 J
)

:

However, a pivot outcome does not have this geometrical structure, i.e., for some
Y 
 K , an outcome pivot.Y / is defined by

8 y 2 Y; s.y/ 	 maxk2K s.k/ � 1

8 k 62 Y; s.k/ 
 maxk2K s.k/ � 2:
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Given that the components s.k/ of the score profile s are sums of the components
x.c/ of the vote profile x, i.e., s.k/ D P

c2Ck
x.c/, we cannot express a pivot

outcome only using linear inequalities involving x.
TheMET shows that the magnitude of a pivot outcome coincides with the mag-

nitude of an outcome than can be defined uniquely using this type of inequalities.

Theorem 9.4.3 (Magnitude Equivalence Theorem, Nuñez 2010). Let Y be a sub-
set of the set of candidates K and pivot.Y / be its associated pivot outcome. Given
a large equilibrium sequence f	ng1

nD1, we can write

�Œpivot.Y /� D �ŒD�;

for some outcomeD 
 B defined by

D D fs.k/ D s.l/ 8 k; l 2 Y g \ fs.k/ 	 s.l/ 8 k 2 Y and l 2 K n Y g:

This result shows that there exists an outcome, defined by a series of inequalities
depending on the vote profile x, which magnitude coincides with the magnitude of
the pivot outcome. Indeed, the outcomeD defined by Theorem 9.4.3 can be written
down as:

D D
(
X

c2C

ak.c/x.c/ 	 0 8 k 2 J
)

;

for some parameters ak as, by definition,

s.k/ D
X

c2Ck

x.c/:

Thus, one can directly the DMT to compute the magnitude of pivot outcomes,
solving a simple constrained maximization problem.

9.4.4 Approval Voting and Plurality Voting on Large Poisson
Games

This section presents an example, due to Myerson (2002), where in equilibriumAV

leads to better preference aggregation than PV . There are two types of voters and
three candidates, one of which is unanimously preferred. Due to the flexibility of
AV , every voter votes the unanimously preferred candidate in the unique equilib-
rium of game. However, this is not the case under PV , which is one of the major
flaws of PV in this framework. Indeed, whenever voters anticipate that a pair of
candidates is the most likely one to be in contention for victory, then one of the
candidates included in the pair is the Winner of the election at equilibrium. Hence,
PV is too vulnerable to the information manipulation (information concerning the
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expected scores of the candidates) whereas AV is more robust as it allows voters
more flexibility.

Let us consider a Large Poisson voting game where there are three candidates
K D fa; b; cg and three different types T D ft1; t2g such that:

t1 t2

a a

b c

c b

in which the utility of t1-voters satisfies ut1.a/ > ut1.b/ > ut1.c/ and so on. This
example does not lie on the utility levels but rather on the preference orderings.
Besides, the distribution of types satisfies

r.t1/ D p and r.t2/ D 1 � p for some 0 < p < 1:

Proposition 9.4.1. On Large Poisson Games, a unanimously preferred candidate is
the unique Winner of the election under AV .

Proposition 9.4.2. On Large Poisson Games, a unanimously preferred candidate
need not be the Winner of the election under PV .

Proof. We claim that there is a large equilibrium 	 of the game .K; T; C; r; u/
in which candidate a is not the Winner of the election under PV . In this large
equilibrium, the strategy function satisfies

	.bj t1/ D 	.cj t2/ D 1;

and the vote distribution is such that

�.b/ D r.t1/ and �.c/ D r.t2/:

Given the vote distribution, the vote profile x D .x.c//c2C is the following vector

x.b/ � P.pn/ and x.c/ � P..1 � p/n/:

In such an equilibrium, the score distribution � D .�.k//k2K is such that

�.b/ D p and �.c/ D 1 � p:

Given this score distribution, the Winner of the election is either candidate b or
candidate c. Finally, given the score distribution, the score profile s D .s.k//k2 K is
such that

s.b/ D x.b/ � P.pn/; and s.c/ D x.c/ � P..1� p/n/:
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Let us now show why 	 is indeed a large equilibrium of this Poisson Approval vot-
ing game. The aim is to prove that the pair 	 induces a probability distribution over
the set of pivot outcomes such that 	 is still a best response. The solved minimiza-
tion problems are included in the appendix. In this example, there are three possible
pivot outcomes involving two candidates pivot.a; b/, pivot.a; c/ and pivot.b; c/ and
one pivot outcome in which the three candidates are involved.

Given the strategy function 	 , the MET implies that the magnitude of the out-
come pivot.b; c/ is equal to the magnitude of the outcome fs.b/ D s.c/ 	 s.a/g.
Formally, we write

�Œpivot.b; c/� D �Œfs.b/ D s.c/ 	 s.a/g�:

The outcome fs.b/ D s.c/ 	 s.a/g can be defined as

fŒx.b/ 	 x.c/�\ Œx.c/ 	 x.b/�\ Œx.b/ 	 0�g () fŒx.b/ D x.c/�\ Œx.b/ 	 0�g:

According to the DMT, we know that the magnitude of pivot.b; c/ is equal to the
solution of the following optimisation problem.

�.b/ expŒ�1 � �2�C �.c/ expŒ��1 C �2� � �.b/� �.c/;

such that �i 	 0 8 i . Thus, the magnitude of this pivot outcome is such that

�Œpivot.b; c/� D 2�.b/�.c/ � �.b/ � �.c/ D �.p�.b/�p
�.c//2;

which implies that �Œpivot.b; c/� > �1 as 0 < p < 1.
Similarly, combining theMET and theDMT , the magnitude of a pivot between

candidates a and b is equal to

�Œpivot.a; b/� D �Œfs.a/ D s.c/ 	 s.b/g� D �Œfx.b/ D 0g \ fx.c/ D 0g� D �1;

and the magnitude of a pivot between candidates a and c is equal to

�Œpivot.b; c/� D �Œfs.b/ D s.c/ 	 s.a/g� D �1:

Moreover, the magnitude of the pivot between candidates a, b and c is equal to the
magnitude of the pivot between candidates b and c, i.e.

�Œpivot.a; b; c/� D �1:

Therefore, the magnitudes of the pivot outcomes are ordered as follows:

�Œpivot.b; c/� > �Œpivot.a; b/� D �Œpivot.a; c/� D �Œpivot.a; b; c/� (A):
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Inequality (A) can be rewritten in terms of the pivot probabilities pkl as follows

lim
n!1

pkl

pbc

D 0 8k; l 2 K;

which implies that in this equilibrium the limit ordering condition is satisfied (as
both candidates b and c have a strictly higher expected score than candidate c).

Taking into account the ordering of the magnitudes (A), one can determine the
ballot that each voter of a given type chooses. Under PV , it is clear that voter’s best
responses are such that

	.bj t1/ D 	.cj t2/ D 1;

showing that 	 is an equilibrium. This equilibrium simply represents the wasted-
vote effect in a Large Poisson game: that is, no voting for a candidate you prefer as
you anticipate he has no chance of winning the election.

However, this is not the case underAV . Indeed, even if any of the pivot outcomes
in which candidate a is involved is far less probable than the pivot outcome between
candidates b and c, the pivot outcomes involving candidate b arise with strictly
positive probability. Then, as with AV a voter can approve as many candidates as
he wishes, approving candidate a strictly increases his expected utility. Therefore
given inequality (A), the strategy function satisfies under AV

	.a; bj t1/ D 	.a; cj t2/ D 1;

showing that 	 is not a large equilibrium of the game .K; T; C; r; u/.
Similar claims show that the unique Winner in equilibrium is candidate a. Indeed,

as there is always a strictly positive alone of no voter showing up the day of the
election, a voter always approves of his preferred candidate under AV . Therefore, a
unanimously preferred candidate must the Winner of the election under AV .

It is clear through the arguments presented in this proof that the properties hold
independently of the example. In other words, a unanimously preferred candidate
will always be the Winner of the election under AV whereas this need not be the
case under PV .

9.4.5 AV Does Not Satisfy Condorcet Consistency on Large
Poisson Games

In this section, an example from Nuñez (2010) is provided where, in equilibrium, the
Winner of the election does not coincide with the Condorcet Winner. Moreover, in
this equilibrium a candidate preferred by more than half of the voters is not elected.
The majority of voters (t2-voters) would prefer to vote just for their preferred can-
didate, candidate b. However, they vote for their second preferred candidate a to
prevent candidate c from winning the election, as the most probable pivot outcome
in which candidate a is involved is against candidate c. It is a pure coordination
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problem which the Poisson uncertainty does not remove. This equilibrium is char-
acterized by a failure in preference aggregation: it is due to the correlation between
the scores of the candidates that naturally arise in Large Poisson Games when a
voting rule allows to vote for several candidates.

Let us consider a Large Poisson Approval voting game where there are three
candidatesK D fa; b; cg and three different types T D ft1; t2; t3g such that:

t1 t2 t3

a b c

b a a

c c b

in which the utility of t1-voters satisfies ut1.a/ > ut1.b/ > ut1.c/ and so on. This
example does not lie on the utility levels but rather on the preference orderings.
Besides, the distribution of types satisfies

r.t1/ D 0:1; r.t2/ D 0:6 and r.t3/ D 0:3:

Given this distribution, candidate b is the C:W: as

r.t2/ > r.t1/C r.t3/

r.t1/C r.t2/ > r.t3/;

Furthermore, candidate b is more than simply a Condorcet Winner. There is more
than the expected half of voters that rank him first.

Proposition 9.4.3. On Large Poisson Games, a candidate who is ranked first by
more than the expected half of voters need not be the Winner of the election under
AV .

Proof. We claim that there is a large equilibrium 	 of the game .K; T; C; r; u/ in
which candidate b is not the Winner of the election. In this large equilibrium, the
strategy function satisfies

	.aj t1/ D 	.a; bj t2/ D 	.cj t3/ D 1;

and the vote distribution is such that

�.a/ D r.t1/; �.a; b/ D r.t2/; �.c/ D r.t3/:

Given the vote distribution, the vote profile x D .x.c//c2C is the following vector

x.a/ � P.0:1n/; x.a; b/ � P.0:6n/ and x.c/ � P.0:3n/:
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In such an equilibrium, the score distribution � D .�.k//k2K is such that

�.a/ D �.a/C �.a; b/ D 0:7; �.b/ D �.a; b/ D 0:6 and �.c/ D 0:3:

Given this score distribution, the Winner of the election is candidate a which there-
fore implies that AV is not Condorcet Consistent in Poisson Games. Finally, given
the score distribution, the score profile s D .s.k//k2 K is such that

s.a/ D x.a/Cx.a; b/ � P.0:7n/; s.b/ D x.b/ � P.0:6n/ and s.c/ D x.c/ � P.0:3n/:

Let us now show why 	 is indeed a large equilibrium of this Poisson Approval vot-
ing game. The aim is to prove that 	 induces a probability distribution over the set of
pivot outcomes such that 	 is still a best response for voters. The solved minimiza-
tion problems are included in the appendix. In this example, there are three possible
pivot outcomes involving two candidates pivot.a; b/, pivot.a; c/ and pivot.b; c/ and
one pivot outcome in which the three candidates are involved.

Given the strategy function 	 , the MET implies that the magnitude of the out-
come pivot.a; b/ is equal to the magnitude of the outcome fs.a/ D s.b/ 	 s.c/g.
Formally, we write

�Œpivot.a; b/� D �Œfs.a/ D s.b/ 	 s.c/g�:

The outcome fs.a/ D s.b/ 	 s.c/g can be defined as

fŒx.a/ 	 0�\ Œ�x.a/ 	 0� \ Œx.a/C x.a; b/ � x.c/ 	 0�g :

According to the DMT, we know that the magnitude of pivot.a; b/ is equal to the
solution of the following optimisation problem.

�.a/ expŒ�1 � �2 C �3�C �.a; b/ expŒ�3�C �.c/ expŒ��3� � 1;

such that �i 	 0 8 i . Thus, the magnitude of this pivot outcome is such that

�Œpivot.a; b/� D �0:1:

Similarly, combining theMET and theDMT , the magnitude of a pivot between
candidates a and c is equal to

�Œpivot.a; c/� D �Œfs.a/ D s.c/ 	 s.b/g� D �0:0834849;

and the magnitude of a pivot between candidates b and c is equal to

�Œpivot.b; c/� D �Œfs.b/ D s.c/ 	 s.a/g� D �0:151472:
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Moreover, the magnitude of the pivot between candidates a, b and c is equal to the
magnitude of the pivot between candidates b and c, i.e.

�Œpivot.a; b; c/� D �0:151472 D �Œpivot.b; c/�:

Therefore, the magnitudes of the pivot outcomes are ordered as follows:

�Œpivot.a; c/� > �Œpivot.a; b/� > �Œpivot.b; c/� D �Œpivot.a; b; c/� (B):

Taking into account inequality (B), one can determine the ballot that each voter
of a given type chooses. As previously argued, a voter votes for a candidate k iff
the pivot outcome with the highest magnitude involving candidate k is against a less
preferred candidate. In this case, the magnitudes of the pivot outcomes are strictly
ordered so that voters’ best responses immediately follow. Therefore, the strategy
function satisfies

	.aj t1/ D 	.a; bj t2/ D 	.cj t3/ D 1;

and the vote distribution is such that

�.a/ D r.t1/; �.a; b/ D r.t2/; �.c/ D r.t3/;

showing that 	 is a large equilibrium of the game .K; T; C; r; u/.

On the Limit Ordering Condition

It is important to emphasize that in the previous example the limit ordering condition
is violated. Indeed, candidates a and b have the highest expected scores but the most
probable pivot outcome in which candidate a is involved is pivot.a; c/. In terms of
the pivot probabilities pkl that only involve pairs of candidates we can write this
violation of the limit ordering condition as follows. The expected scores of candi-
dates b and c satisfy �.c/ < �.b/ so that the limit ordering condition would imply
that the pivot probability pab becomes far more likely than pac as the expected
number of voters becomes large. However, given inequality (B), we can write that

lim
n!1

pab

pac

D 0 with �.c/ < �.b/:

This lack of ordering is the source of the bad preference aggregation that arises in
equilibrium, preventing the arguments presented by Laslier (2009) from remaining
valid in Large Poisson Games.

Single-Peaked Preferences

One cannot escape from this type of bad equilibria by artificially restraining vot-
ers’ preferences. This example can be extended to a situation in which preferences
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are single-peaked. Let us we assume that there are four different types T D
ft0; t1; t2; t3g such that

t0 t1 t2 t3

a a b c

c b a a

b c c b

in which the distribution of types r satisfies

r.t0/ D "; r.t2/ D 0:1 � "; r.t3/ D 0:6 and r.t4/ D 0:3:

for some small " > 0. With such a slight alteration, the large equilibrium in which
candidate a is the Winner of the election still exists and the preference profile
satisfies single-peakedness.

The Equilibrium Is Not Unique

It is important to emphasize that in this game there is another large equilibrium
in which the C:W: coincides with the Winner of the election. In such a large
equilibrium, the strategy function 	.: j t/ satisfies

	.a j t1/ D 	.b j t2/ D 	.a; c j t3/ D 1;

and the vote distribution is such that

�.a/ D 0:1; �.b/ D 0:6; �.a; c/ D 0:3:

In this alternative equilibrium, the Winner of the election is candidate b. Indeed, in
such an equilibrium, the outcome pivot.a; b/ becomes infinitely more probable than
any other pivot outcome B 
 †.C/ as n tends towards infinity. Voters with type
t1 and t2 vote for their preferred candidate and the t3-voters vote for candidate a to
prevent candidate b in the event of an outcome pivot.a; b/.

Nevertheless, AV can uniquely lead to equilibria in which Condorcet Consis-
tency is violated. Indeed, Nuñez (2009) constructs an example with three candidates
in the Condorcet Winner is not the Winner of the election at any of the equilibria of
the game.

9.5 Conclusion

This work analyses the properties of AV on models with a large number of vot-
ers. The Myerson–Weber framework (Myerson and Weber 1993) has the virtue of
being simple and at the same time setting up some simple comparisons between
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one-shot voting rules. In such a framework, AV leads to better preference aggre-
gation than PV in some situations. However, its simplicity is due to the lack of
a formal game-theory model that raises questions about the assumptions concern-
ing pivot probabilities. Both Score Uncertainty model and Large Poisson Games
address these technical problems and give positive answers: it is indeed possible by
means of a formal model to obtain that pivot probabilities are common knowledge
(as far as voters’ best responses are concerned, this is true for both models) and that
pivot probabilities are “well ordered” (this is only correct in the Score Uncertainty
model).

Large Poisson Games possess several advantages such as the independent actions
or the environmental equivalence property that simplify the analysis of the voting
equilibria. Using these games, Myerson (2002) shows that AV is more robust to
information manipulation than other one-shot voting rules such as PV in some
simple voting games. However, AV does not preclude paradoxical situations from
arising as a consequence of the independent actions property as shown by Nuñez
(2009, 2010). When the voting rule allows to vote for more than one candidate, the
fact that the number of voters who cast a given ballot is independent of the number
of voters who cast another one (independent actions property) naturally implies that
the scores of the candidates are correlated. This correlation implies that the limit
ordering condition of the pivot probabilities is violated. As a consequence of this
non-intuitive ordering, the Winner of the election does not always coincide with
the Condorcet Winner. Whenever the voters anticipate that the Condorcet Winner is
not included in the most probable pivot outcome, he need not be the Winner of the
election in equilibrium. This fact limits the reduction of Nash equilibria that arises
in Large Poisson Games.

In the Score Uncertainty model (Laslier 2009) candidates’ scores are independent
random variables. With such an independence, the pivot probabilities satisfy the
limit ordering condition. Hence, AV ensures that voters’ best responses are sincere
and the Condorcet Winner wins the election whenever it exists, provided that every
candidate gets a strictly positive share of votes.

Appendix

This appendix provides the constrained minimization problems used to compute the
magnitudes of the pivot outcomes in Sect. 9.4.5, in the large equilibrium in which
the Condorcet Winner does not coincide with the Winner of the election.
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Magnitude of a Pivot Between Candidates a and b

�Œfs.a/ D s.b/ 	 s.c/g� D min
�

�.a/ expŒ�1 � �2 C �3�

C�.a; b/ expŒ�3�C �.c/ expŒ��3� � 1;

such that �i 	 0 8 i . The solution to this problem yields

�Œfs.a/ D s.b/ 	 s.c/g� D �Œfx.a/ D 0g� D �r.t1/ as r.t2/ > r.t3/:

Magnitude of a Pivot Between Candidates a and c

�Œfs.a/ D s.c/ 	 s.b/g� D min
�

�.a/ expŒ�1 � �2 C �3�

C�.a; b/ expŒ�1��2�C �.c/ expŒ��1 C �2��1;

such that �i 	 0 8 i . Therefore,

�Œpivot.a; c/� D �Œfs.a/ D s.c/ 	 s.b/g�
D �.pr.t1/C r.t2/�p

r.t3//
2 D �Œx.a/C x.a; b/ D x.c/�:

Magnitude of a Pivot Between Candidates b and c

�Œfs.b/ D s.c/ 	 s.a/g� D min
�

�.a/ expŒ��3�

C �.a; b/ expŒ�1 � �2�C �.c/ expŒ��1 C �2� � 1;

such that �i 	 0 8 i . Therefore,

�Œpivot.b; c/� D �Œfs.b/ D s.c/ 	 s.a/g� D �r.t1/ � .
p
r.t2/�

p
r.t3//

2

D �r.t1/C �Œx.a; b/ D x.c/�

D �Œpivot.a; b; c/�:
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Chapter 10
Computational Aspects of Approval Voting

Dorothea Baumeister, Gábor Erdélyi, Edith Hemaspaandra,
Lane A. Hemaspaandra, and Jörg Rothe

10.1 Introduction

“Yes, we can!” – Barack Obama’s campaign slogan inspired enough of his support-
ers to go to the polls and give him their “yes” votes that he won the 2008 U.S.
presidential election. And this happened notwithstanding the fact that many other
voters said “no” when pollsters asked if they viewed Barack Obama as qualified
for the office. “Yes” and “no” are perhaps the most basic ways for us, as voters,
to express our preferences about candidates, and “yes” and “no” are what approval
voting is all about.

In approval voting, every voter either approves or disapproves of each candidate.
At the end of the day, all approvals are counted and whoever is approved of by
the most voters wins. Since Brams and Fishburn (1978) proposed this system three
decades ago, it has been studied intensely in social choice theory (see, e.g., Brams
1980; Brams and Fishburn 1981, 1983, 2002, 2005; Brams et al. 2004, 2007a; Brams
and Sanver 2006, 2009; Dutta et al. 2006; Kilgour et al. 2006), it has been adopted
by numerous scientific and engineering societies (such as the IEEE),1 and it has even
been dubbed “the electoral reform of the twentieth century” by its proponents (see
Dutta et al. 2006). This chapter focuses on the computational aspects of approval
voting.

Why should one bother to study the computational aspects of approval voting?
Isn’t this just a matter of summing up the approvals each candidate receives and

1Notwithstanding the success of approval voting in many such societies, Brams and Fishburn
(2005) also note that approval voting “is not currently used in any public elections, despite efforts
to institute it, so its success should be judged as mixed.” For example, the U.S. presidential election,
which involves the U.S. electoral college and has aspects of both plurality and majority voting, is
not held under approval voting.
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comparing the resulting approval scores? Sure enough, adding and comparing are
quite easy computational tasks, and this is one important point in favor of approval
voting: It is easy to determine the winners of an approval election. However, “com-
putational aspects” here is meant in a much broader and deeper sense than with
regard to mere winner determination. In particular, for approval voting (AV, for
short) and one of its variants (SP-AV), this chapter discusses computational issues
that model attempts to tamper with the outcome of an election in various ways,
and we will pay particular attention to the complexity results known for these
computational problems.

For example, the issue of voters tampering with election outcomes by reporting
insincere preferences, commonly referred to as strategic voting, has been studied
intensely in the social choice literature since the seminal work of Gibbard (1973)
and Satterthwaite (1975) (see also Duggan and Schwartz 2000; Everaere et al. 2007).
The celebrated Gibbard–Satterthwaite Theorem states that essentially all natural
voting systems are in some sense manipulable by a strategic voter.

This is bad news. But there is hope! Imagine a voting system that, though manip-
ulable in principle, has the property that it would confront a strategic voter with
a really hard problem to solve when attempting to find a successful manipulative
preference to reveal – or even to tell if in the given election such a manipulation is
possible. Such a voting system would still be susceptible to manipulation in theory,
but one could reasonably hope that due to the complexity of the associated problem
no manipulation attempts would ever occur in real elections (or, if they did occur,
that they wouldn’t be successful).

Employing computational complexity as a means to protect voting systems from
manipulation and other attacks known as “control” attacks was first proposed by
Bartholdi et al. (1989a, 1992) and Bartholdi and Orlin (1991) and has since been
studied for a wide range of concrete systems (see, e.g., Conitzer and Sandholm 2003,
2006; Elkind and Lipmaa 2005; Faliszewski et al. 2006, 2009a; Faliszewski et al.
2008b; Conitzer et al. 2007; Hemaspaandra and Hemaspaandra 2007; Procaccia and
Rosenschein 2007; Meir et al. 2008; Zuckerman et al. 2008; Brelsford et al. 2008
for results on manipulation, and see Sect. 10.3 for the literature regarding control
attacks). Some systems have been shown to be “resistant” to manipulation (i.e.,
informally speaking, their manipulation problem is computationally hard) and some
systems have turned out to be “vulnerable” to manipulation (i.e., their manipulation
problem is easy to solve).

What does it mean for a problem to be “computationally hard” or “easy” to solve?
Complexity theory provides the notions and techniques needed to answer these
questions. Two important tasks in complexity theory are to classify problems in
terms of their algorithmic complexity and to compare the complexities of two given
problems via reductions. This chapter will present numerous concrete reductions
that establish the computational hardness of problems related to approval voting.
For more background on complexity theory, we refer to the textbooks Papadimitriou
(1994), Hemaspaandra and Ogihara (2002), and Rothe (2005).
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For approval voting and manipulation, however, the bad news persists: Approval
voting is vulnerable to manipulation, even if we allow voters to have “weights” (for
example, one approval of a voter of weight five counts as much as five weight-one
approvals) and even if we allow a coalition of strategic voters to coordinate their
manipulative efforts (as opposed to having a single strategic voter). That is, even
in such more general settings, there is a polynomial-time algorithm that solves the
manipulation problem for AV. Let us state this problem in the form that will be used
for representing computational problems throughout this chapter:

Name: AV-MANIPULATION.
Given: A set C of candidates, a list V of ballots over C (that already have been

cast by the nonstrategic voters, where each ballot gives that voter’s approvals/
disapprovals for each c 2C ) along with these voters’ weights, a list S with
the weights of the strategic voters (whose ballots haven’t been cast yet), and a
distinguished candidate p 2 C .

Question: Is it possible for the strategic weighted voters to cast their ballots in
such a way that p becomes an approval winner of the resulting election?

As noted by Faliszewski et al. (2006, 2009a),2 one can use the following simple
greedy strategy to solve this problem in polynomial time: The strategic voters simply
approve of their favorite candidate p and disapprove of all other candidates. If this
manipulation makes p an approval winner, they have reached their goal (and the
polynomial-time algorithm can check whether this happens because, as mentioned
earlier, winner determination is easy for AV, and so the algorithm accepts its input
in this case). But if p still is not an approval winner after this manipulation, then
no strategy whatsoever can turn p into an approval winner (and so, in this case, the
algorithm can safely reject its input).

So, as there is no hope for approval voting to computationally resist manipula-
tion, it’s time for a change! Let’s change what is being changed in the tampering
attempts and how it is being changed – that is, let’s change the tampering scenario
from manipulation to either bribery or control. And let’s also change who performs
these changes in the election: Both these scenarios differ from manipulation in that
they model situations where external actors do seek to affect the outcome.

The model for the complexity-theoretic study of bribery was introduced by
Faliszewski et al. (2006, 2009a). In bribery settings, the “briber” seeks to influ-
ence the outcome of an election via bribing certain voters to make them change
their preferences, without exceeding the briber’s budget. The specific bribery scenar-
ios we will consider involve, for example, weighted and unweighted voters, voters
with and without price tags, changing one complete ballot (dubbed “bribery”) as
opposed to changing just one approval/disapproval in a ballot at unit cost (dubbed
“microbribery”), and we will present the associated computational problems and
their complexities.

2 In a different, slightly more flexible scenario, Meir et al. (2008) showed that approval voting is
vulnerable to manipulation by a single strategic voter.
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The model for the complexity-theoretic study of control was introduced by
Bartholdi et al. (1992). In control settings, the election’s “chair” seeks to influ-
ence the outcome of an election via modifying its structure, namely, via actions
such as adding/deleting/partitioning either candidates or voters. These scenarios
loosely model activities that we often encounter in political elections, such as get-
out-the-vote drives (“adding voters”), disenfranchisement and other means of voter
suppression (“deleting voters”), introducing new “spoiler” candidates into an elec-
tion (“adding candidates”), and so on. This chapter will present the complexity of
AV and SP-AV in each of the common 22 control scenarios, which results in a total
of 44 complexity results in this section.

Unfortunately, there is again bad news for AV: Approval voting is vulnera-
ble to many (and is computationally resistant to only four) of these 22 control
attacks. However, it will also turn out that SP-AV, which stands for “sincere-strategy
preference-based approval voting,” displays broad resistance to control: SP-AV is
resistant to 19 of the 22 control attacks. That is, among natural voting systems with
a polynomial-time winner-determination procedure, SP-AV possesses the broadest
resistance to control currently known to hold (see Sect. 10.3 for a more detailed dis-
cussion that compares SP-AV with other systems displaying an exceptionally broad
resistance to control – voting systems that belong to the Copeland/Llull complex of
systems, Faliszewski et al. 2007, 2008a, 2009b).

Unlike many natural and widely used voting systems that are defined in terms
of rankings (i.e., strict linear orderings) of the candidates, approval voting merely
distinguishes between each voter’s acceptable and unacceptable candidates, yet
completely ignores the preference rankings that voters may have about the can-
didates. To overcome this shortcoming, Brams and Sanver (2006) proposed SP-AV
as a voting system that combines preference-based voting with approval voting. In
their definition, they require each voter to have an approval strategy3 that is both
“sincere” and “admissible.” An approval strategy of a voter is simply a partition of
the candidates into approved and disapproved candidates. It is sincere if there are
no “gaps” (with respect to this voter’s preference ranking of the candidates), i.e., if
this voter approves of some candidate then he or she also approves of each candi-
date ranked higher. A voter’s approval strategy is said to be admissible if the voter
approves of his or her top candidate and disapproves of his or her bottom candi-
date. Note that in a one-candidate election no voter can have an admissible approval
strategy.

Sincerity and admissibility are quite natural notions to require. For example,
sincerity makes sure that there is no conflict between a voter’s preference rank-
ing and approval strategy. Admissibility in particular prevents approval strategies
from being trivial: It is not admissible for a voter to either approve or disapprove of
every candidate in an election. Brams and Sanver (2006) point out that an admis-
sible approval strategy is not dominated in a game-theoretic sense (see Brams and

3 To avoid confusion, we stress that the “strategy” in “approval strategy” or “AV strategy” is not
meant in the sense of strategic voting, but rather simply refers to which candidates are approved of
and which are disapproved of by a voter.
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Fishburn 1978 and also, e.g., Dutta et al. 2006). Obviously, if voters are not allowed
to either approve or disapprove of everybody then sincere approval strategies are
always admissible. Following Erdélyi et al. (2008b,c), we require that all voters
must cast only sincere votes and, when there are at least two candidates, voters must
cast only sincere, admissible votes (we will call this Convention 1).

Within AV, ballots are given as 0–1 (or, equivalently no–yes) approval vectors,
where “1” represents approval and “0” disapproval. Within SP-AV, ballots contain
more information than this, as they also provide a preference ranking of the can-
didates. We represent such rankings from left to right (so the leftmost candidate
is the most preferred one), and we additionally indicate the approvals/disapprovals
by inserting an “approval line” into the ranking, where all candidates to the left of
this line are approved and all candidates to the right of this line are disapproved.
For example, “a b c j d” means that this voter approves of a, b, and c, but disap-
proves of d . Since we require approval strategies (with at least two candidates) to be
admissible, the approval line will never be to the left or to the right of all candidates.

There is a central point regarding admissibility that we need to discuss with
respect to our control scenarios. In cases of control by deleting candidates or by
partition of candidates or voters (the formal definitions of which will be presented
in Sect. 10.3), it may happen that admissibility will be lost due to the control action.
That is, an originally admissible approval strategy might be changed into an inad-
missible one by, for example, deletion of candidates. To prevent this from happening
(and to obey our convention), we handle such cases by applying the following rule
(that we will call Rule 1): “If during or after a control action an election with at least
two candidates is obtained such that some voter approves of either all candidates or
no candidates, then the approval line in each such voter’s ballot is moved so as to
respectively disapprove of that voter’s bottom candidate or approve of that voter’s
top candidate.” This rule was introduced by Erdélyi et al. (2008c, see also Erdélyi
et al. 2008b) in order to preserve (or re-enforce) admissibility under such control
actions. So, for example, if candidate d has been deleted from an election contain-
ing the ballot a b c j d then, according to this rule, this ballot is being changed

into a b j c.
Now, coming back to our original question of why one should bother to study

the computational aspects of approval voting, it is important to note that this study
is motivated not just from the social choice and political science point of view.
Indeed, decision-making and preference aggregation are central tasks in many areas
of computer science, and voting procedures are far from being confined to political
elections in human societies. They have many applications in computer science,
ranging from multiagent systems within artificial intelligence (see, e.g., Ephrati
and Rosenschein 1997) to the development of recommender systems (see Ghosh
et al. 1999) to aggregating the web-page rankings from various search engines (see
Dwork et al. 2001), to name just a few. These are topics at the heart of the emerging
area of computational social choice, which is at the interface of social choice theory
and computer science and is developing rapidly (see Endriss and Lang 2006 and
Endriss and Goldberg 2008).



204 D. Baumeister et al.

Of course, the computational aspects of voting systems and their associated
problems comprise more than just proving these problems hard or easy to solve.
Certainly, if some problem has been shown to be computationally hard, the actors
involved (be it strategic voters, the chair, or the briber) will seek to find ways to
circumvent this obstacle. Fortunately, computer scientists have developed many
approaches for how to cope with the computational hardness of problems in prac-
tical applications, and some of these apply here. In particular, we will present an
approximation algorithm and some local search heuristics for “minimax approval
voting,” an interesting variant of approval voting that was proposed by Brams et al.
(2004, see also Brams et al. 2007a,b) for the purpose of electing a committee of
fixed size.

This chapter is organized as follows. Section 10.2 is a detailed discussion of wor-
ries about the model, and presents what we feel is the ideal framing. In Sect. 10.3,
we will present the 44 control results for AV and SP-AV mentioned above. We will
also describe the needed complexity-theoretic notions in a way accessible to readers
not familiar with complexity theory. In particular, for each of the reductions con-
structed, we will give comprehensible examples, and also the problems from which
we reduce will be illustrated via examples. Section 10.4 presents the complexity
results for bribery. Finally, in Sect. 10.5, we will present local search heuristics for
minimax approval voting. (Since this is a survey chapter, by “present” we do not
mean that the results are due to this chapter, and in each case we will point the
reader to the source papers in the technical literature.)

10.2 Discussion of Models for Control of Domain-Sensitive
Rules

We now come to a particularly important discussion – of the model and approach to
SP-AV under control. The previous section describes the “rule,” Rule 1, that Erdélyi
et al. (2008c see also Erdélyi et al. 2008b) creates to handle the fact that unlike
any other election system whose control properties have been studied, SP-AV has a
domain restriction that has the property that some (in fact, six) of the 22 common
control types can turn legal (i.e., in the domain of SP-AV) inputs into inputs that are
not in the domain of SP-AV. On its surface, thus, control analysis simply conflicts
with SP-AV elections.

Erdélyi et al. (2008c, see also Erdélyi et al. 2008b) approaches this with a rule,
Rule 1, that within the control framework readjusts preferences, plus keep in mind
also Erdélyi et al.’s (2008c) Convention 1, which itself blocks certain votes from
even being legal to cast at all. However, this approach is arguably unsatisfying and
may lead readers to think, incorrectly, that they are seeing control results about
SP-AV. Treating a preference rewrite rule as if it is part of control is unconvinc-
ing since control itself is not about doing anything other than what its definition
embraces, and in various settings various rewrite rules could be proposed, all in
ways whose justification is not about control but hinges on one’s own subjective
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notion of what the “natural” correction is to move one back onto the domain of the
election systems. After all, the Erdélyi et al. (2008b,c) idea that (no, no, no, no) and
(yes, yes, yes, yes), each of which show complete equality among the candidates,
should be rewritten to, respectively, (yes, no, no, no) and (yes, yes, yes, no), is a
matter of taste and this rewrite is not a part of the notion of SP-AV as Brams and
Sanver defined it – (no, no, yes, yes) is for example another possible rewrite.

In fact, the Brams and Sanver notion of admissibility was not designed with
control in mind and in the context of control has restrictive, grotesque effects. In
control by adding candidates, if one dislikes the two initial candidates but loves all
the spoiler candidates, this approach would force one to cast a vote that approved
one of the two disliked candidates, and one would be bound under control to have
that approval of a disliked candidate remain – along with new approvals of liked
candidates – after spoiler candidates were added.4 Again, we stress that Brams and
Sanver were not anticipating control to be spliced on top of their system, so in
mentioning this we are not criticizing their system. However, we will soon give a
system, SP-AV-CTA, that we suggest is the natural way to merge control with the
general flavor of SP-AV, and we mention now that our approach will remove the
effect just noted above; one will be able to cast a vote that says “I will approve my
favorite candidate from among those that end up as active candidates in this control
by adding candidates election.”

Of course, returning to the Erdélyi et al. (2008b,c) preference rewrite rule, if
the preference rewrite rule is of minor importance to the control results one might
think there is no issue here. But in fact, the broadened resistance that Erdélyi et al.
(2008b,c) prove for “SP-AV” is due not at all to SP-AV itself, but rather is com-
pletely due to the preference rewrite rule Erdélyi et al. (2008b,c) introduce. For this
entire chapter, for consistency with their work, we will echo their view that modi-
fies control with the preference rewrite rule/convention and speaks of the results as
if they were about SP-AV.

However, for posterity, we point out what we feel is a more natural approach. In
particular, if our process is going to rewrite preferences by some ad hoc rule, the
most intellectually frank way to do that is to openly admit that one’s election system
is not SP-AV. Rather, consider the following election system, SP-AV-CTA (Coerce
To Admissible). The system’s domain will be the same as that of SP-AV except

4 This assumes that regarding Convention 1 one’s notion of the “initial election” in control by
adding candidates is the basic candidate set C with no spoiler candidates yet added. This is the
natural approach and is consistent with how most papers define this control type: Voters indeed
have preferences over C [ S , with S the potential spoiler set, but the base election is with C and
then one adds in some candidates (call this view of addition of candidates the Base-Is-C view).
Read absolutely literally, Erdélyi et al. (2008b,c), by diverging from the standard definition, seem
to hint at the approach that the initial election in terms of Convention 1 is over C [ S , and after
enforcing Convention 1 on that, one deletes some of S . Call this view of addition of candidates
the Base-Is-.C [ S/ view. We mention that this unusual view would avoid the issue mentioned
above, but at the cost of taking a quite counterintuitive view of what the original (“before control”)
election is in the addition of candidates case.
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it allows inadmissible votes. And its action on any in-domain input is to treat the
admissible votes as themselves, to coerce each inadmissible vote into an admissible
vote using precisely the preference rewrite rule of Erdélyi et al. (2008b,c), and to
then act precisely as SP-AV would on that input.

SP-AV-CTA is in effect precisely what Erdélyi et al. (2008b,c) are feeding their
post-control votes into. We suggest one bring SP-AV-CTA out of the closet, and
simply directly study it and its control properties. (Of course, SP-AV-CTA may
lose some of the nice game-theoretic or other properties of SP-AV. But if so, that
too should be openly faced.) Note that SP-AV-CTA sidesteps the control by adding
candidates “two disliked candidates initially” example mentioned earlier, as in SP-
AV-CTA, a vote of (no, no, . . . , no) plus one’s preference order over all initial and
spoiler candidates has the effect of approving precisely one’s favorite candidate (if
there are at least two candidates left in, of course).

As a final comment, we mention that control of SP-AV-CTA is not precisely what
the Erdélyi et al. (2008b,c) results formally speak to. There is a very subtle differ-
ence in that in SP-AV-CTA the initial votes can be inadmissible (but after control all
then-inadmissible votes are interpreted as admissible votes). In contrast, in the Erdé-
lyi et al. (2008b,c) model, the initial votes must already be admissible (because our
system is SP-AV and admissibility is part of its domain requirement),5 plus after the
control action they in effect feed the post-control election to the SP-AV-CTA system.
However, this subtle distinction in this particular case seems unlikely to remove any
resistances, and so we believe SP-AV-CTA is almost certain to retain 19 resistances.
But, in any case, as a model, directly studying SP-AV-CTA, with no restrictions,
seems cleaner and crisper than claiming to study the known system SP-AV while
in effect really studying effects related precisely to SP-AV-CTA’s departures from
SP-AV. Indeed, the attractiveness of our SP-AV-CTA approach is sufficiently com-
pelling that Erdélyi, Nowak, and Rothe, in light of the present chapter, adopted the
SP-AV-CTA model in their final version Erdélyi et al. 2009c.

5 Even this doesn’t mean as much as it seems. Since, for example, control by adding candidates
always takes as its input preferences over the union of the initial and the spoiler candidate set,
and Erdélyi et al. (2008b,c) diverge from most papers in that they explicitly state that the input
election is .C [ S; V / seems to actually in that control case allow, under what we earlier called
the Base-is-.C [ S/ view, inputs that are inadmissible with respect to the original election’s can-
didate set. Presumably, their rule would coerce the ballots that didn’t via the addition of candidates
end up admissible. Under the base-is-.C [ S/ view, their approach would be extremely close or
quite possibly even semantically identical to looking at – with no special rules or conventions –
control for SP-AV-CTA. However, if one really wants to enforce Convention 1, it seems to us
that the Base-is-C view is far more compelling. However, our suggestion is that Convention 1
and Rule 1 be discarded – along with the convoluted structure they form – and one simply define
stand-alone election systems, such as SP-AV-CTA, that can be analyzed under the utterly standard,
long-studied notion of control. In particular, preference coercions should be internalized into the
election system.
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10.3 The Control Complexity of Approval Voting
and Sincere-Strategy Preference-Based Approval Voting

10.3.1 Introduction, Background, and Discussion

In this section, we will present the control complexity of AV and SP-AV for each of
the ten classic types of procedural control, and also for an 11th type that has recently
been suggested as the “right” version of one of those ten types. Remarkably, each of
these complexities – and there are 44 problems involved here – is known. Our goal
here is not to prove each of these 44 results, but rather to make clear what each of
the results means, and to provide representative proofs that give the flavor of how
one obtains such results.

Recall from the Introduction that by studying control, we are asking how hard it
is to determine whether a favored candidate can be made the unique winner (or, in
the destructive cases, whether a despised candidate can be precluded from being a
unique winner) via a given type of alteration of the structure of the election by the
election’s “chair.” The 11 types of control are abstracting many types of actions that
occur in the real world, such as voter suppression, get-out-the-vote efforts, candidate
recruitment, etc. Ideally, we would hope that our election systems block all such
attacks – that each such attack either never succeeds (so-called immunity) or that
it is computationally intractable for the chair to find such a successful alteration
(indeed, even to tell if one exists – so-called resistance). The case we want to avoid –
so-called vulnerability – is that the chair’s task is easy: The chair in polynomial time
can determine whether he/she can make a successful alteration.

One might worry that such ideal hardness cannot possibly be achieved. For
example, perhaps there is an Arrow-like “impossibility” theorem showing that
no election system satisfying some natural, attractive, broadly-satisfied-by-typical-
election-systems axioms is, for each of our 11 control attacks, resistant or immune
to the attack. The existence of such an impossibility theorem is, on its face, at
least plausible. However, recently it was shown that for control such an impos-
sibility claim is itself impossible to obtain – because it is untrue. In particular,
Hemaspaandra et al. (2007b, 2009, see also Faliszewski et al. 2009b regarding
how to include also the 11th control type) proved that there is an election system –
indeed, an election system whose winner-determination problem is computationally
feasible – that is resistant to all of our control types.

Given that result, one might naturally ask why the results of this section – on AV
and SP-AV – are even worth doing. After all, Hemaspaandra et al. (2009) provides
a “perfect” election system. But one must think about that in context. That election
system indeed is “perfect” in terms of avoiding our control manipulations. But that
election system is not AV or SP-AV, and in the real world, approval voting is very
attractive and often used, and so the properties of approval voting are richly worth
studying – thus, this book! In fact, the election system of Hemaspaandra et al. (2009)
not only is not AV or SP-AV but indeed is a quite complicated, unnatural construct.
What that paper does is to show how to hybridize election systems together in such
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a way that if any one of the constituent systems is immune or resistant to a given
control type, then the hybridized system is immune or resistant to that type. Simply
put, the process unions the advantages of all the constituent systems. But the price
of doing this is a bulky, complicated election system that – while sufficient to prove
the impossibility of obtaining an impossibility theorem – would not be attractive for
everyday use.

For this reason, it is natural to study already existing, attractive election systems
to determine whether they are highly resistant to control. Our hope, of course, is that
the systems we study will be highly resistant (or immune) to control. What we will
see in this section, however, is that approval voting is vulnerable to many types of
control, as shown by Hemaspaandra et al. (2007a). This is disappointing, and is one
weakness of approval voting. On the other hand, approval voting is quite attractive
in many ways, and so we certainly are not suggesting that AV’s vulnerability to
control means AV should never be used. Rather, in selecting an election system, one
must weigh the strengths and weaknesses of the systems one is considering, and
then must choose the one that is most appropriate for the use to which one will be
putting the election system.

However, if one is a fan both of approval voting and of resistance to control, one
will find good news in this section. SP-AV, which itself combines aspects of approval
voting with aspects of plurality voting, has been shown by Erdélyi et al. (2008c, see
also Erdélyi et al. 2008b) to have precisely those resistances possessed by either
of those systems. As such, it has a higher number of control resistances than any
previously studied natural system. The natural systems that previously had the most
proven control resistances were from the Copeland/Llull election system complex
(Faliszewski et al. 2008a, 2007). (Those systems remain the natural systems with
the most proven resistances among voting systems in which, unlike AV and SP-AV,
votes are simply a strict ordering over the candidates.)

The rest of this section is organized as follows. Section 10.3.2 quickly presents
the election model, the needed notions from complexity theory, and the notions used
to classify the hardness of control. Section 10.3.3, for each control type, describes
the motivation for that control type and the results that hold for that control type for
AV and SP-AV elections. Section 10.3.4 gives some conclusions for control issues
related to AV and SP-AV.

10.3.2 Notions: Elections and Complexity

Our elections will have finite numbers of candidates and voters, but the numbers can
vary from input to input. So an election is a pair .C; V /, where C is the candidate
set and V is a list of ballots (votes) expressing preferences over C . For AV, each
ballot will be a length kCk bit-vector, expressing approval or disapproval for each
candidate. For SP-AV, as discussed in the Introduction, a ballot will be such a vector
along with a strict ordering over C . We will use the terms ballot, vote, and voter
relatively interchangeably. Within both AV and SP-AV, for each election .C; V / and
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for each candidate c 2 C , we use score.C;V /.c/ to denote the number of approvals
c receives from voters in V . In the case of weighted voters, each approval of a voter
of weight k counts as k weight-one approvals.

In this section, we’ll be discussing the complexity of control problems. The con-
trol types will be presented in Sect. 10.3.3, but for now it will suffice to say that for
each control-type problem we study, the input to the problem will be an election,
.C; V /, a specified candidate, p, and in some cases some information specific to the
control problem.

For each control type, we will study two different problems, the constructive
problem (trying to make p the unique winner) and the destructive problem (trying
to ensure that p ends up not being a unique winner).

To make this a bit more concrete, we now define explicitly two of our prob-
lems: Constructive Control by Adding (a Limited Number of ) Candidates (CCAC,
for short) and Destructive Control by Adding (a Limited Number of ) Candidates
(DCAC, for short). For these and all other control types, we will in order to ensure
cross-comparability with earlier work take the control-type definitions essentially
word-for-word from Faliszewski et al. (2009b), which itself for historical consis-
tency is in general following even earlier papers (except Faliszewski et al. 2009b
studies both the model in which we seek to make/preclude a winner and in which
we seek to make/preclude a unique winner, but in this chapter, like the papers we
are most focused on Hemaspaandra et al. 2007a, Erdélyi et al. 2008c,b, we focus on
the unique-winner model). “E” denotes the election system’s name (AV or SP-AV
in our case).

Control by Adding a Limited Number of Candidates

Name: E -CCAC and E -DCAC.
Given: Disjoint sets C and D of candidates, a collection V of voters represented

via their ballots over the candidates in the set C [D, a distinguished candidate
p 2 C , and a nonnegative integer k.

Question (E -CCAC): Is there a subset E of D such that kEk 
 k and p is the
unique winner of the E election .C [E; V /?

Question (E -DCAC): Is there a subset E of D such that kEk 
 k and p is not a
unique winner of the E election .C [E; V /?
Now, we are ready to define the notions that are used to describe the difficulty

(and possibility) of a given type of control for a given election system. If for a
given control type and election system the “chair” – the actor exerting the given
type of control – can never, on any input, change p from not being a unique winner
to being the unique winner (or, for the destructive case, change p from being the
unique winner to not being a unique winner), we say the system is immune to the
given type of control. One might think that immunity never occurs, but in fact it
does. For example, in AV, if p already is losing to (or tieing for winner with) some
other candidate q, then adding additional candidates certainly won’t make p become
the unique winner. Thus we have our first theorem: AV is immune to constructive
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control by adding candidates (Hemaspaandra et al. 2007a). If immunity does not
hold for a given control type, we say the election system is susceptible to this type
of control.

Regarding election systems susceptible to a type of control, there are two cases
that will particularly interest us. If the given problem has a polynomial-time algo-
rithm to tell whether on a given input there exists a control action of the problem’s
sort that achieves the chair’s goal for p, we say the election system is vulnerable
to the given type of control. (In each case in this chapter where vulnerability is
asserted, something even stronger in fact holds, as noted by the original papers,
namely, there is a polynomial-time algorithm that tells whether a successful control
action by the chair exists, and if so produces such an action.) However, if a given
control problem is NP-hard (a central notion in complexity theory to be defined in
the next paragraph), we say that the election system is resistant to the given type
of control. Informally put, resistance to some control type means that the corre-
sponding control problem is impracticable (although potentially not impossible) to
solve.

Some readers of this chapter may not be familiar with the notion of being “NP-
hard,” so we briefly discuss the concept. NP, nondeterministic polynomial time, is
the class of all problems that can be solved in polynomial time on a nondetermin-
istic Turing machine. However, an elegant way to describe the class without having
to introduce nondeterminism or Turing machines is that NP is the class of all lan-
guages L for which there exist a polynomial q and a polynomial-time computable
boolean predicate R such that L D fx j .9y/Œjyj 
 q.jxj/ and R.x; y/�g. NP is a
tremendously important class – it captures the complexity of thousands of crucial
problems, ranging from satisfiability of boolean formulas to the traveling salesper-
son problem. Of course, some NP problems are computationally simple, e.g., the
empty set is in NP. The problems that have the property that each NP problem can
be rephrased in terms of them are called the NP-hard problems. Formally, a prob-
lem A is NP-hard if .8B 2 NP/ŒB 
p

m A�. B 
p
m A (B many-one polynomial-time

reduces to A) by definition means there exists a polynomial-time computable func-
tion f such that .8x/Œx 2 B () f .x/ 2 A�. A problem is called NP-complete
exactly if it is in NP and is NP-hard. Each of the problems stated in this chapter as
being resistant in fact is not only NP-hard, but also happens to be NP-complete.

The concepts of immunity, susceptibility, vulnerability, and resistance for con-
trol were introduced by Bartholdi et al. (1992), and the above definitions are theirs
except we follow the more logical, now more common approach, introduced in
Hemaspaandra et al. (2007b, 2009), of defining resistant as being “susceptible,
NP-hard” problems (Bartholdi et al. 1992 defined it as “susceptible, NP-complete”
problems).

10.3.3 44 Control Results

In this section, for each of the 11 commonly discussed types of control, and for each
of the constructive and destructive cases, we present what results hold for AV and
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Table 10.1 Overview of results. Key: I means immune, R means resistant, V means vulnerable,
TE means ties-eliminate, and TP means ties-promote. Results for SP-AV are due to Erdélyi et al.
(2008c); their proofs are either due to Erdélyi et al. (2008c) or draw on proofs from Hemaspaandra
et al. (2007a). Results for AV are due to Hemaspaandra et al. (2007a). (The results for control by
adding a limited number of candidates for AV, though not stated explicitly in Hemaspaandra et al.
2007a, follow immediately from the proofs of the corresponding results for the “unlimited” variant
of the problem.)

SP-AV AV
Control by Constructive Destructive Constructive Destructive

Adding an unlimited number of candidates R R I V
Adding a limited number of candidates R R I V
Deleting candidates R R V I
Partition of candidates TE: R TE: R TE:V TE:I

TP: R TP: R TP: I TP: I
Run-off partition of candidates TE: R TE: R TE: V TE: I

TP: R TP: R TP: I TP: I
Adding voters R V R V
Deleting voters R V R V
Partition of voters TE: R TE: V TE: R TE: V

TP: R TP: R TP: R TP: V

SP-AV – 44 results in all. We’ll do so by going right through the types (sometimes in
groups), mentioning the intuition/motivation for the type (when doing so we will –
unless we explicitly mention otherwise – be giving the intuition for the constructive
case, but from that one can naturally see the intuition for the destructive case), and
then will state what results hold. For a handful of cases – enough to give the reader
the flavor of how immunity, susceptibility, vulnerability, and resistance are proven –
we will include proofs. (Readers not interested in how such results are proven will
want to skip over such proofs.)

To collect and have the results all in one place, Table 10.1 presents all 44 results.

10.3.3.1 Adding and Deleting Candidates

We already defined control by adding a limited number of candidates. We now
define the remaining two types of control by candidate addition/deletion.

Control by Adding an Unlimited Number of Candidates

Name: E -CCACu and E -DCACu.
Given: Disjoint sets C and D of candidates, a collection V of voters repre-

sented via their ballots over the candidates in the set C [D, and a distinguished
candidate p 2 C .
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Question (E -CCACu): Is there a subset E of D such that p is the unique winner
of the E election .C [E; V /?

Question (E -DCACu): Is there a subsetE ofD such that p is not a unique winner
of the E election .C [E; V /?

Control by Deleting Candidates

Name: E -CCDC and E -DCDC.
Given: A setC of candidates, a collection V of voters represented via their ballots

over C , a distinguished candidate p 2 C , and a nonnegative integer k.
Question (E -CCDC): Is it possible to by deleting at most k candidates ensure that
p is the unique winner of the resulting E election?

Question (E -DCDC): Is it possible to by deleting at most k candidates other than
p ensure that p is not a unique winner of the resulting E election?

Following Faliszewski et al. (2009b), we consider “limited” candidate addition
the more natural addition notion, but we mention that “unlimited” candidate addi-
tion is what (along with the same other nine notions we will present here – except
for the handling of ties in the subelections of the control-by-partition cases, see
Sect. 10.3.3.2) was used by Bartholdi et al. (1992).

The three add/delete candidate control types model candidate recruitment and
forcing candidates out of the race. For example, Ralph Nader joining the U.S. pres-
idential contest may have helped George W. Bush in his race against Al Gore.
Similarly, if once in the race Ralph Nader could have been persuaded to drop out,
that might have been helpful to Al Gore.

The results that hold for these control types are as follows. AV is immune to
constructive control by both limited and unlimited addition of candidates, and the
argument we gave about this earlier in this chapter suffices to prove both those
cases. Essentially the same reasoning shows that AV is immune to destructive con-
trol by deletion of candidates – if p is already the unique winner under AV, and
so is approved by more voters than is any other candidate, then deleting candidates
(other than p) will clearly leave p still the unique winner, since p still will have
more approvals. So, we have shown the following.

Theorem 10.3.1 (Hemaspaandra et al. 2007a). AV is immune to constructive con-
trol both by adding a limited and by adding an unlimited number of candidates, and
to destructive control by deleting candidates.

However, if one considers the same control cases as in Theorem 10.3.1 but with
“constructive” and “destructive” being swapped, one obtains vulnerability rather
than immunity results.

Theorem 10.3.2 (Hemaspaandra et al. 2007a). AV is vulnerable to destructive
control both by adding a limited and by adding an unlimited number of candidates,
and to constructive control by deleting candidates.
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In contrast, SP-AV is resistant to control in these six cases. As an example of
proving susceptibility and indeed resistance, we give a proof of the result of Erdélyi
et al. (2008c) that SP-AV is resistant to constructive control by deleting candidates.

Theorem 10.3.3 (Erdélyi et al. 2008c). SP-AV is resistant to constructive control
by deleting candidates.

Proof. The reason why SP-AV is susceptible to constructive control by deleting
candidates is quite simple: SP-AV is a “voiced” voting system (i.e., SP-AV has
the property that in each single-candidate election, this candidate – even with zero
approvals – wins), and it is known that every voiced voting system is susceptible
to constructive control by deleting candidates (Hemaspaandra et al. 2007a). Indeed,
consider an election with exactly two candidates, p and q, in which p and q tie for
winner, i.e., they have the same number of approvals. So p is not a unique winner
in this election, but deleting q from it makes p the unique SP-AV winner of the
resulting election.

To prove that SP-AV is resistant to constructive control by deleting candi-
dates, we need to show that the corresponding control problem, SP-AV-CCDC,
is NP-hard (which, as mentioned in Sect. 10.3.2, means that each NP problem is

p

m-reducible to SP-AV-CCDC). Fortunately, we do not have to give a 
p
m-

reduction from every single NP problem to this problem; rather, it is enough to
reduce just one NP-complete problem to SP-AV-CCDC.6

We choose HITTING SET as our NP-complete problem (see, e.g., Garey and
Johnson 1979) from which to reduce. Before we formally define this problem, we
give an illustrative explanation from everyday life. Consider a set, B , ofm students.
Each student has chosen to sign up for some subset of n courses, where we assume
that courses for which no students signed up have already been cancelled. So, the
i th course, 1 
 i 
 n, is attended by some nonempty subset of the students, say
Si � B . Of course, students may have signed up for different courses and some lazy
students may have chosen to sign up for no course at all. The professors who teach
these courses are exceedingly busy doing research, which is why they want to pay a
student in each of the n courses to help them produce a course report for that course
(to be given to the Dean). However, since the departmental budget is limited, they
can afford to pay only k < m students. Also, the limit on the departmental budget
is the reason why students will get one and the same amount of money for their
help, no matter how many course reports they help to write. We further assume that
the students in B (except the lazy ones, of course, who haven’t signed up for any
course) are so eager to help that they would volunteer to do the job even if they had
to write all n course reports. The task the professors face is to determine whether
there is some set of at most k students in B such that each course is attended by at
least one of them – in other words, they need to determine whether there exists a

6 This follows by transitivity of the �p
m-reducibility: Each NP problem can be �p

m-reduced to
any NP-complete problem, so if we find a �p

m-reduction from some NP-complete problem to
SP-AV-CCDC, then each NP problem �p

m-reduces to SP-AV-CCDC.
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hitting set of size at most k for S D fS1; S2; : : : ; Sng. A bit more formally phrased,
this problem is defined as follows:

Name: HITTING SET.
Given: A set B D fb1; b2; : : : ; bmg, a collection S D fS1; S2; : : : ; Sng of non-

empty subsets Si of B , and a positive integer k <m.
Question: Does there exist a hitting set of size at most k for S, i.e., does there

exist a subset B 0 �B such that kB 0k 
 k and for each i , 1
 i 
 n, we have
Si \B 0 ¤ ;?

Let .B;S; k/ be a given instance of HITTING SET, whereB D fb1; b2; : : : ; bmg,
S D fS1; S2; : : : ; Sng with ; ¤Si � B for each i , 1 
 i 
 n, and k < m is a pos-
itive integer.7 To prove HITTING SET 
p

m SP-AV-CCDC, we now define a reduc-
tion that in polynomial time transforms .B;S; k/ into an instance .C; V; p;m� k/

of SP-AV-CCDC such that the HITTING SET question for .B;S; k/ is answered
“yes” if and only if the SP-AV-CCDC question for .C; V; p;m � k/ is answered
“yes.”

Our instance .C; V; p;m � k/ of SP-AV-CCDC is constructed from the given
HITTING SET instance .B;S; k/ as follows. The candidate set is C DB [ fpg.
There are 4n.kC1/C4m�2kC3 voters in V whose ballots belong to the following
five groups:

1. The first group contains, for each i with 1 
 i 
 n, 2.k C 1/ ballots of the
following type (this notation will be explained more clearly below):

Si j .B � Si / p:

2. The second group contains, for each i with 1
 i 
n, 2.k C 1/ ballots of the
following type:

.B � Si / p j Si :

3. The third group contains, for each j with 1
 j 
m, two ballots of the following
type:

bj j p .B � fbj g/:
4. The fourth group contains 2.m� k/ ballots of the following type:

B j p:

5. The fifth group contains three ballots of the following type:

p j B:

7 HITTING SET is sometimes defined with “k � m” instead of “k < m.” However, since B is
always a hitting set of size k ifm D k (due to S containing no empty sets), we may require k < m
in the problem instance.
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In the above notation, each time a set is written in a ballot it is a shorthand for hav-
ing its elements listed in the same order that they occur in the list .b1; b2; : : : ; bm/.
For example, if B D fb1; b2; : : : ; b6g contains six members and S3 D fb2; b3; b5g
contains three, then “S3j.B � S3/p” means that each of the 2.k C 1/ ballots
corresponding to S3 has the form: b2 b3 b5 j b1 b4 b6 p.

It is obvious that .C; V; p;m � k/ can be computed from .B;S; k/ in polyno-
mial time.

Note that, regardless of whether .B;S; k/ is a “yes” or a “no” instance of
HITTING SET, p is not the unique SP-AV winner (and not even an SP-AV win-
ner) of the election .C; V / constructed. In particular, note that p is approved by
2n.k C 1/C 3 voters in .C; V /, but every bi 2 B has 2n.k C 1/C 2C 2.m � k/

approvals, and since k < m, every bi 2 B is better off than p.
On the other hand, we will show that if S has a size-k hitting set then p can be

made the unique SP-AV winner by deleting at mostm� k candidates, and if S does
not have a hitting set of size k then this is not possible. But before we proceed with
the proof, let us first look at an illustrative example of the construction.

Example 10.3.1. Suppose we are given the HITTING SET instance .B;S; 2/, where
B D fb1; b2; b3; b4g and S D fS1; S2; S3g with S1 D fb1; b2g, S2 D fb1; b4g, and
S3 D fb3; b4g. Our reduction then yields the instance .C; V; p; 2/ of SP-AV-CCDC
with candidate set C D fb1; b2; b3; b4; pg and with V consisting of the 51 ballots
shown in Table 10.2.

The ballots in the left column correspond to the first group, those in the mid-
dle column to the second group, and the ballots in the right column correspond

Table 10.2 Fifty-one ballots generated from a “yes” instance of HITTING SET

b1 b2 j b3 b4 p b3 b4 p j b1 b2 b1 j p b2 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2 b1 j p b2 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2
b1 b2 j b3 b4 p b3 b4 p j b1 b2 b2 j p b1 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2 b2 j p b1 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2

b3 j p b1 b2 b4
b1 b4 j b2 b3 p b2 b3 p j b1 b4 b3 j p b1 b2 b4
b1 b4 j b2 b3 p b2 b3 p j b1 b4
b1 b4 j b2 b3 p b2 b3 p j b1 b4 b4 j p b1 b2 b3
b1 b4 j b2 b3 p b2 b3 p j b1 b4 b4 j p b1 b2 b3
b1 b4 j b2 b3 p b2 b3 p j b1 b4
b1 b4 j b2 b3 p b2 b3 p j b1 b4 b1 b2 b3 b4 j p

b1 b2 b3 b4 j p

b3 b4 j b1 b2 p b1 b2 p j b3 b4 b1 b2 b3 b4 j p

b3 b4 j b1 b2 p b1 b2 p j b3 b4 b1 b2 b3 b4 j p

b3 b4 j b1 b2 p b1 b2 p j b3 b4
b3 b4 j b1 b2 p b1 b2 p j b3 b4 p j b1 b2 b3 b4
b3 b4 j b1 b2 p b1 b2 p j b3 b4 p j b1 b2 b3 b4
b3 b4 j b1 b2 p b1 b2 p j b3 b4 p j b1 b2 b3 b4
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to the third, fourth, and fifth groups. Note that .B;S; 2/ is a “yes” instance of
HITTING SET: Choose, for example, the two-element set B 0 D fb1; b4g and note
that B 0 has a nonempty intersection with each of S1, S2, and S3, so B 0 is a hitting
set of size two for S.

Our construction ensures that .C; V; p; 2/ is also a “yes” instance of
SP-AV-CCDC. In .C; V /, p is approved by 21 voters and each bi 2 B is approved
by 24 voters, so p does not win. However, p can be made the unique SP-AV win-
ner by deleting two candidates from C . In particular, if we delete b2 and b3 from B

(i.e., if we delete all candidates not in the hitting set B 0 mentioned above), we obtain
the election with candidate set B 0 [ fpg D fb1; b4; pg and voters in V restricted to
B 0[fpg. By the rule (Rule 1) about moving the approval line to ensure admissibility,
p gains four approvals in this election, namely, p gains two approvals by changing
the two ballots of the form b2 j p b1 b3 b4 into p j b1 b4 and two approvals by

changing the two ballots of the form b3 j p b1 b2 b4 into p j b1 b4. Since p
doesn’t lose any of the approvals it already had before the deletion, p now has 25
approvals. However, both b1 and b4 still have 24 approvals, so p is now the unique
SP-AV winner.

Now, consider the same HITTING SET instance as above except with the param-
eter k decreased by one: .B;S; 1/. Note that .B;S; 1/ is a “no” instance of
HITTING SET: No one-element subset of B hits each of S1, S2, and S3, i.e., for
no i , 1
 i 
 4, does fbig have a nonempty intersection with each of S1, S2, and S3.

Starting from .B;S; 1/, our reduction yields the SP-AV-CCDC instance .C; V 0;
p; 3/ with the same candidate set as above, C D fb1; b2; b3; b4; pg, and with the
new V 0 consisting of the 41 ballots shown in Table 10.3.

To see that .C; V 0; p; 3/ is a “no” instance of SP-AV-CCDC, first note that p has
15 approvals in .C; V 0/, yet each bi 2 B is approved by 20 voters, so p does not
win. Moreover, it can be checked that deleting any subset of at most three candidates
from B will leave at least one bi 2 B in the race that has more approvals than p.

It is not a coincidence that, as in Example 10.3.1, “yes” (respectively, “no”)
instances of HITTING SET yield “yes” (respectively, “no”) instances of
SP-AV-CCDC. Indeed, continuing with the proof of Theorem 10.3.3, we will now
show that, in general,B has a hitting set of size k for S if and only if p can be made
the unique SP-AV winner by deleting at most m � k candidates from the election
.C; V /.

Suppose there is a hitting set B 0 of size k for S. Since deleting the m � k can-
didates in B � B 0 from C will move the approval line – due to the rule, Rule 1, of
re-enforcing admissibility – for 2.m � k/ voters of the third group, p will gain
these approvals of the candidates in B � B 0. Thus in .B 0 [ fpg; V /, p is now
approved by 2n.k C 1/ C 2.m � k/ C 3 voters and each member of B 0 still has
2n.k C 1/ C 2 C 2.m � k/ approvals, so p is the unique SP-AV winner of the
election .B 0 [ fpg; V /.

Conversely, suppose that p can be made the unique SP-AV winner by deleting
no more than m � k candidates from C . Of course, p cannot have been deleted,
so the deleted candidates all belong to B . Let B 0 be the set of candidates from B



10 Computational Aspects of Approval Voting 217

Table 10.3 Forty-one ballots generated from a “no” instance of HITTING SET

b1 b2 j b3 b4 p b3 b4 p j b1 b2 b1 j p b2 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2 b1 j p b2 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2 b2 j p b1 b3 b4
b1 b2 j b3 b4 p b3 b4 p j b1 b2 b2 j p b1 b3 b4

b3 j p b1 b2 b4
b3 j p b1 b2 b4
b4 j p b1 b2 b3
b4 j p b1 b2 b3

b1 b4 j b2 b3 p b2 b3 p j b1 b4
b1 b4 j b2 b3 p b2 b3 p j b1 b4
b1 b4 j b2 b3 p b2 b3 p j b1 b4 b1 b2 b3 b4 j p

b1 b4 j b2 b3 p b2 b3 p j b1 b4 b1 b2 b3 b4 j p

b1 b2 b3 b4 j p

b1 b2 b3 b4 j p

b1 b2 b3 b4 j p

b1 b2 b3 b4 j p

b3 b4 j b1 b2 p b1 b2 p j b3 b4
b3 b4 j b1 b2 p b1 b2 p j b3 b4 p j b1 b2 b3 b4
b3 b4 j b1 b2 p b1 b2 p j b3 b4 p j b1 b2 b3 b4
b3 b4 j b1 b2 p b1 b2 p j b3 b4 p j b1 b2 b3 b4

remaining in the race after deletion. Since kB � B 0k 
 m � k, we have kB 0k 	 k.
We will show that B 0 is a hitting set of size exactly k for S. Let h be the number of
sets Si in S not hit by B 0, i.e., h D kfi j Si 2 S and B 0 \ Si D ;gk.

In .B 0 [ fpg; V /, p is approved by

2.n� h/.k C 1/C 2.m� kB 0k/C 3 (10.1)

voters. From our assumption that all candidates occur in the same ordering in each
of the 2n.k C 1/ first-group voters (those of the form Si j .B � Si / p, where
1 
 i 
 n), it follows that for each Si not hit by B 0, one and the same candidate in
B 0 (namely, the candidate occurring first in the order of B 0) receives an additional
2.kC1/ approvals – due to moving the approval line – thanks to the 2.kC1/ voters
corresponding to Si after deletion of the candidates in B � B 0. Summing up, this
candidate will end up having exactly

2.nC h/.k C 1/C 2C 2.m� k/ (10.2)

approvals after deletion ofB�B 0. Since p has been made the unique SP-AV winner
by deleting the candidates in B �B 0 from C , p must have more approvals in .B 0 [
fpg; V / than any candidate in B 0. So by (10.1) and (10.2), we have

2.n � h/.k C 1/C 2.m� kB 0k/C 3 > 2.nC h/.k C 1/C 2C 2.m� k/
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or, equivalently,

1C 2.k � kB 0k/ > 4h.k C 1/:

However, since h is a nonnegative integer satisfying

1 D 4.k C 1/

4.k C 1/
>
1C 2.k � kB 0k/

4.k C 1/
> h;

we have h D 0, which implies that B 0 is a hitting set for S. Moreover, h D 0 also
implies that 1C 2.k � kB 0k/ must be positive, so kB 0k 
 k. Summing up, B 0 is a
hitting set of size k for S. ut

10.3.3.2 The Partition Cases

We now come to a particularly interesting and challenging collection of cases: those
cases having to do with partitioning into subelections. In these cases, the elec-
tion becomes a two-round process. There is a first round, containing one or two
subelections depending on the case, and then there is a (final) second round.

Since there is a first round, an issue arises here that we did not have in
Sect. 10.3.3.1. Namely, what should we do if in a first-round election some candi-
dates tie as winners? There are two natural approaches, both introduced in
Hemaspaandra et al. (2007a), and since people seem to have strong feelings as to
one or the other being more natural – but with no broad agreement among peo-
ple – many papers take the cautious approach of giving results for both approaches
to the issue of whom to move forward from tied first-round subelections. The two
approaches are ties promote (in Table 10.1, “TP”), in which all subelection win-
ners move forward to the final round, and ties eliminate (in Table 10.1, “TE”), in
which one moves forward from a subelection exactly if one is the one and only win-
ner of that subelection. It is worth remarking that Table 10.1 contains three cases
in which these two rules yield different results. Dealing with ties truly is part of a
partition-based control model, and not some unimportant detail that never affects
one’s study.

Among the two models, we consider the TE model by far the more consistent
with the rest of the framework. The reason is that in control problems (and so, in
the second-round elections), we are asking whether candidate p can be made the
(or be precluded from being a) unique winner. Although control problems are most
typically studied in the unique-winner model, sometimes they are studied in the
model in which one just asks whether the given candidate is (this is the constructive
case) or is not (this is the destructive case) a winner. For example, Faliszewski et al.
(2007, 2009b) study both models. We mention that, analogously to the comments
just made, if one’s model is the nonunique-winner model, then our feeling is that
the more natural approach to ties in partition-related subelections is the TP model.

We now state the three partition-based control types.
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Control by Run-Off Partition and Partition of Candidates

Name: E -CCRPC and E -DCRPC (Control by Run-Off Partition of Candidates).
Given: A set C of candidates, a collection V of voters represented via ballots over
C , and a distinguished candidate p 2 C .

Question (E -CCRPC): Is there a partition of C into C1 and C2 such that p is
the unique winner of the two-stage election where the winners of subelection
.C1; V / that survive the tie-handling rule compete against the winners of sub-
election .C2; V / that survive the tie-handling rule? Each subelection (in both
stages) is conducted using election system E .

Question (E -DCRPC): Is there a partition of C into C1 and C2 such that p is
not a unique winner of the two-stage election where the winners of subelection
.C1; V / that survive the tie-handling rule compete against the winners of subelec-
tion .C2; V / that survive the tie-handling rule? Each subelection (in both stages)
is conducted using election system E .

The above description defines four computational problems for a given election
system E : E -CCRPC-TE, E -CCRPC-TP, E -DCRPC-TE, and E -DCRPC-TP.

Name: E -CCPC and E -DCPC (Control by Partition of Candidates).
Given: A set C of candidates, a collection V of voters represented via ballots over
C , and a distinguished candidate p 2 C .

Question (E -CCPC): Is there a partition of C into C1 and C2 such that p is the
unique winner of the two-stage election where the winners of subelection .C1; V /

that survive the tie-handling rule compete against all candidates in C2? Each
subelection (in both stages) is conducted using election system E .

Question (E -DCPC): Is there a partition of C into C1 and C2 such that p is not a
unique winner of the two-stage election where the winners of subelection .C1; V /

that survive the tie-handling rule compete against all candidates in C2? Each
subelection (in both stages) is conducted using election system E .

This description defines four computational problems for a given election sys-
tem E : E -CCPC-TE, E -CCPC-TP, E -DCPC-TE, and E -DCPC-TP.

Control by Partition of Voters

Name: E -CCPV and E -DCPV.
Given: A set C of candidates, a collection V of voters represented via ballots over
C , and a distinguished candidate p 2 C .

Question (E -CCPV): Is there a partition of V into V1 and V2 such that p is the
unique winner of the two-stage election where the winners of subelection .C; V1/

that survive the tie-handling rule compete against the winners of subelection
.C; V2/ that survive the tie-handling rule? Each subelection (in both stages) is
conducted using election system E .
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Question (E -DCPV): Is there a partition of V into V1 and V2 such that p is not a
unique winner of the two-stage election where the winners of subelection .C; V1/

that survive the tie-handling rule compete against the winners of subelection
.C; V2/ that survive the tie-handling rule? Each subelection (in both stages) is
conducted using election system E .

The motivation for run-off partition of candidates is any process, perhaps a
legislative process, in which a given committee considers two batches of alterna-
tives, votes on each separately, and then considers only the winners. For example,
a physics department’s faculty search might result in many experimental and many
theoretical candidates, and the department chair might try to clarify the decision pro-
cess by having the entire department faculty vote separately among the experimental
candidates and among the theoretical candidates, and after that limit the discussion
and final-round vote to only those candidates that survived the first-round vote.

In contrast, (non-run-off) partition of candidates models systems in which there is
a qualifying election that some candidates are exempted from. For example, in some
tournaments, the host country may be given such an exemption from qualification.

Finally, partition of voters models a primary system in which the electorate is
divided into (two) groups, each group votes over the candidates, and the winners
move forward to a final election in which everyone votes. In our previous exam-
ple, this would be the case if the department had the theoreticians hold an election
over all candidates and separately had the experimentalists hold an election over all
candidates – yes, one can make some guesses about who might win in each subelec-
tion! – and then had both groups jointly vote over those candidates surviving the
first round.

The results that hold for the partition cases are as follows. For AV, resistance
holds for constructive control by partition of voters (both TP and TE), vulnerability
holds for the TE cases of constructive partition of candidates, constructive run-off
partition of candidates, and destructive partition of voters, vulnerability also holds
for the TP case of destructive partition of voters, and immunity holds in the remain-
ing six cases. For SP-AV, vulnerability holds for the TE case of destructive control
by partition of voters, and resistance holds for the other 11 cases.

To illustrate vulnerability proofs, we prove the following result.

Theorem 10.3.4 (Hemaspaandra et al. 2007a). Approval voting is vulnerable to
destructive control by partition of voters in the TE model.

Proof. First, we give an example showing that approval voting is susceptible to
destructive control by partition of voters in the TE model. Consider the election
.C; V / with candidate set C D fa; b; cg, distinguished candidate c, and the fol-
lowing collection V D fv1; v2; : : : ; v17g of ballots, each being represented as an
approval vector for abc in f0; 1g3: v1 D � � � D v5 D 100, v6 D 110, v7 D � � � D
v10 D 010, and v11 D � � � D v17 D 001. Clearly, c is the unique approval win-
ner in .C; V /. However, if we partition V into V1 D fv1; : : : ; v5; v11; : : : ; v14g and
V2 D V � V1, then candidate a is the unique approval winner of the first-round
subelection .C; V1/ and candidate b is the unique approval winner of the other first-
round subelection, .C; V2/. Since c doesn’t proceed to the final round, c’s victory
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has been successfully blocked by voter partition. Thus approval voting is susceptible
to destructive control by partition of voters in the TE model.

To prove vulnerability, we now describe a polynomial-time algorithm for the
control problem at hand. The algorithm takes as input an election .C; V / and a dis-
tinguished candidate p 2 C . The output of the algorithm either will be a successful
voter partition .V1; V2/ (i.e., a partition such that p won’t be a unique approval win-
ner in the final round of the corresponding two-stage election), or will be “control
impossible” (this will be the case exactly if there is no way for the chair to exert a
successful control action of this type).

In a nutshell, the basic idea in the algorithm (after having handled certain trivial
cases including the case where p is not a unique approval winner of .C; V / and
the cases with kCk 
 2 – so we now have that kCk 	 3 and that p is the unique
approval winner of .C; V /) is to check whether it is possible to find two candidates
(other than the distinguished candidate p) who can prevent p from proceeding to
the final round of the two-stage election induced by some partition of voters. More
precisely, if two such candidates indeed can be found, they will preclude p from
the final round by tieing or defeating p in each of the two first-round subelections.
And if they cannot be found, it is impossible to block p’s final-round victory in any
partition of voters.

Before describing the algorithm, let us establish some useful notation. Consider
(for elections having at least three candidates) any two distinct candidates a; b 2
C � fpg. Our notation will focus on only the approvals/disapprovals of a, b, and p,
and will not care about which of the other candidates are approved of. For x 2
fa; bg, define the following six sets:

Sx D fv 2 V j v approves of x and disapproves of both p and the candidate in fa; bg � fxggI
Sxp D fv 2 V j v approves of both x and p and disapproves of the candidate in fa; bg � fxggI
Wp D fv 2 V j v approves of p and disapproves of both a and bgI
Lp D fv 2 V j v disapproves of p and approves of both a and bg:

We now describe our algorithm. The algorithm first checks the following trivial
cases:

1. If C contains p alone, then output “control impossible” and stop. (There is no
other candidate who could possibly prevent p from winning.)

2. Else if p is not a unique approval winner, then output the successful partition
.V;;/ and stop.

3. Else if kCk D 2, then output “control impossible” and stop. (In this case, p
wins at least one of the subelections – in whatever partition of voters the chair
chooses – and proceeds to the final stage, where it basks in glory as the unique
approval winner.)

Now, if none of the trivial cases apply, we know that p currently is the unique
approval winner in .C; V / and C has at least two members other than p. To deter-
mine whether p can be dethroned as the unique approval winner, the algorithm
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enters a loop to check for each pair of distinct candidates a; b 2 C � fpg whether

kWpk > kSak C kSbk C kLpk (10.3)

is satisfied. If so, p has so many more approvals than this a and b that this a and
b are helpless against p in any voter partition, and the algorithm enters the next
loop iteration to check the next a and b. As soon as some a and b are found for
which kWpk 
 kSak C kSbk C kLpk is satisfied (i.e., (10.3) does not hold), it
outputs the successful partition .V1; V2/ and stops, where V1 D Sa [Sap [W 0

p with
W 0

p containing the first min.kSak; kWpk/ voters of Wp, and where V2 is V � V1.
If all possible pairs of candidates (other than p) have been checked and none has
produced a successful partition of V , the algorithm outputs “control impossible”
and stops.

Why does this algorithm correctly decide whether destructive control by partition
of voters in model TE is possible for AV? On the one hand, if (10.3) is satisfied for
all pairs of candidates a and b then, for whatever voter partition is chosen, no pair of
candidates can tie or defeat p in both subelections, so p will be the unique approval
winner of at least one subelection and will thus proceed to the final round, which it
alone will win. On the other hand, if there exists a candidate pair a and b for which
(10.3) fails to hold then the algorithm partitions V into .V1; V2/ as stated above. It
follows that, in .C; V1/, we have

score.C;V1/.a/ � score.C;V1/.p/ D kSak � min.kSak; kWpk/ 	 0;

which means that a ties or defeats p in .C; V1/. To show that b also ties or defeats
p in the other subelection, .C; V2/, we have to show that

score.C;V2/.b/�score.C;V2/.p/ D kSbkCkLpk�.kWpk� min.kSak; kWpk// 	 0:

Transform this inequality into the form

kWpk � kLpk 
 min.kSak; kWpk/C kSbk:

If kWpk < kSak, we have kWpk � kLpk 
 kWpk C kSbk, which is always true
because both kLpk and kSbk are nonnegative. If kWpk 	 kSak, however, we have
kWpk 
 kSak C kSbk C kLpk, which is true because (10.3) does not hold in
the current case. Thus this algorithm correctly decides AV-DCPV for model TE in
polynomial time. ut

As an example of a resistance proof based on a reduction from the “X3C”
problem (which will be defined in a minute), we now prove the following result.

Theorem 10.3.5 (Hemaspaandra et al. 2007a). Approval voting is resistant to
constructive control by partition of voters in the TP model.

Proof. To prove susceptibility, consider the same example as in the proof of
Theorem 10.3.4, except that now a instead of c is the distinguished candidate.
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Initially, a is not a unique approval winner of .C; V /, but the same partition of V
that was described in the proof of Theorem 10.3.4 does make a the unique approval
winner. Thus, approval voting is susceptible to constructive control by partition of
voters in model TP.

To prove resistance, we reduce from the following problem.

Name: EXACT COVER BY THREE-SETS (X3C, for short).
Given: A setB D fb1; b2; : : : ; b3mg,m 	 1, and a collection S D fS1; S2; : : : ; Sng

of sets such that for each i , 1 
 i 
 n, it holds that Si � B and kSik D 3.
Question: Does there exist an exact cover for B , i.e., does there exist a set A �

f1; 2; : : : ; ng, kAk D m, such that
S

i2A Si D B?

To give an illustrative (even though, admittedly, not really everyday) example of
this problem, we mention the infamous theft of the splendid glass mosaic covering
the interior of the Cathedral of Monreale on Sicily, which was created by artists from
Sicily and Constantinople in the twelfth century. One morning, the bishop entered
the cathedral and, to his utter dismay, every single one of the 15,000,000 mosaic
pieces, which had covered about 6,340 square meters, was gone! Let us enumer-
ate the stolen mosaic pieces and call the mosaic B D fb1; b2; : : : ; b15;000;000g, so
m D 5,000,000 in this example. The police started an intense search for the evil-
doers and the lost treasure. Soon thereafter, a number of pieces of this invaluable
mosaic – surprisingly always in batches of three – turned up on black markets
for historical art all over the world. It soon became clear, however, that many of
these pieces were not the original ones but faked. For example, the first four of the
size-three batches of mosaic pieces found were S1 D fb17; b3;471; b4;946;071g,
S2 D fb17; b463; b94;228g, S3 D fb231; b56;463; b12;094;578g, and S4 D fb17; b3;471;

b94;228g – obviously, these three-element subsets of B weren’t disjoint and so some
of them contained faked mosaic pieces. In total, a collection S D fS1; S2; : : : ; Sng
of n D 55,557,390 size-three batches of mosaic pieces (each Si being offered for
only one dollar) were spotted on black markets world-wide. “I do not care if they
are original or faked,” the bishop was quoted as saying, “I just want to have one
(real or fake) copy of each piece of my mosaic. Look at my cathedral: It is naked
inside!” So he started collecting money to buy enough size-three batches of mosaic
pieces to be able to rebuild the complete mosaic in the cathedral, and eventually he
had collected a total of exactly five million dollars. The problem he was facing now
is the X3C problem: Is it possible to find five million sets Si that exactly cover B?8

It is not hard to believe that (large enough) instances of the X3C problem are
computationally intractable, and it indeed is known that X3C is NP-complete (see,
e.g., Garey and Johnson 1979).

Turning back to the proof, let an instance .B;S/ of X3C be given, where B D
fb1; b2; : : : ; b3mg, m 	 1, S D fS1; S2; : : : ; Sng, and for each i , 1 
 i 
 n, we
have that Si � B and kSi k D 3. Define the value hj D kfSi 2 S j bj 2 Sigk
for each j , 1 
 j 
 3m. Define the election .C; V /, where C D B [ fp; y; zg is

8 This is a fictional example to illustrate X3C.
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the set of candidates with the distinguished candidate p (i.e., p is the candidate the
chair wishes to make the unique winner of the election), and where V is defined to
consist of the following 2nC 2mC 3 ballots:

1. For each i , 1 
 i 
 n, there is one voter who approves of the candidates in
fzg [ Si and who disapproves of the candidates in fp; yg [ .B � Si /.

2. For each i , 1 
 i 
 n, there is one voter who approves of the candidates in
fpg [ Bi , where Bi D fbj 2 B j i C hj 
 ng, and who disapproves of the
candidates in fy; zg [ .B � Bi /.

3. There are m C 1 voters who each approve of only y and disapprove of the
candidates in fp; zg [ B .

4. There are m C 2 voters who each approve of the candidates in fp; zg [ B and
disapprove of only y.

Note that score.C;V /.y/ D m C 1 and score.C;V /.p/ D score.C;V /.z/ D
score.C;V /.bj / D nCmC 2 for all j , 1 
 j 
 3m.

The following example illustrates the construction.

Example 10.3.2. Suppose we are given the X3C instance .B;S/, where B D
fb1; b2; : : : ; b6g and S D fS1; S2; S3g with S1 D fb1; b3; b5g, S2 D fb2; b4; b6g,
and S3 D fb1; b4; b6g. Our reduction then yields the instance .C; V; p/ of
AV-CCPV (in model TP) with candidate set C D fp; y; zg [ B and with V
consisting of the 13 ballots shown in Table 10.4.

It is easy to see that this X3C instance has an exact cover: S1 [ S2 D B . Our
reduction has the property that p can be made the unique approval winner by par-
tition of voters in model TP: Partition V into .V1; V2/, where V1 contains the two
voters of the first group that correspond to the cover (these voters are given in bold-
face in Table 10.4) and all voters of the third group, and where V2 contains the
remaining voters. The resulting subelections are shown in Table 10.5. Since y is the
unique approval winner of subelection .C; V1/ and p is the unique approval winner
of subelection .C; V2/, they are the only candidates proceeding to the final round,
where p beats y by 7 to 3.

Table 10.4 Thirteen ballots generated from a “yes” instance of X3C
C 1st group 2nd group 3rd group 4th group Score

p 0 0 0 1 1 1 0 0 0 1 1 1 1 7
y 0 0 0 0 0 0 1 1 1 0 0 0 0 3
z 1 1 1 0 0 0 0 0 0 1 1 1 1 7
b1 1 0 1 1 0 0 0 0 0 1 1 1 1 7
b2 0 1 0 1 1 0 0 0 0 1 1 1 1 7
b3 1 0 0 1 1 0 0 0 0 1 1 1 1 7
b4 0 1 1 1 0 0 0 0 0 1 1 1 1 7
b5 1 0 0 1 1 0 0 0 0 1 1 1 1 7
b6 0 1 1 1 0 0 0 0 0 1 1 1 1 7
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Table 10.5 Subelections .C; V1/ and .C; V2/ obtained by voter partition from .C; V / in
Example 10.3.2

Subelection .C; V1/ Subelection .C; V2/
C 1st 3rd Score C 1st 2nd 4th Score

p 0 0 0 0 0 0 p 0 1 1 1 1 1 1 1 7
y 0 0 1 1 1 3 y 0 0 0 0 0 0 0 0 0
z 1 1 0 0 0 2 z 1 0 0 0 1 1 1 1 5
b1 1 0 0 0 0 1 b1 1 1 0 0 1 1 1 1 6
b2 0 1 0 0 0 1 b2 0 1 1 0 1 1 1 1 6
b3 1 0 0 0 0 1 b3 0 1 1 0 1 1 1 1 6
b4 0 1 0 0 0 1 b4 1 1 0 0 1 1 1 1 6
b5 1 0 0 0 0 1 b5 0 1 1 0 1 1 1 1 6
b6 0 1 0 0 0 1 b6 1 1 0 0 1 1 1 1 6

Turning back to the proof of Theorem 10.3.5, we will now show that, in general,
S has an exact cover for B if and only if p can be made the unique approval winner
by partition of voters in model TP.

From left to right: Suppose S contains an exact cover for B . Then the following
partition of V into two subsets makes p the unique approval winner. Let V1 contain
the m C 1 voters of the third group (i.e., those voters approving of only y) and the
m first-group voters corresponding to the cover, and let V2 be V � V1. It is easy to
see that y is the unique approval winner of subelection .C; V1/ and p is the unique
approval winner of subelection .C; V2/. And when p and y meet in the second (and
final) stage of the election, p will be the unique approval winner.

From right to left: Suppose p can be made the unique approval winner by par-
tition of voters in model TP. So, in particular, p must win the final round. Recall,
however, that everybody in B [ fp; zg has n C m C 2 approvals with respect to
the whole electorate V , so each of the candidates in B [ fzg would tie for winner
with p in the final round. Thus y is the only candidate who can run against p in the
final round. Since we are in the TP model, it follows that each of the two subelec-
tions must have a unique approval winner: One must have y and the other one must
have p.

Let .V1; V2/ be such a partition of V where y is the unique approval winner of,
say, subelection .C; V1/, and p is the unique approval winner of the other subelec-
tion, .C; V2/. Without loss of generality, we may assume that none of the voters in
V1 approve of p, so V1 contains only voters of the first and the third group.

For p to become the unique approval winner of subelection .C; V2/, p must in
particular defeat each bj 2 B . For each bj 2 B , all voters of the third and fourth
group approve of bj exactly if they approve of p, so they don’t help p to get an
advantage over bj and may thus be disregarded. If all the remaining voters (those
of the first and second group) were in V2, each bj would tie p in .C; V2/. But
since every bj 2 B must lose at least one approval against p in .C; V2/ (and since
all second-group voters approve of p and so, by our assumption, stay in V2), the
first-group voters that are not in V2 (i.e., those in V1) must form a cover for B .
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However, since y is the unique approval winner of .C; V1/ and since y hasmC1

approvals overall, z can have no more thanm approvals in .C; V1/. However, among
the voters in V1 (to which, as noted above, only first- and third-group voters belong),
z is approved by only first-group voters, so it can have no more than m approvals
from these voters. Thus, V1 contains no more thanm (and thus exactlym) first-group
voters, which represent an exact cover for B .

10.3.3.3 Adding and Deleting Voters

We have saved for last those cases whose motivations probably have the most emo-
tional resonance for each of us, as voters. These cases are those related to adding
and deleting voters.

We start by stating these control types.

Control by Adding Voters

Name: E -CCAV and E -DCAV.
Given: A set C of candidates, two disjoint collections of voters, V andW , repre-

sented via ballots over C , a distinguished candidate p 2 C , and a nonnegative
integer k. (V is sometimes called the registered voter set, and W , the pool of
voters available for adding, is sometimes called the unregistered voter set.)

Question (E -CCAV): Is there a subset Q, kQk 
 k, of voters in W such that the
voters in V [Q elect p as the unique winner according to system E?

Question (E -DCAV): Is there a subset Q, kQk 
 k, of voters inW such that the
voters in V [Q do not elect p as a unique winner according to system E?

Control by Deleting Voters

Name: E -CCDV and E -DCDV.
Given: A set C of candidates, a collection V of voters represented via ballots over
C , a distinguished candidate p 2 C , and a nonnegative integer k.

Question (E -CCDV): Is it possible to by deleting at most k voters ensure that p
is the unique winner of the resulting E election?

Question (E -DCDV): Is it possible to by deleting at most k voters ensure that p
is not a unique winner of the resulting E election?

The reason we said above that these are the control types with the most emotional
resonance is that these types loosely model activities that go to the heart of people’s
participation in elections. For example, deleting voters models voter suppression,
where the chair’s budget is enough to (by whatever means – visits, intimidation,
spreading rumors, buying ads, making phone calls) keep any choice of k voters from
voting. Similarly, adding voters can be viewed as loosely modeling get-out-the-vote
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drives, e.g., the chair’s budget can pay to drive the chair’s choice of k people to
the polls.

With respect to these control types, AV and SP-AV behave basically the same,
and so it is not surprising that the results here are identical for AV and SP-AV: Both
are vulnerable in the destructive cases and resistant in the constructive cases. As our
final sample proof of this section, we prove the following result.

Theorem 10.3.6 (Erdélyi et al. 2008c). SP-AV is vulnerable to destructive control
by deleting voters and is resistant to constructive control by adding voters.

Proof. In both cases, susceptibility immediately follows from the fact that the proof
of susceptibility for destructive control by partition of voters from Theorem 10.3.4
also shows that SP-AV is susceptible to destructive control by partition of voters
and the results of Hemaspaandra et al. (2007a) that establish links between the
susceptibility claims for certain types of control. In particular, it is known that
every voiced voting system that is susceptible to destructive control by partition
of voters in model TE or TP is also susceptible to destructive control by deleting
voters (Hemaspaandra et al. 2007a, Theorem 4.3). Susceptibility to destructive con-
trol by deleting voters in turn is equivalent to susceptibility to constructive control
by adding voters (Hemaspaandra et al. 2007a, Theorem 4.1).

For concreteness, here is a quite simple example: Consider an election with two
candidates, c and d , having two ballots of the form c j d and one ballot of the form

d j c. So c is the unique SP-AV winner. However, deleting one ballot of the form

c j d yields a tie between c and d . Thus SP-AV is susceptible to destructive control

by deleting voters. On the other hand, if we view one ballot of the form c j d as that

of an unregistered voter, and the remaining two ballots, c j d and d j c, as those
of registered voters, then we can turn c from not being a unique SP-AV winner into
the unique SP-AV winner by adding the originally unregistered ballot. Thus SP-AV
is also susceptible to constructive control by adding voters.

To prove that SP-AV is vulnerable to destructive control by deleting voters, we
present an algorithm for solving the problem SP-AV-DCDV in polynomial time.
The algorithm takes as input an election .C; V / (that fulfills the requirements of
SP-AV), a distinguished candidate p (whom the chair seeks to prevent from being
a unique winner), and a nonnegative integer k (the maximum number of voters
allowed to be removed from the election). The output of the algorithm either will be
“control impossible” (if it is not possible to via deleting at most k votes prevent p
from being a unique SP-AV winner), or it will be a subset V 0 � V with kV 0k 
 k

such that p is not a unique winner of the election .C; V � V 0/.
The algorithm first checks the following trivial cases:

1. If C contains p alone, then output “control impossible” and stop. (There is no
other candidate who could possibly prevent p from being the unique SP-AV
winner.)

2. Else if p already is not a unique SP-AV winner, then output the empty set as the
set V 0 of voters to be deleted. (There is no need for the chair to intervene in this
case.)
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If none of the trivial cases applies, we know that kCk 	 2 and p has more
approvals than any other candidate in C . For each c 2 C , let surplus.C;V /.p; c/ D
score.C;V /.p/� score.C;V /.c/. Note that surplus.C;V /.p; c/ is positive for each can-
didate c ¤ p in C . Now, the algorithm determines some candidate q ¤ p in C with
smallest surplus.C;V /.p; q/, and if surplus.C;V /.p; q/ > k then it outputs “control
impossible” and stops. In this case, deleting any choice of at most k voters will not
dethrone p as the unique SP-AV winner. Otherwise (i.e., if surplus.C;V /.p; q/ 
 k),
the algorithm outputs, as the set V 0 of voters to be deleted, surplus.C;V /.p; q/ voters
who approve of p and disapprove of q,9 and stops.

To prove that SP-AV is resistant to constructive control by adding voters, we
again give a reduction from the NP-complete problem X3C, which was defined
in the proof of Theorem 10.3.5. Let an instance .B;S/ of X3C be given, where
B D fb1; b2; : : : ; b3mg (we assume m > 1, which is possible because the thus
modified problem is still NP-complete), S D fS1; S2; : : : ; Sng, and Si � B with
kSi k D 3 for each i , 1 
 i 
 n.

Given .B;S/, construct an instance .C; V;W; p;m/ of SP-AV-CCAV as fol-
lows. Let C D B [ fpg, where p is the distinguished candidate. Let V contain
m � 2 registered voters of the form B j p, and let W consist of the following
n unregistered voters: For each i , 1 
 i 
 n, there is one voter of the form
p Si j .B � Si / in W . Clearly, p is not a unique SP-AV winner of the elec-
tion .C; V /, since score.C;V /.p/ D 0 and score.C;V /.bj / D m � 2 for each j ,
1 
 j 
 3m.10

Before proceeding with the proof, we present a small example to illustrate the
construction.

Example 10.3.3. Consider the “yes” instance .B;S/ of X3C that is defined by B D
fb1; b2; : : : ; b9g (so m D 3) and S D fS1; S2; S3; S4g with S1 D fb1; b3; b5g,
S2 D fb2; b4; b6g, S3 D fb1; b4; b6g, and S4 D fb7; b8; b9g. From this instance
we construct the SP-AV-CCAV instance .C; V;W; p; 3/ with candidate set C D
fpg [ B , distinguished candidate p, and with registered and unregistered voters, V
and W , as shown in Table 10.6.

Clearly, p is not a unique SP-AV winner of the election .C; V /, as p has zero
approvals and each bj 2 B has one approval. However, adding to V the first two
and the last of the unregistered voters of W (which correspond to an exact cover
forB) makes p the unique SP-AV winner of the resulting election, as in this election
p has three approvals, but each bj 2 B has only two.

For the sake of contrast, consider the “no” instance .B;S 0/ of X3C that is
obtained from .B;S/ by modifying only the fourth set in S from S4 to

9 It is easy to see that, by definition of surplus.C;V /.p; q/, such voters do exist.
10 It is worth discussing the boundary case ofm D 2 here, which is the smallest m possible. In this
case, the election .C; V / has seven candidates, but none of these candidates is approved by any
voter, simply because there are no voters (due to kV k D m� 2 D 0). By the definition of SP-AV
winner (which, recall, is any candidate with the largest number of approvals), each of these seven
candidates in C is a SP-AV winner, so it indeed is true that p is not a unique SP-AV winner of
.C; V /, even if m D 2.
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Table 10.6 Registered and unregistered voters generated from a “yes” and from a “no” instance
of X3C

V : one registered voter
b1 b2 b3 b4 b5 b6 b7 b8 b9 j p

W : four unregistered voters W 0: four unregistered voters
p b1 b3 b5 j b2 b4 b6 b7 b8 b9 p b1 b3 b5 j b2 b4 b6 b7 b8 b9

p b2 b4 b6 j b1 b3 b5 b7 b8 b9 p b2 b4 b6 j b1 b3 b5 b7 b8 b9

p b1 b4 b6 j b2 b3 b5 b7 b8 b9 p b1 b4 b6 j b2 b3 b5 b7 b8 b9

p b7 b8 b9 j b1 b2 b3 b4 b5 b6 p b2 b5 b8 j b1 b3 b4 b6 b7 b9

S 0
4 D fb2; b5; b8g, so S 0 D fS1; S2; S3; S

0
4g. Now, this instance is transformed by

our reduction into the SP-AV-CCAV instance .C; V;W 0; p; 3/, where W 0 can also
be found in Table 10.6. Clearly, .C; V;W 0; p; 3/ is a “no” instance of SP-AV-CCAV,
since adding any subset W 00 of at most three voters from W 0 to V will fail to make
p a unique SP-AV winner of the election .C; V [ W 00/. For example, if we added
the first two and the last of the unregistered voters of W 0 to V then p would tie for
winner with both b2 and b5, with each having three approvals.

We now prove that S has an exact cover for B if and only if p can be made the
unique SP-AV winner by adding at most m voters.

If S contains an exact cover for B , then let W 0 � W be the set of voters
corresponding to this cover and add W 0 to V . Since score.C;V [W 0/.p/ D m and
score.C;V [W 0/.bj / D m � 1 for each j , 1 
 j 
 3m, p is the unique SP-AV
winner of the election .C; V [W 0/.

Conversely, suppose that p can be made the unique SP-AV winner by adding at
most m voters from W to V . Every candidate bj in B has m � 2 approvals more
than p in .C; V /, and adding any voter fromW will give both p and three members
of B one more approval. Thus for p to become the unique SP-AV winner we need
to add exactlym voters fromW , while making sure that no candidate from B gains
more than one additional approval. It follows that the m voters added correspond to
an exact cover for B . ut

10.3.4 Conclusions

Table 10.1 already summarized the control results. However, some comments are in
order. We mention that Table 10.1 reflects the fact that each of the 44 cases’ com-
plexity is known. None of the cases remain open. We also note that SP-AV (see
however the discussion and caveats of Sect. 10.2) has a very large number of resis-
tances. This is clearly a strong point in its favor, although of course one’s choice
of an election system for any particular task will depend on the task, and maxi-
mizing control resistances will rarely be the only – or even the most important –
factor one weighs in choosing one’s system. Other factors may include simplicity
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(for the voter), perceived fairness, acceptability to the electorate, resistance to voter
manipulation (see Bartholdi et al. 1992; Faliszewski et al. 2009c), etc. And even if
control resistances were what one cared about, the Llull/Copeland complex of sys-
tems, while having fewer resistances in number, has some resistances that SP-AV
lacks, and so again one would judge by what resistances are most needed for the
task at hand – what attacks we most want to be protected from. Nonetheless, it is
clear that SP-AV is an interesting system having a quite large number of control
resistances, and as such is worth being at least seriously considered – weighing its
overall strengths and weaknesses – when one is choosing an election system for
a task.

10.4 The Complexity of Bribery for Approval Voting

In this section, we are concerned with the complexity of bribery for approval vot-
ing. The notion of bribery was introduced by Faliszewski et al. (2006, 2009a),
who studied the hardness of bribery for voting systems as diverse as approval vot-
ing, scoring protocols (an important class of voting systems including in particular
Borda count, plurality, veto, and k-approval), and Dodgson voting (Dodgson 1876,
see Hemaspaandra et al. 1997; Homan and Hemaspaandra 2006, 2009; Caragiannis
et al. 2009 for results on the computational aspects of Dodgson’s system). Bribery
has been subsequently explored for a variety of other voting systems (see, e.g.,
Faliszewski et al. 2007, 2008a, 2009b; Faliszewski 2008). Here we will focus on
the complexity results for bribery with respect to approval voting established by
Faliszewski et al. (2006, 2009a).

As mentioned in the Introduction, bribery models scenarios in which an external
agent, the “briber,” seeks to make his or her favorite candidate win (i.e., we in this
section focus on the constructive case only) by bribing some voters to change their
votes. As such, bribery can be seen as sharing some aspects with control (namely,
that an external actor seeks to change the electoral outcome) and some with manipu-
lation (namely, that the voters’ ballots may be changed). Unlike the chair in control
settings, the briber doesn’t alter the procedure of an election but rather alters the
voters’ ballots, and unlike the strategic voters in manipulation settings, it here is the
briber (and not some of the voters) who seeks to do something bad.

For each of the bribery problems we will define, the briber’s budget will be lim-
ited and we will consider the following variants of how the budget can be spent in
order to reach the briber’s goal:

1. Voters can be “weighted” or “unweighted.” For example, if a voter of weight
three approves of some candidate then this candidate walks off with the equiva-
lent of three weight-one approvals from just this voter. Weighted voting occurs in
many real-life settings. In voting on referenda, stockholders’ votes are typically
weighted by the number of shares they own.

2. Voters may or may not have price tags. The priced-voters case again is modeling
a natural situation, namely, it reflects the fact that some voters may be more
expensive to bribe than others.
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3. For both the weighted-voters case and the priced-voters case, one can distinguish
between whether weights/prices are represented in binary or in unary. Clearly,
for the computational complexity of the problems thus defined the representation
of the problem instances can – and we will show that in some cases it does –
make a difference.

4. Finally, in addition to bribery where a voter’s ballot either is or is not bought by
the briber, we will also consider a more fine-tuned, local approach, called “micro-
bribery,” where the briber pays for each bit-flip.11 This model reflects the fact that
voters naturally may have stronger feelings about some candidates than about
others, and so a voter’s approval or disapproval of some candidate may be for sale
but the same voter may not be willing to change his or her approval/disapproval
of some other candidate. If it comes to convictions, voters may have preferences
that money can’t buy.

We start by formally defining the most basic variant of bribery for approval
voting. Unlike in Sect. 10.3, we define all bribery problems in the nonunique-
winner model, since that is the core model taken by Faliszewski et al. (2006,
2009a) (although do note that essentially all their results also hold in the nonunique
winner mode) and the other papers on bribery, and it makes sense to keep the
studies of a given type of attack as uniform as possible in their model. We men-
tion in passing that some papers study bribery, manipulation, or control in both
the unique-winner and the nonunique-winner models. For example, Faliszewski
et al. (2009b) do so for bribery and control regarding the Llull/Copeland com-
plex of systems, and they obtain the same complexity results for both models in
each case. Similarly, Hemaspaandra et al. (2006) prove that the complexity of win-
ner determination, which originally was shown in the nonunique-winner model for
Dodgson (Hemaspaandra et al. 1997), Young (Rothe et al. 2003), and Kemeny elec-
tions (Hemaspaandra et al. 2005), remains the same in the unique-winner model.
To the best of our knowledge, the only complexity results where the unique-winner
model parts company with the nonunique-winner model are due to Faliszewski et al.
(2008b) and are related to manipulating Copeland elections.

Name: AV-BRIBERY.
Given: A set C of candidates, a collection V of voters represented via ballots over
C , a distinguished candidate p, and a nonnegative integer k (the “budget”).

Question: Is it possible to change at most k voters’ ballots so that p is an approval
winner of the resulting election?

In an AV-BRIBERY instance, all voters are both unweighted and unpriced.
The corresponding bribery problem for weighted but unpriced voters is denoted
by AV-WEIGHTED-BRIBERY, that for unweighted but priced voters by

11 The study of microbribery was initiated in Faliszewski et al. (2006), where it however was
notated bribery0 , and was also studied in Faliszewski et al. (2007). The term “microbribery”
was first used for this concept in Faliszewski et al. (2008a), which studies (among other things)
microbribery of the Llull/Copeland election systems.
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AV-$BRIBERY, and if the voters both are weighted and have price tags, we write
AV-WEIGHTED-$BRIBERY.

The first result in this section is that even AV-BRIBERY, the simplest of these
four problems, is NP-complete. Since this problem is a special case of each of the
other three problems just defined, they each immediately inherit the NP-hardness
lower bound of AV-BRIBERY. On the other hand, it is easy to see that each of these
four problems is contained in NP: Given an instance .C; V; p; k/, nondeterministi-
cally guess a bribery action involving at most k voters and verify deterministically
that p wins the resulting election. Obviously, this can be done in polynomial time,
even if weights and prices are given in binary.12

Theorem 10.4.1 (Faliszewski et al. 2006, 2009a). AV-BRIBERY is NP-complete.

Proof. Membership in NP was justified above. It remains to prove that
AV-BRIBERY is NP-hard. To this end, we now describe a reduction from the NP-
complete problem X3C (which was defined in the proof of Theorem 10.3.5). Let
an instance .B;S/ of X3C be given, where B D fb1; b2; : : : ; b3mg, m 	 1,
S D fS1; S2; : : : ; Sng, and for each i , 1 
 i 
 n, we have that Si � B and
kSi k D 3. Without loss of generality, we may assume that n 	 m, since otherwise
S wouldn’t have an exact cover for B , and mapping such a “no” instance of X3C
to some fixed “no” instance of AV-BRIBERY would correctly handle this case. We
again need the values hj , which were defined in the proof of Theorem 10.3.5 as
hj D kfSi 2 S j bj 2 Sigk for each j , 1 
 j 
 3m.

Define the election .C; V /, where C D B [ fpg is the set of candidates with
the distinguished candidate p, and where V is defined to consist of the following
.3mC 2/nC 2m�P3m

j D1 hj D 3mnC 2m � n ballots:

1. For each i , 1 
 i 
 n, there is one voter who approves of the three candidates in
Si and who disapproves of all other candidates.

2. For each j , 1 
 j 
 3m, there are n � hj C 1 voters who each approve of only
bj and who disapprove of all other candidates.

3. There are n � m voters who each approve of only p and who disapprove of the
candidates in B .

Note that score.C;V /.p/ D n � m and score.C;V /.bj / D n C 1 for each j ,
1 
 j 
 3m.

Define our AV-BRIBERY instance to be .C; V; p;m/. As in the previous reduc-
tions presented in Sect. 10.3, we give an example to illustrate this construction of
.C; V; p;m/ from the given X3C instance .B;S/.
Example 10.4.1. Suppose we are given the X3C instance .B;S/, where B D
fb1; b2; : : : ; b6g and S D fS1; S2; S3; S4g with S1 D fb1; b2; b3g, S2 D fb2; b4; b6g,
S3 D fb1; b3; b5g, and S4 D fb1; b2; b6g. Our reduction then yields the instance

12 Clearly, representing weights or prices in unary provides a less succinct input than using the
binary representation. This implies that a problem using unary encoding is at most as hard,
computationally, as the corresponding problem using binary encoding.
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Table 10.7 Twenty-four ballots generated from a “yes” instance of X3C
C 1st 2nd 3rd Score

p 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 2
b1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5
b2 1 1 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5
b3 1 0 1 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 5
b4 0 1 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 5
b5 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 5
b6 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 5

.C; V; p; 2/ of AV-BRIBERY with candidate setC D fpg[B and with V consisting
of the 24 ballots shown in Table 10.7.

Since S2 [ S3 D B , S has an exact cover for B . Our reduction ensures that p
can be made an approval winner by bribing the two voters of the first group that cor-
respond to this exact cover (i.e., the two boldfaced first-group voters in Table 10.7):
If their ballots are changed such that they both approve of only p and disapprove
of all candidates in B , then all candidates are winners with score 4 in the resulting
election.

We now prove that S has an exact cover for B if and only if p can be made an
approval winner by bribing at most m voters.

From left to right: Suppose that S has an exact cover for B . Simply bribe the
voters corresponding to this exact cover by changing their ballots such that each
bribed voter approves of p and disapproves of the candidates in B . Then p gainsm
approvals (i.e., score.C;V 0/.p/ D n, where V 0 denotes the collection of ballots after
the bribery) and every bj 2 B loses one approval (i.e., score.C;V 0/.bj / D n). Thus
p is an approval winner in .C; V 0/.

From right to left: Suppose that p can be made an approval winner by bribing at
most m voters. Let .C; V 0/ denote the election that results from any such bribery.
By bribing at most m voters, p can gain no more than m additional approvals. Thus
score.C;V 0/.p/ 
 .n � m/ C m D n. On the other hand, all candidates in B have
nC 1 approvals initially, so for p to become an approval winner by bribing at most
m voters, each bj 2 B has to lose at least one approval by the bribery. It follows
that exactly m voters must have been bribed to yield .C; V 0/, and these m voters
correspond to an exact cover for B . ut
Corollary 10.4.1 (Faliszewski et al. 2006, 2009a). Each of the problems
AV-WEIGHTED-BRIBERY, AV-$BRIBERY, and AV-WEIGHTED-$BRIBERY is
NP-complete.

We now turn to the formal definition of the microbribery problem for approval
voting. Again, we start with the most basic case where voters are unweighted and
don’t have price tags.

Name: AV-MICROBRIBERY.
Given: A set C of candidates, a collection V of voters represented via ballots

over C , a distinguished candidate p, and a nonnegative integer k.



234 D. Baumeister et al.

Question: Is it possible to flip at most k entries in the ballots (to be clear: not k
entries per ballot but k entries overall, in all the ballots) so that p is an approval
winner of the resulting election?

As with bribery, AV-WEIGHTED-MICROBRIBERY denotes the micro-
bribery problem for weighted but unpriced voters within approval voting,
AV-$MICROBRIBERY denotes this problem for unweighted but priced voters (each
bit flip may have a different price), and we write AV-WEIGHTED-$MICROBRIBERY

if the voters both are weighted and have price tags. Here, it will also make sense to
distinguish between binary and unary representations for weights or prices. The
names of the above-defined four microbribery problems for AV refer to the more
succinct binary representation of, respectively, weights and prices, which is the
standard way of representing numbers. To indicate that either weights or prices or
both are given in unary, we use the subscript “unary” at the corresponding place
in the problem name. For example, AV-WEIGHTEDunary-$MICROBRIBERY denotes
the same problem as AV-WEIGHTED-$MICROBRIBERY but with weights given in
unary and prices given in binary. It is known that the microbribery problem for AV
is easy to solve even if both weights and prices are given, provided that at least one
of them is represented in unary. We omit the proof.

Theorem 10.4.2 (Faliszewski et al. 2006, 2009a). AV-MICROBRIBERY, AV-
WEIGHTEDunary-$MICROBRIBERYunary, AV-WEIGHTEDunary-$MICROBRIBERY,
and AV-WEIGHTED-$MICROBRIBERYunary can each be solved in polynomial time.

In contrast, if both weights and prices are encoded in binary, the microbribery
problem for AV is NP-complete.

Theorem 10.4.3 (Faliszewski et al. 2006, 2009a). AV-WEIGHTED-$MICRO-
BRIBERY is NP-complete.

Proof. Again, it is clear that AV-WEIGHTED-$MICROBRIBERY is in NP. Thus, it
remains to prove that AV-WEIGHTED-$MICROBRIBERY is NP-hard. To this end,
we reduce from the following famous problem:

Name: PARTITION.
Given: A nonempty sequence s1; s2; : : : ; sn of positive integers such that

Pn
iD1 si

is an even number.
Question: Does there exist a subset A � f1; 2; : : : ; n} such that

P
i2A si DP

i2f1;2;:::;ng�A si ?

Before we proceed with the proof, let us illustrate this problem by an exam-
ple that continues the example for the X3C problem presented in the proof of
Theorem 10.3.5. Recall from that previous example that a magnificent mosaic had
been stolen from the Cathedral of Monreale on Sicily and then was sold – piece by
piece, along with faked duplicates, and always in batches of three – on black mar-
kets world-wide. Now, Giuseppe Greco and Salvatore Inzerillo, who had planned,
organized, and executed this coup, were meeting in a bar in the port district of
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Palermo to divide what they had earned, namely $55,557,390. To hide their tracks,
they had changed this amount of money into 1,235 bars of gold with different sizes,
s1; s2; : : : ; s1;235, each si being the integer amount of dollars the i th bar of gold was
worth.

“Now let me get this straight,” said Giuseppe who knew Salvatore all too well
from other deals. “This time we do it fifty-fifty!”

“Yes, fine with me,” replied Salvatore craftily. “So tell me, my friend: Which of
the gold bars are for me?”

Giuseppe set down and started thinking. He was counting the gold bars, playing
with them, weighing them in his hands, and comparing their dollar amounts. He was
scratching his head. Meanwhile, Salvatore was watching him silently. Giuseppe was
thinking for more than an hour. Then he said: “No! You tell me! Which of the gold
bars are mine?”

“Well,” said Salvatore slowly, “all I know about this, and these were my father’s
last words before he died, so it must be true: This is a very hard problem, and you
cannot solve it in a trice. So it just won’t be possible for us to make it fifty-fifty.
You can try to solve this problem by brute force, but this won’t be possible in a
reasonable amount of time!”

Salvatore was right in one regard: PARTITION is an NP-complete problem (see,
e.g., Garey and Johnson 1979) and thus, indeed, is very hard to solve. But he wasn’t
right in another regard: Giuseppe did solve the problem he was facing by brute
force before dawn. Salvatore was found the next day, floating face-down in the
Mediterranean near the port of Palermo. And Giuseppe and all the gold were gone.

Now, back to the proof, let an instance .s1; s2; : : : ; sn/ of PARTITION be given,
where we have

Pn
iD1 si D 2S and where S and each si is a positive integer. Define

the election .C; V /, where C D fp; xg is the set of candidates with p being the
distinguished candidate, and where V consists of the following nC 1 ballots:

1. There is one voter of weight S who approves of p and disapproves of x, and the
price for flipping any entry in this voter’s ballot is 2S C 1.

2. For each i , 1 
 i 
 n, there is one voter of weight si who approves of x and
disapproves of p, where the price for flipping this voter’s p-entry is si and the
price for flipping this voter’s x-entry is 2S C 1.

Our AV-WEIGHTED-$MICROBRIBERY instance then is .C; V; p; S/. Note that
score.C;V /.p/ D S and score.C;V /.x/ D 2S . Thus x is the unique approval winner
of the election .C; V /.

The following example illustrates the construction.

Example 10.4.2. Suppose we are given the PARTITION instance .s1; s2; : : : ; s6/,
where s1 D 9, s2 D 2, s3 D 3, s4 D 4, s5 D 1, and s6 D 1. This is a “yes” instance
of PARTITION, and a possible partition of f1; 2; : : : ; 6g is f1; 5g and f2; 3; 4; 6g,
since s1 C s5 D 10 D s2 C s3 C s4 C s6.

Our reduction then yields the instance .C; V; p; 10/ of AV-
WEIGHTED-$MICROBRIBERY with candidate set C D fp; xg and with V con-
sisting of the seven ballots shown in Table 10.8.
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Table 10.8 Seven ballots generated from a “yes” instance of PARTITION

V Weight Price Ballot

p x p x

v0 10 21 21 1 0
v1 9 9 21 0 1
v2 2 2 21 0 1
v3 3 3 21 0 1
v4 4 4 21 0 1
v5 1 1 21 0 1
v6 1 1 21 0 1

Score 10 20

Clearly, x is the unique winner of .C; V /, as x has 20 approvals and p has
only 10. However, p can be made an approval winner by microbribing the two vot-
ers that correspond to the f1; 5g part of the partition given above. Namely, flipping
the p-entries in the ballots of voters v1 and v5 costs exactly ten units of bribery cur-
rency (which is just as much as the briber can afford). After the bribery, the voters v1

and v5 approve of both p and x, so both candidates, p and x, are approval winners
with score 20.

Turning back to the proof, we now show that, in general, there is a set A �
f1; 2; : : : ; ng such that

P
i2A si D S if and only if p can be made an approval

winner by a microbribery of cost at most S .
From left to right: Suppose there is a setA � f1; 2; : : : ; ng such that

P
i2A si DS .

Change the disapprovals of p into approvals in the ballots of the voters correspond-
ing to A. Clearly, this will cost

P
i2A si D S , and after that both p and x are

approval winners with score 2S .
From right to left: Suppose p can be made an approval winner by a micro-

bribery of cost at most S . The given amount S allows only flips from 0 to 1 in the
p-entries of the second voter group. Thus p can gain (at most) S additional
approvals, whereas x’s score will still be 2S after the microbribery. Since for the
voters whose ballots were changed to make p an approval winner, the weights and
the costs for flipping their p-entries are the same, p must have gained exactly S
approvals and the weights of these voters must also be exactly S . Thus there is a set
A � f1; 2; : : : ; ng such that

P
i2A si D S . ut

10.5 Local Search Heuristics for Minimax Approval Voting

10.5.1 Minisum and Minimax Approval Voting

In the present section, we will focus on the complexity of electing a committee of
fixed size via another variant of approval voting. (For more on the complexity issues
in electing committees, we commend to the reader the work of Meir et al. 2008.)
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Table 10.9 Electing a committee of size two via minisum and minimax evaluation for approval
voting

Ballots Evaluation
Committee .3
/ 1110 .2
/ 0101 .3
/ 1010 sum max

1100 3 4 6 13 6
1010 3 8 0 11 8
1001 9 4 6 19 9
0110 3 4 6 13 6
0101 9 0 12 21 12
0011 9 4 6 19 9

The standard way of evaluating an approval election to obtain a committee of
k candidates is to sum up the approvals for each candidate and to select k candidates
with the highest number of approvals (where some tie-breaking rule can be used
when there is more than one such size-k committee). This method is called the
minisum procedure, since the outcome minimizes the sum of the Hamming distances
of the winning committee to all ballots. Recall that the Hamming distance between
two binary vectors is the minimum number of bit-flips needed to transform one
vector into the other.

Brams et al. (2004, see also Brams et al. 2007a,b) proposed a new evaluation
method for approval elections to determine committees of fixed size, which is called
the minimax procedure, since it minimizes the maximum of the Hamming distances
between the winning committee and the ballots. The minisum procedure seeks to
find an outcome that is close to many ballots, i.e., it minimizes the total dissat-
isfaction of the electorate, whereas the minimax procedure seeks to minimize the
dissatisfaction of the most dissatisfied voter, even if this results in a higher total (or,
equivalently, average) dissatisfaction.

Example 10.5.1. Table 10.9 gives an example of an election that aims to find a com-
mittee of size k D 2 by approval voting. There are four candidates and eight voters
in this election, where three voters approve of the first three candidates, two voters
approve of the second and the fourth candidate, and three voters approve of the first
and the third candidate. In the first column, the possible committees with two candi-
dates each are listed. The next three columns give the Hamming distances between
each such committee and each of the three distinct ballots times their multiplicities,
the “sum” column gives the sum of these values, and the “max” column gives their
maximum.

A committee with a smallest entry in the “sum” column is a minisum (winner)
committee, and in this example we happen to have a unique minisum committee,
namely 1010. The two voters with ballots 0101, however, will be completely dissat-
isfied with the minisum outcome, since none of their candidates is in the minisum
committee and all candidates they disapprove of are in this committee.

A committee with a smallest entry in the “max” column is a minimax (winner)
committee, and in this example there are two minimax committees, 1100 and 0110.
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Table 10.10 Electing a size-two committee via minisum and minimax approval voting with
proximity weights

Ballots with proximity weights Evaluation
Committee .3
/ 1110 1

3
.2
/ 0101 2

21
.3
/ 1010 3

11
sum max

1100 693 264 1,134 2,091 1,134
1010 693 528 0 1,221 693
1001 2,079 264 1,134 3,477 2,079
0110 693 264 1,134 2,091 1,134
0101 2,079 0 2,268 4,347 2,268
0011 2,079 264 1,134 3,477 2,079

Both the minisum and the minimax evaluation presented in Example 10.5.1 take
only the number of identical ballots into account. A different approach, also pro-
posed by Brams et al. (2007a), is to base these evaluations on “proximity weights.”
Instead of merely counting how often each ballot occurs, the “proximity” of any
ballot to all other ballots is thus taken into account. Formally, the proximity weight
of a given ballot vi is defined by

mi
Pt

j D1mj �H.vi ; vj /
; (10.4)

where t > 1 is the total number of distinct ballots (say, v1; v2; : : : ; vt with vi ¤ vj

for i ¤ j ), mi is the multiplicity of vi , and H.vi ; vj / is the Hamming distance
between ballots vi and vj . Note that, to ensure that the denominator in (10.4) isn’t
zero, we assume that there are at least two distinct ballots.

Example 10.5.2. Table 10.10 shows the same election as in Example 10.5.1, except
that the evaluation is made by calculating the Hamming distance of each committee
to each distinct ballot times this ballot’s proximity weight (instead of multiply-
ing this Hamming distance with this ballot’s multiplicity). To avoid fractions, all
results are multiplied by the least common multiple of the distinct voters’ denom-
inators in (10.4), which is 693 in this example. This is reasonable, since the ratios
between the single alternative committees remain the same, see Kilgour et al.
(2006).

Both the winning committee obtained via the minisum evaluation with proximity
weights and that obtained via the minimax evaluation with proximity weights hap-
pen to coincide with the minisum committee calculated without proximity weights
in Example 10.5.1. However, Brams et al. (2007a) mention that minisum outcomes
not based on proximity weights and minimax outcomes based on proximity weights
can diverge maximally, i.e., all bits in the minisum outcome are flipped in the
minimax outcome.
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10.5.2 NP-Hardness and Approximability of Fixed-Size
Minimax Approval Voting

Given an election with m candidates, n ballots, and a fixed committee size of k, the
minisum evaluation (with or without proximity weights) is easy and can be done in
polynomial time. If proximity weights are not considered, simply add the number
of ones in all ballots for each candidate, and declare k candidates with the highest
approval scores as winners to join the committee. If ties occur (e.g., if there are more
than k candidates each having the highest approval score), the winning committee
of size k may be selected among the possible size-k minisum committees by using
some fixed, computationally simple tie-breaking rule. If proximity weights are to
be considered in a minisum evaluation, the algorithm is similarly efficient, since all
proximity weights involved can be determined in polynomial time.

In a minimax evaluation, however, all
�

m
k

�
committees in concept may need be

considered, and although for each committee the Hamming distances to all ballots
can be computed easily, this may be just too many committees. Indeed, LeGrand
(2004) showed that the following problem is NP-complete.

Name: FIXED-SIZE MINIMAX APPROVAL VOTING (FSM-AV, for short).
Given: A set C of candidates, a collection V of voters represented via ballots over
C , a nonnegative integer k 
 kCk, and a nonnegative integer d 
 kCk.

Question: Does there exist a vector v 2 f0; 1gkC k such that v has exactly k ones
and H.v; vi / 
 d for all vi 2 V , i.e., is there a committee of size k whose
maximum Hamming distance to the ballots in V is at most d?

Theorem 10.5.1 (LeGrand 2004). FSM-AV is NP-complete.

Proof. FSM-AV is easily seen to be in NP, so it remains to prove FSM-AV NP-
hardness. LeGrand (2004) gave a reduction to FSM-AV from the NP-complete
problem VERTEX COVER (see, e.g., Garey and Johnson 1979), which is formally
defined as follows.

Name: VERTEX COVER.
Given: An undirected graph G with vertex set V.G/ D fv1; v2; : : : ; vng and edge

set E.G/, and a nonnegative integer k 
 n.
Question: Does G have a vertex cover of size at most k, i.e., does there exist a

subset V 0 � V.G/ with kV 0k 
 k such that for each edge fx; yg 2 E.G/, we
have that fx; yg \ V 0 ¤ ;?

Does this problem look familiar to you? If it does, you’ve been carefully reading
the proofs in Sect. 10.3! VERTEX COVER may be viewed as a special case of the
problem HITTING SET, which was defined in the proof of Theorem 10.3.3. In fact,
HITTING SET is nothing other than the vertex cover problem for hypergraphs (note:
the hyperedges of a hypergraph may involve more than two vertices). So, any given
instance .G; k/ of VERTEX COVER may be viewed as the instance .V .G/;E.G/; k/
of HITTING SET. To see this, recall the intuitive explanation of HITTING SET from
the proof of Theorem 10.3.3: Students signing up for courses and professors seeking
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to find a hitting set of size at most k among the students such that each course
contains at least one hitting-set student. In this interpretation, VERTEX COVER is
the special case of HITTING SET in which every course is attended by exactly two
students, and if we draw a graph the vertices of which are the students and that
has an edge between two vertices exactly if the corresponding students are jointly
attending the same course, then determining a vertex cover of size at most k in the
graph is just the same as asking for a hitting set of size at most k. (This observation
immediately provides a reduction from VERTEX COVER to HITTING SET.)

We now describe a reduction from VERTEX COVER to FSM-AV.13 Given an
instance .G; k/ of VERTEX COVER, we will define an instance .C; V; k; k/ of
FSM-AV such that .C; V; k; k/ is a “yes” instance of FSM-AV if and only if .G; k/
is a “yes” instance of VERTEX COVER. Note that the maximum size of the vertex
cover allowed, k, equals both the size of the committee represented by v and the
maximum Hamming distance of v to the ballots in V .

Every vertex in G represents one candidate, so C D fci j vi 2 V.G/g, and every
edge fvi ; vj g of G represents one voter who approves of the two candidates ci and
cj and who disapproves of all other candidates. Formally, V D fbi;j j fvi ; vj g 2
E.G/g, where bi;j is the bit-vector of length kCk that has a one at positions i and
j and a zero at all other positions. Obviously, the instance .C; V; k; k/ of FSM-AV
can be computed in time polynomial in the size of the given VERTEX COVER

instance .G; k/.
Before proving the correctness of the reduction, let us illustrate the construction

by an example.

Example 10.5.3. Consider the graph G with six vertices and eight edges that is
shown in Fig. 10.1. Since the edges f1; 3g, f4; 5g, and f2; 6g have no vertex in

5

6

1 2

4

3

Fig. 10.1 Graph G for Example 10.5.3: Reducing VERTEX COVER to FSM-AV

13 Note that the reduction presented here is based on (but is much simpler than) the reduction given
by LeGrand (2004).
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Table 10.11 Eight ballots constructed from graph G and their Hamming distance to v D 001101

Edge fvi ; vj g f1; 3g f2; 4g f2; 6g f3; 5g f3; 6g f4; 5g f4; 6g f5; 6g
Ballot bi;j 2 V 101000 010100 010001 001010 001001 000110 000101 000011
H.001101; bi;j / 3 3 3 3 1 3 1 3

common, each vertex cover of G must contain at least three vertices to cover these
edges. One possible vertex cover of size three for G is the set V 0 D f3; 4; 6g, whose
elements are in boldface in Fig. 10.1. Thus .G; 3/ is a “yes” instance, but .G; 2/ is a
“no” instance of VERTEX COVER.

Given the “yes” instance .G; 3/ of VERTEX COVER, our reduction yields the
instance .C; V; 3; 3/ of FSM-AV, where C D fc1; c2; : : : ; c6g is the set of can-
didates and V consists of the eight ballots shown in Table 10.11, where each
ballot is a 6-bit binary vector that corresponds to one of the edges of G. Note that
the vector v D 001101, which represents a committee, corresponds to the vertex
cover V 0 D f3; 4; 6g, and the last row in Table 10.11 shows that the Hamming dis-
tance between v and all the ballots in V is at most three. Thus .C; V; 3; 3/ is a “yes”
instance of FSM-AV, as desired.

However, decrementing the parameter k to 2 gives the “no” instance .G; 2/ of
VERTEX COVER. Our reduction then yields the FSM-AV instance .C; V; 2; 2/,
where the election .C; V / is as described above. One can easily check that no 6-
bit vector with exactly two ones has a Hamming distance of at most two to all the
ballots in V . So .C; V; 2; 2/ is a “no” instance of FSM-AV, as desired.

Now, returning to the proof of Theorem 10.5.1, we claim that G has a vertex
cover of size k if and only if there is a vector v 2 f0; 1gkC k such that v has exactly
k ones and H.v; bi;j / 
 k for all bi;j 2 V .

From left to right: Suppose there is a vertex cover V 0 of size exactly k in G.
Define the vector v 2 f0; 1gkC k to have a one at position i if vi 2 V 0, and to have a
zero at position i otherwise. By construction, there are k ones in v, and since V 0 is
a vertex cover of G, every ballot in V has at least one of its two ones at a position
that is set to one in v. Thus the Hamming distance of v to each ballot bi;j in V is at
most k, since v can be transformed into bi;j by flipping at most one zero in v to one
and at most k � 1 ones in v to zeros.

From right to left: Suppose there is a vector v 2 f0; 1gkC k such that v has exactly
k ones and H.v; bi;j / 
 k for all bi;j 2 V . Define the set V 0 to contain exactly
those vertices vi for which v has a one at position i . Clearly, kV 0k D k. Since
H.v; bi;j / 
 k, each ballot bi;j 2 V must have at least one of its two ones at a
position at which also v has a one. Thus V 0 \ fvi ; vj g ¤ ; for all edges fvi ; vj g 2
E.G/. That is, V 0 is a vertex cover of size k for G. ut

If an important problem turns out to be NP-hard, this doesn’t make the problem
go away: We still want to solve it, at least as well as we can. So, how can we cope
with NP-hardness? There are several answers to this question; let us sketch some of
them below.

In practical applications, we may content ourselves with an efficient heuristic
algorithm that isn’t always correct but that does work correctly for those inputs
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that typically occur in practice. For example, Homan and Hemaspaandra (2009)
proposed an efficient greedy heuristic for finding Dodgson winners, and they proved
that under the model of voting that political scientists call impartial culture this
heuristic is a “frequently self-knowingly correct algorithm” (see also the closely
related work of McCabe-Dansted et al. 2008; see also the discussion in Erdélyi
et al. 2008a, 2009b, 2007, which in turn discusses notions proposed by Procaccia
and Rosenschein 2007; see also Erdélyi et al. 2009a). Regarding this approach to
coping with NP-hardness, Sect. 10.5.3 will present some local search heuristics for
minimax approval voting.

From a practical point of view, we may also be interested in solving NP-hard
problems only for certain small parameters. For example, if the size of the allowed
committee in FSM-AV instances is always bounded by a constant k then all�

m
k0

� D O.mk/, k0 
 k, possible committees where k0 is the committee size can
be evaluated in polynomial time, and if this constant bound on committee size is
small then this naive algorithm may even be useful in practice. Similarly, if the
number of voters in FSM-AV instances is bounded by a small constant, then the
problem can be solved in polynomial time by an integer linear program with a
constant number of constraints (see LeGrand et al. 2006, 2007). Such results fall
into the area of fixed-parameter tractability and parameterized complexity (see,
e.g., the excellent textbooks Downey and Fellows 1999; Flum and Grohe 2006;
Niedermeier 2006 and the recent article by Buss and Islam 2008). For specific appli-
cations of fixed-parameter tractability and parameterized complexity to problems
from computational social choice, we refer to the survey by Lindner and Rothe
(2008).

As another approach to coping with NP-hardness, we may sometimes be satis-
fied with having an efficient algorithm that doesn’t yield the optimal solution but
rather an approximation. While approximability has proven to be a natural and
useful approach to coping with the NP-hardness of many important optimization
problems in computer science (see, e.g., Ausiello et al. 2003), one may wonder
whether it really is sensible in the context of voting. After all, election systems are
used to determine an election winner, someone society finds most acceptable among
all alternatives, and if an approximation algorithm instead of a real winner outputs
some candidate whose score is no worse than, say, one third of a real winner’s score
(i.e., the algorithm approximates the optimal solution within a factor of three), then
this candidate certainly should not be considered to be a reasonable social choice.

Nonetheless, approximation can be useful in the context of voting. For example,
Brelsford et al. (2008) set up a uniform framework that uses the approximability
of NP-hard manipulation, control, and bribery problems as a measure of the effec-
tiveness of specific manipulation, control, and bribery attacks. As another example,
Caragiannis et al. (2009) study the approximability of the winner problem for Dodg-
son and Young elections, two problems known to be NP-hard (Bartholdi et al.
1989b; Hemaspaandra et al. 1997; Rothe et al. 2003), and they propose two schemes
for approximating Dodgson scores. They argue that such an “approximation algo-
rithm is equivalent to a new voting rule” (Caragiannis et al. 2009), and they prove
their approximation schemes to possess certain properties that are desirable from a
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social-choice point of view.14 In contrast, they prove that Young scores are NP-hard
to approximate within any factor.

LeGrand et al. (2006, 2007) observed that there is an approximation algorithm
for the minimax approval voting problem (which is defined below as the search
problem corresponding to the decision problem FSM-AV), and we will present their
algorithm here because it is related to the local search heuristics for this problem to
be studied in Sect. 10.5.3.

First, we need some notation. The weight of a binary vector v, denoted by
weight.v/, is the number of ones in v, and a k-completion of v is a vector v0
that is obtained from v by randomly flipping weight.v/ � k ones to zeros if
weight.v/ > k, and by randomly flipping k � weight.v/ zeros to ones otherwise.
Every k-completion v0 of v has exactly k ones. Finally, given an election .C; V /
and a vector v 2 f0; 1gkC k, we denote by MaxHD.C;V /.v/ D maxb2V H.v; b/ the
maximum Hamming distance of v to the ballots in V .

The minimax approval voting problem seeks to find a minimax committee of
weight k so as to minimize the maximum Hamming distance to all ballots in a given
approval election. Formally, it is defined as follows (note that, since this is a search
and not a decision problem, we have an “Output” field instead of a “Question”
field):

Name: MINIMAX-AV.
Given: A set C of candidates, a collection V of voters represented via ballots

over C , and a nonnegative integer k 
 kCk.
Output: A vector v 2 f0; 1gkC k such that weight.v/ D k and MaxHD.C;V /.v/ is

minimum among the vectors in f0; 1gkC k of weight k.

Theorem 10.5.2 (LeGrand et al. 2006, 2007). There is a polynomial-time algo-
rithm that approximates the optimal solution of MINIMAX-AV within a factor of
three.

Proof. The approximation algorithm for MINIMAX-AV is rather simple. Given an
election .C; V / and a nonnegative integer k 
 kCk, it works as follows:

1. Choose a ballot v 2 V at random. (Or, to keep this algorithm in deterministic
polynomial time, select the first ballot.)

2. Compute a k-completion v0 of v. (Or, to keep this algorithm in deterministic poly-
nomial time, deterministically ensure in any simple way that v0 via the smallest
possible number of flips ends up having exactly k ones.)

3. Output v0 as a solution.

14 In particular, both approximation schemes proposed by Caragiannis et al. (2009) satisfy the Con-
dorcet property (Condorcet 1792, see also Fishburn 1977), which says that a Condorcet winner – a
candidate that defeats every other candidate by strict majorities – should be elected whenever one
exists. Also, like many other natural voting rules, one of their approximation schemes is “weakly
monotonic.”
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Obviously, this algorithm runs in polynomial time. To estimate the approximation
ratio of this algorithm, let v 2 V be the initial ballot chosen by the algorithm, let
v0 be the k-completion of v that is output by the algorithm, and let w be an optimal
solution of MINIMAX-AV for the given input, i.e., w 2 f0; 1gkC k is a vector of
weight k such that MaxHD.C;V /.w/ is minimum among all such vectors.

We have to show that for each u 2 V , H.v0; u/ 
 3 � MaxHD.C;V /.w/. Since the
Hamming distance satisfies the triangle inequality, we have that for each u 2 V ,

H.v0; u/ 
 H.v0; v/CH.v; u/:

Applying the triangle inequality once again gives:

H.v0; u/ 
 H.v0; v/CH.v;w/CH.w; u/:

Since w is an optimal solution, it holds that H.v;w/ 
 MaxHD.C;V /.w/ and for all
u 2 V , H.w; u/ 
 MaxHD.C;V /.w/. Furthermore, since v0 is a k-completion of v,
H.v0; v/ 
 H.w; v/ 
 MaxHD.C;V /.w/. Combining these inequalities, we obtain
the desired property:

H.v0; u/ 
 3 � MaxHD.C;V /.w/;

which proves that the approximation ratio of the above algorithm is three.

10.5.3 Local Search Heuristics

The algorithm of Theorem 10.5.2 has a guaranteed approximation ratio of three even
in the worst case, i.e., regardless of how unluckily we choose the initial vector and
how unluckily we choose its k-completion. However, since the solution output by
the algorithm depends solely on these random choices, one may wonder whether we
perhaps can obtain a better result (i.e., a solution closer to the optimal solution) by
picking the initial vector v and the bits to flip for computing a k-completion v0 of
v in a more purposeful or more clever way. In this section, we present some local
search heuristics of LeGrand et al. (2006, 2007) that are motivated by improving
upon the approximation algorithm of Theorem 10.5.2. Although they don’t have a
better guaranteed approximation ratio in the worst case, these local search heuristics
seem to perform better in practice.

In computer science, local search heuristics are often applied to find a good, even
though typically not optimal, solution to a problem that is hard to compute. The
starting point of a local search algorithm is some solution to the problem. Then the
algorithm searches in an appropriate neighborhood of the starting solution to find a
modification of this solution that is (in some sense) better. The general framework of
a local search heuristic for the minimax problem can be described as follows: Given
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a setC of candidates, a set V of voters represented via ballots overC , a nonnegative
integer k 
 kCk, and a parameter r , do the following:

1. Choose a vector v with weight.v/ D k.
2. Repeat until MaxHD.C;V /.v/ does not change anymore for at most m D kCk

iterations:

a. Compute the set S of vectors resulting from flipping up to r bits in v from 0

to 1, and the same number of bits from 1 to 0.
b. Compute the set S 0 � S of vectors that minimize MaxHD.C;V /.s/ for all

vectors s 2 S .
c. Randomly choose, under the uniform distribution, some element of S 0 to be

the new v.

3. Output v as a solution.

To show that such a heuristic algorithm runs in polynomial time on a machine
that can make random choices, let us have a closer look at the second step first
because we will present different approaches, with different running times, for the
first step later on. In the second step, v is an m-bit vector, so MaxHD.C;V /.v/ is
between 0 and m, and for each of these values the loop in the second step may
be executed m times in the worst case. Since MaxHD.C;V /.v/ can only decrease
and will never increase, the second step of the heuristic may be executed m times
for each value, which means the number of loop iterations is O.m2/. The set S
can be computed in time O.m2r /, since the number r of flipped bits is constant.
To compute S 0, MaxHD.C;V /.s/ must be computed for all s 2 S , which can be
done in time O.mn/. Altogether, the running time of the algorithm’s second step is
O.nm2rC3/.

The adjustable parameters in this local search heuristic are the parameter r and
the starting vector v. LeGrand et al. (2006, 2007) proposed to choose r D 1 or r D 2

and proposed the following alternatives for the starting vector v:

1. A minisum solution, i.e., k candidates with the most approvals.
2. Choose a ballot v whose weight(v) is closest to k so as to minimize the sum of

the Hamming distances to all other ballots, and then compute a k-completion v0
of v, where the bits to be flipped are chosen so as to minimize the sum of the
Hamming distances to all other ballots.

3. A randomly chosen vector v with weight.v/ D k.

Note that all these starting vectors can be computed in polynomial time (in mod-
els allowing appropriate access to randomness), so the heuristic runs in polynomial
time (with access to random choices) for each of these choices. In Sect. 10.5.2, we
saw that a minisum solution can be computed in deterministic polynomial time.
Regarding the second choice of a starting vector, the vector v in the repeat-loop
can be determined in polynomial time, since the weight of each ballot and the
sum of the Hamming distances to all other ballots can be computed in polynomial
time. The k-completion v0 can also be computed in polynomial time, since it is the
same as computing a minisum solution, either with some fixed committee members
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(if weight(v) < k) or over a reduced candidate set (if weight(v) > k). Finally, note
that the random choice of a vector v with weight(v) for the third choice of a starting
vector can obviously be done in polynomial time (with access to random choices).

We will refer to these heuristics by hi;j , where i 2 f1; 2; 3g is the choice for the
starting method named via the three-item list’s numbering above (so for example
i D 3 means start with a randomly chosen vector v with weight(v) D k) and where
j is the value chosen for the parameter r . The experimental evaluation with the
data in Table 10.12 shows that these heuristics perform considerably better than the
worst-case ratio of the approximation algorithm in Theorem 10.5.2 would suggest
and also are significantly better than the minisum solution.

Let us explain these empirical results of LeGrand et al. (2006, 2007) in a bit more
detail. Table 10.12 considers three different types of elections, named “unbiased,”
“biased,” and “GTS 2003,” where in each election the number of candidates is m,
the committee size is k, and the number of ballots is n. The unbiased and biased
elections consist of randomly generated ballots, each for 20 candidates and for a
committee size of 10, and with the number n of ballots used being 50 or 200. In the
unbiased case, the ballots are generated under the uniform distribution. In the biased
case, the generation of the ballots is more complex: First, for each i , 1 
 i 
 m,
two probabilities �i and � 0

i are randomly chosen for candidate ci ; then, candidate
ci is approved of by 40% of the ballots with probability �i and by another 40%
of the ballots with probability � 0

i , and the remaining 20% of the ballots are again
chosen according to the uniform distribution. The GTS 2003 election, in contrast,
is a real-life election performed by the Game Theory Society, with 24 candidates, a
committee size of 12, and 161 ballots.

The entries in the “worst case” row of Table 10.12 represent the average approxi-
mation ratio of the worst outcome possible for the given election, i.e., a vector v with
weight(v) D k and such that MaxHD.C;V / is maximal. The entries in the minimax
row are always 1.0000, since the minimax outcome is the optimal solution. All other

Table 10.12 Average approximation ratios for local search heuristics obtained by LeGrand et al.
(2006, 2007)

Election with Unbiased Biased GTS 2003
m candidates, m D 20 m D 20 m D 20 m D 20 m D 24

n ballots, and n D 50 n D 200 n D 50 n D 200 n D 161

committee size k k D 10 k D 10 k D 10 k D 10 k D 12

Minimax 1.0000 1.0000 1.0000 1.0000 1.0000
Minisum 1.1650 1.1521 1.2119 1.1932 1.2143

Worst case 1.6746 1.4859 1.8509 1.6302 1.7143
h1;1 1.0058 1.0320 1.0083 1.0210 1.0012
h2;1 1.0118 1.0365 1.0112 1.0251 1.0017
h3;1 1.0122 1.0370 1.0122 1.0262 1.0057
h1;2 1.0004 1.0129 1.0004 1.0025 1.0000
h2;2 1.0004 1.0164 1.0005 1.0029 1.0000
h3;2 1.0004 1.0164 1.0005 1.0031 1.0000
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entries give the average approximation ratios, always obtained from 5;000 simula-
tions, where the four biased/unbiased elections are randomly chosen anew for each
simulation but the GTS 2003 election is the same fixed election in each simulation.

To conclude, observe the following. First, Table 10.12’s empirical results are
good for all starting vectors (i.e., the corresponding heuristics seem to perform sig-
nificantly better than what one would expect from the worst-case approximation
ratio of Theorem 10.5.2). Overall in Table 10.12, the i D 1 cases – i.e., using a
minisum solution as the starting vector – seem to be the best choice among these
heuristics. Second, the higher the r the better the solution, but the running time then
also increases. Trivially, a sufficiently large r always leads to an optimal solution,
since we can choose r so that the neighborhood inspected becomes the whole solu-
tion space (in that case, however, the heuristic would require the same amount of
time as the naive algorithm needs for computing the optimal solution, which would
render the heuristic useless).
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Chapter 11
On the Condorcet Efficiency of Approval
Voting and Extended Scoring Rules
for Three Alternatives

Mostapha Diss, Vincent Merlin, and Fabrice Valognes

11.1 Introduction

The results presented in this chapter belong to the long tradition of evaluating the
voting rules on their propensity to select the Condorcet winner. This tradition dates
back to de Borda (1781), who first noticed that just voting for one name and then
selecting as a winner the candidate with more votes, could lead to the selection of an
option that is beaten by all the other candidates in pairwise comparisons. In order to
replace the rule that is now known as the Plurality rule, he suggested a new voting
mechanism, which now bares his name, the Borda Count (BC). Whenm candidates
are in competition, Borda suggested that each voter could give m � 1 points to his
first choice, m � 2 points to his second choice, and so on down to one point for his
next to the last alternative and zero point for the candidate he ranks last. Next, the
candidate who receives the highest number of points is declared as the winner.

Unfortunately, a few years latter, Condorcet (1785) noticed the Borda Count was
also plagued by that same critique Borda had raised against the Plurality rule: A
candidate that would defeat each of the other alternatives in a series of pairwise
elections may not be selected by the Borda Count either. Indeed, Condorcet proved
in his Éssai that any scoring rule may fail to select such an alternative, which is
now known as the Condorcet winner. By scoring rule, we mean any voting system
wherein, after each voter has ranked all the alternatives in strict order from the
one he likes more till his least preferred option, a decreasing number of points is
awarded to each alternative according to its ranks. The candidate with the maximal
number of points is then selected.

A merit of Social Choice theory has been to offer a clear mathematical framework
where these pioneer works could be revisited and developed. True, all the scoring
methods may fail to pick out the Condorcet winner for some preference profiles. But
the sophistication of modern theory allows us to investigate in detail a connected
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issue: What is the propensity of a given voting rule to select the Condorcet win-
ner, given that such a candidate exits? In other words, we seek for the scoring rule
which is the closest to Condorcet’s ideas. This research agenda owes a lot to the
contributions of Fishburn and Gehrlein. In Gehrlein and Fishburn (1978a,b), they
are the first authors to derive an exact formula to estimate the Condorcet efficiency
of scoring rules, that is their propensity to select the Condorcet winner whenever it
exits. More precisely, they assume that voters have to decide among three candidates
only, say a, b, and c. Next, they suppose that each voter will select independently
any preference among the six possible strict preferences on fa; b; cg with probability
1/6. They termed this assumption the Impartial Culture (IC) condition. At last, they
consider the class of scoring rules where each voter awards one point to his first
choice, � 2 Œ0; 1� point to his second choice, and zero point to the last alternative.
The Plurality rule is then defined by � D 0 while it is easy to show that the Borda
rule is equivalent to the case where � D 1=2. In this framework, using the central
limit theorem, the Condorcet efficiency of the Borda Count tends toward 0.9012
as the population tends to infinity and is maximal for all � 2 Œ0; 1�. On the other
hand, the minimal value for Condorcet efficiency, 0.7573, is reached for � D 0 (the
Plurality rule) and � D 1 (called the Antiplurality rule).

Since 1978, more results have been obtained and it is impossible to mention all of
them. They propose estimations of the Condorcet efficiency with more options, for
scoring run-off systems, under assumptions different from IC, with exact formulas
or Monte Carlo simulations, for other Condorcet like criteria etc. For a compre-
hensive survey of this literature, see Gehrlein (1997). We will just detail one extra
contribution. Deriving exact formulas for more than three alternatives is almost an
impossible task, but van Newenhizen (1992) manages to obtain partial results under
IC (and generalized versions of IC). More precisely, she managed to prove that,
when each voter selects independently each of the possible strict preference among
m candidates with probability 1=mŠ, the Borda Count maximizes the probability
that the majority outcome between any two candidates is reflected by the scoring
rule outcome. It is then tempting to conjecture that, with these probabilistic assump-
tions and for anym 	 3, the optimal scoring rule regarding the Condorcet efficiency
will always be the Borda Count in the class of scoring rules.1

At this point, one may wonder why Approval Voting (AV) is concerned about the
Condorcet efficiency issue. By definition, AV just asks a voter to distinguish the can-
didates he approves of from the ones he considers as unacceptable. The alternative
with the highest degree of approbation is then selected. The preferences expressed

1 In fact, van Newenhizen asserts that she proved that statement, but she wrongly assumed that the
rankings of the different pairs were independent events. Indeed, Cervone et al. (2005) analyzed in
details her arguments, and questioned the optimality of the Borda Count. More specifically, with a
different probabilistic assumption called the Impartial Anonymous Assumption (see Gehrlein and
Fishburn 1976), the best rule in terms of Condorcet efficiency is obtained for � � 0:375, while
the maximal agreement for one given pair of alternatives between the majority ranking and the
scoring outcome is effectively achieved at � D 1=2! So, the optimality of Borda Count under the
IC assumption for m > 3 is still a conjecture, though we doubt the assertion can be falsified.
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Table 11.1 A possible conflict between Approval Voting and the Condorcet criteria

Preference type Number of voters

a � b � c 4
b � a � c 2
b � c � a 1
c � b � a 4

by the voters are thus dichotomous, and Approval Voting will always pick out the
Condorcet winner, which always exists in this context (see Ju (2010) and Xu (2010)
in this volume). But some authors, like Saari and van Newenhizen (1988b) will not
buy this story, and assert that the Approval Voting ballots could hide the true nature
of the preferences, which may still be strict. To give an example, it is impossible
for a voter who approves two candidates a and b, to further indicate whether he is
truly indifferent among both candidates or whether he has a strong preference for
one of them. Consider the preference profile of Table 11.1, where 11 voters rank
strictly three alternatives according to their preferences. If each voter approves of
just one candidate except the sole voter with preference b � c � a, who approves
two candidates, the Condorcet winner, b, will be defeated by the Condorcet loser, c!
More generally, depending on how many candidates a voter approves, Saari and van
Newenhizen (1988b) prove that Approval Voting could even lead to the selection of
any of the three candidates for a single profile. The 20-year-old polemic between
Saari and van Newenhizen (1988a,b) and Brams et al. (1988a,b) is a good example
of the difference of interpretations that can arise in this context.

Assuming that the true preferences of the voters are strict orderings, Gehrlein
and Lepelley (1998) were able to study with more detail the Condorcet efficiency of
Approval voting. Starting from the IC model with m alternatives, they first assume
that each voter picks out his preference independently among the mŠ strict prefer-
ence with probability 1=mŠ. On the top of that, they assume that each voter has the
same probability qt to approve his first t alternatives, with

Pm�1
1 qt D 1. Thus,

the IC assumption governs the selection of the strict preferences, while the selection
of alternatives for Approval Voting is determined by a common probability vector
q D .q1; : : : qm�1/. With this model, Gehrlein and Lepelley (1998) are able to prove
that, for any m, the Condorcet efficiency of Approval Voting is at least equal to the
Plurality one, but never superior to the one of the rule where all the voters approve
exactly dm=2e candidates. For three candidates, they are even able to derive a pre-
cise formula: the Condorcet efficiency of Approval Voting is exactly equal to that
one of Plurality vote and Antiplurality vote, which is the worst scenario.

The picture is thus quite confusing. On the one hand, in a world of dichotomous
preferences, Approval Voting will naturally inherit from the properties of majority
voting. On the other hand, in a strict preference universe, it can fare as badly as
Plurality rule, and we can conjecture that it is always dominated by the Borda Count.
At this point, our conclusion is that we need a richer world to analyze the Condorcet
efficiency of Approval Voting, Borda Count, and all the other systems based on
points. In this chapter we will propose for the three-alternative case a framework
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that combines dichotomous and strict preferences. Indeed, for three alternatives, the
model of Gehrlein and Lepelley (1998) really considered twelves preference types,
as each voter could approve one or two alternatives. We will add to these types seven
new possibilities, by allowing the voters to express indifference among two or three
candidates.

In this larger framework, it is not only possible to define simply the Approval
Voting, the Borda Count and the Plurality rule, but also the whole family of extended
scoring rules, to which they all belong to. We will thus have a “fair ground”, that do
not favor a priori a specific voting rule, where we can perform again the Condorcet
efficiency exercise.

The rest of the chapter is organized as follows. Section 11.2 will be devoted to
the exposition of the model. We will first explain in detail the choices we made to
model the preferences, and next see how the classical voting rules are defined in
this context. We will conclude the section by presenting an extended version of the
Impartial Culture hypothesis. Section 11.3 will be devoted to a simpler issue, the
robustness issue. As in van Newenhizen (1992), we will first study the agreement
between the pairwise ranking and the scoring outcome for a given pair of alterna-
tives. In Sect. 11.4, we will derive the general formula that enables us to evaluate
the value of the Condorcet efficiency for any extended scoring rule, for a large pop-
ulation and under an extended version of the IC assumption. The proofs, which can
be somehow technical, will be presented in Appendices. Section 11.5 will conclude
the chapter.

11.2 The Model

11.2.1 Preferences

Consider an election in which n voters have to choose among three candidates a, b,
and c. When computing a priori the probability of some voting events, it is typically
assumed that the voters have strict preferences over the set of alternatives. Thus,
this leads to only six preferences types over fa; b; cg, and the Impartial Culture
assumption (see Guilbaud 1952) assumes that each voter is equally likely to pick
any of these preferences. To analyze Approval Voting, Gehrlein and Lepelley (1998)
further assumed that each voter will approve one alternative (resp. two alternatives)
with the same probability q1 (resp. q2). They impose q1 C q2 D 1, as approving
all the alternatives has no impact on the selection of the approval winner. By doing
so, they stick to the “strict ordering” paradigm. Voters are truly able to express a
clear judgement on each pair of alternatives, even if they approve two of them. On
the other hand, one could argue that a vote for two alternatives means that the agent
is either indifferent between them, or at least would not consider his preference as
a strong one. A way to model these preference types is to allow for indifference.



11 On the Condorcet Efficiency of Approval Voting 259

Indeed, in this paper we will consider five classes of preferences for the 19 different
voting behaviors:

� Class I: Voters may have strict preferences, and just report their preferred
alternative. These are voters of types 1–6 in Table 11.2.

� Class II: Voters may have strict preferences, but report their top two choices
together with the exact information about their ranking. These are types 7–12 in
Table 11.2.

� Class III: Voters may be indifferent about their two preferred alternatives or
do not consider the difference significant enough to reveal their true strict
preference. This defines three extra voting types, labeled 13–15.

� Class IV: Voters may just report their top choice, considering the other two as
equally unacceptable (types 16–18).

� Class V: Voters may consider the three alternatives as equally acceptable
(type 19).

The summary of the 19 possible cases is displayed in Table 11.2 where the pref-
erence order a � b means that a is strictly preferred to b. a � b � c means that
individuals with this preference order are indifferent between a and b and prefer
both a and b to c. A bar below a letter indicates the approved candidate(s). To para-
phrase Brams and Sanver (2009), we not only ask voters to report their preferences,
but we also ask them to draw a line between acceptable and unacceptable candi-
dates. And in this volume, Sanver (2010) explores from an axiomatic point of view
this “extended arrovian framework”, where new rules and new conditions can be
proposed.

Here, pi denotes the probability that a voter picks the associated preference rank-
ing on candidates a, b and c. The number of individuals with type i preference will
be denoted by ni . A voting situation Qn D .n1; n2; : : : ; n19/ describes the distribution
of the n voters on the different preference rankings.

A population with preference types 1–12 only will lead to a situation sim-
ilar to the one analyzed by Gehrlein and Lepelley (1998). On the other hand,
class III and IV can be used to model dichotomous preferences. Preferences from

Table 11.2 The 19 admissible preference rankings for three candidates

Class I: a � b � c p1 Class II: a � b � c p7
a � c � b p2 a � c � b p8
b � a � c p3 b � a � c p9
b � c � a p4 b � c � a p10
c � a � b p5 c � a � b p11
c � b � a p6 c � b � a p12

Class III: a � b � c p13 Class IV: a � b � c p16
a � c � b p14 b � a � c p17
b � c � a p15 c � a � b p18

Class V: a � b � c p19
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class I can be envisioned as truncated preferences: Voters just report their top choice,
though they are able to rank strictly all the alternatives. Thus class II, III, IV and V
exclude the possibility for a voter to report a truncated preference. The reader has
to be aware that in this paper, we assume naively that a voter reports her “true”
approvals independently of his beliefs about the consequence of her vote. In this
volume Laslier (2010) will discuss with more detail the way the voters may react to
extra information and study the dynamics of the voting behaviors.

11.2.2 Voting Rules

Let Nx;y. Qn/ be the number of voters that strictly prefer x to y for the voting
situation Qn. Alternative x will defeat alternative y with respect to the majority cri-
terion (denoted by xM. Qn/y, or shortly xMy) whenever Nx;y. Qn/ > Ny;x. Qn/. The
Condorcet winner of an election is the candidate who, when compared in turn
with each of the other candidates, is preferred over the other candidate. Unfortu-
nately, there are cyclic election examples where a Condorcet winner will not always
exist (Condorcet (1785)). We may encounter a Condorcet paradox defined by aMb,
bMc, cMa (or bMa, aMc, cMb). Though the concept of a Condorcet winner remains
appealing whenever it exists, this fact calls for the use of other more practical voting
methods in real life.

In this paper, we need to extend the classical definition of scoring rules, that
fits the case of strict preferences only. Generally speaking, ‘scoring rules’ are vot-
ing procedures under which voters cast scores for the different candidates and the
candidate with the highest total score wins the election.

When preferences are restricted to types 7–12, a scoring rule is uniquely defined
by a parameter � 2 Œ0; 1�, such as each voter gives one point to his most preferred
alternative,� points to the second one, and zero point to the third one. This definition
enables us to include in this category the Plurality rule (� D 0), the Borda Count
(� D 1=2) and the Antiplurality rule .� D 1/. To extend these rules to preferences
1–6, we will assume that, by considering the last two alternatives as unacceptable,
they have no choice but to give them zero point.2 Only the first alternative will
receive one point and the preference a � b � c is tallied by the vector of scores
.1; 0; 0/. When a voter reports a preference type 13, 14 or 15, we will assume that he
awards � point to each of the first ranked alternatives, and zero to the last one; The
preference a � b � c is tallied by the vector .�; �; 0/. For preference types 16–18,
one point is given to the top alternative, and � points to the two equally unacceptable

2 Though not considered here, we could have add an extra parameter � to tally the preference
a � b � c with the vector .�; 0; 0/. A reason to exclude this possibility is that we wanted to
contain the values of the scores given by each voter in the interval Œ0; 1�. Moreover, if we interpret
the preferences in Class I as truncated preferences, it seems difficult to award more than one point
to the top alternative.



11 On the Condorcet Efficiency of Approval Voting 261

Table 11.3 Famous voting rules as extended scoring rules

Classes I II III IV

Tallies (1, 0, 0) (1, �, 0) (�, �, 0) (1, � , �)
Approval Voting (AV) (1, 0, 0) (1, 1, 0) (1, 1, 0) (1, 0, 0)
Plurality (P) (1, 0, 0) (1, 0, 0) ( 1

2
, 1
2
, 0) (1, 0, 0)

Antiplurality (A) (1, 0, 0) (1, 1, 0) (1, 1, 0) (1, 1
2
, 1
2
)

Borda Count (BC) (1, 0, 0) (1, 1
2
, 0) ( 3

4
, 3
4
, 0) (1, 1

4
, 1
4
)

options; We use the vector .1; �; �/ to tally a class IV preference.3 As class V voters
are completely indifferent among the three candidates, they have no impact on the
selection of the winner. Thus, to simplify the analysis, we will assume throughout
this chapter that p19 D n19 D 0. Thus, to summarize, an extended scoring rule
is characterized by a vector ‚ D .�; �; �/, which indicates the number of points
to award to each alternative for each preference type. Following Smith (1973) and
Black (1976), we will assume that the natural extension of a scoring rule defined by
the parameter � is given by � D 1C�

2
and � D �

2
. This solution always keeps the

number of points attributed by a voter to 1C � whenever he expresses indifference.
Thus the Borda Count is defined by ‚BC D .1=2; 3=4; 1=4/, while the natural
extensions of the Plurality and Antiplurality rules are respectively‚P D .0; 1=2; 0/

and ‚A D .1; 1; 1=2/.
Approval Voting has also an immediate definition as an extended scoring rule in

this context; It is characterized by the vector ‚AV D .1; 1; 0/. Table 11.3 summa-
rizes the way we represent the major extended scoring rules in our framework.

11.2.3 Extending the Impartial Culture Hypothesis

Guilbaud (1952) was the first author to suggest a probabilistic model of voting to
estimate a priori the likelihood of a Condorcet paradox. His model, now known as
the Impartial Culture (IC) hypothesis, is a model of an electorate in which a ran-
domly selected voter is equally likely to have each of the possible preferences on
the candidates. The original condition includes only linear orders and assumes that
pi D 1

mŠ
, where m denotes the number of candidates. If we ignore the problem of

acceptable alternatives for a moment, preferences 1–6 are just a set of strict prefer-
ences over a, b, and c, and the original IC assumptions asserts that the probability
attached to the profile Qn for a population of size n follows a multinomial law:

P r. Qn D .n1; n2; n3; n4; n5; n6// D nŠ

n1Šn2Šn3Šn4Šn5Šn6Š

�
1

mŠ

	n

D nŠ

n1Šn2Šn3Šn4Šn5Šn6Š

�
1

6

	n

3 Equivalently, we could have used .� 0; 0; 0/.
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When we consider the 19 possible preference types, each voter will select indepen-
dently preference i with probability pi and we obtain:

P r. Qn D .n1; : : : ; n19// D nŠ
Q19

iD1 ni Š

 
19Y

iD1

p
ni

i

!

In this paper, the probability of each voting situation is calculated for voter pref-
erences with possible ties. In this field, Gehrlein and Fishburn (1980) have already
proposed an extension of the IC assumption in order to cope with indifference,
called Impartial Weak Ordering Culture (IWOC). We follow here the same route
in order to take into account the five classes of preferences we have identified. Let
k1 denote the probability that a voter’s preference belongs to Class I. Likewise, k2

denotes the probability for voters with preferences in class II, k3 represents the prob-
ability for voters with preference type i D 13; : : : ; 15. k4 denotes the probability
for voters with preference type i D 16; : : : ; 18. Finally, k5 denotes the proba-
bility for voters with complete indifference on candidates a, b and c. Naturally,
k1 C k2 C k3 C k4 C k5 D 1. The Extended Impartial Culture (EIC) hypothesis
means that the preference rankings within a class are equally likely to be observed.
Consequently, pi D k1

6
for i D 1; : : : ; 6; pi D k2

6
for i D 7; : : : ; 12; pi D k3

3
for

i D 13; : : : ; 15; pi D k4

3
for i D 16; : : : ; 18 and p19 D k5.

The EIC assumption is flexible enough to recover previously used assumptions.
Obviously, the basic assumption of IC is obtained for the case of k2 D 1 (k1 D
k3 D k4 D k5 D 0). The IWOC model proposed by Fishburn and Gehrlein (1980)
is recovered with k3 D k4, and k1 D 0. The model used by Gehrlein and Lepelley
(1998) can be explored by assuming that k3 D k4 D k5 D 0, with q1 D k1 and
q2 D k2. On the other hand, the dichotomous assumption states that k1 D k2 D 0.
Thus, by modifying the vector k D .k1; k2; k3; k4; k5/, the EIC model enables
us to explore different scenarios, being favorable either to the Borda Count (k3 D
k4 D k5 D 0) or the Approval Voting (k1 D k2 D 0) in terms of Condorcet
efficiency. But in all the cases, these assumptions treat the three candidates in a
perfectly symmetric way.

To our knowledge, the paper due to Fishburn and Gehrlein (1980) is the first work
to introduce the IWOC condition in the social choice literature. In this paper, the
likelihood of Condorcet paradox is re-examined when the indifference between dis-
tinct candidates is allowed for large electorates. This model has been used recently
in two contributions. Gehrlein and Valognes (2001) compute the Condorcet effi-
ciency of scoring rules for large electorates and a case of three-candidate election
when the possibility of ties between the candidates is allowed. Merlin and Valognes
(2004) consider two questions in the context of three-candidate and large elections.
The first one deals with the probability that a scoring rule and the pairwise vote
agree on pairs of candidates. The second question considers the probability that the
Condorcet winner is ranked last by a scoring rule.
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In the next sections, we will study two issues:

� We will derive the Condorcet efficiency of the extended scoring rules ‚ for a
large number of voters under the EIC assumption. We will denote this probability
by P1

CE.k; ‚/.
� But, we will first study a simpler problem, the probability that the Majority rule

and a given extended scoring rule lead to the same outcome for a pair of alterna-
tives. We denote by P1

R .k; ‚/ the probability of the robustness of the pairwise
ranking when using the extended scoring rule ‚. The Robustness issue has been
introduced in the literature by Gehrlein and Fishburn (1980).

We will be able to find the optimal voting rule(s) for the maximization ofP1
R .k; ‚/,

and we will explore in details the scenarios (regarding k) which are favorable
to each of the major voting rule (Borda Count, Plurality rule, Antiplurality rule,
and Approval Voting). We will check whether the conclusions we obtained for
P1

R .k; ‚/ extend to P1
CE.k; ‚/. A side exercise will be to identify the ‘optimal’

extensions of the scoring rules .1; �; 0/ when we allow for indifference. We will
test whether the intuition proposed by Smith and Black (keeping the total sum of
weight unchanged), is right with regards to the robustness issue.

11.2.4 The Likelihood of a Condorcet Winner Under EIC

Before answering these questions, we need a preliminary result.

Theorem 11.2.1. For the case of three-candidate election and for a large number of
voters (n ! 1), the EIC assumption implies that the probability that the Condorcet
winner exists is given by:

P1
Con.EIC / D 3

4
C 3

2�
arcsin

�
k1 C k2 C k3 C k4

3k1 C 3k2 C 2k3 C 2k4

	

Proof. see Appendix A.

In the case of k3 D k4 D k5 D 0, we recover the result of Guilbaud (1952) who
showed that the probability that the Condorcet winner exists as n tends to infinity
under IC condition is equal to:

P1
Con.IC / D 3

4
C 3

2�
arcsin

�
1

3

	

The formula found by Fishburn and Gehrlein (1980) under IWOC is also recov-
ered (with k1 D 0, k0

1 D k2, k3 D k4, and k0
2 D 2k3 D 2k4):

P1
Con.IWOC/ D 3

4
C 3

2�
arcsin

�
k0

1 C k0
2

3k0
1 C 2k0

2
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11.3 The Probability Calculations: Robustness
of the Ranking of a Pair

11.3.1 The Optimal Extended Scoring Rule on Pairs

The aim of this section is to derive a formula for P1
R .k; ‚/ under the EIC assump-

tion. Without loss of generality, we will estimate the probability of aMb, given that
aSb. aMb indicates that candidate a defeats candidate b in the pairwise majority
election. aSb means that candidate a wins election against candidate b using the
scoring voting system ‚. Thus, candidate a defeats candidate b in the pairwise
majority election for a voting situation Qn if and only if the inequality (11.1) is sat-
isfied. In addition, candidate a is selected against b by the extended scoring rule
‚ D .�; �; �/ if and only if inequality (11.2) is satisfied.

n1Cn2�n3�n4Cn5�n6Cn7Cn8�n9�n10Cn11�n12Cn14�n15Cn16�n17 > 0 (11.1)

n1Cn2�n3�n4C.1��/.n7�n9/Cn8�n10C�.n11�n12/C�.n14�n15/C.1��/.n16�n17/ > 0
(11.2)

Theorem 11.3.1. Under the Extended Impartial Culture assumption, the probabil-
ity of the robustness of the pairwise ranking when using the extended scoring rule‚
for three alternatives and n large is given by:

P1
R .k;‚/ D

��arccos
�

2k1C2k2C
k3C.1��/k4p
3k1C3k2Ck3Ck4

p
2k1C2�2k2�2�k2C2k2C
2k3C.1��/2k4

	

�

Proof. See appendix B.

The first question is to know which ‚ D .�; �; �/ maximizes the probability
that a scoring rule agrees with the majority rule on a given pair of candidates.

Corollary 11.3.1. Consider elections using scoring systems for which there are
three candidates and n voters, and for which the indifference between distinct can-
didates is allowed. Then for any two candidates and for large electorates (n ! 1),
the values of �, � and � maximizing the probability that the scoring system ranks
these two in the same order as they are ranked by pairwise majority are given by:

‚? D
�

�? D 1

2
; �? D 4k1 C 3k2

4.k1 C k2/
; �? D k2

4.k1 C k2/

	

Proof. See appendix B.

The main message of Corollary 11.3.1 is that the optimal rule is a non triv-
ial extension of the Borda Count. As soon as the probability of reporting a linear
ordering and two acceptable options is non null (k2 6D 0), the only choice is
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to set � D 1=2, that is to use the Borda tally for these types. Curiously, the
vectors of points that we should use for indifferent voters depends on the ratio
between k1 and k2. When k1 D 0, we recover the classical extension of the Borda
Count, as ‚? D ‚BC D .1=2; 3=4; 1=4/. But a situation where k1 D k2 leads to
‚? D .1=2; 7=8; 1=8/. a � b � c is tallied by .7=8; 7=8; 0/ while a � b � c

is tallied by .1; 1=8; 1=8/. As k2 ! 0, we observe that .�; �; 0/ ! .1; 1; 0/ and
.1; �; �/ ! .1; 0; 0/: The optimal rule behaves more and more like Approval Voting
for voters with indifference. Indeed, for k2 D 0, using .1; �; 0/ is meaningless as
preferences of types 7–12 are absent in the profile.

One can also use Theorem 11.3.1 to derive the probability of robustness for the
voting rules presented in Table 11.3.

Corollary 11.3.2. For three alternatives and a large population, we obtain, under
the EIC assumption:

P1
R .k; ‚?/ D

� � arccos

0

@
2k1C2k2C 4k1C3k2

4k1C4k2
.k3Ck4/

p
3k1C3k2Ck3Ck4

r

2k1C 3
2 k2C
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11.3.2 Comparing Borda Count and Approval Voting

Theorem 11.3.1 and the Corollaries suggest that ‚BC D .1=2; 3=4; 1=4/, the clas-
sical Borda Count extension, is close to be the optimal rule in terms of robustness
when voters can report preferences with indifference as well as indicating accept-
able alternatives. However, the precedent analysis suggest that in some particular
cases, especially when k2 ! 0, Approval Voting may be closer to ‚? in term
of robustness. In this section, we compare P1

R .k; BC / and P1
R .k; AV /. We can

immediately deduce from Corollary 11.3.2, that k3 and k4 play a symmetric role for
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Table 11.4 Probabilities P1

R ..k2; k34/; BC/ and P1

R ..k34/; AV /

k34 ! 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k2 #
0 0.8041 0.8074 0.8113 0.8160 0.8217 0.8289 0.8382 0.8508 0.8692 0.8994 1

0:05 0.8070 0.8105 0.8148 0.8200 0.8263 0.8343 0.8447 0.8591 0.8806 0.9190 –

0:1 0.8099 0.8138 0.8184 0.8241 0.8310 0.8399 0.8517 0.8682 0.8939 0.9467 –

0:2 0.8161 0.8207 0.8262 0.8330 0.8415 0.8525 0.8676 0.8899 0.9299 – –

0:3 0.8228 0.8282 0.8347 0.8429 0.8533 0.8671 0.8870 0.9196 – – –

0:4 0.8300 0.8363 0.8442 0.8540 0.8668 0.8846 0.9122 – – – –

0:5 0.8378 0.8452 0.8546 0.8666 0.8828 0.9068 – – – – –

0:6 0.8463 0.8552 0.8664 0.8813 0.9025 – – – – – –

0:7 0.8557 0.8662 0.8801 0.8990 – – – – – – –

0:8 0.8662 0.8789 0.8962 – – – – – – – –

0:9 0.8780 0.8939 – – – – – – – – –

1:0 0.8918 – – – – – – – – – –

P1

R ..k34/;AV / 0.8041 0.8082 0.8128 0.8184 0.8251 0.8333 0.8437 0.8575 0.8767 0.9068 1

Table 11.5 Probabilities
�
P1

R ..k2; k34/; ‚
?/� P1

R ..k2; k34/; BC/
�

k34 ! 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k2 #
0 0.0000 0.0008 0.0015 0.0020 0.0034 0.0044 0.0055 0.0067 0.0075 0.0074 0
0:1 0.0000 0.0006 0.0014 0.0020 0.0027 0.0033 0.0037 0.0037 0.0027 0.0000 –
0:2 0.0000 0.0005 0.0011 0.0015 0.0019 0.0021 0.0020 0.0012 0.0000 – –
0:3 0.0000 0.0004 0.0008 0.0011 0.0012 0.0012 0.0005 0.0000 – – –
0:4 0.0000 0.0004 0.0005 0.0006 0.0006 0.0004 0.0001 – – – –
0:5 0.0000 0.0003 0.0003 0.0003 0.0002 0.0000 – – – – –
0:6 0.0000 0.0001 0.0001 0.0001 0.0000 – – – – – –
0:7 0.0000 0.0001 0.0000 0.0000 – – – – – – –
0:8 0.0000 0.0001 0.0000 – – – – – – – –
0:9 0.0001 0.0000 – – – – – – – – –
1:0 0.0000 – – – – – – – – – –

Borda Count and Approval Voting; Thus, we can express the formulas directly as a
function of k34 D k3 C k4. Table 11.4 gives the two probabilities as a function of
k2 and k34, and enables to compare them.
P1

R ..k2; k34/; BC / is always increasing with k2; said differently, the worst sce-
nario for the Borda rule occurs when the proportion of voters with a strict preference
and only one acceptable option is high. The influence of indifferent voters is also
clear: the higher the proportion of dichotomous voters is, the higher the robustness
for the Borda Count is. One can also notice in Table 11.5, that the difference in terms
of robustness between‚? and‚BC is always small and inferior to 1%.

The last line of Table 11.4 gives the robustness for AV. It only depends upon
k34, that is, the proportion of dichotomous voters. We can immediately notice that
Approval Voting will dominate the Borda Count for small values of k2 only. At
k2 D 0, Approval Voting is indeed the optimal rule, but at k2 D 0:05, the situation
is already more favorable to BC for all the values of k34. When half of the voters
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have strict preferences (k2 D 0:5), the advantage of the Borda Count against
Approval Voting is clear, ranging from 3% to 7%; It rises regularly as the proportion
of dichotomous voters vanishes.

11.3.3 Optimal Extensions for Plurality and Antiplurality

A possible interpretation of Theorem 11.3.1 is to say that the best extension of the
Borda Count for indifferent voters is not the one suggested by Black and Smith, but
‚?. The same question arise for the Plurality rule and the Antiplurality rule: given
�, what is the optimal pair .�; �/ that maximizes robustness?

Corollary 11.3.3. Consider elections using scoring systems for which there are
three candidates and n voters (n large), and for which the indifference between
distinct candidates is allowed.

Then, if � D 1, the values of � and � maximizing the probability that the scoring
system ranks two alternatives in the same order as they are ranked by pairwise
majority are � D 1 and � D 0. That is, the Approval Voting is the optimal extension
of the Antiplurality rule, ‚A? D .1; 1; 0/.

Similarly, if � D 0, the values maximizing P1
R .k; .0; �; �// are � D 1 and

� D 0. In other words, the optimal extension of the Plurality rule ‚P ? D .0; 1; 0/

should behave as the AV for the classes of indifferent voters.

See the proof in Appendix B.

Corollary 11.3.4. For all values of k, under the EIC assumption

P1
R .k; AV / D P1

R .k; P ?/ 	 P1
R .k; P /

P1
R .k; AV / D P1

R .k; A?/ 	 P1
R .k; A/

The fact that Approval Voting does better than the classical extension of the
Antiplurality is an immediate consequence of Corollary 11.3.3, as the optimal
extension of the Antiplurality is Approval Voting. The fact that Approval Voting
dominates the Plurality rule in terms of robustness over pairs, needs a specific proof,
displayed in Appendix B.

Thus, though Approval Voting is often dominated by the Borda Count, at least
it is a better option than the Plurality rule or the Antiplurality rule. By introducing
voters with indifference, we have been able to differentiate it from these two rules,
a result that Gehrlein and Lepelley (1998) could not obtain for the three-alternative
case without dichotomous voters.

Another consequence of Corollaries 11.3.3 and 11.3.4 is that the Plurality and
Antiplurality can only dominate the Borda Count in the razor thin regions where
Approval Voting is dominating Borda, that is in regions where the proportion of k2

voters is extremely low.
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11.4 The Condorcet Efficiency

11.4.1 Deriving the Condorcet Efficiency for Extended
Scoring Rules

By examining the robustness issue, we have already been able to raise many inter-
esting conclusions. We are now interested in the following question: Which rule
has the greatest Condorcet efficiency? In other words, which values of �, � and �
maximize the probability that the scoring winner will coincide with the Condorcet
winner, given that the Condorcet winner exists. It is equivalent to find the solution
of: aMb, aMc, aSb and aSc.

The candidate a is a Condorcet winner for the voting situation Qn if and only if
he beats b and c in pairwise comparisons. This is equivalent to fulfill the following
inequalities:

n1 Cn2 �n3 �n4 Cn5 �n6 Cn7 Cn8 �n9 �n10 Cn11 �n12 Cn14 �n15 Cn16 �n17 > 0

n1 Cn2 Cn3 �n4 �n5 �n6 Cn7 Cn8 Cn9 �n10 �n11 �n12 Cn13 �n15 Cn16 �n18 > 0

The candidate a is chosen by the extended scoring rule ‚ for the voting situa-
tion Qn whenever he beats b and c. Therefore, the following inequalities should be
satisfied:

n1 C n2 � n3 � n4 C .1 � �/.n7 � n9/ C n8 � n10 C �.n11 � n12/ C 
.n14 � n15/ C .1 � �/.n16 � n17/ > 0

n1 C n2 � n5 � n6 C n7 C .1 � �/.n8 � n11/ C �.n9 � n10/ � n12 C 
.n13 � n15/ C .1 � �/.n16 � n18/ > 0

Theorem 11.4.1. Consider a large population which has to choose among three
alternatives. Under the EIC assumption the conditional probability that an extended
scoring rule characterized by the vector ‚ picks out the Condorcet winner is
given by:

P1

CE .k; ‚/ D 3

P1

Con.k/

�

A� .k1Ck2/
4�2

B

	

with,

P1

Con.k/ D 3

4
C 3

2�
arcsin

�
k1Ck2Ck3Ck4

3 k1C3 k2C2 k3C2 k4
	

A D 1

9
C 1

4�2

�

arcsin.b/Carcsin
�
b

2

	
�

arcsin.b/�arcsin
�
b

2

	

C�



B D
Z 1

0

arccos


4b2C2c2�5cb2�2
4�5b2�4c2C4cb2

�
dt

p
4.3k1C3k2C2k3C2k4/2�.3k1C3k2C2k3C2k4� tk1� tk2/2
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b D
p
2 .k1Ck2Ck3�Ck4 .1��//

r

.3k1C3k2C2k3C2k4/


k1Ck2 .1��C�2/Ck3�2Ck4 .1��/2

�

c D 1

2
� t .k1Ck2/
6 k1C6 k2C4 k3C4 k4

Proof. See Appendix C.

The complexity of the formula obtained in Theorem 11.4.1 makes it difficult
to establish precise statements, as for the robustness case. Nevertheless, we can
derive from the formula exact values for the Condorcet efficiency of any ‚ rule.
Thus, we are able to check whether some conclusions for the robustness case can be
transposed:

1. Do we still need an extremely high proportion of dichotomous voters for Appro-
val to dominate Borda?

2. Does‚? still dominate both Borda and Approval Voting?
3. Are the classical extensions of Plurality and Antiplurality rule still dominated by

Approval Voting?

The next tables will help us to answer positively to these three issues. Table 11.6
displays the values of the Condorcet efficiency for Approval Voting and the Borda
Count. The pattern is very similar to the one observed for the robustness issue. For
k2 D 0, the optimal rule is again Approval Voting (see Table 11.7 for a comparison
with ‚?). But if more than 10% of the voters belongs to Class II, the Borda Count
dominates Approval Voting. When class II voters represent 50% of the population,
the advantage can be rather important, from 5% to 10%. The only improvement for

Table 11.6 Probabilities P1

CE ..k2; k34/; BC/ and P1

CE ..k34/; AV /

k34 ! 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k2 #
0 0.75720 0.76408 0.77184 0.78071 0.79096 0.80302 0.81756 0.83569 0.85961 0.89494 1

0:05 0.76162 0.76890 0.77714 0.78658 0.79755 0.81057 0.82641 0.84650 0.87379 0.91750 –

0:1 0.76620 0.77390 0.78265 0.79272 0.80450 0.81859 0.83594 0.85838 0.89014 0.94986 –

0:2 0.77587 0.78451 0.79442 0.80595 0.81963 0.83632 0.85755 0.88667 0.93537 – –

0:3 0.78631 0.79606 0.80735 0.82067 0.83677 0.85699 0.88405 0.92631 – – –

0:4 0.79763 0.80871 0.82169 0.83728 0.85662 0.88202 0.91987 – – – –

0:5 0.81002 0.82270 0.83782 0.85639 0.88041 0.91497 – – – – –

0:6 0.82369 0.83837 0.85628 0.87910 0.91110 – – – – – –

0:7 0.83895 0.85624 0.87804 0.90795 – – – – – – –

0:8 0.85626 0.87716 0.90532 – – – – – – – –

0:9 0.87643 0.90310 – – – – – – – – –

1:0 0.90119 – – – – – – – – – –

P1

CE 0.75720 0.76623 0.77606 0.78688 0.79891 0.81253 0.82826 0.84707 0.87081 0.90438 1

..k34/;AV /



270 M. Diss et al.

Table 11.7 Probabilities P1

CE ..k2; k34/; ‚
?/

k34 ! 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k2 #
0 0.75720 0.76623 0.77606 0.78688 0.79891 0.81253 0.82826 0.84707 0.87081 0.90438 1

0:1 0.76620 0.77573 0.78617 0.79772 0.81070 0.82556 0.84309 0.86475 0.89416 0.94986 –

0:2 0.77587 0.78603 0.79726 0.80981 0.82413 0.84091 0.86145 0.88883 0.93537 – –

0:3 0.78631 0.79728 0.80953 0.82346 0.83970 0.85945 0.88533 0.92631 – – –

0:4 0.79763 0.80964 0.82326 0.83908 0.85817 0.88280 0.91987 – – – –

0:5 0.81002 0.82337 0.83882 0.85733 0.88089 0.91498 – – – – –

0:6 0.82369 0.83880 0.85680 0.87939 0.91110 – – – – – –

0:7 0.83895 0.85646 0.87820 0.90795 – – – – – – –

0:8 0.85626 0.87723 0.90532 – – – – – – – –

0:9 0.87643 0.90310 – – – – – – – – –

1:0 0.90119 – – – – – – – – – –

Table 11.8 Probabilities P1

CE ..k3; k4/; A/

k4 ! 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k3 #
0 0.7572 0.7574 0.7582 0.7599 0.7629 0.7676 0.7751 0.7873 0.8077 0.8464 1
0:1 0.7662 0.7668 0.7680 0.7701 0.7737 0.7792 0.7880 0.8020 0.8261 0.8750 –
0:2 0.7761 0.7770 0.7787 0.7814 0.7858 0.7924 0.8028 0.8196 0.8495 – –
0:3 0.7869 0.7883 0.7906 0.7942 0.7995 0.8077 0.8204 0.8417 – – –
0:4 0.7989 0.8010 0.8041 0.8088 0.8156 0.8261 0.8427 – – – –
0:5 0.8125 0.8155 0.8198 0.8260 0.8352 0.8495 – – – – –
0:6 0.8282 0.8326 0.8386 0.8474 0.8608 – – – – – –
0:7 0.8471 0.8534 0.8625 0.8764 – – – – – – –
0:8 0.8708 0.8811 0.8970 – – – – – – – –
0:9 0.9044 0.9260 – – – – – – – – –
1 1 – – – – – – – – – –

AV is that the razor thin region where it dominates BC seems a little bit larger. For
example, it still dominates BC for k2 D 0:05 and k34 D 0:5, while this point was
already on the Borda side for the robustness issue. However, Table 11.7 indicates
that ‚? is still superior to both AV and BC for all k.

In Corollary 11.3.4, we could assess that the robustness of AV was superior to
the ones of both Plurality and Antiplurality. First, one can notice that P1

CE.k; A/ and
P1

CE.k; P / can be expressed as functions of k12 D k1 C k2. Secondly, k3 and k4

plays a symmetric role: P1
CE..k12; k3; k4/; A/ = P1

CE..k12; k4; k3/; P /. Table 11.8
displays the values for P1

CE..k12; k3; k4/; A/, the Plurality case being symmetric.
As it is no longer possible to derive exact results for the efficiency case, Approval is
compared with the Antiplurality rule in Table 11.9. The values speak by themselves:
Approval Voting is always superior to the Antiplurality rule in terms of Condorcet
efficiency. A similar conclusion holds between AV and the Plurality rule.
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Table 11.9 Probabilities P1

CE ..k3; k4/; AV /� P1

CE ..k3; k4/; A/

k4 ! 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k3 #
0 0.0000 0.0088 0.0179 0.0270 0.0360 0.0449 0.0532 0.0598 0.0631 0.0580 0.0000
0:1 0.0000 0.0093 0.0189 0.0288 0.0388 0.0491 0.0591 0.0688 0.0783 0.1250 –
0:2 0.0000 0.0099 0.0202 0.0311 0.0425 0.0547 0.0680 0.0848 0.1505 – –
0:3 0.0000 0.0106 0.0219 0.0341 0.0476 0.0631 0.0840 0.1583 – – –
0:4 0.0000 0.0115 0.0242 0.0383 0.0552 0.0783 0.1573 – – – –
0:5 0.0000 0.0128 0.0273 0.0448 0.0692 0.1505 – – – – –
0:6 0.0000 0.0145 0.0322 0.0570 0.1392 – – – – – –
0:7 0.0000 0.0174 0.0419 0.1236 – – – – – – –
0:8 0.0000 0.0233 0.1030 – – – – – – – –
0:9 0.0000 0.0740 – – – – – – – – –
1 0.0000 – – – – – – – – – –

11.5 Conclusion

The main objective of this chapter was to revisit the Condorcet efficiency issue,
in a framework where voters can not only report their preferences, but also indi-
cate the alternatives they approve of. In this way, we hoped that the rather negative
conclusion obtained by Gehrlein and Lepelley (1998) on the Condorcet efficiency
of Approval Voting could be circumvented. Unfortunately, our conclusion remains
mitigated: we need an extremely high proportion of dichotomous voters for the
Approval Voting to perform better than the Borda Count. Said differently, it is diffi-
cult to beat the Borda Count on the Condorcet efficiency ground! As a consolation,
it should be noted that AV fares better that the Plurality rule and the Antiplurality
rule as soon as dichotomous voters come into play.

We could have also compared Approval Voting with other methods, such as the
scoring run-off rules: After the first round, the two alternatives with the highest
scores go to the run-off. The candidate who is able to defeat the other one on
the basis of their pairwise comparison is then declared as the winner. For three-
candidate elections, it is trivial to see that the Condorcet efficiency of scoring run-off
rules is equivalent to 1 minus the probability of ranking the Condorcet winner last.
Tataru and Merlin (1997) derived the Condorcet efficiency for all the classical scor-
ing rules .1; �; 0/, and confirmed that the introduction of a run-off greatly improves
the Condorcet efficiency. It is also well known (see for example Smith (1973)) that
the Condorcet efficiency of the Borda run-off is one. So we may conjecture that
Approval Voting would also be dominated by many scoring run-off rules. But as
Sanver (2010) points out, the extended arrovian framework where voters can express
preferences and indicate acceptable alternatives calls for new rules. In this context,
he defines Approval Voting with run-off, as well as several other rules, which could
also be evaluated on their propensity to select the Condorcet winner when it exists.

However, one has to be aware that the Impartial Culture hypothesis, as well as
the extended version we used in this chapter, is a very peculiar scenario. These
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Table 11.10 A list of the possible classes of preferences for four candidates

a � b � c � d a � b � c � d a � b � c � d

a � b � c � d a � b � c � d a � b � c � d

a � b � c � d a � b � c � d a � b � c � d

a � b � c � d a � b � c � d

a � b � c � d a � b � c � d

assumptions describe extremely symmetric societies, where no preference is more
likely than another one within a class. We are far from real life elections, where the
debates and exchanges of ideas will permit the emergence of some candidates at
the expenses of other ones. Thus, a way to test the robustness of our results would
be to derive the Condorcet efficiency with different probabilistic models. Thanks to
the techniques developed by Cervone et al. (2005), Chua and Huang (2000), and
Lepelley et al. (2008) an obvious extension would be to perform again the exer-
cise under the Impartial Anonymous Culture, which can model more homogeneous
voting situations. In this volume, Laslier (2010) and Lehtinen (2010) propose new
voting assumptions that can also be adapted to tackle the same issue.

The reader may also wonder what happens with more than three candidates. We
must admit that we have no clue at this point. Indeed, as seen in Table 11.10, the
number of possible types already explodes for four candidates, as well as the number
of extended scoring rules. The only hope would be to generate profiles randomly
with Monte Carlo simulations, in order to test which rule(s) would fare well in terms
of robustness and Condorcet efficiency. The emergence of ‚? as the optimal rule
in the three alternative case let us think that many surprises await when ones want
to study voting rules in a extended framework where voters can report acceptable
preferences as well as weak orderings!

Acknowledgements We are indebted to Jean François Laslier and Remzi Sanver for the comments
they made on the early versions of this chapter. A usual, all remaining errors are ours.

Appendix A: Proof of Theorem 11.2.1

Without loss of generality, the candidate a is a Condorcet winner for the voting
situation Qn if and only if she beats b and c in pairwise comparisons. This is true if
the following inequalities are satisfied:

n1 C n2 � n3 � n4 C n5 � n6 C n7 C n8 � n9 � n10 C n11 � n12 C n14 � n15 C n16 � n17 > 0

n1 C n2 C n3 � n4 � n5 � n6 C n7 C n8 C n9 � n10 � n11 � n12 C n13 � n15 C n16 � n18 > 0

To begin, we develop two discrete variables X1 and X2 that are defined for each
randomly selected voter’s preference ranking.
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X1 = 1 : p1 C p2 C p5 C p7 C p8 C p11 C p14 C p16

�1 : p3 C p4 C p6 C p9 C p10 C p12 C p15 C p17

0 : p13 C p18 C p19

X2 = 1 : p1 C p2 C p3 C p7 C p8 C p9 C p13 C p16

�1 : p4 C p5 C p6 C p10 C p11 C p12 C p15 C p18

0 : p14 C p17 C p19

For a given voter’s preference ranking, the definitions of the pi ’s and the asso-
ciated rankings that they represent, indicate that a is ranked below (above) b when
X1 > 0 (X1 < 0). Similarly, a is ranked below (above) c when X2 > 0 (X2 < 0).
Based upon these definitions, the probability that Candidate a is a Condorcet win-
ner for the voting situation Qn is equivalent to the joint probability that NXi > 0, for
i D 1; 2.

By directly following the analysis in Gehrlein and Fishburn (1978a) as n ! 1
with EIC, this probability is equivalent to the quadrivariate normal positive orthant
probability ˆ.2;R/ that

p
n NXi > 0 for i D 1; 2 with a correlation matrix R that

is obtained from the correlations between X1 and X2 such that: R D .�/ and � D
Cov.X1;X2/p
V.X1/V.X2/

D k1Ck2Ck3Ck4

3k1C3k2C2k3C2k4
.

This bivariate normal positive orthant probability is given in David and Mallows
(1961) such that ˆ.2;R/ D 1

4
C 1

2�
arcsin.�/. Taking into consideration the sym-

metry of EIC regarding candidates, the probability that a Condorcet winner exists is
equal to:

P1
Con.EIC/ D 3ˆ.2;R/ D 3

4
C 3

2�
arcsin

�
k1 C k2 C k3 C k4

3k1 C 3k2 C 2k3 C 2k4

	

Appendix B: Proof of Theorem 11.3.1 and its Corollaries

Proof of Theorem 11.3.1

van Newenhizen (1992) and Saari and Tataru (1999) developed techniques differ-
ent from those of Gehrlein and Fishburn in order to assess the probability of voting
events under the IC assumptions. For them, the problem is equivalent to the compu-
tation of angles between the hyperplanes that characterize the voting events. Merlin
and Valognes (2004) explained how to adapt their techniques to extended version of
the IC hypothesis.

In order to apply their method to calculate the probability of this voting situa-
tion, we should modify the problem by using the scoring vector

p
k1.1; 0; 0/ for

i D 1; : : : ; 6,
p
k2.1; �; 0/ for i D 7; : : : ; 12,

p
k3.�; �; 0/ for i D 13; : : : ; 15 andp

k4.1; �; �/ for i D 16; : : : ; 18. Taking into consideration these modifications, let
W1 and W2 be normal vectors for hyperplanes H1 and H2, described by the new
versions of equations (11.1) and (11.2).
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W1 D .
p
k1;

p
k1;�

p
k1;�

p
k1;

p
k1;�

p
k1;

p
k2;

p
k2;�

p
k2;�

p
k2;

p
k2;

�
p
k2; 0;

p
k3;�

p
k3;

p
k4;�

p
k4; 0; 0/

W2 D .
p
k1;

p
k1;�

p
k1;�

p
k1; 0; 0; .1� �/

p
k2;

p
k2; .�1C �/

p
k2;�

p
k2;

�
p
k2;��

p
k2; 0; �

p
k3;��

p
k3; .1 � �/

p
k4; .�1C �/

p
k4; 0; 0/

Let ˛12 be the angle between the hyperplanesH1 and H2.

˛12 D arccos

�

� W1:W2

kW1k:kW2k
	

D ��arccos

 
2k1C2k2C�k3C�k4p

3k1C3k2Ck3Ck4
p
2k1C2�2k2�2�k2C2k2C�2k3C.1��/2k4

!

Then, the probability that a scoring rule agree with the majority rule on a given
pair of candidates a and b is given by:

P1
R .k;‚/ D 2:

1

2�
:˛12

D
��arccos

�
2k1C2k2C
k3C�k4p

3k1C3k2Ck3Ck4

p
2k1C2�2k2�2�k2C2k2C
2k3C.1��/2k4

	

�

Proof of Corollary 11.3.1

A relative maximum of P1
R .k; ‚/ occurs at its critical point. To locate the crit-

ical points of P1
R .k; ‚/, we begin by computing the first partial derivatives of

P1
R .k; ‚/.

@P1

R .k; ‚/

@�
D ak2.1� 2�/

�c
p
bc � a2

@P1

R .k;‚/

@�
D k3.c � a�/

�c
p
bc � a2

@P1

R .k;‚/

@�
D k4.a � c � a�/

�c
p
bc � a2

where

a D 2k1 C 2k2 C k3�C k4.1 � �/ b D 3k1 C 3k2 C k3 C k4

c D 2k1 C 2k2 � 2k2�C 2k2�
2 C k3�

2 C k4.1 � �/2

Taking first-order derivatives and setting equal to zero we get the first-order
conditions:

@P1
R .k; ‚/

@�
D @P1

R .k; ‚/

@�
D @P1

R .k; ‚/

@�
D 0:

Noting that, � D a
c

D 1�� , the resolution of these equalities leads to the following
results:
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�? D 1

2
�? D 4k1 C 3k2

4.k1 C k2/
�? D k2

4.k1 C k2/

Therefore, the critical points are given in function of k1 and k2. Once we have
found a critical point, a natural question to ask is what kind of critical point it is in
the sense that it may be a relative maximum or a relative minimum.4 To verify this
context, we must calculate the leading principal minors of the Hessian matrix H at
this critical point. The Hessian matrix H of the multivariate function P1

R .k; ‚/ is
the matrix of second partial derivatives. Here, H has the following form:

H D

2

6
6
6
6
6
6
4

@2P1
R .k; ‚/

@2�

@2P1
R .k; ‚/

@�@�

@2P1
R .k; ‚/

@�@�
@2P1

R .k; ‚/

@�@�

@2P1
R .k; ‚/

@2�

@2P1
R .k; ‚/

@�@�
@2P1

R .k; ‚/

@�@�

@2P1
R .k; ‚/

@�@�

@2P1
R .k; ‚/

@2�

3

7
7
7
7
7
7
5

For a n� n Hessian matrix, the kth order leading principal minor is the determi-
nant of the kth order principal submatrix formed by deleting the last (n � k) rows
and columns. A critical point is a maximum if a matrix is negative definite. This
is true when the first principal minor is negative and the sign of consecutive ones
alternates. The first principal minor is

�32k2.k1 C k2/
2.4k21 C 5k1k2 C k22 /

�
1
2

�
p

4k1 C 3k2

q
32k31 C 88k21k2 C 80k1k

2
2 C 24k32 C 9k22k3 C 24k1k2k3 C 16k21k3 C 9k22k4 C 24k1k2k4 C 16k21k4

< 0

The second principal minor is

512k2k3.k1 C k2/
3.8k21 C 16k1k2 C 8k22 C 3k2k4 C 4k1k4/

�2.4k1 C k2/.32k
3
1 C 88k21k2 C 80k1k

2
2 C 24k22 C 9k22k3 C 24k1k2k3 C 16k21k3 C 9k22k4 C 24k1k2k4 C 16k21k4/

2
> 0

The third principal minor is

�65536��3k4 k3 k2 .k2 C k1/
7.4 k1 C 3 k2/

�
1
2 .4k1 C k2/

�1.k22 C 4k21 C 5k1k2/
�

1
2

.80 k1 k2
2

C 88 k1
2k2 C 32 k1

3
C 24 k2

3
C 9k22k3 C 24k1k2k3 C 16k21k3 C 9k4k

2
2 C 24k1k2k4 C 16k4k

2
1 /

�
5
2

< 0

The principal minors satisfy the tests for a local maximum. Therefore, the point

‚? D
�

�? D 1

2
; �? D 4k1 C 3k2

4.k1 C k2/
; �? D k2

4.k1 C k2/

	

is a maximum.

4 Another possibility is that it is neither a relative maximum nor a relative minimum.
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Proof of Corollary 11.3.3

From Theorem 11.2.1,

P1
R .k; .1; �; �// D

� � arccos

�
2k1C2k2C
k3C.1��/k4p

3k1C3k2Ck3Ck4

p
2k1C2k2C
2k3C.1��/2k4

	

�

@P1
R .k; .1; �; �//

@�
D k3.c � a�/

�c
p
bc � a2

@P1
R .k; .1; �; �//

@�
D k4.a � c � a�/

�c
p
bc � a2

where

a D 2k1 C 2k2 C k3�C k4.1 � �/
b D 3k1 C 3k2 C k3 C k4

c D 2k1 C 2k2 C k3�
2 C k4.1 � �/2

The resolution of
@P 1

R
.k;.1;
;�//

@

D @P 1

R
.k;.1;
;�//

@�
D 0 gives first 1�� D � D a

c

and leads to the following result:

� D 1; � D 0

where the Hessian matrix has the form:

H D

2

6
6
4

@2P1
R .k; .1; �; �//

@2�

@2P1
R .k; .1; �; �//

@�@�
@2P1

R .k; .1; �; �//

@�@�

@2P1
R .k; .1; �; �//

@2�

3

7
7
5

The first principal minor is �k3.2k1 C 2k2 C k4/=.2k1 C 2k2 C k3 C k4/
3
2p

k1 C k2� < 0. The second principal minor is 2k3k4=�
2.2k1 C 2k2 C k3 C

k4/
2>0. Therefore, this functions satisfy the tests for a local maximum.
The same proof can be easily done for � D 0 and the values maximizing

P1
R .k; .0; �; �// are � D 1 and � D 0.
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Proof of Corollary 11.3.4

It is simple to verify that P1
R .k; AV / D P1

R .k; A?/ D P1
R .k; P ?/ in the sense

that the probability P1
R .k; ‚/ is the same for ‚AV D .1; 1; 0/, ‚A? D .1; 1; 0/

and ‚P ? D .0; 1; 0/. The proof of P1
R .k; AV / 	 P1

R .k; P / is as follows:
Let a, b and c three positive reals.
We know that:

5
4
ab C 5

4
bc C 2ac 	 ab C bc C 2ac

, a2 C 1
4
b2 C c2 C 5

4
ab C 5

4
bc C 2ac 	 a2 C 1

4
b2 C c2 C ab C bc C 2ac

, .a C b C c/.a C 1
4
b C c/ 	 .a C 1

2
b C c/2

, p
a C b C c

q
a C 1

4
b C c 	 a C 1

2
b C c

, p
a C b C c 	 aC 1

2
bCc

q
aC 1

4
bCc

Let a D 2k1 C 2k2, b D k3 and c D k4. Then

p
2k1 C 2k2 C k3 C k4 	 2k1 C 2k2 C 1

2
k3 C k4

q
2k1 C 2k2 C 1

4
k3 C k4

and

p
2k1 C 2k2 C k3 C k4p
3k1 C 3k2 C k3 C k4

	 2k1 C 2k2 C 1
2
k3 C k4

p
3k1 C 3k2 C k3 C k4

q
2k1 C 2k2 C 1

4
k3 C k4

Taking into consideration the fact that the function arccos is always a decreasing
function, we have

� � arccos

p

2k1C2k2Ck3Ck4p
3k1C3k2Ck3Ck4

�

�
	
� � arccos

 
2k1C2k2C 1

2
k3Ck4p

3k1C3k2Ck3Ck4

q
2k1C2k2C 1

4
k3Ck4

!

�

Then:

P1
R .k; AV / 	 P1

R .k; P /
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We can easily use the same principle to prove that P1
R .k; AV / 	 P1

R .k; A/
with a D 2k1 C 2k2, b D k4 and c D k3.

Appendix C: Proof of Theorem 11.4.1

The candidate a is a Condorcet winner for the voting situation Qn if and only if
she beats b and c in pairwise comparisons. This is equivalent to the following
inequalities:

n1 C n2 � n3 � n4 C n5 � n6 C n7 C n8 � n9 � n10 C n11 � n12 C n14 � n15 C n16 � n17 > 0

n1 C n2 C n3 � n4 � n5 � n6 C n7 C n8 C n9 � n10 � n11 � n12 C n13 � n15 C n16 � n18 > 0

In other hand, the candidatea is chosen by the scoring rule for the voting situation
Qn whenever she beats b and c. Therefore, the following inequalities are satisfied:

n1 C n2 � n3 � n4 C .1� �/.n7 � n9/C n8 � n10 C �.n11 � n12/C �.n14 � n15/C .1� �/.n16 � n17/ > 0

n1 C n2 � n5 � n6 C n7 C .1� �/.n8 � n11/C �.n9 � n10/� n12 C �.n13 � n15/C .1� �/.n16 � n18/ > 0

We begin by defining four discrete variables X1, X2, X3 and X4, which have
values that are determined by the pi probabilities that are associated with voter
preference rankings:

X1 D 1 : p1 C p2 C p5 C p7 C p8 C p11 C p14 C p16

�1 : p3 C p4 C p6 C p9 C p10 C p12 C p15 C p17

0 : p13 C p18 C p19

X2 D 1 : p1 C p2 C p3 C p7 C p8 C p9 C p13 C p16

�1 : p4 C p5 C p6 C p10 C p11 C p12 C p15 C p18

0 : p14 C p17 C p19

X3 D 1 : p1 C p2 C p8

�1 : p3 C p4 C p10

� : p11

�� : p12

� : p14

�� : p15

X3 = 1 � � : p16

�1C � : p17

.1 � �/ : p7

.� � 1/ : p9

0 : p5 C p6 C p13

Cp18 C p19
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X4 D 1 : p1 C p2 C p7

�1 : p5 C p6 C p12

� : p9

�� : p10

� : p13

�� : p15

X4 D 1 � � : p16

�1C � : p18

.1 � �/ : p8

.� � 1/ : p11

0 : p3 C p4 C p14

Cp17 C p19

X1 D 1.�1/ corresponds to the situations where the candidate a is ranked over
(under) b in a voter’s preference structure. It is equivalent to the fact that a is the
majority winner over b. Likewise, a will be ranked over (under) c in a voters’s pref-
erence structure when X2 D 1.�1/. The value of X3 (X4) represents the difference
in points that the scoring rule assigns to candidates a and b (c).

Taking into account the fact that E.Xi / D 0 for i D 1; 2; 3; 4, such that E.Xi /

is the expectation value of the random variable Xi , the variance V.Xi / is equal to
E.X2

i / for i D 1; 2; 3; 4. Therefore, we find:

V.X1/ D V.X2/ D k1 C k2 C 2

3
k3 C 2

3
k4

V.X3/ D V.X4/ D 2

3
k1 C 2

3
k2 C 2

3
k2�

2 C 2

3
k3�

2 C 2

3
k4.1� �/2 � 2

3
k2�

Since E.Xi / D 0 for i D 1; 2; 3; 4, the covariance term Cov.Xi ; Xj / between
each two random variablesXi and Xj is obtained as E.XiXj /. For our context, we
obtain:

Cov.X1; X2/ D 1

3
k1 C 1

3
k2 C 1

3
k3 C 1

3
k4

Cov.X1; X3/ D Cov.X2; X4/ D 2

3
k1 C 2

3
k2 C 2

3
k3�C 2

3
k4.1 � �/

Cov.X2; X3/ D Cov.X1; X4/ D 1

3
k1 C 1

3
k2 C 1

3
k3�C 1

3
k4.1 � �/

Cov.X3; X4/ D 1

3
k1 C 1

3
k2 � 1

3
k2�C 1

3
�2k2 C 1

3
k3�

2 C 1

3
k4.1 � �/2

Let NXi denote the sample mean value of Xi over the n individuals, for i D
1; 2; 3; 4. It is clear that candidate a is a Condorcet winner over b (c) when NX1 > 0

( NX2 > 0). Likewise, candidate a is the scoring winner over b (c) when NX3 > 0

( NX4 > 0). Let CWSR.m; k;EIC/ denote the joint probability that an alternative, say
a, is both the Condorcet and extended scoring rule winner under EIC hypothesis for
n voters and m alternatives. Wilks (1962) observes that in the limit (n ! 1), the
multivariate Central Limit Theorem states that (

p
n NX1;

p
n NX2;

p
n NX3;

p
n NX4) has

a four-variate normal distribution with covariances given above and E. NXi / D 0 for
i D 1; 2; 3; 4. When n ! 1, the Central Limit Theorem states that the probabil-
ity CWSR.m; k;EIC/ is given by the four-variate normal orthant probability with
the correlation matrix R. Using variances and covariances above, the correlation
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matrix R is given such that the correlation coefficient between each two ran-

dom variables Xi and Xj is given by the expression R.Xi ; Xj / D Cov.Xi ;Xj /p
V.Xi /V.Xj /

.

Therefore, we find:

R D

2

6
6
4

1 a b 1
2
b

� 1 1
2
b b

� � 1 1
2

� � � 1

3

7
7
5

where

a D k1 C k2 C k3 C k4

3k1 C 3k2 C 2k3 C 2k4

; and

b D
p
2 .k1 C k2 C k3�C k4 .1 � �//

r

.3k1 C 3k2 C 2k3 C 2k4/


k1 C k2 .1 � �C �2/C k3�2 C k4 .1 � �/2

�

In the case of k1 D k2 D 0, k3 > 0 and k4 > 0 the correlation matrix will have
the following form:

R� D

2

6
6
4

1 1
2

b 1
2
b

� 1 1
2
b b

� � 1 1
2

� � � 1

3

7
7
5

The joint probability CWSR.m; k;EIC/ that an alternative, say a, is both the Con-
dorcet and Scoring Rule winner under EIC for n voters (n ! 1) andm alternatives
is given by ˆ.2.m � 1/;R/, where R is the correlation matrix determined from the
four distribution Xi (i D 1; 2; 3; 4) and ˆ.t;R/ is defined as a t-variate normal
positive orthant probability with correlation matrix R. In our context, the symmetry
of EIC regarding candidates requires that the joint probability CWSR.3; k;EIC/ is
equal to 3ˆ.4;R/.

Recall that our aims is to find the combination ‚ D .�; �; �/ which guaranties
the greatest Condorcet Efficiency. The Condorcet Efficiency of extended scoring
voting rule‚,P1

CE.k; ‚/, was defined as the conditional probability that the Scoring
Rule elects the Condorcet winner, given that a Condorcet winner exists. That is:

P1
CE.k; ‚/ D CWSR.3; k;EIC/

P1
Con.k/

For the correlation matrix R�, David and Mallows (1961) have obtained an
interesting representation for ˆ.4;R�/ as:

ˆ.4;R�/ D 1

9
C 1

4�2

�

sin�1.b/C sin�1.
b

2
/


 �

sin�1.b/� sin�1.
b

2
/C �
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Taking in consideration the remarks above, if we consider a vector k� D .k1 D 0;

k2 D 0; k3 > 0; k4 > 0; k5 > 0/, the Condorcet Efficiency of Scoring Voting Rule
P1

CE .k
�; ‚/ in the case of three candidates is given by the following formula:

P1
CE .k

�; ‚/ D 1

3
C 3

4�2

�

sin�1.b�/C sin�1.
1

2
b�/




�
�

sin�1.b�/� sin�1.
1

2
b�/C �




where

b� D
p

2.k3
Ck4.1��//p
.2k3C2k4/.k3
2Ck4.1��/2/

and P1
Con.k/ D 1

We can make an important remark: when we have ‚� D .�; � D 1; � D 0/,
we get b D 1, which implies that P1

CE.k
�; ‚�/ D 1. This can be interpreted such

that if the society is composed by only voters whom rank the alternatives a, b and
c with partial indifference, the combination that maximizes the probability that the
scoring winner will equal the Condorcet winner, given that the Condorcet winner
exist, is such that � D 1 and � D 0. In other word, when voters have only weak
orders on the alternatives, the Condorcet winner always exists and the Approval
Voting must choose it for three candidates as n ! 1 under EIC assumption. In
addition, for the vector .k1 D 0; k2 D 0; k3 D 0; k4 > 0; k5 > 0/ the value
of � that maximizes the Condorcet Efficiency is � D 0. Likewise, for the vector
.k1 D 0; k2 D 0; k3 > 0; k4 D 0; k5 > 0/, the Condorcet winner must exist and
� D 1 maximizes the Condorcet Efficiency.

Now, let us consider the impact of the value of � (i.e. when k1 ¤ 0 and
k2 ¤ 0) on the Condorcet Efficiency. Then, we must find the formula of P1

CE.k; ‚/
as n ! 1. Notice that Plackett’s (1954) Reduction Procedure allows us to find
ˆ.4;R/ fromˆ.4;R�/. LetH.t/ be the inverse matrix of the matrix C.t/ such that
C.t/ D tR C .1 � t/R� for 0 
 t 
 1.

H.t/ D 1

J

2

6
6
6
4

�4.b2 � 1/ 2.b2 � 2c/ 4b.b2 � 1/ �2b.b2 � 2c/

� �4.b2 � 1/ �2b.b2 � 2c/ 4b.b2 � 1/

� � 4
3
.4� 5b2 � 4c2 C 4cb2/ �4

3
.2� 4b2 � 2c2 C 5cb2/

� � � 4
3
.4� 5b2 � 4c2 C 4cb2/

3

7
7
7
5

where

J D .3b2 �2c�2/.b2 C2c�2/ and c D 1

2
� t k1 C k2

2.3k1 C 3k2 C 2k3 C 2k4/

The Plackett’s reduction procedure allows us to write ˆ.4;R/ in function of
ˆ.4;R�/ such thatˆ.4;R/ D ˆ.4;R�/C I . Therefore, for l ¤ m such that l; m 2
fŒ1; 2; 3; 4�� Œi; j �g, we find I as:
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I D c0
ij

4�2

Z 1

0

Œ
1

1 � c2
ij

�
1
2 arccos

�
hlmp
hl lhmm

	

dt

D c0
12

4�2

Z 1

0

Œ
1

1 � c2
12

�
1
2 arccos

�
h34p
h33h44

	

dt

cij and hij are the entries of the matrix C.t/ and H.t/ respectively and c0
ij D

@cij

@t
. Notice that, since the correlation matrix R� is chosen to be a matrix of rank

(4 � 4) with all but one of its correlation coefficients the same as those of R, the
term I is a single integral.

Therefore, we find:

ˆ.4;R/ D 1

9
C 1

4�2
Œsin�1.b/C sin�1.

1

2
b/�Œsin�1.b/� sin�1.

1

2
b/C ��

� k1 C k2

4�2

Z 1

0
Œ4.3k1 C 3k2 C 2k3 C 2k4/

2 � .3k1 C 3k2 C 2k3 C 2k4 � tk1 � tk2/
2��

1
2


 arccos

�
4b2 C 2c2 � 5cb2 � 2

4� 5b2 � 4c2 C 4cb2

	

dt
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Chapter 12
Behavioral Heterogeneity Under Approval
and Plurality Voting

Aki Lehtinen

12.1 Introduction

Approval voting (AV) has been defended and criticized from many different view-
points. In this paper, I will concentrate on two topics: preference intensities and
strategic behavior. A voter is usually defined as voting sincerely under AV if he
or she gives a vote to all candidates standing higher in his or her ranking than the
lowest-ranking candidate for whom he or she gives a vote. There are no ‘holes’ in
a voter’s approval set.1 Since this kind of behavior is extremely rare, it has been
claimed that approval voting makes strategic voting unnecessary (Brams and Fish-
burn 1978). On the other hand, Niemi (1984) has argued (see also van Newenhizen
and Saari 1988a,b), that even though strategic voting may be rare under AV, even
sincere voting may require a considerable amount of strategic thinking under this
rule. If strategic voting is defined by the fact that a voter gives his or her vote to a
candidate who is lower in his or her ranking than some candidate for whom he or
she does not vote (see, e.g., Brams and Sanver 2006), I will be studying strategic
behavior but not strategic voting under AV here.

In an earlier paper Lehtinen (2008), I proposed a switch of perspective. Instead
of trying to study whether strategic voting or behavior is common or easy under
various voting rules, I presented a computer simulation framework for investigating
the welfare consequences of strategic behavior under approval and plurality (PV)
voting. The utilitarian efficiencies obtained with Expected Utility voting behavior
(EU behavior) and with Sincere Voting behavior (SV behavior) are compared. Under
SV behavior all voters are assumed to vote for all those candidates for which the
utility exceeds the midpoint of the voter’s utility scale (Merrill 1979; Brams and
Fishburn 1983, p. 85; Ballester and Rey-Biel 2007). Under EU behavior voters give
their votes to different candidates depending on expected-gain calculations (Merrill

1See, e.g., Brams and Fishburn (1978, 1983, p. 29) and Brams and Sanver (2006).
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1981a,b). They give a vote to a candidate under EU behavior if the expected gain
from doing so is positive (Merrill 1981b; Carter 1990). The distinction between
strategic and sincere behavior is thus made according to whether or not voters take
their beliefs concerning the winning chances of the candidates into account. They
strategize if they take such beliefs into account and they engage in sincere behavior
if their actions depend only on their preferences.2 Under PV voters vote strategically
if they give their vote to a candidate that they do not consider the best, and sincerely
otherwise.

Utilitarian efficiency is defined as the percentage of simulated elections in which
the candidate that maximizes the sum of voters’ utilities (the utilitarian winner) is
selected (e.g., Merrill 1988). The main finding in Lehtinen (2008) was that whether
or not voters engage in strategic calculations, AV yields high utilitarian efficiencies
and thus often selects candidates with broad public appeal (Brams and Fishburn
1983, pp. 135, 171). AV reflects preference intensities rather well even if voters
engage in strategic behavior.

It was also shown that strategic voting is beneficial under PV in the sense
that utilitarian efficiencies are higher under EU than under SV behavior. I have
shown elsewhere that strategic voting is beneficial in many voting rules in that
it increases utilitarian efficiency compared to sincere voting (see Lehtinen 2006,
2007a,b). These results mean that from a utilitarian, and thereby welfarist point of
view, strategic voting under various voting rules, and strategic behavior under AV,
are beneficial. However, the traditional arguments against strategic voting are non-
welfarist.3 One important argument is that ‘unequal manipulative skills may lead to
destruction of our efforts to design rules with equal treatments of individuals’ (Kelly
1988, p. 103). The worry is thus that if some but not all voters engage in strategic
manipulation, and if the strategizers are successful in their endeavor, this would be
unfair towards the other voters.

In this paper, I will study one aspect of this worry with a welfarist model that
allows analyzing whether or not unequal manipulative dispositions in the voting
population yield undesirable results. Only one aspect of the worry is analyzed
because the model does not specify different manipulative skills but rather just dif-
ferent propensities to manipulate.4 Voters are assumed to be heterogeneous in the
sense that some voter types do not engage in strategizing at all. The robustness of
approval and plurality voting with respect to behavioral heterogeneity is thus inves-
tigated. To the best of my knowledge, this paper provides the first model in which
such heterogeneity is explicitly studied.5

2 Although Brams and Fishburn (1983, p. 85) use an expected-utility terminology, their mean utility
rule is classified as sincere here.
3 See Kelly’s (1988, p. 103) list of arguments and their critique by Van Hees and Dowding (2007).
4 Different skills could be studied within the framework presented here by giving some voters better
information than others. For the time being, I postpone such an analysis into the future.
5 I am hoping that someone proves me wrong here. The need for studying heterogeneous behavior
in strategic voting is often expressed in conference presentations.
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Strategic voting increases utilitarian efficiency in various voting rules because it
allows for expressing preference intensities (Lehtinen 2006, 2007b,a). These results
depend on the counterbalancing of strategic votes: broadly accepted candidates are
likely to obtain many strategic votes and lose few: the strategic votes for a candi-
date are counterbalanced by strategic desertions for the very same candidate but the
utilitarian winner is likely to be on the receiving end of strategic votes. The logic
of counterbalancing thus suggests that the beneficial effects of strategic voting may
not be very robust with respect to behavioral heterogeneity. In contrast, AV differs
from other commonly used voting rules in that it allows for expressing intensity
information even with SV behavior (e.g., Brams and Fishburn 2005). When I began
this investigation, my intuition was that AV would be fairly robust with respect
to behavioral heterogeneity. After all, as voters may express preference intensities
under both behavioral assumptions, one would expect AV to yield high utilitarian
efficiencies whatever the behavioral assumption, and even if the voting population
is behaviorally heterogeneous. However, my intuitions turned out to be completely
erroneous. It is indeed AV that is sensitive to behavioral heterogeneity rather than
PV! Very roughly, the explanation for poor resistance of AV to behavioral hetero-
geneity is that strategic behavior dramatically reduces the number of second votes
and such reductions do not have a proper counterbalance.

The structure of the paper is the following. Given that the paper is heavily based
on my 2008 model, I will only explain its most important features in Sect. 12.2.
I refer to this paper for an explanation of the details of the signal-extraction model,
an account of interpersonal comparisons in the model, a discussion of reasonable
parameter values, and in general for anything about the model that is not con-
cerned with behavioral heterogeneity. Section 12.3 describes the novel feature of the
present model: the mixed behavior computer simulations setups. Simulation results
are presented in Sect. 12.4. Section 12.5 presents the conclusions.

12.2 Strategic Behavior under Approval and Plurality Voting

Let X D {x,y,z} denote the set of candidates (with generic members j , k and m).
The six possible types of voters and their preference orderings are presented in
Table 12.1. Ui

k
denotes voter i ’s payoff for the k-th best candidate.

Under AV, voters give a vote to any number of candidates. LetN D 2,000 denote
the total number of voters, and let nj denote the number of voters who prefer
candidate j the most. Let nAV

j denote the number of votes candidate j obtains

Table 12.1 Voter types and
utilities

Type of voter

t1 t2 t3 t4 t5 t6 Ui

x y z x y z Ui
1

y z x z x y Ui
2

z x y y z x Ui
3
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under sincere behavior under AV, and let nAV denote the total number of votes cast
under AV. Let vP V

x , vP V
y , and vP V

z denote the vote shares of candidates x, y and z

if all voters vote sincerely under PV: vP V
j D nj

N
, and let vAV

x , vAV
y , and vAV

z denote

similar vote shares under AV (vAV
j D nAV

j

nAV /. Let pi;P V
jk

=prob(vP V
j =vP V

k
> vP V

m )
denote the probability that voter i will be decisive in creating or breaking a first-
place tie between j and k under PV, i.e., a pivot probability. pi;AV

jk
denotes similar

probabilities under AV. The standard way of analyzing strategic behavior in models
in which game-theoretical considerations are not taken into account is by way of
formulating expected gains for voters.

The expected gain in utility associated with voting for candidate j under AV is
(Merrill 1979)

E i
j D

X

j 6Dk

p
i;AV

jk
ŒU i .j / � U i .k/�: (12.1)

Voters give a vote to a candidate if the expected gain from doing so is larger than
zero (see also Merrill 1981b; Carter 1990). Voters will always give a vote for their
most preferred candidate under approval voting (Brams and Fishburn 1978).6 The
conditions for strategic voting under PV can also be deduced from these equations
once pi;AV

jk
are replaced with pi;P V

jk
, see McKelvey and Ordeshook (1972). A voter

votes for the candidate who offers the highest expected gain.

12.2.1 A Signal Extraction Model for the Pivot Probabilities

Voters’ beliefs are derived by combining methods of computing pivot probabili-
ties (Hoffman 1982; Cranor 1996) with a signal-extraction model. The voters are
assumed to obtain an informative but not entirely reliable signal concerning the
popularity of the candidates. They compute pivot probabilities on the basis of these
signals and their confidence in the quality of those signals. The idea is thus to char-
acterize the beliefs in terms of the reliability of the signals and voters’ confidence in
them.

Let vj denote a generic vote share. Voters obtain perturbed signals about vote
shares:

Sj D vj C �Ri ; (12.2)

where Ri denotes a standard normal random variable, and � is a scaling factor that
reflects the reliability of the signals (� 2 [0.005, 0.013]).7 The signals thus contain
information concerning the real preference profile and noise. The former is modelled
through the vote shares vj . Note that these are vote shares that would come about if
everyone engaged in sincere behavior rather than vote shares that come about when

6 Three-way ties are ignored here.
7 I provide arguments for why such values are reasonable in Lehtinen (2008).
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some or all voters engage in strategic behavior. The vote shares are different under
AV and PV because voters may give sincere second votes under AV.

Let si
max denote the predicted vote share (i.e., a signal) of the candidate who i

expects to obtain the most votes, and let si
min.j;k/

denote the predicted vote share of
j or k, whichever i predicts to receive fewer votes. I show in Lehtinen (2008) that
the pivot probabilities pi

jk
are given by the standard normal distribution functionˆ:

pi
jk D 2ˆ.

ip � si
max

	
/; (12.3)

where ip is a parameter derived from the various signals which describes the close-
ness of the race and 	 is the voter’s confidence in his or her signal.8 Very roughly,
the idea is that the closer the predicted vote share (i.e., the signal) for the candidate
in question is to the predicted vote share of the perceived winner, the higher the
pivot probability. Voters are assumed to construct a probability distribution around

their signal. ip D .si
max/

2�


si

min.j;k/

�2

2.smax�smin.j;k//
is the intersection point of densities for the per-

ceived winner and the candidate in question. The distance between this intersection
point and the signal for the perceived winner, ip � si

max, determine how close the
race between the two candidates is perceived to be by voter i .

I refer to my 2008 paper for a detailed explanation of the technical aspects of
the model. For the purposes of this paper, it is sufficient to realize that the signal-
extraction framework allows modeling beliefs that range from highly accurate to
highly inaccurate, and at the same time taking voters’ confidence in the quality of
their information into account.

12.3 Simulation and Mixed Behavior Setups

A setup is a combination of assumptions used in a set of GD 1,000 simulated elec-
tions. In each simulated election, a profile (U1,U2; : : : ;UN ) of individual utilities
is generated. Under PV, the sincere vote shares of the various candidates are com-
puted from this utility profile by ordering the utilities for the three candidates, and
by counting how many voters most prefer each candidate. Under AV the sincere
vote shares are computed by counting the number of voters for whom the utility
lies above the midpoint of the utility scale. The voters then obtain three signals con-
cerning the profile (one for each candidate) according to (12.2), and formulate their
pivot probabilities using (12.3). They then use (12.1) to compute the expected gains,
and vote accordingly. The winner is then determined and compared to the utilitarian
winner.

8 The confidences are usually assumed to be the same for all voters.
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Expected utility setups differ with respect to the reliability of voters’ signals .�/,
their confidence in the signals (	), and the degree of correlation between voter types
and preference intensities .C / (see the next paragraph). In uniform setups voters’
utilities are drawn from a uniform distribution on [0,1],9 while in setups with inten-
sity correlation voter types 3 and 5 have systematically higher and types 1 and 6
systematically lower preference intensities for their second-best candidates x and y
respectively. These setups are identical to the corresponding uniform setups with
respect to all parameters except voters’ preference intensities. In order to generate
setups with a correlation between this parameter and voter types without affecting
the interpersonal comparisons or the preference orderings, the individual utilities
were derived as follows.

U1, U2, and U3 were first generated from the uniform distribution on [0,1] for
each voter. U1 and U3 were then used for defining the voter’s utility scale as the
[U3,U1] interval. A voter’s utility for his or her middle candidate U2 is referred
to as the intensity. A standardized intensity, eU2 expresses what a voter’s utility for
his or her second-best candidate would be if the scale was the [0,1] interval. These
standardized second-best utilities are referred to as intrapersonal intensities. The
relationship between the standardized intra-personal utility and the original scale of
utility is given by

eU2 D 1 � U1 � U2

U1 � U3

: (12.4)

In setups with an intensity correlation, these standardized intensities were multiplied
by a parameter C, 0:5 < C 
 1 for those who put y second (voter types 1 and 6) so
that the new correlated intensities eUC;1

2 and eUC;6
2 were given by

eUC
2 D C eU2: (12.5)

In order to compensate for the decreases in utility for voter types 1 and 6, the
intensities for voters of types 3 and 5 (i.e., for x) were given by

eUC
2 D 1 � C eU2: (12.6)

These adjustments made the average utilities for x higher and the average utilities
for y lower than in the uniform setups, while keeping the overall average utility
fixed.10 In uniform setups, C D 1. C thus denotes the degree of correlation between
preference intensities and voter types.

These standardized intensities were then scaled back into the original ŒU3; U1�

utility scale. Let U �
2 denote a voter’s correlated intensity expressed in terms of the

original ŒU3; U1� scale. U �
2 is given by:

U �
2 D U3 C eUC

2 .U1 � U3/: (12.7)

9 The simulations were thus based on the so-called impartial anonymous culture assumption.
10 Note that the utility for the second-best candidate in uniform setups is 1� eUC

2 rather than eUC
2 .

Since eUC
2 is drawn from a uniform distribution on [0,1], it does not matter which one is used.
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In pure behavior setups (PBS) all voters engage in the same kind of behavior:
either EU or SV behavior. In mixed behavior setups (MBS) some voters engage in
SV behavior and some in EU behavior. The simplest MBS is one in which voters
who engage in SV behavior are randomly selected from the set of all voters.

More interesting results are likely if only some voter types engage in EU behav-
ior, or if only some voter types engage in SV behavior. In abstaining setups all voters
except those of two particular types engage in EU behavior, and these abstaining
types engage in SV behavior. Let AR.st/ denote a setup in which voters of types
s and t engage in SV behavior, and the rest engage in EU behavior under voting
rule R. Similarly, in engaging setups all voters except those of two particular types
engage in SV behavior, and these two types engage in EU behavior. A setup in which
only types s and t engage in EU behavior is denoted ER.st/.

12.4 Simulation Results

12.4.1 Non-systematic Behavioral Heterogeneity

The simulations were run with 0.005, 0.009, and 0.013 for both 	 and �. The results
will be shown only for the setups in which � D 	 .11

A setup in which one-half of all voters were randomly selected to engage in
EU behavior, and the rest in SV behavior was tried. Figures 12.1 and 12.2 show
utilitarian efficiencies under AV and PV, respectively, when the probability of any
given voter to engage in EU behavior is 0.5. UESV and UEEU stand for utilitar-
ian efficiency under SV- and EU behavior, respectively. Let EAR(random) denote
such a setup. Let us say that behavioral heterogeneity is systematic if there are
systematic differences between the different voter types with regard to behavioral
dispositions, and non-systematic otherwise. The setups in this section thus concern
non-systematic behavioral heterogeneity.

It is easy to see from these figures that strategic behavior under AV and strategic
voting through EU behavior under PV yield reasonably high utilitarian efficiencies.
They are higher under AV, and particularly so under SV behavior. The reason for this
is rather simple. Candidate x is practically always the utilitarian winner in setups
in which correlation between intensities and voter types is high (C is small), but
because the voting population is generated with the impartial anonymous culture
(IAC), under PV it is selected only in one-third of the simulated elections under
SV behavior. Under AV, however, voters are able to express preference intensities
also under SV behavior, and the utilitarian efficiencies are correspondingly higher.
These setups, while they may depict real-world elections in a realistic way, are not
very interesting because the results simply reflect the relationships that hold under
the pure behavior setups, but in a mitigated form.

11 The full sets of data are available from the author on request.
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Fig. 12.1 Utilitarian efficiencies under EAAV (random)
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12.4.2 Systematic Behavioral Heterogeneity

12.4.2.1 Engaging Setups: Plurality Voting

The investigated setups were chosen in such a way as to provide the maximum
amount of understanding on how various different heterogeneities affect the utili-
tarian efficiencies. In most setups only two illustrative voter types were selected to
engage in SV behavior or EU behavior. The setups discussed below are not very real-
istic in that all voters within each voter type are assumed to engage either in EU or
in SV behavior. It is highly likely that reality is much more complex in this respect.
As the model is based on non-cooperative behavior, it is not assumed that there is a
coordinating agent who could enforce one or the other behavioral assumption within
a voter type.

The logic of counterbalancing suggests that the utilitarian efficiencies should be
lower under most MBSs than under PBSs because these setups are constructed
in such a way that the counterbalance is systematically removed. In most MBS’s
the utilitarian efficiencies are indeed lower than in the corresponding pure behavior
setups.

Let us start by looking at PV. Figures 12.3, 12.4, and 12.5 show the results when
two voter types only engage in EU behavior and the rest in SV behavior. In what
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follows, the figure titles include only the name of the setup: all results concern
utilitarian efficiencies.

Strategic voting becomes more welfare-increasing under EPV (36) than under
EPV(random), remains roughly the same under EPV (25), and it becomes welfare-
diminishing under EPV(14). Explaining these findings is easy once the logic of
counterbalancing is invoked. First, under EPV(14) only voters who prefer x the most
engage in strategic voting. But x is usually the utilitarian winner in setups with
strong correlation. Welfare-increasing strategic voting is thus theoretically possi-
ble only in those EPV (14) setups in which the correlation is not very high (i.e., C
is close to one), and in which x is not the utilitarian winner. In all other setups
strategic voting can only be harmful because it may only decrease the probability
that the utilitarian winner wins. Second, under the EPV (36) setups there is a proper
counterbalance: even though voters of type 6 may vote strategically for y, they do
so much more seldom than voters of type 3 vote for x. Utilitarian efficiencies are
higher than under the pure behavior setups because the ‘wrong’ kind of counterbal-
ance is removed. Note that from the point of view of utilitarian efficiency, it is more
important that there are not too many voters who vote strategically for z than those
who vote strategically for y. This is because there may often be enough strategic
votes for z to make it win, but y is usually the loser in any case. This also explains
why utilitarian efficiencies are somewhat lower under the EPV (25) than the EPV (36)
setup. Here strategic votes for z rather than for y counterbalance those for x.

Figures 12.6, 12.7, and 12.8 show the findings from the setups in which voter
types who engage in strategic behavior consider the same candidate second-best.

As one might expect by now, the highest utilitarian efficiencies come from the
EPV(35) setup where x is the only candidate to obtain strategic votes in the first
place, and the worst from EPV (16) where y is the only candidate in this position.

Note that even though strategic voting is welfare-diminishing in some setups, the
results shown thus far have been rather supportive of PV. If the main worry about
strategic voting is that it benefits one particular group at the expense of everyone
else, then the results show that this worry is mainly not warranted. In the EPV (14),
the strategic voters hurt mostly themselves by their actions! They prefer x the most,
but their strategic voting makes it less likely that x will be selected. It is thus clear
that if they were to have perfect information about the behavioral propensities of the
different voter types, they would switch to SV behavior. In a word, their strategic
voting is not model-consistent because if voters knew that they are the only ones
who engage in strategic behavior, they would realize that they have no incentive to
act according to strategic behavior as it is specified in the model.12 Another way to
approach the issue is to note that since the signals depend on voters’ preferences but
not on their behavioral propensities, they give a systematically misleading picture
of the winning chances of the various candidates.13 I do not attempt to provide an

12 Model-consistency is also known as the rational expectations hypothesis (Muth 1961).
13 However, note that if type-1 voters vote strategically for y, and it emerges as winner, their prior
beliefs are corroborated by the outcome!
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Fig. 12.8 EPV (24)

account in which the behavioral propensities are taken into account in a formal way
in this paper. EPV(16) causes more concern than EPV(14) because it is not always
the same candidate who loses the strategic votes. Nevertheless, even in this setup the
outcomes are usually better under the pure behavior SV setup for the very types that
engage in strategic voting, and they have an incentive to switch into sincere behavior.
It is inevitable that someone must lose as a result of strategic behavior, but the results
show that under an utilitarian evaluation, strategic voting is welfare-decreasing only
when it harms the strategisers themselves.

12.4.2.2 Engaging Setups: Approval Voting

Let us now see what happens under AV in engaging setups. Figures 12.9, 12.10,
and 12.11 show the utilitarian efficiencies under AV.

The utilitarian efficiencies are completely different from those under PV: they
are highest in E(14) setups, and lowest under E(36) setups. In other words, strategic
behavior under AV yields low utilitarian efficiencies precisely when strategic voting
is particularly welfare-increasing under PV, and vice versa.

The key to understanding these results lies in the difference in the number of
voters who give a second vote under SV behavior and under EU behavior (cf. Saari
2001). Many voters give second votes under SV behavior. Under the uniform setups
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exactly one-half of each voter type do so. Under EU behavior voters continue to give
second votes, but they do so much more rarely. This reduction in the second votes
is the main consequence of strategic behavior under AV. In pure behavior setups the
utilitarian efficiencies are rather high because counterbalancing still ensures that the
utilitarian winners obtain more second votes than the other candidates. However, in
the E(36) setups, although x obtains more second votes from type-3 voters than y
obtains from type-6 voters, what really matters is the dramatic reduction in second
votes for x (compared to SV behavior), together with the fact that z obtains all the
second votes it does under SV behavior. z is thus almost always the winner in these
setups. In E(25) setups the counterbalancing is rectified by the fact that the reduced
number of second votes from type-5 voters is counterbalanced by the reduced num-
ber of second votes for z from type-2 voters. It is thus more important that the
reduced number of second votes for the utilitarian winner are counterbalanced by a
similar reduction for the second-best candidate (in utilitarian terms) than the worst.
The reason for this is that in the engaging setups there are still four voter types who
give different amounts of second votes, and counterbalancing among these second
votes is more important than counterbalancing among the strategically determined
second votes.

Although the findings seem to support AV superficially, the setups in which
strategic behavior is welfare-diminishing are in fact more worrisome than under
PV. Consider, for example, EAV(36). This is a setup in which those who prefer z the
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most are the only ones to engage in strategic behavior. They give much fewer second
votes to x (and y) than under sincere behavior. As a consequence, their best candi-
date z often wins. Unlike in the EPV (14) and in the EPV(16) setups, upon learning
the behavioral differences between the voter types, they would not have an incentive
to switch into SV behavior. EAV(36) is thus a setup in which the one group of voters
is indeed able to inflict harm on others by strategising: if they acted sincerely, the
results would be better for the whole electorate.

12.4.2.3 Abstaining Setups

Figures 12.12, 12.13, and 12.14 show utilitarian efficiencies under setups in which
two voter types abstain from strategic behavior. As expected, APV (35) exemplifies a
catastrophe because the only voter types to abstain from strategic behavior are those
that may vote strategically for x under EU behavior. But why are efficiencies higher
under APV(24) than under APV (16)? The reason is again that strategic votes for the
second-best candidate are more likely to lower utilitarian efficiency than those for
the worst candidate, because the worst candidate rarely wins the election anyway.
Thus, under APV(24) those who might vote strategically for z refrain from doing so
but under APV(16) such voters would have voted strategically for y. Figures 12.15,
12.16, and 12.17 show the corresponding results under AV.
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Fig. 12.13 APV (35)
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Fig. 12.15 AAV (24)
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Fig. 12.17 AAV (16)

The utilitarian efficiencies are now very low except in AAV(35) where those who
put x second refrain from strategic behavior and give plenty of second votes for x.
Note that AAV(24) and AAV (16) are setups in which those who refrain from strate-
gic behavior consider the same candidate second-best. Hence, if they abstain from
strategising, this will often result in the victory of their second-best candidate. The
utilitarian efficiencies are low in setups where that second-best alternative is not the
utilitarian winner. Furthermore, the efficiencies are lower under AAV (24) than under
AAV (16) because x is able to win some elections even when those who put y second
give their sincere second votes for it, but x has no chance against z because there
are more of those who give their sincere second votes to z under AAV (24) than those
who give their sincere second votes to y under AAV(16).

Let us now look at setups in which those who refrain from strategic behavior
consider the same candidate best. Figures 12.18, 12.19, and 12.20 show utilitarian
efficiencies in AAV (14), AAV(25), and AAV (36) setups.

It seems clear that utilitarian efficiencies remain high if at least some voter types
give sincere second votes to x, but if the only types that abstain from strategic behav-
ior put x first, then utilitarian efficiencies are understandably very low because
y and z obtain a large number of sincere second votes from type-1 and type-4
voters, and the strategic second votes from the other voter types are not a sufficient
counterbalance to these sincere votes.
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Fig. 12.18 AAV (14)
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Fig. 12.20 AAV (36)

12.4.3 A Comparison

The previous findings have provided detailed information concerning how the dif-
ferent combinations of behavioral assumptions matter for utilitarian efficiency. It
may be somewhat difficult to derive an overall judgement concerning the two rules
on the basis of them. In order to provide an explicit comparison, setups in which
two randomly selected voter types engage in EU behavior were investigated. Let
ER(random) denote such a setup under voting ruleR. Figures 12.21 and 12.22 show
the findings from such setups.

The utilitarian efficiencies remain somewhat higher under PV than under AV. Per-
haps the most important aspect of these results is that, on average, strategic voting
remains welfare-increasing even in setups with the most extreme kind of behav-
ioral heterogeneity. A simulation was run also for the case in which two randomly
selected voter types abstained from strategic behavior, and the rest engaged in EU
behavior. The results were highly similar to those in Figs. 12.21 and 12.22, and will
thus not be shown here.
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Fig. 12.21 EAV (random)
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Fig. 12.22 EPV (random)
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12.4.3.1 The Consequences of Intensity Information in the Signals

As explained in detail in Lehtinen (2008), all the simulations discussed thus far are
unrealistic for two reasons. First, it is psychologically unrealistic to assume that vot-
ers engage in strategic voting if they consider the second-best candidate almost as
bad as the worst one. Second, given that the signals already contain some informa-
tion on the preference intensities under AV but not under PV, the previous setups are
likely to yield lower utilitarian efficiencies for PV than for AV. To rectify these weak-
nesses in the model, voters were also assumed to obtain some intensity information
under PV, and to vote strategically only if their intensity exceeds a threshold-level � .
As in Lehtinen (2008), the threshold was assumed to be rather low: � D 0:2.

Let U denote the sum of utility for all candidates, and U(j) the sum of utility for
candidate j . Let � 2 Œ0:1� denote the relative share of intensity information in the
signals. A composite signal consists of a combination of preference and intensity
information, and a random term:

Si;j D �vj C .1 � �/
U.j /

U
C �Ri ; (12.8)

where Ri and � have the same interpretations as before. When � D 1; the pivot
probabilities are based only on information on preference orderings under PV. The
findings from simulations with full information are shown in Figs. 12.23 and 12.24.
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Fig. 12.23 EPV (random, � D 0:2; � D 0/
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Fig. 12.24 EAV (random, � D 0:2; � D 0/

Under PV the utilitarian efficiencies are considerably higher in setups with full
intensity information (� D 0), but full intensity information is not all that important
under AV: the utilitarian efficiencies remain relatively low.

12.5 Conclusions

As expected, utilitarian efficiencies are lower in the mixed behavior setups than in
pure behavior setups. The results depend heavily on which voter types engage in
strategic and sincere behavior. Strategic voting and strategic behavior continue to
be welfare-increasing in many mixed behavior setups, but in some cases strategic
behavior leads to a catastrophe.

The findings are somewhat surprising. AV is much more sensitive to behavioral
heterogeneity than PV. The main reason is that under the standard specification
of sincere behavior, many second votes are given under AV. Strategic behavior
decreases the number of second votes dramatically, and if only some voter types
abstain from giving second votes, the reduction in these second votes is often suffi-
cient to change the winner. If the reduction in second votes concerns the utilitarian
winner, it is often not selected. Even though there is counterbalancing among the
strategically given second votes, this does not matter so much because the difference
in the number of sincere and strategic second votes trumps the counterbalancing
among the strategic second votes.
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When strategic voting is welfare-diminishing under PV, the voter types that
engage in it typically obtain a worse outcome for themselves than they would have
obtained under the pure behavior SV setup. As such voters would not have an incen-
tive to continue to vote strategically if they knew that they are the only ones to do so,
it does not seem very likely that such strategic voting will be found in the real world:
strategic voting is only welfare-diminishing under PV when voters who engage in
it do not act in a model-consistent fashion. The worry that some particular groups
would be able to benefit from strategic voting at the expense of everyone else thus
really has to be formulated in a non-welfarist way: when particular groups benefit
from strategic voting, they typically increase the overall welfare at the same time.

The consequences of behavioral heterogeneity are usually exactly the opposite in
the two voting rules: when EU behavior is welfare-increasing in a mixed behavior
setup under PV, it is welfare-decreasing under AV, and vice versa. It is then not
surprising that when strategic behavior is welfare-diminishing under AV, the voter
types that engage in it typically obtain a better outcome for themselves than they
would have obtained under the pure behavior SV setup. This means that those voters
really have an incentive to engage in strategic behavior. The worry about unequal
manipulative propensities thus turned out to be an argument against AV.

The findings concerning the comparison of AV and PV can be summarized as
follows. AV yields higher utilitarian efficiencies than PV when there is no behav-
ioral heterogeneity or when heterogeneity is of the non-systematic type. PV is much
more resistant to systematic heterogeneity, particularly if voters obtain perturbed
information on preference intensities. An overall judgment concerning preference
intensities and strategic behavior in the two rules depends on the relative magni-
tude between the various parameters. Given that there seems to be no particular
reason why behavioral heterogeneity should be of the systematic type, it may be
that the findings reported here are not so devastating for AV after all. An empirical
investigation concerning behavioral heterogeneity might provide a fuller picture.
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Chapter 13
In Silico Voting Experiments

Jean-François Laslier

13.1 Introduction

This chapter is devoted to computation-based simulations of voting. To perform
such a simulation requires two things. On the one hand, one has to specify what
might be called the “economic environment,” that is the number of voters, the num-
ber of alternatives, and the voter preferences (or tastes, values, utilities, opinions; : : :)
over the alternatives. On the other hand, one has to specify the decision process,
which is itself made of two ingredients: firstly the material decision procedure, for
instance the formal voting rule, and secondly the individual behavior, that is how a
voter decides to place in the urn one ballot rather than another, given her preferences
and any other relevant information.

The random generation of a profile of voter preferences is usually called a cul-
ture. For instance choosing n individual preferences uniformly and independently
among the KŠ linear orderings of K alternatives is called the impartial culture
of size .n;K/. Several different cultures will be studied in this chapter. Differ-
ent cultures may be relevant for different research purposes and to model different
real-life voting situations: juries, project assessment, committee decisions, political
elections; : : : : The individuals will often be called “voters” and will receive female
pronouns, and I shall sometime refer to alternatives as “candidates” and use male
pronouns in that case.

The second ingredient is the decision process, here: voter behavior under a voting
rule. For instance, under the familiar Plurality rule, a voter can vote for her preferred
candidate, not taking into account what she knows about the relative chances of win-
ning of the various candidates. This behavior called sincere voting is well defined
under Plurality rule (up to indifferences). Different decision processes, sometime
including strategic considerations will be studied. I will restrict attention to some
practical voting rules which, up to unavoidable ties, select a winner: Plurality, Borda,
Copeland and Approval voting. I will not compute choice correspondences like the
Uncovered set, the Essential set or the Yolk which are set-valued in practice.
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Laboratoire d’ Econométrie, École Polytechnique, 91128 Palaiseau, France
e-mail: jean-francois.laslier@polytechnique.edu

J.-F. Laslier and M.R. Sanver (eds.), Handbook on Approval Voting, Studies in Choice
and Welfare, DOI 10.1007/978-3-642-02839-7_13,
c� Springer-Verlag Berlin Heidelberg 2010

311

jean-francois.laslier@polytechnique.edu


312 J.-F. Laslier

Section 13.2 introduces the four kinds of cultures this chapter deals with: (1)
Common interest cultures, in the tradition of Rousseau and Condorcet; (2) Impar-
tial culture, often considered by mathematicians and social choice theorists; (3)
Distributive cultures, suitable for the study of the “Divide a dollar” problem and
interesting for Normative Economics; and (4) Spatial Euclidean cultures, often met
in Theoretical Politics. Section 13.3 introduces the voting rules and voter behavior
under scrutiny. Section 13.4 contains the results and Sect. 13.5 concludes.

13.2 Cultures

13.2.1 Rousseauist Cultures

In this section I model individual preferences that may differ because of mis-
takes individuals make when forming their opinion about a pre-existing truth. This
the typical approach of Condorcet: differences of opinions are due to differential
information or to mistakes with respect to some underlying truth that collective
decision-making can discover. Such a conceptual framework is called “project
assessment” by Nurmi and Salonen (2008). It is the framework of the original “Con-
dorcet Jury theorem” (Condorcet 1785) whose philosophy follows from Rousseau’s
ideal (Rousseau 1762) of a “general will.” I therefore refer to Rousseau and call
such cultures Rousseauist cultures.

To model the notion of individual mistakes I suppose that there exists an under-
lying true ranking of the alternatives, say

1 � 2 � : : : � K

and that each voter is correct with probability p.k; k0/ D p.k0; k/ when comparing
k and k0. I suppose that these mistakes are independent from one voter to another.
The alternative number one, the “true” best alternative will be called the Rousseau
alternative.

I use the two-parameter formulation of Truchon and Drissi-Bakhkhat (2004) and
Truchon (2008) which states that for some ˛ 	 0 and ˇ 	 0, for all k < k0, the
mistake probability is the following function of the rank difference k0 � k:

p.k; k0/ D e˛Cˇ.k0�k�1/

1C e˛Cˇ.k0�k�1/
:

Note that for k < k0:
1=2 
 p.k; k0/ < 1:

I suppose that each voter gives one consistent opinion on each pair: if individual i
reports that she prefers k to k0, she does not also reports that she prefers k0 to k.
But I do not require the individual to be consistent across pairs: If i reports that she
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prefers k to k0 and k0 to k00, she may reports that she prefers k00 to k (of course
this implies that she has made at least one mistake). This framework is called the
Rousseauist culture of size .n;K/ and parameters .˛; ˇ/.

The information reported by each individual is therefore a tournament (complete
and asymmetric binary relation) over the set of alternatives The most likely reported
tournament is the true ranking of the alternatives.

For ˇ D 0 the probability of a mistake does not depend on the ranks of the
alternatives, as in Young (1988). The above model with ˇ 	 0 is more flexible
and it seems reasonable to postulate that the probability of an error is larger when
comparing two alternatives closer one to each other in the true underlying ranking.
When ˇ or ˛ is large, p.k; k0/ tends to one, which means that the voter’s expertise
is very good.

With a number n of voters, the individual preferences over pairs of alternatives
define a vote matrix M of size K � K , in which the entry mk;k0 is the number of
voters who prefer k to k0, with mk;k0 Cmk0;k D n. For convenience one can define
on the diagonalmk;k D n=2.

A Condorcet winner can be defined in this framework:1 it is an alternative k such
thatmk;k0 	 n=2 for all k0. In the simulations I will always take n odd, so that there
is no need to distinguish strict from large inequalities in this definition. As usual a
Condorcet winner needs not to exist but, if it exists, it is unique.

Any rule based on pairwise comparisons may be computed in this framework.
For instance the Borda rule may be applied, even if some individual preferences are
not transitive: as it is well known, the Borda score of an alternative k is the sum:

bs.k/ D
KX

k0D1

mk;k0

and a Borda winner is and alternative with highest Borda score.2

13.2.2 Impartial Culture

The Impartial culture for n voters and K alternatives is obtained by choosing each
individual preference at random uniformly among the KŠ linear orderings of the
alternatives, and independently of the preferences of the other voters. One thus
obtains the uniform probability distribution over the set of profiles of linear orders.
In this culture, there is a complete symmetry among alternatives: learning some-
thing on the relative ranking by some individuals of some alternatives gives no
information on the other individuals or alternatives.

1 Even if some individual rankings are not transitive.
2 The reader will easily make the connection with the other, equivalent, definition of the Borda rule
using sum of ranks.
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This mathematically simple culture has been widely studied in the social choice
literature. For instance it is known that the probability in this culture of the exis-
tence of a Condorcet winner decreases with the number of voters and the number of
alternatives. See Gehrlein and Fishburn (1979) or Gehrlein (1997).

13.2.3 Distributive Cultures

Distributive cultures describe societies of complete antagonism. They are generated
as follows. One unit of a divisible good (a “cake”) has to be shared among n individ-
uals. Each individuals wants her share to be as large as possible, and does not care
about the other shares. The set of alternatives is here infinite, it is the n-simplex:

�n D
(

x 2 R
n W 0 � xi ;

nX

iD1

xi D 1

)

:

Theoretical models of redistributive politics (Lindbeck and Weibull 1987;
Myerson 1993; Lizzeri 1999; Laslier 2002; Laslier and Picard 2002) use eco-
nomic environments which are identical or related to this set of alternatives. There
is no obvious “natural” probability distribution over this set, and I will use several
such distributions, presented in the next paragraphs.

13.2.3.1 Consensual Redistributive Culture

Here, I use the projection on the simplex �n of the uniform distribution on the
cube Œ0; 1�n. This distribution is most easy to simulate: one chooses at random
(independently and uniformly between 0 and 1) numbers yk

i for i D 1; : : : ; n and
k D 1; : : : ; K and then computes

xk
i D yk

iPn
j D1 y

k
j

:

Ties can be neglected so that this process defines a random profile of linear orders
on K alternatives for n voters by setting

xk Pi x
k0 () xk

i > x
k0

i .

Note that even if this culture describes a situation of complete antagonism, it is
not clear wether alternatives in this culture are typically very unequal distributions
or close to the equal split. A first observation is that, when the number n of indi-
viduals is large, the probability distribution on �n tends to concentrate around the
point of equal division .1=n; 1=n; : : : ; 1=n/. This can be seen in the simulations by
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computing the standard deviation

d.x/ D
v
u
u
t1

n

nX

iD1

.xi � 1

n
/2

which is also the Euclidean distance between the point x and the equal division
.1=n; 1=n; : : : ; 1=n/. This random quantity tends, in expectation, to 0 when n is
large. (See the Appendix.) Therefore this culture may be seen as consensual, or even
egalitarian, because it describes a society who tends to imagine solutions to the pure
redistribution problem which are close (according to the Euclidean distance) to the
perfectly egalitarian one.

But inequality is usually measured not by the standard deviation but by specific
indices such as the Gini index of inequality. Let ui be the share of the i -th poorest
individual and let vi be the total share of the i -th poorest individuals:

u1 
 u2 
 � � � 
 un

vi D
X

j �i

uj :

In the case where the shares are all identical, ui D 1=n and vi D i=n. The increas-
ing numbers vi , for i D 1; : : : ; n, define the concentration of the distribution and
one can measure how concentrated (or “unequal”) the distribution is by the Gini
index

gini.x/ D 2

n

nX

iD1

�
i

n
� vi

	

:

This coefficient3 is between 0 and 1.
If one measures inequality by the Gini index of inequality, one reaches a different

conclusion: When n is large the expected value of the Gini index tends to 1/3. This
is a non-degenerated value and, arguably, a relatively small one. For these reasons I
chose to call this culture the consensual distributive culture. Figure 13.1 shows the
distribution of the values taken by this index in a society of 99 individuals.

Empirical averages for the standard deviation and the Gini index are provided in
Table 13.1.

13.2.3.2 Inegalitarian Distributive Cultures

In order to introduce these cultures, consider first that the scale of shares obtained
by the individuals is fixed and linear: the poorest individual gets some amount t , the

3 I use here a slightly simplified version of the Gini index. For a discrete distribution, the exact

formula is 2
n

Pn
iD1



i�1=2

n
� viCvi�1

2

�
.
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Fig. 13.1 Consensual distributive culture, 99 individuals: histogram for the Gini index

Table 13.1 Consensual distributive culture: standard deviation and Gini index depending on the
number of voters

n 3 5 11 49 99 999

Standard deviation 0.16 0.10 0.05 0.01 0:006 0:00006

Gini index 0.25 0.28 0.31 0.33 0:33 0:33

second poorest gets 2t , the third gets 3t , and so on up to the richest individual who
gets nt . Then the total amount is

.1C 2C � � � C n/t D n.nC 1/

2
t

and, in order that the individual shares add to 1, one sets t D 2
n.nC1/

.

A feasible alternative is the assignments of these shares to individuals. There are
thus nŠ different possible alternatives. This defines a culture if these fixed shares
are randomly assigned to the individuals. One picks at random K of these redistri-
butions, independently and uniformly to define the linear-inegalitarian distributive
culture of size .n;K/: Note that in this culture, unlike the previous case the amount
of inequality is the same in any alternative.

Starting from this idea, one can generalize it and define more or less egalitarian
redistributive cultures by changing the linear scale .t; 2t; : : : ; nt/ to a non linear one;
then one can measure inequality by the usual Gini index. This is what I will do now.

To generate preference profiles, consider a one-parameter family of concentration
curves

x 7! xe

for e 	 1. In a society of n individuals with such concentration, the i poorest
individuals together get
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Table 13.2 Gini coefficient depending on the parameter e

e 1 1.2 1.5 2 3 4 5 6

Gini 0 0.1 0.2 0.33 0.5 0.6 0.66 0.7

vi D
�
i

n

	e

which means that the poorest individual has u1 D �
1
n

�e
, the second poorest has

u2 D �
2
n

�e � � 1
n

�e
, and so on up to the richest individual who has un D 1� �n�1

n

�e
.

The inequality of such a redistribution depends on e (it is approximately inde-
pendent of n). The Gini coefficients are given in Table 13.2.

Typical real values for the Gini index of income distributions at the national level
are 0.25 in Sweden, 0.33 in France, 0.45 in the US, 0.59 in Brazil and more than 0.7
in some African countries.

I define the .emin; emax/-inegalitarian distributive culture of size .n;K/ as fol-
lows. For each k independently (with 1 
 k 
 K) a parameter ek is picked at
random uniformly on the interval Œemin; emax�, then alternative k is chosen according
to the concentration parameter ek , by assigning randomly the specified shares to the
individuals.

As mentioned above, distributive cultures are interesting models of Politics: an
alternative is a political platform that offers some amount to the different voters.
One problem with this approach is that it is not reasonable to imagine that actual
political platforms can target individual voters one by one. But certainly they can
target social groups. To this respect, remark that the distributive culture introduced
in this section well describes a situation where there are not n individuals but n
groups of individuals, the groups being of equal size. Each of theK candidates then
chooses to favor more or less the various groups. For this reason I find pertinent, as
a model of large politics, to consider inegalitarian distributive cultures for relatively
small values of the parameter n.

13.2.4 Spatial Cultures

These cultures stem from the spatial theory of voting. In the Euclidean space R
d

with d dimensions, each voter i has a bliss point !i and a utility function defined
on R

d which is decreasing with the distance to !i :

ui .x/ D � kx � !i k

An alternative is a point in R
d . A culture is defined by the number of dimen-

sions d and the probability distributions for n bliss points and K alternatives. The
next paragraphs describe the spatial cultures that will be considered in this paper.



318 J.-F. Laslier

13.2.4.1 Uni-dimensional Spatial Culture

As it is well known, for d D 1, a preference profile generated by the above single-
peaked utility functions always has a Condorcet winner, which is the available
alternative closest to the median bliss point (see for instance Austen-Smith and
Banks 1999 for details). This culture is an easy way to generate profiles with this
property. In the simulations I pick bliss points at random uniformly in the interval
Œ0; 1�.

13.2.4.2 Multi-dimensional Cultures

With more than one dimension, it may be the case or not that a Condorcet winner
exists. From the theory (McKelvey 1986), one may expect that (as soon as there
are more than three voters) if the number of candidate is large, the probability that
one of them is a Condorcet winner becomes very small; but this clearly cannot be
true in general and indeed depends on the probability distributions on bliss points
and alternatives. For simplicity I will use only uniform distributions over bounded
boxes (intervals, rectangles; : : :), with the same probability distributions for bliss
points and for alternatives.4

If the box is very thin, then the profiles become similar to one-dimensional
profiles. If the rectangle or the box is far from degenerated, the uniform choice
of bliss points and alternatives may lead to think that, if the numbers of voters
and alternatives are large, the profile can be qualitatively described by a model
with a continuum of voters and alternatives uniformly distributed. This conver-
gence question is a delicate theoretical issue. McKelvey and Tovey (2010) study
the convergence problem in the case of the Yolk and Tovey (2010) provides further
mathematical insights on the same problem. The simulation results presented below
give some empirical clues for this question.

13.3 The Decision Process: Voting Rule and Behavior

I will be essentially interested in Plurality rule, the Borda rule, the Copeland
rule and Approval Voting, when voters vote sincerely or strategically. Strategic
behavior is introduced in a heuristic way as “responsive voting” without reference
to equilibrium considerations.

4 Multi-dimensional Gaussian distributions are another option, used by Merrill (1984) for simula-
tions and by Laslier (2006) for the theory.
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13.3.1 Sincere Voting

I consider three voting rules for which sincere behavior is defined naturally and
without ambiguity. The Plurality rule, the Borda rule and the Copeland rule, a
familiar Condorcet-consistent aggregation rule. For Approval Voting, sincere voting
(in the usual definition) does not provide a well-specified behavior. Behavior under
this rule must be responsive and is thus described in the next section.

For a profile of strict preferences, the Plurality score of an alternative k is sim-
ply the number of individuals whose best-preferred alternative is k. Plurality rule
defines as winners the alternatives with largest plurality score. If preferences are not
strict, the definition is naturally completed by saying that if d distinct alternatives
tie at the first rank in an individual preference ordering, then this individual gives, in
the Plurality count, 1=d point to each of them. If the individual preferences are not
transitive, the Plurality rule has no straightforward extension and I shall not use it.

Some pieces of notations will be useful. Recall thatmk;k0 denotes the number of
voter who (sincerely) prefer alternative k to alternative k0. The collum-sum of the
matrix M D �

mk;k0

�
provides the candidates’ Borda scores.

bs.k/ D
KX

k0D1

mk;k0 :

Replacing the matrix M by the matrix T D �
tk;k0

�
, with

tk;k0 D
�
1

0

if mk;k0 > n=2

if not

one obtains the “tournament” matrix where tk;k0 D 1means that a majority of voters
prefers k to k0. The Copeland score cs.k/ of an alternative k is the number of other
alternatives k beats. It is easily computed from the tournament matrix.

cs.k/ D
KX

k0D1

tk;k0

whose possible values ranges from 0 if k is a Condorcet loser toK�1 if k is a Con-
dorcet winner. A Copeland winner is an alternative with maximal Copeland score.
If there exists a Condorcet winner, this alternative is the unique Copeland winner.

13.3.2 Responsive Voting

Here the voters respond to an announced candidate score vector. The proposed
reaction functions are derived from the theory of strategic voting: the voter holds
some belief on the other voters’ actions and rationally responds to this belief. The
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available information is essentially the same for all voters: it is a public signal about
the popularity of the various candidates. In reality, such a signal is derived from the
results of previous elections, from pre-electoral polls, or from any similar public
information. Although different behaviors may appear as “rational” behavior within
some fully specified game-theoretic models, the choices made here have the advan-
tage of being comparable among different voting rules and cultures. In particular
the public signal always takes the form of an announced ranking of the candidates.
I do not need to suppose that a voter knows the other voters’ preferences, or holds
beliefs about them. In order to know what to do, a voter only has to figure out what
the others do.

The important point is that individual rational behavior cannot be defined, except
in general terms, knowing only the preferences. The answer to the question “Is it
rational for me to cast this ballot” depends on what I believe the other voters decide.
It follows that a simulation approach to strategic voter behavior has to take the form
of what is called here “responsive voting.”

13.3.2.1 Plurality Voting

Given announced scores for the various candidates, the voter votes for her preferred
candidate among the two candidates with highest scores. If ties occur at the first
places in the score vector, I introduce a small noise in the score vector to randomly
break the ties and let the voter decide among two candidates only. Then, clearly,
votes gather on two candidates only. If one of these two candidates is a Condorcet
winner then this candidate wins, but it is possible that a Condorcet winner exists
but votes nevertheless gather on other candidates. More exactly any candidate k
except a Condorcet loser can be elected, provided that people believe that votes
gather on k and some other candidate k0 which is losing in front of k according to
majority rule. On that point, see Cox (1997) and Myerson (2002) for the theory and
Blais et al. (2008) for experiments. The theory, if not predictive, delivers a clear-cut
message here, the path-dependence effect is so important that simulation work does
not appear to be of interest. I will therefore not study strategic response in the case
of Plurality voting.5

13.3.2.2 Approval Voting

I use the strategic best-response function introduced and justified in Laslier (2009).
Given approval scores for the various candidates (and if there are no ties in the first
places) the voter considers the top-ranked candidate k1, the “leader.” She votes for or

5 Lehtinen (2008) studies Plurality and Approval in some three-alternative societies, with voters’
out-of-equilibrium beliefs based on perturbation of sincere voting vote shares. He concludes that
Approval voting has a high utilitarian efficiency and Plurality has a low utilitarian efficiency, which
is improved by strategic behavior. See also Lehtinen’s contribution in this volume.
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against the other candidates by comparing them to k1. In order to decide whether she
votes for or against the leader k1 himself, she compares k1 to k2, the second-ranked
candidate (the “challenger”). (See the example below.)

This response function has a fixed point if and only if there exists a Condorcet
winner. In that sense, strategic approval voting is Condorcet-consistent. If there is
no Condorcet winner, the best response function is still well-defined, but the beliefs
have to be specified. In the simulations I compute the first five iterations of this
function, starting from a Condorcet-consistent sincere rule (I report on the Copeland
rule, but using other Condorcet-consistent rules leads to the same conclusions). If
there is a Condorcet winner, this candidate will not be defeated, and if there is no
Condorcet winner, the procedure has no fixed points but looking at the first iterations
may give a sense of what alternatives are selected by a society of strategic voters
using approval voting.

13.3.2.3 Borda Voting

I use the following response function, which is inspired from the previous one and
could probably receive the same strategic justification. Given Borda scores bs.k/
of the various candidates k, and if there are no ties, the voter considers in turn
k1; k2; : : : ; kK the candidates ordered according to the score vector bs. First she
compares the leader k1 to his main challenger k2. If she prefers k1, she puts k1 at
the first place in her ballot and k2 at the last place, thereby giving as many points as
possible to k1 and as few points as possible to k2. If she prefers k2 to k1 she does
just the contrary. Then she turns to k3, the third-ranked candidate in bs. She only
compares k3 to k1, because if there is to be a tie between two candidates involving
k3, it will most likely be a tie between k3 and k1. If she prefers k3 to k1, she gives as
many points as possible to k3, and if she prefers k1 to k3, she gives k3 as few points
as possible. She will thus put k3 in her ballot in the position 2 or in the position
K � 1. Then she continues filling her Borda ballot this way until all the candidates
have been compared with k1.

Up to my knowledge, this heuristics has not been published for the study of
strategic behavior under Borda rule. It amounts to suppose that the voter considers
that the most likely ties are ordered by the score vector: fk1; k2g is by far the most
likely, followed by fk1; k3g, fk1; k4g, etc.

13.3.2.4 Example

Suppose that there are five candidates A;B;C;D;E and that the announced score
vector ranks the candidates as follows:

s.C / > s.A/ > s.B/ > s.D/ > s.E/

Consider an individual whose preference Pi is:

A Pi B Pi C Pi D Pi E
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� Under Plurality rule this individual will compare the leading candidates C to his
challenger A, and therefore vote “A” because she prefers A to C .

� Under Approval Voting, she will vote “fA;Bg”: The leader is C , thus A and B
are approved because they are better than C , and D and E are not approved
because they are worse than C . And C himself is not approved because he is
worse than the main challenger (A).

� Under the Borda rule (with the scale 4; 3; 2; 1; 0) she will give 4 points to A, 0
points to C , 3 points to B , 1 points to D, 2 points to E , thereby submitting the
Borda-style ballot “A � B � E � D � C .”

13.3.2.5 Discussion

The reaction functions that I use are not the only possible ones but they have
the advantage of being derived from the same idea, which is prominent in the
strategic voting literature: each voter considers that his vote is going to make a
difference in the case of a tie between two candidates and responds individually
to her subjective beliefs about the chances of the candidates by considering the
likelihood of possible ties.

I suppose that all voters simultaneously respond to the same belief, defined by a
score vector. The interpretation is natural here in terms of pre-election polls. This
way of doing has the advantage that it makes possible to study strategic behavior
out of equilibrium.

13.4 Results

I present (when possible) results for the winning alternative with sincere and respon-
sive voting under Plurality, Borda, Copeland and Approval Voting. For responsive
voting behavior, the winner may depends on the announced ranking of candidates
(the score vector) to which the voters react.

For Approval Voting, I choose to look at the iterated reactions starting from the
Copeland ranking of alternatives. This is because Approval Voting, to many respect
is a Condorcet-like voting method and Copeland is a Condorcet-consistent rule. For
Borda, I naturally chose to iterate starting from the sincere Borda ranking.

13.4.1 Results for Rousseauist Cultures

In this culture, sincere plurality voting is not well-defined6 and I thus concentrate on
the other rules. The first observation is that if the number of voters is large, because

6 Because individual preferences need not be transitive.
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Table 13.3 Rousseauist culture: probability of a Condorcet (a Condorcet–Rousseau) alternative
for five voters and five alternatives

�
n D 5

K D 5

	
ˇ D 0 ˇ D 0:3 ˇ D 0:5 ˇ D 0:7 ˇ D 1

˛ D 0 0.31 (0.07) 0.40 (0.20) 0.52 (0.30) 0.60 (0.36) 0.69 (0.42)
˛ D 0:4 0.41 (0.22) 0.63 (0.43) 0.74 (0.52) 0.81 (0.58) 0.86 (0.62)
˛ D 0:7 0.54 (0.40) 0.78 (0.61) 0.86 (0.68) 0.90 (0.72) 0.93 (0.75)
˛ D 1 0.70 (0.60) 0.87 (0.76) 0.92 (0.81) 0.96 (0.84) 0.98 (0.86)

Table 13.4 Rousseauist culture: probability of a Condorcet (a Condorcet–Rousseau) alternative
for 5 voters and 11 alternatives

�
n D 11

K D 5

	
ˇ D 0 ˇ D 0:3 ˇ D 0:5 ˇ D 0:7 ˇ D 1

˛ D 0 0.32 (0.06) 0.48 (0.29) 0.61 (0.39) 0.69 (0.44) 0.74 (0.48)
˛ D 0:4 0.47 (0.33) 0.78 (0.62) 0.88 (0.69) 0.91 (0.72) 0.93 (0.74)
˛ D 0:7 0.69 (0.61) 0.92 (0.81) 0.95 (0.85) 0.97 (0.86) 0.98 (0.87)
˛ D 1 0.87 (0.83) 0.98 (0.94) 0.99 (0.95) 0.99 (0.95) 1.0 (0.95)

they are supposed to be independent, all voting rules detect the Rousseau winner
with a high probability. I thus focus attention on small size societies (or “juries”)
and take I D 5 and I D 11.

Such a profile may have a Condorcet winner or not, but it is important to keep
in mind that even if there exists a Condorcet winner, this alternative may different
from the true best alternative, the “Rousseau” one. Tables 13.3 and 13.4 show, for
the case of K D 5 alternatives and n D 5 or 11 voters, the probability of the event
“there exists a Condorcet winner” and, in brackets, the probability of the event “the
Rousseau alternative is a Condorcet winner.” These probabilities have been esti-
mated from 1,000 draws of the above model. For instance, for ˛ D 0:4 and ˇ D 0:5

(the values I will use later) and for n D K D 5, in 74� 52 D 22% of cases there is
a Condorcet winner but this candidate is nevertheless the “wrong” one.

In order to evaluate voting rules and behaviors in such cultures, it is natu-
ral to observe the rank, according to the true ranking, of the chosen alternative.
For Copeland rule and for Borda rule, this is well defined. For responsive voting
behavior, this depends on the score vector to which the voters react.

For Approval Voting, I look at the iterated reactions starting from the Copeland
ranking of alternatives. For Borda, I naturally iterate starting from sincere Borda
ranking.

Some results are reported in Tables 13.5 and 13.6. These tables report average
ranks so, in reading them, one is interested in having ranks as small as possible.

Intuitively, in such cultures, applying the Borda rule seems a better way to dis-
cover the best alternative than applying Condorcet-consistent choice rules, for the
following reason.

If the randomly generated profile is very homogeneous and close to the true
ranking, then all voting rules should agree. The difference between voting rules
thus comes from the cases where enough mistakes have been done by the voters
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Table 13.5 Rousseauist culture: average rank of the chosen alternative for five alternatives

˛ D 0:4; ˇ D 0:5; K D 5 n D 5 n D 11

Pr. of Condorcet 0.745 0.877
Pr. of Rousseau–Condorcet 0.518 0.693

Rule Average rank Average rank

Copeland 2.05 1.727
AV1 1.724 1.384
AV2 1.769 1.441
AV3 1.405 1.235
AV4 1.661 1.366
AV5 1.759 1.444
Borda 1.268 1.116
Borda 1 2.586 2.832
Borda 2 1.557 1.342
Borda 3 2.140 2.155
Borda 4 1.605 1.403
Borda 5 1.901 1.654

Table 13.6 Rousseauist culture: average rank of the chosen alternative for 15 alternatives

˛ D 0:4; ˇ D 0:5; K D 15 n D 11

Pr. of Condorcet 0:865

Pr. of Rousseau–Condorcet 0:670

Rule Average rank

Copeland 2:35

AV1 1:41

AV2 1:47

AV3 1:24

AV4 1:40

AV5 1:46

Borda 1:10

Borda 1 14:41

Borda 2 4:90

Borda 3 1:54

Borda 4 5:35

Borda 5 2:32

and, most importantly, from mistakes made when comparing the Rousseau winner
to other alternatives. Because the probability of mistake decreases with the rank
difference between alternatives, this probability is the largest when comparing the
Rousseau alternative to alternative number 2, the second-best one. It follows that the
probability that the Rousseau alternative is detected as a Condorcet winner may be
relatively low: as an extreme case (if ˛ D 0) one may have that voters are wrong
half of the time when comparing adjacent alternatives even if they are very skilled
at comparing distant ones.
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With the chosen parameters (˛ D 0:4; ˇ D 0:5; n small) one obtains 0.518,
0.693 and 0.670 in Tables 13.5 and 13.6. As a consequence, the performance of the
Copeland method is rather poor: the average rank of the Copeland winner is 2.05,
1.727, and 2.35.

The Borda rule also gathers information from other pairwise comparisons, so that
its performance is better than the performance of Copeland: The Borda winner has
average ranks of 1.268, 1.116 and 1.10 with the same parameters.

From the simulations, we also learn that the Borda rule, in this favorable frame-
work, behaves poorly with respect to manipulation, in contrast with Approval
Voting.

The lines “Copeland, AV1, AV2; : : : ;AV500 depict successive strategic responses
to the Copeland ranking, under Approval Voting. One can see that responsive voting
is here beneficial.

The lines “Borda, Borda1, : : :” depict the successive strategic responses to the
sincere Borda ranking. One can see that strategic behavior is here detrimental. This
phenomena is very spectacular in the line “Borda 1” of Table 13.6 (the average
rank is there 14.41 out of 15 candidates) and it can also be observed with a smaller
number of candidates. Here is the explanation.

Consider the case of four alternatives, with true ranking

1 > 2 > 3 > 4;

and suppose first that all the voters agree on that ranking. Then sincere Borda obvi-
ously provides the true ranking. But then the strategic response of any voter is to
rank the second alternative last, and to rank at the second place the least dangerous
alternative, that is the one with the lowest score, the alternative 4, the worst one.
This provides the (very un-sincere!) Borda ballot:

1 > 4 > 3 > 2:

Now suppose that a fraction " of the voters by mistake think that 2 is better than 1.
These voters tend to strategically rank 1 at the very last position, giving him as few
points as possible in the Borda count, precisely because 1 is ranked first and appears
thus as the most dangerous challenger for 2. Moreover those voters, just like the ones
who made no mistake, will also put at the second position alternative 4, casting the
Borda ballot

2 > 4 > 3 > 1:

The Borda score of alternative 1 (with the Borda scale 3, 2, 1, 0) is thus .1� "/ � 3C
" �0 D 3�3" and the Borda score of alternative 4 is .1�"/ �2C" �2 D 2: It follows
that, for " > 1=3, the alternative with highest Borda count is now alternative 4, the
worst one!

If there are only three alternatives, this phenomenon does not happen,7 but
if there are more alternatives, it becomes more frequent, even for small mistake

7 Many studies (Favardin et al. 2002; Myerson 2002; Lehtinen 2007) concentrate on three-
alternative cases, and thus miss this effect.
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Table 13.7 Impartial culture: probability of a Condorcet winner

(1,000 or 100 draws) n D 3 n D 5 n D 11 n D 99

K D 3 0:947 0:939 0:920 0:914

K D 5 0:840 0:826 0:746 0:755

K D 15 0:591 0:514 0:445 0:41

K D 50 0:41 0:24 0:20

probabilities. This situation occurs often in the simulation, which explains why the
first-order strategic Borda winner is very badly ranked in these cultures.

One can see how strategic thinking with the Borda rule gives rise to erratic behav-
ior, as reflected in these simulations. Of course this curious pattern is a consequence
of the extreme assumption that all the voters react strategically and simultaneously
to the same information. For instance the effect will be mitigated if some fraction
of the voters vote sincerely by principle. Borda himself defended his method by
saying that it is “intended for honest men.” This is a lucid remark, but one should
stress that, in the culture studied here, all voters share the same goal. Thus it is not
clear that they should be labelled as “dishonest” when trying individually to be as
efficient as possible in reaching the common will, even if they end up in a collective
failure to do so.

13.4.2 Results for Impartial Cultures

Table 13.7 provides the frequency of the existence of a Condorcet winner, for sev-
eral profile sizes. One can see that this probability decreases when the number of
candidates grows. To compare voting schemes in the impartial culture, Table 13.8
indicates (for 11 voters and for 3, 5 and 15 candidates) the probability for a given
voting scheme, to elect the (sincere) Borda winner.8 For very small values of K ,
there is in general a Condorcet winner and, most often, this alternative is also the
Plurality and the Borda winner and indeed the winner under most voting rules.
So figures for K D 3 are all very large. But when the number of individuals
grows, things are quite different. One can notice in particular that strategic voting
makes the Borda prediction totally unstable: forK D 15. According to the table, the
probability that the strategic response to sincere Borda voting still elects the Borda
winner is only 0.163.9

8 Ties are broken randomly so that the Borda winner is always unique.
9 Note that this has little to do with the probability that the Borda rule be manipulated, as usually
defined. Here all the voters vote responsively. Of course, if the number of individuals is not small,
the probability that a single vote makes a difference is tiny.
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Table 13.8 Impartial culture with 11 voters: probability of choosing the Borda winner

.n D 11/ K D 3 K D 5 K D 15

Pr. Condorcet 0.920 0.746 0.445

Rule (Borda)

Plurality 0.800 0.586 0.248
Copeland 0.889 0.780 0.696
AV1 0.857 0.703 0.426
AV2 0.857 0.682 0.435
AV3 0.889 0.770 0.569
AV4 0.857 0.721 0.491
AV5 0.857 0.686 0.447
Borda 1 1 1
Borda 1 0.863 0.514 0.163
Borda 2 0.846 0.690 0.545
Borda 3 0.879 0.547 0.388
Borda 4 0.860 0.698 0.464
Borda 5 0.852 0.690 0.489

Table 13.9 Consensual distributive culture: probability of a Condorcet winner

(1,000 or 100 draws) n D 3 n D 5 n D 11 n D 99

K D 3 0.751 0.790 0.752 0.761
K D 5 0.379 0.348 0.351 0.39
K D 15 0.004 0.005 0.002 0.00

13.4.3 Results for Consensual Distributive Cultures

Table 13.9 provides the frequency of the existence of a Condorcet winner, for var-
ious profile sizes. One can see that this probability tends quickly to 0 when the
number of candidates grows.

A specific feature of this culture is that the Gini index of inequality tends to 1/3
when the number n of voters tends to infinity. For instance, for n D 11, the expected
value of this index is 0:31. This is what would be obtained on average if there were
no vote but a random choice. Table 13.10 provides the average values of the Gini
index for the winning alternative according to different voting schemes. Note that
the three valueK D 3, 5, 15 chosen for the number of candidates give rise to prefer-
ence profiles which are quite different the ones from the others since the frequency
of Condorcet winners goes from 75% to 2%. In terms of inequality, one notices
that Plurality voting does slightly worse than a random choice whereas the other
schemes do slightly better.

The interpretation of these results must be related to the shape of the probability
distribution over the set of alternatives that this culture defines. The main question
that is raised when comparing voting rules in redistributive settings is to know to
what extend a voting schemes tends to select more or less egalitarian alternatives.
But in the consensual distributive culture, the probability distribution over the set of
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Table 13.10 Consensual redistributive culture with 11 voters: average inequality of the chosen
alternative

.n D 11/ K D 3 K D 5 K D 15

Pr. Condorcet 0.752 0.351 0.002

Rule Gini

Random choice 0.31 0.31 0.31
Plurality 0.32 0.36 0.40
Copeland 0.30 0.30 0.29
AV1 0.31 0.30 0.31
AV2 0.31 0.31 0.31
AV3 0.30 0.30 0.31
AV4 0.31 0.31 0.30
AV5 0.31 0.31 0.30
Borda 0.31 0.30 0.29
Borda 1 0.31 0.31 0.31
Borda 2 0.31 0.31 0.31
Borda 3 0.31 0.31 0.31
Borda 4 0.31 0.30 0.30
Borda 5 0.31 0.31 0.31

alternatives is such that existing alternatives tend to be similar to that respect. It is
therefore delicate to disentangle by simulation this effect from the effect of the dif-
ferent voting rules. Since there is no reason to believe that the consensual distributive
culture is close to any “real” culture (despite its mathematical simplicity), I con-
clude that one should rather use a different approach in order to study by simulation
the redistribution problem. This is why I introduced the other kind of distributive
cultures, called “inegalitarian distributive cultures,” which I will study now.

13.4.4 Results for Inegalitarian Distributive Cultures

For the simulations I chose the parameters

emin D 1:3

emax D 4:

With this values, the interval of possible values for the Gini index of inequalities
roughly covers the actual national values of this coefficient for income distributions.
But the Gini formula is not linear with the parameter e. With the uniform distribution
for the parameter e on the interval Œemin; emax�, one obtains a probability distribution
for the Gini index as depicted in Fig. 13.2.

Table 13.11 provides the probability of the existence of a Condorcet winner, for
various profile sizes. One can see that this probability varies a lot with the number
of candidates and, perhaps more surprisingly, the number of individuals.
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Fig. 13.2 Inegalitarian distributive culture: histogram for the Gini index

Table 13.11 Inegalitarian distributive culture: probability of a Condorcet winner

(1,000 or 100 draws) n D 3 n D 5 n D 11 n D 99

K D 3 0:803 0:800 0.825 0.941
K D 5 0:419 0:403 0.500 0.81
K D 15 0:013 0:013 0.029 0.21
K D 50 0:00 0:00

Voting rules and behaviors are compared with respect to the degree of inequality
proposed by the winning candidate, measured by the Gini index. Table 13.12 shows
such results for the case of n D 11 individuals (or 11 groups of individuals of equal
size). One can see that Plurality rule behaves very poorly, indeed worse than the
mere random choice of an alternative.

This is an interesting observation, and an argument against Plurality voting with
three or more candidates. The phenomenon is spectacular when the number of voters
and candidates is large. For instance with n D 99 voters andK D 15 candidates, the
plurality winners has an average Gini index of 0.57, whereas a random choice yields
0.42. The intuition is that in order to be the preferred alternative of several voters,
a candidate must propose to each of them more than what is proposed by the other
candidates. In order to do so, the candidate should propose very small shares to the
voters which are not targeted, hereby proposing a relatively unequal distribution.
Following this mechanism, in this setting, Plurality rule promotes inequality.

Other voting rules, such as Copeland and Borda do not suffer this pathology and
designate alternatives with smaller Gini index. Voter strategic behavior in that case
is detrimental to equality, although not as detrimental as sincere Plurality.



330 J.-F. Laslier

Table 13.12 Inegalitarian redistributive culture with 11 voters: average inequality of the chosen
alternative

.n D 11/ K D 3 K D 5 K D 15

Pr. Condorcet 0.825 0.500 0.029

Rule Gini

Random choice 0.42 0.42 0.42
Plurality 0.42 0.47 0.54
Copeland 0.36 0.32 0.26
AV1 0.36 0.35 0.35
AV2 0.36 0.35 0.37
AV3 0.36 0.34 0.36
AV4 0.36 0.34 0.36
AV5 0.36 0.35 0.35
Borda 0.36 0.32 0.26
Borda 1 0.36 0.39 0.40
Borda 2 0.36 0.35 0.36
Borda 3 0.36 0.37 0.36
Borda 4 0.36 0.35 0.36
Borda 5 0.36 0.36 0.35

13.4.5 Results for Spatial Cultures

13.4.5.1 Results for Uni-dimensional Culture

Results for the uni-dimensional case are reported in Table 13.13 for n D 11 voters.
This table indicates for the various rules how frequent is the election of the Con-
dorcet winner. Since a Condorcet winner always exists in this culture, the Copeland
rule and the Approval Voting responses to the Copeland ranking always elect the
Condorcet winner.

Plurality does not often elects the Condorcet winner. Note that, since positions
are chosen at random and uniformly, up to some border effects, all candidates are
equally likely to be chosen by the Plurality rule.

The Borda rule does much better under sincere voting than Plurality. The iterated
strategic responses to the Borda ranking do very badly in the first iteration, as was
already seen in previous sections but the situation here improves with successive
iterations.

In spatial cultures, it makes sense to consider large numbers of voters. Further
exploration in this direction, which are not reported here, confirm the above findings.

13.4.5.2 Results for Multi-dimensional Culture

Results for a uniform two-dimensional case are reported in Table 13.14 for n D 11

voters. Bliss points and alternatives are drawn from a rectangle of size 1 � 0:5. In
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Table 13.13 Uni-dimensional culture with 11 voters: probability of choosing the Condorcet
winner

.n D 11/ K D 3 K D 5 K D 15

Pr. Condorcet 1 1 1

Rule (Condorcet)

Plurality 0.736 0.528 0.305
Copeland 1 1 1
AV1 1 1 1
AV2 1 1 1
AV3 1 1 1
AV4 1 1 1
AV5 1 1 1
Borda 0.868 0.777 0.616
Borda 1 0.850 0.508 0.158
Borda 2 0.996 0.557 0.166
Borda 3 0.983 0.732 0.223
Borda 4 0.999 0.739 0.271
Borda 5 0.998 0.806 0.340

Table 13.14 Bi-dimensional rectangular culture with 11 voters: probability of choosing the
Condorcet winner

.n D 11/ K D 3 K D 5 K D 15

Pr. Condorcet 0.989 0.966 0.833

Rule (Copeland)

Plurality 0.782 0.538 0.233
Copeland 1 1 1
AV1 0.989 0.966 0.833
AV2 0.989 0.966 0.833
AV3 0.989 0.998 0.935
AV4 0.989 0.967 0.860
AV5 0.989 0.966 0.841
Borda 0.874 0.538 0.624
Borda 1 0.861 0.479 0.122
Borda 2 0.988 0.500 0.133
Borda 3 0.966 0.661 0.316
Borda 4 0.990 0.674 0.393
Borda 5 0.965 0.753 0.476

this cultures, it is possible that no Condorcet winner exist, but this is a rare phe-
nomenon if the number of alternatives is not large. I therefore take as a reference
point a Condorcet-consistent voting scheme: the Copeland rule. This table indicates
for the various rules how frequent is the election of the Copeland winner. Since a
Condorcet winner often exists in this culture, the Copeland rule and the Approval
Voting responses to the Copeland ranking usually coincide (and elect the Condorcet
winner).
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Plurality behaves differently Note that, since I choose positions at random and
uniformly, up to some border effects, all candidates are equally likely to be chosen
by Plurality rule.

The Borda rule does much better under sincere voting than Plurality. The iterated
strategic responses to the Borda ranking do very bad in the first iteration, as was
already seen in previous sections when the number of candidates is not very small
but the situation here improves with successive iterations.

In spatial cultures, it makes sense to consider large numbers of voters. Further
exploration in this direction confirm the above findings One point should never-
theless be stressed. With uniform probability distributions on boxes, drawing a
large number of points tends to produce ever more symmetric patterns. Empiri-
cal distributions tend to resemble the uniform continuous distribution, which is a
very specific situation (mistakenly considered as “general” by Tullock 1967). For
instance, here are some results obtained in the four-dimensional culture on the box
1 � 1 � 1 � 1. With K D 3 alternatives and n D 5 voters a Condorcet winner
exists most often (observed frequency: 97%). Increasing the number of alternatives
makes this frequency decrease, in conformity with the “chaos” ideas of Spatial Vot-
ing theory. With K D 50 alternatives, the observed frequency is 46%. But picking
uniformly many voters makes this frequency increase. With K D 50 alternatives
and n D 99 voters, the observed frequency is 91%.

Note finally that the above study of multi-dimensional cultures is restricted to
uniform choices in rectangles. This introduces a symmetry with respect to the center
of the boxes, but this symmetry is not essential to the notion of spatial preference
profiles. We therefore have restricted our attention to a very particular, and maybe
specific case. It would be interesting to go beyond that case and to study spatial
patterns justified by political questions rather than by mathematical simplicity.

13.5 Conclusion

This study confirms what has been observed theoretically and empirically: (1) Vot-
ing rules exist that improve substantially on Plurality rule. (2) Apart the voting rule
itself, the behavior of voters is of primary importance to predict the outcome of an
election and therefore to assess the quality of a voting rule.

One point that is emphasised by these simulations is that the way we should
judge voting rules depends also on the context. What are the numbers of voters and
options? What are these options? Are we dealing with a problem of shared inter-
est or a conflict? All these questions are relevant and suggest new observations. For
instance, we noted that Plurality rule tends to promotes unequal sharings in distribu-
tive problems. We noted that sincere Borda voting is very efficient is a certain kind
of Jury problem.

With respect to strategic voting, it appears that the use of the Borda rule may
generate substantial perverse effects, in particular if there are many alternatives
on the agenda. Comparatively, Approval voting does not seem to generate such
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pathologies. This may be related to the fact that strategic behavior under Approval
Voting is usually sincere (in fact in the model which was used, such is always the
case) according to the usual definition of sincerity for Approval Voting (“If you
approve A and not B then you prefer A to B”). On the contrary, strategic behavior
under the Borda rule may produce very un-sincere votes.

Appendix

Standard Deviation in the Consensual Distributive Culture

The variables yi , i D 1; : : : ; n are independent and uniform on Œ0; 1�. Let s DPn
iD1 yi and xi D yi=s. The standard deviation d.x/ of x is such that

d.x/2 D 1

n

X

i

�
yi

s
� 1

n

	2

D 1

s2

1

n

X

i



yi � s

n

�2

When n tends to infinity, the sum 1
n

P
i

�
yi � s

n

�2
tends to the theoretical variance

of the uniform distribution on Œ0; 1�, that is a fixed positive number. Because, s=n
tends to the expected value 1=2, one can see that d.x/ tends to 0 as n�1.

Gini Index in the Consensual Distributive Culture

The index is:

gini D 2
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where vi denotes the (partial ordered) sum of the i smallest values of the n variables
described above. One can write
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The first term tends to 1. For the second term, note that
Pi

j D1 ui ' i2=.2n/ and
Pn

iD1 i
2 ' i3=3. Thus the second term tends to 2/3 and one can see why gini tends

to 1/3.
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Experiments



Chapter 14
Laboratory Experiments on Approval Voting

Jean-François Laslier

14.1 Introduction

This chapter reviews the experimental work about Approval Voting which follows
the now standard practice of Experimental Economics. The principle of Experimen-
tal Economics is to observe individual behavior in situations where the experimenter
can control individual preferences. The classical way to induce and control prefer-
ences is to use money, that is to pay the subjects more or less, depending on what
they do and, in group experiments, what the other subjects do. This methodology
has slowly gained popularity among the economists and is summarized in several
classical references (for instance Davis and Holt 1993; Kagel and Roth 1995).

Although there also exist experiments designed to study the behavior of political
parties, economic experiments about voting essentially deal with voter behavior, and
this will be my focus here. Typically, each participant is instructed of how much
money he or she will personally earn, depending on the option chosen by the group
through some voting procedure. The act of voting is therefore quite similar, in the
lab, to what it is in the real life. By chosing the payoff scheme, the designer of the
experiment builds in the lab a “small world” that is supposed to mimic some feature
of the real world. For instance the experimenter can mimic a society divided in two
by deciding that there are two options only, and some participants will earn a lot if
one option is chosen and nothing if the other option is chosen, and conversely for
the other participants. Several of these preference profiles will be mentionned in the
sequel.

A key-stone result of the political theory of electoral systems is Maurice
Duverger’s statement that proportional representation creates conditions favorable
to foster multi-party development, while a plurality system tend to favor a two-
party system (Duverger 1951). This statement rests on the consideration of voter’s
behavior and specifically on the idea that, under the plurality rule, voters will
not vote for candidates who have no chance to win the election. Voters deserting
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non-viable candidates in turn implies that the political supply, that is the set of can-
didates who run for office, as well as their political platforms, is in part determined
by the voting rule.

It is therefore clear that the question of voters’ behavior in front of different
voting rules has important implications for political science. Unfortunately, the co-
determination of the political supply and of the voter behavior makes it is difficult
for historical or sociological research to tackle the counterfactual question of how
voters would behave if the electoral system were changed. And, obviously, the prob-
lem is not simpler dealing with a voting rule (like approval voting) which is seldom
used in practice.

For these reasons, pure theoretical research, in the manner of formal economic
theory, has been called to analyse the possible consequences of voters’ behavior
under different voting rules (Riker 1982; Cox 1997). In particular, game theorists,
who are used to the intricacy of rational behavior in collective situations, have
applied their methodology and worked under the hypothesis of more or less per-
fectly rational voters (Moulin 1983; Myerson 1993, 1995; Austen-Smith and Banks
1996; Taagepera 2007). Formal theory has contributed to our understanding of vot-
ing rules by following the lead of strategic voting as a key factor to explain actual
behavior, and maybe to predict behavior in new situations.

The results obtained in this field by formal political science mainly confirm and
precise Duverger’s claims, but the methodology of formal analysis raises two prob-
lems: a validity question about the rational voter hypothesis, and an epistemological
question about equilibrium predictions or absence of predictions.

As to the first problem, many authors in political science have questioned the
assumption that voters act rationally (for instance Lazarfeld et al. 1948; Delli
Caprini and Keeter 1991; Sniderman et al. 1991; Sniderman 1993; Lupia and
McCubbins 1998; Kuklinski and Quirk 2000). Since this assumption is made in
most formal models, the critic tends to extend to the whole methodology of for-
mal theorizing (Green and Shapiro 1994). Empirical investigation on that point has
provided mixed evidence and both the idea that voters are purely determined and
the opposite idea that they are perfectly autonomous and rational contains a part
of empirical truth (Blais 2000, 2002, 2004; Blais and Bodet 2006). But a detailed
description and understanding of when and why some voters engage in strategic
considerations when voting is still lacking.

The second problem is less often raised but not less important. The rationality
postulate may be difficult or impossible to test because its consequences are not
well-defined. The usual practice in micro-economics and game theory is to look for
Nash equilibria. A Nash equilibrium is a situation in which each individual action is
specified,1 and such that any intelligent player who would be told what the other are
doing would not wish to change his action (Myerson 1991). Unfortunately, it turns
out that, in many voting games, there are a plethora of Nash equilibriua, and almost
anything can happen in a Nash equilibrium. For instance, if voters are only interested
in the result of the election and vote according to plurality rule, the prediction

1 An “action” can be a random choice, in which case a probability distribution must be specified.
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that a given candidate receives no vote is always part of a Nash equilibrium. The
announcement to voters that no-one is voting for this candidate is self-fulfilling, for
it confirms voters in their intention to desert this candidate. Consequently, the Nash
equilibrium concept should be viewed as a minimal rationality requirement but not
as a predictive theory. This problem points to a fundamental incompleteness of the
rationality paradigm in interactive situations. It has given rise in game theory to the
development of the concepts of equilibrium refinement, which aim at making more
precise predictions by ruling out some Nash equilibria.

Note that if the multiplicity of equilibrium is only an artifact of the rational
paradigm, then it is just a methodological problem for the users of this paradigm,
and people interested in results rather than technical problems can leave it to techni-
cians. But if the multiplicity of equilibrium describes some true feature of the voting
mechanisms, then it is of some importance for political science. The idea that voting
in a democracy expresses some true will of the society implies that the result of an
election should relate to the fundamentals of this society, that is to individual voters’
will. It is hardly compatible with the idea that the outcome of the election cannot be
predicted from individual opinions.

Theorists working within the rational voter paradigm have recognized these diffi-
culties, which all call for a finer understanding of what could be the actual behavior
of possibly strategic voters. On the conceptual side they studied refinements of equi-
librium for voting situations (Myerson and Weber 1993; Myerson 2002; De Sinopoli
et al. 2006; McKelvey and Patty 2006; Laslier 2009). On the empirical side they
designed experiments in which the voters’ decisions can be carefully observed.

This paper is a survey about laboratory experiments on approval voting. It leaves
aside observation of AV in some real situations (see Brams and Fishburn 2005) as
well as framed field experiments (see Alós–Ferrer and Granić 2010; Baujard and
Igersheim 2010). I report on three sets of experiments, which differ with respect to
the preference profile they use. The next section is devoted to experiments by Baron
et al. (2005) on a “Divided society”; Sect. 14.3 is devoted to the seminal experi-
ments of Forsythe et al. (1996) on the “Split majority”; and Sect. 14.5 is devoted to
experiments by Van der Straeten et al. (2010) on the “Single-peaked domain”. The
last section concludes.

14.2 Experiments on a Divided Society

14.2.1 The Preference Profile

As to the outcome of approval voting election, the main prediction to be tested is
that this method tends to favor consensual outcomes. The mechanism at work is
very simple and can be seen on the following, basic example. The society is split
into two groups of voters, say A and B , of equal size. There are three alternatives,
a b, and c. Alternative a favors group A and is detrimental to group B , conversely,
alternative b favors group B and is detrimental to group A. The third alternative, c,
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Table 14.1 Payoffs for the experiments in Baron et al. (2005)

Voter type Number of voters a b c

“A” 28 10 0 6
“B” 28 2 12 8

Table 14.2 Proposals for the first experiment in Baron et al. (2005)

Income of group A Income of group B

a Increased by 10% Increased by 2%
b Increased by 0% Increased by 12%
c Increased by 6% Increased by 8%

is equally appreciated by both groups as a rather good choice, but not as good as
each group’s favorite alternative; alternative c is the consensual one, and the best
alternative from the point of view of the whole society.

In Table 14.1 is an example of a payoff scheme leading to such a preference
profile. This scheme is used by Altman et al. (2005) in their laboratory protocol, that
will be described in this section. But prior to describing this laboratory experiment,
it is useful to first describe a preliminary experiment done by the same authors on
the internet.

14.2.2 First Protocol, on the Internet

A first experiment made by Altman, Baron and Kroll does not use money. It takes
place on the internet, the groups are abstract and the alternatives are presented as
favoring more or less “people who live in your country” and “people who live in
another country of the same size”. More exactly, the participants were asked to
assume the following.

� The economic effects are all that matter in this vote.
� You make $10,000 per year (in the currency of that time).
� The groups are similar in their standard of living.
� About half of the voters in each group actually vote.
� You are always in group A.

The three proposals are described as in the Table 14.2, with variations in the
figures that maintain the qualitative comparison among options.

14.2.3 Results of the Internet Protocol

If voters can vote for only one option, then 66% vote for the proposition a, that
favors their own group, 4% vote for the opposite proposal b, and 30% vote for the
consensus c. If we imagine the two groups to behave in the same way, the selfish
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proposals a and b will receive .66 C 4/=2 D 35% each, to be compared with the
30% received by the consensus. Consequently, a selfish proposal will be chosen.

With approval voting, the results are:

fag W 36%; fbg W 2%; fcg W 16%; fa; bg W 2%; fa; cg W 42%; fb; cg W 1%

so that the approval scores are:

a W 80%; b W 5%; c W 59%

If we imagine the two groups to behave in the same way, the selfish proposals a and
b will receive .80 C 5/=2 D 42:5% to be compared with the 59% received by the
consensus: the consensual option is chosen.

So one can observe that, in such a situation, using approval voting rather than
standard voting increases the support for the consensual option c.

14.2.4 Second Protocol, in the Laboratory

The previous protocol did not allow for any control of the participants’ preferences
and is thus subject to the usual criticisms of opinion surveys: participants are asked
how they would react in some (very!) hypothetical situation and their answer is of
no consequence. So why should we trust their answers?

In a second experiment by the same authors, participants are paid. Moreover,
instead of abstract A and B , the groups are real too since the students are recruited
at two American universities (the University of Pennsylvania and the St. Lawrence
University) and their type is the university they belong to. The instructions given to
the student are of the form: “If proposal a is chosen, each participant at SLU will
get ten tokens and each participant at UPenn will get two tokens.” (Two tokens are
one US dollar.)

14.2.5 Results of the Laboratory Protocol

If voters can vote for only one option, then 45% vote for the proposition a, that
favors their own group, 2% vote for b, and 54% vote for the consensus c. If we
imagine the two groups to behave in the same way, the selfish proposals a and b
will receive .45 C 2/=2 D 23:5% each, to be compared with the 54% received
by the consensus. So the collective best proposal will be chosen, unlike what was
observed with the previous protocol.

With approval voting, the results are:

fag W 19%; fbg W 0%; fcg W 15%; fa; bg W 10%; fa; cg W 48%; fb; cg W 8%
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so that the approval scores are:

a W 77%; b W 18%; c W 71%

If we imagine the two groups to behave in the same way, the selfish proposals a and
b will receive .77 C 18/=2 D 47:5% each, to be compared with the 71% received
by c: the consensual option is chosen, as was observed with the previous protocol.

In that case, c is chosen under both voting rules, and this victory is large in
both cases: 71% against 47:5% with approval voting, and 54% against 23:5% with
standard plurality.

14.2.6 Conclusion on Divided Society Experiments

Altman et al. (2005) write that “in general results were similar” in their two
experiments, and draw some general conclusions. For instance they write:

“(...) people can take the opportunity to approve proposals that are somewhat less good for
their own group but better for the whole. Approval voting can thus favor compromise among
competing groups. For example, workers may fear that a trade agreement would threaten
their jobs, but they may also care about increased access to goods and about benefits to
other workers elsewhere. If they were offered enough options, they might approve a free
trade agreement if they saw it as sufficiently beneficial for all.”

But in fact the results are quite different under the two protocols, even if the dif-
ferences are not explained. And the second protocol does not show clear differences
between the two voting rules under consideration. Thus, far-reaching conclusions,
if true, can hardly be derived from this set of experiments alone.

Other experiments on voting have concluded that the behavior of a voter could
only be understood as a response to this voter’s idea about what the other voters
are doing. This was demonstrated in the early laboratory experiments of McKelvey
and Ordeshook (1985) and Forsythe et al. (1993), and is emphasized by Béhue et al.
(2009) and Blais et al. (2010). Altman, Baron and Kroll’s tests are one shot and are
more akin to some individual morality test than to a decision procedure, specifically
the internet one.

As a morality test, these experiments show that a relatively large share of the
population might be ready to approve a collectively optimal option next to their
selfish preferred one, if they are given the opportunity to do so.

14.3 Experiments on a Split Majority

14.3.1 The Preference Profile

In two papers, Forsythe et al. (1993, 1996) studied experimentally three-candidate
elections under various electoral rules: the standard plurality voting with single-name
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Table 14.3 Payoffs for the experiment in Forsythe et al. (1996)

Voter type Number of voters Orange Green Blue

“O” 4 $1.60 $1.20 $0.30
“G” 4 $1.20 $1.60 $0.30
“B” 6 $0.60 $0.60 $1.90

ballots, approval voting and the Borda rule. The design borrows from Felsenthal
et al. (1988) and Rapoport et al. (1991). The experiments of Forsythe et al. used
14 individual subjects. Candidates are labelled “Orange”, ‘Green”, and “Blue”, and
subjects belong to three groups labelled “O”, “G”, and “B” of, respectively 4, 4,
and 6 students.2 The payoff to a student depends on his or her group and on which
candidate is elected, as in Table 14.3.

One can see that the electorate is in fact divided in two. A minority of 6 voters
out of 14 would like to see the Blue candidate elected and is indifferent between the
Orange and Green candidates. That is the group “B”. On the other hand, a majority
of 4C 4 D 8 voters rejects Blue and would like to see Orange or Green elected, but
this majority is split into two groups of equal size: the 4 “O” voters favor the Orange
candidate and the 4 “G” voters favor the Green candidate. The Blue candidate is a
Condorcet loser: he would be defeated by 8 votes (the “O” and “G” voters) against
6 in any pairwise comparison.

This society is thus facing a coordination problem under plurality voting: if the
“O” and “G” voters fail to coordinate their vote, the minority candidate may win.
This split-majority example is the first example given by Borda (1784), at the begin-
ning of his mémoire, to prove that “plurality rule does not always indicate the voters’
will.” (It may be worth noticing that Borda himself considers as obvious that Major-
ity Rule here indicates “the voters’ will”.) This example is also a clear case for
two-round majority rule.

14.3.2 The Protocol

Here I briefly describe the protocol used by Forsythe et al. (1996) to compare voting
rules. More details can be found in the original article. The electorate is made of
14 subjects, in accordance with the Table 14.3. Series of eight consecutive elections
take place, with scores of the candidates being announced each time. Participants
therefore have the time to learn and, maybe, develop strategies. During a session,
28 subjects are present. From one series of eight elections to another, groups and
voters’ types are reshuffled. The table of payment is known to all participants and,
of course, each participant knows his or her own type. Under the “Poll” treatment,
participants are moreover asked to state their voting intention before each vote, with-
out commitment, and the results of these polls are announced before the vote. The

2 Felsenthal et al. used group voting: a player decides for a whole group.



346 J.-F. Laslier

studied voting rules are plurality, approval and Borda. Abstention is always allowed
and ties are resolved randomly. It is interesting to quote the exact phrasing that
describes these rules for the purpose of the experiment:

Plurality “If you do not abstain, you may vote for a most one candidate. To do
this, place a check next to the candidate for whom you are voting.”

Approval “If you do not abstain, you may cast one vote each for as many candi-
date as you wish. To do this, place a place a check next to each candidate for whom
you are voting.”

Borda “If you do not abstain, you must give two votes to one candidate and one
vote to one of the other candidates. To do this, write “2” next to the candidate to
whom you are giving two votes and write “1” next to the candidate to whom you
are giving one vote”

These rules are so simple that, in the laboratory, one does not have to explain
how ballots are counted: people naturally understand that votes are added.

14.3.3 Results

The initial experiment of Forsythe et al. (1993) on plurality voting showed a high
frequency of strategic voting (individuals not voting for their favored alternative),
and this is again observed here. The analysis performed by Forsythe and his coau-
thors is driven by the consideration of the possible “equilibria” under these voting
rules. These equilibria are theoretical predictions derived from the strategic voting
model of Myerson and Weber (1993). The main feature of this model is that a voter
perceives the probability pij that his or her vote is decisive between two candidates
i and j as being proportional to the difference between the scores of i and j .3

� Under plurality rule, there are three equilibria. In two of them,
votes from the majority gather on one of the two majority candidate (Orange or
Green), and the minority simply votes for its candidate (Blue). In a third equilib-
rium, the majority fails to coordinate and split its vote, leading to the election of
the Condorcet loser, Blue.

� Under approval voting, there are also three equilibria. In two of them, a majority
candidate is elected. For instance the Orange-voters can cast a ballot fOg, the
Green-voters cast the ballot fG;Og, and the Blue-voters (the minority) cast the
ballot fBg. This results in scores of 8, 4, and 6 respectively for Orange, Green
and Blue. Another equilibrium exists, in which all three candidates tie with a
score of 6 in expectation. This third equilibrium is mixed: it involves Orange and

3 More recent models have more solid probabilistic foundations and obtain that this probability pij
is decreasing not in proportion with, but much faster than the vote margin: see Myerson (2002),
Laslier (2009).
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Table 14.4 Agregate results for the experiment in Forsythe et al. (1996): Frequency of the
Condorcet loser winning

Without polls Without polls

Plurality 0.2604 0.1979
Approval 0.1910 0.1458
Borda 0.0972 0.1111

Green voters balancing their votes in a precise way between single-approval and
double-approval.

� Under the Borda rule there exists only a mixed equilibrium, with a tie among all
three candidates, which involves voters from each group to balance their votes
among two different ballots in some precise proportions.

The observations about plurality rule are simple, and very well in line with the
theory: votes gather on two candidates, and these candidates can be any two. This
process is made easier with polls, which play the same role as elections. With plu-
rality voting, polls are useful as a coordinating device, and people do not manipulate
the polls. This is clearly in line with historical remarks and the so-called “Law” of
Duverger (1951) and with modern formal political theory (Cox 1997).

With approval voting, polls are also important, but not in such a direct man-
ner. Indeed the polls tended to be invalidated when the predicted winner was a
minority candidate. Pools have obviously an important impact on elections, but this
impact need not be straightforward. About this experiment, Forsythe et al. write:
“. . . it appears that the focal information conveyed by polls under plurality rule was
information differentiating the two majority candidates, while polls under approval
voting and Borda rule served primarily to determine the level of threat posed by the
minority candidate, as perceived by the supporters of the majority candidates.”

As to the result of the election, the question posed by this experiment is to avoid
the election of the Condorcet loser. Table 14.4 indicates the percentage of elections
which result in the election of the Condorcet loser candidate, Blue. This paradoxical
phenomenon occurs quite frequently under plurality rule: more than 25% of the time
without polls and nearly 20% of the time with polls.

Since the example was cooked by Borda (1784) to explain that using the Borda
rule should avoid the paradox, it should come as no surprise that the Borda rule
indeed works in that case. Notice that this remark holds here in a situation where
voters often vote insincerely under the Borda rule,4 whereas Borda’s argument rests
on the assumption of sincere voting. Indeed, the results of this experiment confirm
that the Borda rule seems to be relatively immune to strategic manipulation when the
number of candidates is small, and, in general, strategic behavior under the Borda
rule tend to make this rule more Condorcet-consistent (see Béhue et al. 2009; Kube
and Puppe 2009; Laslier 2010).

Using approval voting also seriously reduces the frequency of the paradox, com-
pared with plurality voting Notice that, under approval voting, the existence of

4 See the original article for measures of the extend of strategic voting in the experiment.
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pre-election polls leads to a (statistically significative) reduction of the paradox
frequency, from 19.10% to 14.58%.

14.3.4 Conclusion on Split Majority Experiments

The experiments of Forsythe et al. are designed to observe in the laboratory a phe-
nomenon that has been identified in practice and in theory: the paradoxical situation
in which a bad candidate is elected under plurality voting because its opponents
fail to coordinate on a unique candidate. They show that using the Borda rule or
approval voting can limit the prevalence on this phenomenon.

From the methodological point of view, these experiments demonstrate the
importance of individual strategic voting, and therefore of voters’ information about
voting intentions. For controlled experiments, this requires to hold in the laboratory
series of elections or to have pre-elections polls.

14.4 Experiments on a Political Domain

14.4.1 The Preference Profile

This section reports on experiments done by Blais, Laslier, Laurent, Sauger and Van
der Straeten (Blais et al. 2007, 2010; Van der Straeten et al. 2010) using a preference
profile that mimics the classical one-dimensional political domain. Voters, as well as
candidates, are located along a single political axis, and each voter prefers the can-
didates which are closest to his own position. This image of the political landscape
is by far the most common in the literature and, even if this image is incomplete, it
indeed captures several stylized facts about politics.

The basic setting is as follows. 21 subjects vote among five alternative candidates,
located at five distinct points on a left–right axis that goes from 0 to 20: an extreme
left candidate, a moderate left, a centrist, a moderate right, and an extreme right (see
Fig. 14.1).

Each subject is also assigned a position, on the same political axis, that deter-
mines the payoff she will earn. The incentive for a subject is that the elected
candidate be as close as possible to her position. Precisely, the subjects are informed
that they will be paid 20 Euros (or Canadian dollars) minus the distance between the
elected candidate’s position and their own assigned position. For instance, a voter
whose assigned position is 11 will receive 10 euros if candidate A wins, 12 if E wins,

0 1 6 10 14 19 20

A B C D E

Fig. 14.1 Positions of the five candidates in Blais et al. (2007)
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15 if B, 17 if D, and 19 if C. It is in the voter’s interest that the elected candidate be
as close as possible to her own position.

The induced preference profile, in the words of Social Choice Theory, is a stan-
dard single-peaked profile. The centrist option (candidate C) is a Condorcet winner.
If every voter was to vote sincerely for the candidate that is closest to her position,
candidates A and E would each receive four votes. Four voters have B as their clos-
est candidate, four have D, and three have C; the last two voters (positions 8 and 12)
are equally distant from C and B or from C and D.

14.4.2 The Protocol

These experiments were primarily designed to compare the one round plurality sys-
tem (labelled 1R) and the two-round majority system (2R), which are by far the most
common voting rules used for electing single candidates. (Proportional systems
raise different questions.) Some sessions also included approval voting (labelled
AV) and single transferable vote with the Hare system of transfers (labelled STV).

The elections were performed by series of four, the results of each election being
made public each time. The set of options and the payoff scheme are identical for
all elections. In each group of participants, 2 or 3 series of 4 elections are held
successively. The four elections are held with the same voting rule. At the beginning
of each series the participants are assigned randomly drawn positions on the 0–20
axis. There are a total of 21 positions, and each participant has a different position.
The participants are informed about the distribution of positions: they know their
own position, they know that each possible position is filled exactly once but they
do not know by whom. Voting is anonymous. After each election, ballots are counted
and the results (the five candidate scores) are publicly announced. The participants
are informed from the start that only one election will be randomly drawn as the
“decisive” election, the one which will actually determine the payoffs.5

14.4.3 Results: Electoral Outcomes

The overall results are as follows. Table 14.5 shows the aggregate results for all
elections and Table 14.6 the same results restricted to the last two elections of each
series of four. The extremist candidates (A andE) are never elected. In 1R elections
candidate C (the centrist candidate, a Condorcet winner in our case) is elected in
about half of the elections, and candidates B or D are elected in the remaining half
(with B being elected more often thanD/. In 2R elections, the picture is similar but
in AV elections and STV elections, it is very different. In AV elections, C is almost
always elected, and in STV elections, C is never elected.

5 This is customary in Experimental Economics; it has the advantage of keeping the subjects
equally interested in all elections and of avoiding insurance effects.
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Table 14.5 Elections won (all)
1R 2R AV STV

C 49% 54% 79% 0
B or D 51% 45% 21% 100%
A or E 0 0 0 0
Total 92 92 24 16

Table 14.6 Elections won (last two)
1R 2R AV STV

C 52% 50% 100% 0
B or D 48% 50% 0 100%
A or E 0 0 0 0
Total 46 46 12 8

With this kind of protocol one can see, with 1R plurality, the same path-
dependence effect that was observed in the experiments by Forsythe et al. described
in the previous section. Votes gather on two “viable” candidates, but there are
three possibly viable candidates: the centrist one and the two moderate ones. The
extreme candidates are not viable. With 2R majority voting, votes gather for the
first round, on three candidates, instead of two but the outcome of the election is
still unpredictable since the centrist candidate (who is winning in any runoff) may
be eliminated at the first round. With STV (Hare system) if the centrist candidate is
not eliminated before the two extreme candidates then the two moderate candidates
receive the transferred votes from extremist voters, so that the centrist candidate is
eliminated before the two moderate ones. This is why the Condorcet winner is never
elected with STV.

� With 1R and 2R systems.

– The elected candidate can be any one of the three viable, non-extreme,
candidates.

– Who is elected is not predictable: it depends on initial focalization effects.
– The Condorcet winner is elected approximately half of the time.

� With AV: Who is elected is predictable: the electorate quickly evolves to always
elect the Condorcet winner

� With STV: The Condorcet winner is always eliminated

14.4.4 Results: Individual Behavior

14.4.4.1 Number of Approbations and Sincerity

An approval voting ballot is “sincere” if and only if there do not exist two candidates
a and b such that the voter strictly prefers a to b and nevertheless approves of b and
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Table 14.7 Number of approved candidates per ballot

Number of candidates 0 1 2 3 4 5

Number of ballots 0 124 277 92 9 2

% of ballots 0 24:6 54:9 18:3 1:8 0:4

does not approves of a. Van der Straeten et al. (2010) count the number of pairs
.a; b/ that exhibit such as a violation of sincere voting. 6 sessions with 4 elections
and 21 voters make 504 ballots and thus 5,040 pairs. Insincere comparisons are very
rare in the data: 78 observed pairs, that is 1:5%.

This definition of sincere voting leaves one degree of freedom to the voter since
it does not specify at which level, given her own ranking of the candidates, the voter
should place her threshold of approbation. With 5 candidates most voters have 6
sincere ballots (including the “empty ballot”). Table 14.7 indicates how many ballots
contain 0, 1, 2, etc. approved candidates. The empty ballot is never observed and
most ballots approve 2 candidates. On average the number of approved candidate is
1:98 out of five.

14.4.4.2 Strategic Behavior

Theories of strategic behavior rest on the idea that a rational voter is responding
to his or her guess about the other voters’ actions. Consider that the results of the
previous election delivers such information. They consider “myopic” voters, who
each suppose that the others will vote this time as they did last time.6 The behavior of
strategic voters then follows the “Leader Rule” of Laslier (2009). This rules makes
a prediction as to the vote of each voter, with respect to each candidate, for each
election after the initial one, and these predictions are unique except in some cases
of indifference.

The voter considers the result of the previous election (the number of votes that
each candidate received last time, not including the individual’s own approvals) and
focuses in particular on the candidate who obtained the largest number of votes, say
a1. All other candidates are evaluated with respect to this one: the voter approves
all candidates she prefers to a1 and disapproves all candidates she finds worse than
a1. The main candidate is itself evaluated by comparison with the second-ranked
candidate (the “main challenger”): the voter approves the main candidate if and only
if she prefers this candidate to her main challenger. The voter therefore places her
“Approval Threshold” around the main candidate, either just above or just below.

This theory produces 1;776 unique predictions (out of 21 � 6 � 5 � 3 D 1;890

votes). As one can see in Table 14.8, this theory correctly predicts 576 C 996 D
1;572 of the 1;776 predicted votes, that is 88%. Table 14.8 distinguishes these

6 They also consider the alternative hypothesis of voters with perfect foresight, which are able to
formulate exact anticipations. The findings are identical under the two hypothesis.
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Table 14.8 88% of the approbations are predicted by the “strategic” model

Approval D 1 Approval D 0 Total

Prediction D 1 576 137 713

Prediction D 0 67 996 1;063

Total 643 1;133 1;776

Table 14.9 82% of approbations are predicted by the “average target” model

Approval D 1 Approval D 0 Total

Prediction D 1 695 295 990

Prediction D 0 26 802 828

Total 721 1;097 1;818

Table 14.10 87% of approbations are predicted by the “best two” model

Approval D 1 Approval D 0 Total

Prediction D 1 619 119 738

Prediction D 0 121 995 1;116

Total 740 1;114 1;854

predictions, right or wrong, according to the observed vote. The theory tends to
slightly overestimate the number of approved candidates.

Some authors (Merrill 1981; Lehtinen 2010) have proposed, as a possible behav-
ior under approval voting that a voter would approve of the candidates which provide
her a utility above the average. Table 14.9 indicates the predictions of this “Average
target” theory on the last three periods of each series (so that one can compare with
the previous theory). The number of unique predictions is 1;818 due to the fact
that for some voters, some candidates are exactly “average” candidates. This theory
predicts 695C 802 D 1;497 votes, out of 1;818, that is 82%.

Recall that more than half of the ballots are two-name ballots and that insincere
ballots are very rare. It is thus natural to test the heuristics model which simply states
that the voter approves precisely her two preferred candidates. Table 14.10 indicates
the predictions of this theory relative to the last three periods of each series (to
compare with the previous theories). There are 1;854 unique predictions.7 On the
set of possible predictions this simple theory predicts 619C995 D 1;615 votes, that
is 87% .

Of course this nice result (87% of explained votes) is due to the fact that we
calibrated the theory to an observed variable (the number of approval per ballot).
In other circumstances, the number of approbations per ballot might be notably
different. Here are figures reported for in situ tests during real elections. In France,
2002, the oberved average was 3:15, out of 16 candidates, see Laslier and Van der
Straeten (2008). Alós–Ferrer and Granić (2010) observe in one case an average of

7 Some voters are indifferent between two candidates as their second choice. In that case the “best
two” candidates are not well-defined.



14 Laboratory Experiments on Approval Voting 353

2:25 parties out of 17, which is not too far from two, but the standard deviation
is 1:14 so that a model which predicts a fixed number of 2 approvals can only be
rejected. In another case where they observe an average of 1:86 with again a large
standard deviation (0:87). Baujard and Igersheim (2010) make similar observations:
an average of 2:23 out of 12, but 2-name ballots represent only about 30% of the
ballots. In those cases, obviously, the votes cannot be explained correctly by a model
which stipulates that voters approve exactly two candidates.

14.4.5 Conclusion on Political Domain Experiments

The experiments of Blais et al. are designed to observe in the laboratory the behavior
of voters in a situation that has been identified, in practice and in theory, as polit-
ically relevant: the standard situation in which a centrist candidate is surrounded
by two moderate candidates, with extremist, non-viable candidates also running
for office. Then the centrist candidate, even being a Condorcet winner, can fail to
be elected under one-round plurality voting and under two-round majority voting
because votes can gather on the two moderate candidates. The experiments show
that this phenomenon does not appear with approval voting. This is easily under-
standable since, with approval voting, a strategic vote for a candidate that is not a
first best does not preclude the voter from also voting for the candidates she prefers.

From the methodological point of view, these experiments confirm the impor-
tance of individual strategic voting in one-round plurality or two-round majority
elections. For approval voting, with five candidates, votes are easy to explain. Sev-
eral alternative theories can be found that coincide and explain more than 80% of
the observed votes, even if the strategic voting theory performs better than the other
theories.

14.5 Conclusion

14.5.1 Consensual Outcomes

All the experiments show that approval voting, compared to other methods, tends
to favor consensual outcomes. This result is obtained in different settings, which
mimics idealized problems of collective choice or were designed to study other,
more common voting rules.

In one case (“divided society”), the society is divided in two groups of equal
size; the problem is that the social optimum is the first choice of no group. This
is a problem of “parochialism”: defending one’s own group rather than the general
interest.



354 J.-F. Laslier

The second case (“split majority”) is totally different: there is a clear majority
and the social optimum is the majoritarian one, that is to follow the majority’s will;
the problem is that the majority may split its vote among two candidates, and thus
the election may fail to detect the, majoritarian, social optimum.

The third case (“single-peaked domain”) is closer to actual politics and takes
elements from the two previous problems: like in the second setting, the social opti-
mum is the majoritarian outcome (a “Condorcet winner”), but the structure of the
society is such that a division in two groups of equal size may appear, like in the first
setting. Indeed some voting rules may create, or at least make effective, a left–right
division. This is obtained in a single-peaked profile whenever only one left-wing
and one right-wing candidate are perceived as viable.

Approval voting seems to be immune to these pathologies and able to help choos-
ing consensual, socially optimal, outcomes. This is an important result, that does not
conflict with the field observation, nor with the theoretical knowledge, nor with sim-
ulation work, nor with the observations made during in situ tests during French and
German elections.

Note that in all these experiments, the set of available alternatives (options,
candidates, etc.) is fixed. Note also that these laboratory experiments were done
with a small number of alternatives: 3 in most cases, and 5 in the experiments by
Blais et al., only 2 of them being in practice viable. In most countries, the number
of effective parties is much larger, so increasing the number of viable and non-
viable candidates would bring the experimental protocol closer to political realism.
Moreover, the way parties adapt their platforms must also be considered. But the
value-added of laboratory research, in that case, is not to be found on the side of the
political supply but rather on the side of voters’ behavior.

14.5.2 Voting Behavior

Theories of individual behavior under approval voting have delimited the set of
ballots an individual could a priori reasonably cast. For instance, the requirements
of sincerity and admissibility drastically narrow down the number of ballots for each
voter; typically, this number drops from 2K to .K � 1/. But this is not enough still,
because a predictive theory must aim at making essentially unique predictions. This
is achieved by the rationality postulate of utility maximization, at a cost: strategic
behavior is not a priori, but is a response to a belief about what the others do. This
point is nicely put on the stage in the laboratory when we allow repetition. Then,
voters have the possibility to base their thinking on informed beliefs, as it is the case
in the real world.

In the case of approval voting, voter’s behavior seems to be best described by the
theory of strategic voting. But even those who do not trust theories of perfect ratio-
nality should not be afraid by such a statement. In effect, unlike what happens with
other voting rules, voting strategically under approval voting is usually simple and
natural, and does not contradict voter’s sincerity. This is what is seen in these exper-
iments when individual votes (rather than group outcomes) are analyzed. Specific
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preference profiles should be invented and used to push the strategic theory at its
limit, when its predictions would be counter-intuitive. In the present state of the art
and as concerns approval voting, strategic voting is pretty satisfactory.
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Chapter 15
Framed Field Experiments on Approval Voting:
Lessons from the 2002 and 2007 French
Presidential Elections

Antoinette Baujard and Herrade Igersheim

15.1 Introduction

Competitive elections are an essential feature of representative democracies; thus,
the choice of voting method is partly constitutive of the form of the democracy.
Clearly, this engenders fundamental debates on the properties that acceptable vot-
ing rules should and should not exhibit. These debates take place primarily in two
spheres: the public and the scientific. Let us here consider an example from France.
The President of the French Republic is elected by direct universal suffrage, on the
basis of a two-round plurality vote. In other words, run-off voting ensures that the
elected President always obtains a majority. On each round, each voter can vote
for one and only one candidate. If no candidate receives a majority of votes in the
first round of voting, there is a run-off between the two highest-scoring candidates.
The winner of this latter round is the winner of the election. Hence, each round
is determinant for the result and considered as an important source of information
on citizens’ political preferences. The results of the first round of the 2002 French
presidential election were a shock for a large part of the population: contrary to the
predictions of the opinion polls, the candidate for the extreme Right, Jean-Marie Le
Pen, and the sitting president, Jacques Chirac, were selected for the second round.
This surprise has contributed to serious public debate on the mechanisms of the
two-round single-name vote. This discussion focuses in particular on the tension
between tactical and sincere voting, with many citizens pleading for the adoption of
a voting method which would allow better expression of their true preferences.

Alongside the debates in the public sphere, voting rules have been the subject of
extensive theoretical study since the works of Borda (1781) and Condorcet (1785).
Theoreticians have established numerous results that illuminate the properties of
different voting rules. In particular, Brams and Fishburn (1983) have shown that
Approval Voting (henceforth, AV) is endowed with many favorable properties (e.g.
providing strong incentives for sincere voting, and having a high probability of
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electing the Condorcet candidate). Let us briefly recall the principle of AV: AV
is a voting rule in which voters can approve of as many candidates as they want,
and the winner of the election is the candidate who obtains the highest number of
approvals. At first sight, the principle of AV seems quite simple to understand and
to apply. Further, AV appears to have good prospects for meeting the expectations
of voters, since it theoretically allows them to give their opinion about all the can-
didates – as opposed to a two-round voting system that restricts them to picking a
single candidate.

Only field experiments – i.e. experiments carried out in the voting stations, with
real voters and citizens – could determine whether AV is accepted by the electorate,
confirm (or invalidate) theoretical claims made about its properties in political con-
texts, and, above all, show that voters’ aims can be combined with scientific results
in a manner that elaborates a better democracy. Although laboratory experiments
are of obvious interest regarding the properties of AV and voter rationality (see, in
this volume, Laslier 2010b), since they provide the only suitable protocol to control
preferences, it proves hard to convince the public and policymakers of the rele-
vance of lab findings for real elections, in which the political context determines not
only strategic information and beliefs, but also the expression of voters’ rationality.
More generally, conventional lab experiments are often criticized, first, for provid-
ing biased and unrepresentative results, since it is mostly students who participate,
and, second, for factoring out the wider political context, even though the context
itself is relevant to the performance of subjects.

However, large-scale field experiments can hardly be conducted within a political
context. Harrison and List (2004) stress that a main feature of the natural field exper-
iment is that “the environment is one where the subjects naturally undertake these
tasks and where the subjects do not know that they are in an experiment.” But con-
ducting such a field experiment would imply that the voting system was dependent
on the experiment rather than on the Constitution, that different voting rules were
being used for different groups of voters (due to different rules applying to control
groups), and that the voters did not know in advance which official rule had been
chosen: for Constitutional reasons at the very least, these traits straightforwardly
rule out large-scale natural field experiments within political contexts. However,
there is a bridge between lab and natural field experiments: these are framed field
experiments, which Harrison and List (2004) describe as being undertaken “in nat-
urally occurring settings, in which the factors that are at the heart of the theory
arise endogenously, and on which the remaining controls needed to implement the
experiment are then imposed. In other words, rather than impose all the controls
exogenously on a convenient sample of college students, Harrison and List (2004)1

locate a population in the field in which one of the factors of interest arises naturally
and can be easily identified, and then add the necessary controls.” In the context of
the French presidential election, identifying the relevant population is straightfor-
ward: all official voters are good candidates for the experiment. Further, by tying

1 The working paper here referred to is now published as Harrison and List (2008).
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the framed field experiment closely to the official election, the experimental cir-
cumstances (site, date, process, etc.) should here mimic exactly the official voting
circumstances.

What we could now call a French school of large-scale framed field experiments
in a political context was inaugurated in 2002. During the 2002 French presidential
election, Balinski, Laraki, Laslier, and van der Straeten conducted a framed field
experiment (henceforth, the 2002 experiment) with 5,000 voters, in order to test AV
in a large-scale election. A similar experiment – though with the design slightly
modified in line with the results from tests of Evaluation Voting (henceforth, EV)
conducted by Baujard and Igersheim – was used during the 2007 French presidential
election, with the participation of over 5,500 voters (henceforth, the 2007 experi-
ment). In each case, a large team of researchers and student volunteers worked on
the realization of the experiment. The objectives were, first, to evaluate the feasi-
bility of this kind of large-scale experiment in political elections; second, to check
whether AV is comprehensible to, and accepted by, a large proportion of the public;
third, to compare the results obtained under AV with those of the official election,
in order to investigate how AV behaves statistically with real electoral preferences,
and to determine the extent to which different voting rules may yield different out-
comes; fourth, to facilitate an extended analysis of voters’ behavior with respect to
AV, and on the French political supply structure, based on the data collected.

The remainder of the paper is organized as follows: Sect. 15.2 is a presentation
of the experimental design; Sect. 15.3 sets out wider lessons from AV framed field
experiments; Sect. 15.4 surveys the specific lessons on AV derived from the present
experimental data; Sect. 15.5 concludes.

15.2 Experimental Design

As emphasized above, (framed) field experiments on AV are necessary in order that
voters’ expectations concerning the capacity for democratic expression embodied
in a voting rule can be integrated with the hypotheses put forward by theoreticians
about its properties. In France, the presidential election is the appropriate setting in
which to run such a large-scale experiment. First, it aims at selecting one winner
from a list of candidates which is the same all over France, using an official voting
method – the two-round vote – which is similarly uniform. Second, it has the highest
rate of participation (and thus promises the most representative experimental results)
of all the official ballots.

The idea of conducting a large-scale experiment on AV in the context of a pres-
idential election may have first been raised by Mann in his PhD on AV, defended
in 1995 in the École Polytechnique. The first large-scale experiment on AV was
conducted on April 21st, 2002, during the first round of the French presidential
election, by a team of researchers from the Laboratoire d’Économétrie of the École
Polytechnique: Balinski, Laraki, Laslier and van der Straeten (Balinski et al. 2002,
2003; Laslier and van der Straeten 2004, 2008). This seminal experiment generated



360 A. Baujard and H. Igersheim

an original protocol, on the basis of which every large-scale political experiment
subsequently conducted in France has proceeded.

Numerous experiments took place in parallel with the first round of the next
French presidential election, on April 22nd, 2007: one by Balinski and Laraki on
“majority judgment” (Balinski and Laraki 2007b, c), another by Farvaque, Jayet
and Ragot on the single transferable vote (Farvaque et al. 2009), and a third by
Baujard and Igersheim on AV and EV (Baujard and Igersheim 2007a, b, c; Baujard
and Igersheim 2009).2 All three experiments were based on the protocol intro-
duced by the seminal 2002 experiment. The major differences between the four
protocols lie, of course, in the voting rules tested and some corresponding specific
improvements. Balinski and Laraki experimented regarding the “majority judge-
ment” method in three polling stations in Orsay: on this voting rule, each voter
evaluates every candidate in a common language of grades, and a candidate wins
the election if she has the highest final grade based on the median of these evalua-
tions (on this method and similar techniques, see Bassett and Persky 1999; Gehrlein
and Lepelley 2003; Balinski and Laraki 2007a; Laslier 2009a). Farvaque, Jayet and
Ragot tested the single transferable vote method in two voting posts in Faches-
Thusmenil in Nord-Pas-de-Calais. Finally, Baujard and Igersheim conducted their
experiment on AV and EV in six polling stations: three in Illkirch-Graffenstaden
(Alsace), two in Louvigny (Basse-Normandie), and one in Cigné (Pays de Loire).
Since what is at stake here is AV, we restrict our attention to the seminal 2002 exper-
iment and to the 2007 Baujard-Igersheim experiment. In each case, the experimental
voting stations were located near the official ones, and only those voters who were
registered for the official vote could actually participate in the experiment.

Let us now present the protocol in detail. An essential preliminary step was to
present the experimental materials and instructions to many different sectors of the
public – administrative staff and students, individuals and groups (to favor brain-
storming) – in order to test the material and ensure that it was clear and informative.
The second step was a pilot experiment. Once the actual participants had been iden-
tified and contacted, the experiment proper took place; and the last step was the
circulation of results and subsequent public debate.

15.2.1 The Experimental Voting Rules and Ballots

In line with the subject of this book, we restrict our attention here to experiments on
approval voting. Although both the 2002 and 2007 experiments were concerned to
test AV, certain other rules, such as EV, were also under consideration in the 2002
pilot experiment and in the 2007 experiment proper. This explains some important
distinctions between the 2002 and 2007 ballots.

2 See also Alós-Ferrer and Granić (2010) in this volume regarding the January 2008 experiment
conducted by Carlos Alós-Ferrer in Messel (Germany).
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Frame 1 Experimental ballot of the 2002 experiment

Expérience de vote : Quel scrutin pour quelle démocratie ?

Bulletin de vote

Bruno Mégret
Corinne Lepage
Daniel Gluckstein
François Bayrou
Jacques Chirac
Jean-Marie Le Pen
Christiane Taubira
Jean Saint-Josse
Noël Mamère
Lionel Jospin
Christine Boutin
Robert Hue
Jean-Pierre Chevènement
Alain Madelin
Arlette Laguiller
Olivier Besancenot

Règlement du vote par assentiment : L’électeur vote en

mettant des croix dans la deuxième colonne du bulletin.  Il

peut mettre des croix pour autant de candidats qu’il le

souhaite, mais pas plus d’une croix par candidat. Est élu le

candidat qui obtient le plus de croix.

In the 2002 experiment, the experimental ballot (see Frame 1) presented the list
of the sixteen candidates in the official election, and participants were requested to
mark a cross next to the name of the candidates they wanted to approve. Notice that
the order of the candidates on the 2002 and 2007 ballots is the official Constitutional
order.

With EV, voters assess candidates by giving them a grade or score on a pre-
defined scale – for instance, integers from 0 to 99 (as in http://rangevoting.
org/), from 0 to 20 (as in European school grades), or from �2 to C2 (as in
http://votedevaleur.info/). A candidate wins the election under EV if she has the
highest sum of grades. Among the many ways in which EV systems can be set up,
the rule tested in the Institut d’Etudes Politiques of Paris in January 2002 was a 10
points EV, which could be called EV10. Baujard and Igersheim chose to test the
rule based on a three level scale, which Hillinger (2004a, b, c, 2005) calls EV3.
It appeared, indeed, to be the most simple model, which avoids major problems of
interpersonal comparison of grades, and prevents any problem of confusion between
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being indifferent to and disliking a candidate (see Baujard and Igersheim 2007a
for arguments in favor of this option). Note, though, that Felsenthal (1989) has
proposed that EV3 is really an extension of AV, interpreted as a combination of
approval and disapproval voting. For each option, voters would be able to choose
between three options: approve, disapprove, and abstain. A candidate’s score is the
difference between the number of approvals and the number of disapprovals, and
the winner is the candidate with the highest score. Felsenthal has studied the possi-
bilities for manipulation in the case of a low number of voters. He has shown that,
under the assumptions of perfect information and voter rationality, the collective
result would be the same under either EV3 and AV. He has also shown that, for each
voter, the probability to be decisive is higher with EV3 than with AV3. Hillinger
(2004a, b, c, 2005) sets out the general proprieties of EV and defends his preference
for EV3 on the basis of pragmatic arguments. The problem with more fine-grained
scales derives from the difficulty for voters to attribute specific meaning to the dif-
ferent points on the scale, and for this sense to be interpersonally comparable among
different voters.

Let us now go further. Any three level system of EV is, on a theoretical basis
at least, equivalent: thus, the (2,1,0) scale should provide results equivalent to
(1,0,�1).4 The latter scale is attracting the most support both from theoretical studies
and from laymen. It is indeed a very attractive way to evaluate candidates: the mean-
ing of �1 is quite easy to intuit, relative to C1. This straightforward interpretation
would guarantee homogeneous interpretations of grades among voters: approved
(C1), disapproved (�1), and acceptable or indifferent (0). In spite of these uncon-
troversial advantages, there are two main hindrances for (�1,0,1) EV3. First, there
is the problem of confusion that could occur between the average grade (accept-
able) and actual indifference (that is to say, an incompletely graded ballot paper).
We have, in field experiments, to accept this possibility and consider how to treat
ballots in which no grade is given for one or several candidates. This amounts to
indifference, and thus it makes sense to attribute 0 to these candidates. A rule in
which we attributed �1 to a candidate who has received no grade would be hardly
accepted, since indifference would normally be graded 0. We thus have to consider
the effect of attributing a grade of 0 to these candidates. We have observed, for
instance, that the candidate Schivardi was very often not evaluated in 2007; in prac-
tice, this meant that no cross would appear in any box next to his name. See Frame
2 as an illustration. In a (2,1,0) EV3, all abstentions as regards this candidate would
be considered as a zero; it thus does not raise his score. If we had taken a (�1,0,1)
EV3, each abstention would have provided him with a relatively higher score than a
candidate who was evaluated �1. This would tend to lead to higher average scores
for candidates who attract more indifference – because, for instance, voters do not
know who they are or what political values they represent – than for candidates

3 See Laslier and Sanver (2010) and Núñez (2010) in this volume for a definition of “decisiveness.”
4 Let us remark, though, that, intuitively, it is not obvious that similar individual preferences would
induce equivalent results with these two versions of EV3 in actual political contexts as opposed to
theoretical settings.
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Frame 2 Experimental ballot for the 2007 experiment, both sides

who attract relatively more approvals and disapprovals. In an election, it is quite
unacceptable to take the risk of favoring – or indeed electing – a candidate nobody
knows. Second, the average grade is equal to the total of the scores divided by the
number of ballots. With (�1,0,1) it is likely that the winning candidate would win
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the election with an average negative score. It seems to us to be quite unsatisfactory
that the legitimacy of the winning candidate should be based on a negative score. For
these two reasons, we selected the (2,1,0) EV3 rule. We would expect voters to con-
sider grade 2 as denoting “approved or preferred candidates,” grade 1 as denoting
“acceptable candidates,” and 0 as either “to be rejected” or “indifferent candidates.”
This is the only method which avoids the risk of electing a candidate who attracts
mostly indifference, and which is at the same time also simple, transparent, and
permissive of a wide scope of expression.

The AV and EV experimental ballots were registered on the same sheet of paper,
as shown in Frame 2, in order to enable comparisons between how participants
vote under both voting rules. This particularity introduced a change in the protocol:
while voters were requested to indicate with a cross the grade they attributed to
each candidate under EV, they were asked to circle the names of the candidates they
wanted to approve of under AV – and not to mark a cross next to them, as in 2002 –
in order to avoid any ambiguity between AV and EV.

15.2.2 The Pilot Experiments

Pilot experiments are necessary in fieldwork in order to guarantee the quality of
the experimental protocol. Balinski, Laslier and van der Straeten conducted a pilot
experiment on January 23rd, 2002, in the Institut d’Etudes Politiques. As mentioned
above, this used a slightly different protocol since, in addition to AV, an EV from
0 to 10 points was also tested. See Balinski et al. (2002) for a brief presentation.

Baujard and Igersheim carried out their pilot experiment on March 20th, 2007.
This took place from 11:15 to 14:00 in Caen University Restaurant A, on Campus 1
in Caen, and was made possible by the assistance of around ten colleagues and PhD
students. This restaurant serves up to 2000 persons a day in a very short period
of time, the clientele comprising students and any other persons working in the
university. The date was chosen to be close enough to the presidential election for
information about candidates to be available to the participants, but also far enough
away that the organizers would be able to change the protocol in case this was
indicated as necessary by the results of the pilot. The pilot took place on a Tuesday
as this was supposed to be the busiest day of the week for this university restaurant.
The protocol was basically the same as the official one and will be presented below.
No previous information had been given out; the potential participants learned of
the experiment when entering the restaurant, through posters and flyers which were
personally given to each of them as they entered the hall (see the poster on Frame 3).
The experimental voting station was just next to the exit. Voters did not spend more
than 3 min engaged in the whole process.

The pilot experiment was a success, with 447 persons, mostly students, par-
ticipating, and 300 of these agreeing to devote some more time to filling in a
questionnaire. The results of the questionnaire were especially interesting.

Representative negative points were the following. First, the lack of a blank
was resented; this remark led to a modification of the protocol. Second, there were
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Frame 3 Poster to inform people of the experiment

Pilote Experiment Louvigny Experiment

complaints that there was an excessive delay before getting access to the results; this
was due to the fact that the Centre d’Analyse Stratégique (CAS, Paris) – our main
partner for the 2007 experiment – did not allow us to circulate the results before
the end of the legislative election, which was held in late June 2007, i.e. 2 weeks
after the second round of the presidential election and thus 3 months after the pilot
experiment. Third, they said that they received information about the experiment
too late; it seems that many other people would have liked to participate and that
they would have appreciated the chance to alert friends. Fourth, a small number of
people expressed strong disagreement with the voting methods tested, while also
saying or otherwise indicating that they did not understand them. We assumed that
those who knowingly disagreed with the voting method itself, or with the very idea
of conducting such an experiment, would have rather decided not to participate.

Representative positive points were the following. First, the experimenters were
congratulated for having taken the initiative to conduct an experiment on voting
rules and on the presidential election. Second, appreciation was expressed for the
organization and the organizational team: in particular, the location in the university
restaurant, the reproduction of the official conditions (see Sect. 2.4), the simplicity
of the protocol and the fact that it required very little time, the clear explanations
in the documents, the fact that it was organized by researchers, and the welcoming
and friendly attitude of organizers were commended. Third, participants liked the
fact that we were addressing students, either because they felt that society rarely
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Frame 4 Information meeting

Source: Ouest France, April 19th 2007, p. CAN19.
A picture illustrating the information meeting that was held in Louvigny on April 17th.

concerned itself with what students thought, or because they considered this a way
for them to educate themselves in political thinking; one said that the experiment
would induce students to think hard before voting. Fourth, the voting methods
inspired many positive reactions: the students were glad to be engaged in “question-
ing the voting rule as an institution”; they appreciated the opportunity it afforded
them to enhance their expressive ability through their vote: one said that the pluri-
nominal systems “helped to go beyond his or her fear of voting by being able to
approve several candidates” and another concluded that they engendered “a less
silent vote,” giving more relevant information for journalists to analyse political
opinions. The experiment was considered as another way in which to organize a
poll, but under “more satisfying conditions than the polls that are run by private
institutes”. Many concluded by saying they would be glad to see these voting rules
being officially adopted, even though some were pessimistic that this could ever
happen.

The pilot experiment led to some cosmetic modifications of the experimental
design and of organizational aspects. In particular, blanks for each candidate were
authorized under the evaluation rule, and some questions in the questionnaire were
rephrased.

15.2.3 Information for Participants

The next step of the experimental protocol consisted in providing information about
the experiment to the persons who would participate.

Three media were used for this. First, thanks to the active help of the town coun-
cils, 1 week before the election, a letter was sent to each registered voter of the six
voting stations, explaining the principle of AV and requesting her participation in
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the experiment. In some cases, named letters were sent; in others, the letter was
included in the local associations paper which is sent to each house in the town.

Second, information meetings were scheduled in each town, as illustrated by the
newspaper picture in Frame 4 (see also the poster announcing the experiment and
the information meeting in Louvigny, in Frame 3).

Third, general media relayed the information. In Orsay in 2002, an article in
the municipal bulletin, sent 1 month in advance, announced the experiment. For the
2007 experiment, newspapers, local radio and national TV spots were of great help
to make sure each voter knew about the experiment before coming to the voting
stations. Nevertheless, we should acknowledge that around ten persons for our six
polling stations came and regretted that they had not been informed about it: most
of them were students who had been out of town or had just moved abroad. They
generally claimed that the most effective way to inform people would have been
to have sent the information letter along with the official voting papers; we had to
answer that this “solution” was strictly forbidden.

15.2.4 The Experiments

On April 21st, 2002, Balinski, Laraki, Laslier and van der Straeten ran their field
experiment during the first round of the French presidential election in six polling
stations located in two towns: the single voting station of Gy les Nonains, in the
region Centre, with 482 registered voters, and five voting stations out of the twelve
of Orsay, in the region Ile-de-France, representing 4,237 registered voters.

On April 22nd, 2007, Baujard and Igersheim ran their experiments under similar
conditions in six polling stations in three towns: the two voting stations of Louvigny
in the region Basse-Normandy, representing 1948 registered voters, the single voting
station of Cigné in the region Pays-de-Loire, representing 378 registered voters,
and three voting stations out of the sixteen of Illkirch-Graffenstaden in the Alsace
region, representing 3,211 registered voters. From Basse-Normandy to Alsace, these
towns are very far from each other and thus the voters of the six stations belonged
to a wide scope of political patterns, in terms of the respective electorate, social and
economic class, size and rural/urban characteristics. Therefore, voters’ reactions to
the experiment could be expected to be different and/or more diverse.

On the day of the election, April 21st, 2002, the town councils in each locality
allowed the researchers of the Laboratoire d’Econométrie to set up experimental
voting posts in the immediate vicinity of the official voting stations (either in the
same room or in an adjacent room), where voters – once they had made their official
vote – were requested to proceed. Frame 5 shows the organisation of the building –
a primary school – where the experimental and official voting posts were located
in Louvigny for the 2007 experiment. The other picture gives an idea of the tags,
pathways and badges. Yellow was used for communications regarding the experi-
mental vote; this color was chosen, with the explicit agreement of the town councils,
because it was the only color that was not easily associated with a political party.
Tags in white, conversely, signaled official voting posts.



368 A. Baujard and H. Igersheim

Frame 5 Pictures of the 2007 experiment in Louvigny. Orientating voters in the voting building

Map of the voting posts in the school building Pathways to orientate voters to experi-
mental or official voting posts

Frame 6 Pictures of the 2007 experiment in Louvigny: The anonymous voting process

Voting booths. Once the
experimental ballot is filled
in, it is put in an envelope,
just as in the official voting
process.

See in the back the table
where experimental ballots
were distributed to arriving
voters; on the board there are
posters asking for silence.

After filling in her vote in the
locked booth, this lady has
registered with the
experimental assessors. Each
person can vote only once.

The test of AV reproduced the modus operandi of the official elections; that
is, the research team respected a similar rhythm, with similar opening and clos-
ing hours, and reduced waiting time. The staff was also similar – with a president
of the polling station and assessors – as was the voting equipment: envelopes, bal-
lot papers, polling booth, ballot box, and a book to gather participants’ signatures.
The rules to guarantee conditions of anonymity were also similar, with the first voter
of the day checking the empty box, the box then being locked and opened at clos-
ing time in front of voters; silence in the polling station was also maintained. The
pictures of the vote in Louvigny in Frame 6 give an idea of the process.

15.2.5 Questionnaires

Many oral remarks by participants were noted by the 2002 researchers, and these
have provided many insights into rules and experiments in general, as is reported
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Frame 7 Pictures of the 2007 experiment in Louvigny: Answering questionnaires

in Laslier and van der Straeten (2004). This is why more systematic questioning of
participants was undertaken in the 2007 experiment. After the experimental ballot,
participants were invited to fill in a questionnaire about the experiment and the two
voting methods. They could either answer it right away or send it afterwards by post
or e-mail. Notice that the questionnaires were available on the experiment official
internet site [URL: http:unicaen.fr/crem/vote]. Frame 7 shows the serious attitude of
participants in answering questionnaires. Contrary to expectations – we would have
thought that participants would forget to reply, or would choose not to devote more
time to it – a significant number of people did send back their questionnaires, by
both e-mail and post.

These questionnaires, presented in Frame 8, provide rich information about how
participants reacted to the experiment and, more specifically, about the voting rules
under test. The lessons drawn therefrom will be presented in the next section.

15.2.6 Participating in a Public Debate

The final, and very significant, stage of the framed field experiments was for infor-
mation about the results to be fed back to the participants and the public, and for the
organizers to take part in the public debate on voting methods.

The actual work of registering the results had been completed just after the day of
the experiment, but the results could not be made public before the end of the official
elections. In 2007, the Centre d’Analyse Stratégique (CAS) had even required the
experiment team not to give out any information on the results per candidate (both
for the pilot and the experiment proper) until late June, i.e. after the end of the
legislative elections.
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Frame 8 Questionnaire for the 2007 experiment

The presentation of the different steps of the experiment in newspapers helped
to create a debate not only between the organizers and the public, but also among
the public more broadly. For the 2007 experiment, for instance, Frame 9 gives a
short list of the different papers, TV, radio or internet programmes that discussed
it. To illustrate this, the article in Le Monde, a national newspaper, is reproduced in
Frame 11, and the pictures used in different regional newspapers in Frame 10.

The participation in various conferences organized by the Centre d’Analyse
Stratégique (see Baujard and Igersheim 2007c, and the debate with sociologists and
lawyers in the annexes of Baujard and Igersheim 2007a), generated some inter-
esting discussion with specialists. The publication of the report of the first results
(see Baujard and Igersheim 2007b) instigated wider public debate. As well as this,
the information meetings that had been organized in late June to set out the spe-
cific results for each town had led each voter participating in the experiment to
realize concretely what the new voting rule would have meant in the particular
case of their community. Last but not least, the publication of the official report
in December 2007 (see Baujard and Igersheim 2007a) also fed this public debate
with in-depth analyses of the acceptance of the new voting rules, the voting strate-
gies of voters and their electoral preferences. It is now available on the CAS
website [URL: http://www.strategie.gouv.fr] and on the experiment website [URL:
http://www.unicaen.fr/crem/vote]. A caricature published in a local newspaper of
Mayenne, inspired by the results of Cigné in 2007, illustrates with humor the kind
of debate that was inspired by the experiment: see Frame 12.
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Frame 9 A short list of the media coverage of the 2007 experiment

National newspapers: Le Monde (April, 26th 2007, p.3); Ouest France, national edition (April
23rd 2007, p.3; June 25th, 2007, p.3).

Regional newspapers: Ouest France, local edition (April 19th 2007, p.7 and p.CAN16; April
23rd 2007, p.CAN17 and p.LAV16; June 26th, p.CAN18); Les Dernières Nouvelles d’Alsace
(April 19th 2007; June 26th 2007); Le Journal de la Haute Marne (April 3rd 2007, p.34);
Le Courrier de la Mayenne (April 23rd 2007; June 29th 2007; July 5th 2007), Loopy (June
2007, p.6–7).

Magazines: Territoires (nı479, June 2007, p.16); Sciences et avenir (July 2007, p.28);
Sciences Humaines (nı187, October 2007, p.14).

Television broadcasts: France 3 Basse-Normandie, Programme 19/20 (April 22nd 2007 and
June 25th 2007); France 3 Alsace, Programme 12/13 and Programme 19/20 (April 22nd 2007;
June 26th 2007); France 3 Pays de Loire, Programme 19/20 (April 22nd 2007).

Websites: Dépêches AFP (April, 20th 2007 and April, 22nd 2007) taken up by several websites,
among which were: LCI, TF1, France 2, Yahoo actualité, Linternaute, Orange.

Radio programmes: France Info (April, 21st 2007); France Bleu Alsace (April 20th, 2007;
June 26th 2007); NRJ and Nostalgie, Edition Basse-Normandie (June 26, 2007).

Frame 10 Presentation of the 2007 experiment in regional newspapers

Pictures to illustrate the experiment taken up in Ouest France and in Les dernières nouvelles
d’Alsace, April 23rd 2007.

The 2007 experiment had benefited from wide media coverage thanks to the
active help of the Centre d’Analyse Stratégique, a governmental institution. Yet,
curiously, no effort has been made to circulate the actual results, nor to mark the
publication of the final report where these results were analyzed.

15.3 General Lessons from AV Experiments

The most important objectives of these experiments were to evaluate the feasibil-
ity of undertaking this type of large-scale experiment in political elections, and to
investigate whether AV is comprehensible to and accepted by the public. The lessons
drawn from the experiments regarding these two objectives are set out below.



372 A. Baujard and H. Igersheim

Frame 11 Presentation of the 2007 experiment in a national newspaper

Le Monde, April 26th, 2007, p.3, with a short presentation on the first page.

15.3.1 Participation

The experimental design was such that only voters who turned out for the official
vote could take part. Therefore, the participation rate in the experiment is defined as
the ratio of the number of participants over the number of voters who turned out.

Table 15.1 presents the participation rates for the 2002 experiment in Gy and
Orsay: the rates were unexpectedly high, above 75% in Orsay, and above 90% in Gy.
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Frame 12 Presentation of the 2007 experiment in a national newspaper

Le Courrier de la Mayenne, July 5th, 2007, p.10

A caricature to illustrate the extensive pre-
sentation of the results of the 2007 exper-
iment. Specific attention to the Cigné
results was made. Recognize Nicolas
Sarkozy – the incumbent French presi-
dent – in front of the mirror saying “Mir-
ror, tell me who is the best president”,
François Bayrou – a centrist candidate –
in the mirror answers “it’s not you”. The
tag “CNRS (National Center for Scientific
Research)” on the mirror is supposed to
designate the organizer of the experiment,
even though other institutions, such as
CAS, participated in financing and orga-
nizing it. It is generally the case that the
public straightforwardly associates any
research with CNRS, so journalists did not
agree to provide a more faithful list of the
institutions concerned.

Table 15.1 Participation rates and votes cast in the 2002 experiment

Gy Orsay All
1 polling station 5 polling stations

Official vote

Registered voters 482 4,237 4,719
Votes cast 395 2,951 3,346

Experimental vote

Participants 365 2,232 2,597
Participation rate (%) 92.4 75.6 77.6
Spoiled 1 9 10
Votes cast 364 2,223 2,587
Votes cast (%) 99.7 99.6 99.6

Table 15.2 Participation data and votes cast in the 2007 experiment

Cigné Louvigny Illkirch All
1 polling station 2 polling stations 3 polling stations

Official vote

Registered electors 378 1,948 3,211 5,537
Votes cast 318 1,760 2,526 4,604

Experimental Vote

Participants 233 1,063 1,540 2,836
Participation rate (%) 73.3 60.4 61 61.6
Spoiled 1 12 10 23
Votes cast 232 1,051 1,530 2,813
Votes cast (%) 99.6 98.9 99.4 99.2
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Table 15.2 presents the participation rates for the 2007 experiment in Cigné, Louvi-
gny, and Illkirch-Graffenstaden:5 they are still high but not as markedly so as in the
previous experiment – around 60% on average over the 6 polling stations – and, as
expected, the highest rate was for Cigné, which, like Gy, is a small village. Several
points explain why the rate of participation was higher in 2002. First, the smaller the
village, the higher are the participation rates. One can, indeed, easily imagine that
in small communities people know each other much better. They meet and speak
at the polling station, and thus everybody can observe who votes and who does not
and, accordingly, who has taken part in the voting experiment and who has not. In
2006, Gerber, Green and Larimer conducted a large-scale field experiment in order
to determine if and how social pressure encourages citizens to take part in a ballot.
According to them, “higher turnout was observed among those who received mail-
ings promising to publicize their turnout to their household or their neighbors. These
findings demonstrate the profound importance of social pressure as an inducement
to political participation” Gerber et al. (2008, p. 33). Clearly, the high participation
rates in Gy in 2002 and in Cigné in 2007 are a consequence of the same kind of
social pressure.

Second, one must stress that Orsay is an unusual city, close to Paris, whose
population, economy and national reputation are based on famous universities and
scientific research. In addition to the University of Paris 11, which is one of the
biggest universities in France, and important research centers such as the CNRS, a
very high number of famous French engineering schools (e.g. École Polytechnique,
Supelec, Sup Optique) are located in Orsay and nearby. Thus, a statistically signifi-
cant proportion of residents of Orsay are researchers or students. All these elements
make the acceptance of a scientific experiment easier, no matter what the experi-
ment is. Conversely, Illkirch and Louvigny, despite being located near two big cities
with significant academic traditions (Strasbourg and Caen), are more representative
of the national reception of science.

Third, the official participation rate was much higher in 2007 (83.8% in 2007
against 71.6% in 2002); and for those voters who were not used to voting and were
not particularly interested in politics, participation in the official vote might have
been effort enough. One can easily imagine that a voting experiment would not
arouse their interest: indeed, the experimental assessors overheard comments from
people who had just left the official polling stations such as: “I already did vote for
the ‘real’ ballot; that is enough” or “even to take part in the official voting is pretty
good!”

Fourth, the 2007 official election was also characterized by a very high rate of
proxies (the experiment occurred during the school vacations for Illkirch), which
complicated the participation of away voters in the experiment. Even though exper-
imental voting by proxy was authorized in the 2007 experiment, few voters who had
a proxy for somebody else decided to use it in the experimental vote. In Louvigny,

5 Here, unlike Baujard and Igersheim (2007a, b, 2009), we regard the blank ballots as significant,
in order that the 2002 data and the 2007 data may be compared.
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Table 15.3 Answers to
questionnaire qu. 13: “Are
you satisfied with having
taken part in this
experiment?”

Nb. Occurences %

Yes 1;041 88.7
A little 87 7.4
Mostly not 6 0.5
No 6 0.5
No opinion 34 2.9
Total 1;174 100

Table 15.4 Answers to
questionnaire qu. 8: “Do you
think that researchers must
study voting methods?”

Nb. Occurences %

Yes 855 69.1
A little 156 12.6
Mostly not 34 2.7
No 137 11.1
No opinion 55 4.4
Total 1;237 100

for instance, there were fewer than fifteen experimental proxy votes, while the city
council of Louvigny granted around eighty proxies.

Finally, the 2007 experimental ballot design was different, longer, and hence
more demanding, than the 2002 one, since it also tested EV; this could have reduced
the rate of participation.

Putting the different rates of participation on one side, however, the most dif-
ficult question is, rather: why was the participation rate so high? Good, repeated
and early information, and the support of communities, provide part of the explana-
tion, but do not explain everything. Both the 2002 and 2007 research teams noted
that voters were sincerely interested in the subject and the aim of the experiment.
Most participants had brought with them the information letter they had received
at home. Some of them had already filled in the experimental ballot enclosed with
it. Many participants had a discussion with a member of the research team or with
another participant about the voting methods under test. The answers to the 2007
questionnaire confirm these observations. Indeed, 96.10% of those who filled in the
questionnaire responded positively to the question “Are you satisfied with having
participated in this experiment?”(see Table 15.3).6 81.7% thought that researchers
should continue to study alternative voting methods (see Table 15.4) and 92%
responded positively to the question of whether they would be willing to take part
in such an experiment again (see Table 15.5). Furthermore, almost 50% of the 626
participants who answered the open question “What did you appreciate in this exper-
iment?” mentioned the very fact that this kind of experiment had been instigated at
all. Conversely, less than 25% of the 150 participants who answered the open ques-
tion “What did you dislike in this experiment?” wrote that they disapproved of it
(see Tables 15.6 and 15.7).

6 That is, 96.10% of respondents answered “yes” or “a little” to question 13 of the 2007 question-
naire.
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Table 15.5 Answers to
questionnaire qu. 15: “Would
you be ready to take part
again in a scientific
experiment on your voting
behavior?”

Nb. Occurences %

Yes 1;020 87.4
A little 54 4.6
Mostly not 21 1.8
No 56 4.8
No opinion 16 1.4
Total 1;167 100

Table 15.6 Answers to questionnaire qu. 18: “What did you appreciate in this experiment?”

Items (several items per answer) Nb. Occurrences

Initiative of such an experiment, its consequences 305

Extended expressive possibilities of both voting methods 247

Concrete procedure of the experiment 75

Simplicity of both voting methods 48

Number of positive answers (for 1,275 questionnaires) 626

Table 15.7 Answers to questionnaire qu. 19 question: “What did you dislike in this experiment?”

Items (1 item per answer) Nb. Occurences

Experimented voting methods 75
Lack of anterior information 37
Initiative of the experiment, its organization 34
Disappointment regarding the small scale of the experiment 4
Number of negative answers (for 1,275 questionnaires) 150

Thus, our first major general lesson is that such a large-scale experiment on vot-
ing is feasible and very well accepted by voters (on this issue, see also Laslier
2009b). Further, the answers to the 2007 questionnaire show that voters consider
research on voting methods to be very useful and have expectations from its results.

15.3.2 Positive Public Response to AV

In traditional experimental economics, specific questionnaires are used to test
participants’ understanding before the experiment takes place; for example, in
experiments on voting methods, prior questions are posed about how to fill in a
ballot and how to compute the election outcome. In large-scale experiments in
the field, it is very difficult to respect such protocols. One can argue a posteriori,
through inspection of the experimental ballots, that the participants have understood
what was asked of them, since overall the experimental ballots have been properly
filled in. But it is impossible to demonstrate that they have perfectly understood the
rules of AV: one can only make plausible conjectures based on the facts that, first,
AV’s rules (like EV’s) are very simple, and, second, comprehension has been con-
firmed individually by some voters who are known to have explained it perfectly to
organizers as well as to journalists.
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With this caveat in mind, one can nevertheless plausibly claim that a satisfying
level of understanding and acceptance of the principle of AV is indicated in both
experiments (2002 and 2007). This second major lesson is derived from the analysis
of three kinds of data: (1) the expression rate, (2) the questionnaires, and (3) the
number of approvals.

First, out of 2,597 approval ballots cast in the 2002 experiment, only ten were
spoiled; and out of 2,836 ballots cast in the 2007 experiment, only 23 were spoiled.
Thus, as one can observe in Tables 15.1 and 15.2, the votes cast in percentage terms,
which is equal to the number of non-spoiled ballots over the number of partici-
pants, is systematically higher than 99%. This suggests that almost all participants
understood AV and engaged in the experimental vote according to its principle.

Second, the answers to the 2007 questionnaire corroborate this observation.
Indeed, 83.5% of respondents answered positively to the question “Does the prin-
ciple of Approval Voting seem clear to you?” – note that this is slightly less than
for EV (89.2 %) – see Tables 15.8 and 15.9. As well as this, 75.1% of participants
opined that AV could be used for official elections (presidential, legislative, and
other), as against 87.9% for EV – see Tables 15.10 and 15.11. As regards the open
questions (“What did you appreciate in this experiment?”, “What did you dislike
in this experiment?”, see Tables 15.6 and 15.7), we have already stressed that we
received 626 positive remarks against only 150 negative ones. Further, 295 voters
sing the praises of AV and EV (247 note that AV and EV enable greater voter expres-
sion and 48 emphasize their simplicity) against only 75 voters who dislike them.
Consequently, one sees voters taking a strong stance in favor of these new voting
methods – with the small reservation that in 2007 EV seemed to arouse a little bit
more excitement than AV. This can be explained in two different ways: on the one
hand, it could have been caused by the slight change in the protocol. In 2007, voters
were asked to circle the names of the candidates they wanted to approve of, and not
to mark a cross next to them as in 2002: checking a name with a cross is perhaps a

Table 15.8 Answers to
questionnaire qu. 7: “Does
the principle of Approval
Voting seem clear to you?”

Nb. Occurences %

Yes 826 66.9
A little 205 16.6
Mostly not 80 6.5
No 98 7.9
No opinion 25 2.0
Total 1;234 100

Table 15.9 Answers to
questionnaire qu. 6: “Does
the principle of Evaluation
Voting seem clear to you?”

Nb. Occurences %

Yes 987 78.6
A little 133 10.6
Mostly not 41 3.3
No 76 6.1
No opinion 19 1.5
Total 1;256 100
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Table 15.10 Answers to questionnaire qu. 12: “For which official election do you think that
Approval Voting could be used?”

Nb. Occurences %

Presidential election 503 32.4
Legislative election 567 36.5
Other election (council, ...) 97 6.2
No election 387 24.9
Total 1;554 100

Table 15.11 Answers to questionnaire qu. 11: “For which official election do you think that
Evaluation Voting could be used?”

Nb. Occurences %

Presidential election 720 40.2
Legislative election 723 40.4
Other election (council, . . . ) 130 7.3
No election 216 12.1
Total 1;789 100

Table 15.12 Number of approved candidates in the 2002 experiment

Approvals 0 1 2 3 4 5 6 7 8 9 10 >10

Ballots 36 287 569 783 492 258 94 40 16 6 1 5
% of ballots 1.39 11.09 21.99 30.27 19.02 9.97 3.63 1.55 0.62 0.23 0.04 0.19
Average number: 3.15 candidates out of 16, over 2,587 non-spoiled ballots

Table 15.13 Number of approved candidates in the 2007 experiment

Approvals 0 1 2 3 4 5 6 7 8 9 10 >10

Ballots 120 736 905 673 264 75 23 13 1 1 1 1
% of ballots 4.27 26.16 32.17 23.92 9.38 2.67 0.82 0.46 0.04 0.04 0.04 0.04
Average number: 2.23 candidates out of 12, over 2,813 non-spoiled ballots

more intuitive procedure in an electoral context. On the other hand, the principle of
EV itself – i.e. giving a grade to each candidate – is very well-known (from school,
sporting events, etc.), and thus perhaps more easy to understand and to adopt.

Third, a last clue as to how voters understood and accepted the principle of AV is
given by the number of approvals conceded by each participant (the number of can-
didates approved of). The 2002 and 2007 distributions are presented in Tables 15.12
and 15.13 and in Figs. 15.1 and 15.2 respectively. In 2002, on average in the two
towns, each voter approved of 3.15 candidates out of 16, the distribution around
this value being rather smooth (in particular, one-name approval ballots are few). In
2007, each voter approved of 2.23 candidates out of 12, which is still high, but lower
than in 2002. This difference is a consequence of the fact that there is a larger num-
ber of zero-name and one-name approval ballots in 2007. The first point affords of
various explanations, but principally it should be recalled that this experiment was
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Fig. 15.1 Number of approved candidates in the 2002 experiment

conducted in parallel with a test of EV. For the evaluation rule, far fewer blanks were
counted (45 against 120 for AV), and a significant proportion of these were blank
for the approval voting test as well: 10 ballots are blank for both AV and EV – the
exact number of spoiled ballots as in 2002! Besides this, a significant percentage
of approval blanks corresponds to ballots attributing few grade 1s and no grade
2s, which reveals little enthusiasm towards the candidates: in this regard, we should
learn something about the trigger under which a voter does not concede an approval.
The second point, regarding the significantly higher number of one-name approval
ballots in 2007, is clarified when it is noted that many of these ballots were support-
ing Nicolas Sarkozy, the incumbent president, and furthermore the only candidate of
the traditional Right-wing in 2007. Facts about the French political supply structure
in 2007, rather than a substantial desire to retain the official plurality vote, thus seem
to explain this characteristic.7 Hence, both the specifics of the 2007 protocol and the
particularities of French political supply in 2007 influence the difference between
the two average numbers of approvals. But the same conclusion remains: whatever
the circumstances, voters do actually make use of the possibility of broader expres-
sion generated by AV; this thus strongly suggests that they understand and accept its
principle.

15.4 Specific Lessons Regarding AV

The two lessons from Sect. 15.3 essentially concerned the global features of both
experiments. We now review the research that has led to interesting findings based
on deeper analyses of the data collected. First, to learn more about AV in an exper-
imental context, and in view of the fact that many theoreticians claim that different
voting rules may yield different outcomes (Cox 1997; Cox and Katz 2002), we

7 On this point, see the next section and Baujard et al. (2009b).
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Fig. 15.2 Number of approved candidates in the 2007 experiment

examine whether AV is able to modify the overall ranking of candidates compared
with the official election system. Second, the elaboration of an original behav-
ioral model enables us to link approval voting to single-name balloting. Finally, an
extended analysis of the French political supply structure, based on AV experimental
data, leads to an attempt to define what a consensual candidate is.

15.4.1 Comparing the Outcomes of AV with the Official
First-Round Vote

The results of the 2002 and 2007 experiments are given in Tables 15.14 and 15.15.
Candidates are ordered by scores in the French official election. These tables provide
the scores, i.e. the proportion of voters who approved of or voted for each candidate,
and the rankings for every town, in 2002 and in 2007, in which the experiments were
conducted. But one cannot compare directly the approval and the official columns
in a town since the hypothesis of a participation bias in the experiment cannot be
excluded (see Laslier and van der Straeten 2004; Baujard and Igersheim 2007a).
Indeed, Laslier and van der Straeten show that in 2002 only a small proportion
of voters for Jean-Marie Le Pen, the candidate of the extreme Right-wing, agreed
to participate in the experiment. Applying the same method to the 2007 data, the
analysis of the participation bias reveals that voters of Nicolas Sarkozy, the only
candidate of the traditional Right-wing, were over-represented and these of François
Bayrou, the centrist candidate, were slightly under-represented in the data from the
AV experiment. Conversely, the results of AV and the official election can be com-
pared at the national level (the columns headed “France”): here both participation
and sampling bias have been corrected.8

8 Notably via the behavioral model described in Sect. 4.2 of this article.
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Let us comment on these results. A first conclusion is obvious: rankings under
AV and official voting are very different, not only in detail but in their major fea-
tures. In the 2002 experiment, Laslier and van der Straeten (2004) observed that “the
ranking of candidates is modified in favor of Lionel Jospin, François Bayrou, Jean-
Pierre Chevènement, Noël Mamère and Alain Madelin . . . . The candidates that AV
seems to put at a disadvantage without unambiguity are J.-M. Le Pen, A. Laguiller,
O. Besancenot, Jean Saint-Josse et Robert Hue.” Some candidates, such as the cen-
trist candidate François Bayrou, seem to benefit from AV, unlike others who are
disadvantaged by it. This tendency is clearly corroborated by the 2007 experiment;
most notably, in 2007, the winner under AV for France (François Bayrou) is different
than the winner of the official ballot (Nicolas Sarkozy).

Second, some political parties receive numerous approvals, and so find greater
representation under AV than they do in the official vote – in which they are, indeed,
almost nonexistent. Both in 2002 and 2007, Green candidates (Noël Mamère,
Corinne Lepage, Dominique Voynet) greatly benefit from AV. Conversely, some
others lose from this new method of voting: notably the extreme Right candidates,
and Jean-Marie Le Pen in particular. The specific feature of 2007 is that “little” can-
didates of the Extreme left (Olivier Besancenot especially, but José Bové and Arlette
Laguiller too) gain from AV, while the opposite conclusion is valid in 2002 (Robert
Hue, Arlette Laguiller).

Third, no candidate attracted an absolute majority of approvals in 2002, nor in
2007 at the national level (in his best showing, that of 2007, François Bayrou came

Table 15.14 AV’s results, Extrapolations to France – 2002

Gy Orsay France

Approval Official Approval Official Approval Official

Chirac 38:2 1 19:6 1 36:2 2 18:8 2 36:7 1 19:9 1

Le Pen 32:7 2 19:6 1 11:7 12 8:7 4 25:1 4 16:9 2

Jospin 23:9 3 11:1 4 43:2 1 20:7 1 32:9 2 16:2 3

Bayrou 23:4 4 6:7 6 35:2 3 10:3 3 27:1 3 6:8 4

Laguiller 17:6 9 13:0 3 15:1 10 3:7 8 16:8 9 5:7 5

Chevènement 18:4 7 4:7 8 32:3 4 8:6 5 22:4 6 5:3 6

Mamère 18:4 7 4:7 8 30:6 5 8:3 6 24:3 5 5:2 7

Besancenot 17:0 10 2:8 11 17:7 9 3:1 10 17:6 8 4:2 8

Saint-Josse 20:3 6 9:6 5 5:8 15 0:7 15 13:5 11 4:2 9

Madelin 21:2 5 5:2 7 21:3 6 4:9 7 20:4 7 3:9 10

Hue 10:2 12 3:1 10 11:7 11 2:6 15 11:3 14 3:4 11

Mégret 17:0 10 2:8 11 6:1 14 1:1 14 13:8 10 2:3 12

Taubira 9:1 14 0:5 16 20:6 7 3:6 9 12:6 13 2:3 13

Lepage 9:9 13 2:8 11 19:3 8 2:8 11 13:4 12 1:9 14

Boutin 5:8 16 0:8 15 8:1 13 1:4 13 6:7 15 1:2 15

Gluckstein 7:1 15 1:8 14 3:8 16 0:7 16 5:5 16 0:4 16

Total 290:1 100 318:6 100 297:1 100

N.B.: For France, the official results of the second round were: Jacques Chirac (82.2%) and Jean-
Marie Le Pen (17.8%).
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Table 15.15 AV’s results, Extrapolations to France - 2007
Cigné Louvigny Illkirch France

Approval Official Approval Official Approval Official Approval Official

Sarkozy 37:2 3 29:6 1 37:9 3 28:5 2 51:1 1 38:6 1 35:9 3 31:2 1

Royal 49:8 1 26:3 2 51:3 1 30:7 1 37:7 3 18:3 3 41:6 2 25:9 2

Bayrou 40:5 2 20:8 3 49:8 2 23 3 51 2 23:2 2 42:8 1 18:8 3

Le Pen 7 10 4:6 5 7:2 10 4:1 5 15:2 6 10:4 4 13:9 7 10:4 4

Besancenot 26:1 4 4:2 6 28:1 4 5 4 20:3 4 3:4 5 27:9 4 4:1 5

De Villiers 12:6 7 5:8 4 8 9 1:7 7 9:1 9 1:2 7 11:1 9 2:2 6

Buffet 9:3 8 2 7 10:1 7 1:3 8 5:2 10 0:4 10 9:8 10 1:9 7

Voynet 14:9 6 0:3 12 18:3 5 2:2 6 16:3 5 2:3 6 16:6 5 1:6 8

Laguiller 7:9 9 2 7 9:6 8 1:2 9 9:3 7 0:8 9 11:4 8 1:3 9

Bové 19:1 5 2 7 13:3 6 1:1 10 9:2 8 1 8 15:2 6 1:3 10

Nihous 6:1 11 2 7 4:5 11 1:1 10 2:3 11 0:2 12 4:4 11 1:2 11

Schivardi 3:7 12 0:7 11 1:3 12 0:2 12 1:1 12 0:2 11 1:9 12 0:3 12

Total 234 100 239:4 100 228 100 232:5 100

N.B.: For France, the official results of the second round were: Nicolas Sarkozy (53.1%)
and Ségolène Royal (46.9%).

near 43% for French simulated results out of all ballots, but note that such a score
is possible because, in 2007, Bayrou was approved of by 51% of voters in Illkirch,
and by 49.8% in Louvigny).

Another major lesson can thus be drawn from the three comments above: the
analysis of AV’s results does lead to different conclusions compared to those of
the official ballot, especially because AV carries different information on voters’
political preferences. In particular, with AV, we learn that voters may be interested
in candidates who are ignored by the official ballot. Further, since AV allows the
voters to give their opinion on each candidate, one can expect the winner to be
different than the one designated by the two-round vote, as in 2007. Finally, it must
be emphasized that EV’s results in 2007 confirm in every respect all the preceding
observations.

15.4.2 Examining the Conversion of Approval into Single-Name
Balloting

So far, we have examined the raw results and compared the ranking of the candi-
dates under AV with that of single name balloting, on the basis of the result of the
official first-round vote. But AV’s results cannot be reduced to scores: AV ballots
provide much richer information than this, since the number of voters who approve
of various groups of candidates can be computed. An agreement matrix, such as the
one in Table 15.16, gives the number of voters who simultaneously approve of two
candidates. For an election with 16 candidates, as in 2002, the agreement matrix for
AV has 256 values: each candidate cross-referenced with all the others. The matrix
is thus symmetric and the diagonal is equal to the score of each candidate. The
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agreement matrix for Gy les Nonains (see Laslier and van der Straeten 2004: 15)
can be read as follows: among the 139 voters for Jacques Chirac, the outgoing pres-
ident from the traditional Right-wing, 51 approve of Jean-Marie Le Pen, 15 approve
of Lionel Jospin, the candidate of the traditional Left-wing, and so on (see also
Table 15.17 for the 2007 experiment; this table can be read in the same manner as
the previous one).

But an important piece of information is missing: namely, the priority that voters
afford to a particular candidate in the official election process. In other words, does
the intersection between the voters for Jacques Chirac and for Jean-Marie Le Pen
contain those who voted for Chirac in the official first round, who also approve of
Le Pen? Or, on the contrary, are they those who voted for Le Pen in the official first
round, who also approve of Chirac?

In order to induce from the AV data some clues as to how voters convert their
approval vote into first-round voting (or, more precisely, into single-name balloting,
since the model does not distinguish between both voting methods), one can resort
to formalization and set up a behavioral model (for further explanation regarding
this model, see Laslier 2004; Laslier and van der Straeten 2004, 2008; Baujard and
Igersheim 2007a). In this model, a parameter �c , called the “lever,” is assigned to
each candidate c: �c estimates the propensity of candidate c to be not only one of
the approved candidates under AV, but also the chosen candidate in the official vote.
More precisely, if a voter approves the set B of candidates, she votes for c with a
null probability if c … B and with a probability equal to 1P

d2B 
d
�c if c 2 B .

Hence, the higher �c , the greater the propensity of candidate c to convert approvals
into votes in a single-name ballot.

Table 15.18 presents the levers computed with Gy’s data (normalized to 1 for
Jacques Chirac) in the 2002 experiment. One can observe that both Jacques Chirac
and Jean-Marie Le Pen have the highest levers, showing that these two candidates
are more capable than others of turning approvals into official votes. Of course, the
values of the levers also partially reflect the phenomenon of tactical voting – or
its absence – which can “artificially” increase the official score of a major candi-
date. Here, one can note that the lever of Lionel Jospin, the traditional Left-wing
candidate and a priori the principal challenger to Jacques Chirac, is particularly
weak compared to Chirac’s and Le Pen’s. This is not surprising, since Jospin’s
famous defeat during the 2002 French presidential election is generally explained
by a lack of strategic voting in his favor. But, above all, the values of the levers
depend on the type of support a candidate arouses among the voters. Hence, from
Table 15.16, one notes that the 119 voters who approve Jean-Marie Le Pen give 2
approvals to other candidates on average. Conversely, the 62 voters who approve
Olivier Besancenot give 4.4 approvals to other candidates on average. According
to the behavioral model, then, the participants who approve Jean-Marie Le Pen are
more able to convert their approval into an official vote for this candidate than those
who approve Olivier Besancenot. In other words, the votes for the former are much
more concentrated than those for the latter.

As for 2007, Table 15.19 shows us that Nicolas Sarkozy, the candidate of the
traditional Right-wing, has a much higher lever than any other candidate. This
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suggests strongly that the participants who approved him in the experiment also
voted for him in the official election. Indeed, the 1,216 voters who approved him
gave approval to 1.33 other candidates on average: this is the lowest average for
the 2007 experiment (see Table 15.17). One can note further that Jean-Marie Le
Pen and, to a lesser extent, François Bayrou and Ségolène Royal, the candidate of
the traditional Left-wing, also have high levers, even if not comparable to Nicolas
Sarkozy’s. Among the candidates of the Left-wing (traditional and alternative) –
Ségolène Royal, José Bové, Marie-Georges Buffet, Olivier Besancenot, Dominique
Voynet, Gérard Schivardi, Arlette Laguiller–Ségolène Royal has the highest lever,
showing that there is substantial strategic voting in her favor. Indeed, the voters who
approve one or many candidates of the Left wing, Ségolène Royal excepted, give
support to 2.33–3.11 other candidates on average.

Now, these levers make it possible to extrapolate the results of AV if the
experiments had been conducted over the whole country.9 This indicates that the
elaboration of a behavioral model, which explains the conversion of approval voting
into single-name balloting and vice versa, is crucial if we are to be fully aware of the
mechanisms of AV. Another way to address this issue is to examine how voters trans-
form their approvals under AV into grades under EV. In other words, we can develop
a behavioral model that explains the conversion of AV into EV. The data Baujard
and Igersheim collected during the 2007 French presidential election permits the
development of such a model, which should improve the understanding of AV.

For first results and remarks on this issue, one can start by computing the cor-
relation coefficients between AV and EV for every candidate. Let us recall that the
linear correlation coefficient, or the Pearson’s coefficient, is obtained by dividing
the covariance of two variables by the product of their standard deviations. It ranges
between �1 (decreasing linear relation) and C1 (increasing linear relation). Hence,
the closer the correlation coefficient of a candidate is to 1, the more voters give
her an approval and a grade 2. Conversely, the closer it is to �1, the more voters
give her no approval and a grade 0. A correlation coefficient of 0 corresponds to
no linear relation between variables. Recall that a strong correlation is considered
to exist between two variables whenever the correlation coefficient exceeds 70%.
In our case, there seem to be positive linear correlations between the AV and

EV scores for all candidates. Table 15.20 shows that the candidates who obtain a

Table 15.18 Levers in 2002 Chirac 1 Saint-Josse 0:9

Le Pen 1:2 Madelin 0:4

Jospin 0:7 Hue 0:5

Bayrou 0:5 Mégret 0:3

Laguiller 0:4 Taubira 0:1

Chevènement 0:4 Lepage 0:5

Mamère 0:4 Boutin 0:2

Besancenot 0:2 Gluckstein 0:2

9 The results of the extrapolation are given in Sect. 4.1.
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Table 15.19 Levers in 2007 Sarkozy 1 Buffet 10�7

Royal 0.00388 Voynet 9,57
10�7

Bayrou 0.00465 Laguiller 10�7

Le Pen 0.56 Bové 10�7

Besancenot 5.77
10�7 Nihous 0.000013
De Villiers 0.000454 Schivardi 0.0000366

Table 15.20 Correlation
coefficient per candidate
between AV and EV – 2007

Sarkozy 80.7 Buffet 52.0
Royal 77.0 Voynet 60.8
Bayrou 77.2 Laguiller 51.2
Le Pen 73.5 Bové 58.9
Besancenot 67.6 Nihous 53.3
De Villiers 62.4 Schivardi 39.9

Table 15.21 Frequencies of conversion from AV to EV – 2007

No Approval into. . . Approval into. . .
Grade 0 Grade 1 Grade 2 Grade 0 Grade 1 Grade 2

(%) (%) .%/ .%/ (%) (%)

Sarkozy 73 21 5 2 18 80
Royal 67 29 04 2 26 72
Bayrou 53 42 6 3 29 68
Le Pen 90 9 2 5 41 54
Besancenot 71 26 3 3 43 54
De Villiers 85 13 2 8 42 50
Buffet 77 21 2 6 53 42
Voynet 67 30 2 4 47 49
Laguiller 74 23 4 5 49 47
Bové 77 21 2 5 50 45
Nihous 90 9 1 9 46 45
Schivardi 92 8 0 16 46 38

significantly high correlation coefficient between AV and EV are Nicolas Sarkozy,
Ségolène Royal, François Bayrou and Jean-Marie Le Pen. Other candidates, Olivier
Besancenot excepted, obtain weaker correlation coefficients. This corroborates our
previous remark: Nicolas Sarkozy and Jean-Marie Le Pen benefit from high con-
centration in their voters. With regards to Ségolène Royal, the fact that she seems
to benefit from strategic voting should explain the difference between her rather
high coefficient correlation in comparison with those of the other candidates of the
Left-wing. François Bayrou, the centrist candidate, is able to receive approvals and
maximum grades from the voters of both political sides, Left and Right.

Further, one can consider Table 15.21, which exhibits the frequencies of conver-
sion from an approval or no approval into grades 0, 1 or 2. For instance, 80% of
voters who give an approval to Nicolas Sarkozy give him a grade 2 and 73% of vot-
ers who do not give him an approval give him a grade 0. Further, the columns “No
Approval into Grade 1” and “Approval into Grade 1” make it possible to analyse pre-
cisely how voters vote in AV: do they give approval both to candidates they like and
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those they merely tolerate, or only to the candidates they really prefer? Two kinds of
behavior can be characterized: let us define “bonus” behaviour as consisting in giv-
ing an approval to the most preferred candidates only, whereas “malus” behaviour
consists in giving approval to all the candidates a voter likes or is indifferent to:
thus, on the malus strategy, only the least-preferred candidates are punished. For the
2007 data, one can count 2095 malus ballots and 5231 bonus ballots. At first sight,
then, bonus behavior seems to be the most common.

15.4.3 Analyzing the French Political Context

A third strand of analysis can be dedicated to examining the French political supply
structure. Indeed, we have stressed that AV’s results are interesting since not only
do they consist of scores, but also of the numbers of voters who approve of various
groupings of candidates. Hence, if two candidates are supported by the same set
of voters, one could argue that they correspond to the same political supply. AV
data thus enables us to go beyond simple observations of the political sympathies
claimed by the candidates themselves and to define more precisely the position of
each candidate as perceived by voters. For further insights in this regard, see Laslier
(2010a).

Laslier (2004, 2006) has proposed a method through which to analyse the polit-
ical context, and so to build “a kind of official photograph of voters’ preferences”
(Laslier, 2006: 160). To do so, Laslier brings together three main ingredients: first,
the spatial theory of voting according to which the utility function of a voter v is
a decreasing function of the usual distance between the position of a candidate c,
yc , and her ideal point,10 xv: kyc � xvk, where yc and xv belong to the Euclidian
space R

k and k:k is the usual distance. But a further element is added: a candi-
date is evaluated by a voter not only through her political tendency (or position,
deduced from correlations between the candidates’ approvals), but also through her
“valence” (which is a characteristic of each candidate and depends on the total num-
ber of approvals she receives). In other words, even if two candidates are located at
the same point, they won’t necessarily receive the same number of approvals: the
one with the higher valence will get more. The second ingredient is the random
utility model according to which the decision of a voter to give an approval to one
or another candidate is a random variable whose probability increases (1) with the
valence of the candidate, and (2) with increasing proximity of the candidate to her
ideal point. The third ingredient is a principal component analysis. Finally, based on
these three elements, Laslier offers a picture of the political space which is “purely
endogenous . . . without reference to an a priori specified set of issues” (Laslier
2006: 163). Further, the definition of the distance between two candidates thus

10 Note that the distribution of the voters’ ideal points is assumed to be normal and widely dis-
persed: it thus opens a promising line of research which would aim to replace this hypothesis with
a more realistic one.
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obtained is specific to this model. Note that some other definitions of distance could
be considered, such as the difference in the number of approvals. Laslier stresses
that “in practice, different distances often provide the same qualitative findings and
lead to essentially the same interpretations” (Laslier 2006: 169).

Let us briefly present the political space of Gy in 2002 with this original method
(Laslier 2004: 179–180; Laslier 2006: 174–175). Figure 15.3 shows that the first
axis can be interpreted as the Left–Right axis. Indeed, Arlette Laguiller (Al – alter-
native Left-wing), Olivier Besancenot (Ob – alternative Left-wing), Lionel Jospin
(Jp – traditional Left-wing) and Noël Mamère (Nm – Green Party) are located on
the left side of the picture, while Jean-Marie Le Pen (Lp – nationalist Right-wing),
Jean Saint-Josse (Js – a candidate of the Right-wing who created his own politi-
cal party “Hunting, Fishing, Nature and Traditions”), Jacques Chirac (Jc – outgoing
president, traditional Right-wing), François Bayrou (Fb – centrist candidate), Alain
Madelin (Am – liberal Right-wing) and Jean-Pierre Chevènement (Jp – centrist can-
didate) are on the right. But one could argue further that the political space does not
seem to be unidimensional, since Jean-Marie Le Pen, the so-called extreme Right
candidate, is not on the extreme right, and François Bayrou, the so-called Centrist
candidate, is not at the center of the picture. Figure 15.4 shows indeed that each can-
didate of the Right lies on a different plane, and thus represents a distinct political
programme, as determined by the second and the third axes.
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A second way to analyse the French political supply structure using the AV data is
to consider more closely the agreement matrix as in Baujard and Igersheim (2007a)
and Baujard et al. (2009a, b). Indeed, by computing differently the AV data from
the 2007 experiment (see Table 15.22), we derive a “second” matrix of agreement
which gives the proportion of voters who support a given candidate (by column) and
simultaneously another one (by row). Here the diagonal is always equal to 100%
but, contrary to Table 15.17, this matrix is not symmetric: the proportion of vot-
ers for Jean-Marie Le Pen (312 approvals) who also supported Nicolas Sarkozy is
71%, while the proportion of voters for Nicolas Sarkozy (1,216 approvals) who also
supported Jean-Marie Le Pen is only 18%; the difference makes sense since we do
not consider the same set of voters in computing the percentage. This property of
asymmetry suggests different lessons depending on whether rows or columns are
at stake. In the columns, we read the propensity of voters of a candidate to support
other candidates – in other words, the dilution of the support of this candidate. In the
rows, we read the propensity of voters for other candidates to support the former,
that is, a candidate’s ability to attract voters for other candidates.

In order to compare candidates, and thus to point out some characteristics of
the French political supply in 2007, the information contained in Table 15.22 is
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Fig. 15.5 Representation of columns of 2007 agreement matrix
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Fig. 15.6 Representation of rows of 2007 agreement matrix
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represented in graphs 15.5 and 15.6. Note that both for Table 15.22 and graphs 15.5
and 15.6, the candidates are ordered to make reading and understanding easier, that
is, to obtain nice curves, which are as far as possible single-peaked. Baujard et al.
(2009b: 18) emphasize that: “this has eventually generated an order which is close
to the standardly used ideological axis from Left-wing to Right-wing”. Finally, five
different political supplies stem from the observation of the curves – which corre-
spond, visually, to alike or different trends: “1- Nicolas Sarkozy matches Right-wing
voters; 2- Ségolène Royal matches voters of the traditional Left-wing; 3- François
Bayrou matches voters refusing bipolarization; 4- Philippe de Villiers and Jean-
Marie Le Pen match voters of the nationalist right-wing; 5- Dominique Voynet,
Olivier Besancenot, José Bové, Marie-Georges Buffet and Arlette Laguiller match
voters of the governmental and alternative Left-wing. Moreover, the two last candi-
dates, Frédéric Nihous and Gérard Schivardi, are special cases who attract very few
supporters; for this reason, we claim they do not really represent a homogeneous
political supply” (Baujard et al. 2009b: 20).

Further, still based on the 2007 AV data, Baujard et al. (2009a), in a work
in progress, elaborate a way to highlight the consensual candidates in the 2007
French presidential election. For this purpose, they propose an original definition
of consensus based on attractiveness, dilution and symmetry of approvals.

15.5 Concluding Remarks

This paper has presented the two main framed field experiments on AV: the first one
conducted by Balinski, Laraki, Laslier and van der Straeten during the 2002 French
presidential election, and the second one by Baujard and Igersheim during the 2007
French presidential election.

Several lessons can be drawn from the experiments: (1) Such experiments are fea-
sible, and very well accepted by voters; (2) The principle of AV is easily understood
and accepted by the public; (3) Within the observed political context, compared to
the official first-round vote, AV modifies the overall ranking of candidates: in 2002,
under AV, Jacques Chirac and Lionel Jospin, rather than Jean-Marie Le Pen, would
have reached the second round, and in 2007, the winner of the French presidential
election would have been François Bayrou and not Nicolas Sarkozy; (4) Further, the
behavioral model which links approval voting to single-name balloting suggests a
new notion of “lever,” which allows us to compute the probability of an approved
candidate also to be chosen by a voter in the official vote. From the comparison
of the levers of all candidates one can point out the high support of one candidate
and/or the presence of significant levels of tactical voting in favor of another, and
so on. Furthermore, since AV enables voters to give their opinion on every candi-
date, AV data gives in essence a very good representation of how voters perceive the
political supply.

Research on the data from the AV experiments is far from being exhausted. We
have indicated above three new research leads: first, to pursue the study of “how
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voters vote” under AV by examining the conversion from AV to EV; second, to con-
sider a more realistic distribution of the voters’ ideal points into Laslier’s graphical
model (Laslier 2004, 2006); third, to develop an original definition of a consensual
candidate based on the experimental data on AV. These, and the many other fruitful
leads which we can expect will emerge, should allow us to make progress along the
path of fairness and democracy.
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Alós-Ferrer, C., & Granić, Ð. G. (2010). Approval voting in Germany: description of a field
experiment. In J.-F. Laslier & R. Sanver (Eds.), Handbook on approval voting (pp. 397–411).
Heidelberg: Springer.

Balinski, M., & Laraki, R. (2007a). A theory of measuring, electing and ranking. Proceeding of
the National Academy of Sciences USA, 104(21), 8720–8725.

Balinski, M., & Laraki, R. (2007b). Election by majority judgement: experimental evidence.
Cahiers du Laboratoire d’Econométrie de l’Ecole Polytechnique, no. 28, 2007.

Balinski, M., & Laraki, R. (2007c). Le jugement majoritaire : l’expérience d’Orsay. Commentaire,
30(118), 413–420.

Balinski, M., Laraki, R., Laslier, J.-F., & van der Straeten, K. (2003). Le vote par assentiment: une
expérience. Cahiers du Laboratoire d’Econométrie de l’Ecole Polytechnique, no. 2003-13.

Balinski, M., Laslier, J.-F., & van der Straeten, K. (2002). Compte-rendu de l’expérience de vote
du 23 janvier 2002 à l’IEP. Mimeo, mars 2002.

Bassett, G. W. Jr., & Persky, J. (1999). Robust voting. Public Choice, 99(3–4), 299–310.
Baujard, A., & Igersheim, H. (2007a). Expérimentation du vote par note et du vote par approbation

lors des élections présidentielles françaises du 22 avril 2007. Rapport au Centre d’Analyse
Stratégique, décembre 2007. 289 p.

Baujard, A., & Igersheim, H. (2007b). Expérimentation du vote par note et du vote par approba-
tion lors des élections présidentielles françaises du 22 avril 2007. Premiers résultats. Rapport
d’étape au Centre d’Analyse Stratégique, juin 2007.

Baujard, A., & Igersheim, H. (2007c) L’expérience du vote par note. Expérimenter des modes
de scrutins différents. In Organiser l’expression citoyenne. Pratiques électorales, déroulement
des scrutins, technologies du vote. Un dimanche au bureau de vote. Actes du colloque du 5
avril 2007, no. 10. Rapports et documents du Centre d’Analyse Stratégique, La Documentation
Française, avril 2007, pp. 48–53. 60–62.

Baujard, A., & Igersheim, H. (2009). Expérimentation du vote par note et du vote par approbation
le 22 avril 2007. Premiers résultats. Revue Economique, 60(1), 189–202.

Baujard, A., Igersheim, H., & Senné, T. (2009a). Measuring consensus. An analysis based on
experimental data. Mimeo CREM, Université de Caen.

Baujard, A., Igersheim, H., & Senné, T. (2009b). The political supply in the 2007 French presi-
dential elections: An analysis based on experimental data. Mimeo CREM, Université de Caen;
Annales d’Economie et Statistiques (Submited for publication).

Borda, J. (1781). Mémoires sur les Élections au Scrutin. Paris: Histoire de l’Académie Royale des
Sciences.

Brams, S., & Fishburn, P. (1983). Approval voting. Boston: Birkhaüser.
Condorcet, J. (1785). Essais sur l’Application de l’Analyse à la Probabilité des Décisions Rendues

à la Pluralité des Voix. Paris: Imprimerie Royale.
Cox, G. (1997). Making Votes Count: Strategic coordination in the World’s electoral system.

Cambridge: Cambridge University Press.
Cox, G., & Katz, J. (2002). Elbridge gerry’s salamander: The electoral consequences of the

reapportionment revolution. Cambridge: Cambridge University Press.



15 Framed Field Experiments 395

Farvaque, E., Jayet, H., & Ragot, L. (2009). Quel mode de scrutin pour quel vainqueur ? Une
expérience sur le vote préférentiel transférable. Revue d’Économie Politique, 120(2), 221–246

Felsenthal, D. S. (1989). On combining approval with disapproval voting. Behavioral Science, 34,
53–60.

Gehrlein, W. V., & Lepelley, D. (2003). On some limitations of the median voting rule. Public
Choice, 117(1), 177–190.

Gerber, A. S., Green, D. P., & Larimer, C. W. (2008). Social pressure and voter turnout: evidence
from a large-scale field experiment. American Political Science Review, 102(1) , 33–48.

Harrison, G. W., & List, J. A. (2004). Field experiments. Journal of Economic Literature, 42(4),
1009–1055.

Harrison, G. W., & List, J. A. (2008). Naturally occurring markets and exogenous laboratory
experiments: a case study of the winner’s curse. Economic Journal, 118, 822–843.

Hillinger, C. (2004a). On the possibility of democracy and rational collective choice. Discussion
Paper, no. 2004-21, University of Munich.

Hillinger, C. (2004b). Utilitarian collective choice and voting. Discussion Paper, no. 2004-25,
University of Munich.

Hillinger, C. (2004c). Voting and the cardinal aggregation of judgments. Discussion Paper, no.
2004-09, University of Munich.

Hillinger, C. (2005). The case for utilitarian voting. Homo Oeconomicus, 23, 295–321.
Laslier, J.-F. (2004). Le vote et la règle majoritaire, analyse mathématique de la politique. CNRS-

édition.
Laslier, J.-F. (2006). Spatial approval voting. Political analysis, 14, 160–185.
Laslier, J.-F. (2009a). A note on comparing median evaluations in single peaked-domains. Cahier

no. 2009-23, Laboratoire d’économétrie, École Polytechnique, June 2009.
Laslier, J.-F. (2009b). Lessons from in situ experiments during french elections. In B. Grofman, A.

Laurent & B. Dolez (Eds.), In situ and laboratory experiments on electoral law reform: french
presidential elections, Heidelberg: Springer (in press).

Laslier, J.-F. (2010a). Describing the society through approval data. In J.-F. Laslier & R. Sanver,
(Eds.), Handbook on approval voting (pp. 455–468). Heidelberg: Springer.

Laslier, J.-F. (2010b). Laboratory experiments on approval voting. In J.-F. Laslier & R. Sanver
(Eds.), Handbook on approval voting (pp. 339–356). Heidelberg: Springer.

Laslier, J.-F., & Sanver, R. (2010). The basic approval voting game. In J.-F. Laslier & R. Sanver
(Eds.) Handbook on approval voting (pp. 431–451). Heidelberg: Springer.

Laslier, J.-F., & van der Straeten, K. (2004). Election présidentielle : une expérience pour un autre
mode de scrutin. Revue Française de Science Politique, 54, 99–130.

Laslier, J.-F., and van der Straeten, K. (2008). Approval voting in the french 2002 presidential
election: a live experiment. Experimental Economics, 11, 97–195.

Núñez, M. (2010). Approval voting in a large electorate. In J.-F. Laslier & R. Sanver (Eds.)
Handbook on approval voting (pp. 165–197). Heidelberg: Springer.



Chapter 16
Approval Voting in Germany: Description
of a Field Experiment

Carlos Alós–Ferrer and Ðura-Georg Granić

16.1 Introduction

The 2008 state elections in the German state of Hesse were expected to be extremely
close. However, nobody expected that forming a new government would reveal itself
to be impossible and, after long months of unsuccessful attempts, new elections
would have to be called for almost exactly 1 year later.

On the original election day, January 21st 2008, we carried out a field experiment
on approval voting in the German town of Messel, with the explicit permission and
friendly support of the Hessian Ministry for the Interior and for Sport, the head
election organizer (Mr. Wolfgang Hannappel), the mayor of the Messel district (Mr.
Udo Henke), and the election commissioner (Mr. Dieter Lehr). This collaboration
allowed us to install separate voting booths in each of the three different voting areas
in the Messel district. Voters had been previously contacted per post and asked to
take part in a secondary hypothetical vote after casting their official vote. In this
second vote, Approval Voting was offered as an alternative voting system.

Our motivation was twofold. First, we were inspired by the experiment of Laslier
and Van der Straeten (2004, 2008)1 in the French Presidential Elections of 2002
and wanted to conduct an analogous study in Germany. We believe that conduct-
ing such field experiments in different countries is crucial to establish the practical
applicability of the method.2 Second, the particularities of the German electoral
system allowed us to conduct two simultaneous experiments with the same voters,
one where Approval Voting was used to select a candidate under a winner-take-all
procedure (as in previous experiments elsewhere), and one where votes were cast

1See also Laslier (2006).
2The bottom-line motivation, as in Laslier and Van der Straeten (2004, 2008) or Brams and
Fishburn (2005), is to show that Approval Voting could readily be incorporated into the politi-
cal process. The desirability of such a development is founded on the method’s sound theoretical
properties, as shown by Brams and Fishburn (1978) and made explicit by the characterization
results of Fishburn (1978a, 1978b) and Alós-Ferrer (2006).

C. Alós–Ferrer (B)
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for political parties rather than candidates, with an ensuing proportional system to
determine representation in the (state) parliament.

Indeed, most German state elections are idiosyncratic in that voters are asked to
cast two different votes. The first, for the district election (“Wahlkreisstimme”) is
given to a named candidate, and the results are determined by the winner-takes-all
procedure with simple majority. Half the seats in the state parliament are allocated
through this method (direct seats). The second vote, for the state election (“Lan-
desstimme”), determines the percentage of the total seats (not the remaining ones)
to be allocated to each different party which reaches at least 5% of the votes.3 Hence,
although approval voting is typically considered for candidate elections only, it was
natural, in our setting, to ask voters to provide approval ballots both for district
candidates and for state parties.4

Before the election, we sent a letter to the 3,017 citizens of Messel who were
eligible to vote.5 This letter explained the experiment’s objective and the way it
would be carried out. Additionally, the letter was published in the local city hall
bulletin. To the best of our knowledge, ours is the first field experiment to try out
this method in Germany.

As mentioned above, the main purpose of the investigation was to contribute to
the empirical testing of Approval Voting. We were particularly interested in exam-
ining any differences between the outcomes of the hypothetical vote and the voting
system currently in use. The results brought additional insights for political and
economic theory as well as understanding the (rather delicate) political situation in
Hesse.

We asked the voters in Messel to fill out two different voting forms: one for
the district election and another for the state election. Thus we had two different
sources of data. For the electoral district vote, there was a relatively small number
of candidates (8 in total) to choose from. For the state election, there was a relatively
large number of parties (17 in total).

16.2 The Official Election

Messel is part of the hessian electoral district 51 (Darmstadt-Dieburg). There were
eight candidates in this district for the district elections, each representing one of
the major parties: the CDU (conservative), the SPD (socialist), the Greens, the FDP
(liberal), the Republicans (extreme right), the Left (extreme left), the Free Voters
(mostly concerned with local issues), and the NPD (extreme right). The candidate

3 There are minor complications if a party manages to capture a larger number of direct seats than
the total percentage would allow it to have, or if a party which does not reach the 5% barrier obtains
some direct seats. These difficulties are essentially dealt with by increasing the number of seats in
parliament.
4 This raises a number of interesting theoretical considerations. See Alós-Ferrer and Granić (2010)
for a discussion.
5 To preserve voter anonymity beyond all doubt, we provided the election officials with the letters
and they were the ones to attach address labels and actually send them.
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for the SPD Party won the direct seat. In the state election, there were 17 different
parties from which to choose: the CDU, the SPD, the Greens, the FDP, the Repub-
licans, the Animal Protection Party, the Civil Liberties Party, the PSG (communist),
the Popular Vote Party, the Grey Party (oriented towards senior citizen issues), the
Left, the Violet Party (oriented towards spiritual issues), the Family Party, the Free
Voters, the NPD, the ‘Hessian Pirates’ (an organization of computer hackers) and
the UB Party (‘Independent Citizen Politics’).

The SPD and the CDU received the greatest percentage of the vote statewide,
with roughly equal numbers of votes for each party. However, none of the traditional
coalitions (CDU C FDP and SPD C the Greens) could reach an absolute majority.
Only five parties received more than 5% of the vote, enabling them to sit in the state
parliament. These were the CDU, the SPD, the FDP, the Greens and the Left. This
pattern was also found in Messel, with the exception that the Left Party received
only 4.9% of the vote and thereby just missed out the State Parliament barrier. This
difference is statistically meaningless.

The 3,017 registered voters were divided among three voting stations: Messel I,
Messel II and ‘Grube Messel’, with 1,326, 1,401 and 290 eligible voters respec-
tively. On the election day, 1,909 voters took part personally in the official election
(Messel I: 847, Messel II: 902, Grube Messel: 160). Additionally, 282 voters cast
an absentee vote through the post. Thus a total of 2,191 voters voted in the elec-
tion. This represented 72.6% of the eligible voting population, which is relatively
high in comparison to other electorates. The participation figures were similar to
those for previous elections in Messel. This supports the notion that the (announced)
experiment had no negative effects on voter participation.

16.3 The Experiment

Only people who voted at the voting stations took part in our experiment. Thus the
absentee voters are not included in the data for this experiment. Of the 1,909 voters,
967 (50.65%) took part in the study (Messel I: 461, 54.43% of voters; Messel II:
407, 45.12% of voters; Grube Messel: 99, 66.88% of voters). There were 6 invalid
votes in total (4 in Messel I, 2 in Messel II).6 Our sample is thus composed of a total
of 961 voters (Messel I: 457; Messel II: 405; Grube Messel: 99).

The results of both the district and state elections differ from those of the official
election. These differences are especially pronounced in the official election. Here
we will present a descriptive summary of our results, structured in four different
sections7: the District vote; the State Vote; a hypothetical ‘Messel-State Parliament’;
and further miscellaneous observations (for example, Coalition results).

6 It is of course quite hard to cast an invalid vote under approval voting. These six voters wrote com-
ments on the ballot instead of using it for voting. One of them actually stapled a long declaration
on the political situation in Messel to the ballot.
7 A more detailed analysis is presented in Alós-Ferrer and Granić (2010) where, among other
topics, we tackle the spatial representation of the Messel electorate’s preferences using the spatial
method described in Laslier (2006).
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Remark 16.3.1. Although the results in Messel in previous elections were repre-
sentative of the results in the whole state of Hesse, it is of course not statistically
possible to use our sample for making predictions about future political outcomes
in the whole of Hesse. Our discussion is for this reason to be understood purely
as informative. We limit our comparisons with the results of the official election in
Messel itself.

Our tables are set out as follows:

� Candidate/Party: Name of the Candidate or Party.
� Votes: percentage of the voters who voted for (approved of) the Candidate/Party.

Because every voter could vote for more than one Candidate/Party, the percent-
age does not add up to 100% but rather to 186% for the district election and
225% for the state election.

� Vote share: amount of votes (approvals) for a Candidate/Party, divided by the
total number of votes (this represents a renormalization of the votes, so that they
sum to 100%).

� Z-Rank: The candidates and parties are arranged according to the size of their
share of the votes in the hypothetical election (for example, the candidate with
the most votes receives Z-Rank ‘1’).

� Official Vote: Share of the votes in the official vote in Messel (excluding
absentee votes).

� O-Rank: The candidates and parties are arranged according to the size of their
share of the votes in the official election (for example, the candidate with the
most votes receives O-Rank ‘1’).

16.3.1 District Election

The following table summarizes the results of the district election, where voters had
to elect a single candidate:

Candidate Votes (%) Z-Share (%) Z-Rank Official O-Rank
Election (%)

Hofmann, SPD 58:0 31:2 1 45:9 1
Milde, CDU 41:8 22:5 2 37:9 2
Harth, the Greens 31:4 16:9 3 4:5 4
Dr. Krug, FDP 30:3 16:3 4 6:0 3
Deistler, the Left 10:4 5:6 5 3:4 5
Herrmann, the

Free Voters
7:4 4:0 6 0:8 7

Bauer, REP 3:9 2:1 7 1:1 6
Zeuner, NPD 2:8 1:5 8 0:3 8
Total 186:0 100:0 100:0
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The salient features of the table are described below:

1. The winner, according to the Approval Voting method, would have been Mrs
Hofmann (SPD), just as in the official election. The results of the Approval
Voting method differ from those of the official election in that according to
the Approval Voting method, Mrs Hofmann would have achieved an absolute
majority. 58% of voters gave her their approval in the hypothetical ballot. This
information is lost in the official election results.

2. The Approval Voting method alters the ranking of the different candidates. In the
official election, the greens are ranked fourth and the FDP’s candidate is ranked
third. Their positions are actually swapped through the Approval Voting method.

3. In the official election, the candidate for the extreme-right Republicans is in sixth
place, whilst the candidate for the Free Voter Party is in seventh place. This rank-
ing is reversed in the results of the Approval Voting method. In this particular
case, the difference between the two election methods is especially large. Whilst
in the Approval Voting results the candidate for the Free Voter Party can count on
a not insignificant percentage support of 7.4%, in the official election he received
only 0.8% of the total vote. The Republican candidate received a comparatively
small percentage of the vote in the Approval Voting results, with 3.9% of the
vote.

4. The voters voted for, on average, 1.86 candidates (standard-deviation: 0.874).
This value is robust, as shown by the similar averages in the three different voting
stations (Messel I: 1.89, Messel II: 1.83, Grube Messel: 1.84).

16.3.2 State Election

The following table summarizes the results for the State Election, where voters were
asked to select a party list:

Party Votes Z-Share Z-Rank Official O-Rank
(%) (%) Election (%)

SPD 53:8 23:9 1 38:9 1

CDU 44:6 19:8 2 36:0 2

The greens 36:1 16:0 3 7:0 4

FDP 32:6 14:5 4 9:0 3

The left 12:3 5:5 5 4:9 5

Animal protection
party

9:6 4:3 6 0:8 7

The family party 9:6 4:3 6 0:2 12

The free voters 7:1 3:1 8 0:5 9

Rebublican party 3:3 1:5 9 1:0 6

The popular vote 2:9 1:3 10 0:2 13

(Continued on next page)
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Party Votes Z-Share Z-Rank Official O-Rank
(%) (%) Election (%)

NPD 2:8 1:2 11 0:8 7

The hessian pirates 2:8 1:2 11 0:3 10

The grey party 2:5 1:1 13 0:2 13

UB 2:1 0:9 14 0:1 15

The violet party 1:0 0:5 15 0:3 11

PSG 0:9 0:4 16 0:1 15

Civil liberties party 0:9 0:4 16 0:1 15

Total 225:0 100:0 100:0

Several interesting conclusions can be drawn from this table:

1. With the Approval Voting System, the notion of the ‘two big parties’ seems less
appropriate to describe the political situation. There were in fact 4 parties which
received an approval rate above 30%: the CDU, the SPD, the Greens and the
FDP. On this basis, the results of a state election (see ‘Messel-Parliament’ below)
would have produced four major factions, each with a similar number of seats in
Parliament. One could even infer on this basis, that the official vote’s splitting of
voter preferences into two political sides is an artificial product of the voting sys-
tem. Parties such as the Greens and the FDP would have gained a great advantage
through the Approval Voting system.

2. In Messel, according to the hypothetical election, the SPD Party received an
absolute majority of the vote. Of course, under Approval voting it can be the
case that more than one party receives an absolute majority. However, the SPD
was the only such party in Messel.

3. Some of the parties that are categorized as ‘small’ become much larger with the
Approval Voting system. There were three parties which in the official election
received only a small percentage of the vote, and whose size grew to significantly
more than 5% of the vote with the Approval Voting method. The following parties
showed such an increase: the Animal Protection Party (9.6%), the Family Party
(9.6%) and the Free Voters (7.1%). If we assume, with a leap of faith, that these
figures are representative of the state of Hesse, then one can argue that these
parties should have seats in the state Parliament (see the hypothetical ‘Messel-
Parliament’ below).

4. The positions of the political minorities is distorted by the official voting method.
After the four major parties and the Left come the Republicans (ranked sixth) and
the NPD (ranked seventh). According to the Approval Voting system, however,
it is the Animal Protection Party, the Family Party and the Free Voters who have
the largest share of the votes after the four major parties and the Left (see above).

5. The voters voted on average for 2.25 parties (standard deviation: 1.141). This
value remained robust, as the average value for the three voting stations was
comparable (Messel I: 2.31, Messel II: 2.20, Grube Messel: 2.20).
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It is interesting to note that the Approval Voting system altered the notion of
a two-party dominant system, showing instead four parties with a significant pro-
portion of the vote. Additionally, certain so-called ‘small parties’ were seen to be
significantly larger in the Approval Voting system than in the official system. The
reasons for these differences can be clarified as follows. Because voters each voted
on average for 2.25 parties, every party receives on average 2.25 times the number
of votes that they would have received in the official election. This means that the
number of votes for an ‘average’ party in the Approval Voting system, on the basis
of their votes in the official election, is obtained by multiplying the number of votes
in the official election by 2.25. For the CDU and the SPD however, this factor was
only 1.24 and 1.38 respectively. In contrast, the Greens and the FDP received a fac-
tor of 5.14 and 3.62 respectively. The factors for the NPD and the Republicans were
higher than average, with 3.5 and 3.3 respectively. But the factors for the Animal
Protection Party, the Family Party and the Free Voter Party were enormously high,
with 12.0, 48.0 and 14.2 respectively.

We draw the conclusion that the current official voting method presents a dis-
torted view of voter opinions. This method forces the voter to decide for only one
party. For many voters in this situation, the notion of ‘making your vote count’
would be very important. According to this argument, the small parties the voters
would actually prefer to vote for, are ignored, because they are small and have no
chance of winning, either at the local or state level. Instead, voters believe they
should give their vote to one of the larger parties, whose positions the voter gen-
erally agrees with, although they are not as appealing to the voter as those of the
preferred smaller party. In this way, the ‘small’ parties remain small, even when a
significant proportion of the voting population sympathizes with them. For example,
the CDU and SPD could possibly be chosen because they are large parties, although
the preferences of the voters for the FDP and the Greens are just as marked. In this
way, the large parties remain large, only because they are already large, and are seen
as such.

A similar argument holds for the minority parties. Because of the drive to ‘make
your vote count’ (‘only vote for someone who has a chance of winning’), many
‘small’ parties are deprived of votes, because they are small at this point in time
(although according to the real preferences of the voters, they should not really be
so small). Because the Approval Voting system allows the voter with these pref-
erences to choose the small party and the larger one, the notion of ‘making your
vote count’ is no longer relevant, and it no longer influences the voting behaviour of
the voter.

The argument for ‘making your vote count’ does not apply so well for protest
voters and for voters who strongly disagree with all of the large parties. The official
voting method here leads to parties on the far ends of the political spectrum being
overvalued. With the Approval Voting system, these parties receive votes only from
confirmed followers of the party, whilst other small parties (with less extreme polit-
ical positions, such as the Animal Protection Party, the Family Party and the Free
Voters; see the results above), freed from the constrictions of ‘making your vote
count’, find comparably broader support.
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16.3.3 The Messel Parliament

In order to illustrate the way in which the application of the Approval Voting Method
would change the composition of the state parliament, we constructed a hypothet-
ical parliament, using the results of the approval vote in Messel. This is based on
the assumption that the results for Messel are generalizable across the whole state.
This hypothetical ‘Messel-Parliament’ is of course only intended to function as an
illustrative picture of the potential effects of the Approval Voting method.

To enable a proper comparison, we first constructed a ‘Messel-Parliament’ on
the basis of the official election results. That is, that we calculated the distribution
of seats in the state Parliament of Hesse, by projecting the official election results
onto the whole state.

The parliamentary election results, according to the official elections in Messel,
look quite similar to the actual parliamentary election results for the entire state
of Hesse. The only major difference is that the Left Party, with 4.9% in Messel,
fell just short of the 5% lower limit. The actual statewide results showed, however,
that the Left Party, with 5% of the vote, managed to get a place in the Hessian
State Parliament. In order not to have this statistically irrelevant difference blur the
overall picture, we have calculated the Messel-Parliament based on the assumption
that 4.9% of the vote is good enough to gain a place in the Hessian Parliament.

The following table, and Fig. 16.1, show the hypothetical ‘Messel-Parliament’
according to the official election of the district of Messel. The distribution of
seats is, as in the results of the official 2008 election, calculated according to
the largest remainder method, known in Germany as the Hare-Niemeyer method.
In this case, all parties that fell under the 5% lower limit (in our case 4.9%)
were eliminated. The vote percentages were then recalculated on the basis of the
total number of votes of the remaining parties. These results were multiplied by
110/100 (because there are 110 seats in the Hessian Parliament) and then rounded
off. In accordance with the Hare-Niemeyer Rule, the remaining seats were allo-
cated to the Parties with the largest remainders (counting from the first decimal
place).

Party Votes % (converted) Mandates

SPD 726 40:65 45

CDU 671 37:57 41

FDP 168 9:41 10

The Greens 130 7:28 8

The Left 91 5:10 6

Total 1;786 100:00 110

The picture is qualitatively similar to the actual distribution of seats in the
actual hessian Parliament. The official election results for the whole state of Hesse
show the following patterns: (1) the CDU and the SPD are the two major parties;
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Fig. 16.1 The ‘Messel Parliament’, based upon the results of the official voting method

(2) neither of the “standard” coalitions, CDU C FDP and SPD C the Greens, could
reach an absolute majority; and (3) the so-called ‘big coalition’ (CDU C SPD)
would have had an absolute majority.

In order to create a hypothetical ‘Messel-Parliament’ from the Approval Voting
data, we used a normalized voting-share. The number of approvals for the party,
divided by the sum of all approvals for all parties (not through the number of vot-
ers) become the critical quantity to determine the number of elected members of
any given party. To ensure a comparable distribution of our Messel-Parliament’ we
followed the official method of seat distribution as closely as possible. To do this,
we used the Hare-Niemeyer method and maintained a 5% lower limit for election
to the hessian Parliament. In this case we must decide if the 5% lower limit will be
determined by votes or from vote-share. We decided that our criteria for election to
the hessian Parliament would be determined by percentage of votes. This means that
every party who received approvals from at least 5% of the voters, receives at least
one seat in the hypothetical parliament. This procedure seemed both the simplest
and most representative.8

The following table, and Fig. 16.2, show the hypothetical ‘Messel-Parliament’ as
determined by the Approval Voting method. First, all parties which fell under the 5%
lower limit were eliminated. Subsequently, the vote-share for the remaining parties
was calculated. These results were multiplied by the factor of 110/100 (because
there are 110 seats in the hessian Parliament) and rounded off. The remaining seats
were divided amongst the parties with the largest remainders.

8 See Alós-Ferrer and Granić (2010) for details.
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Party Votes % (Votes) Z-Share (%) Mandates

SPD 517 53:8 26:16 29

CDU 429 44:6 21:71 24

The greens 347 36:1 17:56 19

FDP 313 32:6 15:84 17

The left 118 12:3 5:97 7

Animal protection party 92 9:6 4:66 5

Family 92 9:6 4:66 5

The free voters 68 7:1 3:44 4

Total 1;976 205:7 100:00 110

Fig. 16.2 The ‘Messel Parliament’, based upon the results of the Approval Voting data

The Messel Parliament based upon the results of the hypothetical voting method
produced results that were quite different from those of the official state Elections:
(1) according to the Messel Parliament, the majority of the seats would have been
given to four different parties, the CDU, the SPD, the FDP and the Greens; (2) three
small parties, which did not get any seats in the actual election, would have been
elected to parliament in the hypothetical election: the Animal Protection Party, the
Family Party and the Free Voters; and (3) the big coalition (the CDU and the SPD)
would not have reached an absolute majority.

This hypothetical Messel Parliament allows some interesting possibilities for
government formation. For example, the three new small parties in the Parliament
(the Animal Protection Party, the Family Party and the Free Voters) together, could



16 Approval Voting in Germany: Description of a Field Experiment 407

enable an SPD and Green Government, without the support of the Left or the FDP.9

On the other hand, these three small parties would not enable the formation of a
CDU and FDP government. Even a wide coalition of all parties excluding the CDU
and the SPD would be theoretically possible.

Coalition Votes (%)

SPD C Greens 27:68

CDU C FDP 25:18

SPD C FDP 9:47

Big Coalition (CDU C SPD) 9:16

FDP C Greens 6:14

SPD C Green C The Left 5:10

‘Jamaica’ (CDU C FDP C Greens) 4:99

‘Traffic light’ (SPD C Greens C FDP) 4:79

16.3.4 Further Remarks

16.3.4.1 Coalitions

An advantage of the Approval Voting Method is that the popular support for a given
coalition can be assessed through the different votes, without the necessity of an
additional questioning of the electorate. The data set from our study allows us to
calculate how many voters voted for a given coalition. The following table shows
the number of voters who voted for the different potentially interesting coalitions.

From these results it can be seen that, in our data sample, there is only a small
amount of voter support for the coalition groups that actually exist.

Other specific questions can also be easily answered. For example, 517 voters
voted for the SPD whilst 118 voted for the Left. Out of these only 91 voters voted
both for the SPD and the Left. That means that only 17.6% of SPD voters would
also vote for the Left if they had the option of doing so. In contrast, 77.1% of voters
who voted for the Left would also vote for the SPD.

16.3.4.2 Number of Votes

Previous studies (such as Laslier and Van Straeten’s in Orsay, France) have reported
that for the Approval Voting Method, the voters choose on average three candidates
to vote for. This observation seems not to generalize to our results. In our Study,

9 We would like to remark that the impossibility of an SPD C Green government without the
support of neither the FDP nor the Left was the essence of the long government formation crisis in
Hesse which lasted the whole year 2008 and eventually resulted in new elections in 2009.
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the voters chose on average 1.86 candidates (from 8 possible candidates) and 2.25
parties (from 17 possible parties). Because these average values were quite stable
across the three different voting Stations in the district of Messel, we infer that the
smaller number of candidates or parties voted for is the result of some as yet not
identified psychological or cultural factor (one possible, purely economic explana-
tion is that our participants had to provide two sets of data rather than only one,
thereby opportunity costs of participating in the experiment were higher). The fact
remains that the German voters in Messel 2008 chose significantly fewer from the
potential options as the French voters in Orsay 2002.

16.3.4.3 Visibility of the Small Parties

Our study brought into focus another characteristic of the official voting system.
All of the so-called ‘small’ parties face the problem of having low visibility. A sig-
nificant number of voters speaking to us on polling day said that they never ‘look
down’ far on the list of parties on the ballot paper. In other words, many voters took
part in the official election without having read through the whole list of parties
that they might vote for. When these voters came to the hypothetical vote, and had
the possibility to vote for more than one party, the voters read the list all the way
through. Some voters thought that our ballot paper was not serious, because they
did not believe that parties such as ‘the Hessian Pirates’ or ‘the Violets’ were real
parties. These were the same voters who only minutes before had given the official
ballot paper in, with exactly the same names listed upon it.

16.4 Afterword

16.4.1 Repetition of the Election in Hessen

On January 18th, 2009, the citizens of Hesse were called to vote once again, after
the previous elections held 1 year before did not enable state politicians to form a
new government.

In the new elections, many of the small parties declined to participate. In total,
only ten parties participated: the CDU, the SPD, the Greens, the FDP, the Repub-
lican Party, the Civil Liberties Party, the Left, the Free Voters, the NPD, and the
‘Hessian Pirates’.

At the state level, the results were a disaster for the socialist party, whose previous
main candidate, Andrea Ypsilanti, had infuriated supporters by attempting to form a
coalition government with the radical-left “The Left”.10 As commented above, our

10 Shortly after the election, Miss Ypsilanti took responsibility for the disastrous outcome and
retired from her position as Chairman of the SPD in Hesse.
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data shows that (at least in Messel), although most Left-supporters approved of the
SPD, few of the SPD-supporters approved of the Left, and hence the problems faced
by Miss Ypsilanti are hardly surprising. The following table shows the broad results
in Hesse and in Messel, where the 4 2008 columns denote the change in percentage
compared to the 2008 election:11

Party % in Hesse 4 2008 (%) % in Messel 4 2008 (%)

CDU 37:2 C0:4 36:4 C0:2
SPD 23:7 �13:0 23:5 �15:3
FDP 16:2 C6:8 16:4 C7:4
The greens 13:7 C6:2 15:0 C7:9
The left 5:4 C0:3 4:9 C0:3
The free voters 1:6 C0:7 1:6 C1:1
NPD 0:9 0:0 1:0 C0:1
Rebublican party 0:6 �0:4 0:4 �0:5
The hessian pirates 0:5 C0:2 0:6 C0:3
Civil liberties party 0:2 C0:2 0:1 C0:1
Total 100:0 C1:4 100:0 C1:6

Statewide, as well as in Messel, the CDU received the greatest share of votes.
With an absolute majority of seats in parliament, together with FDP, the CDU
formed the new state government. The picture of the vote in Messel reflects, apart
from minor differences, the outcome we observe at state level quite well. The SPD
voters punished their party for the attempt, against the promise in pre-election period
not to do so, to form a minority government with the backing of the Left. Whilst the
share of the CDU and the Left nearly stayed constant, the FDP, the Greens and
the Free Voters roughly doubled their share of votes (from the participating parties,
the latter three exhibit the largest multiplying factor in our experiment, see above).

Although one should be careful with the interpretation, a notable fact is that the
considerable loss of votes suffered by the German Socialist Party in terms of share,
both for Hesse and Messel, approximately equals the gain received by the FDP and
the Greens. Excluding the possibility of fuzzy preference reversals among the whole
population of Hesse, the most plausible and nearest interpretation is that a large
fraction voters turned their back on the SPD and, instead, voted for the FDP and
the Greens. In the context of our experiment, this development seems very natural.
Not only did our experiment show that the Liberals and the Greens share a much
higher acceptance rate amongst the population than the official vote suggests, they

11 With only ten parties participating in the election in 2009, the changes of percentages do not add
up to 0%, but, with 1.4% in Hesse and 1.6% in Messel, represent the total share of votes from 2008
cast for the seven parties that declined to participate.
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are also the parties our participants simultaneously approved of with SPD the most
(see coalition table).

16.4.2 A Second Experiment in Germany

On September 27th, 2009, we conducted a similar experiment during the nation-
wide German Federal elections (see Alós-Ferrer and Granić 2010 for details). This
time, we selected six voting stations in the city of Konstanz, in the southern German
state of Baden-Württemberg. Of the 2,879 voters who showed up at the voting sta-
tions, 1,431 (49.7%) took part in our study. The overall conclusions with regard to
feasibility of the field experiment and voter acceptance were similar to our study in
Hessen.

Remarkably, however, in our Konstanz study the results of the approval vote
showed major differences from those of the official vote. As in Konstanz itself and
most of Germany, the conservative party (CDU) received the simple majority both
for the district election (“Erststimme”), where again a single candidate is selected,
and the party-list election (“Zweitstimme”), where a party is elected. In contrast,
the Green Party would have won both elections under approval voting (at least in
the subset represented by the six selected voting stations).12 The Green Party was
approved by a 58.1% of the participants, and it was the only party to receive an
absolute majority of approvals. The normalized approval vote share of the Green
Party was 22.7%, coming before the CDU (16.2%) and the SPD (18.5%). In the
official vote (restricted to our six voting stations), a vote share of 20.1% resulted in
the Green Party coming in third, after CDU (28.6%) and SPD (21.9%). The situation
was quite similar for the candidate vote.

The main political observations were also similar to the ones from the Hesse
study, with four big parties arising rather than two, and some surprises among
allegedly small parties. As an anecdote, the “Pirate Party” was approved of by 20.8%
of the voters (normalized approval share of 8.1%, coming even before The Left),
even though the official vote resulted in a vote share of only 3.7%. Other small
parties also experienced large boosts, as e.g. the Animal Protection Party.

16.4.3 Final Words

Based on the observations above and our overall experience, we would like to argue
that our field experiment has shown that, first, Approval Voting is a practicable
method which can be easily implemented in practice, and, second, that the data

12 Konstanz, a University city, is of course not representative for Germany. What we find interesting
is the difference in results between the approval voting method and the official one.
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generated by this method provide a better picture of the political preferences of the
electorate than currently used methods.
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Chapter 17
Classical Electoral Competition Under
Approval Voting

Jean-François Laslier and François Maniquet

17.1 Introduction

In large societies, collective decisions cannot be taken directly but have to be dele-
gated to professional decision makers. In a democracy, these delegates are typically
elected through a competitive mechanism. The simplest expression of such a mech-
anism is the now standard Downsian model of Politics (Downs 1951) in which a
relatively small number of candidates face a relatively large number of voters, the
candidates are purely office-motivated and the voters policy-motivated. For the pur-
pose of winning the election, each candidate freely and independently proposes a
policy from a fixed and common set of possible policies. Voters are only interested
in policies and not in candidates per se. They trust that the elected candidate will
implement the policy she is proposing.

The usual case in the literature considers only two candidates under plurality
voting. Then voters only face a binary choice, so that each voter simply votes for
the candidate whose policy she prefers. In that case, competition for office drives the
candidates to propose popular policies. In particular, if there exists a policy preferred
to any other by a majority of voters – a Condorcet alternative – then both candi-
dates propose this same policy. This statement is even an if and only if statement
since, as soon as no Condorcet alternative exists, the two-party Downsian game
has no pure-strategy equilibrium. Formal political science has studied this question
in great details, and the literature on two-party competition under plurality rule is
very large; see for instance the books of Ordeshook (1992), Roemer (2001), Mueller
(2003), or Austen-Smith and Banks (2005). Following Cox (1984, 1985) and Weber
(1995), this chapter is devoted to the study of multiparty electoral competition under
approval voting in the Downsian political context where collective choice is dele-
gated to office-motivated candidates. To recall, approval voting is the electoral rule
under which voters are given the right to approve of as many candidates as they
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wish, and each approval gives one point to the approved candidate. The winner of
the election is the candidate having received the largest number of approvals.

Rational behavior of the voters rests on their beliefs about two things. On one
hand, they have to wonder which candidate is most likely to win the election and
which candidates can challenge this front-runner. On the other hand, they have
to make up their mind as to the policies that each candidate would implement, if
elected. Rational behavior of the candidates choosing platform campaigns, in turn,
rests on their knowledge about the choices of the voters and of the other candidates.
We study electoral competition in a framework where the candidates choose ratio-
nally (and simultaneously) their political platforms, and the voters react to these
platforms. With more than two candidates, not only the voting rule matters but
the behavior of voters is no longer as straightforward as it is with two candidates.
Studying approval voting, we make the assumption that voters follow the Leader
Rule, a behavioral rule which has a rational foundation (Laslier 2009) and satisfies
the criterion of sincerity of Brams and Fishburn (1983) and admissibility of Dellis
(2010).

We prove that when voters follow that rule, the outcome of the electoral com-
petition among candidates converges towards the Condorcet winner policy in the
following sense: if a Condorcet winner policy exists, then there exists an equilib-
rium that supports it; and if, moreover, the set of policies is one-dimensional and
voters’ preferences are single-peaked, then this equilibrium is the only one. The
prediction of the model is thus that the approval voting electoral rule drives office-
motivated candidates to policy moderation and makes more than two parties viable.
This result should be contrasted with what happens with Plurality rule: in that case,
only two parties can be viable.

In Sect. 17.2, we present the model and we recall the definition of the Leader
Rule. In Sect. 17.3, we present the results. In Sect. 17.4, we discuss some possible
extensions.

17.2 The Model

17.2.1 Candidates, Voters, and Preferences

There is a setX of possible policies. We consider two models below. In the first one,
X is a finite set with no particular structure. In the second one, X is the real line.

In both models we make the following assumptions on voters and candidates.
There is a set f1; : : : ; N g of N voters. Voters have preferences over X . There is a
set C of K candidates. Each candidate c 2 C has to choose a policy

xc 2 X:

We assume that policy xc is implemented if candidate c is elected. Consequently,
a voter prefers candidate c to candidate c0 if and only if she prefers xc to xc0 , and
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we can equally well speak in terms of preference over candidates or preference over
policies.

The way voters vote among the proposed policies xc , c 2 C is described below.
Let us begin by describing the objectives of the candidates. As a result of the
election, a fraction of the voters, which we denote by sc , approve of policy xc ,
c 2 C. The number of approvals of c is thus Nsc . This number is called the score
of c. The winning candidate is the one with highest score. If several candidates
obtain the same, highest, score, the winner is decided by a fair lottery. We assume
that the objective of a candidate is to maximize the probability of winning the
election.

Let x; y 2 X . Voters may prefer x to y, y to x, or be indifferent. We assume
that the profile of voters’ preferences over X is fixed. Given this preference profile
of the population f1; : : : ; N g, we can compute g.x; y/ 2 Œ0; 1�, the fraction of the
voters who strictly prefer x to y and i.x; y/ 2 Œ0; 1�, the fraction of the voters who
are indifferent between x and y. Note that g.x; y/ � g.y; x/ measures the relative
plurality in favor of policy x against policy y. By definition,

g.x; y/C g.y; x/C i.x; y/ D 1:

We suppose that the number of voters is large.

17.2.2 Individual Voting Behavior

Let us now describe how voters choose their vote. Here, we follow the behavioral
rule developed in Laslier (2009) and we adapt it to the current model. A rational
voter responds to the number of approval votes granted by the other voters to the
various candidates (their scores). Let us assume that sc represents the fraction of
voters approving of c when we do not take account of a given voter’s vote. First,
the voter deduces from the scores sc , c 2 C a strict ranking c1; c2; : : : ; cK of the
candidates. Candidate c1 is the leader, according to that voter. This ranking needs to
be compatible with the scores in the following sense.1

Definition 17.2.1. The ranking c1; c2; : : : ; cK of the candidates is compatible with
a score vector s D .sc/c2C if for all k; k0 2 f1; : : : ; Kg,

sck
> sck0

) k < k0:

If the score vector is such that theK candidates have distinct scores then there is
a unique compatible ranking. That is the case analyzed in Laslier (2009). Otherwise,
the candidates with identical scores can be ranked in any way, providing multiple
compatible rankings.

1 It should be clear that these rankings do not reflect voters’ preferences, only voters’ beliefs about
which candidate will arrive first, which other candidate will arrive second, etc.
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Recall that each voter has fixed preferences over X . For any list of policy posi-
tions x D .x1; : : : ; xK/ there is an induced preference relation of this voter over
candidates. When the voter has strict preferences over the candidates, the Leader
Rule stipulates that she approves of all the candidates she strictly prefers to c1 and
of no candidate she finds strictly worse than c1, and she votes for c1 if and only
if she prefers c1 to c2. When the voter is likely to be indifferent between several
candidates, the rule can be generalized as follows.

Assumption 17.2.1 (Leader Rule). Given a strict ranking c1; c2; : : : ; cK of the
candidates, a voter behaves as follows:

� If she is indifferent among all candidates, then she approves each of them with
probability 1=2, independently.

In all other cases, for any candidate d:

� If the voter is not indifferent between d and c1, she approves of d if and only if
she prefers d to c1.

� If she is indifferent between d and c1 (for instance in the case d D c1), she
approves of d if and only if she prefers d to ci , where ci is the first candidate,
according to the ranking c1; c2; : : : ; cK such that she is not indifferent between
ci and c1.

If the score vector is such that the K candidates have distinct scores, then this
postulated behavior defines a unique ballot for any voter, except in the case where
the voter is indifferent between all candidates. If the score vector contains ties, sev-
eral rankings of the candidates are compatible. That may lead to different responses
for some voters. For instance, let us assume that s1 D s2 > s3 and the preferences
of the voter are: Candidate 1 is preferred to candidate 3, preferred to candidate 2. If
the strict ranking of the candidates compatible with scores is 1, 2, 3, then the voter
approves only of 1. If the ranking is 2, 1, 3, then she approves of 1 and 2.

Let us briefly present the rationale for the Leader Rule. Assume that the scores
represent how voters plan to vote, but for each voter and for each candidate she
plans to approve, there is a small chance � that the vote is not recorded, or that she
forgets to cast that vote, etc. Then, the actual number of approvals for a candidate
c 2 K becomes a random variable of mean .1 � �/Nsc . As a consequence, in
spite of the fact that the expected scores of two candidates differ, there is always a
positive probability that they tie, so that the vote of this voter is pivotal. Reasoning
on these pair-wise ties and neglecting three-way ties whenN tends to infinity a voter
votes for a candidate if and only if the most likely serious tie event involving that
candidate is one where the former is strictly preferred to the latter (a tie is serious if
the voter is not indifferent between the two candidates). Laslier (2009) proves that
it gives the above voting behavioral rule, and Nunez (2010b) presents this rule and
other related models for large electorates.
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17.2.3 Electorate Voting

To define the electorate response to a score vector s, suppose that s has exactly
M compatible rankings. We make the assumption that a proportion 1=M of the
population of voters adopts each of these rankings, independently of the types. For
instance, in the above example s1 D s2 > s3 among all voters sharing the same
preferences, fifty per cent will behave according to the ranking 1, 2, 3, and fifty
per cent according to 2, 1, 3. This assumption only makes sense in sufficiently large
populations. This is precisely our definition of a large population.

Assumption 17.2.2 (Uniform tie-breaking). Given a score vector s; each voter
chooses a ranking of the candidates compatible with s, and responds to this ranking.
The choice of the ranking is uniform among the rankings compatible with s, and it
is independent of the voter’s preferences and of the other voters’ choices.

The above assumptions form a simple and natural extension of the Leader Rule
defined by Laslier (2009) to handle the possibility of ties, although it is only justified
by some kind of law of insufficient reason, as is often the case for uniform rules.2

Notice that, in any case, since each ballot is defined by the Leader Rule applied to
the appropriate ranking, all ballots are sincere and admissible.

17.2.4 Equilibrium

We define an electoral competition game as one with K C N players, the K can-
didates and the N voters. In the first stage of the game, each candidate c chooses
a policy xc 2 X . In the second stage of the game, voters vote, using approval vot-
ing. Each vote has a given probability of not being recorded, as explained above.
Depending on which votes are recorded, candidates receive numbers of approvals.
The candidate with the largest number of approvals is the winner of the election.
Ties are broken by a fair lottery. Voters derive utility from the (lottery over) poli-
cies that were chosen by the winning candidates. Candidates derive utility from the
probability of being elected.

If we restrict our attention to the second stage of the game, then we are back to the
game studied by Laslier (2009) except that candidates’ score vector can now contain
ties. The Leader Rule tells us how voters react to the expected vector of scores. Now,
the expected vector of scores itself is completely determined by the voters’ expected
votes. The equilibrium notion we consider, which we call uniform consistency, is the
fixed point of that relation. It is the set of pure Nash equilibrium outcomes of the
second stage of the electoral game under Assumptions 17.2.1 and 17.2.2.

2 The uniformity assumption is required for our proofs. Notice however that the assumption is
trivially met each time there are no ties.
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Definition 17.2.2. A score vector s D .sc/c2C is uniformly consistent with policy
positions x D .xc/c2C if s is the score vector that is obtained when voters react,
according to Assumptions 17.2.1 and 17.2.2, to s itself.

We are interested in the pure sub-game perfect equilibria of the electoral com-
petition game. Using the above definition, such an equilibrium is a pair .x; s/
of positions and scores such that s is uniformly consistent with x and for no
candidate c there exists a unilateral deviation x0 D .x0

c ; x�c/ and a score vector s0
uniformly consistent with x0 such that the probability of c winning the election is
higher in s0 than in s:

For the sake of completeness, we prove the following result, which consists of
adapting Laslier’s result to the current framework. That results concerns cases where
candidates choose policies in such a way that no voter is indifferent between any
two policies. In those cases, if a strict Condorcet winner policy exists, then there is a
unique score vector uniformly consistent with it. That vector is easily built by using
the g function.

Recall that a Condorcet winner policy is one that is preferred to any other by a
majority of voters.

Definition 17.2.3. A list of policy positions x D .xc/c2C admits a Condorcet
winner policy x` if and only if for all k ¤ `,

g.x`; xk/ 	 1=2:

It admits a strict Condorcet winner if the above inequality is strict for all k ¤ `.

A policy x` may be a Condorcet winner in a list of policy positions x D
.x1; x2; : : : ; xK / even if there exists a policy y 2 X that is preferred to x` by a
majority of voters, provided y is not in the list of policy positions. We will come
back to that key issue in the next section.

Proposition 17.2.1. Assume that the list of policy positions x D .xc/c2C is such
that no voter is indifferent between any pair of policies. If x admits a strict Con-
dorcet winner policy x`; then there exists a unique score vector s that is uniformly
consistent with x. This score vector is defined by: For all k ¤ `, sk D g.xk ; x`/ <

1=2, and
s` D min

k¤`
g.x`; xk/:

Proof. (1) The score vector s is consistent with x: Let L.2/ denote the set of can-
didates obtaining the second largest score. By construction, for all k; k0 2 L.2/ W
g.xk ; x`/ D g.xk0 ; x`/. For all k 2 L.2/, a fraction 1

jL.2/j of voters has ranking
`; k; : : :. Among those voters, a fraction g.x`; xk/ vote for `, a fraction g.xk ; x`/

vote for k, and for all h ¤ `; k; a fraction g.xh; x`/ vote for h. Consequently,

sl D 1

jL.2/j
X

k2L
g.x`; xk/ D g.x`; xk0/ 8 k0 2 L.2/;
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and for all k ¤ ` W sk D g.xk ; x`/. Finally, as for all k 2 L.2/, k0 … L.2/ [ f`g W
s.k/ > s.k0/; by construction, g.xk ; x`/ > g.xk0 ; x`/: This implies g.x`; xk/ <

g.x`; xk0/ so that
s` D min

k¤`
g.x`; xk/:

(2) Uniqueness: Let L.1/ denote the set of candidates obtaining the largest score.
Assume ` … L.1/: Then,

sl D 1

jL.1/j
X

k2L.1/

g.x`; xk/ >
1

2
:

First case: L.1/ contains more than one candidate. Then, for all k 2 L.1/;

sk D 1

jL.1/j
X

0

@
k0 2 L.1/

k0 ¤ k

1

A

g.xk ; xk0/C 1

jL.1/j
1

jL.1/j � 1
X

0

@
k0 2 L.1/

k0 ¤ k

1

A

g.xk ; xk0/

D 1

jL.1/j � 1

X

0

@
k0 2 L.1/

k0 ¤ k

1

A

g.xk ; xk0/:

Summing up these scores, and recalling that g.xk ; xk0/C g.xk0 ; xk/ D 1 (no voter
is indifferent between xk and xk0 ), we get

X

k2L.1/

sk D 1

jL.1/j � 1
X

k;k02L.1/

g.xk ; xk0/C g.xk0 ; xk/

D 1

jL.1/j � 1
.jL.1/j/.jL.1/j � 1/

2
D jL.1/j

2
;

so that for all k 2 L.1/ W sk D 1
2
: To summarize, we have sk < sl ; a contradiction.

Second case: L contains one candidate, say 1. We must have s1 > 1
2

and for all k
in the set of candidates ranked second, sk D g.xk ; x1/ <

1
2

, which is inconsistent
with sl >

1
2
: ut

There are two important directions in which the above result does not extend.
First, even if the profile has a Condorcet winner, if the Condorcet winner is not
strict, then it is possible that no uniformly consistent scores exist.

Example 17.2.1. Consider a set of three candidates f1; 2; 3g such that the pair-wise
comparisons among candidates are: g.x1; x2/ D :5, g.x1; x3/ D :6, g.x2; x3/ D :1.
No uniformly consistent scores exist for this profile. To see that one can check the
impossibility for each ordering, strict or not, of the candidates according to s. For
instance if 1 is alone at the first place in s, 2 at the second place, and 3 at the
third, then the scores should be s1 D g.x1; x2/ D :5 and s2 D g.x2; x1/ D :5
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also, a contradiction. If 1 and 2 tie at the first place and 3 comes third, then s1 D
g.x1; x2/ D :5, s2 D g.x2; x1/ D :5, and s3 D .g.x3; x1/ C g.x3; x2//=2 D
:65>:5, a contradiction. The reader will easily complete this proof.

Second, if (a non-negligible fractions of) voters have indifferences, then there
may be several score vectors uniformly consistent with the policy positions and
even a strict Condorcet winner may fail to be ranked first in such a score vector.

Example 17.2.2. Consider a set of three candidates f1; 2; 3g and their policy posi-
tions x D .x1; x2; x3/ inducing the preferences described in the following table
(which reads: 4 voters are indifferent between 1 and 2 and strictly prefer any of
these two to 3, etc.):

4 3 2
1; 2 3 3

3 1 2

2 1

Observe that 3 is a strict Condorcet winner. Nevertheless consider the following
score vector: s1 D 7, s2 D 6, s3 D 5, in which candidate 3 is ranked last. One can
easily check that, applying the Leader Rule, all voters vote for two candidates, and
that this score vector is consistent with x.

These examples show that there is no pure strategy Nash equilibria under
Assumptions 17.2.1 and 17.2.2 in the above games. Of course, if the profile of
candidates has no Condorcet winner, it is all-the-more possible that no uniformly
consistent score exists. The fact that uniformly consistent scores may fail to exist is
a difficulty for the study of electoral competition under AV in the general case, under
the uniform tie-breaking assumption. The results (in the next section) will thus be
limited to some observations, in the case of existence of a Condorcet winner.

The result conveyed in Example 17.2.2 above involves a preference profile that
is incompatible with the assumption that individual preferences are single-peaked.
Recall that individual preferences are single-peaked if it is possible to order the
alternatives in such a way that each agent has a unique preferred alternative and her
satisfaction decreases as the selected alternative moves further away from her pre-
ferred one. In Example 17.2.2, the only orderings of alternatives that are compatible
with the existence of preferences 312 and 321 (last two columns) are 1 < 3 < 2

and 2 < 3 < 1, which excludes preference .12/3. The last result in the next section
shows that Example 17.2.2 cannot hold if preferences are single-peaked.

17.3 Results

We are now equipped to prove our two results. Both results hold even if agents
show indifferences among some pairs of policy positions. They confirm the close
relationship between approval voting and the Condorcet winner. Proposition 17.3.1
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states that a Condorcet winner policy, if it exists, can always result from electoral
competition under approval voting, and Proposition 17.3.2 states that, in single-
peaked domains, this is the only possible outcome. The section is completed by
showing that these results do not hold if approval voting is replaced with plurality
voting.

17.3.1 Condorcet-Consistency

In the previous section, we defined a Condorcet winner by reference to a list x D
.x1; : : : ; xK/ of policy positions. If we look at the entire set X of possible policies,
we can define a Condorcet winner policy as one that is preferred to any other policy
in X by a majority of voters. Let us note that there is no logical relation between
the existence of a Condorcet winner in X and the existence of a Condorcet winner
relative to a list of K policy positions in X .

The first result states that if a strict Condorcet winner exists in X , then, inde-
pendently of the structure of X , all candidates choosing that policy position is an
equilibrium. In view of Examples 17.2.1 and 17.2.2 above, it may be possible that
some list of policy positions leads to no uniformly consistent score vector. What
this proposition proves is that, still, the score vector resulting from all candidates
proposing the Condorcet winner is uniformly consistent and no candidate can gain
by proposing another policy.

Proposition 17.3.1. If xC 2 X is a Condorcet winner policy then the strategy pro-
file in which all candidates choose xC is an equilibrium of the electoral competition
game. If xC is a strict Condorcet winner then the equilibrium is strict.

Proof. Let xC 2 X be a Condorcet winner policy. Let x D .x1; : : : ; xK/ be defined
by: For all k 2 f1; : : : ; Kg W xk D xC . Then, by the Leader Rule, each candidate is
elected with probability 1=K . Suppose candidate 1 (for instance) deviates to x1 ¤
xC . There are now two different policy positions to choose from. Independently of
how they are ranked, we have s1 D g.x1; x

C / 
 :5 and for all k 2 f2; : : : ; Kg W
sk D g.xC ; x1/ 	 :5. Candidate 1’s probability of being elected is now either 1=K
or 0. In any case, the deviation is not profitable. If xC is a strict Condorcet winner
policy, then s1 D g.x1; x

C / < :5 and for all k 2 f2; : : : ; Kg W skDg.xC ; x1/>:5.
Consequently, 1’s probability of being elected decreases to 0. ut

17.3.2 Median Convergence

We consider in this section the standard, one-dimensional, single-peaked model.
The set of possible policies is the real line X D R. Each voter j 2 N has a pre-
ferred policy pj . Moreover, for two policies x; y 2 X on the left of pj (resp., on
the right of pj ), x is strictly preferred to y if and only if x is closer to pj than
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y: y < x < pj (resp., pj < x < y). Let xm 2 X be the median of the voters’
preferred policies – as many voters have their preferred policy at the left as at the
right of xm. We suppose that this point exists and is unique. Then, as is well-known,
this policy-moderated, centrist outcome, xm is a strict Condorcet winner: for any
y ¤ xm, g.xm; y/>:5, a strict majority of the population strictly prefers xm to y.
The previous result applies and all candidate policy positions being concentrated
at the median point is a strict equilibrium of the electoral competition. The follow-
ing proposition, our main result, also proves it is the only equilibrium. That shows
that, under approval voting, electoral competition drives candidates to propose the
Condorcet policy platform.

Proposition 17.3.2. In the single-peaked model: (i) The strategy profile in which all
candidates choose the median policy position is a strict equilibrium of the electoral
competition game. (ii) It is the only equilibrium.

Proof. Point (i) follows from Proposition 17.3.1. (ii) We first note three facts related
to the single-peaked profile structure. Let x; y; z be such that x < y < z:

� Fact 1: no voter is indifferent between the three positions.
� Fact 2: the voters (if any) who are indifferent between x and z strictly prefer y to

both x and z.
� Fact 3: g.y; x/ 	 g.z; x/ and g.y; z/ 	 g.x; z/:

Next we observe that, from the definition of the Leader Rule (Assumption
17.2.1), if two candidates k, k0, propose the same policy xk D xk0 , they obtain
the same number of votes and any other candidate l obtains the same number of
votes as l would obtain if there was only one candidate at position xk . Now, let
x D .x1; : : : ; xK/ be some list of policy positions chosen by the candidates. For the
ease of reading, and when no confusion in the course of the proof can arise, we can
neglect the possibility of several candidates located at the same position and we will
speak of “a set of candidates” rather than “a set of different policy positions chosen
by candidates.”

There is at least one candidate, say 1, with a probability of winning the election
less than or equal to 1=K . We will prove that deviating to x0

1 D xm is profitable.3

Let s D .s1; : : : ; sK/ be a score vector associated to x0 D .x0
1 D xm; x2; : : : ; xK/.

Notice that s1 is equal to or larger than some average of g.xm; xk/, for k 2
f2; :::; Kg, and because xm is a strict Condorcet winner, s1 > :5: Let L.1/ denote
the set of candidates obtaining the largest score.

If all the candidates except candidate 1 are located at xm then the probability
of winning goes from 0 to 1=K when candidate 1 deviates to xm. We can thus
suppose that some candidates are not located at xm and we will prove that, when
deviating to xm, 1 2 L.1/ and L.1/ contains at mostK � 1 candidates, which makes
the deviation profitable for candidate 1. For a contradiction, assume 1 … L.1/. We
distinguish three cases, depending on the number of candidates in L.1/.

3 We will thus prove that the equilibrium is in dominant strategy.
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Case 1 L.1/ contains exactly one candidate, say 2. Let L.2/ denote the set of can-
didates obtaining the second largest score. Assume that L.2/ contains more than
one candidate. By Fact 1, all the scores of 2 and the candidates of L.2/ are deter-
mined by the preferences over these candidates. To simplify, let L.2/ D fk; k0g
(the argument extends if there are more than two candidates). If xk < x2 < xk0 ,
then

s2 D g.2; k/C g.2; k0/
2

C i.2; k/C i.2; k0/;

sk D g.k; 2/C i.2; k/;

sk0 D g.k0; 2/C i.2; k0/:

We compute sk C sk0 D g.k; 2/ C g.k0; 2/ C i.2; k/ C i.2; k0/ < 1; so that
sk D sk0 < :5, in contradiction to the fact that s1 > :5. If x2 … .xk; xk0/, then
(assuming, w.l.o.g., xk 2 .x2; xk0/)

s2 D g.2; k/C g.2; k0/
2

C i.2; k/;

sk D g.k; 2/C i.2; k/;

sk0 D g.k0; 2/:

Given that g.k; 2/ 	 g.k0; 2/, this implies g.k; 2/ D g.k0; 2/ and i.2; k/ D 0.
Therefore, s2 > sk implies sk < :5, in contradiction to the fact that s1 > :5. That
proves that L.2/ contains one and only one candidate. We cannot have L.2/ D
f1g; as this would imply s2 < s1, a contradiction. Let L.2/ D fkg. Therefore, we
must have s2 > sk > : : : 	 s1 	 : : : : That implies s1 	 g.1; 2/ > :5: To have
sk > s1, it must be the case that s2 D g.2; k/Ci.2; k/ and sk D g.k; 2/Ci.k; 2/:
By Fact 2, x0

1 … .x2; xk/. Then, either x0
1 < x2 < x3 or x3 < x2 < x0

1. As a
result, g.1; k/ > g.k; 2/C i.2; k/; a contradiction.

Case 2 L.1/ contains two candidates, say 2 and 3, with x2 
 x3. We have

s1 	 g.x0

1
;x2/Cg.x0

1
;x3/

2
> :5. Note that all voters who are indifferent between

x2 and x3 vote exactly in the same way, as they all strictly prefer any policy
in .x2; x3/ to either x2 or x3, and they prefer x2 or x3 to any position out of
.x2; x3/. Consequently, either

s2 D g.x2; x3/C i.x2; x3/

s3 D g.x3; x2/C i.x2; x3/;

or

s2 D g.x2; x3/

s3 D g.x3; x2/:
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In either case, g.x2; x3/ D g.x3; x2/ which implies that x2 < x0
1 D xm < x3

and s1 D g.x0
1; x3/ C i.x2; x3/. By Fact 3, s1 	 s2 D s3, contradicting the

assumption on the score vector.
Case 3 L.1/ contains three or more candidates, say 2; 3 and 4, with x2 
 x3 

x4 (a similar argument goes true if L.1/ contains more than three agents). By
Assumption 17.2.2, s2; s3; s4 are determined as the average between the scores
that are compatible to any of the six possible strict rankings of 1; 2; 3. The scores,
for each ranking, are as follows.

s2 s3 s4

234 g.2; 3/C i.2; 3/ g.3; 2/C i.2; 3/ g.4; 2/

243 g.2; 4/ g.3; 2/ g.4; 2/

324 g.2; 3/C i.2; 3/ g.3; 2/C i.2; 3/ g.4; 3/

342 g.2; 3/ g.3; 4/C i.3; 4/ g.4; 3/C i.3; 4/

423 g.2; 4/ g.3; 4/ g.4; 2/

432 g.2; 4/ g.3; 4/C i.3; 4/ g.4; 3/C i.3; 4/

Using g.2; 3/ 
 g.2; 4/ and g.4; 3/ 
 g.4; 2/, we obtain

s2 
 g.2; 4/C i.2; 3/

3

s3 D g.3; 2/C g.3; 4/

2
C 1

3
.i.2; 3/C i.3; 4//

s4 
 g.4; 2/C i.3; 4/

3

Given that g.2; 4/ C g.4; 2/ 
 1 and g.3; 2/ C g.3; 4/ 	 1; we can only have
s2 D s3 D s4 if i.2; 3/ D i.2; 4/ D i.3; 4/ D 0 and g.3; 2/ C g.3; 4/ D 1:

Consequently, s2 D s3 D s4 D :5 whereas s1 > :5, a contradiction.

That proves that 1 2 L.1/. We want to prove that all candidates in L.1/ are
located at xm. Assume two different locations are represented in L.1/: L.1/ D f1; kg
with xk ¤ xm. Then because xm is a strict Condorcet winner, s1 � sk D
g.1; k/ � g.k; 1/ > 0, a contradiction. Moreover, we know from Case 3 above
that a three candidate tie is possible only if all the scores are 0.5, which is impos-
sible if candidate 1 is one of them. It follows that all winning candidates are at xm.
That completes the proof. ut

The proofs of Propositions 17.3.1 and 17.3.2 make reasonably clear that Assump-
tion 17.2.2 is imposed for convenience and could be weakened. What is crucial
is that each voter transforms a tie in expected vote share into a strict ranking of
the candidates. Without that assumption, the behavioral rule should take account
of the utility voters derive from lotteries of candidates (and policy positions),
whereas we are able to make the whole equilibrium notion depend only on the ordi-
nal preferences over candidates (and policy positions). What is not crucial in the
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assumption, though, is that the way rankings are drawn from ties is independent of
the preferences of the voters. We could easily weaken that assumption, provided the
correlation is not too high. For instance, Proposition 17.3.1 relies on the impossi-
bility to increase the probability of winning by deviating from the strategy profile
at which all candidates announce the Condorcet policy. If Assumption 17.2.2 is
replaced with another assumption that does not guarantee that each candidate gets
a probability 1=K of being elected at that unanimous profile, then it is no longer an
equilibrium.

17.3.3 Comparison with Plurality Voting

The above result should be contrasted with what happens under other voting rules.
Consider Plurality rule and take K > 2 (at least 3 candidates). The models of
rational voting which are similar to the one used here, such as those of Myerson
and Weber (1993), Myerson (2002), or Laslier (2009), provide, as can be easily
seen, the following behavior.

Rational behavior for the voter, under the plurality rule is basically to vote for
the one she prefers among the two first-ranked candidates. Consider the simple case
of the single-peaked model on the real line. Suppose that all candidates are at the
median, each one receiving 1=K of the votes and having thus the probability 1=K
of being elected. Then suppose that one candidate, say k D 1, moves slightly away
from this position to some new position, say x0

1 D xm C " on the right of xm. This
produces a situation in which the electorate is essentially split in two: the left-wing
prefers x2 D x3 D ::: D x4 D xm and the right-wing prefers x1 D x0

1 D xm C ".
This potentially gives to the mover almost 1=2 of the votes while the remain-

ing .K � 1/ candidates have to share the remaining votes. Under most reasonable
assumption as to voters’ behavior, the strength of the split-majority phenomena will
be such that candidate 1 will be elected with probability 1. Therefore the situa-
tion in which all candidates propose the median is not an equilibrium, except if
voters’ beliefs are such that all votes gather on two candidates only. An equilibrium
is obtained when only two candidates are located at the median and receive half of
the votes while the other candidates receive none. This point (only two parties can
survive under Plurality voting), which has been emphasized by Cox (1997) after
Duverger (1954) is not valid for approval voting. Further studies on this subject also
endogenize the number of candidates running for office: see Dellis and Oak (2003)
and Dellis (2010).

17.4 Extensions

We need to discuss two extensions of the above model. First, we have assumed
that candidates maximize their probability of winning the election. Alternatively,
we could have assumed that they try to maximize their victory margin (or minimize
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their defeat margin), that is, for all c 2 C, candidate k maximizes

s.c/

maxc02Cnfcg s.c0/
:

This assumption is more difficult to justify in the case of approval voting than in the
standard two-party plurality case because it is not clear whether one should consider
the absolute or relative number of approval votes. Anyway, we conjecture that our
three results remain true under this assumption.4

The second extension is about the source of uncertainty facing voters. We have
assumed that each vote of each voter had a fixed probability of not being recorded.
We might have assumed, instead, that each voter had a fixed probability of not going
to vote. Under this assumption, there is some correlation between the probability
that votes are not recorded. Indeed, if a voter planning to vote for c and c0 does not
vote, none of her two votes are recorded. Unfortunately, our results do not extend
to that case. Nunez (2010a) has shown that Laslier (2009)’s result does not hold
under this alternative assumption. The same kind of example as the one developed
in Nunez (2010a) applies in the model we have studied in this chapter.

In conclusion, we have found a new kind of elections in which approval vot-
ing leads to electing a Condorcet winner. Compared to Laslier (2009), our results
show that if policy positions are endogenous and follow from candidate compe-
tition, then strategic voting based on vote uncertainty leads to the election of the
Condorcet winner when it exists. A consequence of electoral competition is that vot-
ers may be indifferent between pairs of candidates, a case which was excluded from
Laslier’s analysis. We showed that indifferences could prevent the general result
from holding. Nonetheless, when voters have single-peaked preferences, in spite
of possible indifferences, electoral competition leads all candidates to propose the
median policy platform.
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Chapter 18
Policy Moderation and Endogenous Candidacy
in Approval Voting Elections

Arnaud Dellis

18.1 Introduction

Approval Voting is a voting procedure in which a voter can vote for as many candi-
dates as she wishes, and the candidate who receives the most votes wins the election.
Since the seminal contribution of Brams and Fishburn (1978), Approval Voting has
received considerable attention. Of course, Approval Voting has been the subject of
numerous scholarly papers, as this handbook testifies. But Approval Voting has also
received considerable attention outside academics. This is best exemplified by the
fact that there are now several professional associations that elect their officers by
means of Approval Voting.1 Also, the use of Approval Voting in political elections
has been advocated relentlessly and, at one point, was even hailed as the electoral
reform of the twentieth century (Brams 1980, p. 105).

Proponents of Approval Voting argue that it has appealing advantages over other
voting procedures. In particular, they assert that Approval Voting has the advantage
to give voters more options compared to Plurality Voting.2 Indeed, under Approval
Voting voters are free to vote for more than one candidate. Proponents of Approval
Voting claim that this feature would benefit mainly the centrist candidates. This is
because, they argue, centrists are considered acceptable candidates by many voters
and would therefore receive many ‘second’ votes (in addition to the ‘first’ votes
they already receive under Plurality Voting). This claim was noted by Cox (1985,
p. 112) when he wrote: “Advocates of approval voting have argued that centrist can-
didates are favored in multicandidate elections held under approval voting, whereas

1For details on the use of Approval Voting by professional and academic associations, see Brams
(2007).
2Plurality Voting is a voting procedure in which a voter can vote for one (and only one) candidate,
and the candidate who receives the most votes wins the election. Several countries (e.g., the U.S.,
Canada) elect their policy-makers by means of Plurality Voting.
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extremist candidates are sometimes favored under the plurality rule.” By improving
the electoral prospects of the centrist candidates, Approval Voting would lead to the
adoption of moderate policies as compared to Plurality Voting. (A policy is said
to be moderate compared to another policy if it is preferred by the median voter.)
Obviously, such a policy moderation can have important economic implications by,
for example, limiting policy changes each time a new government assumes office.

Several contributions provide a theoretical underpinning for this claim. These
contributions adopt the Downsian approach to electoral competition. In this
approach a given number of candidates compete for office by each choosing an elec-
toral platform. The policy-making process has three stages. At the first stage, each
candidate announces his platform. A platform is a policy the candidate is committed
to implementing if he is elected. At the second stage, an election is held to select one
of the candidates to become the policymaker. At the third stage, the elected candi-
date implements his announced platform. Contributions in this literature are of two
types.

First, there are those contributions where voting is assumed to be sincere, i.e.,
voters base their voting decisions solely on their preferences for the different can-
didates (e.g., Cox 1985, 1987, 1990). The argument relies here on the elimination
of the squeezing effect of Plurality Voting. This argument is most easily understood
through the following example.3 Consider an election with three candidates, say, a
left candidate, a centrist candidate and a right candidate. Call leftist (centrist and
rightist, resp.) every voter who prefers the left (centrist and right, resp.) candidate
to the other two candidates. If the election is held under Plurality Voting, then every
leftist will vote for the left candidate, every centrist will vote for the centrist candi-
date and every rightist will vote for the right candidate. The left and right candidates
thus capture all the leftist and rightist votes and leave the centrist candidate with the
sole centrist votes. It follows that as long as the platforms of the left and right can-
didates are not too divergent, the centrist candidate does not receive enough votes to
win the election. The centrist candidate is said to be squeezed. This will not be the
case however if the election is held under Approval Voting. Indeed, every leftist and
every rightist would then be free to add on their ballot a second vote for the centrist
candidate, which would improve the electoral prospects of the centrist candidate.
Hence the policy moderation.4;5

3 It is worth pointing out that while the example captures the key features of the argument,
it is much simpler than the actual argument (as presented, for example, in Cox 1990). This
simplification is made for ease of exposition.
4 This argument was best stated by Brams and Straffin (1982, pp. 194–195) when they wrote:
“[W]ith approval voting, a third candidate can always position himself in the middle between the
left and right candidates – however small the distance that separates them – and win by getting
many second-place votes from most of their supporters.”
5 Cox (1990) considers a candidate-positioning game and establishes the existence of a unique
convergent equilibrium under Approval Voting. In this equilibrium, every candidate adopts the
median voter’s ideal policy. The degree of policy moderation is thus maximal under Approval
Voting. By contrast, under Plurality Voting multicandidate equilibria either do not exist or are
non-convergent.
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Second, there are those contributions where voting is assumed to be strategic,
i.e., individual voting decisions are best responses to others’ voting decisions (e.g.,
Myerson and Weber 1993). Their argument relies on the elimination of the wasting-
the-vote effect of Plurality Voting. To make this argument clear, consider again an
election with a left, a centrist and a right candidates. Under Plurality Voting, the cen-
trist candidate need not be elected even if a majority of voters are centrists. This can
happen because of self-fulfilling prophecies. Specifically, if voters come to believe
that the centrist candidate is unlikely to win the election and that the race is actually
between the left and right candidates, then voters will fear wasting their only vote
by casting it for the centrist candidate. Voters will thus desert the centrist candidate
and vote instead for the left or the right candidate (whichever they prefer), thereby
confirming the belief that the centrist candidate is unlikely to win the election. This
is the so-called wasting-the-vote effect.6 By contrast, Approval Voting is not sub-
ject to the wasting-the-vote effect since voters can then vote for as many candidates
as they wish. In consequence, if the election was held under Approval Voting, then
every centrist would cast a vote for the centrist candidate, which would improve the
electoral prospects of this candidate. Hence the policy moderation.7

However, in many elections, especially political elections, candidacy is endoge-
nous, not exogenous as was assumed in this literature. If one is serious about
studying the implications of holding political elections under Approval Voting, one
must then take candidacy decisions into account.8 Doing so is justified on both
theoretical and empirical grounds. Specifically, on the theoretical side, Dutta et al.
(2001) show that any non-dictatorial voting procedure (that satisfies a mild una-
nimity axiom) is subject to strategic candidacy decisions. On the empirical side,
world elections provide ample evidence of the differential consequences of alterna-
tive electoral systems on, among other things, the party system (e.g., see Lijphart
1994; Gallagher and Mitchell 2005).

In this chapter, I endogenize candidacy and revisit the claim that Approval
Voting would yield policy moderation compared to Plurality Voting. Specifically,
I adopt the citizen-candidate approach to electoral competition (Osborne and Slivin-
ski 1996; Besley and Coate 1997). In this approach, a given number of potential
candidates must decide whether to run for office. The policy-making process has

6 As an illustration of the wasting-the-vote effect, Burden and Jones (2009) estimate that in the
2000 U.S. presidential election 81% of Nader’s supporters voted for either Bush or Gore, not for
Nader.
7 Myerson and Weber (1993) establish that in all equilibria of their candidate-positioning game,
Plurality Voting puts little restriction on the platform of the elected candidate. By contrast, under
Approval Voting the platform of the elected candidate coincides with the median voter’s ideal
policy. The extent of policy moderation is thus maximal under Approval Voting.
8 For a long time scholars have recognized the importance of studying candidacy decisions under
Approval Voting, as Fishburn and Brams (1981, p. 426) noted: “Several people have also expressed
concern about how Approval Voting would affect who enters an election and how it would influence
candidates’ strategies. Although we do not address this concern, it surely deserves examination.”



434 A. Dellis

three stages. At the first stage, each potential candidate announces whether or not
he stands for election. Standing for election entails a sunk cost. A central premise of
the citizen-candidate approach is that potential candidates have policy preferences
and cannot commit to campaign promises. At the second stage, an election is held
to select one among the self-declared candidates to become the policy-maker. At the
third stage, the elected candidate chooses and implements policy.

The present analysis shows that when candidacy is endogenous, the claim that
Approval Voting would lead to the adoption of more moderate policies compared
to Plurality Voting needs qualification. Specifically, Approval Voting is shown to
always yield policy moderation compared to Plurality Voting if two conditions are
satisfied.

The first condition applies to the candidacy behavior. It requires that in equilib-
rium a potential candidate enters the race only if he (correctly) anticipates that he
will be elected with a positive probability. This condition follows because spoiling
candidacies trigger a greater multiplicity of candidates’ positions. (A spoiling can-
didate is a candidate who stands for election not to win but because he (correctly)
anticipates that his presence in the race will result in a more preferred election out-
come.) This greater multiplicity of candidates’ positions helps support self-fulfilling
prophecies that can deter incumbent candidates from defecting and can also deter
other potential candidates from entering the race. These self-fulfilling prophecies
render the elimination of the squeezing and wasting-the-vote effects irrelevant,
which prevents Approval Voting from always leading to more moderate policies
as compared to Plurality Voting.

The second condition applies to the voting behavior. It requires that one of the
following holds true.

� Either the voting behavior in Approval Voting elections is relatively sincere. Rel-
ative Sincerity is a refinement of the notion of sincere voting. Specifically, a voter
is said to vote relatively sincerely if, given others’ voting decisions, she votes for
every candidate whose outright election she strictly prefers to the election out-
come and she does not vote for any of the candidates to whom she strictly prefers
the election outcome. This condition ensures that if a centrist candidate were to
enter the race against a left candidate and a right candidate, every leftist and/or
every rightist would then cast a vote for this centrist candidate. A centrist can-
didate would thus be elected outright. Anticipating this, a centrist will want to
stand for election. Hence the policy moderation.

� Alternatively, voting is strategic and voters’ preferences for a candidate depend
exclusively on the distance between the candidate’s platform and the voter’s
ideal policy. When voting is strategic, Plurality Voting is subject to the wasting-
the-vote effect. Plurality Voting can then always deter a centrist from entering
the race against a left candidate and a right candidate, and can thus result in the
adoption of extreme policies. By contrast, Approval Voting is not subject to the
wasting-the-vote effect and, therefore, cannot always deter a centrist from enter-
ing the race. The condition on voters’ preferences ensures that this feature of
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Approval Voting is not offset by its inability to deter multiple similar candidacies
(i.e., multiple candidates standing at the same position).9

The present analysis also shows that if either of these conditions is not satis-
fied, then Approval Voting may result in more extreme policies as compared to
Plurality Voting! Notice that, except for the condition on voters’ preferences, all
conditions are imposed on agents’ behavior. There is therefore no a priori reason
to believe that these conditions would be satisfied if political elections were held
under Approval Voting. Whether they would be satisfied is an empirical question.
Laboratory experiments could throw light on this question.

The remainder of the chapter is organized as follows. The next section out-
lines the model. The following three sections study the extent of policy moderation
under different assumptions on the voting behavior. The last section concludes and
discusses possible avenues for future research.

18.2 Model

I consider a community that must elect a representative to select and implement a
policy (e.g., a tax rate, the location of a public facility). The set of policy alternatives
X is a non-empty interval in the real line, X 
 R, with typical element x.

Let N be the set of citizens, with typical element `. Each citizen ` has preferences
on X that can be represented by a continuous, bounded utility function u` W X !
R. Citizen `’s utility from policy x is given by u` .x/ � u .x � x`/ where u is
strictly concave and x` 2 X is citizen `’s ideal policy. Without loss of generality, I
normalize u` .x`/ D 0. Let m denote the median citizen’s ideal policy. Throughout
the paper, I abuse notation and use m to refer to the median citizen as well.

Let P � N be the non-empty, finite set of potential candidates, with typical
element i . Potential candidates are those citizens who can stand for election.

The policy-making process has three stages. At the first stage, each potential
candidate decides whether to stand for election at a utility cost ı > 0. Decisions
are made simultaneously and non-cooperatively. Candidates cannot commit to cam-
paign promises.10 At the second stage, there is an election to select one among the
self-declared candidates to become the policy-maker. The election winner is the
candidate who receives the most votes. Ties are broken randomly. At the third stage,
the elected candidate chooses and implements policy. In case nobody stands for

9 The literature has been using different terminologies to designate multiple similar candidacies.
For example, Tideman (1987) refers to multiple similar candidates as clones, whereas Myerson
(2002) speaks of duplicate candidates.
10 This assumption – a central tenet of the citizen-candidate approach – has received empirical jus-
tification from Lee et al. (2004). I argue in Sect. 18.4 that relaxing this assumption would actually
strengthen the main conclusion of the analysis.
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election, a default policy x0 2 X is implemented.11 These stages are now analyzed
in reverse order.

Policy selection stage. As it is the last stage of the game and candidates cannot com-
mit to campaign promises, the elected candidate implements his ideal policy.

Election stage. Given a non-empty set of candidates C � P, let ˛` .C/ D �
˛i

`

�
i2C

be citizen `’s (pure) voting strategy, where ˛i
`

D 1 if citizen ` votes for candidate i
and ˛i

`
D 0 otherwise. Following a standard practice in the voting literature, I rule

out weakly dominated voting strategies.12 The profile of voting strategies is denoted
by ˛ .C/. I sometimes write ˛ .C/ D .˛` .C/; ˛�` .C//, where ˛�` .C/ denotes the
voting profile of all citizens other than citizen `.

Candidacy stage. Let ei 2 f0; 1g be a (pure) candidacy strategy for potential candi-
date i , where ei D 1 if potential candidate i enters the race and ei D 0 otherwise.
The candidacy profile is denoted by e D .ei /i2P . For any candidacy profile e, let
C .e/ � fi 2 P W ei D 1g be the set of candidates. Citizen `’s expected utility is
given by

U` .C .e/ ; ˛/ D
( P

i2P
pi .C .e/ ; ˛/ u` .xi /� ıe` if C .e/ ¤ ;

u` .x0/ if C .e/ D ;

where pi .C .e/ ; ˛/ is the probability that potential candidate i is elected the policy-
maker. I assume that when making their candidacy decision, all potential candidates
anticipate the same ˛.

An equilibrium is a pair .e�; ˛�/ such that: (1) for any non-empty set of candi-
dates C, ˛� .C/ is a profile of permissible voting strategies;13 and (2) the candidacy
strategy of every potential candidate i , e�

i , is a best response to the candidacy
strategies of all other potential candidates, given the voting function ˛�.

11 I assume �um .x0/ > ı, i.e., the default policy is sufficiently distant from the median citizen’s
ideal policym that a potential candidate atm prefers to run for office and implementm than letting
the default policy x0 be implemented. This assumption is sufficient for an equilibrium in pure
strategies to exist.
12 Under Plurality Voting, a voting strategy is weakly undominated for a citizen if and only if she
votes for a candidate other than the candidate(s) she likes the least. Under Approval Voting, a vot-
ing strategy is weakly undominated for a citizen if and only if she votes for (all) the candidate(s)
she likes the most and does not vote for (any of) the candidate(s) she likes the least. For a for-
mal characterization of the set of weakly undominated voting strategies in Plurality and Approval
Voting elections see, for example, Brams and Fishburn (1978).
13 Which voting strategies are permissible depends on the voting procedure and on the assumption
made on the voting behavior. In consequence, a different concept of permissible voting strategy
will be defined in each of the following three sections.
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Throughout the analysis, I shall distinguish the serious equilibria from the spoiler
equilibria. An equilibrium is said to be serious if in equilibrium, every candidate is
elected with a positive probability. By contrast, an equilibrium is said to be spoiler if
in equilibrium, some potential candidates enter the race even though they (correctly)
anticipate that they will be elected with probability zero.

It remains to define the notion of policy moderation. To this end, I introduce
several additional concepts. First, two equilibria are said to be equivalent if they
yield the same lottery over policy outcomes. Second, an equilibriumE is said to be
moderate compared to another equilibrium eE if (1) the median citizen prefers any
policy that is implemented in E but not in eE to all policies that are implemented in
eE and (2) the median citizen also prefers all policies that are implemented in E to
any of the policies that are implemented in eE but not inE . Finally, an equilibriumE

is said to be extreme compared to another equilibrium eE if eE is moderate compared
to E .14 I am now ready to define the notion of policy moderation.

Definition 18.2.1. Approval Voting is said to yield policy moderation compared to
Plurality Voting if the following two conditions are satisfied:

1. for every equilibriumE under Approval Voting, either there exists an equivalent
equilibrium under Plurality Voting or equilibrium E is moderate compared to
every Plurality Voting equilibrium; and

2. for every equilibrium eE under Plurality Voting, either there exists an equivalent
equilibrium under Approval Voting or equilibrium eE is extreme compared to
every Approval Voting equilibrium.k

18.3 Sincere Voting

In this section, I assume that citizens vote sincerely.15 I adopt the definition of
sincere voting that was proposed by Brams and Fishburn (1978).

Definition 18.3.1. Given a non-empty set of candidates C, citizen `’s voting strat-
egy ˛` .C/ is sincere if for every pair of candidates i and j in C with u` .xi / >

u`

�
xj

�
, we have (

˛
j

`
D 1 ) ˛i

`
D 1

˛i
`

D 0 ) ˛
j

`
D 0:k

14 For a formal definition of these concepts, see Dellis (2009a).
15 Weber (1995, p. 43) provides the following motivation for considering sincere voting behavior:
“One use of voting systems is to select from among a number of alternatives in settings where the
voters have little access to information concerning either the preferences of the other voters or the
intended voting behavior of the others. In these settings a voter can be presumed to vote sincerely,
since the lack of information about other voters means there is no basis for voting in some clever
strategic way.”
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Thus, under Plurality Voting a voting strategy is sincere for a citizen if she votes
for (one of) her most-preferred candidate(s). Under Approval Voting a voting strat-
egy is sincere for a citizen if whenever she casts a vote for a particular candidate
i she also casts a vote for every candidate she strictly prefers to candidate i . Key
to note is that under Approval Voting, there are as many sincere voting strategies as
there are candidates. Indeed, a voting strategy is sincere for a citizen if she votes only
for her most preferred candidate, or if she votes for her most-preferred candidate and
her second most-preferred candidate, and so on.

A voting strategy is here permissible if it is both sincere and weakly undomi-
nated.16

The following proposition establishes that when candidacy is endogenous and
voting is sincere, Approval Voting can lead to more extreme policies as compared
to Plurality Voting.

Proposition 18.3.1 (Dellis 2009b). Suppose that voting is sincere. Then, Approval
Voting does not yield policy moderation compared to Plurality Voting. Furthermore,
some equilibria under Approval Voting are extreme compared to all equilibria under
Plurality Voting.k

This result follows because Approval Voting admits a greater multiplicity of vot-
ing profiles compared to Plurality Voting.17 The intuition underlying this result
is most easily understood if one assumes that preferences are symmetric, i.e.,
u` .x/ D u .jx � x`j/ for every citizen ` 2 N and every policy x 2 X . I partition
the equilibrium set into four subsets: (1) the set of one-position serious equilibria,
in which only one candidate stands for election and is elected outright; (2) the set
of two-position serious equilibria, in which candidates are standing at exactly two
positions and all candidates are tying for the first place; (3) the set of multiposition
serious equilibria, in which there are candidates standing at three or more positions
and all candidates are tying for the first place; and (4) the set of spoiler equilibria, in
which some of the candidates are elected with probability zero. I now discuss each
of these four subsets in turn.

16 With finitely many citizens, a single vote can be pivotal. It follows that, given others’ voting
strategies, a citizen’s best-response set need not contain a sincere voting strategy. To avoid this
issue, I assume in this section that there is a continuum of citizens whose ideal policies are dis-
tributed over the set of policy alternatives X according to some strictly increasing and continuous
c.d.f. F . I further assume that the density of F is symmetric about the median citizen’s ideal
policy m.
17 Interestingly, the multiplicity of permissible voting profiles under Approval Voting has been the
object of a heated debate. On the one hand, Donald Saari views the multiplicity of permissible
voting profiles as a vice. He argues that it makes the election outcome under Approval Voting
highly indeterminate. (See, for example, Saari and Van Newenhizen 1988; Saari 2001) On the
other hand, Steven Brams views the multiplicity of permissible voting profiles as a virtue. He
argues that it makes Approval Voting responsive to voters’ preferences. (See, for example, Brams
et al. 1988; Brams and Sanver 2006).
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18.3.1 One-Position Serious Equilibria

Since in these equilibria only one potential candidate enters the race, the set of one-
position serious equilibria is equivalent whether the election is held under Plurality
Voting or under Approval Voting. Furthermore, the one-position serious equilibria
are the most moderate equilibria. This is because the sole candidate must be standing
at a position which is close enough to the median citizen’s ideal policym so that no
other potential candidate with an ideal policy closer to m wants to enter the race.18

18.3.2 Two-Position Serious Equilibria

Let xL and xR denote the two candidates’ positions. Without loss of generality,
suppose xL < xR. Notice that for all candidates to tie for the first place, it must be
that xL and xR are symmetric around the median citizen’s ideal policy m. In this
way, the median citizen is indifferent between xL and xR and the electorate is split
equally between those who strictly prefer xL to xR (i.e., those citizens whose ideal
policy is on the left ofm) and those who strictly prefer xR to xL (i.e., those citizens
whose ideal policy is on the right of m). It must also be that no potential candidate
i with ideal policy xi 2 .xL; xR/ wants to enter the race. I now argue that Approval
Voting is better than Plurality Voting at deterring such potential candidates from
entering the race.

Let us first consider the case where the election is held under Plurality Voting.
Then, only one candidate stands at xL and only one candidate stands at xR. This
is because several candidates standing at the same position would split their votes,
thereby helping the election of the candidate(s) standing at the other position. Sup-
pose now that a potential candidate i with xi 2 .xL; xR/ were to enter the race.
Then, all the leftists would vote for the candidate standing at xL, all the centrists
would vote for candidate i and all the rightists would vote for the candidate standing
at xR.19

18 Notice that with only two candidates in the race, the median citizen is decisive. It follows that if
a potential candidate with an ideal policy that lies closer to m were to enter the race, he would be
elected outright since he would be preferred by the median citizen. Such a potential candidate is
thus deterred from entering the race only if the candidacy cost exceeds the utility gain from getting
his own ideal policy implemented instead of the candidate’s ideal policy. It must then be that the
candidate’s ideal policy is not too far away from his own ideal policy and, thus, from the median
citizen’s ideal policy.
19 A leftist is defined as a citizen who prefers xL to both xi and xR. Likewise, a centrist is defined
as a citizen who prefers xi to both xL and xR. Finally, a rightist is defined as a citizen who prefers
xR to both xL and xi .
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Let us now consider the case where the election is held under Approval Voting.
Suppose that the same potential candidate i were to enter the race. Then, the fol-
lowing voting profile would be permissible: all the leftists would vote for (and only
for) the candidate(s) standing at xL; all the centrists would cast a vote for candidate
i and for all the candidate(s) standing at xL or xR (whichever they prefer); and,
finally, all the rightists would vote for (and only for) the candidate(s) standing at
xR. Such a voting profile would correspond for example to a situation where fol-
lowing candidate i ’s entry in the race, citizens (correctly) anticipate that candidate
i has no chance of winning the election and that the race is still between the candi-
date(s) standing at xL and xR . (Such anticipation on the part of voters could result,
for instance, from focal manipulation by political leaders.) In view of this, leftists
and rightists may not bother casting a ‘second’ vote for candidate i .

Key to note is that candidate i ’s vote total is the same whether the election is
held under Approval Voting or under Plurality Voting. By contrast, the vote totals
of the candidates standing at xL and xR are bigger under Approval Voting than
under Plurality Voting. Indeed, under Approval Voting a candidate at xL receives a
vote from every leftist, as under Plurality Voting, but he also receives a vote from
some of the centrists. Likewise, a candidate at xR receives a vote from every right-
ist, as under Plurality Voting, but he also receives a vote from some of the centrists.
Candidate i ’s vote share is thus smaller under Approval Voting than under Plural-
ity Voting. It follows that potential candidate i can be deterred from entering the
race under Approval Voting whenever he is deterred from entering the race under
Plurality Voting. However, the converse is not true. The set of two-position serious
equilibria under Approval Voting is thus a superset of the set of two-position seri-
ous equilibria under Plurality Voting. Moreover, those equilibria that are specific
to Approval Voting are extreme compared to all equilibria under Plurality Voting.
This is because the more polarized xL and xR are, the more difficult it is to deter a
centrist from entering the race.

18.3.3 Multiposition Serious Equilibria and Spoiler Equilibria

There is no multiposition serious equilibrium and no spoiler equilibrium under Plu-
rality Voting. This is because the votes of a defecting candidate are transferred to his
closest neighbor(s). In consequence, the defection of a candidate either leaves the
election outcome unchanged or results in the election of the defecting candidate’s
closest neighbor. With spoiler candidates in the race and/or multiple candidate posi-
tions, either the closest neighbor of the leftmost candidate lies on the left of the
expected winning policy or the closest neighbor of the rightmost candidate lies on
the right of the expected winning policy. Given the concavity of the utility func-
tion, the leftmost candidate and/or the rightmost candidate would then be better off
defecting since he would get an electoral outcome he (weakly) prefers while saving
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on the candidacy cost. Hence, neither multiposition serious equilibria nor spoiler
equilibria exist under Plurality Voting.20

By contrast, multiposition serious equilibria and spoiler equilibria can exist under
Approval Voting. This is because the votes of a defecting candidate need no longer
be transferred to his closest neighbor. Specifically, a candidate can be deterred from
defecting if he (correctly) anticipates that his votes will not be transferred at all
(i.e., voters would remove the name of the defecting candidate from their ballot
and leave the rest of their ballot unchanged) or that his votes will be transferred to
a candidate who is standing too far away from his ideal policy (i.e., voters would
remove the name of the defecting candidate from their ballot and add the names of
less-preferred candidates). Such beliefs on the part of candidates are made possible
by the multiplicity of permissible voting profiles.

To sum up, the greater multiplicity of permissible voting profiles under Approval
Voting compared to Plurality Voting implies that Approval Voting is better than Plu-
rality Voting at deterring incumbent candidates from defecting and new candidates
from entering the race. In consequence, the equilibrium set under Approval Voting
is a superset of the equilibrium set under Plurality Voting. Some of the equilibria
specific to Approval Voting are extreme compared to all Plurality Voting equilibria.
It follows that when candidacy is endogenous and voting is sincere, Approval Vot-
ing does not yield policy moderation and can even result in more extreme policies
as compared to Plurality Voting.

Naturally, one may object that this conclusion relies on the assumption that vot-
ing is sincere and that there is no a priori reason to believe that people would
vote sincerely if political elections were held under Approval Voting. Would this
conclusion be robust to strategic voting? I investigate this question in the next
section.

18.4 Strategic Voting

I now assume that citizens vote strategically.21 I define a permissible voting strategy
as follows.

20 Notice that this argument holds true because candidates are purely policy-motivated, i.e., are
solely concerned by the policy that will be implemented. If instead, candidates are also office-
motivated – i.e., cared about the spoils from office –, then serious contenders may not want to
defect. Multiposition serious equilibria and spoiler equilibria can then exist under Plurality Voting
(e.g., see Proposition 3 in Osborne and Slivinski 1996).
21 Weber (1995, p. 45) provides the following motivation for considering strategic voting behav-
ior: “In many political settings, voters have access to substantial information, typically gleaned
from public opinion polls, concerning the expressed preferences and voting intentions of others.
This information can affect each voter’s perception of the relative chances of the various candi-
dates being in contention for victory, which in turn can affect how voters cast their ballots.” Cox
(1997) provides empirical evidence of strategic voting behavior in political elections under Plu-
rality Voting. Van der Straeten et al. (2010) provide evidence of strategic voting behavior in small
experimental elections under Plurality and Approval Voting.
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Definition 18.4.1. Given a non-empty set of candidates C, a voting strategy ˛�
`
.C/

for citizen ` 2 N is permissible if:

1. U`

�CI˛�
`
.C/ ; ˛�

�`
.C/� 	 U`

�CI˛` .C/ ; ˛�
�`
.C/� for every voting strategy

˛` .C/; and
2. ˛�

`
.C/ is weakly undominated.k

Thus, a voting strategy is permissible for a citizen if it is weakly undominated
and is a best response to the voting strategies of all other citizens.22 Notice that with
only two candidates in the race, a citizen is either indifferent or has a unique weakly
undominated voting strategy, namely, voting for the candidate she prefers. With only
two candidates, voting is thus sincere.

The following proposition establishes that when candidacy is endogenous and
voting is strategic, Approval Voting always yields policy moderation compared to
Plurality Voting provided that preferences are symmetric and one restricts attention
to serious equilibria. Otherwise, Approval Voting does not, in general, yield policy
moderation compared to Plurality Voting.23

Proposition 18.4.1 (Dellis 2009a). Suppose that voting is strategic. Then, Approval
Voting always yields policy moderation compared to Plurality Voting if and only
if one restricts attention to serious equilibria and preferences are symmetric, i.e.,
u` .x/ D u .jx � x`j/ for every citizen ` 2 N and every policy x 2 X .k

The sufficiency follows because Plurality Voting is then better than Approval
Voting at deterring centrists from entering the race. The necessity of symmetric
preferences follows because, contrary to Plurality Voting, Approval Voting cannot
deter multiple similar candidacies. Finally, the necessity of restricting attention to
serious equilibria follows because the presence of spoiler candidates helps support

22 Throughout this section, I assume that there are finitely many citizens. This is because otherwise
a vote is never pivotal, in which case any weakly undominated voting strategy is permissible. I
further assume that strictly less than a third of citizens have ideal policy m and that the number of
citizens with an ideal policy on the left of m is equal to the number of citizens with an ideal policy
on the right of m. These assumptions are made to rule out situations where too few votes are cast
or where citizens with ideal policy m can elect whichever candidate they wish without the support
of other citizens.
23 Note that if candidates were able to commit to campaign promises, then Plurality Voting would
always yield policy moderation compared to Approval Voting. This result has been established
in both the Downsian and the citizen-candidate frameworks. Specifically, in the Downsian frame-
work, Feddersen et al. (1990) show that when potential candidates are purely office-motivated
and able to commit to campaign promises, candidacy is endogenous and voting is strategic, then
in any Plurality Voting equilibrium all candidates stand at the median citizen’s ideal policy. The
extent of policy moderation is thus maximal under Plurality Voting, and Approval Voting cannot
improve upon it. In the citizen-candidate framework, Dellis and Oak (2007) show that when poten-
tial candidates are purely policy-motivated and able to commit to campaign promises, candidacy
is endogenous and voting is strategic, then all Plurality Voting equilibria are one-position serious
equilibria. At the same time, two-position serious equilibria can exist under Approval Voting. As
the one-position serious equilibria are the most moderate equilibria, it thus follows that Plurality
Voting yields policy moderation compared to Approval Voting.
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self-fulfilling prophecies that offset the elimination of the wasting-the-vote effect by
Approval Voting. To make the intuition clear, I partition the equilibrium set into the
same four subsets as in the previous section.

18.4.1 One-Position Serious Equilibria

The argument is the same as in the previous section. This is because in a one-position
serious equilibrium, only one candidate stands for election and only deviations by
one potential candidate matter (in which case voting is anyway sincere in the voting
equilibrium). In consequence, the set of one-position serious equilibria is equivalent
under Plurality and Approval Voting and the one-position serious equilibria are the
most moderate equilibria.

18.4.2 Two-Position Serious Equilibria

Let xL and xR denote the two candidates’ positions. Without loss of generality,
suppose xL < xR. Notice that under Plurality Voting, only one candidate stands at
xL and only one candidate stands at xR. This is because several candidates stand-
ing at the same position would split their votes, thereby helping the election of the
candidate(s) at the other position. (By contrast, Approval Voting can accommodate
multiple similar candidacies since there is no vote-splitting under Approval Vot-
ing.) Notice as well that since there are here exactly two candidates under Plurality
Voting and exactly two candidate positions under Approval Voting, voting is then
sincere in equilibrium. This implies that for all candidates to tie for the first place, it
must be that xL and xR lie on either side of the median citizen’s ideal policym and
that the median citizen is indifferent between these two positions. Finally, it must
also be that no potential candidate i with ideal policy xi 2 .xL; xR/ wants to enter
the race. I now argue that Plurality Voting is here better than Approval Voting at
deterring such potential candidates from entering the race.24 I further argue that the
relevance of this feature for policy moderation depends on whether preferences are
symmetric.

24 Interestingly, when voting is assumed to be sincere (as in the previous section), it is instead
Approval Voting that is better at deterring entry by centrists. This turn-around might seem para-
doxical given that voting is anyway sincere in a two-position serious equilibrium. However, one
must note that following candidate entry at a third position, voting is still sincere under Approval
Voting (Brams and Fishburn 1978; Theorem 3), whereas it need no longer be sincere under Plu-
rality Voting. The characterization of the two-position serious equilibria under Approval Voting
is thus similar whether voting is assumed to be sincere or strategic. This is not the case however
under Plurality Voting.
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Let us first suppose that the election is held under Plurality Voting. The wasting-
the-vote effect implies that Plurality Voting can always deter new candidate entry.
Specifically, no other potential candidate wants to enter the race if he (correctly)
anticipates that voters would believe he has no chance of winning the election and
would therefore continue casting the same ballot; his candidacy would thus leave
the election outcome unchanged.

Let us now suppose that the election is held under Approval Voting. I first con-
sider the case where preferences are symmetric. Then, uL .xR/ D uR .xL/ that is,
the utility loss that a potential candidate at xL incurs following the adoption of xR

instead of xL is equal to the utility loss that a potential candidate at xR incurs fol-
lowing the adoption of xL instead of xR. This implies that in equilibrium, an equal
number of candidates are standing at xL and xR . Each policy is thus implemented
with probability 1

2
(as when the election is held under Plurality Voting). Now, if a

potential candidate i with ideal policy xi 2 .xL; xR/ was to enter the race, he would
necessarily receive a vote from every centrist (by weak undominance). At the same
time, a candidate at xL (xR, resp.) would receive at best a vote from every citizen
with ideal policy on the left (right, resp.) ofm (by weak undominance again). It fol-
lows that potential candidate i can be deterred from entering the race only if xL and
xR are not too polarized so that the centrists are not majoritarian or potential can-
didate i would find it too costly to stand for election. Thus, when preferences are
symmetric, the set of two-position serious equilibrium outcomes under Approval
Voting is a subset of the set of two-position serious equilibrium outcomes under
Plurality Voting. Moreover, those equilibria that are specific to Plurality Voting are
extreme compared to all equilibria under Approval Voting. This is because the more
polarized xL and xR are, the more difficult it is for Approval Voting to deter centrists
from entering the race.

I now consider the case where preferences are asymmetric. Without loss of gen-
erality, let uL .xR/ < uR .xL/ that is, the utility loss that a potential candidate at
xL incurs following the adoption of xR instead of xL is greater than the utility
loss that a potential candidate at xR incurs following the adoption of xL instead of
xR. Thus, a potential candidate at xL has stronger incentives to stand for election
compared to a potential candidate at xR. This implies that in a two-position serious
equilibrium (if one exists), more candidates are standing at xL than at xR , and xR

is thus implemented with a probability smaller than 1
2

. Now, if there are relatively
many candidates standing at xL (which can happen if uL .xR/ is significantly more
negative than uR .xL/), then the probability that xR is implemented, denoted pR,
will be significantly smaller than 1

2
. Potential candidates at xR can then be deterred

from entering the race. Indeed, the increase in pR that results from their candidacy
could then be too small for the utility gain to exceed the candidacy cost. In this case,
there would be no two-position serious equilibrium fxL; xRg under Approval Vot-
ing. By contrast, vote-splitting implies that multiple similar candidacies are deterred
under Plurality Voting. This implies that in a two-position serious equilibrium under
Plurality Voting (if one exists), pR D 1

2
. This probability can be sufficient for a

potential candidate at xR to be willing to stand for election against a candidate at
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xL. Thus, there may exist a two-position serious equilibrium fxL; xRg under Plu-
rality Voting, whereas no such equilibrium may exist under Approval Voting (e.g.,
see Example 3 in Dellis and Oak 2006). The set of two-position serious equilibrium
outcomes under Approval Voting is thus a subset of the set of two-position serious
equilibrium outcomes under Plurality Voting, as when preferences are symmetric.
However, this subset need no longer be moderate. This is because the less polarized
xL and xR are, the larger uR .xL/ is and, therefore, the more likely it is that the
presence of two or more candidates at xL is sufficient for deterring any potential
candidate at xR from standing for office. Only the most extreme fxL; xRg may then
be supported as two-position serious equilibrium outcomes under both Plurality and
Approval Voting. In other words, the ability of Approval Voting to accommodate
multiple similar candidacies can offset its inability to deter centrists from enter-
ing the race. This can prevent Approval Voting from yielding policy moderation
compared to Plurality Voting.

18.4.3 Multiposition Serious Equilibria

There is no multiposition serious equilibrium under Plurality or Approval Voting.
To see this, let us first suppose that the election is held under Plurality Voting. If a
multiposition serious equilibrium was to exist, then every citizen would be voting for
her most-preferred candidate; otherwise, a citizen would be better off deviating and
voting for another (weakly) more-preferred candidate since this candidate would
then be elected outright. Also, if a multiposition serious equilibrium was to exist,
then there would necessarily be two or more candidates’ positions on one side, say
on the left, of the expected winning position x. Since utility functions are concave,
the leftmost citizen would then be better off deviating and voting for her second
most-preferred candidate (whose ideal policy would thus be on the left of x) since
this candidate would then be elected outright. No multiposition serious equilibrium
can thus exist under Plurality Voting.

Let us now suppose that the election is held under Approval Voting. If a multi-
position serious equilibrium was to exist, then every citizen would be voting for all
the candidates she strictly prefers to the winning lottery; otherwise, a citizen would
be better off adding a vote for such a candidate who would then be elected outright.
Moreover, no citizen would be voting for a candidate to whom she strictly prefers
the winning lottery; otherwise, she would be better off removing those candidates
from her ballot since they would then be no longer in the winning set. It is then easy
to check that, given the concavity of utility functions, a centrist candidate would
then be receiving more votes than a leftmost or rightmost candidate. This would
contradict that the equilibrium is serious.
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18.4.4 Spoiler Equilibria

Finally, spoiler equilibria can exist under both Plurality and Approval Voting.25

This is because the presence of spoiler candidates triggers a greater multiplicity
of candidates’ positions, which helps support self-fulfilling prophecies that deter
both incumbent candidates from defecting and other potential candidates from enter-
ing the race. The presence of spoiler candidates thus offsets the elimination of the
wasting-the-vote effect by Approval Voting. In consequence, Approval Voting need
no longer lead to more moderate policies compared to Plurality Voting, even if
preferences are symmetric.

To sum up, the fact that Approval Voting is not subject to the wasting-the-
vote effect implies that Approval Voting is worse than Plurality Voting at deterring
new candidate entry. It follows that the set of serious equilibrium outcomes under
Approval Voting is a subset of the set of serious equilibrium outcomes under Plu-
rality Voting. When preferences are symmetric, the greater inability of Approval
Voting at deterring centrists from entering the race implies that the subset is mod-
erate. However, when preferences are asymmetric, the inability of Approval Voting
at deterring multiple similar candidacies can offset the greater inability of Approval
Voting at deterring centrist candidacies, and the subset need therefore be no longer
moderate. Finally, the presence of spoiler candidates renders the elimination of
the wasting-the-vote effect irrelevant. In consequence, the (full) set of equilibrium
outcomes under Approval Voting need not be a subset of the (full) set of equilib-
rium outcomes under Plurality Voting, and Approval Voting need not yield policy
moderation compared to Plurality Voting.

18.5 Relative Sincerity

When the election is held under Approval Voting and multiple candidates stand for
office, the notions of sincere and strategic voting put rather few restrictions on the
voting behavior. This is especially clear when voting is sincere. Indeed, a citizen
can then cast a vote only for the candidate(s) she prefers the most, or she can cast
a vote for every candidate except the one(s) she likes the least, or she can draw the
line anywhere in-between. One may thus wonder whether the above analysis effec-
tively captures the way people would actually vote if political elections were held
under Approval Voting. To address this concern, Dellis and Oak (2006) have pro-
posed an intuitively plausible refinement of the voting behavior – called Relative

25 Recall from the previous section that no spoiler equilibrium exists under Plurality Voting when
voting is assumed to be sincere. This is because the leftmost or rightmost candidate has an incentive
to defect since his votes are then transferred to his closest neighbor. By contrast, when voting is
assumed to be strategic, the same candidate may not want to defect. This happens if he (correctly)
anticipates that his votes would not be transferred to his closest neighbor. Hence the existence of
spoiler equilibria when voting is assumed to be strategic.
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Sincerity – that puts a restriction on where citizens draw the line between the can-
didates for whom they cast a vote and the candidates for whom they do not cast a
vote. Specifically, a voting strategy is said to be relatively sincere for a citizen if,
given the voting strategies of the other citizens, she votes for all the candidates she
strictly prefers to the winning lottery and does not vote for any of the candidates to
whom she strictly prefers the winning lottery.26 Formally,

Definition 18.5.1. Let the election be held under Approval Voting. Given a non-
empty set of candidates C, citizen `’s voting strategy ˛` .C/ D �

˛i
`

�
i2C is sincere

relative to the voting strategies of other citizens ˛�` .C/ if for every candidate i 2 C,
we have �

u` .xi / > U` .C; ˛ .C// ) ˛i
`

D 1

u` .xi / < U` .C; ˛ .C// ) ˛i
`

D 0:k
A voting strategy is here permissible if it is both weakly undominated and

relatively sincere.
The following proposition establishes that when candidacy is endogenous and

voting is relatively sincere, Approval Voting always yields policy moderation com-
pared to Plurality Voting provided that one restricts attention to serious equilibria.
Otherwise, Approval Voting does not, in general, yield policy moderation compared
to Plurality Voting.

Proposition 18.5.1 (Dellis and Oak 2006; Dellis 2009b). Suppose that voting is
relatively sincere under Approval Voting and is either sincere or strategic under
Plurality Voting. Then, Approval Voting always yields policy moderation compared
to Plurality Voting if and only if one restricts attention to serious equilibria.k

The sufficiency follows because the elimination of the wasting-the-vote effect
and of the squeezing effect implies that Approval Voting is then unable to deter cen-
trists from entering the race. The necessity follows because the presence of spoiler
candidates helps support self-fulfilling prophecies that render the elimination of the
wasting-the-vote effect and of the squeezing effect irrelevant. To make the intuition
clear, I partition the equilibrium set into the same four subsets as in the previous
sections.

18.5.1 One-Position Serious Equilibria

The relative sincerity refinement has no bite when less than three candidates are
standing for election. In consequence, the argument is similar to the one presented
in the previous sections. This implies that the set of one-position serious equilibria
is equivalent under Plurality and Approval Voting and that the one-position serious
equilibria are the most moderate equilibria.

26 The relative sincerity refinement has received theoretical justification from Laslier (2009).
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18.5.2 Two-Position Serious Equilibria

No two-position serious equilibrium exists under Approval Voting. To see this,
assume on the contrary that such an equilibrium exists. Let xL and xR denote the
two candidates’ positions. Without loss of generality, suppose xL < xR. As in the
previous sections, for all candidates to tie for the first place it must be that xL and
xR lie on either side of the median citizen’s ideal policym and that the median citi-
zen is indifferent between these two positions. Denote the expected winning policy
by x, and suppose that a potential candidate i with ideal policy xi 2 .xL; x� was
to enter the race. (A similar argument holds for xi 2 Œx; xR/.) Then, all the citizens
with ideal policy x 
 xi would prefer xi to x. Given the concavity of the utility
functions, all these citizens would then prefer candidate i to the lottery over xL and
xR, and would therefore cast a vote for candidate i (by relative sincerity).27 More-
over, candidate i would be the most-preferred candidate of all citizens with ideal
policy x 2 Œxi ;ex�, whereex is the position at which a citizen is indifferent between
xi and xR. All these citizens would then be casting a vote for candidate i (by weak
undominance). Clearly,ex > m, which implies that candidate i would thus receive a
vote from a majority of citizens. At the same time, weak undominance implies that
neither citizen with ideal policy on the right (left, resp.) of m would cast a vote for
a candidate at xL (xR, resp.) since xL (xR, resp.) is the candidates’ position these
citizens like the least. A candidate at xL or xR would thus receive a vote only from a
minority of citizens. It follows that if potential candidate i was to enter the race, he
would necessarily be elected outright. As xL and xR must be sufficiently polarized
so that candidates at these positions are willing to stand for election, there will thus
be a potential candidate i with xi 2 .xL; xR/ who wants to enter the race. Hence,
there cannot exist a two-position serious equilibrium under Approval Voting when
voting is relatively sincere. Recall however that two-position serious equilibria can
exist under Plurality Voting.

Key to note is that this result does not depend on whether preferences are sym-
metric. This is because when the voting behavior is relatively sincere, leftists and/or
rightists cast votes for a centrist candidate (if one enters), which implies that a cen-
trist is always willing to enter the race. This renders the issue of multiple similar
candidacies, and thus the symmetry/asymmetry of preferences, irrelevant.

18.5.3 Multi-Position Serious Equilibria

No multiposition serious equilibrium exists whether the election is held under
Approval or Plurality Voting. The argument is similar to the one presented in the
previous section.

27 This argument implicitly assumes that following the entry of potential candidate i , citizens antic-
ipate that the candidates at xL and xR would still be tying for the first place. Notice however that
the same argument would hold if citizens were to anticipate that a candidate at xR would then be
elected with probability one. If instead citizens were to anticipate that a candidate at xL would
be elected with probability one, then all citizens with ideal policy x 	 xi would cast a vote for
candidate i , and the rest of the argument would be similar to the argument presented in the text.
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18.5.4 Spoiler Equilibria

Spoiler equilibria can exist under both Plurality and Approval Voting (e.g., see
Example 4 in Dellis and Oak 2006). This is because the presence of spoiler can-
didates triggers a greater multiplicity of candidates’ positions, which can then help
support self-fulfilling prophecies that deter both incumbent candidates from defect-
ing and other potential candidates from entering the race. This deprives the relative
sincerity refinement of all its bite.

To sum up, when candidacy is endogenous and voting is relatively sincere, all
serious equilibria under Approval Voting are one-position serious equilibria. Since
these are the most moderate equilibria, the extent of policy moderation is then max-
imal under Approval Voting. This is no longer true however when one considers
spoiler equilibria. Interestingly, the intuition underlying Proposition 18.5.1 corre-
sponds to the argument that was put forward by the proponents of Approval Voting
to justify that centrist candidates would benefit from having elections held under
Approval Voting instead of Plurality Voting. The present analysis thus highlights
two key assumptions underlying this argument, namely, the relative sincerity of the
voting behavior and the absence of spoiler candidates.

18.6 Conclusion

In this chapter, I have revisited the claim that centrist candidates would benefit from
having elections held under Approval Voting instead of Plurality Voting, and that
Approval Voting would thus result in more moderate policies as compared to Plu-
rality Voting. Underlying this claim is the fact that Approval Voting is subject to
neither the squeezing effect nor the wasting-the-vote effect that characterize Plural-
ity Voting. Contrary to previous contributions, I have studied this claim in a setting
where candidacy is endogenous. I have shown that in such a setting, the claim must
be qualified.

I conclude this chapter by discussing what I consider to be the most important
limitations of the analysis and what are the promising avenues for future research.
First, all the results have been derived under the assumption that the policy space is
unidimensional. It would be of interest to extend the analysis to multidimensional
policy spaces. Second, candidates were assumed to be purely policy-motivated.
While this assumption offers an interesting contrast with the canonical Downsian
model – where candidates are assumed to be purely office-motivated –, allow-
ing for a mix of office- and policy-motivation is important. Third, information
was assumed to be complete and perfect. Introducing information imperfections
would be of great interest. However, as exemplified by several recent contributions
(e.g., Casamatta and Sand-Zantman 2005; Grosser and Palfrey 2009), introduc-
ing information imperfections in the citizen-candidate model is not a trivial task.
Fourth, only equilibria in pure strategies have been considered. Doing so was moti-
vated by the multiplicity of equilibria in pure strategies. This said, it would be
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interesting to examine whether taking mixed-strategy equilibria into account would
leave the above conclusions unchanged. Finally, only elections to a single office
have been considered. However, many political elections serve to elect a legislature.
Considering multi-seat elections is definitely a promising avenue for future research.

Acknowledgements I am grateful to Patrick Gonzalez for providing useful comments on an
earlier version.
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Meaning for Individual and Society



Chapter 19
Describing Society Through Approval Data

Jean-François Laslier

19.1 Introduction

An election is not only a mean to choose among options, candidates or representa-
tives, but it also serves as a privileged occasion for voters to express publicly their
opinions and to know the opinions of the others. These two goals – choice and
expression – may be contradictory but they co-exist in the minds of the voters. The
usual rationale for voting is to elect someone or to have a decision taken, that is
collective choice, but voters also sometime declare that their rationale for voting is
to “express themselves” or to “contribute to the political debate”. The choice and
expression rationales also co-exist in practice since, for instance, on top of the iden-
tity of the elected candidate, the number of votes gathered by a candidate matters
for deciding of her political fate, even if she is not elected.

In democratic countries with more than two parties, even when proportional rule
is not used, a losing candidate who nevertheless gets many votes gains some political
power in the sense that herself, her party, or the ideas she defends have better access
to the media and maybe better chances for the next elections.

The same is true in democratic countries with only two main parties. For instance
losing an election by a large margin may “kill” a candidate or at least foster the party
to change strategy. This is known to narrow down the set of viable political options
in countries using Plurality rule (Duverger 1951; Cox 1997).

In non-democratic countries, dictators take care of being elected with quasi-
unanimity. Their interest in doing so is another proof that an election must be
considered as is an important public signal and not only as a choice device.

This aspect should be taken into account when evaluating voting rules. The out-
come of an election provides an image of the current political opinions across the
electorate and this image, like any image, can be more or less distorted or reliable.
Moreover the style of this image widely depends on the voting rule. After a plu-
rality election, one only knows the scores of the various candidates, which maybe

J.-F. Laslier
Laboratoire d’Econométrie, École Polytechnique, 91128 Palaiseau, France
e-mail: jean-francois.laslier@polytechnique.edu

J.-F. Laslier and M.R. Sanver (eds.), Handbook on Approval Voting, Studies in Choice
and Welfare, DOI 10.1007/978-3-642-02839-7_19,
c� Springer-Verlag Berlin Heidelberg 2010

455

jean-francois.laslier@polytechnique.edu


456 J.-F. Laslier

enough for evaluating their “political strength,” but nothing more. After a two-round
election, one knows a little more (the runoff scores). But other systems provide
an information which is a priori much richer. Under preferential systems, voters
rank-order candidates, leaving in principle the possibility of describing the whole
preference profile of the society. Under Approval Voting, the information provided
by each voter is not as rich as a complete ranking of the candidates, but is much
richer than a single candidate name. For instance with ten candidates, there are ten
single-name ballots, 1,024 approval ballots, and more than three million preference
ballots.

Consequently, the use of Approval Voting (or other voting rules which use bal-
lots that are not single-name) raises an original question: What should be published
after an election as its official “outcome”? For instance, in an approval election, the
fact that all voters who approved the candidateA also approved the candidateB can
hardly be considered, from a legal point of view, as different from the fact that such
number of voters approved ofA. Then, should not this fact be published just likeA’s
score? I consider here that any information contained in the set of submitted ballot is
bound to be published, provided of course it respects the legal constraint that defines
a ballot as valid, and in particular anonymity. This point may raise a logical prob-
lem since, if the number of candidates is large, then the number of possible ballots
becomes so large that the use of a particular one can be used as a quasi-signature.
Brams et al. (2007) analysed an election held at the council of the Game Theory
society in 2003. There were 12 members to be elected out of 24 candidates, with
approval balloting. That makes 224 D 16:777:216 different possible ballots. It was
observed that only 2 out of the 161 voters voted identically. Notice, however that, if
the numbers of ballots is that large, and with many voters, it becomes impossible in
practice to display the exhaustive list of how many voters casted each precise ballot,
so that only summary of this information has to be published.

In this chapter, I will present means to summarize approval profiles in useful
ways. This might certainly be used for political elections, although some may wish
to argue on that point, but it obviously should be used in many other circumstances
where voting takes place. For instance, committees often organize straw votes before
the final one in order that the members of the committee learn about the other mem-
bers’ opinions and vote intentions. In a straw vote, voting is really used for the goal
of sharing information. In that case, the possibility of sharing a richer information is
in general an improvement. As will be seen in this chapter, starting from an approval
profile, there are ways to publish rich and understandable information about voters’
votes. I recommend that Approval Voting be used together with these methods, in
particular during the process of decision-making for a committee.

19.2 Approval Scores

The main outcome of an election is obviously a collective decision. In the basic
case considered here, it is simply the name of the elected candidate. A secondary
outcome is the vector of the scores of the various candidates. With single-name
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balloting, there is no ambiguity as to what the score of a candidate is.1 But with
Approval Voting, such is not the case. Two kinds of “relative scores” can be com-
puted: The percentage of voters who approved the candidate or the percentage of
approbations which were given to the candidate. Let nc be the number of voters
who have approved candidate c, let C denote the set of candidates, and let n be the
number of voters. The total number of approbations is then:

N D
X

c2C

nc :

The ratio
s.c/ D nc

n

can be called the relative score of the candidate c. This ratio is of course always
between 0 and 1. Its meaning is clear: It is the fraction of the population who
approved c. A ratio larger than 0:5 means that a majority of voters approve of c.
But these relative scores do not sum to 1 in general. More exactly, notice that the
ratios nc=N , which obviously sum to 1, are proportional to the relative scores:

s.c/ D N

n
� nc

N

with a coefficient of proportionality (N=n) which is easily interpreted: It is simply
the average number of approved candidates per voter. Therefore, one should have in
mind that, independently of how the candidates’ approvals are correlated,

� The percentage of voters who approve a candidate equals the percentage of
approbations that are given to this candidate, multiplied by the average number
of approval per ballot.

� The sum of the relative scores is the average number of approvals per ballot.

When presented with the result of an AV election, people often raise the question
“What should we consider as the real score of a candidate: The fraction of the vot-
ers who approve her or the fraction of approvals she receives?” The two concepts
are equivalent for a given election in a given district where the average number of
approval per ballot is given; but they must be distinguished if the number of approval
per ballot is not fixed, for instance when comparing results in different districts. The
question thus requires to be answered.

I submit that one should use s.c/, the fraction of the population who approves c,
rather than the ratio nc=N , despite the (maybe disturbing) fact that these relative
scores do not sum to 1. The argument in favor of this choice is the following.

If one has in mind that when a voter approves a candidate c, he does so for intrin-
sic reasons, independently of the presence of other candidates, then introducing new
candidates will not change the voters’ approval or disapproval of c. It should then

1 The only difficulty neglected here is with the counting of spoiled or empty ballots.
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be desirable that the aggregate score of c does not change either.2 Such is the case
with the relative score s.c/, but such is not the case with the ratio nc=N . When new
candidates are introduced and receive some approvals, the totalN can only increase
and thus the ratio nc=N mechanically decreases.

Moreover this argument still has bite if voters vote strategically. Consider for
instance the “leader rule” of Laslier (2009), which describes a voter’s strategic
behavior. Let c� be the anticipated winner of the election. When all voters vote
strategically, the relative score of a candidate c ¤ c� is the fraction of the elec-
torate who prefers c to c�. Introducing a new candidate will only alter the votes for
the other candidates if this new candidate is bound to win the election.3 Introduc-
ing a candidate who does not challenge the leader (such a spoiler candidate could
be called “irrelevant” because she is not bound to change the outcome) will not
change the strategic behavior of the voters with respect to any candidate. Again it is
thus reasonable to wish that the aggregate view reflected by the candidate scores be
unchanged too. This will be the case for s.c/ but not for nc=N .

For these reasons, it seems preferable to use s.c/ rather than nc=N . The cost
to pay is that the relative scores do not sum to 1 but to the average number of
approval per ballot, a number which is typically around 2 or 3; see the empirical
papers Baujard and Igersheim (2010), Alos-Ferrer and Granic (2010) in part IV of
this book. An important consequence is that if one wishes to compare these approval
scores with the result of a single-name balloting election, one will notice that scores
are globally larger with Approval Voting. This mechanical effect can be observed in
the figures reported in the above papers.

But the most important point is that approval scores are probably more meaning-
ful than plurality scores. Plurality scores, be it in countries using first-past the post or
in countries using plurality with a run-off, are distorted by the fact that small candi-
dates receive only the votes of those voters who have expressive motives while the
main candidates receive votes from both expressive and instrumental voters. This
phenomenon vanishes with AV since these two goals are no longer contradictory
for the voter.

In practice, in view of the figures reported from field experiments in France and
Germany, one can have the feeling that politicians from the main parties fool them-
selves – and the public – when they praise themselves for receiving the support of
“a majority” of the population. A voting rule that produces more meaningful fig-
ures gives a quite different image. Indeed it is a pity to notice that the most popular
politicians are approved by a minority only, even when voters have the possibility to
approve of several candidates!

On the other hand, the low plurality scores obtained by small candidates in real
elections should not be trusted as a quantification of the popular support of these
candidates. The plurality score of a small candidate depends on the size of her

2 In the next chapter Sanver (2010) elaborates on that view of intrinsic approval.
3 Or to arrive in the second position in which case it will alter the score of c� but not the other
scores.
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potential supporters and on the propension of these persons to vote expressively.
Notice that this implies that the plurality scores can also hardly be compared among
small candidates. It is quite obvious that, for these candidates, approval scores are
more trustable and, as a matter of fact, rankings of small candidates vary quite a lot
when one compares plurality to approval rankings.

19.3 Endogenous Electoral Proximity

The data collected in an Approval Voting election, that is a set of Approval Voting
ballots contains and makes available more information that the mere counting of
each candidate’s score. One can also learn about the structure of the electorate,
something which is not possible using single-name balloting.

Consider for instance a group of seven voters who are to discuss about four can-
didates labelled a, b, c, and d . Suppose that the approval votes are as given in
Table 19.1.

Looking at the scores only, one does not learn a lot about this electorate: Candi-
dates a and c tie at the first place with four approvals and candidates b and d are
just behind, with three approvals. But the Table indicates more:

� All the voters who approved b also approved a.
� No voters simultaneously approved a (or b) and d .
� Voters who approved c also approved a (two of them) or d (two of them).

From these observations, it appears that the electorate is split in two disjoint sub-
groups: The group of a-voters and the group of d -voters, and that c is the only
candidate to gather votes from both groups. Compared to the others, c appears as
a consensus candidate, even if she does not obtain more approvals than a. If one
wants a picture of this vote, one should think of a and b being close one to the other,
far apart from d ; and c between a and d .

Notice that these observations, even if they require more information than only
the scores, can be obtained from the approval ballots without breaking voters
anonymity. This kind of information about the structure of the electorate and/or
the positioning of parties is normally obtained through opinion polls.4

Table 19.1 An
approval-voting profile with
seven voters and four
candidates

1 2 3 4 5 6 7 Score

a 
 
 
 
 4

b 
 
 
 3

c 
 
 
 
 4

d 
 
 
 3

4 This relates to the huge literature on spatial voting. See Stokes (1963), Poole and Rosenthal (1985,
1991), Rabinowitz and MacDonald (1989), Enelow and Hinich (1990), van Schuur (1993, 2003),
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Using opinion surveys, it is possible to ask voters their opinions for different
candidates and to study correlations among candidates. The statistical tools and the
collected data can then be more powerful than an approval profile. But for committee
decision-making, it may be useful to have a simple routine, such that an Approval
Voting straw vote, rather than designing a full-vote survey. Moreover, and this is true
in general, the information provided by voters through an opinion poll should not be
considered as identical to the information provided by an official and decisive vote.
The participation rates to opinion surveys are much lower than the participation rate
to real elections, and the participation bias may be difficult to handle.

The structure of the electorate (the “electoral demand”) and the structure of the
set of candidates (the “electoral supply”) are usually described by means of issue
analysis. Researchers or journalists have identified some key issues in the politi-
cal debate and try to assign positions to voters and politicians with respect to this
issues. Clearly this cannot be done if one restricts attention to votes only. Look-
ing at the above school-case example, one can be tempted to imagine that there is
one (and only one ) important issue which makes it possible to describe the system
of voters and candidates as uni-dimensional, with c in the middle, a and b on one
side, and d on the other side. Of course the preference profile is mute as to what
is really this issue, this point being a matter of exogenous interpretation. But the
fact that the approval data is mute about what the issues are is also an advantage,
for scholars may be wrong when deciding about the set of relevant issues. The pos-
sibility of purely endogenous analysis and description of voters and candidates is
valuable because it may confirm or infirm other studies which are based on some
pre-conceptions, and also because it leaves open the possibility of discovering new
facts.

19.4 The Canonical Representation

An approval profile with n voters andK candidates is a matrixA of sizeK�n of 0s
and 1s. For voter i 2 f1; : : : ; ng and candidate x 2 f1; : : : ; Kg, one writes Ax

i D 1

if i approves x and Ax
i D 0 if not. The number of votes for candidate x is the sumP

i A
x
i .

The matrix A can be seen as providing K points A1; : : : ; AK in the space IRn

with n dimensions. This is called the canonical representation of the candidates.
Likewise, it can be seen as providing n points A1; : : : ; An in the space IRK with K
dimensions. This is called the canonical representation of the voters. The two rep-
resentations are said to be dual, one of each other. Clearly any of the two canonical
representations conveys all information contained in the data set. The problem is

Heckman and Snyder (1997), Chiche et al. (2000), Lewis and King (2000), Londregan (2000),
Bailey (2001), Dow (2001), Groseclose (2001), Grunberg and Schweisguth (2002), Poole (2005),
among others.
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that this high-dimensional representation is too complex to be usable, therefore one
must seek for appropriate ways to summarize it.

From a mathematical point of view, it is natural to consider the usual Euclidean
distance on these sets, that is by definition:

jjAx �Ay jj D
v
u
u
t

nX

iD1

�
Ax

i � A
y
i

�2
:

This formula is simpler than it looks. If voter i approves or disapproves both x and
y, Ax

i D A
y
i , otherwise Ax

i � A
y
i is C1 or �1 so the sum

Pn
iD1

�
Ax

i � A
y
i

�2
is the

number of voters for whom x and y differs in terms of approbation.

Definition 19.4.1. The discrepancy between candidates x and y is the number of
voters who disagree on x and y: They approve one of x or y but not both. It is
denoted by d.x; y/. The agreement between x and y is the number of voters who
approve both x and y. It is denoted by a.x; y/.

Notice that, knowing the number of approvals for each candidate, which can be
denoted a.x/ D a.x; x/, the same information is in fact contained in the discrepan-
cies and in the agreements. To see that point, notice that the number of voters who
approve x but not y is a.x/�a.x; y/, and thus the discrepancy can be expressed as:

d.x; y/ D a.x/C a.y/ � 2a.x; y/:

It is therefore a matter of convention to use discrepancies or agreements. Of course,
the canonical representation contains strictly more information; for instance, it
contains the number of voters who approved of triples of candidates.

With our notation:

a.x; y/ D
nX

iD1

Ax
i � Ay

i

and for the discrepancy:

nX

iD1

�
Ax

i � A
y
i

�2 D d.x; y/

and hence
d.x; y/ D jjAx � Ay jj2 :

For the example of Table 19.1, the Table 19.2 gives these discrepancies and the
Table 19.3 gives the agreements.
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Table 19.2 Squared
distances matrix

a b c d

a 0 1 4 7

b 1 0 5 6

c 4 5 0 3

d 7 6 3 0

Table 19.3 Association
matrix

a b c d

a 4 3 2 0

b 3 3 1 0

c 2 1 4 2

d 0 0 2 3

In the dual analysis the natural definition, from the mathematical point of view, is:

Definition 19.4.2. The discrepancy between two voters i and j is the number of
candidates about whom they disagree: x is approved by one voter but not by both.

Comparing the two definitions, one can see that the discrepancy between voters
is a less attractive concept, from the political point of view, than the discrepancy
between candidates. Counting voters is a basic principle of democracy: If two cit-
izens share the same opinion, this must really be taken into account. Counting
candidates is quite different and does not refer to any fundamental principle. It is
tempting to consider that the opinion of the voters is the fundamental object of
study, and something which exist independently of how many candidates are pre-
sented at a given election. By contrast the number of candidates about which two
voters differ does not seem to be so meaningful.5

Holding this position implies that the analysis one can perform using these con-
cepts is better suited for describing the structure of the set of candidates than the
set of voters. In that case, no structure is imposed with respect to the voters, but
candidates are described as different points Ax which can be “close one the other”
or “aligned” etc. The next section will present possible tools designed to describe
in a synthetic way the structure of the set of candidates that emerges from the vote
profile.

19.5 A Connection with Spatial Voting

The multidimensional scaling techniques can be used to summarize the canonical
representation. The simplest (from the mathematical point of view) technique is to
find the first two or three principal components of the canonical representation and

5 Of course it is important to understand the “political supply”, that is how do parties come to exist,
candidates run for office, etc. But from a normative point of view, the number of parties clearly
cannot be considered as fundamental.
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Fig. 19.1 Gy-les-Nonains, main plane for the canonical analysis

to project theK points corresponding to theK candidates from IRn onto IR2 or IR3.
Laslier and Van der Straeten (2002) have done such an analysis of the data collected
in 2002 in Gy-les-Nonains;6 see Fig. 19.1.

One can note that, in this picture, the candidates which are less distant are also
the ones with the smallest scores. The reason is as follows. Approval scores in this
example are smaller than 1=2; two candidates who are approved by a fraction x, or
less, of the electorate are thus distinguished by a fraction of the electorate smaller
than 2x; and a fraction larger than 1 � 2x of the voters grade them identically.
For that reason, the proximity between candidates like Christine Boutin (Cb) and
Daniel Gluckstein (Dg) does not mean that the same voters have approved of them.
And likewise, the largest distances are found between candidates which are often
approved because there is (unfortunately!) no pair of candidates who are close one
to the other because they both have very large approval scores.

It follows that the analysis using directly the projection of the canonical repre-
sentation in low dimension, although mathematically attractive, does not produces
a meaningful picture of the political space.

If one wishes not to break the symmetry between approbation and non-
approbation, one can think of different methods and distances that are more or
less intuitive.7 The following method does break the symmetry, and makes a bridge

6 See Balinski et al. (2002), Perrineau and Ysmal (2003), Laslier and Van der Straeten (2004),
Baujard and Igersheim (2010), Laslier (2010).
7 See Laslier (1996) and Laslier (2003). This last paper studies the same data as Brams and
Fishburn (2001) and Saari (2001).
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between the multidimensional analysis of approval data and more standard ideas
taken from the Spatial Voting literature.

Recall that the agreement a.x; y/ between x and y is the number of voters who
approve both x and y. In Laslier (2006) a distance is introduced, which uses the
logarithms of the agreement numbers.

Definition 19.5.1. Let a.x/ and a.x; y/, the number of votes and the agreement
for the candidates x; y 2 X be given. A logarithmic representation of the candi-
dates is a set of locations pc 2 IRk such that the squared distances

�
�px � py

�
�2

are proportional to � � ln a.x;y/
a.x/ a.y/

for an additive constant � called the contrast
parameter:

�
�px � py

�
�2 / � � ln

a.x; y/

a.x/ a.y/
:

This distance can be justified on the basis of the following hypothesis:

� Voters and candidates are located in some Euclidean space and the utility of a
voter located at point xi for a candidate located at point yc is

ui .x/ D �˛ kpx � pik2 C �x C "i;x

kpx � pi k being the usual Euclidean distance between the location of the candi-
date and the ideal point of the voter, and under the hypothesis that the disturbance
is distributed according to the exponential law (cumulative function F."/ D
1 � e�").

� The probability that voter i approves of candidate x is:

Pr
�
Ax

i D 1
� D �c exp



�˛ kpx � pi k2

�
; (19.1)

where �c is some positive parameter called the valence of candidate x, with �x D
log �x, and ˛ is a policy salience parameter.Under plurality voting and with two
candidates x and y, the usual utility-maximization behavior would then lead to
express the probability of voting for c against c0 as a function8 of the difference
of unperturbed utilities:

ı D �˛ kpx � pik2 C �x C ˛
�
�py � pi

�
�2 � �y :

Such an approach is often adopted, with various statistical forms for the distur-
bance term (Bailey 2001). Under Approval Voting, some behavioral assumption
must be made. Equation (19.1) is obtained if one assumes that voter i approves
of candidate x when the utility ui .x/ is larger than some fixed threshold, that we
can take to be 0. In that case:

8 Precisely: If " and "0 are independent and exponential, the difference ı D "� "0 has density e�jıj

and its cumulative function is eı=2 for ı � 0 and 1� e�ı=2 for ı 	 0.
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Pr
�
Ax

i D 1
� D Pr

h
"i;x > ˛ kpx � pi k2 � �x

i

D exp


�˛ kpx � pi k2 C �x

�

D �x exp


�˛ kpx � pi k2

�
:

� Voters are distributed according to a normal density with concentration �, with �
very small. At the limit, a large electorate is spread all over the space.

The pictures presented in Baujard and Igersheim (2010) in this book have been
drawn with this method. The interested reader should consult the original articles to
get familiar with the technical details. Notice that one implicitly supposes here that
the voters are evenly dispersed all over the political space. It would be interesting to
analyse the set of voters in the same spirit as we analyze the set of candidates, and
maybe to make both analysis jointly.

19.6 What are the Results of an AV Election?

We can now come back to the question raised at the beginning of the chapter: What
should be published as the “results” of an Approval Voting election?

With respect to the candidate scores, there is no serious problem: Listing the
number of approvals obtained by each candidate is simple and easy to read. More-
over, for reasons given in Sect. 19.2, I suggest that, if ratios have to be used, then
the s.�/ ratios be. Their meaning is clear: the percentage of voters who approve of a
candidate.

A variety of more sophisticated measures and descriptions can be produced, as
shown in, or can be derived from, the previous sections. We have proposed several
such methods and learned statisticians can have many other ideas.9 But this variety
raises a problem. Certainly, no single method appears to be obviously “natural” or
obviously superior to the others. These measures and representations must not be
considered as raw data. Even if qualitative results may not be too sensitive to the
method used, there may occasionally exist important discrepancies, and since these
methods are quite sophisticated, only specialists can be supposed to understand for
what reason such and such method give such and such result.

What is legally defined as the outcome of the election must be raw data. I there-
fore suggest that the published outcome of the election be the score vector and the
agreement matrix, which records for every pair of candidate .x; y/, the number of
voters who approved both x and y. This choice has several advantages:

1. This is raw data, which does not require an explanation.
2. This is objective data, which does not involve any analysis.

9 See for instance Falmagne and Regenwetter (1996), Regenwetter (1997), Regenwetter and Tsetlin
(2004).
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3. This is small data: A table with as many rows and columns as candidates.
4. This is additive data: The result in two districts is the sum of the results in each.
5. This is valuable data: As seen in this chapter, many things can be derived from it.

Of course, one could suggest to publish more, such as the number of voters who
approve of any triple of candidates, or even the number of voters who approve of
any subset of candidates, that is the whole counting of all possible approval bal-
lots. These proposals share the features mentioned above, except the third one:
With ten candidates, the binary agreement table contains about 50 numbers and
can be published easily, for instance in the newspapers. With triples one gets about
300 numbers which are uneasy to display. The whole data requires 1,024 numbers,
with a complex structure which makes this data almost impossible to display in a
readable way. If the number of candidates is small, then the whole ballot counting
can be published.

One may object that this kind of data may only be useful for scholars, and not
for ordinary voters. This objection is not valid for two reasons.

First point, for committees, votes often takes place in order to help the discussion
and acquire information about the committee members’ preferences, before being a
mean to take a decision. In such a case, committee members may find useful to learn
more detailed pieces of information than the simple “strength” of the alternative
choices. Here, Approval Voting looks like a nice and simple tool for group decision
aid, if one follows the above suggestion to publish more than the candidate scores.

Second point, which is also valid for large-scale elections, in order to appreciate
the number of voters who approve both candidates x and y, one does not need any
particular academic knowledge. I can thus see no reason to believe that the voters
would not be able to learn from such data. This kind of information might foster and
enrich the political debates. Anyone who believes in the positive value of the voter’s
information (this sounds like a nice definition of democracy) may therefore agree
with this proposal.
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Chapter 20
Approval as an Intrinsic Part of Preference

M. Remzi Sanver

20.1 The Model

The collective decision making problem can be conceived as the aggregation of a
vector of utility functions whose informational content depends on the assumptions
made about the cardinality and interpersonal comparability of individual prefer-
ences. To be more explicit, we consider a non-empty set N of individuals and
a non-empty set A of alternatives. Letting U.A/ be the set of real-valued “utility
functions” defined over A, we model the problem through an aggregation function
f W U.A/N ! 2Anf;g. The assumptions about the cardinality and interpersonal
comparability of individual preferences are formalized by partitioning U.A/N into
information sets, while requiring f to be invariant at any two vector of utility func-
tions which belong to the same information set. At one extreme, one can assume
the existence of an absolute scale over which the utilities of individuals are mea-
sured and compared. This assumption partitions U.A/N into singleton information
sets, hence imposing no invariance over f . At the other extreme, one can rule out
any kind of cardinal information and interpersonal comparability, in which case an
information set consists of the elements of U.A/N which are ordinally equivalent,
i.e., induce the same ordering of alternatives for every individual.1 When cardi-
nality and interpersonal comparability are ruled out, the problem can be modeled
through an aggregation function f W W.A/N ! 2Anf;g where W.A/ is the set of

1Given any ordered list � D .�i /i2N of functions from the reals to the reals and any u 2 U.A/N ,
we define � ı u 2 U.A/N as .� ı u/i .x/ D �i .ui .x// 8x 2 A, 8i 2 N . When an absolute scale
exists, u; v 2 U.A/N are in the same information set iff v D � ı u for some � where each �i is the
identity function. When cardinality and interpersonal comparability are ruled out, u; v 2 U.A/N

are in the same information set iff v D �ıu for some � where each �i is monotonically increasing.
As Sen (1986), Bossert and Weymark (2004) eloquently survey, there is a variety of cases between
the two extremes.
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weak orders (i.e., complete and transitive binary relations) over A. We refer to this
as the Arrovian model (Arrow 1950, 1951).

While many voting rules are covered by the Arrovian model,2 Approval Voting
(AV) falls apart: It generates the social outcome by aggregating vectors of subsets
of A. Formally speaking, it is an aggregation function v W .2A/N ! 2Anf;g where
Si 2 2A is conceived as the set of alternatives which are “approved” by i 2 N .
Given any S 2 .2A/N , AV picks the alternatives which are approved by the highest
number of individuals. So writing n.zIS/ D #fi 2 N W z 2 Sig for the number of
individuals who approve z 2 A at S , we have v.S/ D fx 2 A W n.xIS/ 	 n.yIS/
8y 2 Ag.

The literature exhibits various attempts to place AV within the Arrovian model.
This is typically done by interpreting AV as a game form�where 2A is the common
message space of individuals and v W .2A/N ! 2Anf;g is the outcome function.
The combination of � with individuals’ preferences over A induces a game whose
outcomes are considered. This is a basic mechanism design approach where the
approval of an individual is a mere strategic action with no intrinsic meaning. As
Dellis (2010), Laslier and Maniquet (2010), Laslier and Sanver (2010b), Nunez
(2010) in this volume testify, this interpretation is rich in its variants regarding
the modelling and solution of the game. Nevertheless, the same chapters would
manifest a dilemma that traps the mechanism design approach: Under natural
mechanisms and with mild assumptions over individual preferences, the set of equi-
librium outcomes explodes and this set can be refined to the expense of fairly strong
assumptions.

We propose to express AV in a framework which partitions U.A/N into infor-
mation sets which are finer than those of the Arrovian model. We assume the
existence of two cardinal qualifications, “good” and “bad”, with a common mean-
ing among individuals. This can be interpreted as the existence of a real number,
say 0, whose meaning as a utility measure is common to all individuals. Thus, an
information set consists of the ordinally equivalent elements of U.A/N where 0 is
common to all individuals.3 We call this framework the extended (Arrovian) model.
In the extended model, the problem can be modeled through an aggregation func-
tion f W W.A[ f;g/N ! 2Anf;g whereW.A[ f;g/ is the set of weak orders over
A [ f;g. Here the empty-set stands for the separation between good and bad: An
alternative which is ranked above (resp., below) the empty set is qualified as good
(resp., bad). Henceforth, “approval” is not a strategic action but has an intrinsic
meaning: It refers to those alternatives which are qualified as good.

Note that every aggregation function expressed in the Arrovian model can also be
expressed in the extended one. In fact, aggregation functions of the Arrovian model
coincide with those of the extended model which satisfy the following approval
independence condition: We say that f W W.A [ f;g/N ! 2Anf;g is approval

2 see, for example, Brams and Fishburn (2002).
3 In other words, u; v 2 U.A/N are in the same information set iff v D � ıu for some � D .�i /i2N
where each �i is monotonically increasing and �i .0/ D 0.
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independent iff f .R/ D f .R0/ for everyR;R0 2 W.A[f;g/N with x Ri y () x

R0
i y 8x; y 2 A, 8i 2 N .
Although the literature contains studies which imply the extended model,4 we are

not aware of any formal treatment of it. So we explore the extended model, with par-
ticular emphasis on Approval Voting. In Sect. 20.2, we introduce the majoritarian
approval axiom which we use as a benchmark of the extended model. In Sect. 20.3,
we consider four social choice rules, including Approval Voting, under this bench-
mark. In Sect. 20.4, we evaluate these social choice rules according to two criteria,
namely monotonicity and independence. In Sect. 20.5, we make some concluding
remarks, including the possibility of further extending the extended model.

20.2 A Benchmark: The Majoritarian Approval Axiom

Sertel and Yilmaz (1999) introduce, within the Arrovian model, a “majoritarian
approval” axiom which requires from a social choice rule to pick among the alter-
natives which receive the “approval” of a majority of voters. This requirement
explicitly assumes that a voter “approves” an alternative if and only if he ranks it
among the first half of his ordering. Such an artificial meaning attributed to the term
“approval” is undesirable, but also inevitable within the informational framework of
the Arrovian model. On the other hand, thanks to the additional information incor-
porated by the extended model, majoritarian approval can be naturally redefined.
In fact, within the extended model, it is possible to the aggregate the qualifications
“good” and “bad” that individuals attribute to alternatives. In other words, based on
individual qualifications attributed to an alternative, it is meaningful to speak about
that alternative being “socially good” or “socially bad”. To express this more for-
mally, let q.x/ 2 fG;BgN be a qualification profile for x 2 A, where qi .x/ D G

(resp., qi .x/ D B) means that individual i 2 N qualifies x as good (resp., bad).
At every R 2 W.A[ f;g/N , we write q.xIR/ for the qualification profile for x
induced byR, i.e., qi .xIR/ D G () x Pi ; holds for all i 2 N .5 The aggregation
of qualification profiles into a social qualification means to map the set fG;BgN into
the set fG;Bg. While this is a separate matter of interest, we will take majoritarian-
ism as granted. Let nG.xIR/ D #fi 2 N W qi .xIR/ D Gg be the number of individ-
uals who qualify x as good at R. We write �.R/ D fx 2 A W nG.xIR/ 	 n

2
g for the

(possibly empty) set of alternatives which are qualified as “socially good” at R. We
say that f W W.A[ f;g/N ! 2Anf;g satisfies majoritarian approval if and only if
we have f .R/ � �.R/ at every R 2 W.A [ f;g/N where �.R/ ¤ ;. So, based on

4 Niemi (1984) distinguishes between “approving alternative x” and “voting for alternative x under
Approval Voting”, For example, Brams and Sanver (2006) mention the possibility of conceiving
approval as an intrinsic part of preference. This idea is developed by Brams and Sanver (2009)
who, within the general model, propose two new social choice rules. Peters et al. (2009) define
Approval Voting as a social choice rule whose domain is preference and approval profiles.
5 We write Pi for the strict counterpart of Ri .



472 M.R. Sanver

how individuals qualify alternatives, majoritarian approval determines the socially
good and socially bad ones according to the majority rule, while ruling out the
possibility of choosing socially bad alternatives when there are socially good ones.

As we show below, majoritarian approval contradicts approval independence,
hence aggregation rules of the Arrovian model all fail majoritarian approval.

Theorem 20.2.1. Majoritarian approval and approval independence are logically
incompatible.

Proof. Take any f W W.A [ f;g/N ! 2Anf;g which is approval independent
and satisfies majoritarian approval. Consider a society N D f1; 2; 3g and let R 2
W.A[ f;g/N be such that a P1 ; P1 b P1 c, b P2 a P2 ; P2 c, c P3 ; P3 b P3 a.
Majoritarian approval implies f .R/ D fag. Now let R0 2 W.A [ f;g/N be such
that a P 0

1 ; P 0
1 b P

0
1 c, b P 0

2 ; P 0
2 a P

0
2 c, c P 0

3 b P
0
3 ; P 0

3 a. Approval independence
implies f .R0/ D fag, which contradicts majoritarian approval. ut

20.3 Four “New” Social Choice Rules

Under the majoritarian approval axiom, the collective decision making problem
boils down to answering the following two questions:

1. How to refine the set of socially good alternatives, when this set contains more
than one alternative?

2. Which alternative to choose when none of them is socially good?

Throughout the chapter, we will refer to these questions as Question 1 and
Question 2.

A common answer to both questions is to pick the alternatives which are qualified
as good by the highest number of individuals. This is Approval Voting which is for-
mally expressed by the aggregation function f W W.A [ f;g/N ! 2Anf;g defined
as f .R/ D fx 2 A W nG.xIR/ 	 nG.yIR/ 8y 2 Ag at every R 2 W.A [ f;g/N :
It is straightforward to check that Approval Voting satisfies majoritarian approval.

Approval Voting, while falling out of the Arrovian model, has a very natural fit to
the extended one. In fact, the debate on whether Approval Voting is “indeterminate”
or “responsive” now vanishes6: The fact is that the informational framework of the
Arrovian model is not sufficient to express Approval Voting.7

Nevertheless, Approval Voting only uses the information about how individuals
qualify the alternatives, hence overlooking the information about rankings. Under
Approval Voting, we have f .R/ D f .R0/ for any R;R0 2 W.A [ f;g/N with

6 Laslier and Sanver (2010a) in this volume give an account of the exchange between Saari and
Newenhizen (1988a,b) and Brams et al. (1988a,b).
7 This is as if the Borda rule is expressed in a model which aggregates the top ranked alternatives
of voters into a social outcome - hence needing the assume the rest of individual rankings. See
Endriss et al. (2009) for an analysis of ballot languages.
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qi .xIR/ D qi .xIR0/ 8x 2 A;8i 2 N . It goes without saying that this overlooked
information can be used to define other social choice criteria. We exemplify two
of these which satisfy majoritarian approval and which differ in their answers to
Question 1 or Question 2.

First, we revisit an aggregation rule of the Arrovian model, namely the Majoritar-
ian Compromise (MC) of Sertel (1986) which, within the Arrovian model, is defined
as follows:

1. The highest-ranked candidate of all voters is considered. If a majority of voters
agree on one highest-ranked candidate, this candidate is the MC winner. The
procedure stops, and we call this candidate a level 1 winner.

2. If there is no level 1 winner, the next-highest ranked candidate of all voters is
considered. If a majority of voters agree on one candidate as either their highest
or their next-highest ranked candidate, this candidate is the MC winner. If more
than one candidate receives a majority support, then the candidate with highest
support is the MC winner. The procedure stops, and we call this candidate a
level 2 winner.

3. If there is no level 2 winner, the voters descend � one level at a time � to lower
and lower ranks, stopping when, for the first time, one or more candidates
receive a majority support. If exactly one candidate receives a majority support,
then this candidate is the MC winner. If more than one candidate receives a
majority support, then the candidate with the highest majority support is the
MC winner.

We know from Sertel (1986), Sertel and Yilmaz (1999) and from Brams and Kil-
gour (2001) that the MC winner always arises at a level which does not exceed
#A
2

. It is worth noting that MC understands “majority” in a weak sense, so as to
refer to a coalition whose cardinality is at least as big as the cardinality of its
complement.

As one can see in Hoag and Hallett (1926, pp. 485–491), MC is the reinvention of
a voting rule, known as Bucklin voting, invented by James W. Bucklin, a lawyer and
founder of Grand Junction, Colorado, who proposed his system for Grand Junction
in the early twentieth century, where it was used from 1909 to 1922 – as well as
in other cities – but it is no longer used today. Interestingly, Bucklin asks voters to
rank as many of the alternatives they wish, but not necessarily all of them. Given
the available rankings of voters, Bucklin voting operates precisely as MC, with the
impossibility of descending further in the rankings of certain voters who did not
rank all alternatives. Clearly, under Bucklin voting, one can reach the lowest ranked
alternative of each voter and still not get a majority, in which case the alternatives
with the highest support are elected. Although Bucklin voting is formally absent in
the designation of good and bad candidates, those candidates that a voter ranks can
be implicitly assumed to be the good ones and that the voter qualifies as bad those he
did not care to rank. Thus Bucklin voting can indeed be seen as an adaptation of MC
to the extended model, where the descent in a voter’s ranking stops when the empty-
set is reached. If the descent reaches the empty-set in all voters’ rankings and yet no
candidate is qualified as socially good, then the alternatives which are qualified good
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by the highest number of individuals are chosen. We call this adaptation of MC,
Majoritarian Approval Compromise (MAC). To illustrate how MAC operates in the
extended model, consider the following preference profile with four alternatives and
nine voters:

3 voters a| b c d
2 voters b a c| d
2 voters c| a b d
2 voters d b c| a
The orderings go from left to right, i.e., the first 3 voters prefer a to b, b to c

and c to d , etc. The symbol “|” represents the empty set, i.e., separating the good
alternatives from the bad ones. So the first three voters see alternative a as good
and the rest as bad, etc. In this profile, initially a gets an approval of 3 while b, c
and d get an approval of two voters. So none of the alternatives receives a majority
approval of 5. We can lower the stick for the b and d voters only (as the a and c
voters reached the border between what is good and bad). Now a gets five votes,
b gets four votes, c and d get two votes. Hence a is the MAC winner.8

MAC satisfies majoritarian approval. Moreover, it coincides with AV when there
are no socially good alternatives. In other words, MAC and AV agree in their answer
to Question 2, by picking the alternatives which are qualified as good by the high-
est number of individuals. On the other hand, they answer Question 1 differently:
Among the alternatives which are socially good, AV chooses those which are qual-
ified as good by the highest number of individuals (e.g., alternative c in the above
example) while MAC picks those which are qualified as socially good at the earliest
level.

Preference-Approval Voting (PAV)9 is a social choice rule which also differs in
its answer to Question 1: It refines the set of socially good outcomes through the
construction of the pairwise majority relation among these. When socially good
alternatives are multiple, it constructs the pairwise majority relation among the
set of socially good alternatives; picks the Condorcet winner if it exists and oth-
erwise, among the alternatives in the top-cycle picks those which are qualified
as good by the highest number of individuals. Clearly, PAV satisfies majoritarian
approval.

As a final example, we present Approval Voting with a runoff (AVR). Given
anyR 2 W.A[ f;g/N , let �.R/ D fx; yg be the pair of alternatives – called runoff
winners – which receive the highest approval, i.e, nG.xIR/ 	 nG.zIR/ and

8 Brams and Sanver (2009) consider the problem of introducing new social choice rules within the
general model and what they propose under the name of Fallback Voting is what we call MAC
in this paper. We also wish to note the similarity between MAC and “fallback bargaining with an
impasse” which is a bargaining solution introduced and analyzed by Brams and Doherty (1993)
and Brams and Kilgour (2001).
9 Preference-Approval Voting is proposed by Brams and Sanver (2009) and further studied by
Erdelyi et al. (2008).
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nG.yIR/ 	 nG.zIR/ hold for any z 2 Anfx; yg.10 AVR picks the pairwise majority
winner among the runoff winners. Remark that AVR is an adaptation of the well-
known plurality with a runoff defined within the Arrovian model where the runoff
winners is the pair of alternatives which are ranked at the top by the highest num-
ber of voters. When #�.R/ > 1, we have �.R/ � �.R/, hence the AVR winner is
approved by a majority. On the other hand, when #�.R/ D 1, AVR may fail to pick
the (unique) alternative which is approved by a majority, hence failing majoritarian
approval.11

We summarize below the behavior of the four social choice rules, as a function
of the cardinality of �.R/:

�.P / D ; #�.P / D 1 #�.P / > 1
AV most approved

alternative in A
�.P / most approved

alternative in �.P /
MAC most approved

alternative in A
�.P / the alternative which

gets “earliest” in �.P /
PAV most approved

alternative in A
�.P / most approved

alternative in the
top-cycle of the
pairwise majority
relation over �.P /

AVR majority winner
in �.P /

majority winner
in �.P /

majority winner in
�.P /

In the next section, we evaluate the four social choice rules vis-à-vis the satisfac-
tion of two properties, namely monotonicity and independence.

20.4 Monotonicity and Independence

Among the variety of monotonicity conditions introduced within the Arrovian
model, we consider the weakest one which requires that raising an alternative x
in individual preference rankings without changing the preference relation on pairs
of alternatives that do not include x, cannot have an effect on the election outcome

10 Such a pair need not be unique of course. For expositional simplicity, we assume an exogeneous
total order of alternatives which breaks the ties between the alternatives that receive the same
number of approvals.
11 For example, at the preference profile

1 voter a| b
1 voter b a |
1 voter | b a
with three voters and two alternatives, b is the AVR winner while a is the only alternative which

is approved by a majority.
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which is detrimental to x. To state this formally, given any x 2 A and any R;R0 2
W.A/N , we say that R0 is a lifting of x with respect to R if and only if for every
i 2 N we have Œx Ri y H) x R0

i y 8y 2 A�, Œx Pi y H) x P 0
i y 8y 2 A� and

Œy Ri z () y R0
i z 8y; z 2 Anfxg�. A social choice rule f W W.A/N ! 2Anf;g

is monotonic if and only if x 2 f .R/ H) x 2 f .R0/ whenever R0 is a lifting of x
with respect to R.12 We adapt monotonicity to the extended framework as follows:
Given any x 2 A and any R;R0 2 W.A [ f;g/N , we say that R0 is a lifting of x
with respect to R if and only if for every i 2 N we have Œx Ri y H) x R0

i y8y 2 A�, Œx Pi y H) x P 0
i y 8y 2 A�, Œx Pi ; H) x P 0

i ;� and Œy Pi z () y

P 0
i z 8y; z 2 .Anfxg/ [ f;g�. A social choice rule f W W.A [ f;g/N ! 2Anf;g is

monotonic if and only if x 2 f .R/ H) x 2 f .R0/ whenever R0 is a lifting of x
with respect to R. Note that wheneverR0 is a lifting of x with respect to R, we have
nG.xIR0/ 	 nG.xIR/ and nG.yIR0/ D nG.yIR/ 8y 2 Anfxg, which implies the
following result, whose proof is left to the reader.

Theorem 20.4.1. Approval Voting, Majoritarian Approval Compromise,
Preference-Approval Voting and Approval Voting with a runoff are all monotonic.

So monotonicity does not discriminate among the four voting rules we con-
sider. However, in contrast to Approval Voting with a run-off which is monotonic
within the extended framework, Plurality with a run-off fails monotonicity within
the Arrovian framework (see p. 235 of Moulin 1988).

To define independence, we consider some alternative x� which is not in A and
we writeB D A[ fx�g. WritingW.B[f;g/ for the set of weak orders overB[f;g,
from now on, we conceive a social choice rule as a mapping f W W.A [ f;g/N [
W.B [ f;g/N ! 2Anf;g such that x� 2 f .R/ only if R 2 W.B [ f;g/N . Note
that all four voting rules introduced in Sect. 20.3 are also defined as a social choice
rule f W W.B [ f;g/N ! 2Anf;g. Hence, they are naturally defined as a social
choice rule f W W.A[ f;g/N [W.B [ f;g/N ! 2Anf;g.

We say thatR 2 W.A[ f;g/ andR0 2 W.B [ f;g/ agree if and only if for every
i 2 N and for every x; y 2 A, we have x Ri y () x R0

i y and x Ri ; () x

R0
i ;. We call x� a spoiler iff x� … f .R0/ ¤ f .R/ at some R 2 W.A [ f;g/

and R0 2 W.B [ f;g/ which agree. So x� is called a spoiler if its presence as an
alternative can change the social choice without x� being chosen. A social choice
rule f W W.A [ f;g/N [ W.B [ f;g/N ! 2Anf;g satisfies independence iff f
does not admit any spoiler x�.13

12 This condition, dating back to Fishburn (1982), is originally defined for social choice rules which
pick a single alternative at every preference profile. As Sanver and Zwicker (2009) discuss, there
is a variety of ways to adapt it to the set-valued context, such as those proposed by Barberà (1977)
and Peleg (1979, 1981, 1984).
13 Independence is a well-known choice theoretic property called “Postulate 5*” by Chernoff
(1954), “Strong Superset Property” by Bordes (1979), “absorbence” by Sertel and van der Bellen
(1979), “Outcast” by Aizerman and Aleskerov (1995). This is also the independence condition
which Nash (1950) imposes over a bargaining solution.
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Theorem 20.4.2. Approval Voting satisfies independence.

Proof. Let f W W.A[f;g/N [W.B[f;g/N ! 2Anf;g be Approval Voting. Take
any R 2 W.A[ f;g/ and R0 2 W.B [ f;g/ which agree. So fx 2 A W nG.xIR/ 	
nG.yIR/ 8y 2 Ag D fx 2 A W nG.xIR0/ 	 nG.yIR0/ 8y 2 Ag. Thus, if x� …
f .R0/, then f .R/ D f .R0/, establishing the independence of Approval Voting. ut
Theorem 20.4.3. Majoritarian Approval Compromise, Preference-Approval Voting
and Approval Voting with a runoff fail independence.

Proof. To show that MAC fails independence, consider the following preference
profile R with five voters and two alternatives

3 voters a b|
2 voters b| a

where a is the unique MAC winner. Now consider the preference profile R0 with
2 voters a b| x�
1 voter x�a b|
2 voters b |x�a

where b is the unique MAC winner. Moreover R and R0 agree, hence MAC fails
independence.

To show that PAV fails independence, consider the following preference profileR
with three voters and two alternatives:

2 voters a b|
1 voter b| a

Both a and b are socially good and a majority of voters prefer a to b, so PAV picks a.
Now consider the preference profile R0 with

1 voter a b| x�
1 voter b x�|a
1 voter x� a b|

R and R0 agree. All three alternatives are socially good at R0 and there is a majority
cycle over them, hence PAV picks the one which receives the highest approval which
is b, hence failing independence.

To show that AVR fails independence, consider the following preference pro-
file R with nine voters and three alternatives:

4 voters a| b c
3 voters b| a c
2 voters c| b a

where the runoff winners are fa; bg among which the pairwise majority winner b is
the unique AVR winner. Now consider the preference profile R0 with

4 voters a |b c x�
3 voters x�b |a c
2 voters c| b a x�

where the runoff winners are fa; x�g among which the pairwise majority winner a
is the unique AVR winner. As R and R0 agree, AVR fails independence. ut
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Nevertheless, MAC, PAV and AVR can be evaluated according to the “popularity”
of the spoiler they admit. After all, social choice rules that admit spoilers with little
public support are more open to manipulation via artificial candidacies than those
where the spoiler must have a reasonably high public support. We show that while
MAC performs very poor in this regard, under PAV and AVR, a spoiler must have a
reasonably high public support.14

Theorem 20.4.4. .i/ Under Majoritarian Approval Compromise, for any number
of voters, there may be a spoiler who is approved by only one voter.
.i i/ Under Preference-Approval Voting, x� is a spoiler only if x� is socially

qualified as good.
.i i i/ Under Approval Voting with runoff, x� is a spoiler only if x� is a runoff

winner.

Proof. To show .i/, consider a preference profileR 2 W.A[f;g/where the society
is split in two coalitionsK and NnK whose rankings are as follows:

Voters in K: a b|...............
Voters in NnK: b| a ............
There are at least two alternatives called a and b. Voters in K qualify a and b as

good; voters in NnK qualify b as good. It does not matter whether there are other
alternatives and if so, how they are ranked. We also let the cardinality of K and
NnK differ by at most one while #K 	 #NnK . So at R, if #K D #NnK , then
fa; bg is the MAC winner and if #K > #NnK , then fag is the MAC winner. Now
take a voter i 2 K and consider the preference profile and R0 2 W.B [ f;g/ with

Voters in Knfig: a b| x�.........
Voter i : x�a b|........
Voters in NnK: b |x�a............
At R0, if #K D #NnK , then fbg is the MAC winner and if #K > #NnK , then

fa; bg is the MAC winner. Note that R and R0 agree while x� is not chosen at R0.
Hence x� is a spoiler. Moreover, x� is approved by only one voter.

To show .i i/, let f W W.A[f;g/N [W.B[f;g/N ! 2Anf;g be PAV. Take any
R 2 W.A[ f;g/ andR0 2 W.B [ f;g/ which agree while x� … f .R0/. Note that if
#�.R/ 2 f0; 1g, then f .R/ D f .R0/, hence x� is not a spoiler. Now let #�.R/ 	 2.
If x� … �.R0/, then �.R/ D �.R0/, implying f .R/ D f .R0/, hence x� is not a
spoiler.

To show .i i i/, let f W W.A[ f;g/N [W.B [ f;g/N ! 2Anf;g be AVR. Take
any R 2 W.A [ f;g/ and R0 2 W.B [ f;g/ which agree. Suppose x� … �.R0/. As
R and R0 agree, we have �.R/ D �.R0/ and also f .R/ D f .R0/, hence x� is not a
spoiler. ut

14 This is in contrast to Plurality with runoff which, as defined in the Arrovian model, is hurt by
the existence of spoilers with very low public support. More precisely, in the Arrovian model,
independent of the number of voters, it is possible to construct an example where the spoiler is
the best alternative for two voters and the worst alternative for the rest of the voters. So when
monotonicity and independence are the salient criteria to evaluate social choice rules, Approval
Voting with runoff presents a neat improvement over Plurality with runoff. This justifies a comment
in a similar direction made by Rida Laraki at the workshop on “Reforming the French Presidential
Electoral System: Experiments on Electoral Reform”, held at CEVIPOF, Sciences-Po, Paris, on
15–16 June 2009.
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20.5 Concluding Remarks

Approval Voting calls for an extension of the Arrovian model by incorporating ele-
ments of cardinality and interpersonal comparability into individual preferences,
through assuming the existence of a common zero. This naturally occurs in cer-
tain environments, such as matching models (see, for example, Roth and Sotomayor
(1990)), where “being self-matched” is the common zero. However, in general, a
common zero is implied by the existence of a common meaning attributed to “good”
and “bad”. This is a minimal divergence from the Arrovian model whose informa-
tion sets are refined by the use of monotonic transformations which have one fixed
point.15

The Arrovian model can be further extended through the use of monotonic trans-
formations having multiple fixed points.16 This incorporates further elements of
cardinality and interpersonal comparability. In fact, at the extreme case of requiring
every point to be fixed, the identity function becomes the only allowed monotonic
transformation, hence getting back to the existence of an absolute scale to measure
utilities.

Extending the Arrovian model invites interesting philosophical questions some
of which are discussed by Ng (1992). Moreover, as the degree of incorporated car-
dinality and interpersonal comparability can be measured by the number of fixed
points imposed over the monotonic transformations, the extent to which, if any, the
Arrovian model can be extended invites interesting experimental questions as well.
In any case, we see these extensions as interesting conceptual tools which, as this
section suggests, allow to revisit and better understand certain concepts of social
choice theory.

Acknowledgements I owe the ideas expressed in this paper to my collaboration with Steven
Brams to whom I am very grateful. I am also grateful to Jean-Francois Laslier for his thoughtful
comments on the initial version of the paper. The first formal presentation of these ideas occurred
at the workshop on “New Approaches to Voting and Social Choice”, 25–26 May 2009, Tilburg
University. We thank Harrie de Swart and the participants. My research received financial aid from
a project (# 107K560) supported by the Scientific and Technological Research Council of Turkey
(TUBITAK) as well as from Turkish Academy of Sciences Distinguished Young Scientist Award
Program (TUBA-GEBIP), which I gratefully acknowledge. Of course, the author is responsible
from all possible errors.

15 Instead of using any monotonic transformation. See Footnotes 1 and 3.
16 In fact, the literature contains studies and proposals of social choice rules that call for fur-
ther extensions. (see, for example, Hillinger (2005), Aleskerov et al. (2007), Balinski and Laraki
(2007)).



480 M.R. Sanver

References

Aizerman, M., & Aleskerov, F. (1995). Theory of choice. Amsterdam: North-Holland.
Aleskerov, F., Yakuba, V., & Yuzbashev D. (2007). A ‘threshold aggregation’ of three-graded

rankings. Mathematical Social Sciences, 53(1), 106–110.
Arrow, K. J. (1950). A difficulty in the concept of social welfare. Journal of Political Economy, 58,

328–346.
Arrow, K. J. (1951). Social choice and individual values. New York: Wiley.
Balinski, M., & Laraki, R. (2007). A theory of measuring, electing and ranking. Proceedings of the

National Academy of Sciences USA, 104(21), 8720–8725.
Barberà, S. (1977). The manipulation of social choice mechanisms that do not leave “too much” to

chance. Econometrica, 45, 1573–1588.
Bordes, G. (1979). Some more results on consistency, rationality and collective choice. In J. J.

Laffont (ed.), Aggregation and revelation of preferences. Amsterdam: North-Holland.
Bossert, W., & Weymark, J. A. (2004). Utility in social choice. In S. Barberà, P. J. Hammond, &

C. Seidl (Eds.), Handbook of utility theory (Vol. 2). Dordrecht: Kluwer.
Brams, S. J. & Doherty, A. E. (1993). Intransigence in negotiations: The dynamics of disagreement.

Journal of Conflict Resolution, 37(4), 692–708.
Brams, S. J. & Fishburn, P. C. (2002). Voting procedures. In K. J. Arrow, A. K. Sen, & K. Suzumura

(Eds.), Handbook of social choice and welfare (Vol. 1). Amsterdam: North-Holland.
Brams, S. J., Fishburn, P. C., & Merrill, S. (1988a). The responsiveness of Approval Voting:

Comments on Saari and van Newenhizen. Public Choice, 59, 121–131.
Brams, S. J., Fishburn, P. C., & Merrill, S. (1988b). Rejoinder to Saari and Van Newenhizen. Public

Choice, 59, 149.
Brams, S. J., & Kilgour, D. M. (2001). Fallback bargaining. Group Decision and Negotiation,

10(4), 287–316.
Brams, S. J. & Sanver, M. R. (2006). Critical strategies under Approval Voting: Who gets ruled in

and who gets ruled out. Electoral Studies, 25(2), 287–305.
Brams, S. J. & Sanver, M. R. (2009). Voting systems that combine approval and preference. In

S. Brams, W. V. Gehrlein, & F. S. Roberts (Eds.), The mathematics of preference, choice and
order. Berlin: Springer.

Chernoff, H. (1954). Rational selection of decision functions. Econometrica, 22, 422–443.
Dellis, A. (2010). Policy moderation and endogeneous candidacy in Approval Voting elections. In

J. F. Laslier & M. R. Sanver (Eds.), Handbook of Approval Voting. Berlin: Springer.
Endriss, U., Pini, M. S., Rossi, F., & Venable, K. B. (2009). Preference aggregation over restricted

ballot languages: Sincerity and strategy-proofness (mimeo).
Erdelyi, G., Nowak, M., & Rothe, J. (2008). Sincere-strategy preference-based Approval Voting

broadly resists control. In E. EOchmanski & J. Tyszkiewicz (Eds.), Mathematical foundations
of computer science 2008. Berlin: Springer.

Fishburn, P. C. (1982). Monotonicity paradoxes in the theory of elections. Discrete Applied
Mathematics, 4(2), 119–134.

Hillinger, C. (2005). The case for utilitarian voting. Homo Oeconomicus, 23, 295–321.
Hoag, C., & Hallett, G. (1926). Proportional representation. New York: The Macmillan Company.
Laslier, J. F., & Maniquet, F. (2010). Classical electoral competition under Approval Voting. In

J. F. Laslier & M. R. Sanver (eds.), Handbook of Approval Voting. Berlin: Springer.
Laslier, J. F., & Sanver, M. R. (2010a). Introduction. In J. F. Laslier, & M. R. Sanver (Eds.),

Handbook of Approval Voting. Berlin: Springer.
Laslier, J. F., & Sanver, M. R. (2010b). The basic Approval Voting game. In J. F. Laslier & M. R.

Sanver (Eds.), Handbook of Approval Voting. Berlin: Springer.
Moulin, H. (1988). Axioms of cooperative decision making. Cambridge: Cambridge University

Press.
Nash, J. F. (1950). The bargaining problem. Econometrica, 18(2), 155–162.



20 Approval as an Intrinsic Part of Preference 481

Ng, Y. K. (1992). Utilitarianism and interpersonal comparison: Some implications of a materialist
solution to the world knot. Social Choice and Welfare, 9(1), 1–15.

Niemi, R. G. (1984). The problem of strategic behavior under Approval Voting. American Political
Science Review, 78, 952–958.

Nunez, M. (2010). Approval Voting in large electorates. In J. F. Laslier, & M. R. Sanver (Eds.),
Handbook of Approval Voting. Berlin: Springer.

Peleg, B. (1979). Game theoretic analysis of voting schemes. In O. Moeschlin & D. Pallaschke
(Eds.), Game theory and related topics. Amsterdam: North-Holland.

Peleg, B. (1981). Monotonicity properties of social choice correspondences. In O. Moeschlin & D.
Pallaschke (Eds.), Game theory and mathematical economics. Amsterdam: North Holland.

Peleg, B. (1984). Game theoretic analysis of voting in committees. Cambridge: Cambridge
University Press.

Peters, H., Roy, S., & Storcken, T. (2009). On the manipulability of Approval Voting and related
scoring rules. unpublished manuscript.

Roth, A., & Sotomayor, M. A. O. (1990). Two-sided matching: A study in game theoretic modelling
and analysis. Cambridge: Cambridge University Press.

Saari, D. G. (1989). A dictionary for voting paradoxes. Journal of Economic Theory, 48, 443–475.
Saari, D. G., & Newenhizen, J. V. (1988a). The problem of indeterminacy in approval, multiple,

and truncated voting systems. Public Choice, 59, 101–120.
Saari, D. G. & Newenhizen, J. V. (1988b). Is Approval Voting an unmitigated evil: A response to

Brams, Fishburn and Merrill. Public Choice, 59, 133–147.
Sanver, M. R., & Zwicker, W. S. (2009). Monotonicity properties and their adaptation to irresolute

social choice rules (mimeo).
Sen, A. (1986). Social choice theory. In K. J. Arrow & M. D. Intriligator (Eds.), Handbook of

mathematical economics (Vol. 3). Amsterdam: North-Holland.
Sertel, M. R. (1986). unpublished lecture notes. Bogaziçi University.
Sertel, M. R., & van der Bellen, A. (1979). Synopsis in the theory of choice. Econometrica, 47(6),

1367–1389.
Sertel, M. R. & Yilmaz, B. (1999). The Majoritarian Compromise is majoritarian-optimal and

subgame-perfect implementable. Social Choice and Welfare 16(4), 615–627.


	Handbook on Approval Voting
	Preface

	Acknowledgements

	Contents

	Contributors

	1 Introduction to the Handbook on Approval Voting
	Part I History of Approval Voting
	Part II Axiomatic Theory
	Part III Committees
	Part IV Strategic Voting
	Part V Probabilistic Exercises
	Part VI Experiments
	Part VII Electoral Competition
	Part VIII Meaning for Individual and Society


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




