
Chapter 5
Quantum Field Theory on Curved Backgrounds

Romeo Brunetti and Klaus Fredenhagen

5.1 Introduction

Quantum field theory is an extremely successful piece of theoretical physics. Based
on few general principles, it describes with an incredibly good precision large parts
of particle physics. But also in other fields, in particular in solid state physics,
it yields important applications. At present, the only problem which seems to go
beyond the general framework of quantum field theory is the incorporation of grav-
ity. Quantum field theory on curved backgrounds aims at a step toward solving this
problem by neglecting the back reaction of the quantum fields on the spacetime
metric.

Quantum field theory has a rich and rather complex structure. It appears in differ-
ent versions that are known to be essentially equivalent. Unfortunately, large parts
of the theory are available only at the level of formal perturbation theory, and a
comparison of the theory with experiments requires a truncation of the series which
is done with a certain arbitrariness.

Due to its rich structure, quantum field theory is intimately related to various
fields of mathematics and has often challenged the developments of new mathemat-
ical concepts.

In this chapter we will give an introduction to quantum field theory in a for-
mulation which admits a construction on generic spacetimes. Such a construction
is possible in the so-called algebraic approach to quantum field theory [1, 2]. The
more standard formulation as one may find it in typical text books (see, e.g., [3])
relies heavily on concepts like vacuum, particles, energy, and makes strong use of
the connection to statistical mechanics via the so-called Wick rotation. But these
concepts lose their meaning on generic Lorentzian spacetimes and are therefore
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restricted to a few examples with high symmetry. It was a major progress of recent
years that local versions of most of these concepts have been found. Their formula-
tion requires the algebraic framework of quantum physics and, on the more technical
side, the replacement of momentum space techniques by techniques from microlocal
analysis.

The plan of the chapter is as follows. After a general discussion of fundamental
physical concepts like states, observables, and subsystems we will describe a general
framework that can be used to define both classical and quantum field theories. It is
based on the locally covariant approach to quantum field theory [4] which uses the
language of categories to incorporate the principle of general covariance.

The first example of the general framework is the canonical formalism of clas-
sical field theory based on the so-called Peierls bracket by which the algebra of
functionals of classical field configurations is endowed with a Poisson structure.

We then present as a simple example in quantum field theory the free scalar
quantum field.

A less simple example is the algebra of Wick polynomials of the free field. Here,
for the first time, techniques from microlocal analysis enter. The construction relies
on a groundbreaking observation of Radzikowski [5]. Radzikowski found that the
so-called Hadamard condition on the two-point correlation function is equivalent to
a positivity condition on the wave front set, whose range of application was extended
and named “microlocal spectrum condition” few years later [6]. This insight not
only, for the first time, permitted the construction of nonlinear fields on generic
spacetimes but also paved the way for a purely algebraic construction, which before
was also unknown on Minkowski space.

Based on these results, one now can construct also interacting quantum field
theories in the sense of formal power series. The construction can be reduced to
the definition of time-ordered products of prospective Lagrangians. By the principle
of causality, the time-ordered products of n factors are determined by products (in
the sense of the algebra of Wick polynomials) of time-ordered products of less than
n factors outside of the thin diagonal Δn ⊂ Mn (considered as algebra-valued
distributions). The removal of ultraviolet divergences amounts in this framework to
the extension of distributions on Mn \ Δn to Mn . The possible extensions can be
discussed in terms of the so-called microlocal scaling degree which measures the
singularity of the distribution transversal to the submanifold Δn .

5.2 Systems and Subsystems

5.2.1 Observables and States

Experiments on a physical system may be schematically described as maps

experiment : (state, observable) �→ result. (5.1)

Here a state is understood as a prescription for the preparation of the system, and the
observable is an operation on the prepared system which yields a definite result. In
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classical physics, one assumes that an optimally prepared system (pure state) yields
for a given (ideal) observable always the same result (which may be recorded as
a real number). Thus observables can be identified with real-valued functions on
the set of pure states. The set of observables so gets the structure of an associative,
commutative algebra over R, and the pure states are reobtained as characters of the
algebra, i.e., homomorphisms into R.

In classical statistical mechanics one considers also incomplete preparation pre-
scriptions, e.g., one puts a number of particles into a box with a definite total energy,
but without fixing positions and momenta of the individual particles. Such a state
corresponds to a probability measure μ on the set of pure states, or, equivalently,
to a linear functional on the algebra of observables which is positive on positive
functions and assumes the value 1 on the unit observable. For the observable f the
state yields the probability distribution

(μ, f ) �→ f!μ , f!μ(I ) = μ( f −1(I )) (5.2)

on R. Pure states are the Dirac measures.
In quantum mechanics, the measurement results fluctuate even in optimally pre-

pared states. Pure states are represented by one-dimensional subspaces L of some
complex Hilbert space, and observables are identified with self-adjoint operators A.
The probability distribution of measured values is given by

μA,L(I ) = (Ψ, E A(I )Ψ ), (5.3)

where Ψ is any unit vector in L and E A(I ) is the spectral projection of A corre-
sponding to the interval I .

In quantum statistics, one admits a larger class of states, corresponding to incom-
plete preparation, which can be described by a density matrix, i.e., a positive trace
class operator ρ with trace 1; the probability distribution is given by

μA,ρ(I ) = TrρE A(I ), (5.4)

where the pure states correspond to the rank 1 density matrices.
In spite of the apparently rather different structures one can arrive at a unified

description. The set of observables is a real vector space with two products:

1. a commutative, but in general nonassociative product (the Jordan product),

A ◦ B = 1

4

(
(A + B)2 − (A − B)2

)
, (5.5)

arising from the freedom of relabeling measurement results;
2. an antisymmetric product

{A, B}, (5.6)
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which is known as the Poisson bracket in classical mechanics and is given by i
�

times the commutator [·, ·] in quantum mechanics. This product originates from
the fact that every observable H can induce a transformation of the system by
Hamilton’s (or Heisenberg’s) equation

d

dt
A(t) = {H, A(t)}. (5.7)

The two products satisfy the following conditions:

1. A �→ {B, A} is a derivation with respect to both products.
2. The associators of both products are related by

(A ◦ B) ◦ C − A ◦ (B ◦ C) = �
2

4
({{A, B},C} − {A, {B,C}}) . (5.8)

While the first condition is motivated by the interpretation of Hamilton’s equation as
an infinitesimal symmetry, there seems to be no physical motivation for the second
condition. But mathematically, it has a strong impact: in classical physics � = 0,
hence the Jordan product is associative; in quantum physics, the condition implies
that

AB := A ◦ B + �

2i
{A, B} (5.9)

is an associative product on the complexification A = AR ⊗ C, where the informa-
tion on the real subspace is encoded in the !-operation

(A ⊗ z)∗ = A ⊗ z. (5.10)

States are defined as linear functionals on the algebra which assume positive val-
ues on positive observables and are 1 on the unit observable. A priori, in the case
� �= 0 the positivity condition on the subspace AR of self-adjoint elements could be
weaker than the positivity requirement on the complexification A. Namely, on the
real subspace we call positive every square of a self-adjoint element, whereas on the
full algebra positive elements are absolute squares of the form

(A − i B)(A + i B) = A2 + B2 + �{A, B} , A, B self-adjoint . (5.11)

But under suitable completeness assumptions, in particular when A is a C*-algebra,
operators as above admit a self-adjoint square root; thus the positivity conditions
coincide in these cases. If one is in a more general situation, one has to require that
states satisfy the stronger positivity condition, in order to ensure the existence of the
GNS representation.
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5.2.2 Subsystems

A system may be identified with a unital C*-algebra A. Subsystems correspond to
sub-C*-algebras B with the same unit. A state of a system then induces a state on
the subsystem by restricting the linear functional ω on A to the subalgebra B. The
induced state may be mixed even if the original state was pure, see Remark 13 on
page 23.

One may also ask whether every state on the subalgebra B arises as a restriction
of a state on A. This is actually true, namely let ω be a state on B. According to
the Hahn–Banach theorem, ω has an extension to a linear functional ω̃ on A with
‖ω̃‖ = ‖ω‖. But ω̃(1) = ω(1) = ‖ω‖ = 1, hence ω̃ is a state.

Two subsystems B1 and B2 may be called independent whenever the algebras
B1 and B2 commute and

B1 ⊗ B2 �→ B1 B2 (5.12)

defines an isomorphism from the tensor product B1 ⊗B2 to the algebra generated
by B1 and B2.

Given states ωi on Bi , i = 1, 2, one may define a product state on B1 ⊗B2 by

(ω1 ⊗ ω2)(B1 ⊗ B2) = ω1(B1)ω(B2), (5.13)

see Section 5.5 on page 23 for a thorough discussion. Convex combinations of prod-
uct states are called separable. As was first observed by Bell, there exist nonsepa-
rable states if both algebras contain subalgebras isomorphic to M2(C). This is the
famous phenomenon of entanglement which shows that states in quantum physics
may exhibit correlations between independent systems which cannot be described
in terms of states of the individual systems. This is the reason, why the notion of
locality is much more evident on the level of observables than on the level of states.

5.2.3 Algebras of Unbounded Operators

In applications often the algebra of observables cannot be equipped with a norm.
The CCR algebra is a prominent example. In these cases one usually still has a
unital ∗-algebra, and states can be defined as positive normalized functionals. The
GNS construction remains possible, but does not lead to a representation by bounded
Hilbert space operators. In particular it is not guaranteed that self-adjoint elements
of the algebra are represented by self-adjoint Hilbert space operators. There is no
general theory available which yields a satisfactory physical interpretation in this
situation. One therefore should understand it as an intermediary step toward a for-
mulation in terms of C*-algebras.
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5.3 Locally Covariant Theories

5.3.1 Axioms of Locally Covariant Theories

Before constructing examples of classical and quantum field theories we want to
describe the minimal requirements that such theories should satisfy the follow-
ing [4]:

1. To each globally hyperbolic time-oriented spacetime M we associate a unital
∗-algebra A(M).

2. Let χ : M → N be an isometric embedding which preserves causal relations
in the sense that whenever χ (x) ∈ JN

+ (χ (y)) for some points x, y ∈ M then
x ∈ JM

+ (y). Then there is an injective homomorphism

αχ : A(M) → A(N ). (5.14)

3. Let χ : M → N and χ ′ : N → L be causality-preserving isometric embed-
dings. Then

αχ ′◦χ = αχ ′αχ . (5.15)

These axioms characterize a quantum field theory as a covariant functor A from
the category Man of globally hyperbolic time-oriented Lorentzian manifolds with
isometric causality-preserving mappings as morphisms to the category of unital ∗-
algebras Alg with injective homomorphisms as morphisms, where A acts on mor-
phisms by Aχ = αχ .

In addition we require

4. Let χi : Mi → N , i = 1, 2, be morphisms with causally disjoint images. Then
the images of A(M1) and A(M2) represent independent subsystems of A(N ) in
the sense of Sect. 5.2.2 (Einstein causality).

5. Let χ : M → N be a morphism such that its image contains a Cauchy surface
of N . Then αχ is an isomorphism (Time slice axiom).

Axiom 4 means that causally separated subsystems do not influence each other. It
is equivalent to a tensor structure of the functor A, namely Man is a tensor category
by the disjoint union, with the empty set as a unit object, Alg has the tensor product
of algebras as a tensor structure, with the set of complex numbers as a unit object.
We set A(∅) = C and A(N ⊗ M) = A(N ) ⊗ A(M). If ιi denotes the natural
embedding of spacetime Ni into the disjoint union N1 ⊗N2, then

αι1 (A1) = A1 ⊗ 1 , αι2 (A2) = 1⊗ A2 , Ai ∈ A(Ni ) , i = 1, 2. (5.16)

The crucial observation is now that a causality-preserving embedding χ of a disjoint
union N1 ⊗N2 maps the components N1,N2 into causally disjoint subregions χ ◦
ι1(N1), χ ◦ ι2(N2). Hence we obtain the following theorem
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Theorem 1. Let A be a tensor functor, i.e., for morphisms χi : Ni →Mi , i = 1, 2
we have

αχ1⊗χ2 = αχ1 ⊗ αχ2 . (5.17)

Then A satisfies Einstein causality. On the other hand, let A be defined only on
connected spacetimes and assume that it satisfies Einstein causality. Then it can be
uniquely extended to a tensor functor on spacetimes with finitely many connected
components.

Axiom 5 may be understood as a consequence of the existence of a dynamical
law which has the features of a hyperbolic differential equation with a well-posed
Cauchy problem. It relates to cobordisms of Lorentzian manifolds. Namely, we may
associate with a Cauchy surface Σ ⊂ M the inverse limit of algebras A(N ), Σ ⊂
N ⊂M. The inverse limit is constructed in the following way. We consider families
(AN ), indexed by spacetimes N with Σ ⊂ N ⊂M, which satisfy the condition

αN1N2 (AN2 ) = AN1 . (5.18)

where N1N2 denotes the embedding N2 ⊂ N1. Two such families are called
equivalent if they coincide for sufficiently small spacetimes. The algebra A(Σ) is
now defined as the algebra generated by these equivalence classes. By αMΣ (A) =
αMN (AN ) one defines a homomorphism from A(Σ) into A(M). The construction
described above can be done for every submanifold. We now use the time slice
axiom. Due to this axiom, the homomorphisms αN1N2 are invertible. As a con-
sequence, αMΣ is an isomorphism. Therefore, one obtains a time evolution as a
propagation between Cauchy surfaces, namely the propagation from Σ to another
Cauchy surface Σ ′ is described by the isomorphism

αΣ ′Σ = α−1
MΣ ′αMΣ. (5.19)

This solves a longstanding problem dating back to ideas of Schwinger who postu-
lated a generally covariant form of the Schrödinger equation. In its original form,
as a unitary map between Hilbert spaces it cannot be realized even for free fields
on Minkowski space. But in the sense of algebraic isomorphisms it always holds,
provided the time slice axiom is satisfied.

In perturbation theory one wants to change the dynamical law. During the con-
struction of the theory it turns out to be fruitful to relax the conditions so that the
time slice axiom does not hold (off-shell formalism). The new dynamical law then
defines an ideal of the algebra, such that the quotient again satisfies the time slice
axiom.

In algebraic quantum field theory, one considers a net of subalgebras labeled by
subregions of a given spacetime and requires that the net satisfies certain axioms,
the Haag–Kastler, axioms. The formalism above is a proper generalization in the
following sense. If we restrict our functor to the globally hyperbolic subregions
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N of a given globally hyperbolic spacetime M, we obtain a net of subalgebras
(αMN (A(N )) with the proper inclusions. Moreover, isometries of M immediately
induce further embeddings, such that the functoriality of A implies covariance under
symmetries. Clearly Axioms 4 and 5 correspond to the locality and the primitive
causality axioms of the Haag–Kastler framework.

5.3.2 Fields as Natural Transformations

In quantum field theory fields are defined as distributions with values in the alge-
bra of observables. They are required to transform covariantly under isometries of
spacetime. On a first sight, it seems that the latter requirement becomes empty on
generic spacetimes. Moreover, it seems to be difficult to compare fields which are
defined on different spacetimes. But it turns out that the locally covariant framework
offers the possibility for a new concept of fields. The idea is that fields have to be
defined simultaneously on all spacetimes in a coherent way, namely fields may be
defined as natural transformations between a functor, say D, that associates with
each spacetime M a space of test functions D(M) and the previous functor of a
specific locally covariant theory. Here Dχ for an embedding χ : N → M is the
pushforward χ∗ which is defined on functions with compact support by

χ∗ f (x) =
{

f (χ−1(x)) , x ∈ χ (N )
0 , else

, (5.20)

thus D is a covariant functor. A natural transformation Φ from D to A is a family
(ΦM)M∈Man of linear maps ΦM : D(M) → A(M) which satisfy the following
commutative diagram:

D(M) ΦM−−−−→ (M)

χ∗
⏐
⏐

⏐
⏐αχ

D(N ) ΦN−−−−→ (N )

.

The commutativity of the diagram means that the field Φ ≡ (ΦM)M∈Man has the
covariance property

αχ ◦ΦM = ΦN ◦ χ∗.

In case χ is an isometry of a given spacetime, this reduces to the standard covariance
condition for quantum fields.

The covariance condition immediately implies that the field, restricted to a small
neighborhood of a given point, can depend only on the metric within the same
neighborhood. Together with some more technical conditions, this was used in [7] to
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prove that fields can be uniquely fixed on all spacetimes by finitely many parameters.
This allows a comparison of states on different spacetimes in terms of expectation
values of locally covariant fields.

Also other structures in quantum field theory can be understood in terms of natu-
ral transformations. In particular one can relax the linearity condition. The naturality
requirement turns out to be the crucial condition which restricts the ambiguity of the
renormalization procedure.

5.4 Classical Field Theory

Before entering the somewhat involved problems of quantum field theory, we want
to demonstrate that many of the general structures are already present in classical
field theory. As discussed in Sect. 5.2, this amounts to the replacement of associative
complex algebras by real Poisson algebras.

5.4.1 Classical Observables

Let ϕ be a scalar field on a globally hyperbolic spacetime M. The space of smooth
field configurations is denoted by C(M) := C∞(M). C may be considered as
a contravariant functor by identifying Cχ for an embedding χ with the pullback
χ∗h = h ◦ χ . The basic observables are the evaluation functionals

ϕ(x)(h) = h(x), h ∈ C(M). (5.21)

More generally, we consider spaces of maps F : C(M) → C which transform
covariantly under embeddings, χ∗F(ϕ) = F(ϕ ◦ χ ). We associate with each map
F : C(M) → C a closed set supp(F) in analogy to the convention for distributions
by

supp(F) = {x ∈M|∀neighborhoods U of x ∃ϕ, h ∈ C(M), supph ⊂ U

such thatF(ϕ + h) �= F(ϕ)}. (5.22)

We require that these maps have compact support and are differentiable in the sense
that for every ϕ, h ∈ C(M) the function λ �→ F(ϕ+λh) is infinitely often differen-
tiable and the nth derivative at λ = 0 is for every ϕ a symmetric distribution F (n)(ϕ)
on Mn , such that

dn

dλn
F(ϕ + λh)|λ=0 = 〈F (n)(ϕ), h⊗n〉. (5.23)

Note that these distributions automatically have compact support with

suppF (n)(ϕ) ⊂ (suppF)n. (5.24)
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Moreover, F (n), as a map on C(M)×C∞(Mn), is required to be continuous (see [8]
for an introduction to these mathematical notions).

In addition we have to impose conditions on the wave front sets of the functional
derivatives (see page 98 for the definition of wave front sets). Here we use different
options:

F0(M) = {F differentiable with compact support ,WF(F (n)(ϕ)) = ∅}. (5.25)

An example for such an observable is

F(ϕ) = 1

n!

∫
dvoln f (x1, . . . , xn)ϕ(x1) · · ·ϕ(xn),

with a symmetric test function f ∈ D(Mn), with the functional derivatives

〈F (k)(ϕ), h⊗k〉 = 1

k!

∫
dvoln f (x1, . . . , xn)h(x1) · · · h(xk)ϕ(xk+1) · · ·ϕ(xn).

(5.26)

This class unfortunately does not contain the most interesting observables, namely
the nonlinear local ones. We call a map F local, if it satisfies the following additivity
relation for ϕ,ψ, χ ∈ C(M) with suppϕ ∩ suppχ = ∅:

F(ϕ + ψ + χ ) = F(ϕ + ψ)− F(ψ)+ F(ψ + χ )). (5.27)

For differentiable maps F this condition immediately implies that all functional
derivatives F (n)(ϕ) have support on the thin diagonal

Δn := {(x1, . . . , xn) ∈Mn, x1 = · · · = xn}. (5.28)

In particular the wave front sets for n ≥ 2 cannot be empty for F (n) �= 0. The best
we can require is that their wave front sets are orthogonal to the tangent bundle of
the thin diagonal, considered as a subset of the tangent bundle of Mn . A simple
example is F = 1

2

∫
dvol f (x)ϕ(x)2 with a test function f ∈ D(M) where the

second functional derivative at the origin is

〈F (2)(0), h〉 =
∫

dvol f (x)h(x, x). (5.29)

The set of local functionals which are compactly supported, infinitely differen-
tiable, and have wave front sets orthogonal to the tangent bundle of the thin diagonal
is denoted by Floc(M). The set of local functionals contains in particular the possi-
ble interactions.

Examples for local functionals can be given in terms of functions on the jet
bundle,
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F(ϕ) =
∫

dvol f ( jx (ϕ)), (5.30)

where jx (ϕ) = (x, ϕ(x),∇ϕ(x), . . . ). Actually, every F ∈ Floc is of this form [9]

Theorem 2. Let F ∈ Floc. Then there exists a function f on the jet bundle such that
(5.30) holds.

Proof. By the fundamental theorem of calculus we have

F(ϕ) = F(0)+
∫

dλ〈F (1)(λϕ), ϕ〉. (5.31)

By the assumption on the wave front set of F , the first derivative is a test function
x �→ F (1)(λϕ)(x) with compact support. We have to prove that the value of this
function at any point x depends only on the jet of ϕ at the point x . Let h be a test
function with vanishing derivatives at x . Again from the fundamental theorem of
calculus we get

F (1)(λ(ϕ + h))(x)− F (1)(λϕ)(x) =
∫

dμ〈F (2)(λ(ϕ + μh))(x), λh〉. (5.32)

But F (2)(λ(ϕ+μh)) is a distribution with support on the diagonal with wave front set
orthogonal to the tangent bundle of the diagonal, thus in a chart near x it is a finite
derivative of a δ distribution in the difference variables with smooth coefficients.
Hence the right-hand side of (5.32) vanishes.

The space Floc(M) is not closed under products. We therefore have to introduce
a larger set. We choose a set which will turn out to be closed not only under the
classical (pointwise) product but also under the other products we want to introduce,
namely the Poisson bracket and the associative product of quantum physics. More-
over it will contain the (renormalized) time-ordered products of local functionals
which are needed for the perturbative construction of interactions. These products
are defined in terms of functional derivatives multiplied by Green’s functions of
normal hyperbolic differential operators. One therefore has to choose functionals
whose derivatives have wave front sets which allow the multiplication by Green’s
functions. A convenient condition on the wave front sets is that they contain no
covector (x1, . . . , xn; k1, . . . , kn) where all ki are elements of the closed forward
light cone V+(xi ) over the base point xi ∈M or all of them belong to the respective
past light cones. Let V± = {(x, k) ∈ T ∗(M)|k ∈ V±(x)}. We then set

F(M) = {F differentiable with compact support,

WF(F (n)(ϕ)) ∩ ((V
n
+ ∪ V

n
−)) = ∅}. (5.33)

This set contains in particular the local functionals. The condition on the wave front
sets will turn out to be crucial in quantum field theory.
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5.4.2 Classical Dynamics

The dynamics of a classical field theory is usually given in terms of an action, e.g.,
S0(ϕ) = ∫

dvolL ◦ jx (ϕ), with

L = 1

2
g(dϕ, dϕ)− V (ϕ), (5.34)

where V is a smooth real function. But S0 is, for noncompact spacetimes M, not
defined for all ϕ ∈ C(M); we therefore multiply L by a test function f ∈ D(M)
which is identical to 1 in a given relatively compact open region N and obtain an
element L( f ) = ∫

dvol f (x)L ◦ jx (ϕ) ∈ Floc(M). We then take the functional
derivative of the modified action L( f ), restrict it to N , and obtain the field equation
(Euler–Lagrange equation), (which is independent of the choice of f )

0 = L(1)(ϕ) = ∂L
∂ϕ

−∇μ

∂L
∂∇μϕ

= −�ϕ − V ′(ϕ). (5.35)

Since N was arbitrary the field equation has the same form everywhere within M.
The field equation may be linearized around an arbitrary field configuration ϕ.

This amounts to the computation of the second derivative of the action. Again we
restrict ourselves to a relatively compact open subregion N and determine the sec-
ond derivative of L( f ), f ≡ 1 on N . The second derivative then may be understood
as a differential operator which in the example above takes the form

L(2)(ϕ)h(x) = (−�− V ′′(ϕ(x)))h(x). (5.36)

We will only consider classical actions S such that the second derivative is a nor-
mal hyperbolic differential operator and thus according to Theorem 4 on page 78
possesses unique retarded and advanced Green’s functions ΔR,A

S .

5.4.3 Classical Møller Operators

If the action is a quadratic function, the field equation is linear and may be solved in
terms of the Green functions. We now want to interpolate between different actions
S which differ by an element in F(M), in analogy to quantum mechanical scatter-
ing theory where isometries (the famous Møller operators) are constructed which
intertwine the interacting Hamiltonian, restricted to the scattering states, with the
free Hamiltonian. We interpret S(1) as a map from C(M) to E ′(M). We want to
construct maps rS1 S2 (the retarded Møller operators) from C(M) to itself with the
properties

S(1)
1 ◦ rS1 S2 = S(1)

2 ; (5.37)

rS1 S2 (ϕ)(x) = ϕ(x) , x �∈ J+(supp(S1 − S2)). (5.38)
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We set S1 = S + λF , S2 = S, and differentiate (5.37) with respect to λ. Let ϕλ =
rS+λF,S(ϕ). We obtain

〈(S + λF)(2)(ϕλ),
d

dλ
ϕλ ⊗ h〉 + 〈F (1)(ϕλ), h〉 = 0. (5.39)

Together with condition (5.38) this implies that the Møller operators satisfy the
differential equation

d

dλ
ϕλ = −ΔR

S+λF (ϕλ)F (1)(ϕλ). (5.40)

This equation has a unique solution in terms of a formal power series in λ. Moreover,
by the Nash–Moser theorem, one can show that solutions exist for small λ ([9], to
appear).

5.4.4 Peierls Bracket

The Møller operators can be used to endow the algebra of functionals with a Poisson
bracket. This was first proposed by Peierls [10], a complete proof was given much
later by Marolf [11] (see also [12]). One first defines the retarded product of two
functionals F and G by

RS(F,G) = d

dλ
G ◦ rS+λF,G |λ=0. (5.41)

From (5.40) we obtain the explicit formula in terms of the retarded Green function

RS(F,G) = −〈G(1),ΔR
S F (1)〉. (5.42)

The Peierls bracket is then a measure for the mutual influence of two possible inter-
actions

{F,G}S = RS(F,G)− RS(G, F) = 〈F (1),ΔSG(1)〉, (5.43)

with the commutator function ΔS = ΔR
S −ΔA

S .
In Peierls original formulation the functionals were restricted to solutions of the

Euler–Lagrange equations for S. It is then difficult to prove the Jacobi identity.
Peierls does not give a general proof and shows instead that his bracket coincides in
typical cases with the Poisson bracket in a Hamiltonian formulation.

In the off-shell formalism presented above the proof of the Jacobi identity is
straightforward. It relies on the formula for the functional derivative of the retarded
propagator

〈〈 f,ΔR
S g〉(1), h〉 = −〈S(3),ΔA

S f ⊗ΔR
S g ⊗ h〉, (5.44)
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which holds since the retarded propagator is an inverse of the operator associated
with S(2), the corresponding formula for the advanced propagator and the symmetry
of the third derivative of S as a trilinear functional.

In our off-shell formalism the Peierls bracket has the form

{F,G}S = 〈F (1),ΔSG(1)〉, (5.45)

with the commutator function ΔS = ΔR
S −ΔA

S .
The triple (F(M), S, {·, ·}S) is termed Poisson algebra over S.

Let now JS(M) be the ideal (with respect to the pointwise product) in F(M)
which vanishes on solutions of the field equation,

JS(M) = {F ∈ F(M)|F(ϕ) = 0 whenever S(1)(ϕ) ≡ 0}. (5.46)

We want to prove that JS(M) is also an ideal for the Poisson bracket.

Theorem 3. Let F ∈ JS(M) and G ∈ F(M). Then {F,G}S ∈ JS(M).

Proof. Let ϕ ∈ C(M) be a solution of the field equation, i.e., S(1)(ϕ)(x) = 0 ∀x ∈
M. We want to construct a one-parameter family of solutions ϕt ∈ ϕt ∈ C(M),
t ∈ R which satisfy the initial condition ϕ0 = ϕ, and the differential equation

d

dt
ϕt = ΔS(ϕt )G

(1)(ϕ). (5.47)

Provided such a solution exists, ϕt is a solution of the field equation since S(1)(ϕ0) =
S(1)(ϕ) = 0 and

d

dt
S(1)(ϕt ) = S(2)(ϕt )

d

dt
ϕt (5.48)

as d
dt ϕt is by construction a solution of the linearized field equation at ϕt . Then

F(ϕt ) = 0 ∀t and 0 = d
dt F(ϕt )|t=0 = {F,G}S(ϕ). It remains to show that the

differential equation (5.47) has a solution. This follows in the same way as the proof
of existence of local solutions for the Møller operators in (5.40).

The theorem allows to define the on-shell Poisson algebra by

FS(M) = F(M)/JS(M). (5.49)

5.4.5 Local Covariance for Classical Field Theory

We want to show that classical field theory is locally covariant provided the action
S is induced by a locally covariant field.
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Let F denote the functor which associates with every M ∈ Man the com-
mutative algebra of functionals F(M) defined before and to every morphism
χ : M→ N the transformation

Fχ (F)(ϕ) = F(ϕ ◦ χ ). (5.50)

Since χ preserves the metric and the time orientation, forward and backward light
cones in the cotangent bundles transform properly. Together with the covariance of
the wave front sets this implies that Fχ maps F(M) into F(N ).

Let now L be a natural transformation from D to F , i.e., for every M ∈ Man

we have a linear map LM : D(M) → F(M) which satisfies

LM( f )(ϕ ◦ χ ) = LN (χ∗ f )(ϕ). (5.51)

Typical examples are given in terms of smooth functions L of two real variables by
LM( f )(ϕ) = ∫

dvolM f (x)L(ϕ(x), gM(dϕ(x), dϕ(x))).

Theorem 4. LM( f ) is local, i.e., satisfies the additivity condition (5.27).

Proof. We first show that suppLN ( f ) ⊂ supp f . Let supph ∩ supp f = ∅ and let
supp f ⊂ N with N ∩ supph = ∅. Then from (5.51) we have

LM( f )(ϕ + h) = LN ( f )((ϕ + h)|N ) = LN ( f )(ϕ|N ), (5.52)

which proves the claim on the support of LM( f ). Let now ϕ,ψ, χ ∈ C(M) with
suppϕ ∩ suppχ = ∅. Due to linearity in f we may decompose LM( f ) into a sum of
terms, each of which has disjoint support either with ϕ or with χ . In both cases the
additivity is an immediate consequence of the support properties.

The functional derivatives of LM are defined as distributions on Mn which coincide
on N n for relatively compact open subregions N with the functional derivatives of
LM( f ) for test functions f which are identical to 1 on the subregion N . As before,
the first derivative defines the field equation L(1) and the second functional deriva-
tive is supposed to be a normal hyperbolic differential operator. We then can equip
F(M) with the Peierls bracket (5.45) and obtain a functor FL from Man to the
category Poi of Poisson algebras which satisfies Axioms 1–4 of locally covariant
quantum field theory, where the Poisson bracket on a tensor product is defined by

{F1 ⊗ F2,G1 ⊗ G2} = {F1,G1} ⊗ F2G2 + F1G1 ⊗ {F2,G2}. (5.53)

The field equation defines Poisson ideals JL(M) ⊂ FL(M) which transform under
embeddings as

FLχ JL(M) ⊂ JL(N ), (5.54)

since solutions ϕ on N always induce solutions ϕ ◦ χ on M. For nonlinear field
equation there may be, however, also solutions on M which are not of this form.
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We thus obtain another functor
(
F/J

)
L which describes the on-shell theory

where the field equation is satisfied. In this functor, however, the morphisms of
the category of Poisson algebras are homomorphisms which are not, in general,
injective.

It would be interesting to check whether this theory satisfies the time slice axiom
where, in view of the possible noninjectivity of homomorphisms, isomorphy is
replaced by surjectivity.

5.5 Quantum Field Theory

5.5.1 Interpretation of Locally Covariant QFT

We now turn to quantum field theory. A model of quantum field theory here is under-
stood as a functor from the category Man of globally hyperbolic spacetimes to the
category of unital *-algebras which satisfies the axioms of Sect. 5.3. Our formalism
differs from the formalism which may be found in standard text books for quantum
field theory in Minkowski space which is either based on a representation of fields
by operator-valued distribution on Fock space (canonical formulation) or on the path
integral. These formulations suffer from several unsolved mathematical problems;
the main reason, however, for our preference of the algebraic formulation of quan-
tum field theory is that the concepts on which the standard approach is based lose
their distinguished meaning on generic globally hyperbolic spacetimes. This can be
made mathematically precise in the language of category theory by the absence of
corresponding natural transformations. On a first sight, the path integral seems to be
better behaved since its naive formulation involves only the classical action and the
Lebesgue integral over the configuration space. The nonexistence of the Lebesgue
integral on infinite-dimensional vector spaces, however, requires a choice of the
Feynman propagator which is in conflict with the principle of local covariance.

On Minkowski space, the standard interpretation of the theory is based on the
notion of a vacuum state and of associated excitations which are interpreted as
particle states. Once a ground state is known, the interpretation of the theory in
terms of cross sections is completely fixed. This was shown long ago by Araki and
Haag [2] and is the basis for modern approaches to the infrared problem [13, 14].
A crucial ingredient in this analysis is the possibility to compare observables at
different positions by the use of translation symmetry.

One of the main concerns for the interpretation of the theory on curved space-
times is the absence of natural states. Here a natural state is defined as a family of
states ωM on A(M), M ∈ Man such that

ωN ◦ αχ = ωM , χ : M→ N . (5.55)

A natural state could be understood as an appropriate generalization of the concept
of a vacuum state. But one can show that such a state does not exist in typical cases.
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This marks the most dramatic point of departure from the traditional framework of
quantum field theory.

The best one can do is to associate with each spacetime M a natural folium of
states S0(M) ⊂ S(A(M)). A folium of states on a unital *-algebra is a convex set of
states which is closed under the operations ω �→ ωA, ωA(B) = ω(A∗B A)/ω(A∗A)
for elements A, B of the algebra with ω(A∗A) �= 0. A natural folium of states is a
contravariant functor S0 such that

S0χ (ω) = ω ◦ αχ , χ : M→ N , ω ∈ S0(N ). (5.56)

This structure allows to endow our algebras with a suitable topology, but it does
not suffice for an interpretation, since it does not allow to select single states within
one folium. But there is another structure which makes possible an interpretation
of the theory. These are the locally covariant fields, introduced before as natural
transformations. By definition they are defined on all spacetimes simultaneously, in
a coherent way. Hence states on different spacetimes can be compared in terms of
their values on locally covariant fields. This can be used, for instance, for a thermal
interpretation of states on spacetimes without a timelike Killing vector [15].

5.5.2 Free Scalar Field

The classical free scalar field satisfies the Klein–Gordon equation

(�+ m2 + ξ R)ϕ = 0, (5.57)

which is the Euler–Lagrange equation for the Lagrangian

L = 1

2
(g(dϕ, dϕ)− (m2 + ξ R)ϕ2). (5.58)

Here R is the Ricci scalar and m2, ξ ∈ R. The Klein–Gordon operator K = � +
m2 + ξ R possesses unique retarded and advanced propagators ΔR,A, since we are
on globally hyperbolic spacetimes (see Theorem 4 on page 78).

The corresponding functor defining the quantum theory is constructed in the
following way. For each M we consider the ∗-algebra generated by a family of
elements WM( f ), f ∈ DR(M) with the relations

WM( f )∗ = WM(− f ), (5.59)

WM( f )WM(g) = e−
i�
2 〈 f,Δg〉WM( f + g), (5.60)

WM(K f ) = WM(0). (5.61)

This algebra has a unit WM(0) ≡ 1 and a unique C*-norm, and its completion is
the Weyl algebra over the symplectic space D(M)/imK with the symplectic form
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〈 f,Δg〉. With αχ (WM( f )) = WN (χ∗ f ) one obtains a functor satisfying also the
Axioms 4 and 5. Moreover, W = (WM) is a (nonlinear) locally covariant field. It is,
however, difficult to find other locally covariant fields for this functor.

The free field itself is thought to be related to the Weyl algebra by the formula

WM( f ) = eiϕM( f ). (5.62)

This relation can be established in the so-called regular representations of the Weyl
algebra, in which the one-parameter groups WM(λ f ) are strongly continuous. But
one can also directly construct an algebra generated by the field itself. It is the unital
∗-algebra generated by the elements ϕM ( f ), f ∈ D(M) by the relations

f �→ ϕM ( f ) is linear, (5.63)

ϕM ( f )∗ =ϕM ( f ), (5.64)

[ϕM ( f ), ϕM (g)] =i�〈 f,Δg〉, (5.65)

ϕM(K f ) =0. (5.66)

Again one obtains a functor which satisfies Axioms 1–5. If we omit the condition
(5.66) (then the time slice axiom is no longer valid and one is on the off-shell for-
malism), the algebra may be identified with the space of functionals on the space of
field configurations C(M),

F(ϕ) =
∑

finite

∫
dvoln fn(x1, . . . , xn)ϕ(x1) · · ·ϕ(xn), (5.67)

where fn is a finite sum of products of test functions in one variable and where the
product is given by

(F ! G)(ϕ) =
∑

n

in
�

n

2nn!
〈F (n)(ϕ),Δ⊗nG(n)(ϕ)〉. (5.68)

Hence, as a vector space, it may be considered as a subspace of the space F0(M)
known from classical field theory. Moreover, the involution A �→ A∗ coincides with
complex conjugation. As a formal power series in �, the product can be extended to
all of F0(M), thus providing F0(M)[[�]] with the structure of a unital ∗-algebra.

The Poisson ideal of the classical theory which is generated by the field equation
turns out to coincide with the ideal with respect to the !-product.

Theorem 5. Let J0(M) be the set of all F ∈ F0(M)[[�]] with F(ϕ) = 0 whenever
Kϕ = 0. Then J0(M) is a !-ideal.

Proof. Let F ∈ J0(M), G ∈ F0(M), and Kϕ = 0. By the definition of the func-
tional derivative, the distribution F (n)(ϕ) vanishes on n-fold tensor products of solu-
tions, hence on Δ⊗nG(n)(φ). Thus F !G ∈ J0(M). This shows that J0(M) is a right
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ideal. But J0(M) is invariant under complex conjugation, so (G ! F)∗ = F∗ ! G∗,
and it is also a left ideal.

5.5.3 The Algebra of Wick Polynomials

In order to include pointwise products of fields, or more generally, local functionals
in the sense of Sect. 5.4.1 into the formalism we have to admit more singular coeffi-
cients in the expansion (5.67). But then the product may become ill-defined. As an
example consider the functionals

F(ϕ) =
∫

dvol f (x)ϕ(x)2, (5.69)

G(ϕ) =
∫

dvol g(x)ϕ(x)2, (5.70)

with test functions f and g. Insertion into the formula for the product yields

(F ∗ G)(ϕ)

=
∫

dvol2 f (x)g(y)
(
ϕ2(x)ϕ2(y)+ 4i�Δ(x, y)ϕ(x)ϕ(y)− 2�

2Δ(x, y)2
)

(5.71)

The problematic term is the square of the distribution Δ. Here the methods of
microlocal analysis enter, namely the wave front set of Δ is (Strohmaier,
Theorem 16)

WF(Δ) = {(x, y; k, k ′), x and y are connected by a null geodesicγ,

k‖g(γ̇ , ·),Uγ k + k ′ = 0,Uγ parallel transport along γ }. (5.72)

The product of Δ cannot be defined in terms of Hörmander’s criterion for the multi-
plication of distribution, since the sum of two vectors in the wave front set can yield
zero. The crucial fact is now that Δ can be split in the form

Δ = 1

2
Δ+ i H + 1

2
Δ− i H, (5.73)

where the “Hadamard function” H is symmetric and the wave front set of 1
2Δ+ i H

contains only the positive frequency part (Strohmaier, Definition 10)

WF

(
1

2
Δ+ i H

)
= {(x, y; k, k ′) ∈ WF(Δ), k ∈ V+}. (5.74)

On Minkowski space, Δ depends only on the difference x − y, and one may find H
in terms of the Fourier transform of Δ



148 R. Brunetti and K. Fredenhagen

1

2
Δ+ i H = Δ+ , Δ̃+(k) =

{
Δ̃(k) , k ∈ V+

0 , else
. (5.75)

On a generic spacetime, the split (5.73) represents a microlocal version of the
decomposition into positive and negative energies (microlocal spectrum condition
[5]) which is fundamental for quantum field theory on Minkowski space.

If we replace in the definition of the product (5.68) Δ by Δ + 2i H , we obtain a
new product !H . On F0(M)[[�]] this product is equivalent to !, namely

F !H G = αH (α−1
H (F) ! α−1

H (G)), (5.76)

where

αH (F) =
∑ �

n

n!
〈H⊗n, F (2n)〉 (5.77)

is a linear isomorphism of F0(M)[[�]] with inverse α−1
H = α−H .

This product now yields well-defined expressions in (5.71); actually, it is well
defined on F(M)[[�]]. This is a consequence of Hörmander’s criterion for the mul-
tiplicability of distributions, namely by the microlocal spectrum condition (5.74) the
wave front set of (Δ+ 2i H )⊗n is contained in V

n
+ × V

n
−. Hence by the condition on

the wave front set of the nth derivatives of F,G ∈ F(M) the pointwise product of
the distribution F (n) ⊗G(n) with (Δ+ 2i H )⊗n exists and is a distribution with com-
pact support. Therefore the terms in the formal power series defining the ∗-product
are well defined. Moreover, they are again elements of F(M). This follows from
the fact that the derivatives of 〈F (n), (Δ + 2i H )⊗nG(n)〉 arise from contractions of
the pointwise products F (n+k) ⊗ G(n+l) with (Δ+ 2i H )⊗n in the joint variables.

If we restrict ourselves to polynomial functionals, i.e., those for which the func-
tional derivatives of sufficiently high orders vanish, we may set � = 1. Up to taking
the quotient by the ideal J0(M) of the field equation we obtain, on Minkowski
space, the algebra of Wick polynomials. We thus succeeded to define on generic
spacetimes an algebra containing all local field polynomials.

The annoying feature, however, is that the product depends on the choice of H .
Fortunately, the difference w between two Hadamard functions H and H ′ is smooth.

Theorem 6. Let H, H ′ be symmetric distributions in two variables satisfying con-
dition (5.74). Then w = H − H ′ is smooth.

Proof. Since w = (H − i
2Δ) − (H ′ − i

2Δ), the wave front set of w satisfies also
condition (5.74). Thus (x, y; k, k ′) ∈ WF(w) implies k ∈ V+(x). But w is symmet-
ric, hence then also k ′ ∈ V+(y). But −k ′ is the parallel transport of k along a null
geodesic from x to y. Since M is time oriented, this implies k = k ′ = 0. Since by
definition, the zero covectors are not in the wave front set, the wave front set of w is
empty, hence w is smooth.

The smoothness of w implies that the products ∗H and ∗H ′ are equivalent

F ∗H ′ G = αw(α−1
w (F) ∗H α−1

w (G)), (5.78)
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where αw is defined in analogy to (5.77), but is now, due to the smoothness of w, a
well-defined linear isomorphism of F(M)[[�]].

In order to eliminate the influence of H we replace our functionals by families
F = (FH ), labeled by Hadamard functions H and satisfying the coherence condi-
tion αw(FH ) = FH+w. The product of two such families is defined by

(F ! G)H = FH !H G H . (5.79)

We call this algebra the algebra of quantum observables and denote it by A(M).
The subspace of local elements A ∈ Aloc(M) is formed by families A = (AH ) with
AH ∈ Floc(M). Since αw leaves Floc(M) invariant, A ∈ Aloc(M) if AH ∈ Floc(M)
for some Hadamard function H .

F0(M)[[�]] equipped with the product (5.68) is embedded into A(M) by

F �→ (FH ) with FH = αH (F). (5.80)

One may equip F(M) with a suitable topology such that αw is a homeomorphism
and such that F0(M)[[�]] is sequentially dense in A(M) [16].

5.5.4 Interacting Models

In order to treat interactions we introduce a new product ·T on F0(M)[[�]], the time-
ordered product. It is a commutative product which coincides with the ∗-product if
the factors are time ordered:

F ·T G = F ! G if supp(F) � supp(G), (5.81)

where � means that there is a Cauchy surface such that the left-hand side and the
right-hand side are in the future and past of the surface, respectively. For the free
field, we find

ϕ( f ) ·T ϕ(g) = ϕ( f )ϕ(g)+ i�〈 f,ΔDg〉, (5.82)

with the “Dirac propagator” (see [17])

ΔD = 1

2
(ΔR +ΔA). (5.83)

The time-ordered product may be extended to all of F0(M)[[�]] by

(F ·T G)(ϕ) =
∑

n

in
�

n

n!
〈F (n), (ΔD)⊗nG(n)〉. (5.84)

In text books on quantum field theory, the time-ordered product is usually defined
for fields in the Fock space representation. But the Dirac propagator is not a solution
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of the homogeneous Klein–Gordon equation. Hence J0(M) is not an ideal with
respect to the time-ordered product. Instead from ΔD K = id one finds the relation

ϕ(K f ) ·T F = ϕ(K f )F + i�〈F (1),ΔD K f 〉 = ϕ(K f )F + i�〈F (1), f 〉. (5.85)

This relation is the prototype of the so-called Schwinger–Dyson equation by which
the field equation of interacting quantum fields can be formulated in terms of expec-
tation values of time-ordered products. Since the ideal generated by the field equa-
tion vanishes in the Fock space representation, time ordering on Fock space is not
well defined as a product of operators. On F0(M)[[�]], however, it is well defined
and is even equivalent to the pointwise (classical) product, namely we introduce the
“time-ordering operator”

T F(ϕ) =
∑

n

in
�

n

n!
〈(ΔD)⊗n, F (2n)(ϕ)〉. (5.86)

T is a linear isomorphism, with the inverse obtained by complex conjugation, and

F ·T G = T (T−1(F) · T−1(G)). (5.87)

In terms of T , explicit formulae for interacting fields can be given by the use of
the formal S-matrix which is just the exponential function computed via the time-
ordered product

S(F) = T exp(T−1(F)). (5.88)

In terms of S we can write down the analog of the Møller operators for quantum
field theory, via Bogoliubov’s formula

RV (F)
.= d

dλ
S(V )−1 ! S(V + λF)

∣
∣∣∣
λ=0

= S(V )−1 ! (S(V ) ·T F), (5.89)

where the inverse is built with respect to the !-product. RV is a linear map from
F0(M)[[�]] to itself and describes the transition from the free action to the action
with additional interaction term V . It satisfies two important conditions, retardation
and equation of motion. As far as the retardation property is concerned, one observes
that if supp(V ) � supp(F), the time-ordered product and the ∗-product coincide,
hence by associativity of the !-product RV (F) = F , so the observable F is not
influenced by an interaction which takes place in the future. We now show that the
interacting field f �→ RV (ϕ(K f )) satisfies the off-shell field equation

RV (ϕ(K f )) = ϕ(K f )+ i� RV (〈V (1), f 〉), (5.90)

where f ∈ D(M) and K is the Klein–Gordon operator. (In a more suggestive nota-
tion, the field equation above reads
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KϕV (x) = Kϕ(x)+ i
( δV

δϕ(x)

)

V
, (5.91)

with the free field ϕ, the interacting field ϕV , and the interacting current i
(
δV
δϕ

)

V
.)

Proof. S is the time-ordered exponential, hence by the chain rule we obtain
〈S(V )(1), g〉 = S(V ) ·T 〈V (1), g〉. From (5.85)

RV (ϕ(K f )) = S(V )−1 ! (S(V ) ·T ϕ(K f ))

= S(V )−1 !
(

S(V ) · ϕ(K f )+ i� S(V ) ·T 〈V (1), f 〉
)
.

But S(V ) · ϕ(K f ) = S(V ) ∗ ϕ(K f ) since the higher order terms in � of the
∗-product vanish due to ΔK = 0. The statement now follows from associativity
of the ∗-product.

5.5.5 Renormalization

The remaining problem is the extension of the time-ordered product to local func-
tionals. Here the problem can only partially be solved by the transition to an equiv-
alent product

F ·TH G = αH (α−1
H (F) ·T α−1

H (G)). (5.92)

This transformation amounts to replacing the Dirac propagator by the Feynman-like
propagator ΔD+i H . Since ΔD+i H coincides on the complement of the support of
the advanced propagator ΔA with 1

2Δ + i H and on the complement of the support
of the retarded propagator ΔR with − 1

2Δ+ i H , its wave front set is

WF(ΔD + i H ) = {(x, y, k, k ′) ∈ WF(Δ), k ∈ V± if x ∈ J±(y)}
∪ {(x, x, k,−k), k �= 0}.

Thus contrary to the Dirac propagator, pointwise products of these propagators exist
outside of the diagonal. The problem which remains to be solved in renormalization
is therefore to extend a distribution which is defined on the complement of some
submanifold (the thin diagonal in our case) to the full manifold [18].

The construction can be much simplified by the fact that the time-ordered product
coincides with the product ! for time-ordered supports. For local functionals the
time-ordered product is therefore defined whenever the localizations are different,
namely let Li , i = 1, . . . , n be Lagrangians, i.e., natural transformations in the sense
of Sect. 5.4.5. Then the time-ordered product (L1 ⊗ · · · ⊗ Ln)T can be defined in
terms of an A(M)-valued distribution on Mn \ D where D is the subset where at
least two variables coincide. Indeed, on tensor products of test functions f1⊗· · ·⊗ fn

with supp fi � supp fi+1, i = 1, . . . , n − 1 the time-ordered product is given by
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(L1 ⊗ · · · ⊗ Ln)MT ( f1 ⊗ · · · ⊗ fn) = LM
1 ( f1) ! · · · ! LM

n ( fn). (5.93)

Moreover, the time-ordered product is required to be symmetric, hence it is well
defined on Mn \ D.

One now proceeds by induction. The time-ordered product with one factor is
the Lagrangian itself. Now assume that time-ordered products of less than n factors
have been constructed in the sense of A(M)-valued distributions (L1 ⊗ · · · ⊗Lk)MT
on Mk such that (L1 ⊗ · · · ⊗Lk)T is a natural transformation from D⊗k to A which
in particular satisfies the causality condition

(L1⊗· · ·⊗Lk)MT ( f ⊗ g) = (L1⊗· · ·⊗Ll)
M
T ( f ) ! (Ll+1⊗· · ·⊗Lk)MT (g) (5.94)

provided supp( f ) ⊂ Ml
1, supp(g) ⊂ Mk−l

2 , and M1,M2 are subregions of M
with M1 � M2.

We may now, on Mn\Δn , use a decomposition of unity (χI )I , indexed by the non-
empty proper subsets of {1, . . . , n}, with supports suppχI ⊂ UI = {(x1, . . . , xn) ∈
Mn|{xi , i ∈ I } � {x j , j �∈ I }}. Then we define

(L1 ⊗ · · · ⊗ Ln)MT =
∑

I

χI (L1 ⊗ · · · ⊗ Ln)MT,I , (5.95)

where (L1 ⊗ · · · ⊗ Ln)MT,I is determined on UI by

(L1 ⊗ · · · ⊗ Ln)MT,I ( f1 ⊗ · · · ⊗ fn) = (⊗i∈ILi )
M
T (⊗i∈I fi ) ∗ (⊗ j �∈IL j )

M
T (⊗ j �∈I fi ).

(5.96)

This definition does not depend on the choice of the decomposition of unity. This
follows from the fact that on intersections UI∩UJ the distributions (L1⊗· · ·⊗Ln)MT,I
and (L1 ⊗ · · · ⊗ Ln)MT,J coincide.

The crucial step now is the extension of these distributions to the full space Mn

such that the causality condition (5.94) is satisfied. This can be done [18], but the
process is, in general, not unique.

As a result we obtain a renormalized S-matrix S as a generating functional for
time-ordered products

S(LM( f )) =
∑ 1

n!
(Li1 ⊗ · · · ⊗ Lin )MT ( fi1 ⊗ · · · ⊗ fin ), (5.97)

with

LM( f ) =
∑

Li ( fi ). (5.98)

The crucial conditions that restrict the ambiguities in the extension process is now
that S satisfies the causality condition
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S(LM( f + g)) = S(LM( f )) ! S(LM(g)) (5.99)

as a consequence of (5.94) and the naturality condition

αχ S(LM( f )) = S(LN (χ∗ f )) (5.100)

as a consequence of the naturality conditions on the time-ordered products of
Lagrangians. These conditions imply the Main Theorem of Renormalization:

Theorem 7. Let Si be two extensions of the formal S-matrix to Aloc fulfilling the
causality and naturality conditions. Then there exists a uniquely determined natural
equivalence Z : Aloc[[�]] → Aloc[[�]] (a formal diffeomorphism on the space of
interactions) with Z (1) = id such that

S2 = S1 ◦ Z . (5.101)

The natural equivalences Z occurring in the theorem form a group, the renormaliza-
tion group in the sense of Stückelberg and Petermann. Typically, additional condi-
tions on S induce cocycles on the renormalization group and the cohomology classes
of these cocycles are the famous anomalies of quantum field theory.

We conclude that a Lagrangian alone does not specify a quantum field theoretical
model completely. One has in addition to fix a point of the orbit of the interaction
under the renormalization group. This amounts to a choice of suitable renormaliza-
tion conditions. An important class of interactions are the renormalizable interac-
tions. They have the property that the orbit under the renormalization group (after
imposing suitable conditions) is finite dimensional, such that the theory can be fixed
in terms of finitely many parameters.

The method of renormalization described above is termed causal perturbation
theory and was first rigorously performed by Epstein and Glaser on Minkowski
space [19], based on previous work of Stückelberg and Bogoliubov. Its extension
to curved spacetimes was undertaken by Brunetti and Fredenhagen [18], and the
implementation of the principle of local covariance and the reduction to finitely
many free parameters is due to Hollands and Wald [7, 20]. The extension of the
method to gauge theories was performed on Minkowski space by Dütsch, Scharf
et al. [21] and generalized to curved spacetimes by Hollands [22].

On Minkowski space, there exist other methods of renormalization, which are
known to be equivalent. One of these is the Bogoliubov–Parasiuk–Hepp–
Zimmermann method whose involved structure was recently made transparent in
terms of the Connes–Kreimer Hopf algebra [23]. Another one is the Wilson–
Polchinski method of renormalization group flow equations [16], where the time-
ordered product is regularized. The dependence of the theory under a variation of
the regularization delivers the so-called flow equation. In the sense of formal power
series, the flow equation can always be solved, and the removal of the regularization
amounts to asymptotic stability properties of the solutions. The attractive feature of
this method is that the concepts do not depend on the perturbative formulation. It
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is usually defined in terms of the path integral which seems to make a formulation
on curved spacetime difficult. But if interpreted not as an integral but as an integral
operator, it can actually be identified with the formal S-matrix of causal perturbation
theory.

Namely let TΛ be a regularized version of the time-ordering operator T obtained
by replacing the Feynman propagator ΔD+ i H by a sufficiently regular distribution
GΛ + i H . Then SΛ = TΛ ◦ exp ◦T−1

Λ is a well-defined generating functional for
regularized time-ordered products on A. Different regularizations may be compared
in terms of the effective action S−1

Λ1
◦SΛ2 which yields after application to V ∈ A(M)

a modified interaction VΛ1Λ2 which is interpreted as the “interaction at scale Λ1 after
integrating out the degrees of freedom beyond Λ2.” This interpretation refers to a
regularization by a momentum cutoff and has no immediate generalization to the
generic situation on curved space time. But in any case we know from causal per-
turbation theory [16] that given S there exist renormalization group transformations
ZΛ such that

S = lim SΛ ◦ ZΛ, (5.102)

if GΛ + i H converges to ΔD + i H in the appropriate sense (Hörmander’s topology
for distributions with prescribed wave front set). The renormalization transformation
ZΛ is the operation which adds the necessary counter terms to the interaction. If Λ
can be identified with a complex variable such that SΛ is meromorphic and Λ = 0
corresponds to the removal of the regularization, one can choose ZΛ such that it
removes the pole at Λ = 0 and obtains a distinguished choice for S. For instance,
in the case of dimensional regularization this defines the so-called minimal renor-
malization. But such a choice of S is not necessarily appropriate from the point
of view of physics. In particular it depends on the choice of the regularization. It
can, however, be used to fix a specific point on the orbit of interactions under the
renormalization group and thus allow an explicit formulation of renormalization
conditions.
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16. Brunetti, R., Dütsch, M., Fredenhagen, K.: Perturbative Algebraic Quantum Field Theory and
the Renormalization Groups. Preprint http://arxiv.org/abs/0901.2038 149, 153, 154

17. Dirac, P.A.M.: Classical theory of radiating electrons. Proc. Roy. Soc. London A929, 148
(1938) 149

18. Brunetti, R., Fredenhagen, K.: Microlocal analysis and interacting quantum field theories:
Renormalization on physical backgrounds. Commun. Math. Phys. 208, 623 (2000) 151, 152, 153

19. Epstein, H., Glaser, V.: The role of locality in perturbation theory. Annales Poincare Phys.
Theor. A 19, 211 (1973) 153

20. Hollands, S., Wald, R.M.: Existence of local covariant time-ordered-products of quantum
fields in curved spacetime. Commun. Math. Phys. 231, 309 (2002) 153

21. Duetsch, M., Hurth, T., Krahe, F., Scharf, G.: Causal Construction of Yang-Mills Theories 1.
Nuovo Cim. A 106, 1029 (1993) 153

22. Hollands, S.: Renormalized quantum yang-mills fields in curved spacetime. Rev. Math. Phys.
20, 1033 (2008) 153

23. Connes, A., Kreimer, D.: Renormalization in quantum field theory and the Riemann-Hilbert
problem. I: The Hopf algebra structure of graphs and the main theorem. Commun. Math. Phys.
210, 249 (2000) 153


	5 Quantum Field Theory on Curved Backgrounds
	Romeo Brunetti and Klaus Fredenhagen
	 Introduction
	 Systems and Subsystems
	 Locally Covariant Theories
	 Classical Field Theory
	 Quantum Field Theory
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




