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Abstract. Diffusion theory is already a vast domain of knowledge. This tuto-
rial lecture does not cover all results; it presents in a coherent way an approach
we have adopted and used in analysis of a series of models concerning evolua-
tion of some traffic control mechanisms in computer, especially ATM, networks.
Diffusion approximation is presented from engineer’s point of view, stressing its
utility and commenting numerical problems of its implementation. Diffusion ap-
proximation is a method to model the behavior of a single queueing station or a
network of stations. It allows one to include in the model general sevice times,
general (also correlated) input streams and to investigate transient states, which,
in presence of bursty streams (e.g. of multimedia transfers) in modern networks,
are of interest.

Keywords: diffusion approximation, queueing models, performance evaluation,
transient analysis.

1 Single G/G/1 Station

1.1 Preliminaries

LetA(x),B(x) denote the interarrival and service time distributions at a service station.
The distributions are general but not specified, the method requires only their two first
moments. The means are: E[A] = 1/λ, E[B] = 1/μ and variances are Var[A] = σ2

A,
Var[B] = σ2

B . Denote also squared coefficients of variation C2
A = σ2

Aλ
2, C2

B = σ2
Bμ

2.
N(t) represents the number of customers present in the system at time t.

Define

τk =
K∑

i=1

ai,

where ai are time intervals between arrivals. We assume that they are independent and
indentically distributed random variables, hence, according to the central limit theorem,
distribution of a variable

Tk − k λ

σA
√
k
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tends to standard normal distribution as k → ∞:

lim
k→∞

P [
Tk − k λ

σA
√
k

≤ x] = Φ(x), where Φ(x) =
1√
2Π

∫ x

−∞
e−

ξ2

2 dξ.

hence for a large k: P [τk ≤ xσA
√
k + k/λ] ≈ Φ(x) . Denote t = xσA

√
k + k/λ,

or k = tλ − xσA
√
kλ and for large values of k, k ≈ tλ or

√
k ≈ √

tλ. Denote
by H(t) the number of customers arriving to the station during a time t; note that
P [H(t) ≥ k] = P [τk ≤ t], hence

Φ(x) ≈ P [τk ≤ xσA
√
k + k/λ] = P [H(t) ≥ k] =

= P [H(t) ≥ tλ− xσA
√
tλ λ] = P

[
H(t) − tλ

σA
√
tλ λ

≥ −x
]

As for the normal distribution Φ(x) = 1 − Φ(−x), then P [ξ ≥ −x] = P [ξ ≤ x], and

P

[
H(t) − tλ

σA
√
tλ λ

≤ x

]
≈ Φ(x) ,

that means that the number of customers arriving at the interval of length t (sufficiently
long to assure large k) may be approximated by the normal distribution with mean
λt and variance σ2

Aλ
3t. Similarly, the number of customers served in this time is ap-

proximately normally distributed with mean μt and variance σ2
Bμ

3t, provided that the
server is busy all the time. Consequently, the changes of N(t) within interval [0, t],
N(t)−N(0), have approximately normal distribution with mean (λ−μ)t and variance
(σ2
Aλ

3 + σ2
Bμ

3)t.
Diffusion approximation [54,55] replaces the processN(t) by a continuous diffusion

processX(t) the incremental changes of wich dX(t) = X(t+dt)−X(t) are normally
distributed with the mean βdt and variance αdt, where β, α are coefficients of the
diffusion equation

∂f(x, t;x0)
∂t

=
α

2
∂2f(x, t;x0)

∂x2
− β

∂f(x, t;x0)
∂x

(1)

which defines the conditional pdf f(x, t;x0) = P [x ≤ X(t) < x+dx | X(0) = x0] of
X(t). The both processesX(t) andN(t) have normally distributed changes; the choice
β = λ− μ, α = σ2

Aλ
3 + σ2

Bμ
3 = C2

Aλ + C2
Bμ ensures the same ratio of time-growth

of mean and variance of these distributions.
More formal justification of diffusion approximation is in limit theorems forG/G/1

system given by Iglehart and Whitte [42,43]. If N̂n is a series of random variables
deriven from N(t):

N̂n =
N(nt) − (λ− μ)nt
(σ2
Aλ

3 + σ2
Bμ

3)
√
n
,

then the series is weakly convergent (in the sense of distribution) to ξ where ξ(t) is
a standard Wiener process (i.e. diffusion process with β = 0 i α = 1) provided that

 > 1, that means if the system is overloaded and has no equilibrium state. In the case
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of 
 = 1 the series N̂n is convergent to ξR. The ξR(t) pocess is ξ(t) process limited to
half-axis x > 0 :

ξR(t) = ξ(t) − inf [ξ(u), 0 ≤ u ≤ t] .

Service station with 
 ≥ 1 does not attein steady-state the number of customers is
linearily growing, with fluctuatins around this deterministic trend. For service stations
in equilibrium, with 
 < 1, there is no similar theorems and we should rely on heuristic
confirmation of the utility of this approximation.

The process N(t) is never negative, hence X(t) should be also restrained to x ≥ 0.
A simple solution is to put a reflecting barrier at x = 0, [48,49]. In this case
∫ ∞

0

f(x, t;x0)dx = 1 , and
∂

∂t

∫ ∞

0

f(x, t;x0)dx =
∫ ∞

0

∂f(x, t;x0)
∂t

dx = 0 ;

replacing the integrated function with the right side of the diffusion equation we get the
boundary condition corresponding to the reflecting barrier at zero:

lim
x→0

[
α

2
∂f(x, t;x0)

∂x
− βf(x, t;x0)] = 0 . (2)

The solution of Eq. (1) with conditions (2) is [48]

f(x, t;x0) =
∂

∂x

[
Φ
(
x− x0 − βt

αt

)
− e

2βx
α Φ

(
x+ x0 + βt

αt

)]
(3)

If the station is not overloaded, 
 < 1 (β < 0), then steady-state exists. The density
function does not depend on time: limt→∞ f(x, t;x0) = f(x), and partial differential
equation (1) becoms an ordinary one:

0 =
α

2
d2f(x)
dx2

− β
d f(x)
dx

with solution f(x) = −2β
α

e
2βx

α . (4)

This solution approximates the queue at G/G/1 system:

p(n, t;n0) ≈ f(n, t;n0),

and at steady-state p(n) ≈ f(n); one can also choose e.g. p(0) ≈ ∫ 0.5

0
f(x)dx, p(n) ≈∫ n+0.5

n−0.5
f(x)dx, n = 1, 2, . . . , [48].

The reflecting barrier excludes the stay at zero: the process is immediately reflected;
Eqs. (3),(4) hold for x > 0 and f(0) = 0. Therefore this version of diffusion with
reflecting barrier is a heavy-load approximation: it gives reasonable results if the utili-
sation 
 of the investigated station is close to 1, i.e. probability p(0) of the empty system
is negligable. The errors are larger for small values of x as the mechanism of reflecting
barrier does not correspond to the behaviour of a service station; some improvement
may be achieved by renormalisation or [48] by shifting the barrier to x = −C2

B (for
C2
B ≤ 1), [29].
This inconvenience may be removed by introduction of another limit condition at

x = 0: a barrier with instantaneous (elementary) jumps [32]. When the diffusion pro-
cess comes to x = 0, it remains there for a time exponentially distributed with a param-
eter λ0 and then it returns to x = 1. The time when the process is at x = 0 corresponds
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to the idle time of the system. The choice of λ0 = λ is exact for Poisson input stream
and approximate otherwise. Diffusion equation becomes

∂f(x, t;x0)
∂t

=
α

2
∂2f(x, t;x0)

∂x2
− β

∂f(x, t;x0)
∂x

+ λp0(t)δ(x − 1) ,

dp0(t)
dt

= lim
x→0

[
α

2
∂f(x, t;x0)

∂x
− βf(x, t;x0)] − λp0(t) , (5)

where p0(t) = P [X(t) = 0]. The term λp0(t)δ(x−1) gives the probability density that
the process is started at point x = 1 at the moment t because of the jump from the bar-
rier. The second equation makes balance of the p0(t): the term limx→0 [α2

∂f(x,t;x0)
∂x −

βf(x, t;x0)] gives the probability flow into the barrier and the term λp0(t) represents
the probability flow out of the barrier.

1.2 Steady State Solution

In stationary state, when limt→∞ p0(t) = p0, limt→∞ f(x, t;x0) = f(x), Eq.(5) be-
comes ordinary differential and its solution, if 
 = λ/μ �= 1, may be expressed as:

f(x) =

⎧
⎪⎪⎨

⎪⎪⎩

λp0

−β (1 − ezx) for 0 < x ≤ 1,

λp0

−β (e−z − 1)ezx for x ≥ 1 , z = 2β
α .

(6)

We get p0 from normalisation: p0 = 1− 
, i.e. the exact result. The mean queue length

E[N ] ≈
∫ ∞

0

xf(x)dx =
λp0

−β
(∫ 1

0

x(1 − ezx)dx+
∫ ∞

1

x(e−z − 1)ezxdx
)

=

=
λp0

−β
(

0.5 − 1
z

)
=
[
0.5 +

C2
A
+ C2

B

2(1 − 
)

]

 . (7)

if we take p(n) =
∫ n
n−1

f(x)dx , n = 1, 2, 3, . . . . then

E[N ] =
[
1 +

C2
A
+ C2

B

2(1 − 
)

]

 . (8)

The solution (8) gives better results then (7) for small values of C2
A, C2

B and small 
.
The first discussion of errors, which are growing with C2

A, C2
B , was presented in [57].

1.3 Transient Solution

Consider a diffusion process with an absorbing barrier (absorbing barrier means that the
process is finished when it attains the barrier) at x = 0, started at t = 0 from x = x0.
Its probability density function φ(x, t;x0) has the following form, see e.g. [3]

φ(x, t;x0) =
e

β
α (x−x0)− β2

2α t√
2Παt

[
e−

(x−x0)2

2αt − e−
(x+x0)2

2αt

]
. (9)
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The density function of first passage time from x = x0 to x = 0 is

γx0,0(t) = lim
x→0

[
α

2
∂

∂x
φ(x, t;x0) − βφ(x, t;x0)] =

x0√
2Παt3

e−
(βt+1)2

2αt . (10)

Suppose that the process starts at t = 0 at a point x with density ψ(x) and evry time
when it comes to the barrier it stays there for a time given by a density function l0(x)
and then reappears at x = 1. The total stream γ0(t) of mass probability that enters the
barrier is

γ0(t) = p0(0)δ(t) + [1 − p0(0)]γψ,0(t) +
∫ t

0

g1(τ)γ1,0(t− τ)dτ (11)

where

γψ,0(t) =
∫ ∞

0

γξ,0(t)ψ(ξ)dξ , g1(τ) =
∫ τ

0

γ0(t)l0(τ − t)dt . (12)

The density function of the diffusion process with instantaneous returns is

f(x, t;x0) = φ(x, t;ψ) +
∫ t

0

g1(τ)φ(x, t − τ ; 1)dτ . (13)

When Laplace transforms of these equations are considered, we have

γ̄0(s) = p0(0) + [1 − p0(0)]γ̄ψ,0(s) + ḡ1(s)γ̄1,0(s) ,
ḡ1(s) = γ̄0(s)l̄0(s) (14)

where

γ̄x0,0(s) = e−x0
β+A(s)

α , γ̄ψ,0(s) =
∫ ∞

0

γ̄ξ,0(s)ψ(ξ)dξ ,

and then

ḡ1(s) =
[
p0(0) + [1 − p0(0)]γ̄ψ,0(s)

] l̄0(s)
1 − l̄0(s)γ̄1,0(s)

. (15)

Equation (13) in terms of Laplace transform becomes

f̄(x, s;x0) = φ̄(x, s;ψ) + ḡ1(s)φ̄(x, s; 1) ,

where

φ̄(x, s;x0) =
e

β(x−x0)
α

A(s)

[
e−|x−x0|A(s)

α − e−|x+x0|A(s)
α

]
, (16)

φ̄(x, s;ψ) =
∫ ∞

0

φ̄(x, s; ξ)ψ(ξ)dξ , A(s) =
√
β2 + 2αs . (17)

This approach was proposed in [7]. The inverse transforms of these functions could
only be numerical and they may be obtained with the use of an inversion algorithm; we
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have used for this purpose the Stehfest’s algorithm [59]. In this algorithm a function
f(t) is obtained from its transform f̄(s) for any fixed argument t as

f(t) =
ln 2
2

N∑

i=1

Vi f̄

(
ln 2
t
i

)
, (18)

where

Vi = (−1)N/2+i
min(i,N/2)∑

k=	 i+1
2 


kN/2+1(2k)!
(N/2 − k)!k!(k − 1)!(i− k)!(2k − i)!

. (19)

N is an even integer end depends on a computer precision; we used N = 12 − 40.
Fig. 1a presents, for a certain t, a comparison of diffusion and exact results, known

in case of M/M/1 station and expressed by a series of Bessel functions, e.g. [47]. If
the diffusion results are below a certain level, the values of the diffusion density are
automatically set to zero because of numerical errors of the applied Laplace inversion.
The above transient solution ofG/G/1 model assumes that parameters of the model are
constant. If they are changing we should define the time periods where they are constant
and solve diffusion equation within this intervals separately, transient solution obtained
at the end of one serves as the initial condition for the next interval – see Fig. 1b. The
curves ”diffusion1”, ”diffusion2” correspond to mean queues computed with the use of
p(n, t) = f(n, t) and formulas (8).
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E[N(t)]
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throughput lambda

Fig. 1. (a) Exact distribution of M/M/1 queue, expressed by Bessel functions, and its diffusion
approximation; t = 70, λ = 0.75, μ = 1, queue is empty at the beginning; (b) The mean queue
length following the changes of traffic intensity; diffusion approximation and simulation results;
service time constant and equal 1 time unit; Poisson input traffic: M/D/1

1.4 Drawbacks of Stehfest Algorithm

The main drawback of Stehfest algorithm is a very large range of the values taken by
the coefficients Vn in Eqs. (18) and (19) for even relatively small N . For instance, they
are approximately in the range 100–1015 forN=20. Fig. 3 presents the error functions
shown in log–log–scale, for the shifted Heaviside (unit step) function f(t) = 1(t− 1).
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1e-20
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1
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t=10, without steps
t=30, step by step

t=30, without steps
t=150, step by step

t=150, without steps

1e-20

1e-10

1

0 20 40 60 80 100

t=25, simulation
t=50, simulation

t=25, diffusion
t=50, diffusion

Fig. 2. Left: Comparison of diffusion approximations of the queue distribution at M/M/1 station
having parameters λ = 0.75 and μ = 1; the queue is empty at the beginning; results are obtained
at t = 10, 30, 150 (a) with the initial condition fixed at t = 0 for all t and (b) computed separately
for each interval of length Δ = 1 with initial conditions determined at the end of previous
interval. Right: Comparison of diffusion and simulation estimations of the queue distribution for
t = 25, t = 50; the source has two phases with intensities λ1 = 1.6, λ2 = 0.4; the queue is
empty at the beginning, computations are done within intervals Δ = 1, simulation has 150 000
repetitions.
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Fig. 3. Dependence of error function on value of N in Stehfest formula and on precision of
numbers used for calculations

Its Laplace transform e−s/s is inverted with Stehfest algorithm and compared with the
original function. Because of a discontinuity in t = 1, the error in this point must be
equal to 0.5. Fig. 3a shows the absolute error with respect to the summation limit N
of Eq. (18). It is visible that for small values of N the error is relatively small and it
achieves the theoretical value of 0.5 for t = 1. We can also notice that for t < 1 the
absolute error is decreasing with the increase of N . The most important fact is that big
values of bothN and t cause totally erroneous output of the algorithm. Fig. 3b shows the
influence of the used precision on the error function for the same example. A relatively
high value of N = 30 is chosen to show the advantage of using larger mantissa. The
increase of N makes narrower the interval of accurate calculations for t. The use of
greater precision practically doesn’t influence error function in usable range of t.



454 T. Czachórski and F. Pekergin

The errors of inversion algorithm are especially visible when the time axis is com-
posed of small intervals and at each interval the density function is obtained from the
results of previous interval (hence the errors in all former intervals influence the current
results), see Fig. 2a. The transient queue distributions of the same service station but
with the input stream of on-off type, given by diffusion and simulation are compared in
Fig. 2b. The on and off phases have exponential distribution and their mean values are
equal 100 time units. Although the simulation results were obtained by averaging 150
000 realizations of the random process, the tail of distribution where the probabilities
have small values, was not accessible to simulation.

2 G/G/1/N Station

In the case of a queueue limited to N positions, the second barrier of the same type as
at x = 0 is placed at x = N . The model equations become [32]

∂f(x, t;x0)
∂t

=
α

2
∂2f(x, t;x0)

∂x2
− β

∂f(x, t;x0)
∂x

+

+λ0p0(t)δ(x − 1) + λNpN(t)δ(x −N + 1) ,
dp0(t)
dt

= lim
x→0

[
α

2
∂f(x, t;x0)

∂x
− βf(x, t;x0)] − λ0p0(t) ,

dpN (t)
dt

= lim
x→N

[−α
2
∂f(x, t;x0)

∂x
+ βf(x, t;x0)] − λNpN (t) , (20)

where δ(x) is Dirac delta function.

2.1 Steady State

In stationary state, when limt→∞ p0(t) = p0, limt→∞ pN(t) = pN , limt→∞ f(x, t;x0)
= f(x), Eqs.(20) become ordinary differential ones and their solution, if 
 = λ/μ �= 1,
may be expressed as:

f(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

λp0

−β (1 − ezx) for 0 < x ≤ 1 ,

λp0

−β (e−z − 1)ezx for 1 ≤ x ≤ N − 1 ,
μpN
−β (ez(x−N) − 1) for N − 1 ≤ x < N ,

(21)

where z = 2β
α and p0, pN are determined through normalization

p0 = lim
t→∞ p0(t) = {1 + 
ez(N−1) +




1 − 

[1 − ez(N−1)]}−1 , (22)

pN = lim
t→∞ pN (t) = 
p0e

z(N−1) . (23)

The steady-state solution does not depend on the distributions of the sojourn times in
boundaries but only on their first moments.
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Classes. We follow [33]. When the input stream λ is composed of K classes of cus-
tomers and λ =

∑K
k=1 λ

(k) (all parameters concerning class k have an upper index
with brackets) then the joint service time pdf is defined as

b(x) =
K∑

k=1

λ(k)

λ
b(k)(x) ,

hence

1
μ

=
K∑

k=1

λ(k)

λ

1
μ(k)

, and C2
B = μ2

K∑

k=1

λ(k)

λ

1
μ2

(k)

(C(k)
B

2
+ 1) − 1 . (24)

We assume that the input streams of different class customers are mutually independent,
the number of class k customers that arrived within sufficiently long time period is nor-

mally distributed with variance λ(k)C
(k)
A

2
; the sum of independent randomly distributed

variables has also normal distribution with variance which is the sum of composant vari-
ances, hence

C2
A =

K∑

k=1

λ(k)

λ
C

(k)
A

2
. (25)

The above parameters yield α, β of the diffusion equation; function f(x) approximates
the distribution p(n) of customers of all classes present in the queue: p(n) ≈ f(n) and
the probability that there are n(k) customers of class k is

pk(n(k)) =
N∑

n=n(k)

⎡

⎣p(n)
(
n

n(k)

)(
λ(k)

λ

)n(k) (
1 − λ(k)

λ

)n−n(k)
⎤

⎦ , k = 1, . . . ,K .

(26)

2.2 G/G/1/N, Transient Solution

The approach presented forG/G/1 station may be also used in case of two barriers with
instantaneous returns, [7]. Consider a diffusion process with two absorbing barriers at
x = 0 and x = N , started at t = 0 from x = x0. Its probability density function
φ(x, t;x0) has the following form cf. [3]

φ(x, t;x0) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

δ(x− x0) for t = 0
1√

2Παt

∞∑

n=−∞

{
exp

[
βx′n
α

− (x− x0 − x′n − βt)2

2αt

]

− exp
[
βx′′n
α

− (x− x0 − x′′n − βt)2

2αt

]}
for t > 0 ,

(27)
where x′n = 2nN , x′′n = −2x0 − x′n .
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If the initial condition is defined by a function ψ(x), x ∈ (0, N), limx→0 ψ(x)
= limx→N ψ(x) = 0, then the pdf of the process has the form φ(x, t;ψ) =∫ N
0
φ(x, t; ξ)ψ(ξ)dξ. The Laplace transform of φ(x, t;x0) can be expressed as

φ̄(x, s;x0) =
exp[β(x−x0)

α ]
A(s)

∞∑

n=−∞

{
exp

[
−|x− x0 − x′n|

α
A(s)

]

− exp
[
−|x− x0 − x′′n|

α
A(s)

]}
, (28)

where A(s) =
√
β2 + 2αs. For computational efficiency we rearranged the Eq. ( 28)

to the form

φ̄(x, s;x0) =
exp[β(x−x0)

α ]
A(s)

{
1(x≥x0)

[
exp

(
−xA(s)

α

)
2 sinh

(
x0A(s)
α

)]

+ 1(x0<x)

[
exp

(
−x0A(s)

α

)
2 sinh

(
xA(s)
α

)]

− 2 sinh
(
xA(s)
α

)
2 sinh

(
x0A(s)
α

)
×

∞∑

n=1

exp
(
−2nN

A(s)
α

)}
.(29)

Similarily, φ̄(x, s;ψ) =
∫ N
0
φ̄(x, s; ξ)ψ(ξ)dξ .

The probability density function f(x, t;ψ) of the diffusion process with elementary
returns is composed of the function φ(x, t;ψ) which represents the influence of the
initial conditions and of a spectrum of functions φ(x, t − τ ; 1), φ(x, t − τ ;N − 1)
which are pd functions of diffusion processes with absorbing barriers at x = 0 and
x = N , started at time τ < t at points x = 1 and x = N − 1 with densities g1(τ) and
gN−1(τ):

f(x, t;ψ) = φ(x, t;ψ)+
∫ t

0

g1(τ)φ(x, t−τ ; 1)dτ+
∫ t

0

gN−1(τ)φ(x, t−τ ;N−1)dτ .

(30)
Densities γ0(t), γN (t) of probability that at time t the process enters to x = 0 or x = N
are

γ0(t) = p0(0)δ(t) + [1 − p0(0) − pN(0)]γψ,0(t) +
∫ t

0

g1(τ)γ1,0(t− τ)dτ

+
∫ t

0

gN−1(τ)γN−1,0(t− τ)dτ ,

γN (t) = pN(0)δ(t) + [1 − p0(0) − pN (0)]γψ,N (t) +
∫ t

0

g1(τ)γ1,N (t− τ)dτ

+
∫ t

0

gN−1(τ)γN−1,N (t− τ)dτ , (31)

where γ1,0(t), γ1,N (t), γN−1,0(t), γN−1,N (t) are densities of the first passage time
between corresponding points, e.g.

γ1,0(t) = lim
x→0

[
α

2
∂φ(x, t; 1)

∂x
− βφ(x, t; 1)] . (32)
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For absorbing barriers

lim
x→0

φ(x, t;x0) = lim
x→N

φ(x, t;x0) = 0 ,

hence γ1,0(t) = limx→0
α
2
∂φ(x,t;1)

∂x . The functions γψ,0(t), γψ,N (t) denote densities
of probabilities that the initial process, started at t = 0 at the point ξ with density ψ(ξ)
will end at time t by entering respectively x = 0 or x = N .

Finally, we may express g1(t) and gN (t) with the use of functions γ0(t) and γN (t):

g1(τ) =
∫ τ

0

γ0(t)l0(τ − t)dt , gN−1(τ) =
∫ τ

0

γN (t)lN (τ − t)dt , (33)

where l0(x), lN(x) are the densities of sojourn times in x = 0 and x = N ; the distri-
butions of these times are not restricted to exponantial ones as it is in Eq. (20). Laplace
transforms of Eqs. (31,33) give us ḡ1(s) and ḡN−1(s):

ḡ1(s) =
{
p0(0) + γ̄ψ,0(s) + [pN(0) + γ̄ψ,N (s)]

l̄N (s)γ̄N−1,0(s)
1 − l̄N (s)γ̄N−1,N (s)

}
·

· l̄0(s)
1 − l̄0(s)γ̄1,0(s)

[
1 − l̄0(s)γ̄1,N (s)

1 − l̄0(s)γ̄1,0(s)
l̄N(s)γ̄N−1,0(s)

1 − l̄N (s)γ̄N−1,N (s)

]−1

,

ḡN−1(s) =
l̄N(s)

1 − l̄N(s)γ̄N−1,N (s)
[pN (0) + γ̄ψ,N (s) + ḡ1(s)γ̄1,N (s)]

and the Laplace transform of the density function f(x, t;ψ) is obtained as

f̄(x, s;ψ) = φ̄(x, s;ψ) + ḡ1(s) φ̄(x, s; 1) + ḡN−1(s) φ̄(x, s;N − 1) . (34)

Probabilities that at the moment t the process has the value x = 0 or x = N are

p̄0(s) =
1
s

[γ̄0(s) − ḡ1(s)] , p̄N(s) =
1
s

[γ̄N (s) − ḡN−1(s)] . (35)

3 State-Dependent Diffusion Parameters, G/G/N/N Transient
Model

In the case of G/G/N/N model, the value of the diffusion process corresponds to the
number of active channels. The output stream depends on the number of occupied chan-
nels, hence the diffusion parameters depend also on the value of the diffusion process:
α = α(x, t), β = β(x, t).

The diffusion interval x ∈ [0, N ] is divided into subintervals of unitary length and
the parameters are kept constant within these subintervals. For each time- and space-
subinterval with constant parameters, transient diffusion is obtained. The equations for
space-intervals are solved together with balance equations for probability flows between
neighbouring intervals. The results are obtained in the form of Laplace transforms of
density functions of the investigated diffusion process and then inverted numerically.
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If n− 1 < x < n, it is supposed that n channels are busy, hence we choose

α(x, t) = λ(t)C2
A(t)+nμC2

B , β(x, t) = λ(t)−nμ for n−1 < x < n. (36)

Jumps from x = N to x = N − 1 are performed with density μ.
In transient state we should balance the probability flows between neighbouring in-

tervals with different diffusion parameters. We put imaginary barriers at the borders
of these intervals and suppose that the diffusion process entering the barrier at n,
n = 1, 2, . . .N − 1, from its left side (the process is growing) is absorbed and im-
mediately reappears at x = n + ε. Similarily, the process which is diminishing and
enters the barrier from its right side reappears at its other side at x = n− ε.

The density functions for the intervals are as follows:

f1(x, t;ψ1) = φ1(x, t;ψ1) +
∫ t

0

g1(τ)φ1(x, t− τ ; 1)dτ +

+
∫ t

0

g1−ε(τ)φ1(x, t− τ ; 1 − ε)dτ ,

fn(x, t;ψn) = φn(x, t;ψn) +
∫ t

0

gn−1+ε(τ)φn(x, t− τ ;n− 1 + ε)dτ +

+
∫ t

0

gn−ε(τ)φn(x, t− τ ;n− ε)dτ, n = 2, . . .N − 1,

fN (x, t;ψN ) = φN (x, t;ψN ) +
∫ t

0

gN−1+ε(τ)φN (x, t− τ ;N − 1 + ε)dτ +

+
∫ t

0

gN−1(τ)φN (x, t− τ ;N − 1)dτ (37)

and the probability mass flows entering the barriers are:

γRn (t) = gn−ε(t), γLn (t) = gn+ε(t), n = 1, . . . , N − 1 (38)

and g1(t), gN−1(t) are the same as inG/G/1/N model, Eq. (33). The densities γRNi
(t),

γLNi
(t) are obtained in the similar way as in G/G/1/N , see Eq. (31):

γ0(t) = p0(0)δ(t) + γψ1,0(t) +
∫ t

0

g1(τ)γ1,0(t− τ)dτ +

+
∫ t

0

g1−ε(τ)γ1−ε,0(t− τ)dτ ,

γL1 (t) = γψ1,1(t) +
∫ t

0

g1(τ)γ1+ε,1(t− τ)dτ +

+
∫ t

0

g2−ε(τ)γ2−ε,1(t− τ)dτ ,

γR1 (t) = γψ2,1(t) +
∫ t

0

g1+ε(τ)γ1+ε,1(t− τ)dτ +
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+
∫ t

0

g2−ε(τ)γ2−ε,1(t− τ)dτ ,

γLn (t) = γψn,n(t) +
∫ t

0

gn−1+ε(τ)γn−1+ε,n(t− τ)dτ +

+
∫ t

0

gn−ε(τ)γn−ε,n(t− τ)dτ ,

γRn (t) = γψn+1,n(t) +
∫ t

0

gn+ε(τ)γn+ε,n(t− τ)dτ +

+
∫ t

0

gn+1−ε(τ)γn+1−ε,n(t− τ)dτ , n = 2, . . .N − 1

γN (t) = pN(0)δ(t) + γψN ,N(t) +
∫ t

0

gN−1+ε(τ)γN−1+ε,N (t− τ)dτ +

+
∫ t

0

gN−1(τ)γN−1,N (t− τ)dτ , (39)

where γi,j(t) are the densities of the first passage time between points i, j and are ob-
tained as in G/G/1/N model, Eq.(32). This system of equations is subject to Laplace
transformation and once again the Laplace transforms f̄n(x, s;ψn) are obtained numer-
ically, for a series of s values needed by the inversion algorithm for a specified t.

4 Open Network of G/G/1, G/G/1/N Queues, Steady State

The open networks of G/G/1 queues were studied in [33]. Let M be the number of
stations and suppose at the beginning that there is one class of customers. The through-
put of station i is, as usual, obtained from traffic equations

λi = λ0i +
M∑

j=1

λjrji , i = 1, . . . ,M, (40)

where rji is routing probability between station j and station i; λ0i is external flow of
customers coming from outside of network.

Second moment of interarrival time distribution is obtained from two systems of
equations; the first defines C2

Di as a function of C2
Ai and C2

Bi; the second defines C2
Aj

as another function of C2
D1, . . . , C2

DM :

1) The formula (41) is exact for M/G/1, M/G/1/N stations and is approximate in
the case of non-Poisson input [2]

di(t) = 
ibi(t) + (1 − 
i)ai(t) ∗ bi(t) , i = 1, . . . ,M, (41)

where * denotes the convolution operation. From (41) we get

C2
Di = 
2

iC
2
Bi + C2

Ai(1 − 
i) + 
i(1 − 
i) . (42)
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2) Customers leaving station i according to the distribution Di(x) choose station j
with probability rij : intervals between customers passing this way has pdf dij(x)

dij(x) = di(x)rij +di(x)∗di(x)(1− rij)rij +di(x)∗di(x)∗di(x)(1− rij)2rij + · · ·
(43)

or, after Laplace transform,

d̄ij(s) = d̄i(s)rij+d̄i(s)2(1−rij)rij+d̄i(s)3(1−rij)2rij+· · · =
rij d̄i(s)

1 − (1 − rij)d̄i(s)
,

hence

E[Dij ] =
1

λirij
, C2

Dij = rij(C2
Di − 1) + 1 . (44)

E[Dij ], C2
Dij refer to interdeparture times; the number of customers passing from sta-

tion i to j in a time interval t has approximately normal distribution with mean λirijt
and variationC2

Dijλirijt. The sum of streams entering station j has normal distribution
with mean

λjt = [
M∑

i=1

λirij + λ0j ] t and variance σ2
Ajt = {

M∑

i=1

C2
Dijλirij + C2

0jλ0j}t ,

hence

C2
Aj =

1
λj

M∑

i=1

rijλi[(C2
Di − 1)rij + 1] +

C2
0jλ0j

λj
. (45)

Parameters λ0j , C2
0j represent the external stream of customers. For K classes od cus-

tomers with routing probabilities r(k)ij (let us assume for simplicity that the customers
do not change their classes) we have

λ
(k)
i = λ

(k)
0i +

M∑

j=1

λ
(k)
j r

(k)
ji , i = 1, . . . ,M ; k = 1, . . . ,K, (46)

and

C2
Di = λi

K∑

k=1

λ
(k)
i

μ
(k)
i

2 [C(k)
Bi

2
+ 1] + 2
i(1 − 
i) + (C2

Ai + 1)(1 − 
i) − 1 . (47)

A customer in the stream leaving station i belongs to class k with probability λ(k)
i /λi

and we can determine C(k)
Di

2
in the similar way as it has been done in Eqs. (43-44),

replacing rij by λ(k)
i /λi:

C
(k)
Di

2
=
λ

(k)
i

λi
(C2

Di − 1) + 1 ; (48)

then

C2
Aj =

1
λj

K∑

l=1

K∑

k=1

r
(k)
ij λi

[(
λ

(k)
i

λi
(C2

Di − 1)

)
r
(k)
ij + 1

]
+

K∑

k=1

C
(k)
0j

2
λ

(k)
0j

λj
. (49)
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Eqs. (42), (45) or (47), (49) form a linear system of equations and allow us to determine
C2
Ai and, in consequence, parameters βi, αi for each station.

5 Open Network of G/G/1, G/G/1/N Queues, One Class, Transient
Solution

In the case of one class of customers, the time axis is divided into small intervals (equal
e.g to the smallest mean service time) and at the beginning of each interval the equations
(40),(42),(45) are used to determine the input parameters of each station based on the
values of 
i(t) obtained at the end of the precedent interval, [26]. A software tool was
prepared [15,16] and the examples below, see Fig. 4, are computed with its use.

source station 1 station 2 station 3

source A

station 2

station 4

station 5 station 6

station 3

source C

source B

station 1

Fig. 4. Models 1 and 2

Model 1. The network is composed of the source and three stations in tandem. The
source parameters are: λ = 0.1 t ∈ [0, 10], λ = 4.0 t ∈ [10, 20].
Parameters of all stations are the same: Ni = 10, μi = 2, C2

Bi = 1, i = 1, 2, 3.
Fig. 5a presents mean queue lengths of stations in Model 1 as a function of time.

Diffusion approximation is compared with simulation.

Model 2, its topologu is in Fig. 4. The characteristics of three sources and of one station
are changing with time in the following pattern:
source A: λA = 0.1 for t ∈ [0, 10], λA = 4.0 for t ∈ [10, 21], λA = 0.1 for t ∈ [21, 40],
source B: λB = 0.1 for t ∈ [0, 11], λB = 4.0 for t ∈ [11, 20], λB = 0.1 for
t ∈ [20, 40],
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source C: λC = 0.1 for t ∈ [0, 15], λC = 2.0 for t ∈ [15, 22],λC = 4.0 for t ∈ [22, 30],
λC = 2.0 for t ∈ [30, 31], λC = 0.1 for t ∈ [31, 40].
Station 6: μ6 = 2 for t ∈ [10, 15] and t ∈ [31, 40]; μ6 = 4 for t ∈ [15, 31].

Other parameters are constant: N1 = N4 = 10, N3 = 5, N2 = N6 = 20, μ1 =
· · · = μ5 = 2. Routing probabilities are: r12 = r13 = r14 = 1/3, r64 = 0.8. Initial
state: N1(0) = 5, N1(0) = 5, N2(0) = 10, N3(0) = 10, N4(0) = 5, N5(0) = 5,
N6(0) = 10. The results in the form of mean queue lengths are presented and compared
with simulation in Figs. 5, 6.
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Fig. 5. (a) Model 1: mean queue lengths of station1, station2 and station3 as a function of time
— diffusion and simulation (100 000 repetitions) results; the source intensity λ(t) is indicated.
(b) Model 2: Mean queue lengths of station1 and station2 as a function of time — diffusion and
simulation (100 000 repetitions) results; the source intensities λA(t), λB(t) are indicated.
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Fig. 6. Model 2: mean queue lengths of station3 and station4 (a) and of station5 and station6 (b)

6 Leaky Bucket Model

In the leaky bucket scheme, the cells, before entering the network, must obtain a token.
Tokens are generated at constant rate and stocked in a buffer of finite capacity B. If
there is a token available, an arriving cell consumes it and leaves the bucket. If not, it
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cell stream

b

B

m

token stream

M

Fig. 7. Leaky bucket scheme

waits for the token in the cell buffer. The capacity of this buffer is also limited to M ,
Fig. 7. Tokens and cells arriving to full buffers are lost. The diffusion process X(t) is
defined on the interval x ∈ [0, N = B +M ] where B is the capacity of cell buffer and
M is the capacity of token buffer, [12]. The current value of the process is defined as
x = b−m+M , b and m being the current contents of the buffers.

Let us suppose that the cell interarrival time distribution has the mean 1/λc and
squared coefficient of variation CA

2
c . The tokens are generated with constant rate λt,

hence CA
2
t = 0. Arrival of a cell increases the value of the process and arrival of a

token decreases it, therefore we choose the parameters of the diffusion process as:

β = λc − λt , α = λcCA
2
c .

The process evolves between two barriers placed at x = 0 and at x = M +B; x = 0
represents the state where the whole token buffer is occupied and arriving tokens are
lost; x = M+B represents the state where the token buffer is empty and the cell buffer
is full: arriving cells are lost.

The sojourn time at x = M +B corresponds to the residual token interarrival time,
i.e. the time between the moment when the cell buffer becomes full and the moment
of the next token arrival. In [37] the density of holding time at the upper barrier of
M/D/1/N diffusion model was obtained; we follow this approach and assume that the
density function lM+B(x) is

lM+B(x) =
λce

λcx

eλc/λt − 1
. (50)

The cell loss ratio L(t) may be bounded by expression [37]

L(t) ≤ pN (t)Pr[Arr(t, t + 1/λt) ≥ 1]

where Arr(t, t + 1/λt) is the number of cell arrivals during interval [t, t+ 1/λt].
If the cell stream is Poisson, the pdf l0(x) of the sojourn time at x = 0 is defined by

the density of cell interarrival time; otherwise we take this density as an approximation
of l0(x). Note that the sojourn times in boundaries are defined here by the densities
l0(t), lN (t) and are not restricted to exponential distributions.

The values x > M of the process correspond to states where cells are waiting for
tokens, the value x − M determines in this case the number of cells in the buffer;
x < M means that there are tokens waiting for cells and the value M − x corre-
sponds to the number of tokens in the buffer. Probability of b cells in the buffer at time



464 T. Czachórski and F. Pekergin

t is defined by f(M + b, t); probability of the empty cell buffer is given by pt(t) =
p0(t) +

∫M
0 f(x, t)dx. Probability of m tokens in the buffer is given by f(M −m, t)

and probability of empty token buffer is determined by
∫M+B

M
f(x, t)dx+pN (t) where

p0(t) = Pr[X(t) = 0], pN (t) = Pr[X(t) = N ].
The service time is constant, hence the density function of the cell waiting time for

tokens (response time of leaky bucket) may be estimated as r(x, t) = λtf(λtx+M, t).
Hence, using G/G/1/N model we obtain transient f(x, t;ψ) and steady-state f(x)

distributions of the diffusion process for 0 ≤ x ≤M +B. This gives us the distribution
of the number of tokens and cells in the leaky bucket, the response time distribution,
the loss probabilities, the properties of the output stream, etc. The capacities of cell and
token buffers may be null, so we are able to consider a number of leaky bucket variants.

The output process of the leaky bucket is the same as the cell input process provided,
with probability pt(t), that there are tokens available and it is the same as token input
process with probability [1− pT 9t)] that tokens are not available; at the time moment t
the pdf d(x) of interdeparture times in the output stream is

d(x, t) = pt(t)a(x, t) + [1 − pt(x, t)]δ(x − 1
λt

) , (51)

where a(x, t) is the time-dependent pdf of cell interarrival times distribution. Eq. (51)
gives us the mean value and squared coefficient of interdeparture times distribution,
i.e. whole information needed to incorporate one or multiple leaky-bucket stations (for
example a cascade of leaky-buckets with different parameters) in the diffusion queueing
network model of G/G/1 or G/G/1/N stations. The principles of the latter model
were given in [33].

Numerical example
At t = 0 the cell buffer is empty and the token buffer containsM(0) tokens. The tokens
are generated regularly each time-unit. The cell arrival stream is Poisson; the mean
interarrival time is 0.5 time-unit for 0 ≤ t < 100 and 1.5 time units for t ≥ 100, i.e.
there is a traffic wave exceeding the accorded level during the first 100 units and then
the traffic goes down below this level.

The buffer capacities are B = M = 100. Figure 8a displays the diffusion and
simulation results concerning the output stream of leaky bucket for the initial number
of tokens M(0) = 0, 50 and 100. The output dynamics given by simulation and by
difusion model are very similar. Simulation results are obtained as a mean of 100 000
independent runs. If there is no tokens at the beginning, the cell stream is immediately
cut to the level of token intensity (one cell per time unit), the excess of cells is stocked
in the cell buffer and transmitted later, when t > 100 and input rate becomes smaller.
If there are tokens in the token buffer, a part (for M(0) = 50) or almost totality (for
M(0) = 100) of the traffic wave may enter into the network.

Figure 8b presents the comparison of mean number of cells in the cell buffer as a
function of time, for different initial content of the token bufferM(0) = 0, 50 and 100,
obtained by diffusion and simulation models. In Figure 9 the distributions of cell buffer
contents obtained by simulation and by diffusion are presented for several moments,
including t = 100, i.e. the end of high traffic period, when the congestion is the biggest.
We see that although the the buffer is full is important (≈ 0.4). Note that we could mean
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Fig. 8. (a) The input and output of leaky bucket as a function of time — the stream intensities for
the initial number of tokens M(0) = 0, 50 and 100; diffusion and simulation results (b) Mean
number of cells in the cell buffer as a function of time, M(0) = 0, 50 and 100; diffusion and
simulation results
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Fig. 9. Density of the number of cells during high source activity period, t = 25, 50, 75 (a),
t = 100 (b); M(0) = 0; diffusion and simulation results

queue length is below the buffer capacity, the probability that not obtain this result with
the use of fluid approximation even if the mean number of cells in the buffer predicted
by diffusion and fluid approximations were similar.

7 Multiclass FIFO Queues, Output Streams Dynamics

Consider a queueing network model representing a computer network. Customers (pack-
ets of fixed size) are grouped into classes. Each class represents a connection between
two points of the network and its description includes the features of the source and the
itinerary across the network. Customer queues at servers correspond to the queues of
cells waiting at a node to be sent further. At a queue exit the class of a customer should
be known to determine its routing. In steady state queuing models this probability, for a
certain class k, is given by the ratio of the throughput λ(k) of this class customers pass-
ing the node to the total througput λ of this node : λ(k)/λ, where λ =

∑K
k=1 λ

(k) and
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K is the number of classes passing across the node. In transient state, the throughputs
are a function of time and the probability λ(k)(t)/λ(t) as well. Morover, the flows at

the entrance and the exit are not the same: λ(k)
i, in �= λ

(k)
i, out. The composition of output

flow reflects the previous compositions at the entrance delayed by the response time of
the queue.

To solve this problem, we choose the constant service time as the time unit, divide
the time axis into intervals of unitary length and assume that the flow parameters are
constant during that interval, e.g. λ(k)(θ) denotes the class k flow at station i during an
interval θ, θ = 1, 2, . . .

The input stream
∑

k λ
(k)
in (θ) reaches the output of the queue with a delay corre-

sponding to the queue length in the buffer at the arrival time. The part p(n, θ)
∑

kλ
(k)
i, in(θ)

of this submitted load cannot be served and the corresponding flow cannot appear at the
output before the time t = θ+n+1. So, taking into account these delays, the unfinished
work ready to be processed at the time t in the station which is initially empty can be
expressed as:

U (k)(t) =
N∑

n=1

λ
(k)
in (t− n) · p(n− 1, t− n) for k = 1, . . . ,K.

A similar formulation may be easily derived for initially nonempty queue know-
ing its composition at t = 0. Remark that some accumulation periods (of high or
quickly increasing load) may yield that ready work at t exceeds the server capacity:∑

k U
(k)(t) > 1. Such a phenomenon introduces some additional delay in the transfer

of the input stream to the output.
To compute the output throughput λ(k)

out(t), we find first the ready time ϑ1 of the cells
at the head of the queue. This is equal to the smallest value of θ such that:

θ∑

τ=0

∑

k

U (k)(τ) ≥
t−1∑

τ=0

∑

k

λ
(k)
out(τ). (52)

Then, we determine the smallest ϑ2 for which

ϑ2∑

τ=0

∑

k

U (k)(τ) −
t−1∑

τ=0

∑

k

λ
(k)
out(τ) ≥ 1 − p(0, t).

The output throughput λ(k)
out(t) is obtained as

λ
(k)
out(t) =

ϑ2∑

θ=ϑ1

wθ · U (k)(θ) (53)

where wϑ1 represents the percentage of U (k)(ϑ1) that has not been sent yet, wθ = 1 for
θ �= ϑ1 and ϑ2 , and wϑ2 is chosen such that

∑ϑ2
θ=ϑ1

wθ · U(θ) = 1 − p(0, t).
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Numerical example. Consider a switch having 3 input streams end one output being
the sum of the three input streams. The output queue has the capacity of 100 packets
and is analysed with the use of G/D/1/100 multiclass diffusion model and M/D/1
multiclass fluid approximation model. The service time is constant, μ = 1. The input
streams are Poisson with parameters λ(k)(t) chosen as:

time t 0 – 10 10 – 20 20 – 30 30 – 40 40 – 80 > 80
λ

(1)
in (t) 0.1 0.8 0.8 0.1 0.1 0

λ
(2)
in (t) 0.2 0.2 0.2 0.2 0.2 0

λ
(3)
in (t) 0 0 0.5 0.5 0 0

Figures 10 – 12 present the resulting output stream (queue is empty at the beginning).
These results, obtained with the use of diffusion approximation and fluid flow approx-
imation, are compared with simulation results which represent the mean of 400 000
independent runs and practically may be considered as exact. The differencies between
input and output streams are clearly visible for the whole stream as well as for each class
separately. They justify the need of the presented approach in the transient analysis of
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networks: the impact the switch queue on the flow dynamics is important and cannot be
neglected. In all considered cases the results of diffusion approximation are very close
to simulation and clearly better that those obtained with the fluid flow approximation.

8 Switch with Threshold (Partial Buffer Sharing) Algorithm

In a node with partial buffer sharing policy the diffusion process represents the content
of the cell buffer. The process is determined on the interval x ∈ [0, N ] where N is the
buffer capacity, [12]. When the number of cells is equal or greater than the thresholdN1

(N1 < N ), only priority cells are admitted and ordinary ones are lost. Diffusion process
represents the number cells of both classes, hence its parameters depend on their input
and service parameters which are different for x ≤ N1 and x > N1:

β(x) =
{
β1 = λ(1) + λ(2) − μ for 0 < x ≤ N1 ,
β2 = λ(1) − μ for N1 < x < N

(54)

and

α(x) =

{
α1 = λ(1)C

(1)
A

2
+ λ(2)C

(2)
A

2
+ μC2

B for 0 < x ≤ N1 ,

α2 = λ(1)C
(1)
A

2
+ μC2

B for N1 < x < N.
(55)

We assume constant service time, hence C2
B = 0. Once again we use the Eq. 50 to

represent the sojourn time in the barrier at x = N and to determine μN as the inverse
of the mean sojourn time.

Steady state solution. Let f1(x) and f2(x) denote the pdf function of the diffusion
process in intervals x ∈ (0, N1] and x ∈ [N1, N). We suppose that

· limx→0 f1(x, t;x0) = limx→N f2(x, t;x0) = 0 ,
· f1(x) and f2(x) functions have the same value at the point N1: f1(N1) = f2(N1),
· there is no probability mass flow within the interval x ∈ (1, N − 1):

αn
2

d fn(x)
d x

−βnfn(x) = 0 , x ∈ (1, N1), n = 1 and x ∈ (N1, N−1), n = 2,
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and we obtain the solution of diffusion equations:

f1(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[λ(1) + λ(2)]p0

−β1
(1 − ez1x) for 0 < x ≤ 1 ,

[λ(1) + λ(2)]p0

−β1
(1 − ez1)ez1(x−1) for 1 ≤ x ≤ N1 ,

f2(x) =

⎧
⎪⎪⎨

⎪⎪⎩

f1(N1)ez2(x−N1) for N1 ≤ x ≤ N − 1 ,

μpN
β2

[
1 − ez2(x−N)

]
for N − 1 ≤ x < N ,

(56)

where zn =
2βn
αn

, n = 1, 2. Probabilities p0, pN are obtained with the use of normal-

ization condition. The loss ratio L(1) is expressed by the probability pN , the loss ratio
L(2) is determined by the probability P [x > N1] =

∫ N
N1
f2(x)dx + pN .

Numerical example. Fig. 13 presents in linear and logarithmic scale the steady-sate
distribution given by Eqs. (56) of the number of cells present in a station. The buffer
length is N = 100, the threshold value is N1 = 50. Some of the values are compared
with simulation histograms which we were able to obtain only for relatively large values
of probabilities.
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Fig. 13. Steady state distribution of the number of cells for traffic densities λ(1) = λ(2) = λ =
0.9, 0.9; diffusion and simulation results, normal (a) and logarithmic (b) scale

Transient solution. The transient solution is obtained with technique presented ear-
lier for G/G/N/N model. It makes use of the balance equations for probability flows
crossing the barrier situated at the boundary between the intervals with different dif-
fusion coefficients, i.e. at x = N1. Let us consider two separate diffusion processes
X1(t), X2(t):
X1(t) is defined on the interval x ∈ (0, N1). At x = 0 there is a barrier with sojourn

times defined by a pdf l0(t) and instantaneous returns to the point x = 1. At x = N1

an absorbing barrier is placed. Denote by γLN1(t) the pdf that the process enters the
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absorbing barrier at x = N1. The process is reinitiated at x = N1 − ε with a density
gN1−ε(t).
X2(t) is defined on the interval x ∈ (N1, N). It is limited by an absorbing barrier

at x = N1 and by a barrier with instantaneous returns at x = N . The sojourn time at
this barrier is defined by a pdf lN (t) and the returns are performed to x = N − 1. The
process is reinitiated at x = N1 + ε with a density gN1+ε(t). Denote by γRN1(t) the pdf
that the process X2(t) enters the absorbing barrier at x = N1.
The interaction between two processes is given by equations

gN1+ε(t) = γLN1
(t) and gN1−ε(t) = γRN1

(t),

i.e. the probability density that one process enters to its absorbing barrier is equal to the
density of reinitialization of the other process in the vicinity of the barrier.

Equations (31) and (33) form a set of eight equations with eight unknown functions.
When we transform these equations with the use of Laplace transform, the convolutions
of density functions become products of transforms and we have a set of linear equa-
tions where the unknown variables are: ḡ1(s), ḡN1−ε(s), ḡN1+ε(s), ḡN−1(s), γ̄0(s),
γ̄N (s), γ̄N1−ε(s), γ̄N1+ε(s). They may be expressed by all other functions, that means
γ̄ψ1,0(s), γ̄ψ1,N1(s), γ̄1,0(s), γ̄1,N1(s), γ̄N1−ε,0(s), γ̄N1−ε,N1(s), γ̄ψ2,N1(s), γ̄ψ2,N(s),
γ̄N1+ε,N1(s), γ̄N1+ε,N (s), γ̄N−1,N1(s), γ̄N−1,N (s) which are already determined by
equations of type (32). This way we obtain the functions ḡ1(s), ḡN1−ε(s), ḡN1+ε(s),
ḡN−1(s) and use them in the pdfs (37). The time-domain originals f1(x, t;ψ1),
f2(x, t;ψ2) are obtained numerically [59] from their transforms. The density of the
whole process is

f(x, t;ψ) =
{
f1(x, t;ψ1) for 0 < x < N1 ,
f2(x, t;ψ2) for N1 < x < N .

To see the evolution of the number of cells belonging to a class, we have to consider
the composition of input and output streams.

Numerical example. Let us suppose that at the beginning the buffer is empty and during
the interval t ∈ [0, 100] the input stream of priority cells has ratio λ(1) = 2 cells per
time unit and the one of low priority cells λ(2) = 1; for t > 100 the ratio of high
priority cells is λ(1) = 0.6667, the ratio of low priority cells does not change. The
service time is constant and equal one time unit. The buffer length is N = 100, the
value of threshold varies between N1 = 50 and N1 = 90. The value of ε in Eqs. (37)–
(39) was chosen ε = 0.1. In Fig. 14 the distributions of the number of cells at the
buffer obtained by simulation and by diffusion model for chosen time moments are
compared. Diffusion and simulation results are placed in separate figures to preserve
their legibility. The shape of curves given by two models is very similar. At the end of
second period (t = 400, 500, 600) the steady state distribution is attained.

Fig. 15 displays the mean number of cells in the buffer as a function of time. During
the first 100 time units the congestion is clearly visible, the buffer quickly becomes
saturated; during the second period the queue is also overcrowded, probability that
the threshold is exceeded is near 0.7 but owing to the buffer sharing policy the prob-
ability that the buffer is inaccessible for priority cells remains negligible – Fig. 16.
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Fig. 14. Distribution of the number of all cells in the buffer for several time moments t = 25 −
500; buffer size N = 100, threshold N1 = 50; simulation (a) and diffusion (b) results
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The threshold value N1 is a parameter of displayed curves. If N1 increases the mean
values of low priority cells increases (they have more space in the buffer, hence less of
them is rejected) and the number of priority cells increases too (as there is more class 2
cells in the queue, class 1 cells wait longer).

Fig. 17 displays the mean number of high and low priority cells given by the ap-
proach we have described above and compared with simulation results. We see that the
steady state mean value of class 2 cells is underestimated (because of overestimation of
class 2 losses by diffusion approximation seen in Fig. 16) but the dynamics of class 2
cells vanishing from the queue during heavy saturation periods is well captured.

Some numerical problems were encountered when computing expressions of
φ(x, t, ψ) and γ0(t) for very small values of λ(1)

eff (t), μ(2)
eff (t) and forced us to very

careful programming.
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Fig. 17. Mean value of class 1 and class 2 cells as a function of time; N = 100, N1 = 50

9 Conclusions

We describe how the diffusion approximation formalism is applied to study transient
and behavior of G/G/1 and G/G/1/N network of queueus and we present some other
models related to congestion control. The way we switch from one model to another
demonstrates the flexibility of the method. Also the introduction of self-similar traffic is
possible: as we change the diffusion parameters each small time-interval, we can mod-
ulate them to reflect self-similarity and long-term correlation of the traffic. Some other
applications may be considered: recently we have used the diffusion approximation to
estimate transfer times inside a sensor network [22], to study priority queues [24], the
work of call centers [23], and to investigate the stability of TCP connections with IP
routers having AQM queues [21]. Also the application of diffusion approximation to
model wireless networks based on IEEE 802.11 standard gives promising results, [25].

Therefore we consider the diffusion approximation as a very convenient tool in the
analysis of transient states queueing models in performance evaluation of computer and
communication networks.
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study performances of a packet-to-cell interface, art. S48.5, Session: Special applications
in ATM Network Management. In: International Conference on Telecommunications ICT
1998, Porto Carras, Greece, czerwiec 22-25 (1998)

46. Kimura, T.: Diffusion Approximation for an M/G/m Queue. Operations Research 31(2), 304–
321 (1983)

47. Kleinrock, L.: Queueing Systems. Theory, vol. I. Computer Applications, vol. II. Wiley, New
York (1975, 1976)

48. Kobayashi, H.: Application of the diffusion approximation to queueing networks, Part 1:
Equilibrium queue distributions. J. ACM 21(2), 316–328 (1974); Part 2: Nonequilibrium
distributions and applications to queueing modeling. J. ACM 21(3), 459–469 (1974)

49. Kobayashi, H.: Modeling and Analysis: An Introduction to System Performance Evaluation
Methodology. Addison Wesley, Reading (1978)

50. Kobayashi, H., Ren, Q.: A Diffusion Approximation Analysis of an ATM Statistical Multi-
plexer with Multiple Types of Traffic, Part I: Equilibrium State Solutions. In: Proc. of IEEE
International Conf. on Communications, ICC 1993, Geneva, Switzerland, May 23-26, pp.
1047–1053 (1993)

51. Kulkarni, L.A.: Transient behaviour of queueing systems with correlated traffic. Performance
Evaluation 27-28, 117–146 (1996)

52. Lee, D.-S., Li, S.-Q.: Transient analysis of multi-sever queues with Markov-modulated Pois-
son arrivals and overload control. Performance Evaluation 16, 49–66 (1992)

53. Maglaris, B., Anastassiou, D., Sen, P., Karlsson, G., Rubins, J.: Performance models of statis-
tical multiplexing in packet video communications. IEEE Trans. on Communications 36(7),
834–844 (1988)

54. Newell, G.F.: Queues with time-dependent rates, Part I: The transition through saturation.
J. Appl. Prob. 5, 436-451 (1968); Part II: The maximum queue and return to equilibrium,
579–590 (1968); Part III: A mild rush hour, 591–606 (1968)

55. Newell, G.F.: Applications of Queueing Theory. Chapman and Hall, London (1971)
56. Pastuszka, M.: Modelling transient states in computer networks with the use of diffusion

approximation (in polish), Ph.D. Thesis, Silesian Technical University (Politechnika Ślaska),
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