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1 Introduction

The desire to confront random quantities is probably as old as probability theory
itself; in this line of reasoning, Bawa [4] traces the origins of stochastic ordering or
dominance in the works of J. Bernoulli in 1713, Ars Conjectardi. However, it has
been mainly in the last decades that stochastic ordering has progressively became
to be recognized as an important tool in the area of applied stochastic processes,
as illustrated, e.g, in the bibliographies of Bawa [4], Levy [31], and Mosler and
Scarsini [39]. The most popular approaches used to establish stochastic ordering
results are: coupling constructions (Lindvall [35]; and Thorisson [50]), sample-
path approaches (El-Taha and Stidham [I3]; and Stoyan [48]) and some pure
analytic results (Kijima [20]; and Shaked and Shanthikumar [44]).

The rich history of applications of stochastic ordering is also made clear, e.g.,
in Shaked and Shanthikumar [44], which specifically expands on the applications
of stochastic ordering in the areas of statistical inference, risk theory, economics,
biology, scheduling, operations research, queueing theory, and reliability theory,
and reinforced by Arnold [1I], Cabral Morais [38], van Doorn [52], Joe [23], Kijima
and Ohnishi [27], Lindvall [35], Marshall and Olkin [36], Miiller and Stoyan [40],
Stoyan [48], Szekli [49], Thorisson [50], and Tong [51]. A reflection of the rele-
vance of stochastic ordering in applications is the significative number of fairly
recent books on stochastic processes that have included as chapters or parts of
the book stochastic ordering concepts and results, e.g., Baccelli and Brémaud [3],
Kijima [26], Kulkarni [29], Last and Brandt [30], and Ross [43].

Semi-Markov processes (SMPs) and the related Markov renewal processes
(MRPs) have a well established theory (see, e.g., Cinlar [9], Kulkarni [29], and
Limnios and Oprisan [33]) and have many applications (see, e.g., Asmussen [2];
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Disney and Kiessler [I1]; and Janssen and Limnios [22]). The latter fact is easily
understood if we note that SMPs and MRPs are basically in a one-to-one cor-
respondence and, moreover, SMPs generalize both discrete-time Markov chains
(DTMCs) and continuous-time Markov chains (CTMCs), whereas MRPs gener-
alize renewal processes and the so called Markovian arrival processes. Thus, the
stochastic ordering of SMPs has broad impact in applied stochastic processes.

The analysis of SMPs and MRPs started to be developed in the 1950’s by
important probabilists, namely: Levy [32], Smith [45/46], Pyke [4142], Feller [14],
and Cinlar [7I8]. However, explicit references to the stochastic comparison of
SMPs appeared only several years later, with the work of Sonderman [47] in the
usual (in distribution) stochastic ordering sense.

In the tutorial we will review the literature on the stochastic ordering of SMPs
in the usual stochastic ordering sense, as well as in the level-crossing stochastic
ordering sense, recently proposed by A. Irle and J. Gani [2I] and investigated by
its proponents and the authors of this tutorial. A process X is said to be smaller
than Y in the usual sense if there are copies X and Y (i.e., processes with the
same distributions as the original ones) of the processes X and Y defined on a
common probability space such that their trajectories are ordered in the almost
sure sense. Similarly, a process X is said to be smaller in level-crossing than Y if it
takes X stochastically longer than Y to exceed any given level. As illustrated by
Irle and Gani [21], the level-crossing ordering of stochastic processes in the usual
sense is (strictly) weaker than the usual stochastic ordering of the processes.

We will start in Section 2 with the presentation of the definition of MRPs and
SMPs and present in Section 3 procedures to simulate such processes. Then, in
sections 4 and 5, we briefly review the main results on the stochastic compar-
ison of SMPs in the usual and in the level-crossing stochastic ordering senses,
respectively. We will follow the sample-path approach, which is useful for simu-
lating pairs of stochastically ordered processes, and will address only SMPs with
totally ordered state spaces.

2 Markov Renewal and Semi-Markov Processes

In this section, we provide the definitions of a Markov Renewal process (MRP)
and of a semi-Markov process (SMP). We relate these two types of processes and
give their characterizations in terms of their associated: (transition distribution)
kernel, embedded (transition) kernel, and (failure) rate kernel. We start with the
definition of MRP [cf., e.g., [9] or [29]].

2.1 Markov Renewal Processes

Definition 1. We say that a bivariate process (Z,5) = (Zn, Sn)nen is a MRP
with (countable) phase space I and kernel Q = (Q¢)ier, , where Qp = (Qij(t))i jer
is a family of sub-distribution functions such that 3, ; Qi;(t) is a distribution
function, for all i € I, if it is a Markov process on I x Ry such that So =0 and
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Qij(t) =P (Zny1=1J, Sns1— Sn < t| Z, =1,8, = s)
forallneN,i,j€l and s,t € Ry.

MRPs are used, e.g., in the modelling of arrival processes to queueing networks,
where S models the network arrival epochs and Z models the influence of en-
vironmental factors in the structure of the interarrival times. In this context,
Q;;(t) denotes the probability that, given that after an arrival the process is in
phase i, the next arrival will put the process in phase j and will take place within
t time units. From the definition of MRP it follows that this last event does not
depend on the last arrival epoch, i.e.,

Qij(t) = P(Zn+1 =7, Sn+1 -8, < t|Zn :i)'

Embedded kernel characterization. Another natural characterization of a
MRP is through its embedded kernel, which separates the embedded transition
probabilities from the distributions of the holding times in states between transi-
tions. From the definition of MRP, it follows that if (Z,S) is a MRP with kernel
Q, then Z is a discrete time Markov chain (DTMC) with one-step transition
probability matrix P = Q(co) with

pij = Qij(00) =P (Zpy1 = j| Zn =)

denoting the probability that if the previous phase transition leads the process
to phase 7 the phase process will next move to phase j.

On the other hand, conditional to the next phase being j, i.e., given that the
process makes a transition from phase i to phase j, then the amount of time the
process stays in phase ¢ before moving to phase j has distribution function

, . Qi (t)
o = —S§ < = =) =
F(w)(t) P (Snt1— S <t Zy =i, Zns1 = j) Qi;(c0)
where, by convention, we let F{; ;y(t) = 1, for all ¢ € Ry, whenever p;; = 0. It
thus follows that
Qij(t) = pij Flajy (), t € Ry

for all ¢,5 € I, and we say that the MRP (Z,S) has embedded kernel (P, F),
where P = (pij)ijer is a stochastic transition probability matrix and F =
(Fli,j))i,jer is a matrix of distribution functions of nonnegative random variables
such that if p;; = 0, then F; ;)(t) = 1, t € Ry. Thus, a MRP is completely
characterized by its embedded kernel.

Rate kernel characterization. Alternatively to the previous characteriza-
tions, a MRP may also be characterized via its failure rate kernel. Consider a
MRP W with phase space I and kernel @ such that the sub-distributions Q;;(¢)
are absolutely continuous. Then, ¢ = (¢:)ter, with q; = (¢i;(t))i,jer such that

qi; (1) = dQ(z(t)
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is called the density kernel of W, and ¢;(¢t) = > jer ¢i;(t) denotes the density of
the time needed for a transition from phase i to take place. Moreover, letting

qi; (t)
= 21 Qu(t)

then R = (R¢)ter, , with Ry = (13;(t))i jer, is called the failure rate kernel of W
and

ri;(t) =

_ _ i(t)
(t) - ZTU (t) - 1 — Zlel Qzl(t)

JelI
denotes the failure rate at time ¢ of the time needed for a transition from phase
1 to take place.
In this case, as r;(t) characterizes g;(t) through ¢;(¢) = r;(¢) exp fo ri(s
[cf., e.g., [24]], it immediately follows that r;;(¢) characterizes g;;(¢) through

i (t) =13 (t) exp {/Ot ri(s) ds}, i,jeI, teRy. (1)

Thus, the MRP W is completely characterized by its failure rate kernel.

2.2 Semi-Markov Processes
‘We now introduce the definition of a SMP in terms of its usual characterizations.

Definition 2. A process W = (Wy)ier, is a SMP with countable state space I
and (admitting) kernel Q (embedded kernel (P, F); failure rate kernel R) if

Wt = Zn 3 Sn <t< Sn+1 (2)

for some MRP (Z,S) with phase space I and kernel Q (embedded kernel (P, F);
failure rate kernel R).

The most common description of the evolution of an SMP is through its embed-
ded kernel. An SMP with embedded kernel (P, F') and initial probability distri-
bution vector p evolves as follows. The process starts in phase ¢ with probability
pi, and afterwards changes from phase to phase according to the transition prob-
ability matrix P. It moves to phase k after entering phase j, with probability
pjk, independently of previous phase changes. After deciding the next phase to
visit, say k, from phase j, the process stays in phase j before making the transi-
tion to phase k a random holding time, independent of previous holding times in
phases and phase transitions, having distribution function F{; )(t). If the SMP
has kernel @, then pjx = Q;x(00) and Fi; ) (t) = Q;x(t)/pjr case pjr > 0.

We end the section noting that given a SMP W with state space I, the process
(Zru Sn)nGN with

(Zo,S0) = (Wy,0)  and Spt1 =1nf{t > S, : Wy £ W;-}
7 7 Zny1=Ws, .,
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for n € N, is a MRP with phase space I. In particular, if @ ((P, F); R) denotes
the kernel (embedded kernel; failure rate kernel) of (Z,,, S, )nen, then W admits
the kernel (embedded kernel; failure rate kernel) @ ((P, F); R), called the natural
kernel of W.

Conversely, if (Z,5) is a MRP with phase space I and kernel @ (embedded
kernel (P, F); failure rate kernel R), then the process W with

Wy=2Z,, S,<t<Sp+1

is a SMP with state space I and kernel @) (embedded kernel (P, F'); failure rate
kernel R).

3 Simulation of Semi-Markov Processes

Having introduced the usual characterizations of a SMP, we proceed to describe
a procedure to simulate (generate) a SMP with countable totally ordered state
space I, order isomorphic to a subset of integers, and a given parametrization. For
that, let F~! denote the generalized inverse function of a distribution function
Fie.,

F~Y(u) =inf{t: F(t) >u}, forue]0,1]

with the convention that inf{) = +oo. Moreover, to simplify the writing and
avoid extra notation for the associated distribution functions, if p denotes a
probability vector and Z denotes a random variable or distribution, like the
exponential distribution with rate A\, Exp ()), then we let p~* and Z~! denote
the generalized inverse functions of the distribution function associated to p and
Z, respectively.

The generalized inverse function is in the base of the standard method to
simulate copies of random variables with prescribed distributions. In fact, if U is
a uniform random variable on (0, 1), Unif(0, 1), and F is an arbitrary distribution
function, then F~1(U) is a random variable with distribution function F, i.e.,

U ~ Unif(0,1) = F~}(U) ~ F. (3)

At this point, it is important to note that, given two distribution functions F’
and G, then

F(t)>G(t), teR= F*u) <G (), uec(,1). (4)

This fact ([49], Lemma C) is of paramount importance in the simulation of
stochastic ordered random variables and processes.
We proceed to address the simulation of a SMP from its embedded kernel.

3.1 Simulation via Embedded Kernel

To simulate a SMP W with state space I and embedded kernel (P, F') it suffices
to simulate a MRP (Z, S) with phase space I and embedded kernel (P, F) and
then obtain W = (W})ter from
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Wt = Zn 3 Sn <t< S7L+1~

In turn, to simulate a MRP (Z,S) with state space I and embedded kernel
(P, F), it suffices to simulate a DTMC Z with state space I and a sequence
S = (Sn)nen in such a way that Z has associated transition probability matrix
P and, conditional to Z,, =i and Z,11 = j, the time interval between the n-th
and the n + 1-th phase transitions Hy, 1 = Spy1 — Sy has distribution Fi; j)(-)
and is independent of (Zk, Si)k<n. In fact, this procedure leads to a sequence
(Z,S) = (Zn, Sn)nen for which

Qij(t) = P(Zn+1 :j7 Sn-i—l - Sn < t| Ly = 2)
=P (Zny1 =7l Zn =) P (Sp1 — S S U Zp =i, Zntr =)
= pij Fli j)(t)

that is, to a MRP with embedded kernel (P, F).

For that, let (U, )nen and (Vi,)nen be two sequences of independent uniform
random variables on (0, 1), defined on independent probability spaces A; =
(1, F1,Pq1) and As = (£29, F2, P2), respectively, and construct (Z,S) on the
product space A = A; x Ay as follows.

For w = (w1, ws) € 2, use (U, (w1))nen to construct Z(wy) on A; from

Zo(w1) = p~ " (Uo(wr))
Znt1(@1) = [Pz, 1)) (Ung1(w1)), n €N
where p denotes the initial phase probability vector. At the same time, use the

sequences (Zp(w1))nen and (V5 (w2))nen, to generate the time intervals between
state transitions H(w) = (H,(w))nen, , making

Hoi1(@) = [Fiz, zoen] (Ve (@2)), neN. (5)
Finally, obtain the renewal sequence S(w) by setting Sp(w) = 0 and
Spti(w) = Sp(w) + Hop1(w), neN.
By construction and in view of (3)):

e 7 has probability vector p.
® Z,+1|Z, = i has probability vector p;., for n € N.
o [Hy1|Zn =i, Zny1 = j| has distribution function F; j(-), for n € N.

As in addition, for each n € N, (Uy,11, V1) is independent of {Uy, (Unm, Vin)m<n }
it follows that, given Z,,, (Z,+1, Sn+1 — Sn) is independent of (Z, Sk )k<n and,
thus, the process (Z, S) is a MRP with embedded kernel (P, F').

The previous procedure leads to the algorithm presented in Fig. [l for the
simulation of an SMP with initial phase probability vector p and embedded
kernel (P, F).
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Input: Independent sequences of independent Unif(0,1) random variables
(Un)nen and (Vi)nen and N € N
Zo = p_l(Uo), So:=0
forn=0,1,...,N —1do
Znt1 := [pz,. ] (Unt1)
Snt1 = Sn+ [Fiz,, 2,0 (Vas1)
end for
Output: W, := Z,, for S;, <t < Sp+1, 0<n< N

Fig. 1. Simulation of an SMP with initial phase probability vector p and embedded
kernel (P, F)

3.2 Simulation via Rate Kernel

In a similar manner, to simulate a SMP W with failure rate kernel R it suffices
to simulate a MRP (Z, S) with failure rate kernel R and then obtain W from

Wi =Zn, Su<t<Snii

The simulation of a MRP (Z,S) with failure rate kernel R is fairly different
from the simulation based on the embedded kernel. In this case, it is generated a
Poisson process with rate modulated by the state of the process and, conditional
to the fact that after the last Markov renewal epoch the MRP moved or stayed
in phase 4, it is taken into account the failure rate in phase i to decide if the next
Poisson arrival epoch will make part or not of the random sequence S. Then, if
so, it is decided what the next phase will be with a procedure which assures that,
if an event takes place t units of time after the transition instant to phase ¢ then
the next phase will be j with probability Tii(t), where \; denotes the Poisson
uniformization rate in phase 7. The followingj lemma will be useful for such a
construction.

Lemma 1. Let J be an ordered set, order-isomorphic to some bounded or
unbounded interval of Z, i be an element of J, § = (8;);cs be a sub-stochastic
vector, and U be a uniform random wvariable on (0,1). Then, the random
variable

I ¢ ]Zkgi Br, 1 — Ek>iﬁk]

0 otherwise

Failure(i, 8,U) = { (6)

is a Bernoulli random variable with parameter ), ; Bk. In addition, if we let
B9 denote the probability vector obtained from 3 making

@ _ ) B JFi g .
ﬂ] {1217&,‘51 j:i’ J € ()

and let Fae (+) be its associated distribution function, then the random variable
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NewState(i, 8,U) = Fﬁ_(ll) (U) (8)
takes values on J and has probability function 5.

To simulate a MRP (Z, S) with initial phase distribution p and failure rate kernel
R, with bounded failure transition rate from each phase of the MRP, as before, let
(Un)nen and (V,,)nen be two sequences of independent uniform random variables
n (0, 1), defined on independent probability spaces A; = (21, F1,P1) and Ap =
(£22, F2,P2), and construct (Z,5) on the product space A = A; X Ay as next
described.
The sequence (V;,)nen along with the consecutive phases of the phase process
Z are used to simulate on A a sequence of arrival epochs of a modulated Poisson
process (T )men with rate vector A = ()\;);er such that

A > supri(t)
t

where \; denotes the modulated Poisson rate in phase i, so that the MRP and the
associated Poisson process are inter-dependent. On the other hand, the sequence
(Un)nen along with the Failure procedure, defined in Lemmal[ll are used to decide
whether or not these potential renewal epochs correspond to effective failure time
instants and should be included as real renewal epochs. In case the answer is
affirmative, the NewState procedure, defined in Lemma [I] is used to generate
the phases associated to the Poisson arrival epochs.
Specifically, for w = (w1,w2) € §2, generate the initial phase and time from

Zo(w) = p 1 (Up(w1)) and Sp(w) =0

and, let Zo(w) = Zy(w) and Tp(w) = 0. Then, starting with n = 0, proceed
recursively for m € N as follows, where at the end of the cycle m will denote
the index of the epoch of the uniformizing Poisson process corresponding to
Sn+1. Generate new arrival epochs of the uniformizing Poisson process, letting

Tm(w) = Tm—l(w) + [EXP()\Z"(W))] - (VNL(WZ))

until
Failure(Z,(w), 7z, (w). (Tm(w) — Sn(w))/Az, (w), Un(w1)) = 1,

in which case we consider that a new phase change takes place T, (w) — Sp(w)
instants after the previous renewal epoch Sy, (w).

In this case, add the time T}, (w) to the Markov renewal time sequence, and
determine the new phase Z,,11(w) of the Markov renewal phase sequence, i.e.,

S7L+1(W) = Tm(w)
Zny1(w) = NewState(Z, (w), 7z, (). (Tm(w) = Sn(w))/Az, () Un(w))
and, finally, increment n by one unit.

As shown in [I5], the previous procedure guarantees that the generated process
is a MRP with failure rate kernel R. This follows since, in view of Lemma, [I]
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Input: Independent sequences (Un)nen and (Vi )nen of independent Unif(0, 1)

random variables, a set of nonnegative numbers A\ = (A;) such that A\; >
sup, ri(t), and N € N
Zo :=p~ ! (Vo)

So = 0, To =0
n:=0, m:=0
while (n < N) do
do
m:=m+1
T i= Tm—1 + [Exp(Az,)] " (Vin)

until (Failure(Zn,rz,.(T;m — Sn)/Az,,,Un) = 1)

Sn+1 = Tm
Zn+t1 := NewState(Zn,7z,.(Sn+1 — Sn)/Az,, Um)
n:=n+1

end while
Output: W, := Z,, for S, <t < Sp41, 0<n< N

Fig. 2. Simulation of an SMP with initial phase probability vector p and rate kernel R

conditional to the fact that an event of the Poisson process takes place t =
T, — Sy, units of time after the last transition epoch, S,,, at which the MRP is
in phase Z,, = i, then a failure occurs at that instant with probability r;(t)/A,
in which case (Z,41,Sn+1) = (4, Tin) = (4, Sn + t) with probability r;; (¢)/r;(t).

The presented procedure leads to the algorithm presented in Fig. Bl for the
simulation of a MRP with initial phase probability vector p and rate kernel R.

4 Usual Stochastic Ordering of Semi-Markov Processes

In this section we present the main results for the comparability of two SMPs in
the usual stochastic ordering sense. For this purpose, we start with the definition
of stochastic ordering of random vectors and stochastic processes, in the usual
stochastic ordering sense (c.f., e.g., [44] or [40]).

Definition 3. Given two real-valued random vectors X = (X1, Xa,...,X,) and
Y = (Y1,Ys,...,Y,) whose components take values on an ordered set J, we say
that X is stochastically smaller than Y in the usual sense, written X <g Y, if
and only if

P(X cU)<P(Y €U), for all increasing setd] U in J".

Roughly speaking, we say that a random vector X is stochastically smaller than
a random vector Y, in the usual sense, if X is less likely than Y to take large
values, where by large we mean values in any increasing set.

! Given an ordered set J, U C J" is called an increasing set if € U and = < y implies
that y € U, with < denoting the componentwise ordering for vectors.
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For the particular case of two real-valued random variables X and Y, the
previous definition specializes into

X<uY<=PX>2)<P{Y >z), z€R

as the upper sets of R are the intervals of the form [u, c0) or (u,00), u € R.

For the sake of simplicity, throughout the paper, order relation symbols will be
applied indistinctively to compare random variables or their associated distribu-
tion functions, i.e., X <4 Y is equivalent to FX <y FY, for random variables
X and Y, with X and FY denoting the distribution functions of X and Y,
respectively.

An important property of the usual stochastic order is that it is closed un-
der convolutions [40]. That is, given sequences of independent random variables
{Xm, 1 <m < n}and {Y,,, 1 <m <n}, for a positive integer n, then

m=1 m=1

For finite measure vectors, i.e., nonnegative vectors with finite sum of their
entries, we have the following definition.

Definition 4. Given two finite measure vectors a = (a;)ic; and b = (b;)ier with
indices on a countable ordered set I, then we say that a is smaller than b in the
usual ordering sense, written a <g b, if

> a; <> b, kel (10)

Jjzk izk

In this case, if a and b are probability vectors we say that a is stochastically
smaller than b, in the usual sense.

If X and Y are discrete random variables with support in the same ordered set

I, with respective probability vectors pX and p¥, then X <, Y += pX <, pY¥.
The usual stochastic ordering of two stochastic processes establishes the

stochastic ordering of all their finite dimensional distributions, as follows.

Definition 5. Given two stochastic processes X = (X(t))ier, and Y =
(Y(t))ter, with common partially ordered state space (I,<), then the process
X is said to be stochastically smaller than Y in the usual stochastic ordering
sense, written X <g Y, if and only if

(X(t1), X (t2)y ..., X(tn)) <st Y (t1),Y (t2),...,Y(tn))
for allm € Ny and tq,te,...,t, € R

Alternative characterizations of the usual stochastic ordering, useful to establish
stochastic ordering results in various applications, have been proposed in the
literature [cf., e.g., [25126]40]].
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Theorem 1. Given two stochastic processes X and Y with common partially
ordered state space (I, <), the following conditions are equivalent to X <, Y:

(i) For alln>1, t1,ta,...,t, € Ry, and non-decreasing real function f,
Blf(X(t1), X(t2), ..., X (tn))] < E[f(Y(t1),Y (£2), ..., Y (tn))].

(i3) There exists X = X and Y =4 Y defined on a common probability space
such that R R
P(X(t) <Y(t), forallt>0)=1.
(iii) There exists a coupling (X,Y) of X and Y with support on {(z,y) € EXE :
<y}

As will be seen further, characterization (i7), establishing that the usual stochas-
tic order of two stochastic processes is equivalent to the pathwise comparability
of some equivalent versions of these processes, was a key tool in the derivation
of the main results presented throughout this tutorial paper.

Sufficient conditions for the stochastic ordering in the usual sense of two SMPs
were established by Sonderman [47].

Theorem 2 (Sonderman [47, Theorem 3.2]). For W = XY, let W be a
SMP with ordered phase space I, order-isomorphic to some subset of Z, initial
probability vector p' and failure rate kernel RV = (RW (t))ier, , with RV (t) =
(r}y (t))ijer- Then, X <y Y if the initial phase distributions and the failure
rates satisfy

p* <ap”

and, for all s,t € Ry andi < j,

D r(s) =D (), n<i, (11)

k<n k<n

and

er,i(s) < Zrﬁ(t% n>j. (12)

k>n k>n

A proof of the previous result, specially tailored for the simulation of path-
wise ordered equivalent versions of the involved SMPs, can be found in [15].
There, under the conditions of Theorem [, copies of the SMPs to be com-
pared with ordered sample-paths are constructed in a common probability space.
Namely, a coupling (X*,Y™*) of (X,Y) such that X* < Y™ is constructed in the
following way.

Let (Un)nen, and (Vi)nen, denote two sequences of independent uniform
random variables on (0,1), defined on independent probability spaces Ay =
(1, F1,P1) and As = (£22, Fa, P3), respectively. Construct the processes X*
and Y* on the product probability space (£2,F,P) = Ay X Ag, simulating two
MRPs (ZX,5%) and (ZY,SY) with failure rate kernel RX and RY in such a
way that the construction of X* and Y* from
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Wr=2zV, SWV<t<SV,, W=XY (13)

leads to X} (w) < Y*(w), for all t € R and w € (2.

For that, generate the potential transitions epochs on both MRPs through a
common doubly stochastic Poisson process with rate modulated by the phases
of the two processes. Namely, whenever X* is in phase 7 and Y™* is in phase j,
use for uniformization rate a value A;; such that

A\ij > 2 sup max{r;* (¢), TJY ()} (14)

Specifically, for w = (w1,w2) € §2, generate the initial phases and times from
Z¥ (@) = PV WUo(wr)) and S (@) =0, W=XY.  (15)
Then, starting with To(w) = 0, ZY (w) = Z¥ () and nyw = 0, W = X,Y,

proceed recursively for m € Ny as follows. First let

A= Azx (@) Y, W)

denote the uniformization rate for the phase vector (Zx (w), ZY (w)) and let

Ton(w) = Tn—1(w) + [Exp(X)] ! (Vi (w2))
ZX (w) = NeWState(Z,)fX (w), r%}x (@) (Tm(w) — S,)fx (W)/ A, Upp(w1))

m

ZY () = NewState(Z), (w), r?xy (@) Tm(w) — SY (W) /N, U (w1)).
In sequence, for each W = X, Y for which

Failure(Z,Y (w),rJw (@) (Tn(w) — SW (W) /N, Up(wr)) =1 (16)

i.e., for which the time T}, (w) is a transition epoch of ZW include the time T}, (w)
and the phase Z)V (w) as a new pair of the sequence (Z", S") by making

SWoi(w)=Tpn(w) and Z)Y . (w) =2V (w)

and let nyw = nw + 1.
Finally, for W = X, Y, construct the SMP W* from

Wi (W) =2 (@), Tm(w) <t < Tnpa(w) (17)
for m € N, which is equivalent to generate W* from

Wiw) =2, (W), Sy (W) <t<8(w)

for n € N.
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By construction, for W = X, Y the MRP (Z"W, SW) has failure rate kernel R"
and thus the generated SMP W™ is such that W* =, W. In addition, as for each

pair of states (i, j) such taht ZX(w) =i < j = ZY(w) the uniformization rates

X Y
are selected with the guaranty that Zk# Ti)’f,(_s) < 0.5 and Zk# Tj)’f,(_t) < 0.5,
ij ij
from conditions (I)-(I2) it follows that

NewState(i, 73 (s)/Aij, u) < NewState(, rf )/ Nij, w)

for s,t € Ry and uw € (0,1). Thus, the generation of the next transitions from a
common uniform generator guarantee that ZAT),fH(w) < ZTYn+1(w), for all w € £2.
As such, by induction on m and in view of ([[), the proposed construction leads
to two SMPs X* and Y* such that X/ (w) <Y*(w), for all w € 2 and ¢t € Ry.

The decribed procedure leads to the algorithm of Fig. [3 to simulate, in a
common probability space, two st-ordered SMPs X and Y with initial probability
vectors pX and pY', and failure rate kernels R* and RY, respectively, under the
conditions of Theorem

Input: Independent sequences of independent Unif(0,1) random variables
(Un)nen and (Vi)nen, a nonnegative matrix A = (Aij)ijer such that Ay >
2 sup, max{r; (t),7) ()}, and a positive value TMAX

nx :=ny = 0; To:=0, m:=0
Z5& = ] (Vo) Zg =[p"] " (Uo)
while (min{S;,, Sy, } < TMAX) do

nxi»Pny

m:=m-+1
T =Tm-1+ [EXP(A*)]_l(Vm)
until (Failure(ZX T?X (Tm - Siz(x)/A*a Um) =1or
nx

nxo
Failure(Zy, , 75y (Tm — Smy )/A* Um) = 1)
for W = X,Y do i
if (Failure(Zy', ,rw (T — Siv)/A*,Um) = 1) then
e

ny

= NeWState(Z,‘:VW,rZYVW'(Tm =S /A Unm)

Sprs1 =T
nw :=nw + 1
end if
end for
end while
Output: X; := Z;* for S¥ <t < S5, 0<1<nx
Y, =2 for S <t< S, 0<I<ny

Fig. 3. Simulation of two st-ordered CTMCs, under the conditions of Theorem
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4.1 Usual Stochastic Ordering of CTMCs

For the particular case of two CTMCs, Sonderman’s result specialize into the
earlier derived Kirstein’s [28] sufficient conditions for the stochastic ordering in
the usual sense of two CTMCs.

Corollary 1 (Kirstein [28]). Let X and Y be CTMCs with ordered state space
I, order isomorphic to a subset of Z, initial probability vectors pX and pY, and
(infinitesimal) generator matrices Q~ and QY , respectively. Then X <4 Y
provided that
pX <st pY (18)
and
Z g < Z q}fm, foralli <j and (n <i ormn > j). (19)

m>n m>n

In fact, for CTMCs, the failure rate at time ¢ of the time needed for a transition
from phase ¢ to phase j to take place does not depend on ¢, i.e., 73;(t) = ry;, for
all t € Ry. As a consequence, Sonderman’s conditions ([I)-([I2) are equivalent
to conditions (I3J)) since

W . .

wo_ )i J#i _

qZ] _{”Z 7,.W ‘72.7 W_X7Y
12T J =

Under the conditions of Corollary [0l the simulation of st-ordered uniformizable
CTMCs can be done in a simpler manner. In fact, it suffice to uniformize both

Input: Independent sequences of independent Unif(0,1) random variables
(Un)nen and (An)nen, , and a positive value TMAX

X=sup2{q’,q 1}
el

_ X _ Y

P =149, pr—14€
+ N + A\

Xo =[] (Uo); Yo :=[p"] " (Uo)
To := 0; n:=0
while (7;, < TMAX) do

Xn-!—l = [P%L.]_l(Un-&-l)

Voir = [py, |7 (Un1)

Toi1 :=Tn + [Exp(A)] " (Ans1)

n:=n-+1
end while

Output: X} =X, for T} <t <T111,0<1I<n
Y=Y for 1 <t<Tii1,0<1l<n

Fig. 4. Simulation of two st-ordered CTMCs, under the conditions of Corollary [II
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chains at a common uniformization rate, and then simulate transitions in both
chains from a common sequence of independent uniform generators and, at same
time, use another independent sequence of independent uniform generators to
simulate the holding times in states before transitions on both chains from an-
other common generator, as presented in the algorithm of Figure d where I
denotes de identity matrix of an appropriate dimension.

The strongest generalization of such result was achieved by [37], who provides
the characterization of the usual ordering of CTMCs with partially ordered state
spaces in terms of conditions on their infinitesimal transition rates to upper sets.

5 Level-Crossing Ordering of Semi-Markov Processes

In this section we will focus on the comparability of SMPs in the level-crossing
ordering sense, which compares stochastic processes in terms of the times they
take to reach or exceed high levels. Specifically, a process X is said to be stochas-
tic smaller in level-crossing than Y if it takes X stochastically longer to reach
or exceed any given level than it does Y.

The analysis of this stochastic ordering for processes with common ordered
state spaces, order isomorphic to a subset of integers, was pioneered by A. Irle
and J. Gani motivated by problems of comparing random times for the detec-
tion of words. As remarked by these authors, the usual stochastic ordering was
too strong to be used in the envisaged context. As such, in their pioneering
work [21], times for detection of words were modelled as first passage times to
up-cross levels in skip-free to the right DTMCH and were directly compared in
the usual stochastic ordering sense. Specifically, [2I, Theorem 4.1] shows that,
for two skip-free to the right DTMCs with common ordered state space, the
ordering in distribution of their transition probabilities for any common initial
state (which does not guarantee the usual stochastic ordering of the respective
DTMCs) implies the level-crossing ordering of the DTMCs.

Imposing extra stochastic ordering conditions on the holding times in states
before transitions Irle [20] established sufficient conditions for the level-crossing
ordering of skip-free to the right SMPs, paying particular attention to the order-
ing of uniformizable CTMCs and birth-and-death processes, along with Wiener
processes. These results were later improved by Ferreira and Pacheco [16/17] for
skip-free to the right DTMCs, SMPs and CTMCs with common ordered state
spaces. The lc-ordering analysis had further developments in [I8] for general (i.e.,
non-skip-free to the right) DTMCs, SMPs and CTMCs with totally ordered state
spaces.

Hereafter we give an overview of the main results derived in these papers for
the level-crossing of two SMPs. For the sake of simplicity, the results will be
presented only in terms of the level-crossing ordering of stochastic processes in

2 We recall that a trajectory of a stochastic process with ordered state space I, order-
isomorphic to some bounded or unbounded interval of Z, is said to be skip-free to
the right if it does not have jumps up more than one level and the stochastic process
itself is skip-free to the right if its trajectories are almost surely skip-free to the right.
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the usual sense. As such, in the following, we just refer to level-crossing order-
ing instead of level-crossing ordering in the usual sense. Nevertheless, we note
that the results derived in [I8] are valid in a general framework in which the
comparison of the passage times to up-cross levels may be made using, aside
the usual stochastic ordering, any integral stochastic order relation for positive
variables closed for convolution, which includes many important cases, such as
the Laplace transform and the increasing concave order [40/44].

5.1 Preliminaries

Let I" be either the set of natural numbers N, positive integers N or real nonneg-
ative numbers R;. Given a set I, order isomorphic to a bounded or unbounded
interval of Z, and y € I, we let I = I \ {sup I}, where sup I is the supremum of
set I, I* = I N A denote the restriction of I to states in A, and =¥ = (0]
denote the restriction of I to states smaller or equal to y.

Moreover, if W = (Wy):er is a stochastic process with state space I, we let
SZ‘/’V denote the hitting time of the set of values greater or equal to y, i.e.,

Sy =inf{t € I': Wy >y} =inf{t € I': W, € I7Y}
where inf ) = +o00. Finally, to introduce the definition of level-crossing ordering
of stochastic processes, we let Sﬁ/y denote the hitting time of the set of values

greater or equal to y when departing from state x, i.e.,
Sy, = [inf{t € I': Wy > y}|Wo = a].

Definition 6. Let X = (Xi)ier and Y = (Yi)rer be stochastic processes with
ordered state space I. Then, the process X is said to be smaller in level-crossing
than Y, denoted X <;. Y, if, for any common initial state x, S;/’y <st ijy, for
allyel, ie.,

X <Y <5y, <a Sy, forallz,ycl.

The next result, provided in [I7, Theorem 1], asserts that stochastic processes
are stochastically monotone increasing in the level-crossing ordering sense with
respect to time-clock speed, i.e., if the time-clock speed of a process is increased,
then the resulting process is faster in level-crossing than the original process.

Theorem 3 (Ferreira and Pacheco [17, Theorem 1]). Given a stochastic
process X = (Xy)ier, with ordered state space, the a-parameterized family of
processes {X(O‘) ,a > 0} where Xt(a) = Xat, for t € Ry, denote the time-clock
speed change of X by factor «, is stochastically increasing in the level-crossing
ordering sense, i.e., X(@1) <;. X(@2)  for all a1 < .

Given a stochastic process W = (W;)¢cr with ordered state space I, we let W <Y,
y € I, denote the process W restricted to the state space I=Y in such a way that
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state y is made absorbing and all states of W greater or equal to y are collapsed
into state y, namely,

Wy _ I Wi t< SV
L t> SV
Yy =Py

Note that if W is a SMP with ordered state space I and y € I, then W'=Y is also
a SMP whose parameters are easily derived from the parameters of the original
process. With this notation, we consider the following definition.

Definition 7. Let A\ denote a property and W be a stochastic process with or-
dered state space I. Then, W has the lower-A\ property if and only if the process
W=% has the A\ property, for all z € I.

In the next two subsections, we present sufficient conditions and algorithms to
simulate level-crossing ordered SMPs, treating separately the cases where we
impose the condition of one of the processes involved in the comparison being
skip-free to the right and the case where we do not.

5.2 Level-Crossing Ordering of Skip-Free to the Right SMPs

As mentioned in the introduction, the pioneering result for the level-crossing
ordering of SMPs was provided in [20] and established sufficient conditions for
the level-crossing ordering of skip-free to the right SMPs, with the random times
to up-cross levels being compared in the usual stochastic ordering sense. Specif-
ically, using the characterization of an SMP via its embedded kernel, which
separates the embedded transition probabilities from the distributions of the
holding times in states between transitions, ([20], Theorem 2.1) establishes that
the level-crossing ordering of two skip-free to the right SMPs follows from the
ordering in distribution of their transition probabilities from common states,
and from the reversed order of the holding times in common states before the
processes make transitions.

Theorem 4 (Irle [20, Theorem 2.1]). Let X = (X;)ier, and Y = (Y})ier,
be two lower-regular skip-free to the right SMPs with ordered state space I, order-
isomorphic to some bounded or unbounded interval of Z, and embedded kernel
(PX,FX) and (PY,FY), respectively. Then X <;. Y provided that

pLX Sst p?/a { € I

and
F(}Lfvb) Zst F(};d)v a,b,c,de I

By means of a sample-path based coupling approach [34], this result was later
improved in [I6] by removing the stochastic ordering conditions involving the
transition probabilities from the highest state (if it exists), removing the lower-
regularity and the skip-free to the right properties of the faster of the two pro-
cesses (in level-crossing), and relaxing the conditions on the comparison of the
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times between transitions in X and Y (namely that F()lf b) >t F(’g a) for all

a,b,c,d € I) to F()lfb) >t F(S;C) for all @ € I and b, c € I, such that b < c.
Theorem 5 (Ferreira and Pacheco [16, Theorem 4.1]). Let X = (X;)cr,
and Y = (Yi)ier, be two SMPs with ordered state space I, order-isomorphic to
some bounded or unbounded interval of Z, and embedded kernels (PX, FX) and
(PY,FY), respectively, such that

Py <ap., i€l (20)
and
Fapy Zst Floe (21)

holds simultaneously for all a € I and b,c € I, with b < ¢, such that pfb pr. > 0.
If the processes X is skip-free to the right and lower-regular, then X <;. Y.

To prove this result, the authors showed that, under the conditions of Theorem 3]
we may construct, in a common probability space, copies of the SMPs to be
compared with level-crossing ordered sample-paths, i.e., to construct

X*=4 X, Y*=4Y, suchthat X* <, Y*

For that, using two independent sequences of independent uniform random vari-
ables, (Up)nen and (V,,)nen, the authors begin to simulate two DTMCs, X and
}7, (with common initial state) with transition probability matrices PX and PY,
respectively, such that X <. Y. The main idea of the proof consists in simulat-
ing Y, the faster of the two DTMCs in level-crossing, in advance and to simulate
transitions in both chains from a common uniform generator only when the
slower of the two DTMCs, X , reaches successively each one of the states visited
by Y. Accordingly, they propose to first generate Y using the standard procedure
to simulate a DTMC from a sequence of independent uniform random variables,
(Un)nen- Then, to simulate X based on the generated sample path of Y and the
skip-free to the right property of X: (a) whenever X reaches the next state on
the sample path of Y, the next transition in X is simulated using the generator
previously used to simulate the transition from the next state in Y; and (b) any
other transition in X is simulated from an independent sequence of independent
uniform random variables, (V,)nen.

From the construction, as the embedded DTMCs at transition epochs of X
and Y satisfy the conditions (20)), it readily follows that, whenever X reaches the
next state on the sample path of Y, the next transition will put X in a smaller
state than the next state visited by Y

Ko =Y = K1 = [pX ]| @) <V = [pL | 0. pe).

As a consequence, X will need at least as many transitions as Y to reach a state
greater or equal to any given desired state, so that X <;. Y.
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At the same time, they propose to use two other independent sequences of
independent uniform random variables, (A, )nen and (B, )nen, to simulate the
holding times in states before transitions on both processes (say (H; )nen,
and (HY )nen, ) in the following way: (a) the holding times in states given the
next state visited for the two SMPs are computed from a common generator,
the sequence (A, )nen, whenever the corresponding transitions in X and Y are
simulated from a common uniform generator, the sequence (Uy)nen; and (b)
the holding times in any other state (of X*) are simulated from the sequence
(Bn)nen, i.e., the holding times in states given the next state visited in X* are
computed from the sequence (By,)nen whenever the corresponding transitions in
X are simulated from the sequence (V,,)nen. Finally, the SMPs X* and Y* are
obtained by letting, for W = X, Y,

Wy =W, for SV" <t < SV,

where SV' =0 and SW, = SV + H',.

By construction, X* =4 X, Y* =, Y and the lc-ordered DTMCs X and V
are constructed in such a way that the sequence of states visited by X until it
reaches a state greater or equal to any desired given state includes the sequence
of states visited by Y to reach the same set of states. As the holding times of
X* and Y™ in states when X* reaches successively the states visited by Y* are
simulated from a common uniform generator, from (2II), we conclude that X*
spends at least as much time as Y* in each of the states visited by Y* before
reaching the desired set of states. As the usual stochastic order is closed for
convolution (@), it follows that SZX* > SZY*, foralll € I,ie., X* <. Y*.

Based in this procedure, the algorithm of Figure [Al simulates, under the con-
ditions of Theorem [ two lc-ordered SMPs, X* and Y*, with common initial
probability vector p, and embedded kernels (PX, FX) and (PY, FY) respectively.

As noted by the authors ([I6], Theorem 4.2), the conditions (ZI)) in Theo-
rem [} on the stochastic ordering of the holding times between transitions, can
be further relaxed to

X X X X Y
Fan) ® Fippi1)y @ Fopi,m12) @ - @ Fluin(e,at1)—1,min(e,a+1)) =st Flae)

foralla € I and b,c € I, with b < ¢, such that PX (H;‘“f;(;f“) PE, ) Pl >0,

with @ denoting convolution. However, such a relaxation is paid at the cost of
obtaining conditions that are much more difficult to check.

5.3 Level-Crossing Ordering of General SMPs

The level-crossing ordering of general (i.e., non-skip-free to the right) SMPs was
addressed in [I8]. Under stronger stochastic ordering conditions on the transition
probabilities departing from certain states and on the holding times in states
between transitions, the authors asserted the following result.
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Input: Independent sequences of independent Unif(0,1) random variables
(Un)nen, (Va)nen, (An)nen, and (Bn)nen,, and a positive value TMAX

Xo = }A/O = p_l(Uo)

SE =8 =0

k:=0
while (S} < TMAX) do
k:=k+1
Yi:=lpy 17 (Uk)
ST =S+ FY g (AR
end while
n:=0
m:=0

while (S~ < TMAX) do
m:=m-+1

ni=n +1
Xo =[x 17 (Un)
SXT.=8X" + [F()){(niljn)]_l(Am)
while (Xn <V & SX < TMAX) do
ni=n +1
Xo=[p%, 171 (Va)
Su = Sia B, x)) (Bn)
end while

end while .
Output: X/ := X; for S; <t<SX,0<i<n
Y=Y for ST <t<SY,0<1<k

Fig. 5. Simulation of two [c-ordered SMPs under the conditions of Theorem

Theorem 6. Let X = (X;)ier, and Y = (Y})ier, be two SMPs with ordered
state space I, order-isomorphic to some bounded or unbounded interval of Z, and
embedded kernel (PX,FX) and (PY,FY), respectively, such that X is lower-
reqular. Then X <;. Y, if

Py <apy, foralzyel, z<y (22)

and
Fap Zst Flea) (23)

for all a,c € I and b,d € I, witha < ¢, b<d, andpfbpzfd>().

This result was proved using a sample-path based coupling approach. The au-
thors showed how to simulate, under conditions ([22)-(23) of Theorem [, SMPs
X* and Y™, departing from the same state, such that X* = X, Y* =, Y, and
X* < Y™

The simulation in this case is quite simple as the DTMCs embedded at transi-
tion epochs and the holding times in states before transitions are generated in a
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synchronized manner. The copies of the DTMCs embedded at transition epochs,
X and Y, are simulated from an independent sequence of independent uniform
random variables, (Uy,)nen, , making W,, = [PW 17HU,) for W = X, Y. Simu-
lating the transitions on both processes from a common uniform generator, the
conditions ([22) guarantee that, before ¥ reaches the highest level: transitions
on X departing from states smaller or equal to the ones from which Y departs
on the same instant always put X in states smaller or equal than the ones for
which Y makes the transition, i.e.,

Xn <Y, = Xpp1 = [P))‘((n.]il(Un) < [P%/;.]il(Un) =Ynt1.
Thus, when the DTMCs start from a common level, this procedure leads to
X, <Yy, foralln < inf{m € N:Y,, =supl}, and consequently to X <. Y.
At the same time, the sequences of holding times in states between transitions
for both processes, say (HX )nen, and (HY ),en, , are simulated from an inde-
pendent sequence of independent uniform random variables, (Ay)nen, , making

HYV" = [F ) (An), for W = X, Y. Finally, the SMPs X* and Y* are

obtained by letting, for W = X, Y,
Wi =W, for SV <t < S,

where SV" =0 and SW, = SV + H',.

By construction, X* =4 X and Y* =4 Y. In addition, before Y reaches the
higher state, the embedded DTMCs X, and Y,, are strictly ordered, then X will
need at least as many transitions as Y to reach a state greater or equal to any
given state. Since, in addition, the holding times in states before transitions are
simulated in both processes from a common uniform generator, then, from ()
and (23)), before Y reaches the highest state: X* spends in each sucessive state
at least as much time as Y*. Thus, as the usual stochastic order is closed under
convolution (@), we necessarily have SlX* >t SZY*, foralll eI, ie, X* <. Y™
Based on the described procedure, the algorithm of Figure [6] simulates two lc-
ordered SMPs X* and Y*, with common initial probability vector p, under the
conditions of Theorem

For SMPs with equal transitions probabilities other than the supremum of
the state space, we can relax the conditions (23]) of Theorem [B] on the times
between state transitions, to conditions involving transitions between the same
state in both processes, establishing that an increase of the times between state
transitions of an SMP in the usual stochastic ordering sense gives rise to an
increase of the associated (upper) level-crossing times in the same sense, as next
stated.

Corollary 2 (Ferreira and Pacheco [18, Corollary 3]). Let X = (X;):er,
and Y = (Yy)ier, be two SMPs with ordered state space I, order-isomorphic to
some bounded or unbounded interval of Z, and embedded kernels (PX, FX) and
(PY,FY), respectively, such that X is lower-reqular. Then X <;. Y if
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P =sepy and Fi ) >a F ) (24)
for alli € I, and for all i € I and j € I such that pfj(- > 0, respectively.

This result extends, to non-skip-free to the right SMPs, results for skip-free to
the right SMPs with common embedded transition probability matrices, with
respect to: the Laplace transform and the mean value order, in [I0], and the
usual stochastic order, in [20].

Input: Independent sequences of independent Unif(0,1) random variables
(Un)nen and (An)nen, and a positive value TMAX

Xo = }A/O = p_l(Uo)

SFE =8 :=0

n:=0
while (min{sff*,s}f 1< TMAX> do
ni=n +1
Xo:=[p% 17 (Un)
Yo=lpy 171 (Un)
X = S FR L x) (AR

Su = Saca +1Fy, | 5] 7 (An)

end while .
Output: X; := X}, for SF <t< S,f_,_l, 0<k<n
Y=Y for SYT <t < SY,0<k<n

Fig. 6. Simulation of two [c-ordered SMPs under the conditions of Theorem

5.4 Level-Crossing Ordering of CTMCs

A CTMC W with ordered state space I and generator matrix Q" = (q;’}/)i’jg,
whose corresponding transition rate from state 7 is qZW = —qZVZV = Zj# qi‘;(-/, may
be interpreted as an SMP with one-step embedded transition probability matrix
PV = (piv}/)i,jela where
@ w

w_ J(=d)w @ >0
pi; = % W

0ij q =0

with 6 denoting the Kronecker delta function, i.e., d;; = 1if ¢ = j and d;; = 0
if i # j, and holding times in state i exponentially distributed with rate g;,
regardless of the state visited at the next transition.

In view of the previous, the translation of Theorem [l and Theorem [@] for the
level-crossing ordering of two CTMCs goes as follows.

Corollary 3. Let X and Y be CTMCs with state space I, order-isomorphic
to some bounded or unbounded interval of Z, vectors ¢* and q¥ of transition
rates from states, and embedded transition probability matrices PX and PY,
respectively. Then X <;. Y if either
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(i) X is lower-regular, and
¢ <q and pX <upl, forallijel withi<j (25)
(il) X is skip-free to the right and lower-regular, and
@ <q’ and pY¥ <apl, foralicl (26)

As next stated, these results were further improved in [I6/18] by means of an
adequate modulated adaptive uniformization of the CTMCs.

Theorem 7 (Ferreira and Pacheco ([16, Theorem 5.1], [18, Theorem
5])). Let X and Y be CTMCs with state space I, order-isomorphic to some
bounded or unbounded interval of Z, and generator matrices Q¥ and QY re-
spectively. Then X <;. Y if either

(i) X and Y are lower-regular and there exists a matriz 3 = (8i;); jer, with
entries in (0,1], such that

Z qi)fl SBMZ qj};, for all i,5 € I such that i < j and (m < i or m >j).
n>m n>m
(27)
(ii) X and Y are lower-reqular, X is skip-free to the right, and there exists a
vector & = (a;);ef, with entries in (0, 1], such that

ZqZXngaiZq,};, forallie I andm € 1. (28)

n>m n>m

Figure [1 presents two algorithms for the simulation of level crossing ordered
CTMCs: one for general CTMCs satisfying (i), and the other for the case in
which the slower CTMC is skip-free to the right and the CTMCs satisfy (ii).
Specifically, the algorithm presented on the left-hand side [right-hand side] of
Figure [0 simulates, under the conditions (i) [(ii)], two CTMCs X and Y such
that X <;. Y. Once again, these algorithms are proposed based on a sample-
path based coupling proofs of these results, provided in [T6/18], of which we next
give a brief sketch.

The first construction uses two dependent modulated Poisson uniformization
processes with rates modulated by the states of the two processes at appropri-
ately chosen times, and generates independently the transitions in both processes
from a common generator sequence. Namely, if at the time of occurrence of the
nth event of the modulated Poisson uniformization process associated to X (V)
the process X (V) goes to state i (j), then, the amounts of time X and Y stay
in states ¢ and j until the next events take place in the modulated Poisson uni-
formization processes associated to X and Y are generated from a common gen-
erator and have exponential distributions with rates )\fj(- and )\};, respectively,
such that )\}; is greater or equal to 2max{q}/,qix/ﬂij, 1} and )\fj(- = ﬂij)\};,
so that

0< AN =8\, <A, forallielAjel such thati<j. (29)
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Moreover, the probability vectors of the state the processes X and Y go to after
those events occur are
9.
Y
A

¢;:
X
K

and ﬁg,Y’i) =e; +

P = e +
respectively. Since, under conditions (i), we have )\fj(. > )\}; and ﬁE_X’]) <st ﬁg’l),
whenever ¢ < j < sup I, the conditions of Theorem [0l are satisfied, and thus the
procedure described guarantees that X <;. Y.

If, in addition, the slower CTMC is skip-free to the right, then instead of
comparing the upper sums of different rows of the generator matrices of the two
CTMCs, as (27) imposes, we may compare only the upper sums for the same
rows of the generator matrices of the two CTMCs, as stated in (28)). In this
case, the procedure to simulate [c-ordered CTMCs is presented on the right-
hand side of Figure [ and is based on two uniformizing Poisson processes with
state dependent rates modulated by the states of the process itself, such that,
whenever X (V) is in state ¢ (j) the uniformizing Poisson process of X (V) has
rate 3;A; (A;), where

M = max{al, ¢ /B, 1}. (30)
The amounts of time X and Y stay in states ¢ and j until the next events of the
corresponding modulated Poisson uniformization processes take place are gen-
erated from a common generator and have exponential distributions with rates
BiAi and A, respectively, and the probability vectors of the state the processes
X and Y go to after those events occur are

X X Y qJY
N — . 2 ~ — . :
P =it BiNi and Pj=eit Aj .

Since, under conditions (i), we have 3;\; < \; and pX < py, for all i € I, i.e.,
the conditions of Theorem [{] are satisfied, it follows that X <;. Y.

We end this section noting that, uniformizing the CTMCs X and Y with
two possibly different constant (i.e., non state-dependent) uniformization rates,
say a” and oY, respectively, such that a = o /aY < 1, then conditions (28]
specialize into

Ja € (0,1]: Zqi)fngaz:qu foralli eI andn € I.

m>n m>n

This result was first achieved in ([I7], Theorem 3.1) by observing that the level-
crossing ordering is stochastically monotone increasing with respect to time clock
speed-ups, and constitutes itself a first generalization of ([20], Corollary 2.1)
which establishes the same conclusion for two lower-uniformizable skip-free to
the right CTMCs with the constant a taking the value one.

It is important to note also that the sufficient conditions for the level-crossing
ordering of two general CTMCs are weaker but related to Kirstein’s ([I9) suf-
ficient conditions for the stochastic ordering of CTMCs in the usual sense. In
fact, if such conditions are valid for 3; ; = 1, then the CTMCs, departing from
a common state, will be also ordered in the usual sense.
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Input: independent sequences of in-
dependent Unif(0,1) random variables
(Un)nen and (An)nen,, the matrix
(Bij)i,jer, and a positive value TMAX

for (i,j € I) do

)\ij = 2max{qzy>qz)(/ﬁ1]71}
X

~(X,5) q;.
p;. =e; +
! BijAij
(i,Y) q}f
end for

Z& =2 =p (o)
Sx =5y :=0

n:=0

while (min{S;’, S} } < TMAX)
n:=n+1
X A(XvZ:{—ﬂ -t
ZX .= |P (Un)

zX

n—1"

~ X -1
{szn_l)} ()

zY

n—1"

zY .=
S = Sa 1+
-1
[EXP (ﬁzjf_lz};_l)‘zx zY )} (An)
-1
(A

n—1n—-1
Sy = S{,l—i—[Exp()\ZTx Y )} n)

1—1%n—1

end while

Output:
X =2 for S <t< Sy, 0<k<n

Y, :=2Z) for Sy <t<Sy,,,0<k<n

417

Input: independent sequences of in-
dependent Unif(0,1) random variables
(Un)nel\h (Vn)nENJr: (An)nEI\br and
(Bn)nen,, the vector (Bi)icr, and a
value TMAX

for (i € I) do

Xi == max{q; , ¢ /Bi}
b'e
~ q;.
pro=ei+ [3:)\1‘
Y
A 9.
p}-f =e; + )\i

end for

Z& = 7§ = p ' (Uo)
SE =85y =0

k:=0

while (S} < TMAX)

k:=k+1 .
Y ._ [ DY -
2l o
Sk o= Si_1+ [EXP()\Z;XA)] (Ax)
end while
SX =0, m:=0, n:=0
while (S < TMAX)

m:=m+ 1
n:=n+1
X pX o
Zy = [Pz;f_l-] (Um)
—1
S =Sk [Bxe(y pay )] (4n)
while (ZX < 7Y, & S§X < TMAX)

n:=n+1 )
s o
SX = S+ [Exp(Bx Mo )] (Bn)

end while
end while
Output:
Xe:i=2Z" for Sf* <t<SX,,0<i<n
Y, =2 for S <t<S),,0<1<k

Fig. 7. Algorithm for the simulation of two lc-ordered CTMCs with initial probability
vector p, under conditions: (27, on the left-hand side; and, (28]), on the right-hand

side



418 F. Ferreira and A. Pacheco

5.5 Some Applications

As an illustration of the applicability of the results presented in the previous
section, we apply those results to Poisson shock models and birth-and-death
processes (with possible catastrophes) to derive sets of sufficient conditions for
the level-crossing ordering of such processes.

Level-crossing ordering of two birth-and-death processes with catas-
trophes. Let I be a subset of N, A = (Ai)ier, 4 = (i)ier and 8 = (Bi)ier
be nonnegative vectors such that Asypr = 0 if I is bounded above and pins; =
Bing1 =0, and C = (ci5)i,jer be a lower-triangular stochastic matrix.

A (I, A\ p, 3, C) birth-and-death process with catastrophes (BDC process) is
a skip-free to the right CTMC with state space I and generator matrix ), where

Gij = Bicij + wibji—1 + Aibj i1, 1 F J. (31)

In such processes, the nonnegative parameters \;, u; and g; are interpreted as the
birth, death and catastrophe rates of the process in state ¢. In addition, the matrix
C is seen as the catastrophe probability matrix with ¢;; denoting the probability
that the state resulting from a catastrophe taking place in state i is j.

A direct application of Theorem [1 to BDC processes leads to the following
set of sufficient conditions for their level-crossing ordering.

Theorem 8. For W = X, Y, let W be an (I, AW, ™, 3", CV) BDC process.
Then:

(i) X <ic Y provided that, for some vector & = («;);cf with entries in (0,1],
the following conditions hold
M<adN A >aipl ANBE>a; 80, forallicl (32)

7

X <gqel, foralliel (33)

CR—

(ii) X <& Y provided that the following conditions hold

ACSN A =pr, ABY =8, foralljandi<m  (34)

R

X <y c}/_, for alli,j € I such that i < j. (35)

Important types of catastrophe families are described, e.g., in [5] and [I2].
These include: Binomial (p), 0 < p < 1; Geometric (p), 0 < p < 1; Uniform;
Deterministic(f), where f = (f;)ier is a vector such that f; < ¢, for all i € T;
and Total. Some details on the catastrophe probability matrices associated to
each of these types of catastrophe families are given in Table[Il In the following
we use the denotation of the type of catastrophe indistinctly of the associated
catastrophe probability matrix; thus we write, e.g., C = Binomial(p) whenever
C' is the catastrophe probability matrix of Binomial(p) catastrophes.
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Table 1. Important types of catastrophe families

Type of catastrophe cj (0<7<9) Z?:o cij (0<k<i)
Binomial (p), p € [0, 1] ()p (1 —p)y S o ()p (1 —py
Geometric (p), p € [0,1]  p'djo + (1= p)p' 7150 p*
Uniform 1/(i+1) (k+1)/(i+1)
Deterministic(f), 0 < f; <1 djt; 1ie>73

Total d; 1

Table 2. Some ordering relations associated to catastrophe probability matrices

cx cY e <sicf c* <k CY
Binomial (p1) Binomial (p2) p1 > p2 p1 > P2
Geometric (p1) Geometric (p2) p1 > P2 p1 2> p2
Binomial (p1) Geometric (p2) p1 > p2 p1 > P2
Uniform Uniform yes yes
Deterministic(f*) Deterministic(f¥) f~ < f7 f* < f¥ and f¥ 1
Total arbitrary yes yes

Table [2 presents some situations where the ordering relations 33) and (35l
involving catastrophe probability matrices hold, which are relevant for the use
of Theorem 8l Note that, in particular, binomial and geometric catastrophes [[5]
and [12]] are stochastically decreasing in the parameter and total catastrophes
[6] are the smallest catastrophes, in sense of both ([B3]) and (35]).

Nothe that, Theorem [ (i) implies that BDC processes stochastically increase
in the level-crossing ordering sense as the catastrophe distribution in each state
increases stochastically in the usual sense. That is: BDC processes, X and Y,
that share the birth, death and catastrophe rates but have different catastrophe
probability matrices, C* and CY, satisfy X <;. Y provided that ¢X <y c¥ for
all i € I. Thus, e.g., BDC processes with binomial catastrophes stochastically
decrease in level-crossing with the catastrophe probability. Note also that if two
BDC processes, X and Y, have the same catastrophe probability matrix, it
suffices to show that (32) holds to conclude that X <;. Y.

Level-crossing ordering of two birth-and-death processes. Particular
consequences of Theorem [ follow for the level-crossing ordering of birth-and-
death processes (BD processes), i.e., BDC processes (I, A, u, 3, C') with null vec-
tor § (which we denote by (I, A, i, C) BD processes), thus turning irrelevant the
form of the catastrophe probability matrix C'.

Corollary 4. For W = X, Y, let W be an (I, A\, u"™') BD process. If

Mo<a\N A pE ol foralicel (36)
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for some vector & = (), with entries in (0,1] , then X <;. Y. Moreover, if X
and Y are irreducible, with conditions (30) holding for a; = «, i € I, for some
constant o € (0,1), then the same conclusion is obtained if (30) is replaced by

AX X
su L <a< inf L. 37
i;ésulr)) I )\z/ - ~ i#inf I,sup I /,1,2/ ( )

We note that for irreducible BD processes both Kirstein’s conditions (I9)), for the
st-ordering, and Irle’s conditions, for the lc-ordering and derived in [20], given
respectively by

and

X Y
AN ot <A+ and 2t el
A Ai
are not equivalent to (B4)).

As the number of customers in a M/M/s/c system [see, e.g., [19]] with arrival
rate n and death rate v, where the system capacity ¢ may be either finite or
infinite, can be seen as a BD processes on N having birth rates \; = n1jp<i<c—1}
and death rates p; = v min(s, s), Corollary M applies directly to derive sufficient
conditions for the level-crossing ordering of two M/M/s/c systems, as follows.

Corollary 5 (Ferreira and Pacheco ([17], Corollary 4.2])). For W = XY,
let W denote the number of customers in an M/M /s | ¢V system with arrival
rate \W and service rate V. If ¢X < ¥ and

A\X X X
Y <a< ZY min (1, zy> (38)

for some o € (0,1], then X <;. Y.
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