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Abstract. In this paper we use the reversed process to derive expres-
sions for the steady state probability distribution of a class of product-
form PEPA models. In doing so we exploit the Reversed Compound Agent
Theorem (RCAT) to compute the rates within reversed components of a
model. The class of model is, in essence, a generalised, closed, queueing
network that might also be solved by mean value analysis, if full distribu-
tions are not needed, or approximated using a fluid flow approximation.
A general formulation of RCAT is given and the process is illustrated
with a running example, including several new variations that consider
effects such as multiple servers, competing services and functional rates
within actions.

1 Introduction

Quantitative methods are vital for the design of efficient systems in ICT, com-
munication networks and other logistical areas such as business processes and
healthcare systems. However, the resulting models need to be both accessible
to the designer, rather than only to the performance specialist, and efficient. A
sufficiently expressive formalism is needed that can specify models at a high level
of description and also facilitate separable and hence efficient mathematical so-
lutions. Stochastic process algebra (SPA) is a formalism that has the potential
to meet these requirements.

One approach to tackling the state space explosion problem common to all
compositional modelling techniques is through the exploitation of, so called,
product-form solutions. Essentially, a product-form is a decomposed solution
where the steady state distribution of a whole system can be found by multi-
plying the marginal distributions of its components. The quest for product-form
solutions in stochastic networks has been a major research area in performance
modelling for over 30 years. Most attention has been given to queueing net-
works and their variants such as G-networks [12], but there have also been other
significant examples, e.g. [1,2,7]. However, these have typically been derived in
a rather ad-hoc way: guessing that such a solution exists, and then verifying
that the Kolmogorov equations of the defining Markov chain are satisfied and
appealing to uniqueness.
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The Reversed Compound Agent Theorem (RCAT) [3] for MPA is a composi-
tional result that finds the reversed stationary Markov process of a cooperation
between two interacting components, under syntactically checkable conditions
[3,4,5]. From this a product-form follows simply. RCAT thereby provides an al-
ternative methodology that unifies many product-forms, far beyond those for
queueing networks. At the time, the original study of product-form G-networks
was significantly different from previous product-form analyses since the prop-
erty of local balance did not hold and the traffic equations were non-linear. In
contrast, the RCAT-based approach goes through unchanged – the only differ-
ence is that there are co-operations between one departure transition type and
another, as well as between departure transitions and arrival transitions as in
conventional queueing networks.

In this paper we use the RCAT approach to find product-form solutions to
a class of PEPA models. This class has previously been shown to be amenable
to solution by mean value analysis [10] (for expected values only, of course) and
fluid flow approximation [11]. A similar model, expressed quite differently, was
included in [4].

The context of the present work is as follows:

– Models are expressed explicitly using the full PEPA syntax.
– Reversed components and models are also fully expressed using full PEPA.
– The class of model considered uses active-active co-operation, not currently

supported under RCAT or its extensions.
– The class includes the ‘counting’ approach to specifying (large) groups of

identical components in parallel.

2 General RCAT Algorithm

Whilst dependent on reversed processes for its original derivation, an application
of RCAT can be done purely mechanically if the steady state probabilities are
known for the component-processes; from these the reversed processes could be
computed if desired, as discussed in the next section. For simplicity, we consider
the cooperation P1 ��

L
P2; the treatment is similar for n-way cooperations.

1. From Pk construct Rk by setting the rate of every instance of action a ∈ L
that is passive in Pk to xa, for k = 1, 2 (note that each a will be passive for
only one k);

2. For each active action type a in Rk, k = 1, 2, check that a certain quantity
ra is the same for all of its instances, i.e. for all transitions i → j that a
denotes in the state transition graph of Rk. This quantity is computed as

ra = πk(i)ri
a/πk(j)

where ri
a is the specified forward rate of the (any, if more then one) instance

of action type a going out of state i (must be the same value for all i);
3. Noting that the symbolic reversed rate ra will in general be a function of the

xb (b ∈ L), solve the equations xa = ra for each a ∈ L and substitute the
solutions for the variables xa in each Rk;
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4. Check the enabling conditions (detailed in [4], but not part of the specific
focus of this paper) for each co-operating action in each process Pk. For
queueing networks, these are as in the original RCAT, namely that all passive
actions be enabled in all states and that all states also have an incoming
instance of every active action;

5. The required product-form for state s = (s1, s2) is now π(s) ∝ π1(s1)π2(s2)
where πk(sk) is the equilibrium probability (which may be unnormalised) of
state sk in Rk.

For irreducible closed networks, this product-form can always be normalised to
give the required steady state probabilities. For irreducible open networks, a
separate analysis of ergodicity is required. Notice that all synchronisations in
RCAT are between active and passive pairs of actions. In what follows we will
relax this condition somewhat.

3 Reversed Processes and Product-Form

RCAT depends on properties of the reversed process. Essentially a reversed
process is one that would be observed if time were reversed. For every stationary
Markov process, there is a reversed process with the same state space and the
same steady state probability distribution, i.e. πi = π′

i, where πi and π′
i are the

steady state probabilities of being in state i in the forward and reversed process
respectively. Furthermore, the forward and reversed processes are related by the
transitions between states; there will be a non-zero transition rate between states
j and i in the reversed process, q′j,i iff there is a non-zero transition rate between
states i and j in the forward process, qi,j . A special case is the reversible process,
where the reversed process is stochastically identical to the forward process, so
that q′j,i = qi,j ; an example is the M/M/1 queue.

The reversed process is easily found if we already know the steady state prob-
ability distribution (see Kelly [9] for example). The forward and reversed prob-
ability fluxes balance at equilibrium, i.e.

π′
iq

′
i,j = πjqj,i

and so, since πi = π′
i, we find:

q′i,j =
πjqj,i

πi

In practical cases we do not already know the steady state distribution for the
forward process, and if we did we’d have little need to find the reversed process.
However, we can use this result directly to find reversed components within a
model (if the components are relatively small), or we could guess the possible
reversed rates and use this result as a check.

RCAT uses a simpler methodology to derive the reversed components at the
syntactic level, based on finding cycles within a component description. Essen-
tially every choice operator in PEPA introduces a new cycle if the successor
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behaviours on each side are different. For a given sequential component S, we
can compute the following:
1. Define qi to be the total outgoing rate from a state i (component behaviour).

The conservation of outgoing rate (the first of Kolmogorov’s criteria, [9])
gives q′i = qi, for all behaviours i.

2. Find a covering set of cycles.
3. For each cycle apply the second of Kolmogorov’s criteria to give a system

of non-linear equations that uniquely define the set of rates in the reversed
sequential component S.

For example, consider the following sequential PEPA component.

Task1
def= (read, ξ).T ask2

Task2
def= (compute, (1 − p)μ).T ask1 + (compute, pμ).T ask3

Task3
def= (write, η).T ask1

There are two cycles.
1. from Task1 to Task2 and back to Task1

2. from Task1 to Task2 to Task3 and back to Task1

Thus, using Kolmogorov’s criteria we can compute the following.

q′1,2q
′
2,1 = q1,2q2,1 = ξ(1 − p)μ

q′1,3q
′
3,2q

′
2,1 = q1,2q2,3q3,1 = ξpμη

Furthermore, we know that

q′1 = q′1,2 + q′1,3 = q1 = q1,2 = ξ

q′2 = q′2,1 = q2 = q2,1 + q2,3 = μ

q′3 = q′3,2 = q3 = q3,1 = η

Hence, the reversed component Taski is easily computed.

Task1
def= (read, (1 − p)ξ).T ask2 + (read, pξ).T ask3

Task2
def= (compute, μ).T ask1

Task3
def= (write, η).T ask2

For clarity, we illustrate the states of the forward and reversed components in
Figure 1.

Once we know the rates in both the forward and reversed processes, we can
compute the steady state probabilities using a simple chain rule:

πj =
πj

πj−1

πj−1

πj−2
. . .

π1

π0
π0

Given a sequence of actions from some source state we can therefore compute
the steady state probability of being in the resultant target state j in relation
to the source state 0 as follows:

πj =
q0,1q1,2 . . . qj−1,j

q′j,j−1 . . . q′2,1q
′
1,0

π0



Product-Form Solution in PEPA via the Reversed Process 347

��

��

��

��

��

��

�
�

�
��

�
�

�
��

��
�

�
��

��

��

��

��

��

��

�
�

�
��

�
�

�
��

�

�
�

�
�	

Task3

Task2

Task1

Task3

Task2

Task1

ξ

(1 − p)μ

pμ

η

μ

(1 − p)ξ

η

pξ

Fig. 1. States of the forward and reversed components

4 A Closed Queueing Model

Now consider a model of a closed queueing network of N jobs circulating around a
network of M service stations, denoted 1, . . . , M ; each station is either a queueing
station or an infinite server station, where the number of queueing stations is Mq.
Let Mq be the set of all queueing stations and at each one there is an associated
queue (bounded at N) operating a FCFS policy and one server. The servers are
able to serve jobs of only one type; each job type, j, is served at rate rj by
queueing station j. At each infinite server station, i, jobs of type i experience a
random delay with mean 1/ri. All services are negative exponentially distributed.

There are M job types. For each specified job type, there is exactly one station
(either queueing station or infinite server station) which may serve it. When a
job of type j completes a service at a given station, it will proceed to service at a
station (possibly the same station) as a job of type k according to some routing
probability pjk.

In PEPA a queueing station, i, can be modelled as follows.

QStationi
def= (servicei, ri).QStationi

Note that ri is always specified as finite, and not �. This is because passive
actions are subject to the apparent rate in PEPA. In addition we impose the
restriction that the action enabled at each queueing station is unique to that
queueing station, i.e. ∀i, j ∈ Mq,

Act(QStationi) ∩ Act(QStationj) = ∅
The infinite server stations are not represented explicitly.

Each job will receive service from a sequence of stations determined by a set
of routing probabilities,

Jobi
def=

M∑

j=1

(servicei, pijri).Jobj , 1 ≤ i ≤ M
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where, 0 ≤ pij ≤ 1 and
M∑

j=1

pij = 1 , 1 ≤ i ≤ M

Let Si be the set of all job types which perform servicei actions, i.e. Si = j if
servicei ∈ A(Jobj).

The entire system can then be represented as follows:
(

∏

∀i∈M�

(QStationi)

)
��
L Job1[N ] (1)

where
L =

⋃

∀i∈M�

{servicei}

It is important to note that in this classification the actions which cause the
queue station to change mode are not shared actions. The notation P [N ] de-
notes that there are N copies of the component Job1, but we do not represent
each individual in the underlying state space description as would be the case
in Job1|| . . . ||Job1. Instead we are only concerned with the number of compo-
nents behaving as Job1, Job2, etc, at any time. Thus, this representation can be
considered to be an explicitly ‘lumped’ version of Job1|| . . . ||Job1.

4.1 Reversed PEPA Process

The model presented in the previous section does not meet the existing criteria
for RCAT, principally because RCAT is only defined over active-passive co-
operation1. However, obtaining the reversed process is relatively straightforward
since the server components are static. Hence it is only necessary to reverse the
single (sequential) job component, which can be done using the most basic result
on reversed processes (see Section 3).

This yields a reversed component with the following structure:

Jobi
def=

M∑

k=1

(servicej , qjkrj).Jobk , 1 ≤ i, j ≤ M

Where, 0 ≤ qjk ≤ 1 and

M∑

k=1

qjk = 1 , 1 ≤ j ≤ M

The new routing probabilities, qij , can be found by applying Kolmogorov’s cri-
teria. That is, equate the product of rates around a given cycle in the Job com-
ponent with the product of the rates around the corresponding reversed cycle
1 An alternative approach does use RCAT but requires the problem to be mapped

into an equivalent problem with functional rates, whereupon the result of [6] can be
used
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in Job. Note that qij = 0 in the reversed component iff pji = 0 in the forward
component.

The full reversed model can then be specified as
(

∏

∀i∈M
(QStationi)

)
��
L Job1[N ] (2)

Where
L =

⋃

∀i∈M�

{servicei}

The forward and reversed processes can be used to find a product-form solution
(if one exists) by applying Kolmogorov’s generalised criteria.

5 Example: A Simple Information Processing System

We now explore the derivation of the reversed process and its use in finding a
product-form solution through a specific simple example. Consider the following
PEPA specification of a simple information processing system.

Channel1
def= (read, ξ).Channel1

Process
def= (compute, μ).P rocess

Channel2
def= (write, η).Channel2

Task1
def= (read, ξ).T ask2

Task2
def= (compute, (1 − p)μ).T ask1 + (compute, pμ).T ask3

Task3
def= (write, η).T ask1

The entire system is then specified as

(Channel1||Process||Channel2) ��
L Task1[N ]

Items are read from an input channel and processed. If the item meets certain
criteria, then it is sent to the output channel before the next item is read,
otherwise it is discarded and the next item read.

The reversed component Taski is easily computed as we have already
observed.

Task1
def= (read, (1 − p)ξ).T ask2 + (read, pξ).T ask3

Task2
def= (compute, μ).T ask1

Task3
def= (write, η).T ask2

The system state is described by the triple, {i, j, k}, where i is the number
of components behaving as Task1, j is the number of components behaving as



350 P.G. Harrison and N. Thomas

Task2 and k is the number of components behaving as Task3. Clearly, i+j+k =
N . We choose {N, 0, 0} as a reference state and consider transitions from that
state to an arbitrary state {i, j, k}. Hence we can derive specifications for the
steady state probabilities depending on the co-operation set L.

– All actions are resource limited: L = {read, compute, write}
To reach state {i, j, k} there must be j + k read actions, each one at rate ξ,
followed by k compute actions (leading to Task3) at rate pμ. In the reverse
process, going from state {i, j, k} to state {N, 0, 0}, there must be k write
actions at rate η, followed by j + k compute actions at rate μ. Hence,

π{i,j,k} =
(

ξ

μ

)j+k (
pμ

η

)k

π{N,0,0}

=
(

ξ

μ

)j (
pξ

η

)k

π{N,0,0}

– No actions are resource limited: L = ∅
If actions are not shared they will occur at a rate proportional to the sum of
the number of participants. Thus, when the state is {N, 0, 0}, the read action
will occur at rate Nξ. Hence, the product of the rates of j + k read actions
will be N !ξj+k/i!. Similarly, from state i, j + k, 0 the product of the rates of
k compute actions will be (j + k)!(pμ)k/j!. In the reverse process, starting
in state {i, j, k}, there must be k write actions, the product of whose rates
is k!ηk, followed by j + k compute actions with rate product (j + k)!μj+k.
Thus,

π{i,j,k} =
N !

i!j!k!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0}

– compute and write are resource limited: L = {compute, write}
When the cooperation set is a subset of the total action set, we have a
situation which lies between the two previous cases. In this case only read
is a mass action, and in the sequence we consider this is only a factor in the
forward transitions. Hence, the j + k read actions occur with rate product
N !ξj+k/i!, whereas the k compute actions (leading to Task3) each occur at
rate pμ. In the reverse process, going from state {i, j, k} to state {N, 0, 0},
there must be k write actions at rate η, followed by j + k compute actions
at rate μ. Hence,

π{i,j,k} =
N !
i!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0}
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– Only compute is resource limited: L = {compute}
This case is very similar to the previous one, with the exception that the
write action will be mass action. Hence,

π{i,j,k} =
N !
i!k!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0}

5.1 Multiple Service Stations

We now consider the same model components, but with multiple instances of the
process component, representing the case where the node has multiple servers.

(Input||Process[K]||Output) ��
L Task1[N ]

All components are as defined above. Clearly this extension does not affect the
structure of the reversed components, or the solution when compute /∈ L. Thus,
the reversed model is given by the description,

(Input||Process[K]||Output) ��
L Task1[N ]

– All actions are resource limited: L = {read, compute, write}
As in the previous subsection, in going from {N, 0, 0} to {i, j, k}, we will
see j + k read actions followed by k compute actions. As read ∈ L each
read action will occur at rate ξ, However, the rate of compute actions will
depend on the number of servers and the number of participants. Clearly if
j + k ≤ K then the system will behave as if compute /∈ L, i.e.

π{i,j,k} =
1
j!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0} , j + k ≤ K

If j > K then each forward compute action will occur at rate Kpμ. Each
reverse compute action will occur at rate Kμ until there are fewer than K
Task2 components.

π{i,j,k} =
1

Kj−KK!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0} , j > K

Finally, if j + k > K and j ≤ K then initially compute actions will occur
at rate Kpμ (forward) or Kμ (reverse), but once the volume of participants
falls below K, then the (cumulative) rate will also fall. In the forward case
this means the product of the rates of compute actions in the forward process
is K!Kj+k−K(pμ)k/j! and in the reverse it is K!Kj+k−K . Hence,

π{i,j,k} =
1
j!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0} , j + k ≤ K
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– Only compute is resource limited: L = {compute}
In the case where the other actions are not shared, the equations are similar
as it merely a case of incorporating the cumulative action rates for read and
write.

π{i,j,k} =
N !

i!j!k!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0} j + k ≤ K

π{i,j,k} =
N !

i!k!Kj−KK!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0} , j > K

5.2 Multiple Services from a Station

We consider a variation of this model whereby a job may request service from
the same server more than once in a cycle. To do this we will use the same
action type and rate in more than one derivative of the job. We do this to
avoid a race condition at the server, which would distort the service rate. An
alternative approach would be to use a functional rate, which we consider in the
next subsection.

Now consider the following model where a shared input/output channel is
used.

Channel
def= (io, ξ).Channel

Process
def= (compute, μ).P rocess

Task1
def= (io, ξ).T ask2

Task2
def= (compute, (1 − p)μ).T ask1 + (compute, pμ).T ask3

Task3
def= (io, ξ).T ask1

(IO||Process) ��
L Task1[N ]

Clearly the renaming of the read and write actions (to io) has no effect on the
structure of the reversed process.

Task1
def= (io, (1 − p)ξ).T ask2 + (read, pξ).T ask3

Task2
def= (compute, μ).T ask1

Task3
def= (io, ξ).T ask2

(IO||Process) ��
L Task1[N ]

However, the solution of the model will clearly be different, since the rates have
been changed and there is potentially more competition for the channel (if io is
in L).



Product-Form Solution in PEPA via the Reversed Process 353

– All actions are resource limited: L = {io, compute}
In the forward process, the sequence of actions we consider is not affected by
this change, since we are not concerned with io actions from Task3 and there
are no components behaving as Task3 when io actions are performed from
Task1. However, in the reverse process, we perform k io actions starting in
state {i, j, k}. From the processor sharing-like semantics of PEPA, the rate
at which each reverse io action occurs will be dependent on the total number
of components behaving as Task3 and Task1. Initially this will be kξ/(i+k),
but will alter as the number of Task3’s decreases. Hence the product of the
rate of the k reversed io actions will be i!k!ξk/(i + k)!. Thus,

π{i,j,k} =
(i + k)!

i!k!

(
ξ

μ

)j

pkπ{N,0,0}

– No actions are resource limited: L = ∅
Clearly this case is the same as the initial model with L = ∅, with the small
modification that the rate η has been replaced by ξ. Thus,

π{i,j,k} =
N !

i!j!k!

(
ξ

μ

)j

pkπ{N,0,0}

Similarly, the case when only compute is resource limited is also the same
as previously, since there is no competition on the io action.

– Only io is resource limited: L = {io}
In this case the compute action will have a cumulative rate in both the
forward and reversed processes, as we have previously observed. Hence,

π{i,j,k} =
(i + k)!
i!j!k!

(
ξ

μ

)j

pkπ{N,0,0}

5.3 Service Rate Dependent on a Functional Rate

Finally, we consider the case where a station may offer more than one kind of
service but the rate at which each service type occurs is governed by a function
– fr and fw below.

Channel
def= (read, frξ).Channel + (write, fwη).Channel

Process
def= (compute, μ).P rocess

Task1
def= (read, frξ).T ask2

Task2
def= (compute, (1 − p)μ).T ask1 + (compute, pμ).T ask3

Task3
def= (write, fwη).T ask1
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The entire system is then specified as

(Channel||Process) ��
L Task1[N ]

where, L = {read, compute, write}.
In general, a (so called) functional rate can be dependent on properties of the

evolution of a model. This does not alter the derivation of the reversed model.
In particular, note that the Channel component is still considered to be static,
despite the choice between actions, and hence the reversed Channel component
is identical to the forward Channel component.

The reversed model is thus given by the system equation,

(Channel||Process) ��
L Task1[N ]

where, L = {read, compute, write} and Task1 is the reversed component, similar
to that derived earlier.

Task1
def= (read, (1 − p)frξ).T ask2 + (read, pfrξ).T ask3

Task2
def= (compute, μ).T ask1

Task3
def= (write, fwη).T ask2

A longer discussion of functional rates in the reversed process was given in [6].
In this instance fr and fw can be any functions of i, j and k, but we will restrict
ourselves to three simple pairs of functions involving i and k.

– fr = i
i+k , fw = k

i+k

This is the simple processor sharing function pair and is exactly the same
as the previous model, with the exception that there are different rates for
read and write. Thus, if L = {read, compute, write},

π{i,j,k} =
(i + k)!

i!k!

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0}

– fr = ci, fw = ck, where c is a constant.

If c = 1 this function pair gives the same behaviour as the initial model when
read, write /∈ L. If c 
= 1 there is only a small change.

π{i,j,k} =
N !
i!k!

(
cξ

μ

)j (
pξ

η

)k

π{N,0,0}

– fr = iξ
iξ+kη , fw = kη

iξ+kη

This function pair allocates resource in proportion to service demand. That
is, the faster an action is and the more participants it has, relative to the
other, the greater the resource that would be allocated. Once more, in the
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forward process, the function does not affect the behaviour of the read action
in the sequence we are interested in (as there are no Task3’s). However, in
the reverse process, the rate product is rather more complex:

k!η2k

∏k
x=1(xη + iξ)

Hence,

π{i,j,k} =
∏k

x=1(xη + iξ)
k!η2k

(
ξ

μ

)j (
pξ

η

)k

π{N,0,0}

6 Conclusions and Further Work

We have used properties of reversed processes to find the steady state probabil-
ities in a class of PEPA models with active-active cooperation. This can be seen
as an application of the Reversed Compound Agent Theorem, similarly extended
to such rate synchronisation. Despite this class lying outside the existing clas-
sification of RCAT, the explicit derivation of the reversed process and its use
in deriving expressions for the equilibrium distribution is shown to be relatively
straight forward. In fact, for reasons of completeness and clarity we have com-
puted the reversed process completely, whereas we have only used a subset of the
reversed actions in deriving each product-form solution. Therefore it should be
apparent that, in general, it is not necessary to compute all the reversed rates,
and in many instances a solution may be derived with only those rates which
are most easily found. Indeed, this is the approach adopted for the practical
application of the existing RCAT in Section 2.

Of course, we should not be surprised that such results exist for what is,
essentially, a closed queueing network. However, through the running example
we were able to show the robustness of the solution under a variety of different
conditions. Such robustness would clearly be desirable if we were considering a
range of different deployment options, for example. There are obviously other
extensions to the basic example that we could have considered and some of these
could break the product-form solution. For example, we could consider that the
server components have alternative modes of operation, which in general would
give rise to models without product-form.
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