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Preface

Youri (Yuri) Kabanov was born in a city Cherkassy, now Ukraine, formerly the
USSR, in 1948. Even in high school he became interested in mathematics and ac-
tively and successfully participated in local and nationwide mathematical competi-
tions for high school students. As a result, without exams he was admitted to a spe-
cialized mathematical boarding school at Kiev State University and he graduated
from this school with the gold medal.

In the summer of 1966 Yuri came to Moscow with the hopes of studying theoret-
ical physics and to apply to the Moscow Institute of Physics and Technology. This
institute, known worldwide as Phystech (sometimes called the Russian version of
MIT), was initially created in 1946 to produce high quality specialists in different
fields of Physics. But it was located in a distant suburb of Moscow, and for a student
who came from a small provincial city, living in a dormitory there meant being cut
off from the life of the capital. One of his friends, who had a brother studying at
Moscow University, decided to apply to the Department of Mechanics and Mathe-
matics of Moscow State University (the internationally renowned MEKHMAT). He
convinced Yuri that MEKHMAT would be a better choice. After passing the difficult
entrance exams, Yuri became a student at Moscow University. Who knows, maybe
this random event triggered his later interest in random processes.

At that time, known as the Golden Years of Moscow Mathematics (the title of the
book, published by the American Math. Society), MEKHMAT had a reputation as
one of the leading centers of mathematical research and math education. Students
were taught by such great mathematicians as A.N. Kolmogorov, P.S. Aleksandrov,
LM. Gelfand, B.V. Gnedenko as well as then young but well known people like
S. Novikov, Yu. Manin, D. Anosov, and Ya. Sinai.

In the beginning Yuri was interested in many fields and attended a variety of
courses, but at the end of the second year he had chosen the subfield of probability
theory. His scientific advisor was Albert N. Shiryaev, then a young professor, a for-
mer student of A. Kolmogorov. Shiryaev later became one of the most prominent
leaders of the theory of stochastic processes.

Yuri’s interests in his student years were not limited to mathematics only. He was
actively involved in sports, becoming a member of the prestigious all-university vol-
leyball team and excelling in track and field and the shot put. Having a phenomenal

vii
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memory he knew many verses, and delighted his friends and girls by reciting from
heart verses from such poets as Baudelaire, Rimbaud, and Gumilyov, who were
rarely published during the Soviet years. The city where Yuri was born was a small
one but rather old, founded in the late 13th century, and Yuri loves history, in which
he is well-versed: today he enjoys presenting a short history of the Roman Empire
using his collection of ancient coins as an illustration.

After graduating with distinction from Moscow University in 1971 Yuri became
a postgraduate student at the Steklov Mathematical Institute. His first papers were
devoted to the integral representation of functionals of Wiener, Poisson, and other
processes with independent increments, and were published in the early 1970s in
Theory of Probability and its Applications. His next paper “A generalized It for-
mula for an extended stochastic integral with respect to Poisson random measure”
was published in the prestigious Russian Mathematical Surveys in 1974. This exten-
sion was obtained by means of a generalized Cameron-Martin expansion in series
of multiple Poisson integrals. Yuri also proved a generalized Itd6 formula for such
extended stochastic integrals. As a result of his work in this new and rapidly devel-
oping field of stochastic processes, he obtained his Ph.D. degree with the disserta-
tion topic Point Processes and Extended Stochastic Integrals. His supervisor was his
teacher A.N. Shiryaev.

As a graduate student he helped Shiryaev to organize the very popular an-
nual probability conferences in Bakuriani (Georgia). He recalls how he served as
a “bodyguard” for a foreign visitor (at the time rare at such conferences), F. Spitzer.
A striking feature of these conferences was a matching of intensive scientific spirit
during the talks and everyday snow-skiing in the surrounding mountains. The lead-
ing figure at these conferences was Shiryaev, who instilled his love of skiing not
only in Yuri but in many other participants.

After his postgraduate studies at the Steklov Institute, Yuri started working at
one of the best research institutes of the Russian Academy of Sciences—in the Cen-
tral Mathematical Economical Institute (CEMI) in Moscow. His ties to this Institute
continued even after he moved to Besancon, France. At this Institute Yuri contin-
ued his studies of stochastic processes and published a few fundamental papers with
R. Liptser and A. Shiryaev on absolute continuity and singularity of probability dis-
tributions, and on the convergence of distributions of counting processes. He also
started working on some problems of stochastic control and problems of mathemat-
ical economics. He had strong ties with statisticians, initially working in a group
headed by S. Aivasian and later becoming a member of the Probability Laboratory
headed by V. Arkin, who assembled a very strong group of probabilists, many of
whom became co-authors and friends of Yuri.

In the 1980s, under the influence of his teacher, A. Shiryaev, Yuri started working
in the field of functional limit theorems. The summary of his results, on the contigu-
ity of distributions of multivariate point processes and many others, was collected in
his D.Sc. thesis, which he defended in 1984. At the end of the 1980s Yuri, together
with his student S. Pergamenshchikov, started working in the area of singularly per-
turbed stochastic equations and partial differential equations. They published more
than ten papers on the subject.
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From the middle of the 1970s Yuri actively participated in teaching at a variety of
Moscow and foreign institutions such as the Moscow Institute of Advanced Studies
for Chemistry Managers and Engineers, the Moscow Institute of Aviation Technol-
ogy (MATTI), the Friedrich Schiller University in Jena, Germany, and the Moscow
Institute of Electronics and Mathematics (MIEM). He also held a visiting position
at Bilkent University in Ankara, Turkey.

In the early 1990s A. Shiryaeyv, together with his students, organized a seminar on
financial mathematics, and this area defined the main directions of his studies there-
after. In 1994 a renowned issue of Theory of Probability and its Applications was
almost entirely devoted to financial mathematics. This issue contained four papers
which Yuri had participated in.

Since his 1995 nomination as a professor at the University of Besancon, Yuri
has revived a forgotten local tradition by devoting himself mainly to mathematical
finance: Louis Bachelier, the founder of mathematical finance, was a professor in
Besancon from 1927 until his retirement in 1937.

An initial series of his works is related to large financial markets; to the optional
decomposition theorem which is an essential tool for solving the superreplication
problem; and to a general model of bond markets, which necessitated the introduc-
tion of a new type of stochastic integral with respect to processes with values in the
space of continuous functions.

He soon became interested in financial markets with transaction costs, a field not
too actively studied at the time because of its difficulty. In 1997 he and M. Safar-
ian showed that Leland’s approximation strategy did not asymptotically hedge call
options, contrary to what was asserted in the literature. Then he launched himself
into modeling markets with several (finitely many) basis assets. In fact, all models
studied at that time comprised two assets only: a riskless and a risky one. Only the
model of Jouini and Kallal allowed for multiple assets, but under very restrictive
conditions: direct transfers being forbidden, all exchanges were required to pass by
the bank account. In his paper “Hedging and liquidation under transaction costs in
currency markets” (Finance and Stochastics, 1999) he proposed a geometric model
for markets with transaction costs and showed that the object analogous to martin-
gale measures is vector measures whose density processes take values in the dual
of the solvency cone. This kind of model, adopted by all researchers in this field,
has greatly contributed to progress, allowed for a satisfactory theory of arbitrage
and for attacking important problems of finance (in particular, the superhedging of
contingent claims) in the presence of proportional transaction costs. Yuri, working
with various co-authors, has obtained criteria for the absence of arbitrage and super-
replication theorems: in discrete time with complete or incomplete information; and
in continuous time in increasingly general settings. He has just completed his latest
book, with M. Safarian: “Markets with transaction costs, mathematical theory”.

Yuri has also continued to be interested in stochastic differential equations and
in problems of stochastic control. In his book, written together with S. Pergamen-
shchikov, “Two-scale stochastic systems, asymptotic analysis and control”, he es-
tablished a stochastic version of Tikhonov’s theorem, obtained an asymptotic ex-
pansion for this system and showed a large deviation limit theorem.
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Apart from his activities as a first-class researcher, Yuri has done a great deal for
the dissemination of mathematics. In 1997 he actively participated in the founding
of Finance and Stochastics, which in only a few years has become one of the leading
journals in mathematical finance. The three Bachelier Colloquia he has organized
(in 2000 in Besancon, in 2005 and in 2008 in Métabief) were extremely successful,
collecting researchers from every continent of the world.

Yuri is now in the prime of his research and career. He is not only one of the most
notable figures in financial mathematics and stochastic processes but also a very
friendly person with new and fresh ideas, ready to share them with others. Almost
30 people are counted among his co-authors. He is a father of a now adult son and
young daughter, and a loving and caring husband. His wife Margarita, or Rita as her
friends call her, is a gifted photographer, and those visiting his or her website can
see this for themselves.

There is no doubt that his friends, his co-authors, and many others who have had
the chance to meet him personally or just to read his papers, will join us in wishing
Yuri good health, happiness and many years to come of creative activity.

E. Presman, 1. Sonin, and Ch. Stricker
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On the Extension of the Namioka-Klee Theorem
and on the Fatou Property for Risk Measures

Sara Biagini and Marco Frittelli

Abstract This paper has been motivated by general considerations on the topic of
Risk Measures, which essentially are convex monotone maps defined on spaces of
random variables, possibly with the so-called Fatou property.

We show first that the celebrated Namioka-Klee theorem for linear, positive func-
tionals holds also for convex monotone maps 7 on Frechet lattices.

It is well-known among the specialists that the Fatou property for risk measures
on L enables a simplified dual representation, via probability measures only. The
Fatou property in a general framework of lattices is nothing but the lower order
semicontinuity property for 7. Our second goal is thus to prove that a similar sim-
plified dual representation holds also for order lower semicontinuous, convex and
monotone functionals 7 defined on more general spaces 2~ (locally convex Frechet
lattices). To this end, we identify a link between the topology and the order structure
in 2 —the C-property—that enables the simplified representation. One main appli-
cation of these results leads to the study of convex risk measures defined on Orlicz
spaces and of their dual representation.

Keywords Convex monotone map - Locally convex Frechet lattice - Order (lower
semi-)continuity - Fatou property - Dual representation

Mathematics Subject Classification (2000) 91B30 - 91B28 - 46A04 - 06B99 -
46N10

1 Introduction

The analysis in this paper was triggered by recent developments in the theory of
Risk Measures in Mathematical Finance. Convex risk measures were independently
introduced by [13] and [14] as generalization of the concept of a coherent risk mea-
sure developed in [3]. Consider a space of financial positions 2 (real-valued, mea-
surable functions on a fixed measurable space (§2,.%)) containing the constants.
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2 S. Biagini and M. Frittelli

A convex risk measure on 2" is a map p : Z — (—o00, +00] with the following
properties:

1. p(0) =0 (so p is proper, i.e. it does not coincide with +00)

2. monotonicity: if X,Y € &, X <Y, then p(X) > p(Y)

3. convexity: if A € [0, 1], then p(AX 4+ (1 —A)Y) < Ap(X) + (1 — X)p(Y) for any
X,YeZ

4. cash additivity: if m € R then p(X +m) = p(X) —m forany X € 2

When p is also positive homogeneous, i.e.
5. p(AX) = Ap(X) for all A > 0O the risk measure is called coherent.

If 2 is also topological space (as it is always the case in the applications), it is
of course useful to have a result on the degree of smoothness of the risk measure p.
Strangely enough, when this paper was first written to our knowledge there was
yet no general result. This is exactly the message of the extended Namioka-Klee
Theorem, stated below in Theorem 1. The (topological vector) space of positions
Z however must have some other properties, i.e. it must be a Frechet lattice.

Recall that a topological vector space (2", t) is a Frechet lattice if:

e its topology t is induced by a complete distance d

e % is alattice, that is it has an order structure (2, <) and each pair X1, Xo € 2
has a supremum X V X5 in 2~

e 7 is locally solid, that is the origin 0 has a fundamental system of solid neigh-
borhoods (a neighborhood U of O is solid if forany X e U, Y € 27, |Y| < |X| =
Y € U where | X| = X V (—X)).

Note that a Frechet lattice is not necessarily locally convex. Examples of common
Frechet lattices are the spaces L? on a probability space (§2,.#, P), for p € [0, 1)
(with the natural, a.s. pointwise order). When p > 1, L? is also Frechet lattice, but
with an extra property. The topology is induced by the L”-norm (and thus the space
becomes locally convex). Moreover, the norm has a monotonicity property: |X| <
Y= I Xll, < IYllp. So L?, p € [1, +00] is in fact a Banach lattice. Other Ba-
nach lattices important for our applications belong to the family of Orlicz spaces—
denoted with LY for a Young function ¥ —which are described in details in Sect. 5.

Finally, we present the abstract statement of the extended Namioka-Klee Theo-
rem, proved in Sect. 2 (where there is also an extensive comparison with the existing
literature, as we discovered that there are a couple of recent, very similar results).
The Theorem is stated for convex, monotone increasing maps w, not necessarily
cash additive. But a similar result clearly holds for monotone decreasing maps.
Dom(rr) indicates here and in the rest of the paper the subset of 2~ where 7 is finite.
The topological dual space is denoted by 2" and the set 27/ indicates the convex
cone of those functionals Y in 2" that are positive, i.e. (¥, X) >0 forall X € 2,
X > 0. The symbol (,) indicates the bilinear form for the duality (2", Z”). The
map 7*: 2" — (—00, +00] is the convex conjugate of 7, also known as Fenchel
transform, and it is defined as

a*(Y)= sup {(Y, X) —n(X)}.
Xex
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Theorem 1 (Extended Namioka-Klee) Any proper convex and monotone increasing
functional w : & — (—00, +00] on a Frechet lattice (2, T) is continuous and sub-
differentiable on int(Dom(rr)) (the interior of Dom(ir)). Moreover, it admits a dual
representation as

7(X) = max {{Y,X)—7*Y)} VX €int(Dom(rw)). @9)
YeZ|

To give an idea about the genesis of the second and most innovative part of the
paper, let us go back to the financial setup and let us focus first on the case L°°.
A risk measure p on L has the pleasant property of being always finite-valued,
thanks to the boundedness of its elements and to the monotonicity and cash additiv-
ity property. The theorem above ensures that p is continuous and subdifferentiable
on the entire L. This implies the existence of a well-known dual representation
for p over L*°, namely

p(X) = 0 %aX(P){EQ[_X] — P (D)} 2)

€ If
where:

(a) .\, y(P) indicates the set of positive, finitely additive measures Q on (£2, %)
that are absolutely continuous w.r. to P and are normalized (Q(Ip) = 1);

(b) p* is the convex conjugate of p and should be interpreted as a penalty func-
tional.

These results are known and proved e.g. [12, Theorem 4.12]), where subdiffer-
entiability is proved by hand for the specific case study L*°.

Now, let us recall the definition of the Fatou property for risk measures (see e.g.
[10] or Sect. 4, [12], in the case L*°):

Definition 1 (Fatou property) A risk measure p : L? — R U {00}, p € [1, o], has
the Fatou property (F.P.) if given any sequence {X,}, dominated in L? and converg-
ing P-a.s. to X we have:

o(X) <liminf p(X,).
n—oQ

This property enables a simplified dual representation of p. Instead of the finitely
additive measures ./ ¢ (P), if a convex risk measure p : L°° — R has the F.P. one
can write

p(X)= sup {Eo[—X]1-p"(Q)}, 3)
Q probability Q<K P
so the supremum can be taken only over probabilities, the o-additive elements of
M, 5, see [12, Theorem 4.26]. There is a price to pay: the above supremum may
not be attained over probability measures, but only on .#_ f.
What can be said about the representation problem of a convex risk measures
defined on subspaces of L°?
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The spaces L? are typical examples of spaces of financial positions in the ap-
plications (see, for example, [11, 14, 19]). Moreover, in [6] it is shown that Orlicz
spaces that can be associated with a utility function are the right framework for the
utility maximization problems which commonly arises in financial problems. Mo-
tivated by this idea, in the first version of this paper,! we initiated the study of risk
measures defined on Orlicz spaces L¥ and more generally on Frechet lattices. Inde-
pendently, in [9] convex risk measures were defined on the Morse subspace MY of
the Orlicz space LY . As we shall see in Sect. 5 some of the findings in [9] are special
case our results, while other properties do not hold in the general case, essentially
because the topology on the (whole) Orlicz space LY is not order continuous.

Our generalization of the representation in (3) and its various implications will
be stated for maps 7, defined of general Frechet lattice, that are convex, monotone
and increasing, not necessarily translation invariant. This latter implies that the set
of dual variables over which the supremum—or the maximum—is taken will not be
normalized in general.

To begin with, let us recall a few notions about Riesz spaces, i.e. linear spaces that
are lattices (see also Sect. 3). The first is that of order convergence. A generalized
sequence, or net, (X4)q in a Riesz space Z is order convergent to some X € %,

notation Xy 5 X, if there is a net (Zy)q In Z satisfying
Zy 40 and |Xy—X|<Z, foreachoa 4

(Zy | 0 means that (Z), is monotone decreasing and its infimum is 0).
A functional f : #Z — R defined on &% is order continuous if

Xo > X = [(Xo) —> f(X),
and a ropology T on Z is order continuous if
Xo 3 0= Xo 0.
These definitions readily imply that if the topology 7 is order continuous then
f is (topologically) continuous = f is order continuous.

We denote with (Z,,) the cone of order continuous linear functionals on 2 . By
the classic Namioka Theorem, see Sect. 2, (£, ) coincides with 2~ |, the positive
elements of topological dual space 2. We recall that in a Banach lattice 2~ the
norm topology is order continuous if and only if 2, = £ and that the following
three classes of spaces all have order continuous norm: (a) L? when p € [1, +00);
(b) M¥ when ¥ is a finite valued Young function; (c) L¥ when ¥ is a Young
function satisfying the A condition (in this case LY = M"¥).
The above implication, together with Theorem 1, readily imply the following

IPresented by the second author at the Workshop on Risk Measures, University of Evry, France,
6-7 July 2006 and at the Conference on Risk Measures and Robust Control in Finance, The Bend-
heim Center, Princeton University, 6—7 October, 2006.
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Corollary 1 If Frechet lattice (2, t) has an order continuous topology and
7w & — R is convex and monotone (increasing), 7 is already order continuous
on Z . Thus it admits a dual representation as

7(X)= max [{V,X)—-7*X)}, XeZ, 5)
Ye( 2,0+

where (Z,7)y = 2.

(a) In the specific case 2" = LP, p € [1, +00) the representation above becomes

n(X)= max {E[YX]—n*(Y)}, XelLP”,
Ye(L9)y

(b) In the specific case 2 = MY and ¥ is a finite valued Young function, the
representation above becomes

7(X)= max {E[YX]—7*Y)), XeM?, (6)
Ye(L¥")y

where W* is the conjugate function of ¥.

However, the order continuity of a topology is a strong assumption, which is not
satisfied by e.g. L>, or by LY for general Young functions ¥ or by other Frechet
lattices, as shown in Sect. 5. Moreover, in general (£, ) is only a subspace of
Z[ . This is exactly what happens with L*°:

(L))+ =L} and L™ =L} @S,

where S are the purely finitely additive measures.

It is then natural to investigate whether 7 admits a representation on (Z,7)+
under conditions, linking topology and order structure, less restrictive than the order
continuity of the topology 7.

As we shall see in Remark 3, when 2" = L?, p € [0, oc], the Fatou property
coincides with order lower semicontinuity, which is the appropriate concept in the
present general setting.

Definition 2 A functional 7w : #Z — (—00, +00] defined on a Riesz space Z is
order lower semicontinuous if X, %X implies 7 (X) < liminfw(X,).

From now on, local convexity is needed and in what follows the Frechet lattice
A is also supposed locally convex.

As a consequence of the Hahn-Banach theorem in any locally convex Frechet lat-
tice if the proper, increasing convex map 7 : 2~ — (—o00, 400l is also 6 (£, Z,)
lower semicontinuous then

r(X)= sup {V.X)—7*(Y)}, XeZ, 7)
Ye(Z,)+
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where 77 * is the convex conjugate of 7. Therefore 7, as the pointwise supremum of
a family of order continuous functionals, is also order lower semicontinuous.

One could then conjecture that the converse always holds true i.e. any order lower
semicontinuous 7 on any locally convex Frechet lattice admits a representation in
terms of (£, )+, as in (7) or, in lucky cases, (5).

The conjecture is not true in general, see Example 1 at the end of this Intro-
duction. Proposition 1 contains the main result of the paper, that is there exists an
additional assumption “a la Komlo$”, linking the topology t and the order structure,
that enables the representation over (Z,7) .

Definition 3 (C-property) A linear topology T on a Riesz space has the C-property>
if Xgo Lx implies the existence of a subsequence (X, ), and convex combinations
Z, €conv(Xy,, ...) such that Z, 2 Xx.

This property is quite reasonable, all the details are in Sect. 4. In particular, when-
ever a locally convex Frechet lattice (.2, 7) can be embedded in L! with a linear
lattice embedding, then all the topologies: 7, 0(£", Z”) and 0 (%", Z,) have the
C-property. A relevant example of spaces with an associated collection of topolo-
gies (norm, weak and o (£, Z,)) satistying the C-property is the family of Orlicz
spaces (Sect. 5.1).

In the case 2" = L°°, it is well known that the sup in (7) in general is not a max,
but the sup is attained under some stronger continuity condition. In the general case,
in Lemma 7 we show that for a finite valued convex increasing map which is order
upper semicontinuous the sup in (7) is indeed a max.

Finally, in Sect. 5.2 we analyze convex risk measures defined on Orlicz spaces
and with values in R U {+o00}. This new setup allows for an extension of the known
dual representation on L>°. We further provide some new results on the convex risk
measures associated to utility functions, as in the case of the entropic risk measure.

Example 1 (When the C-property fails) When the o (2", Z,)-topology does not
satisfy the C-property, there may be order l.s.c. convex functionals (even t-continu-
ous!) that are not o (2", Z,7)-Ls.c.

Take 2" = C([0, 1]), the Banach lattice of the continuous functions on [0, 1]
with the supremum norm and the pointwise order. The dual 2" consists of the Borel
signed measures on [0, 1] and it is known (see e.g. [21, Example 87.5]) that there
is no non zero order-continuous functional in 2. The topology ¢ (2", Z,7) =
o (Z,{0}) is therefore the indiscrete one and clearly it doesn’t have the C-property.

Consider then the convex, increasing ‘best case’ functional

w(X)= max X(¢)
tel0,1]

2The “C” stands for “convex combinations”. . .
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which is finite valued, so that the extended Namioka-Klee Theorem implies that
is norm continuous and subdifferentiable and it admits a representation on .27/ as

7(X)= m

ax {{¥, X)) —a*(¥)}.
YeZ|

But it evidently does not admit a representation on (.2, )+ = {0} because it is not
constant.

To show that 7 is order-Ls.c. let X4 — X and suppose by contradiction that
there exists a subnet (Xaﬂ),g (as a subnet, still order convergent to X) such that
7 (X) > limg 7 (Xqp). Let t* € argmax(X). Then

7 (Xay) = Xay (1)
and evidently

X" =n(X) > liénn(Xaﬁ) > limsup X, (17),
B

which contradicts pointwise convergence.

2 The Extended Namioka Theorem

The following is the statement of the well-known Namioka-Klee Theorem in the
case of linear functionals ¢.

Theorem 2 (Namioka-Klee) Any linear and positive functional ¢ : & — R on
a Frechet lattice & is continuous (see [17]).

In order to provide a technically straightforward, but quite relevant, extension of
Namioka-Klee Theorem to convex functionals r, the positivity assumption

0<Y=0=<e)
has to be replaced with the requirement that 7 is monotone increasing
X<Y=nX) <n@).

Monotonicity and positivity are equivalent for linear functionals, but it is straightfor-
ward to see that for convex 7 monotonicity implies positivity (assuming 7 (0) = 0).
And it is easy to produce a positive but non-monotone convex map by taking
7(X)=|X|on Z =R.

So, while on one hand one relaxes the linearity assumption, on the other hand
a stronger link with the order structure is required.

The properties in the next lemma are straightforward consequences of the defin-
itions.
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Lemma 1 Let % be a Riesz space and let w : # — (—00, +00] be convex, increas-
ing and w(0) = 0. Then:

i) m(aX) <an(X),Vael0,1],VX € %,
() ar(X) <m(aX), Va € (—00,0]U[1 + ), VX € Z,
(i) |7(X)| <7 (X]),VX eZ.

Proof of Theorem I Step 1: Continuity. The proof of Namioka-Klee Theorem (see
e.g. [1, Theorem 9.6]) can be adapted, in a straightforward manner, to deal with
the current weaker assumptions. We repeat the argument so that the paper is self-
contained.

W.Lo.g. it can be assumed that the interior of Dom(sx), int(Dom(r)), is not
empty that O € int(Dom(rr)) and 7 (0) = 0. Let B, be the centered open ball of ra-
dius r > 0 in a metric that generates . Take any sequence { X}, such that X,, 5 0.
Fix r small enough, so that By, C int(Dom(sr)). Then pick a countable base {V,,},
of solid neighborhoods of zero satisfying Vi + V| € B, and V,, 41 + V41 C V,, for
each n. Then V,41 C V,, C B, for each n. By passing to a subsequence of X,,, one
can suppose X, € %Vn for each n. Set ¥, = Y 7_,i|X;| and note that ¥,, < Y4
and n|X,| <Y,. In addition

n+p
Yorp = Yo=Y ilXi| € Vay1 4 Vaga+ -+ Varp C V.
i=n+1

Therefore Y, € B, for each n and {Y,}, is a Cauchy sequence, so Y, 5 Y for some
Y in 2. Since Y, € B, Y € B, C By, C int(Dom(r)), 7(Y) is finite. This ¥ is
an upper bound for the sequence (actually, sup, Y, =Y). In fact, fix any n. Since
Y — Y, € Z, for each m > n, the sequence {Y,, — Y, : m > n} in 27 satisfies

Yy —Y, > Y —Y,, asm-—>o0o.

Since 27 is t-closed [1, Theorem 8.43-1], Y — Y, € 2 foreachn. Hence ¥,, <Y
for each n. From Lemma 1, |7 (X,)| < n(|X,]) < %n(n|Xn|). By monotonicity of
7 we derive

T (Xa)| < S| Xn]) < ~7(¥) < ~7(¥) = 0
n n n

which shows that 7 is continuous at zero and therefore 7 is continuous on the whole
int(Dom(rr)) [1, Theorem 5.43].

Step 2: Subdifferentiability. For all X* € int(Dom(sr)) we must exhibit a subgra-
dient Y* € 27, 1i.e. a Y* such that

7(X) —a(X*)>(Y*, X — X*) forall X e Z . (8)

To this end, again w.l.o.g. we can suppose X* = 0 € int(Dom(xr)) and 7 (0) = 0.
Then, the directional derivative functional D in O

T (tX)

D(X) :=Ilim
110
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satisfies D < 7 thanks to Lemma 1. It is finite valued and convex and thus the first
part of this proof implies that it is continuous. By the Hahn-Banach Theorem (see
e.g. [1, Theorem 5.53]) there exists a linear functional Y* which satisfies (Y*, X) <
D(X) on 2 whence Y* is a continuous subgradient for 7 at 0.

Step 3: Representation. Fix any X™* € int(Dom(zr)). It is an exercise to show that
7 increasing implies 77 is finite at most over 27 . Fix any subgradient Y* (which
is then positive) of 7 at X*. Reshuffling (8), this means

(Y*, X*) —m(X*) = )I(nag?g{(Y*, X)—rn(X)}=n"(Y")
where the last equality follows from the definition of s7*. This chain of equalities
in turn implies that 7 (X™*) = (Y*, X*) — n*(Y™*) = maxyc 2 {{¥Y, X*) — 7*(Y)} as
the inequality 7 (X*) > (Y, X*) — #*(Y) automatically holds forany Y € 2”7/. O

Remark I In [9] there is a formula identical to (1) for = defined on Banach lattices.

Corollary 2 Every finite-valued convex and monotone functional on a Banach lat-
tice is norm-continuous and subdifferentiable.

Corollary 3 If a Frechet lattice X supports a non-constant convex monotone
map 7, then necessarily 2"’ # {0}.

As a generic Frechet lattice 2 is not necessarily locally convex, it may happen
that the topological dual 2" is very poor or even {0}. This is the case, for example,
of the spaces LP(£2, %, 1), p € (0,1), when u is a nonatomic measure (see [1,
Theorem 13.31]) and of the space LY,.Z, ), when p is a nonatomic finite mea-
sure [1, Theorem 13.41]. Therefore, the only convex monotone s on these spaces
are the constants.

2.1 The Current Literature

Surprisingly enough given their importance in the applications, it seems that results
on continuity and subdifferentiability for convex monotone maps have appeared
only very recently in the literature.

After finishing the first version of the paper, which did not contain the subdif-
ferentiability additional result, we came to know that in the recent articles [16] and
[20] there are statements very close to those of Theorem 1.

To start, in [16] it is shown that:

if L is an ordered Banach space, with L closed and such that L = Ly — L then any
convex monotone 1w : U — R defined on an open set U of L is continuous.

These hypotheses are stronger than ours on the topological part as L must be
a Banach space, but milder on the order part. In fact, their conditions: the positive
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cone L is closed and generating L = L4 — L, are always satisfied in a Frechet
lattice. Note that nothing is said about subdifferentiability.

On the contrary, in [20] the authors were the first to prove subdifferentiability of
convex monotone maps i, but with the stronger assumption that 7 is defined on
a Banach lattice L:

If L is a Banach lattice, 7 : L — Ris proper; convex and monotone, then it is continuous
and subdifferentiable on the interior of the proper domain.

The line of their proof is the following. For any fixed X* € int(Dom(rr)), first
one exhibits a positive subgradient, which is then continuous by classic Namioka-
Klee theorem. This implies lower semicontinuity of 7 at X*, which in turn implies
continuity.

Inspired by this work we also prove subdifferentiability of 7, in the case of
Frechet lattices. However, we reverse the order, since first one proves continuity
of 7 on int(Dom(r)) and then subdifferentiability (this latter in the same way as
done by [20]). This is only a matter of taste and it would not be difficult to extend
the results in [20] with the same line of reasoning from Banach to Frechet lattices.
The only interesting aspect in proving first continuity is that one realizes that the
same proof of “classic” Namioka for linear positive functionals still holds, basically
unchanged, for convex monotone maps.

The interested reader is also referred to [9] for further developments.

3 On Order Lower Semicontinuity in Riesz Spaces

Let us recall some basic facts about Riesz spaces. The same notation < is used for
the order relations in %, in (—oo, +00] and for the direction of index sets of nets,
as the meaning will be clear from the context.

A subset A of a Riesz space & is order bounded if there exists X| € Z and
X> € # such that Xo < X < X for all X € A. A net (Xy)q in Z is increas-
ing, written X7, if @ < B implies X, < Xg. A net (Xo)q in Z is increasing to
some X € %, written X, 1 X, if X, and sup, X, = X. A subset A of % is order
closedif Xy € Aand X4 > X implies X € A. The space Z is order complete when
each order bounded subset A has a supremum (least upper bound) and an infimum
(largest lower bound).

Recall [1, Theorem 8.15] that the lattice operations are order continuous. In ad-
dition [1, Theorem 8.16], if a net (X ) is order bounded and # is order complete,
then liminf, X, 2 sup,, infg>4 Xg and limsup,, X, £ inf, SUpPg=y Xg are well de-
fined, and

Xo > X iff X =liminf X, = limsup X,.
o o

The next lemma is an immediate consequence of the facts and definitions above
and of (4).
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Lemma 2 Let Z be a Riesz space.

(i) Let X4 2 X.Then there exists o* such that (Xg)a=a+ is order bounded, i.e. the
net is definitely order bounded. In case the index set of the net has a minimum
then (Xy)q is order bounded.

(ii) Let Z be order-complete and let X, 2 X. If Yy £ (infg>q Xg) A X, then
Yo T X.

Example 2 (Order convergence in L?) In L? spaces, p € [0, oo], the notion of order
is the very familiar pointwise one, i.e. Y > X iff Y (w) > X (w) P-a.e. As L? is order
separable, see the next section, sequences can be used instead of nets to characterize
order convergence. A sequence (X,,), in L? is order bounded iff it is dominated in
L? (i.e. thereexistsa Y € Lf_ such that | X,,| < Y). The order convergence in the L”
case is just dominated pointwise convergence:

X, % X o X, 7255 X and (X,,), is dominated in LP. 9)

Therefore, the L”-norm topologies are order continuous for all p < +o0, as the
above equivalence implies that Lebesgue dominated convergence theorem can be

applied to conclude X, 5 X=X, L X.

3.1 Equivalent Formulations of Order Ls.c.

Definition 4 A functional 7 : Z — (—00, +00] defined on a Riesz space #Z

(a) is continuous from below if Xy, 1 X = n(Xy) 1 7 (X)
(ay) is o-continuous from below if X, 1 X = 7 (X,) 1t n(X)

(b) is order lower semicontinuous if X L X= m(X) <liminfm(Xy)
(bs) is o-order lower semicontinuous if

X, 2 X = 7(X) <liminfr(X,). (10)

Note that the pointwise supremum of a family of order l.s.c. functionals is order
Ls.c.

As shown in the next lemma, if 7 is increasing and & possesses more structure
then the conditions (a), (as), (b), (by) are all equivalent. The order separability
of % (any subset A which admits a supremum in & contains a countable subset with
the same supremum) allows to formulate the order-1.s.c. property with sequences
instead of nets (i.e. (b) < (by)).

Lemma 3 Let Z be an order complete Riesz space and w : % — (—o0, +00] be
increasing. Then: (a) < (b), (ay) < (by), (a) = (as), (b) = (by).
If in addition X is order separable then (a), (as), (b), (by) are all equivalent.
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Proof (a) = (b). Let Xy % X and set Y, = (infg>4 Xg) A X. By Lemma 2(ii),
(mon)
Y, 1 X and so 7(X) Llimn(Y,) < liminfr(Xy).

0 ) (mon
(b) = (a). Since X, 1 X implies X, — X, we get: 7(X) < limn(Xy) <
7 (X).
(as) < (by) follows in the same way as (a) < (b), while (a) = (a,) and (b)) =
(by) are obvious.
To show the last sentence it is sufficient to prove e.g. (ay) = (a). For any net
X« 1 X we can find a countable subnet X, such that X, 1 X. Hence

)

(aza)

(mon)
w(X) lignn(Xan) <limn(X,) < w(X). 0
Remark 2 (On order separability) A sufficient condition for Z to be order separable
is that, for every principal ideal Z, there exists a positive linear functional on %
which is strictly positive on Zx (see [21, Theorem 84.4]).

All Banach lattices with order continuous norm verify this condition, as shown
in [2, Theorem 12.14].

Another sufficient condition for order separability is the existence of a linear
functional on % which is strictly positive on the entire &%. This implies that all
the Orlicz Banach lattices LY = LY (2, .#, P) (and henceforth all the L? spaces,
p € [1, oo]) are order separable (and order complete as well). See Sect. 5.1.

Remark 3 (On the Fatou Property) From (9), Definition 1 and Definition 4, we im-
mediate see that when # = L”, p € [0, oco], order lower semicontinuity coincides
with the Fatou Property.

Remark 4 (On decreasing functional) Analogous considerations hold for decreasing
functionals: if % is an order complete and order separable Riesz space and if p is
decreasing, then the conditions: (b), (by), continuity from above [i.e.: Xy | X =
p(Xg) 1 p(X)] and o-continuity from above [i.e.: X, | X = p(X,) 1 p(X)]are all
equivalent. These equivalent formulations will be used to study some properties of
convex risk measures in Sect. 5.2.

3.2 The Order Continuous Dual Z,~

Given a Frechet lattice 2", the space of order bounded linear functionals 2™ (those
which carry order bounded subset of 2" to order bounded sets of R) coincides with
the topological dual 2”. This is a consequence of Namioka-Klee Theorem 2. From
the general theory (see [21]) on the decomposition of 2~

X == @A

where 2, is the order closed ideal (band) of 2™ of all the order continuous
linear functionals on 2 and it is called the order continuous dual of 2. The space
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of singular functionals 2.~ is defined as the band disjoint complement of 2~
in Z7~. Examples of this decomposition are given in Sect. 5. The main goal of the
next section is to provide some criteria that guarantee the C-property of the topology

o(Z, 2.

4 On the C-Property

The C-property is verified by the strong topology of all Frechet lattices without
passing to convex combinations, as shown below.

Lemma 4 Let (27, t) be a Frechet lattice. If (X)), T-converges to X, then there
exists a subsequence which is order convergent.

Proof Call d a complete distance that induces r, which is also absolute, i.e.
d(X,0) =d(|X],0). Suppose d(X,, X) — 0 and select a subsequence such that
Zkiod(Xnk, X)= Zkzod(X,,k —X,0) < +o0.

Set Y = ZkzOlX”k — X|. By completeness of d, Y € 2. Now, if Y :=
thk | Xy, — X| then clearly Y;| and Yj 5050 by [1, Theorem 8.43] Y | O.
As

| Xny — X =Yk

one deduces that X,,, order converges to X. O

We will be mainly concerned with the C-property of weak topologies in locally
convex Frechet lattice. This is the reason why the most to hope for is to extract an
order convergent subsequence of convex combinations from a topologically conver-
gent net, e.g. exactly the C-property.

Lemma 5 Let (27, 1) be a locally convex Frechet lattice. Then the o (2, Z)
topology verifies the C-property.

Proof Let W, — W in the weak topology. By Hahn-Banach Theorem, W belongs
to the t-closure of conv(W,, ...) for all @ and as the topology t is first countable
there exists a subsequence (o), and a sequence Y,, € conv(W,,,,...) which con-
verges to W in the t topology. Lemma 4 ensures that we can extract a subsequence
(Y, )k that order converges to W. U

Remark 5 The local convexity assumption cannot be dropped in the statement of the
previous lemma. An immediate counterexample is given by the Frechet lattice L°,
since when P has no atoms (L°)" = {0}. So, the weak topology o (L, (L?)") is the
indiscrete one and doesn’t satisfy the C-property.

However, even under the local convexity assumption, the C-property is not pre-
served if one keeps weakening the topology, from o (£, Z”) to (2", Z,7). An
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extreme situation is the one already encountered in Example 1 where the Banach
lattice 2" = C([0, 1]) has dual 2" consisting of the signed measures u of finite
variation on [0, 1], but no u is order continuous apart from the null measure.

So the following lemma may be helpful.

Lemma 6 Let (£, 1), (2, 1) be locally convex Frechet lattices and suppose
there exists a linear, injective lattice morphism

(2, 71) —l> (%, 1)

such that
(Yoi|YeZ}CZ, . (11)
Then o (%', Z,) verifies the C-property.

Proof We specify that by “linear, injective lattice morphism” i we mean that i is
linear, injective, topologically continuous and preserves the lattice structure. Note

that 2" needs not to be homeomorphic to i (Z").
%’ t%;'I’V .. . .
Let (Xy)q be a net such that X, o — ) X. The condition (11) implies that

Wy :=i(Xy) converges to W :=i(X) in the o (&, Z’)-topology. Applying the
same argument and using the same notations of the proof of Lemma 5, there ex-
ists (¥, )x converging in order to W in .’ and so the inverse image Z; = i1 Ynp)

verifies Z € conV(Xank ,...)and Z; 2 X. Il

Condition (11) is evidently satisfied in case .2’ = ., which is equivalent to the
assumption that T¢ is order continuous. If this holds, essentially the above lemma
applies to any locally convex Frechet lattice 2~ that can be identified with a sub-
lattice of £, so the order structure is identical of that of ., but with possibly finer
topology than the one inherited from .#. This is the content of the next Corollary,
that will be applied for the Orlicz Banach lattice LY .

Corollary 4 Any locally convex Frechet lattice 2~ of random variables that can be
injected into L' by a linear lattice morphism has t, o (%, Z”') and o (X, Z7)
topologies with the C-property.

4.1 The C-Property in the Representation of Convex and
Monotone Functionals

We present the result on the equivalence between the o (2", Z,,)-l.s.c. property for
convex functionals on locally convex Frechet lattices and the order-l.s.c. property,
under the assumption that the topology o (2", .Z,”) has the C-property.
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Proposition 1 Let (27, t) be a locally convex Frechet lattice and consider the fol-
lowing conditions for a proper, convex functional w : Z — (—00, +00]:

1. miso (X, Z,)-Ls.c.
2. 7 admits the representation

7(X)= sup ((¥,.X)—n*Y)}, Xe2Z, (12)
YeZ,™

3. m is orderl.s.c.

Then (1) = (2) = (3). If o (X", Z,) has the C-property, the three conditions
are equivalent.

If v is in addition monotone increasing, the conclusions are identical and in the
representation (12) Z,” can be replaced by (£, ) +.

Proof (1) = (2) follows from (Z,0(Z£, Z,)) = 2, and from Fenchel-
Moreau Theorem (see e.g. [8, Chap. I]); (2) = (3) Since x is the pointwise supre-
mum of a family of order continuous functionals, it is also order L.s.c. Suppose now
that o (2", Z,,7) has the C-property and that (3) holds. To prove (1) we show that
for any real k the sublevel

Ap={XeZ |n(X) <k}

X
is o(&Z, Z,)-closed. Suppose that X, € Ay and X, o — ) X. By the C-
property, there exists Y, € conv(Xy,, ...) such that ¥, 2 X. The convexity of

implies that 7 (Y;) < k for each n. From order l.s.c. of &
7 (X) <liminfrx(Y,) <k
so that X € Ag. O

Remark 6 Note that the C-property could have been stated with order converging
subnets of convex combinations instead of subsequences (as in fact it was in the
first version of the present paper). However the current presentation is given with
subsequences as the applications rely only on Corollary 4, which in turn is based on
Lemma 5.

A natural question is whether the sup in formula (12) is attained when 7 is finite
valued. In general, the answer is no, as shown in the example below, where the max
is attained over 27/ thanks to (1) but not over (2,7).

Example 3 Consider the classic counterexample [12, Example 4.36] translated in
the language of monotone increasing maps, that is take 7 : L — R, 7(X) =
esssup X. This map is convex, increasing, positively homogeneous and order 1.s.c.
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on L*. For later use, observe also that it is not order u.s.c. From (12), taking into
account the “cash additivity” property 7 (X +c¢) =7 (X) +c,c € R,

w(X)= sup Eg[X]. (13)
{Q probab., Q< P}

Similarly, from (1) and the good properties of r,

n(X)= max Ep[X]
Qe f(P) ¢

which is exactly the representation in (2) with zero penalty function. If X is selected
so that its ess-sup is not attained, the sup in (13) cannot be a maximum. We will
consider a similar case in the example of Sect. 5.3.

If 7 is finite valued and order u.s.c., then interestingly enough 7 admits a rep-
resentation as in (12) with the supremum replaced by a maximum, without the
C-property requirement.

Lemma 7 Let (2, 1) be a locally convex Frechet lattice and 7w : 2 — R be a
convex increasing map. If & is order u.s.c. then

7(X)= max [{V,X)—-7n*X)}, XeZ,
Ye(Z)+

and thus a fortiori 7w is order continuous.

Proof From (1),

n(X)= max {((Y,X)—7*(Y)} > sup {{¥,X)—-n"(¥)}.
YeZ| Ye(Z)+

We now prove that any Y attaining the max on .27} is order continuous. In fact, sup-

pose by contradiction that the max is attained on a positive, non order continuous Y.

Then, there exists Z,, 2 0 such that lim supy (Yo, Zg) > 0 and

m(X) = {{Yo, X) =" (Y0)} < limsup{(Yo, X + Zy) — 7™ (Y0)} < limsup 7 (X +Z,)
o

o

which is a contradiction with order u.s.c. of 7. O

5 Orlicz Spaces and Applications to Risk Measures

5.1 Orlicz Spaces Have the C-Property

The following Orlicz spaces and the L? spaces, p € [0, +00], are defined on the
same probability space (£2, .%#, P).

A Young function ¥ is an even, convex function ¥ : R — R U {400} with the
properties:
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1. ¥(0)=0;
2. ¥ (0c0) =+o00;
3. ¥ < 400 in a neighborhood of 0.

Note that ¥ may jump to 400 outside of a bounded neighborhood of 0. In case
Y is finite valued however, it is also continuous by convexity.
The Orlicz space LY is then defined as

LY ={X e L’ |3 > 0E[¥ (@X)] < +o0}.

It is a Banach space with the Luxemburg (or gauge) norm

Nw(X)zinf{c -0 E[ap@)} < 1}.

With the usual pointwise lattice operations, LY is also a Banach lattice, as the norm
satisfies the monotonicity condition

Y] < |X|= Ny (Y) < Ny (X).

Since ¥ is bounded in a neighborhood of 0 and it is convex and goes to +occ when
|x] — o0, it is rather easy to prove that

LB LA (14)

with linear, injective lattice morphisms (the inclusions 7). The dual (L¥)’ admits the
general decomposition in order continuous band and singular band

(ASIEXASN:TIASN (15)
and (Lq/); can be identified with the Orlicz space LY" where

rH(y) = Su]g{yx —¥(x)}

Xe

is the Young function conjugate of ¥ . The examples below illustrate different cases
and show that the L? are in fact particular Orlicz spaces.

1. Suppose p € (1, +00) and ¥ = ¥, where

v, () |x|”

X)) = —

! P

then L¥» = LP. Since this space has an order continuous topology, the dual
consists only of order continuous functionals. As (¥,)* = ¥, with ¢ = %,

one recovers the classic

(LPY = L4,
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2. ¥ =Y, where

0 if x| <1
+o00 otherwise.

Voo (x) = {

Then the associated Orlicz space L¥> is exactly L> and as (Wso)*(y) = |¥l,
LW =1,

The decomposition of the dual provided in (15) is nothing but the Yosida-
Hewitt decomposition (L) = L! & (L*°); and the singular band (L°°);" con-
sists of the purely finitely additive measures.

3. W, (x) = el —1is a genuine example of Young function which induces an Orlicz
space different from the L?. L% is the space of random variables with some
finite exponential moment, i.e.

LY ={X e L 3a > 0s.t E[*X]] < +o0).

Analogously to what happens for L°, this space has a topology which is not
order continuous. Thus the dual has the full general decomposition (15), with
non-null singular band, as

(LYY =LY @ (L¥)]
where the conjugate (¥,)* is given by the function

[yI(n|y|—D+1 if|y]>1
0 otherwise

which will be indicated with @. As better explained below, since @ doesn’t grow
too fast the Orlicz L? displays a behavior similar to that of the L?, 1A§ p < —+o0,
in the sense that its topology is order continuous. Then, its dual (L?) coincides
with L?" = LY. The consequence is that the topology induced on LY by the

order continuous functionals, o (L%, L?), is nothing but the weak* topology
on LY,

As anticipated in the examples above, when ¥ verifies a slow- growth condition,
known in the literature as A, condition (see e.g. [18]):

*>0,3IK >0 st YQ2)<KW¥(t) forallt>r*

then (LY) = (L‘I'); = L¥", that is the norm-topology on LY is order continuous.
So by Lemmata 4 and 5 the norm topology and the weak topology o (LY, (L¥)) =
o (LY, L¥") have the C-property.

In general, by (14) and Corollary 4, the following topologies on LY all have the
C-property:

(a) the norm topology,
(b) the weak topology,
(c) theo(LY, LW*)-topology.
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We remark that when it is W™ that satisfies the A, condition, as in Example 3
above, then the dual space of LY" coincides with LY. Therefore in this case the
topology o (LY, L¥") is nothing but the weak* topology on LY and it has the C-
property.

One may also consider the Morse subspace M¥ of the Orlicz space LY

MY ={X e LY | E[¥(kX)] < +oo Vk > 0}. (16)

When V¥ is finite-valued, M¥ is a norm closed band of LY and its dual (M%)’ =
LY, soo(MY,L¥") has the C-property too.

In the context of expected utility maximization, the spaces MY were first used
in [5]. They are the object of study in [9] and applied to risk measures. In [9] it
has also been shown that a risk measure defined on MY has non empty topological
interior if and only if it is finite valued. As the dual of the Morse space M? can
be identified with a space of functions, the Orlicz L‘I’*, these spaces are easier to
handle than the whole LY. In particular, since M ¥ has order continuous norm,
the dual representation (6) follows immediately from the Extended Namioka Klee
Theorem 1.

In [6] and in [7] it has been shown that the full duality (Lﬁ, (Lﬁ)’ ) can also be
successfully employed to cover new cases in the applications to expected utility
maximization and indifference pricing. In fact the Orlicz space L¥, defined by the
Young function %(x) = —u(—|x|) + u(0) associated to the utility function u, is the
natural environment for such investigation. And the results on the indifference price
for claims in the general LY obtained in [7] show that in the general setup the result
by [9] fails: a convex risk measure on L can have non empty topological interior
without being finite valued everywhere. For other examples of this situation self-
contained in the present paper, see the next Sect. 5.2 where there are some other
interesting applications of the full duality to risk measures.

5.2 New Insights on the Downside Risk and Risk Measures
Associated to a Utility Function u

We assume that the investment possibilities at a certain date in the future are mod-
eled by elements X of L°. As straightforward consequences of Proposition 1 we
have the following representations of decreasing functionals defined on subspaces
of LY.

Corollary 5 Let (2, 1) be a locally convex Frechet lattice contained in L°. If
p: X — (—o0,+00] is a proper convex order l.s.c. decreasing functional and
o (X', Z,) has the C-property, then p admits the representation

p(X)= sup {{¥,-X)—p"(-Y)}, XeZ. (17)
Ye(Z)+
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If in addition p satisfies the cash additivity property
p(X+c)=p(X)—c, VceRVXeZ, (18)

then

p(X)= sup {(Y,=X)—p"(-Y)}, XeZ. (19)
Ye(Z ), (Y. 1)=1

If in addition p is positively homogeneous, then there exists a convex subset € C
(Y € (Z,7)+ | (Y, 1) =1} such that

p(X) = sup (Y, —X).
Ye¥

Let us consider an agent, whose preferences on the investments X can be repre-
sented via expected utility. We assume that the utility function

e u:R — R is increasing and concave (though not necessarily strictly concave)
and satisfies lim, _, _ oo u(x) = —00.

Without loss of generality, suppose
u(0) =0.

The goal is that of describing a natural framework associated to the expected utility
of the agent, i.e. to the functional

E[u(X)],
to the related downside risk
O(X) = E[-u(X)]

and to some associated convex risk measures. As it is not required that u is strictly
concave, u can be identically 0 on R4 and in this case @ is nothing but the so-called
shortfall risk [12].

It turns out that a good setup is that of an Orlicz spaces duality induced by the
functional itself. As shown in [5] and [6] the function

u(x) = —u(—|x])

is a Young function and defines the Orlicz space L¥ associated to u. Call

D(y) = suﬁ{u(x) —xy}

the convex conjugate of u. Since u is finite on R, then, as observed right after the
definition (16), M* is a norm-closed band of L¥ and its dual is L?.
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It is clear that there must be a link between @ and @, the Young function conju-
gate to u. In fact

0 if|yl<p
D(lyh) iflyl>pB
where 8 > 0 is the right derivative of 7 at 0, namely 8 = D% (0) = D~ u(0). If u

is differentiable, note that 8 = u’(0) and it is the unique solution of the equation
@’(y) =0. To fix the ideas, consider the following examples.

5(y>={

1. Fix y > 0 and take

uy(x)=—e 7" +1 (20)

whence u,, (x) = eI — 1 and
?, (=2 -2 41
Yy v 14

and 5())) = (|%|ln|%| — I%I + D125y It is not difficult to see that the asso-
1=
ciated Orlicz spaces do not depend on y (in the sense that they are physically

the same and changing y amounts to a dilation of the Luxemburg norm) and
therefore, as pointed out in Sect. 4.1, Example 3,

L™ =(X e L°|3a > 0s.t. E[e*X] < +00},
MY = (X e 0 | Vo > OE[ealxl] < 400},
L% =(y e L°| E[(|Y|In|Y]){jy|>1)] < +oc} and

@ =1% & (LM

2. Let u be the quadratic-flat utility, i.e.

u(x)z{—’f; ifx<0

21
0 if x > 0. @b

In this case, u(x) = % = (x), and all the spaces L*, M¥, L® are equal and
coincide (modulo an isomorphism) with L?.

Let us recall that the Orlicz class of L¥ is defined as
L= (X e L | E[0(X)] < 400}

and it is a convex subset (not necessarily closed) of LY.
The following lemma is a nice consequence of the right choice of the spaces.
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Lemma 8 The downside risk © : L — (—00, +00], O(X) = E[—u(X)], is a well-
defined, proper, convex and monotone decreasing functional which is order l.s.c. In
addition,

Dom(@) ={X e L* | X~ e £"}
and
int(Dom(®)) = {X € L" | 3e > 0(1 + &)X~ € L%} D M". (22)

Moreover, ® admits the representation:

O(X) = sup {E[-XY] - E[@(V)]}. (23)

veL?

Proof If X € LY, then by Jensen’s inequality
E[-u(X)] = —u(E[X]) > —00 (24)

since E[X] € R from (14) and u < +00 on R. So the definition is well-posed
and @ is clearly convex and monotone decreasing. To prove the characterization
of Dom(®), simply note that

X eDom(®) iff Eu(X)]>—oco iff Elu(=X")]> —o0
iff E[u(X )] <400
where the second equivalence above is due to the fact that E[u(X )] is always finite
as
u@0) <u(x™) <ax®+b

for some a, b € R, so that u(0) < E[u(XT)] <aE[XT]+ b < +o0.

To prove (22), if X € int(Dom(®)) then clearly for some ¢ > 0 E[—u(X —eX )]
is finite, that is E[u((1 + £)X7)] is finite.

Conversely, suppose (1 +¢e)X~ € R Then, (1 + &)X € Dom(®) and for any
Z with Luxemburg norm Nz (Z) < 1%’ X + Z € Dom(®). In fact:

1
El-u(X +2)] = E[—u(m«l o)X+ z)}
1 e 1+e¢
< mE[—M((lJrs)X)]wL 1+8E[—u( . Z>] < 400
1+

since ~-*Z has Luxemburg norm less than 1 and thus

e O
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Thanks to Remark 4, in order to show that @ is order l.s.c. one just needs to check
whether © is o-continuous from above. But this is an immediate consequence of
the monotone convergence theorem and (24). Finally, the o(L¥, L?) topology has
the C-property so the representation (17) on the order continuous dual L? applies

O(X) = sup {E[-YX]— ©@*(-Y)}.

verL?
By Kozek’s results [15] (or directly by hand), ®*, the convex conjugate of ©,

O*(Y) = sup {E[YX] - ©(X)}
XelL*

verifies

O (=Y) = E[®(Y)], ifYeL®. (25)
0

Clearly @ satisfies all the requirements of a convex risk measure but cash addi-
tivity.

As shown in [4] in the L*° case, the greatest convex risk measure smaller than
a convex functional 6 : L> — R can be constructed by taking the inf-convolution
00 pyors: of 6 with pyps = PLE which is the risk measure associated to the accep-
tance set Lf. Then the penalty function of py, is equal to 0 on .#, ¢ (P), and is
equal to oo outside .#, ¢ (P). Since the penalty function of 6L, is the sum of
the penalty function of 6 and of py,.,s, the representation of L1 p,,0rs; Will have the
same penalty function of 8, but the supremum in such representation is restricted
to the set .#} (P), i.e. to those positive elements in the dual space that are also
normalized. The same conclusion holds in our setting, as shown in the following
result.

Proposition 2 The map ¢, : L¥ — (—00, 400] defined by

X)= E X E@dQ 26
T P TG

0 1 &
OKLP,gpel?

is a well-defined order l.s.c. convex risk measure and it is the greatest order l.s.c.
convex risk measure smaller than ® and hence ¢, = @DpLz. Moreover, the sup in

(26) can equivalently be computed on the set

{Qprobab., oK P ‘ E[@(%)] < +oo}.

Proof 1t is clear that ¢, is an order L.s.c convex risk measure. From (23) we also
have: ¢, < ®. We need only to prove that if g : L¥ — (—00, +00] is an order l.s.c.
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convex risk measure such that o < @, then p < ¢,. Let a(Y) = p*(-=Y) be the
penalty function associated with © in the representation (19)

p(X)= sup {E[-XY]—a(Y)}.
veL? E[Y]=1

By cash additivity, 5(X + @(X)) = p(X) — ©@(X) <0, forall X € L¥, so that

(X+0OX)= sup {E[-YX]-6OX)—-al)}<0.
veL? E[y)=1

This implies that, if ¥ € L?, E[Y] =1,
&(Y)>E[-YX]—O(X) forall X e L*
and, by (25),

a(Y) = sup {E[-YX] - OX)]} =O"(-Y) = E[®(Y)].
XeLt

Therefore,
p(X)=  sup {E[-YX]-G())
YeL? E[Y]=1

= sup  {E[-YX] - E[@(Y)]=Cu(X).
YeL? E[Y]=1

Since the integrability condition E[® (Y)] < +o00 on Y > 0 is more severe than the
requirement Y € L2, the last sentence is obvious. O

To any utility function satisfying our assumptions, one can also associate the map
ou : L" — (—00, +00] defined by:

pu(X)=inf{c e R | X + ¢ € 7, }, 27
where the set .7, is defined as
Ay =1{X e L" | Elu(X)] = u(0) =0} = {X € L" | ©(X) < 0}.

Lemma 9 o7, has the properties:

it is convex;

ifXed,andZeL",Z > X, then Z € <;

inflceR | ce #,} > —o0;

forany X € &, and Z € LY, the set {tel0, 11| (1 —8)X +tZ € o,} is closed
in [0, 1].

bl e
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Proof We only prove item 4, as the others are simple consequences of the prop-
erties of u. Fix any X € o, and call A={re[0,1]| (1 —t)X +tZ € «,}. For
any cluster point t* of A, there exists a sequence (f,), € A,t, — t*. But then,
(1 —t,)X + t,Z order converges to (1 —t*)X + ¢t*Z. From Lemma 8, © is or-
derl.s.c.,,s0 ®((1 —t*)X +t*Z) < liminf, ®((1 — t,)X + 1, Z) < 0 which means
t* e A. O

Proposition 3 p, : LV — (—00, 400] is a well-defined order l.s.c. convex risk mea-
sure that admits the representation:

Pu(X) = sup  {Eg[—X]—a(0Q)}, (28)
0«P,%ecr?
where
a(Q) = sup {Eg[—X]}. (29)
Xea),

Moreover, o7, :={X € L* | pu (X) <0}, the acceptance set of py, satisfies
'Q{pu = % ’

and, as a consequence, if p : L* — RU {+00} is an order L.s.c. convex risk measure
such that p < @, then p < p,.

Proof The facts that p, is a convex risk measure and that its acceptance set .27,
coincides with o7, are consequences of the above lemma and Propositions 2, 4 in
[13]. Now, since ® is order l.s.c., % is order closed, so that the acceptance set of p,,
is order-closed. And since o (L%, L?) has the C-property the acceptance set .27, =
o, 18 o(Lﬁ, La)-closeAd. Hence, by a classic result, as its sublevels are a(Lﬁ, La)-
closed, p, is O’(Lﬁ, L‘p)—l.s.c. But this implies that it is also p, order Ls.c. by the
first part of the statement in Proposition 1. Then, the representation (19) on the order
continuous dual L? applies:

pu(X)=  sup {Eg[-X]—a(Q)}, XelL"
0«P, 98 er?

a(Q) £ py(=Q) = sup {Eg[—X]— pu(X)}.
XeL¥

It is straightforward to see that the penalty functional o admits the representation

a(Q)= sup Ep[—X].
Xedl py

If p: LY — (—go, +00] is an order 1.s.c. convex risk measure such that p < @
then o7 = {X € L" | p(X) <0} D o, = <7, and this implies p < p,. O
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Remark 7 Obviously, ¢, < p,, but ¢, = p, if and only if p, < ® which in general
is not true. Note that the inequality p, < ® would imply: @ (X + O (X)) < OX +
pu(X)) < 0 (this latter inequality follows from X + p,(X) € &7,, = 4,)), but in

general ® (X + @ (X)) < 0 does not hold. So, p, and ¢, may be different (see the
Sect. 5.3 below). In Sect. 5.4 there is a case where p, = ;.

5.3 Quadratic-Flat Utility

If u is the quadratic-flat utility function (21), then ¢, and p, are different. Indeed,
L"=1L1%and

1 ) 1 2 2
@(X)ZEE[(X )°]= sup {E[—YX]—EE[Y ]}, Xel”,

2
YelLs

2
u(X)= sup {EQ[—X]—EE[(Q> “ XelL’

2 dP

Since @7, = {X € L? | ©(X) < 0} = L%, we have:
pu(X)=inf{c e R | X 4+ ¢ = 0} = pyorst(X) := —essinf(X).
The dual representation in (28) becomes

pu(X) = sup  Eg[—X]
0«P,%er?

since, from (29), the penalty term is given by

d
a(Q)=  sup  Ep[-X]=0, if—QeLi.
XeL2,0(X)<0 dp
Note also that
pu(X) = sup Epl—X]= sup EolX71> M
J = E[X]

d 2 2
0«P, % er? 0«P,%el?

and if 0 < E[X7] < 2, p,(X) > ®(X). Moreover, p, is not even finite-valued.
Therefore, while ® and ¢, are finite valued and thus continuous and subdifferen-
tiable on L2, Dom(p,) has empty interior thanks to the cited result of [9] for risk
measures on Morse subspaces (here, L= M" = L?).



On the Extension of the Namioka-Klee Theorem and on the Fatou Property 27

5.4 Exponential Utility

Let u(x) = —e™ + 1 be the exponential utility function considered in (20). W.l.0.g.
we set y = 1. Then,

O(X)=E[eX]1—-1, XelF,

and @(y) = ylny — y + 1. From the definition (27) we have
ou(X)=inflc e R| E[e X ¢ —1]<0]} =InE[¢ ¥],

with the convention In E[e™X] = 400 if E[e™*] = +o00. Clearly p,(X) =
InE[e *] < E[e X1 — 1 = ®(X) and therefore, in this case, p, = ¢,. So, from
(26) we recover the entropic risk measure together with its dual variational identity

d
InEle ™= sup {EQ[—X] - E[dﬁ(ﬁ)“

do 1 &
0«P,%ecr?

d ~
= sup {EQ[—X]—EQ[ln<d—Q)“, XelLv
0<P,%9e1? P

The novelty here is that the space where this representation holds is L*, naturally in-
duced by « and not an arbitrarily selected subspace of L? (traditionally, the entropic
risk measure is defined on L°° and the formula above is provided for X € L*° C L*,
see [12] and the remarks below). And p, is a genuine example of a risk measure on
the general Orlicz space L¥ which is not finite valued everywhere and still has do-
main with no empty interior: as Dom(p, ) = Dom(®), the interior of the domain has
been computed in (22).
To conclude, let us focus on the restriction of p, = ¢, to the subspace M’ u

Corollary 6 The restriction v, of ¢, to the subspace M" isa well-defined norm
continuous (hence order continuous) convex risk measure v, : M* — R that admits
the representation

_ v a0 7
Uu(X)—Q<<fTEEL§{EQ[ X1 E[(D(dp)]}, XeM".

dP

We thus recover the representation formulae provided by [9] on Morse subspaces
and the formula with the max for the entropic risk measure on L* C M".
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On Certain Distributions Associated
with the Range of Martingales

Alexander Cherny and Bruno Dupire

Abstract We study some properties of a continuous local martingale stopped at the
first time when its range (the difference between the running maximum and mini-
mum) reaches a certain threshold. The laws and the conditional laws of its value,
maximum, and minimum at this time are simple and do not depend on the local
martingale in question. As a consequence, the price and hedge of options which
mature when the range reaches a given level are both model-free within the class
of arbitrage-free models with continuous paths, which makes these products very
convenient for hedging.

Keywords Continuous martingales - Option hedging - Option pricing - Options on
the price range

Mathematics Subject Classification (2000) 91B62 - 91B70

1 Introduction

Let (S/);>0 be a continuous local martingale on a filtered probability space
(22, %, (F), P). We assume that .% is trivial. Consider its running minimum and
maximum

m; = inf S, M;=supS,, t>0
u<t

u<t

and define the range process as
R,:M,—mt, tZO

Define the stopping time
t=inf{t >0: R, > L},
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where L > 0 is a given threshold. We will be interested in the unconditional and
conditional laws of the random variables S; and M. Below we will denote by §,
the Dirac delta-mass concentrated at a point a; by 4 we will denote the indicator
of a set A. We have the following result; statement (ii) is actually known and can be
found in [2, 5.0.4].

Theorem 1 Assume that t is finite almost surely.
(1) The distribution Law S is given by
(Law S;)(dx) = L™2|x — Soll(sy—L,So+L) (X)dx.
(i1) The distribution Law M is given by
(Law M, )(dx) = L™ Is,.511)dx.
(iii) The conditional distribution Law(S; | %;) on {t < t} is given by
(Law (S, | Z))(dx) = L™ (M; — S)8um,—.(dx) + L™ (S; = m()8m,+L(dx)
+ L72(Ss — ) (M — Ly (¥)d
+ L% (x = S Lpty -1y (x)dx.
(iv) The conditional distribution Law(M; | %;) on {t < t} is given by
(Law(S; | F))(dx) = L™ (S; = m)8m,+.(dx) + L™ (M; — )8, (dx)

+ L™ Ity ) (0)dx.

Remark 1 Point (ii) easily follows from (i) if one notes that

| Sse+Loif S < S,
s, if S; > So.

Similarly, (iv) is an easy consequence of (iii) since on {t < t}, we have

S:+ L ifS; <85,
M, = .
St if S; > §;.

As m; = M; — L, we see that from (i) one can recover the whole
Law(S;, m., M;), while from (iii) one can recover Law(S;, m¢, M; | %#;).

The above theorem might be given an interesting financial application. Let
(S¢)r>0 describe the price process of an asset. Imagine an option that pays out
the amount f(S;), where 7 is the same as above and f is a given function (e.g.,
f(x) = (x — K)*). Then, as a corollary of the above result, we get the price of this
option in any arbitrage-free model with continuous paths. It is given by the theorem
below, where we are providing the hedge as well.
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Theorem 2 Assume that the risk-free rate is zero and f is integrable on any com-
pact interval. Assume also that T < oo a.s. and the model is arbitrage-free in the
sense that there exists an equivalent measure, under which S is a martingale.

(i) For any equivalent martingale measure Q, the price Vo = Eq f (Sy) is given by

So+L
Vo= L—2/ Ix — Sol f (x)dx.
So—L

(ii) For any equivalent martingale measure Q, the corresponding price process
Vt = EQ[f(Sr) I yz] is given by

V=LY (M, — S)f(M; — L)+ L™'(S; —my) f(m; + L)

+L—2fm' (S, —x) f(x)dx

M,—L

my+L
+ L—Zf (x=S)f(x)dx onft<rt)
M;
and Vy = f(S;) on {t > t}.
(iii) The hedge H is given by

H=1(< t)|:—L_1f(Mt — L)+ L' f(m,+ L)

my m;+L
+L7? f fx)dx — L2 / f(x)dx], >0,
L M,

M;—

t
V,:V0+/ H,dS,, t>0.
0

We see that the price and the hedge do not depend on the equivalent martingale
measure and are thus model-independent within the class of arbitrage-free models
with continuous paths. These include, in particular, the Bachelier model, the Black-
Scholes-Merton model, the local volatility models as well as the stochastic volatility
models. What is more important, the price and the hedge admit a simple analytic
form. In those respects, options on the range have similarities with options having
the payoff f(Sy), where o = inf{t > 0: (S); > L} (for more information on such
options, see [1]).

Let us remark that on the set {t < t}, V; has the form v(S;, m;, M;), while H;
has the form h(m,, M), where

av(S,m, M)

h(m, M) = 0

L All the results remain the same if the word “martingale” is replaced by “local martingale”.
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i.e. H is the delta-hedge. The function v is linear in S, so that 4 does not depend
on S, which means that the hedge remains constant until the price S; reaches its
running maximum or running minimum. This implies that the gamma of the option
is zero. However, each time when S breaks through its running maximum or mini-
mum, the hedge is updated (as M; or m, changes). Loosely speaking, one can say
that the option has a non-zero “right-hand gamma”

2v(M +¢e,m, M +¢)

e =L2f(M)—L2f(M—L)— L™ f'(M—L)
£1

at the time when the price breaks through its running maximum and a non-zero
“left-hand gamma”

2 M
T LR D+ L+ L 4 L)

at the time when the price breaks through its running minimum. Here by 82/ 383r
(resp., 32/de%) we denote the right-hand (resp., left-hand) second derivative.

Thus, the hedge should be updated only at the times when the price breaks
through its running maximum or minimum. As time grows, these “break points”
appear more and more rarely (for example, in a random walk model, the number of
such points in the interval [0, N] is of order N''/?). This makes the product “quite
hedgeable”.

Let us finally remark that items (ii) and (iv) of Theorem 1 can also be given
a financial interpretation. Consider the same setting as before and imagine an option
that pays out the amount f (M- ). For these options, under the same assumptions as
in Theorem 3, the following result holds.

Theorem 3 (i) For any equivalent martingale measure Q, the price Vo = Eq f (M<)
is given by

So+L
Vo :L’l/ f(x)dx.
Si

0

(ii) For any equivalent martingale measure Q, the corresponding price process
Vi =Eql f (M) | Z;] is given by

V, =LY, —my) f(m; + L)+ L™ (M, — S,) f(M;)

m;+L
+L71/ fx)dx on{t<rt}
M;

and V; = f(My) on {t > t}.
(iii) The hedge H is given by

H=I1t¢<tL " fm;+L)— L' f(M)], t=>0.
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2 Proofs

We will prove Theorems 1 and 2. Theorem 3 is proved in the same way as The-
orem 2. We are starting with an auxiliary lemma, which is a generalization of the
“plate problem” mentioned at the beginning of the paper.

Lemma 1 Let (X,)n=0.1.... be a standard symmetric random walk on Z. Denote

R, =maxX; —minX;, n=0,1,...
i<n i<n

and let T =inf{n : R, = N}, where N is a fixed natural number. Then

|k|
P(Xr:k)zm, k=—N,...,N.

Proof Denote m, = min;<, X;. For k € Z, denote Ty = inf{n : X,, = k}. Due to the
martingale property of X,

k
P(mkal):P(Tl<Tk):ﬁ, [<0<k.
Consequently,
P(ny, =1) =Py, <1)— Plny, <[ —1) ‘ <0<k
mp, =1)=P(@m —P(m -HN=————, <0<k.
Tk T = T = k—Dk—1+1)
As a result,
P(X;: =k) =P( k—N) k k=1 N
=k)=Pmp,=k—N)= ————, =1,...,N.
’ Tk NN +1)
By the symmetry, we get the desired statement for k = —N, ..., —1. U

Proof of Theorem 1 In view of Remark 1, we have to prove only (i) and (iii).
(i) Step 1. Let (2, %', (%/)1>0, P') be another probability space with an (.%#))-
Brownian motion B. Consider the enlarged filtered probability space defined by
Q=02 x2, F=F x F, %:ﬁ,xﬁt’, P=PxP.
Then the process

t
St:StAr+/ I(s>1)dBs;, t>0
0

is an (ﬁN,, P)-continuous local martingale that coincides with S up to time t and
satisfies (S)so = 00. It is sufficient to prove the desired statement for S instead of S.
Hence, we can assume from the outset that (S) s, = 00.
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Step 2. For N € N, define the stopping times n(l)v =0,
n,TH=inf{tzn,’lvz|St—snév|=N*‘L}, neN.

Due to the assumption (S)sc = 00, all the stopping times n,llv are finite a.s. It follows
from the optional stopping theorem that the sequence

Yy =8y, n=0,1,..
is a symmetric random walk (multiplied by N~!L). Consider

R,ivzmainN—minYiN, n=0,1,...,
i<n i<n

N—1
N _; . pN N N
o _1nf{n.Rn =L N }, T =10y

It is easy to see that

This yields the convergence S,y — S; a.s. Hence, the convergence in law also
holds. Employing Lemma 1, we complete the proof.

(iii) Using the same argument as in (i), Step 1, we can assume that (S)ec = 00.
Fix ¢t > 0 and denote

Ry= sup S, — inf S,, s>1,
t<u<s t=us=s

T=inf{s>1: R, =L).

The assumption (S)s, = 00 ensures that T < 0o a.s. For a.e. w € {t > 1}, the con-
ditional distribution Lawq(S,; u > | .%;)(w) is the distribution of a continuous
martingale. Applying now (i), we see that, for a.e. w € {r > ¢}, the conditional dis-
tribution Q,, = Lawq(S7 | %#;)(w) has the form

Qu(dx) = L2|x — Sy (@) (5, (@)L .5, )+1) (*X)dx.

A direct analysis of the path behavior shows that

me+L ifm+L<Sy<S,+1L,
Sz if M, <Sz<m;+ L,
M, —L ifS; <S8z <M;,

m;+L ifm, <S7<S;,

Sz if M; — L < Sz <my,
M;—L ifS —L<Sz<M,—1L.

St

This yields the result. O
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Proof of Theorem 2 Statements (i) and (ii) follow directly from Theorem 1, so we
only have to prove (iii).

Step 1. Suppose that S is a Brownian motion. The process V remains the same if
the filtration (.%;) is replaced by the natural filtration of S, so we can assume from
the outset that (.%;) is the natural filtration of S. According to the representation the-
orem for Brownian martingales (see [3, Chap. V, Th. 3.4]), there exists a predictable
process (G;);>0 such that

t
Vt=V0+/ G,dS,, t>=0.
0

Fix v > 0 and define the stopping time
oy=influ>v:S, =m,orS, =M,}.
Consider the processes
G =G/(t<0,), 1=0,

H =HI(<0,), >0,

t
VI=V0+/ G,ds,, t=>=0,
0

t
X¢=Vo+f H,dS,, t=>0.
0

On {v <t <t A0y}, the value V; is an affine function of S;, and the slope of this
function is exactly H,. Therefore,

Vi—Vo=Hy(Si =S, v<i<tAoa,.
Obviously, H; is constant on {v <t < 17 A gy}, so that
X, — Xo=Hy(Si — Sy), v<t<TA0y.
As both processes V and X are stopped at time T A oy, we see that
V-V, =X, — X,, t>uv.

From this we deduce that G = H u x P-a.e. on [v, 00) x §2, where u denotes the
Lebesgue measure.

Thus, we have proved that G = H p x P-a.e. on every stochastic interval of the
form {(w, 1) : v <t < 7(w) A oy(w)}. By the definition of H, H; =0 on {t > t}. As
V is stopped at time t, we can assume from the outset that G; = 0 on {# > t}. Thus,
G = H p x P-a.e. on every stochastic interval {(w, 1) : v <t < oy (w)}. Obviously,

{(@,1) :mi () < Si(w) < My(w)} € U {(,1):v =1 =0y(w)} 1)

veQy
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It is seen from the form of the joint law of (S;, M;) (see [3, Chap. III, Ex. 3.14]) that,
for any ¢ > 0, P(S; = M;) = 0; similarly, P(S; = m;) = 0. By the Fubini theorem,

px P((@, 1) : Sp(w) = my(w) or Sp(w) = M;(w))

o
Zf P(Stzmt or S[ZMt)dI:O.
0

Thus, the set on the left-hand side of (1), and hence, the set on its right-hand side,
have a complete u x P-measure. We conclude that G = H p x P-a.e. This yields
the desired result.

Step 2. Let us now consider the general case. Without loss of generality, Sy = 0.
Define the functions

g S, m,M)y=L""S—m)fm+L)—L"(M—=8)f(M—L)
m m—+L
+ L’zf (S — x) f(x)dx + L’2/ (x = 8) f(x)dx,
M—-L M
hm,M)=—L"' f(M—L)+ L' f(m+1L)

m m+L
+ L—2/ fx)dx — L—Z/ fx)dx.
M

M-L

‘We can assume from the outset that S is stopped at time t.
Consider the time change

T; =influ >0:(S), >1t}, t>0,

where inf) = oo, and define the process X; = St,. It follows from [3, Chap. IV,
Prop. 1.13] and [3, Chap. V, Prop. 1.5] that the process X is a continuous (.Fr,)-
local martingale with

(X)i =(S)r, =t A(S)e, 1=0.

Let RX denote the range process of X. On {t < (S);}, we have T, < , and hence,
RtX = R7, < L;on {t > (S).}, we have T; = oo, and hence, RtX = Roo = L. This
shows that the stopping time T = inf{r > 0 : RIX > L} coincides with (S);. Thus,
(X); =t A T. In particular, we see that X is stopped at time 7.

Using the same method as in the proof of Theorem 1(i), we construct (possibly,
on an enlarged probability space) a Brownian motion X that coincides with X up to
time 7. Then T = inf{t > 0: RX > L}, where R¥ is the range process of X. Thus,
X appears as the Brownian motion stopped at the first time its range exceeds L.

Now, it follows from the result of Step 1 that on the set {r < T} we have

t
g(X,,m,X,M,X)=g<0,o,0>+/ hmX, M¥)d X,
0
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where m* and M¥ are the running minimum and maximum of X. As X is stopped
at time 7, we conclude that the above equality is valid for all 7 > 0. Thus,

g(St,,mz,, M1,) = g(X;, m*, M)

t
=g<0,o,0)+/ h(my, MX)dX,
0
t
= 4(0,0,0) + / hon,, Mr,)dSt,
0

T
=g(0,0,0)+/ h(my, M,)dS,, t>0. )
0

The last equality is the time change for stochastic integrals (the combination of
[3, Chap. V, Prop. 1.5] with [3, Chap. IV, Prop. 1.13]).

It follows from [3, Chap. IV, Prop. 1.13] that, for a.e. w, the path S(w) is constant
on all the intervals of constancy of (S)(w). Hence, the same is true for m and M.
Moreover,

. t
</ h(mu,Mu)dSu> :/ 12y, M)d(S)s 1 = 0.
0 t 0

Hence, for a.e. w, the path of the process fo h(my,, M,)dS, is constant on all the
intervals of constancy of (S)(w). The set of points {7;(w); ¢ > 0} occupies the
whole R except for the intervals of constancy of (S)(w), but contains all the right
endpoints of those intervals. Now, we get from (2) the desired result. O

3 Conclusion

We have established the laws of a continuous local martingale and its maximum at
a stopping time which is the first time its range reaches a given level. We apply this
result to compute the price of options which mature at that stopping time, only under
the assumptions of no interest rate, frictionless market, no arbitrage, path continuity,
and finiteness of the stopping time. The price is model-free in the sense that it does
not depend on the price process. The option is perfectly hedgeable, the hedge is
model-free, and it needs rebalancing only when the current minimum or maximum
is changed.

Acknowledgements We are thankful to the volume Editor and to the Referee for the careful
reading of the manuscript and useful suggestions. We thank David Hobson for having proposed
a problem that actually was the starting point for this investigation. The problem (which the Reader
is invited to solve before reading the paper) is as follows. There are N people sitting around a round
table. The people are numbered 1, ..., N clockwise. A plate arrives and the first person gets it. Af-
ter that, the plate performs a symmetric random walk, i.e. each person receiving the plate transfers
it to one of his neighbors with probability 1/2. The random walk stops at the first time everyone
has touched the plate. Consider the function

p(n) =P (the n-th person is the last to touch the plate), n=2,..., N.

The question is at which point/points p attains its maximum.
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Differentiability Properties of Utility Functions

Freddy Delbaen

Abstract We investigate differentiability properties of monetary utility functions.
At the same time we give a counter-example—important in finance—to automatic
continuity for concave functions.

Keywords Risk measures - Monetary utility functions - Differentiability -
Automatic continuity

Mathematics Subject Classification (2000) 91B30 - 52A07

1 Notation and Preliminaries

We use standard notation. The triple (£2,.%#,P) denotes an atomless probability
space. In practice this is not a restriction since the property of being atomless is
equivalent to the fact that on (2, %, P), we can define a random variable that has
a continuous distribution function. We use the usual—unacceptable—convention to
identify a random variable with its class (defined by a.s. equality). By L? we de-
note the standard spaces, i.e. for 0 < p < 0o, X € L? if and only if E[| X|?] < cc.
LY stands for the space of all random variables and L is the space of bounded ran-
dom variables. The topological dual of L*° is denoted by ba, the space of bounded
finitely additive measures u defined on .# with the property that P[A] = O implies
w(A) = 0. The subset of normalised non-negative finitely additive measures—the
so called finitely additive probability measures—is denoted by 2P, The subset of
countably additive elements of 2P (a subset of L') is denoted by 2.

Definition 1 A function u: L* — R is called a monetary utility function if

(1) € € L and & > 0 implies u(§) > 0,
(2) u is concave,
(3) fora € R and &€ € L* we have u(§ +a) =u(€) +a.

If u moreover satisfies u (L&) = Au(§) for A > 0 (positive homogeneity), we say that
u is coherent.
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Remark 1 1t is not difficult to prove that monetary concave utility functions sat-
isfy a monotonicity property: £ < n implies u (&) < u(n). Consequently we get that
[u€) —u®| < 1§ — nlleo and |[u(§)| < ||€|lco. With a concave monetary utility
function u we associate the convex set A = {& | u(&) > 0}. This set is necessarily
closed for the norm topology of L.

Following Follmer-Schied [8], we can characterise a concave monetary utility
function by its Fenchel-Legendre transform. This transform, denoted by c, is defined
on ba but outside 2?2 it takes the value +oc. The function ¢ : 22" — R U {400}
is defined as c(u) = sup{u(—£&) | £ € A} = sup{u(&) — u(&) | & € L*°}. The func-
tion ¢ satisfies

(1) cis convex
(2) it is lower semi-continuous for the weak* topology on 22

(3) inf, c(u) = min, c(u) =0.

In case u is coherent we have that ¢ is the indicator of a weak™*-closed convex set
SP2 « b2 this means ¢(u) = 0 for 1 € SP? and is +oo elsewhere. In most appli-
cations the utility function will satisfy the following continuity property:

Definition 2 The concave monetary utility function u satisfies the Fatou property if
for uniformly bounded sequences &, of L* the convergence in probability of &, to
& implies u(£) > limsupu(&,).

Remark 2 Using the Krein-Smulian theorem one can see that the Fatou property is
equivalent to &/ being weak*-closed. In this case we get that (see [2] and [4] and
see [11] for details on convex analysis):

(1) u(§) =inf{Eql£]+c(Q) |Q € Z},

(2) the set {(i, 1) |t > c(u); w € P}, 1 € R is the weak* closure (in ba x R) of
the set {(Q, 1) |t >¢c(Q); Qe L, t € R},

(3) the previous property can be written as: for each u € 2P there is a generalised
sequence or net (Qy)y in & so that Q, converges weak™ to p and c(u) =
limy ¢(Qy). This property is even equivalent to the Fatou property.

(4) If u is coherent and satisfies the Fatou property, then the set . =.#P2N L! sat-
isfies u(&) = inf{Eg[£] | Q € .} and . is weak™ dense in .7 ba This property
is even equivalent to the Fatou property.

The aim of this paper is to clarify some issues on the differentiability of mone-
tary concave utility functions u. The differentiability of utility functions is related
to equilibrium prices and plays a big role in economic theory. The Gateaux differ-
entiability of utility functions was used in the paper of Gerber and Deprez [6]. They
pointed out—without referring to any topology on the underlying space—that pre-
mium calculation principles can be derived from such utility functions and they also
gave examples. This is in line with general micro-economic principles. Although
Gateaux differentiability can be defined without any reference to a topology, the
topological properties of the underlying space cannot be avoided. This will become
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clear when we give some examples. For the moment let us remark that the points
where a continuous concave function defined on a separable Banach space, is dif-
ferentiable, form a dense G set. This famous theorem (due to Mazur [10]) does not
generalise to general spaces. Especially for L° we will give natural examples of
coherent utility functions (with the Fatou property) that are nowhere differentiable.

The study of the differentiability of a monetary utility function can be restricted
to the point 0. Indeed if go is another point, then the differentiability at gg is the
same problem as for the point gg — u(go). This already means that we may sup-
pose that u(gg) = 0. So let us introduce the new monetary utility function de-
fined as uo(§) = u(§¢ + go), the corresponding penalty function is then given by
co() = c(u) + n(go). From convex analysis, see [11] and [10], we learn that a
concave monetary utility function is Gateaux differentiable at £ if and only if there
is exactly one element p € 7P such that u(£) = w(€) +c(w). This unique element
is then the Gateaux derivative. If u is supposed to be coherent, we must have that
w is an extreme (even exposed) point in the set .#P2. For & = 0 this means that
there is exactly one element p such that ¢(u) = 0. For coherent utility functions we
immediately get that u can only be Gateaux differentiable at 0 if .2 is reduced to
one point, i.e. u is linear.

Some of the proofs below use a trick, called homogenisation. This allows the
concave utility function to be replaced by a coherent one, on the cost of enlarging
the space 2. We will sketch how this works, leaving most of the elementary details
to the reader. The trick is probably not new, it is certainly not very deep but it has
some “didactical” values.

We replace the set 2 by the set Q21 = Q U {p} where p is an element not in €2,
e.g. p = {Q}. The sigma algebra, .%|, on Q is generated by the sets A € .% and
the set 2 C ;. The probability P is replaced by the probability P; defined as
Pi[A] = %P[Al N+ %IA1 (p). Probabilities on 2 are convex combinations of
probabilities of €2 and the Dirac measure A, concentrated in the extra point p. The
utility function defined on L*°(21) = L*°(2) x R, is defined via the acceptance
cone .«7. The latter is defined as the norm closed cone generated by the elements
of the form (f, 1) where f € /. An element of the cone .« is either of the form
(tf,t) witht > 0 and f € & or of the form (f, 0) where f is in the recession cone
(asymptotic cone) of o7. This cone is defined as ﬂ,>0 to/ . The utility function u
defined on L°°(€2;) does not have an easy expression as a function of u. But we
have u(f) > 0 if and only if u1(f, 1) > 0 and u(f) =0 if and only if u(f, 1) =0.
Important is to note that when .o is weak™ closed then also <] is weak™ closed. This
follows from the expression for the recession cone. So u is Fatou when u is. Since
we will only apply this trick for Fatou utility functions, we will suppose that # and
hence u 1, has the Fatou property. The scenario set .] for 1, a subset of Ll(Ql ), is
represented as («¢Q, (1 —a)A,) where

(Ho<a<l

2) Qe

(3) forall £ € &/ and all t > 0, we have aEg[&£]f + (1 — )¢ > 0. This is equivalent
toa < Hc;@) If ¢(Q) = oo this means that the measure becomes A .
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Another representation of the set .#] is through the Radon-Nikodym derivative with
respect to P;. We find that

2
5”1={(f,ﬂ)|0§f€Ll(Q), C«&%EBEO, E[f]+ﬂ=2},

where the measure Q is defined as dQ = %ﬂdﬂ" for E[f] > 0. If f =0 we simply
ask that 8 = 2 since in this case we get the Dirac measure A .

2 The Jouini-Schachermayer-Touzi Theorem

This section is devoted to the characterisation of a weak compactness theorem. The
theorem is a generalisation of the beautiful result of James’ on weakly compact sets,
see [7]. The original proof of [9] followed the rather complicated proof of James.
The proof below uses the homogenisation trick and allows to apply the original
version of James’ theorem. Let us recall this theorem

Theorem 1 Let E be a Banach space and let C be a convex closed subset of E.
A necessary and sufficient condition for C to be weakly compact in E is that every
continuous linear function e* € E* attains its maximum on C.

In one direction the statement is trivial: if C is weakly compact then every contin-
uous linear functional attains its maximum on C. From a topological viewpoint the
converse is surprising. First a topological space for which every real-valued contin-
uous function attains its maximum need not be compact, second we only need linear
functions, a class that is not dense in the space of continuous functions defined on C.

In the following theorem we use the same notation as in the homogenisation.

Theorem 2 (Jouini-Schachermayer-Touzi [9]) If u is a concave monetary utility
function satisfying the Fatou property then are equivalent:

(1) Foreach & € L™ there is a Q € & such that u(§) = Eqg[£]+ c(Q).

(2) If (§,1) € L*®°(2)) there is a Q1 € A such that u(&,t) = le (&,)dQ;q.

(3) The set 7 is weakly compact in LY Q).

(4) The homogenisation u1 satisfies the Lebesgue property. This means that for
uniformly bounded sequences (0,), in L°°(21), converging in probability to
say 0, we have u1(6,) — u1(9).

(5) If&, is a uniformly bounded sequence in L*° converging in probability to a func-
tion &, then u(&,) — u(§), i.e. u has the Lebesgue property.

(6) For each k € R the set {Q | c(Q) < k} is weakly compact (or uniformly inte-
grable and closed) in L', in particular (i) = +00 for non countably additive
elements of 2",

In the sequel we will say that such utility functions satisfy the weak compactness
property. For coherent utility functions with the Fatou property, the property means
P2 — 7 is a weakly compact convex set in L.
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Remark 3 A simple reasoning shows that item (6) is implied by: “There is k > 0
such that {Q | c(Q) < k} is weakly compact”.

Proof The proof is divided into different steps (1) = 2) = 3) = 4) = O) =
(6) = (1). We start with (1) = (2). Let us consider an element (&, ¢) in L% (£2y).
We have to find an element of . so that the minimum is attained. It does not matter
if we replace (&, ¢) by an element of the form (£ + n, t + 1) where n € R. So we may
suppose that u1 (£, t) = 0. There are two possibilities. If # = 0 this means that £ is in
the recession cone and hence Eg[£] > 0 whenever ¢(Q) < co. In this case we may
take the measure A, to realise the minimum. The other case is when ¢ > 0. In this
case we may multiply by 1/¢ to get an element (€, 1) with «1 (£, 1) = 0. This implies
u(¢) = 0. By hypothesis there is an element Q such that Eg[£] 4+ c(Q) = 0. The
element Q = 1+L(Q)@ + 1+¢%@) A, then gives Eq, [(€, 1)] = 0. This is then a min-
imum since all other elements of 5”1 will give a larger expected value. The implica-
tion (2) = (3) is the famous James’ theorem. The implication (3) = (4) is standard
since weakly compact sets are uniformly integrable. The implication (4) = (5) is
easy. Indeed, we can take a bounded sequence &, converging in probability to £. We
may suppose (substract u(£) if necessary), that u(&§) = 0. Then we use that (§,, 1)
converges in probability (P1) to (£, 1). This gives u1(&,, 1) will tend to zero. But as
seen above this means that u (&) tends to zero as well. For the implication (5) = (6)
we only need to show that if A, is a decreasing sequence of sets with P[A,] — O,
then sup{Q[A,] | c(Q) < k} tends to zero. Let us put &, = —al,, where o > 0. Let
us apply item (5). We get that u(§,) tends to zero, or infg(Eg[—aly,] + c¢(Q))
tends to zero. This implies that liminf,_, o infe@)<k (Eql—ala,] + c(Q)) > 0.
Hence we have liminf,,_, o inf. )<k (Eq[—al4,] + k) > 0. This is the same as
limsup,, sup, (@) <x Q[An] < k/a. Since a can be taken arbitrary large, we get that
lim,, SUP.(Q) <k Q[A,] = 0. The implication (6) = (1) is standard. Let us take
& € L®. In the calculation of u(§) we only need to take Q with c(Q) < 2[|€]co-
Since this set is weakly compact and since c is lower semi-continuous, we will find
an element realising the infimum. g

3 A Consequence of Ekeland’s Variational Principle and Other
Family Members of Bishop-Phelps

Differentiability properties of convex functions are well studied. We will use [10] as
a basic reference. In our context there are two functions that are important: the utility
function # and the penalty function c. The function u is defined on the whole space
whereas the function c is only defined on a (subset of) &2 or 22, The subgradient
of u at a point £ is defined as the set of elements v € ba such that u(n) <u(§) +
v(n —§&). Itis also equal to the set

du(E) = (e PP |uE) = nE) + c(w).
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At the same time we find that the subgradient of ¢ at a point QQ € &7 is the set

{£ € L |u(§) =Eqglé] + c(Q)}.
The Borwein-Rockafellar theorem (see [10]) now shows that the set

{& ] thereis Q € & with u(&) =Egl£]+ c(Q)}

is norm dense in L°°. The function u is Gateaux differentiable at & if the set du (&)
is a singleton.

4 A Consequence of Automatic Continuity

Theorem 3 Suppose that u is a monetary concave utility function satisfying the
Fatou property. If u is Gateaux differentiable at g, then its derivative is an element
of P, i.e. it is countably additive.

Proof Since u is Fatou, it is a Borel function for the weak™* topology on L. Sup-
pose that ;1 € P is the derivative of u at the point g, then we have that y is the
pointwise limit of the sequence

w(f) =1irgnn<u<g + %f) - u(g)>-

The linear function w is then a Borel measurable function for the weak™* topology
and hence, by the automatic continuity theorem [1], it must be weak™® continuous,
i.e. induced by an element of L!. g

Corollary 1 Under the extra hypothesis that u is also coherent, we have that the
derivative Q is an extreme (even exposed) point of .2, but already lying in . .

5 The One-Sided Derivative

Because of concavity, monetary concave utility functions have a one-sided deriva-
tive at a point g € L°, defined as

- u(gtef) —u(g)
9g(f) lim -
If g =0 we get

o uef)
o(f) _EfolT'
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Proposition 1 The function ¢ is the smallest coherent utility function  such that

¥ >u.

Proof This is easy since for each ¢ > 0 we have ¥ (f) =¥ (ef)/e > u(ef)/e. Tak-
ing limits gives ¥ (f) > ¢(f). O

The acceptance cone for ¢ is easily obtained.

Proposition 2 The acceptance cone of ¢, @y, is given by the || - || closure of the
union |, n</ (where as before o/ ={f |u(f) > 0}).

Proof Suppose first that f € no?, then for ¢ < 1/n we have by convexity of 7 that
u(ef) = 0. This shows that ¢ (f) > 0. It follows that | J, n. C .o,. Since the latter
set is norm closed we have that it also must contain the norm-closure of this union.
If o(f) > 0, we have that for ¢ small enough u(¢f) > 0 and hence for n big enough
we have f € ne/. This shows the opposite inclusion. g

The scenario set that defines the coherent utility function ¢ is given by the fol-
lowing theorem

Theorem 4 With the notation introduced above we have

e(f)= inf wu(f),
Meyha

where the set /P2 is defined as /P* = {u € 2" | c(u) = 0}.

Proof Because of the previous proposition we have that u € %P if and only if
w(f)>0forall fe o/ This is equivalent to saying that c(u) = 0. U

Corollary 2 The one-sided derivative ¢ of u at 0 is Fatou if and only if {Q € & |
c(Q) =0} is weak™* dense in {u | c(u) = 0}.

The previous corollary allows for easy constructions of non-Fatou coherent util-

ity functions. For the derivative at a point g we use the transformation u,(f) =
u(g + f) —u(g). It follows that the derivative at a point g is given by

@ (f) =nf{u(f) [ c(u) + 1(g) =u(g)}.

6 An Example

Let us fix a countable partition of 2 into a sequence of measurable sets A, with
P[A,] > 0. For 1 € 22" we define

cw) =) AL
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Proposition 3 The function c is convex, takes values in [0, 1], min e Fba c(uw)=0

and is lower semi-continuous for the weak* topology on 2P, The utility function u
defined by c is Fatou.

Proof The first four statements are obvious since the mapping u — u[A,]* is
convex and weak® continuous. ¢ is therefore the increasing limit of a sequence
of continuous convex functions and hence is lower semi-continuous and convex.
The existence of elements in 2P so that for all n, u(A,) =0 is well known and
can be proved using the Hahn-Banach theorem. Of course we have for u € 7P
>on w(Ap)? < > . u(A,) < 1. The Fatou property is less trivial. As seen before we
must show that for 1 € Z2P® we can find a generalised sequence or net Q, in &
so that c(Qy) tends to c(u). For this it is sufficient to show the following. Given pu,
given ¢ > 0 and given a finite partition of 2 in non-zero sets By, ..., By we must
find Q € & so that ¢c(Q) < c(u) + ¢ and Q(B;) = u(B;) for j=1,...,N.Fora
set B; there are two possibilities: either there is s with B; C [ J,_; A, or there are
infinitely many indices n with P[B; N A, ] > 0. Since all the sets A, have a non-zero
measure and since the family (B;); forms a partition of €2 the last alternative must
occur for at least one index j. So let us renumber the sets B; and let us select s so
that

(1) for j < N" < N there are infinitely many indices with P[A, N B;] > 0,
(2) for N < j < N (if any) we have that B; C | J)_, A,.

Fix now an integer L > 1 so that 1/L < &. We will define the measure Q by its
Radon-Nikodym density. For j < N’ we find indices as follows, we take L indices
s < n} < n% << nlL so that ]P)[A"II( N Bi] > 0. We then take indices ni < n% <

n% <o < n% with ]P’[An% N B,] > 0 and so on. We can now define the density of QQ

as

uB; N AW (B N (Upos An)
——E:E: E:E: 15,04 ..
P[B; N Ay] Lgnac + LP[B;NA ;1 DM
j=lk= j=1p=1 ’ ny

The reader can convince himself that there is no reason to drop the terms with de-
nominator zero. For all j < N we have that Q[B;] = (B;). Furthermore we have
that forn < s : Q[A,] = u(A,). For indices n > s there is at most one of the N sets
B; N A, that is chosen. So we get for n > s:

1 .
(@[An{,] = Z,u(Bi N (,,LJS An>> and for other indices n we get = 0.

Finally we find

c(Q) = ZQ[An] =Y QlA? + ) QlA.P

n<s n>s

=Y wA)*+ ) QIAT

n<s n>s
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N L 1 2
=IMEDIS ﬁM<B,~ n (U An>>

j=1p=1

1 N
<c(w + Z;MB,-)Z

<c(u)+e. O

Corollary 3 The scenario set /P for ¢ consists of purely finitely additive mea-
sures P2 = [ € 2P| foralln : u(A,) = 0}. Consequently the coherent utility
function @ is not Fatou.

Remark 4 The coherent utility function ¢ is weak™ Borel measurable since it is
the limit of a sequence of Borel measurable functions. The acceptance cone 7, is
norm closed, is Borel measurable but is not weak™ closed. With some little effort
one can show that &7, is a weak™ F,s. This shows—the already known fact—that
the automatic continuity theorems do not apply to concave or convex functions.

Proposition 4 For all s we have u(lULl A,) = 0 also for each 2 > ¢ > 0 we have

u(—1a,) = —%. For e > 2 we have u(—ely,) = —¢ + 1.

Proof The first statement is easy since it is sufficient to take an element pu € 2?2
with 1 (A,) = 0 for all n. For the other equality, we may without loss of generality
suppose that n = 1. Let us write

u(—ela,) < p(—ela) + > w(An)* = p(—ela) + u(AD)> + > u(An)?,

n>2

and observe that the minimum is taken for elements p satisfying (A1) = ¢/2 and
n(Ag) =0 for k > 2. For ¢ > 2 we find that u(—¢14,) = —¢ + 1 and the minimum
is taken for elements p with (A1) = 1. O

Remark 5 The last line of the proof shows that for some points g, the set {Q |
Qe 2. Eqlgl +¢(Q) = u(g)} is weak* dense in {i | € PP 1u(g) + c(u) =
u(g)}. Indeed this is the case for o1, with o < —2. This means that the one-sided
derivative at these points g is Fatou.

Proposition 5 For f € L™ we have

@(f) =liminfessinf(14, /) =liminfessinf(1 _ 4, /).
n n m=>n “tm

Proof The proof follows from the description of .P2. We leave the details to the
reader. O
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Remark 6 The previous corollary shows that the function ¢ is related to the func-
tion liminf on the space /*°. This function is also Borel measurable for the weak*
topology. Its set of representing measures is the convex weak* closed hull of the
Banach limits. None of these representing measures is Borel measurable.

7 The Example of an Incomplete Financial Market

In this section we take a filtered probability space (2, (% ):e0.1], P). We sup-
pose that the filtration is continuous meaning that all martingales are continuous,
equivalently that all stopping times are predictable. On this space we consider a
d-dimensional continuous price process S : [0, 1] x Q — R“. We assume that the
price process S satisfies the NFLVR property (see [5]). More precisely and to make
the notation easier we will suppose that the process S is a bounded martingale for PP.
The market generated by S is supposed to be incomplete which in this case means
that the set M = {Q < P | S ia a Q-martingale} is strictly bigger than {IP}. From [3]
we know that the set M“ is then a set without extreme points. The utility function u
is defined as the bid price

u(§) =inf{Eq[£] | Q e M“}.

This is a Fatou coherent utility function. If u were Gateaux differentiable at a point
&, then by the automatic continuity theorem we have that its derivative would be an
extreme point of M?. Since this set has no extreme points we get

Theorem 5 The function u is nowhere Gateaux differentiable.
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Exponential Utility Indifference Valuation
in a General Semimartingale Model

Christoph Frei and Martin Schweizer

Abstract We study the exponential utility indifference valuation of a contingent
claim H when asset prices are given by a general semimartingale S. Under mild
assumptions on H and S, we prove that a no-arbitrage type condition is fulfilled
if and only if H has a certain representation. In this case, the indifference value
can be written in terms of processes from that representation, which is useful in
two ways. Firstly, it yields an interpolation expression for the indifference value
which generalizes the explicit formulas known for Brownian models. Secondly,
we show that the indifference value process is the first component of the unique
solution (in a suitable class of processes) of a backward stochastic differential
equation. Under additional assumptions, the other components of this solution are
BMO-martingales for the minimal entropy martingale measure. This generalizes re-
cent results by Becherer (Ann. Appl. Probab. 16:2027-2054, 2006) and Mania and
Schweizer (Ann. Appl. Probab. 15:2113-2143, 2005).

Keywords Exponential utility - Indifference valuation - Minimal entropy
martingale measure - BSDE - BMO-martingales - Fundamental entropy
representation (FER)
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1 Introduction

One general approach to the problem of valuing contingent claims in incomplete
markets is utility indifference valuation. Its basic idea is that the investor valuing a
contingent claim H should achieve the same expected utility in the two cases where
(1) he does not have H, or (2) he owns H but has his initial capital reduced by the
amount of the indifference value of H. Exponential utility indifference valuation
means that the utility function one uses is exponential.
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Even in a concrete model, it is difficult to obtain a closed-form formula for the in-
difference value. The majority of existing explicit results are for Brownian settings;
see for instance Frei and Schweizer [10] and the references therein. In more general
situations, Becherer [2] and Mania and Schweizer [19] derive a backward stochastic
differential equation (BSDE) for the indifference value process. While [19] assumes
a continuous filtration, the framework in [2] has a continuous price process driven
by Brownian motions and a filtration generated by these and a random measure
allowing the modeling of non-predictable events.

The main contribution of this paper is to extend the above results to a setting
where asset prices are given by a general semimartingale. We show that the ex-
ponential utility indifference value can still be written in a closed-form expression
similar to that known for Brownian models, although the structure of this formula is
here much less explicit. Independently from that, we establish a BSDE formulation
for the dynamic indifference value process. Both of these results are based on a rep-
resentation of the claim H and on the relationship between a notion of no-arbitrage,
the form of the so-called minimal entropy martingale measure, and the indifference
value.

As our starting point, we take the work of Biagini and Frittelli [3, 4]. Their results
yield a representation of the minimal entropy martingale measure which we can use
to derive a decomposition of a fixed payoff H in a similar way as in Becherer [1]. We
call this decomposition, which is closely related to the minimal entropy martingale
measure, the fundamental entropy representation of H (FER(H)). It is central to all
our results here, because we can express the indifference value for H as a difference
of terms from FER(H) and FER(0). We derive from this a fairly explicit formula for
the indifference value by an interpolation argument, and we also establish a BSDE
representation for the indifference value process. Its proof is based on the idea that
the two representations FER(H) and FER(0) can be merged to yield a single BSDE.
This direct procedure allows us to work with a general semimartingale, whereas
Becherer [2] as well as Mania and Schweizer [19] use more specific models because
they first prove some results for more general classes of BSDEs and then apply
these to derive the particular BSDE for the indifference value. The price to pay
for working in our general setting is that we must restrict the class of solutions of
the BSDE to get uniqueness. Under additional assumptions, the components of the
solution to the BSDE for the indifference value are again BMO-martingales for the
minimal entropy martingale measure; this applies in particular to the value process
of the indifference hedging strategy.

The paper is organized as follows. Section 2 lays out the model, motivates, and
introduces the important notion of FER(H). In Sect. 3, we prove that the existence
of FER(H) is essentially equivalent to an absence-of-arbitrage condition. Moreover,
we develop a uniqueness result for FER(H) and its relationship to the minimal en-
tropy martingale measure. Section 4 establishes the link between the exponential
indifference value of H and the two decompositions FER(H) and FER(0). By an
interpolation argument, we derive a fairly explicit formula for the indifference value.
In Sect. 5, we extend to a general filtration the BSDE representation of the indif-
ference value by Becherer [2] and Mania and Schweizer [19]. We further provide
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conditions under which the components of the solution to the BSDE are BMO-
martingales for the minimal entropy martingale measure. Section 6 rounds off with
an application to a Brownian setting.

2 Motivation and Definition of FER(H)

We start with a probability space (2,.%#, P), a finite time interval [0, T for a fixed
T > 0 and a filtration IF = (.%; )<< satisfying the usual conditions of right-conti-
nuity and completeness. For simplicity, we assume that .% is trivial and %1 = .%.
For a positive process Z, we use the abbreviation Z; s := Z;/Z;,0<t <s <T.

In our financial market, there are d risky assets whose price process S =
(S)o<t<T 1s an R4-valued semimartingale. In addition, there is a riskless asset,
chosen as numeraire, whose price is constant at 1. Our investor’s risk preferences
are given by an exponential utility function U (x) = —exp(—yx), x € R, for a fixed
y > 0. We always consider a fixed contingent claim H which is a real-valued .% -
measurable random variable satisfying Ep[exp(y H)] < co. Expressions depending
on H are introduced with an index H so we can later use them also in the absence
of the claim by setting H = 0. However, the dependence on y is not explicitly men-
tioned. We define by ddLIﬁ’ :=exp(yH)/Eplexp(y H)] a probability measure Py
on (2, %) equivalent to P. Note that Py = P. We denote by L(S) the set of all
R¢-valued predictable S-integrable processes, so that [ 9dS is a well-defined semi-
martingale for each ¥ in L(S).

We always impose without further mention the following standing assumption,
introduced by Biagini and Frittelli [3, 4] for H = 0. We assume that

Wu£9 and Wy, (1)

where # is the set of loss variables W which satisfy the following two conditions:

(1) W =1 P-as., and for every i = 1,...,d, there exists some B! e L(S) such
that P[3t € [0, T]s.t. B; =0] =0 and |f0t pidSi| < Wforallt €[0,T];
(2) Epylexp(cW)] < oo forall ¢ > 0.

Clearly, # = #p if H is bounded. Lemma 1 at the beginning of Sect. 3 gives a less
restrictive condition on H for #y = #4. The standing assumption (1) is automati-
cally fulfilled if S is locally bounded since then 1 € #y N #p by Proposition 1 of
Biagini and Frittelli [3], using Py =~ P. But (1) is for example also satisfied if H
is bounded and S = S! is a scalar compound Poisson process with Gaussian jumps.
This follows from Sect. 3.2 in Biagini and Frittelli [3]. So the model with condition
(1) is a genuine generalization of the case of a locally bounded S.

To assign to H at time ¢ € [0, T'] a value based on our exponential utility func-
tion, we first fix an .%;-measurable random variable x;, interpreted as the investor’s
starting capital at time ¢. Then we define

T
VIH(x,) :=esssupEp |:— exp(—yx, — y/ P,dSs + yH) ‘ﬁt], 2)
et !
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where the set qutH of H-admissible strategies on (t, T] consists of all processes
O Iy, ry with 9 € L(S) and such that [#dS is a Q-supermartingale for every
Qe P/ ; the set }P’Z‘f is defined in the paragraph after the next. We recall that
X + ftT ¥,dS; is the investor’s final wealth when starting with x; and investing ac-
cording to the self-financing strategy ¢ over (¢, T]. Therefore, V,/ (x,) is the max-
imal conditional expected utility the investor can achieve from the time-¢ initial
capital x; by trading during (¢, T] and paying out H (or receiving —H) at the ma-
turity 7.
The indifference (seller) value h;(x;) at time t for H is implicitly defined by

V2(xr) = VI (xr 4 e (xr)). 3)

This says that the investor is indifferent between solely trading with initial capital x;,
versus trading with initial capital x; + 4 (x;) but paying an additional cash-flow H
at maturity 7.

To define our strategies, we need the sets

]P’g = {Q K PylI(Q|Py) <ocoand Sisa Q—sigma—martingale},

]P’;’,f :={0 ~ Py|I(Q|Py) < oo and S is a Q-sigma-martingale},

where

EQ[log ] if 0 < Py
I(Q|Py) := dPy
(Q1Pr) { +o00 otherwise

denotes the relative entropy of Q with respect to Py. Since Py is equivalent to P,
the sets Pﬁ and Pi_}f depend on H only through the condition /(Q|Py) < oo.
By Proposition 3 and Remark 3 of Biagini and Frittelli [3], applied to Py instead
of P, there exists a unique Qg € ]P"I’; that minimizes 7 (Q|Py) over all Q € P/ ,
provided of course that IP’f # (. We call QF 7 the minimal H -entropy measure, or
H-MEM for short. If IP’e f +(, then QF 5 1s even equivalent to Py, i.e., 0k o€ IP’ f
see Remark 2 of B1ag1n1 and Frittelli [3]. Note that the proper terminology would
be “minimal H-entropy sigma-martingale measure” or H-MEo MM, but this is too
long.

We briefly recall the relation between Qg, Qg and the indifference value hq(xq)
at time O to motivate the definition of FER(H), which we introduce later in this
section. Assume }P";f # ¢ and Pg’f # . The Py-density of QF and the P-density
of Qg have the form

do H 4o _ o /T 0
1P =c exp(/ g, dS) and a7 =c exp( A ;SdSs) 4

for some positive constants ¢/, c and processes ¢ 7, ¢%in L(S) such that [ ¢7dS is
a Q-martingale for every Q € ]P’ and f ¢%dS is a Q-martingale for every Q € Pf,
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whence ¢ € %H and 0 e 42{00. This was first shown by Kabanov and Stricker [16]
in their Theorem 2.1 for a locally bounded S (and H = 0), and extended by Biagini
and Frittelli [4] in their Theorem 1.4 to a general S for H = 0 (under the assumption
o # ). By using this result also under Py instead of P, we immediately obtain
(4). It is now straightforward to calculate (and also well known—at least for locally
bounded §) that for xg € R, we can write

T
VOH(xo) = sup Ep |:— exp(—yxo — )/f P,dSs + )/H)i|
Al 0

T
= —exp(—yxo)Eplexp(y H)] inf Ep, [GXP<—V / ’9stS>]
ved! 0
= —exp(—yxo)Eplexp(y H)]

. 1 r i
o [ )

exp(—yxo)Eplexp(y H)]
- _ - )

c

and therefore

Eplexp(y H)]

1
ho(xo) = ho = " log H (6)

c
In Sect. 4, we study the relation between Qg, Qg and VtH (x¢), h; for arbitrary
t € [0, T]. From this we can derive, on the one hand, an interpolation formula for
each h; in Sect. 4 and, on the other hand, a BSDE characterization of the process &
in Sect. 5. To generalize the static relations (5), (6) to dynamic ones, we introduce
a certain representation of H that we call fundamental entropy representation of H
(FER(H)). Its link to the minimal H -entropy measure is elaborated in the next sec-
tion. We give two different versions of this representation. The idea is that the first
definition only requires some minimal conditions, whereas the second strengthens
the conditions to guarantee uniqueness of the representation and ensure the identifi-
cation of the H-MEM,; see Proposition 2.

Definition 1 We say that FER(H) exists if there is a decomposition

1 T
H:;log(g’(NH)T-l-f nHds, + Kkl (7
0

where

(i) N is a local P-martingale null at O such that &(N¥) is a positive P-

martingale and S is a P(N)-sigma-martingale, where P(N*) is defined by
H
L= EW
(i) n® isin L(S) and such that fOT nfds; e LY(P(NT)),

(iii) k(! € R is constant.
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In this case, we say that (NH, nH, kgl) is an FER(H). If moreover

T T
/ nfds, e L'(Q) and EQU ndes} <0 forall Q ePJ
0 0
(®)
and /anS isa P(NH)-maItingale,

we say that (N, pH kg) is an FER*(H). For any FER(H) (N, ", ké’), we set
1 t

k=il + —log&s(NT), +/ nfds, forte(0,T] )
Y 0

and call P(N*) the probability measure associated with (N, n!, k).

Because &(N*) is by (i) a positive P-martingale, the local P-martingale N/
has no negative jumps whose absolute value is 1 or more, and P(N) is a prob-
ability measure equivalent to P. We consider two FER(H) (N, nH,ké'I ) and
(1\7 i ﬁH , Zgl ) as equal if NH and NH are versions of each other (hence indis-
tinguishable, since both are RCLL), f ﬁH dS is a version of f nH dsS, and K = kéq .
For future use, we note that (7) and (9) combine to give

1 T
H:kﬁ+;1og£(NH),,T+/ nfds, forrel0,T]. (10)
t

The next result shows that for continuous asset prices, we can write FER(H)
in a different (and perhaps more familiar) form. For its formulation, we need the
following definition. We say that S satisfies the structure condition (SC) if

d
Sf=S{)+M"+Z/Md<Mf,Mf>, i=1,....d,
j=1
where M is a locally square-integrable local P-martingale null at 0 and A is
a predictable process such that the (final value of the) mean-variance tradeoff,

Kr= Zid,jzl fOT AMald(M!, MY)g = ([ 2dM)7, is almost surely finite.

Proposition 1 Assume that S is continuous. Then a triple (N*, nH ,k(‘)q ) is an
FER(H) if and only if S satisfies (SC) and N = N* + [xdM, 77 = nH — %)\,
%g’ =k51 satisfy
1 S H "y 1 TH
H=—log&N"yr+ [ 7 dSS+—< de> + R a1
14 0 2y r
and

i) N isalocal P-martingale null at 0 and strongly P-orthogonal to each com-
ponent of M, and &(NP)&(— [ 2dM) is a positive P-martingale;
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Gi") 7 is in L(S) and such that fo ( + A )dS; is P(NH)-integrable, where

LA = £ (NH)76(— [ M)
(iii") kH € R is constant.

Proof Let first (NH| nH, ké{) be an FER(H). Its associated measure P(NH) is
equivalent to P and S is a local P(N)-martingale since S is continuous. By The-
orem 1 of Schweizer [23], S satisfies (SC) and we can write N7 = = NH f AdM,
where N is a local P- -martingale null at 0 and strongly P-orthogonal to each
component of M, and &(N Hy — o(NHY& (- [ AdM). The last equality uses that
[N NH f AdM] = 0 due to the continuity of M. Hence conditions (i)—(iii) of FER(H)
imply (i")—(iii"), and (7) is equivalent to (11) by (SC) and the continuity of S.

Conversely, let (I\NJ H gt E})q ) be as in the proposition. We claim that the triple
(N — [pdM, 5" + %A,Eé’) is an FER(H). Because M is a local P-martingale
and &(NH) = g(ﬁH)é”(— f AdM) is the P-density process of P(N '), the process
L defined by

Li:=M,— (N7 M), 1e[0,T]

is a local P(N')-martingale by Girsanov’s theorem; see for instance Theo-
rem 11140 of Protter [21] and observe that (§(N*), M) = [ &(N")_d(N", M)
exists since M is continuous like S. Because N is strongly P-orthogonal to each
component of M and M is continuous, we have

(NH,Mi)=<ﬁH—/AdM M’ Z/Mde MYy, i=1,....d,

and so (SC) shows that § = L + Sy is also a local P(NH)—martingale. The other
conditions of FER(H) are easy to check. O

Remark I (1) Suppose that S is continuous and satisfies (SC). If the stochastic ex-
ponential & (— f AdM) is a P-martingale, conditions (i) and (ii’) in Proposition 1
can be written under the probability measure P defined by g—ﬁ =&(— [AdM)7,
which is called the minimal local martingale measure in the terminology of Follmer
and Schweizer [9]. This means that condition (i') in Proposition 1 is equivalent to

(i) N¥ is alocal P- martingale null at 0 and strongly P- orthogonal to each com-
ponent of S, and &(N NH ) is a positive P- -martingale,

and P(N¥) can be defined by ¢ (N ) .= &(NH)7. To prove the equivalence of

(1) and (i"), first assume that N H is a local P-martingale null at O and strongly
P-orthogonal to each M'. Then

[ﬁ”,/,\dM] =<ﬁ”,/de)=o
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by the continuity of M, and hence N# is also a local ﬁ-martingale by Girsanov’s
theorem; see, for instance, Theoren}v [I1.40 of Protter [21]. The continuity of S, (SC)
and the strong P-orthogonality of N¥ to M entail

[N, s =(N" My=0, i=1,....d,

implying that N is strongly P. -orthogonal to each component of S. The proof of
“(i") = (i’)” goes analogously.

(2) Assume that S is not necessarily continuous but locally bounded and satisfies
(SC)with A" € L2 (M"),i=1,...,d, and let (N, n¥  k[) be an FER(H). Then
we can still write N¥ = N# — J 2dM for a local P-martingale N¥ null at 0 and
strongly P-orthogonal to each component of M, by using Girsanov’s theorem, (SC)
and the fact that &(N ) defines an equivalent local martingale measure. However,

we cannot separate & (ﬁ H_ f AdM) into two factors.

3 No-arbitrage and existence of FER(H)

Theorem 1 below says that a certain notion of no-arbitrage is equivalent to the exis-
tence of FER(H). It can be considered as an exponential analogue to the L2-result
of Theorem 3 in Bobrovnytska and Schweizer [5]. For a locally bounded S, the im-
plication “==>" roughly corresponds to Proposition 2.2 of Becherer [1], who makes
use of the idea to consider known results under Py instead of P. This technique,
which already appears in Delbaen et al. [6], will also be central for the proofs of our
Theorem 1 and Proposition 2.

We start with a result that gives sufficient conditions for #y C % and

IP’S’f C P;;f as well as for #) = #y and Pg’f = IP’;}f . The relation between Pg’f

and IP’;}f will be used later, while #y = #} is helpful in applications to verify the
condition (1).

Lemma 1 If H satisfies
Eplexp(—eH)] < oo for some ¢ >0, (12)
then Wy < W), IP’(J; C P{, and IP’(e)’f - ]P’Zf. If H satisfies

Eplexp((y +e)H)] <oo and Eplexp(—eH)] < o0

for some & > 0, (13)
then Wo =Wy, IP’({ = PZ and Pg‘f = IP’Zf.

Proof We first show # C #4 under (12). For ¢ > 0, Holder’s inequality yields

Eplexp(cW)]=Ep [exp(cW + iH> exp<— Y H>i|
E+y e+y
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&+
&+

X (Ep[exp(—sH)])#. (14)

Lew + VH)D " Eplexp(—e )N

y e
cW)]Ep[eXP(J/H)]>

Because of Ep[exp(y H)] < oo and (12), this is finite if W € #}, and then W € #4.
To prove #y = #y under (13), we only need to show #y C #y. For ¢ > 0 and
W € #}, we obtain similarly to (14) that

(Eplexp((e + y)H))T7 e+ =
Ep,lexp(cW)] < Eplexp(y )] (Ep |:exp( - cW>i|> <00

by (13), and hence W € #}.

The remainder of the second part follows from Lemma A.1 in Becherer [1].
The proof of the rest of the first part is very similar. Indeed, (12) and the stand-
ing assumption that Ep[exp(y H)] < oo imply Ep[exp(€|H|)] < 0o, where & :=
min(e, y). Lemma 3.5 of Delbaen et al. [6] yields

~ 1 ~
EQ[8|H|]SI(QIP)+;EP[CXP(8|H|)] for Q < P. (15)
If Qe IP’f , the right-hand side is finite, thus Eg[|H|] < 0o, and we have

d Py
I(Q|PH)=EQ|:10g£_1 dP]—I(Q|P)+10gEP[eXP(VH)]—VEQ[ 1,

which is finite. This shows Q € Pﬁ, and IE”f)’f C ]P’Z’,f follows analogously. O
Theorem 1 We have that
P/ £ <= FER*(H) exists <= FER(H) exists.

In particular, ifIPS’f # () and H satisfies (12), then FER*(H) exists.

Proof We first show that ng # () yields the existence of FER*(H). As already

mentioned, IP’e’f # () (and the standing assumption #y # () imply by Proposition 3
and Remarks 2 3 of Biagini and Frittelli [3], applied to Py instead of P, existence
and uniqueness of the H-MEM Q% € P}; /. Using 0% ~ Py ~ P, we can write

dof
dP

=&WN, (16)
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for some local P-martingale N null at 0 such that &(N¥) is a positive P-
martingale and S is a Qg—sigma—martingale. Moreover, by Theorem 1.4 of Biagini
and Frittelli [4], applied to Py instead of P, we have as in (4)

dok "
Py =c exp(/ I dS) (17)

for a constant ¢ > 0 and some ¢ in L(S) such that f ¢HdS is a Q-martingale

forevery Q € PL. Since % =exp(y H)/Eplexp(y H)], comparing (17) with (16)
gives

T
EWNM, =cf1exp<f §SHdSS +)/H>,
0

where cf{ :=cH /Eplexp(y H)] is a positive constant. We thus obtain

1 1
——1ogéa(NH)T——/ class + e with el .= ——logcl,
4

and hence (N ¥, —%{H, cf) is an FER*(H). Note that f ;“HdS isa P(NH)-martin-
gale because the H-MEM Qf, equals the probability measure P(N ') associated
with (N7, —%CH, cg) by construction; compare (16).

To establish the equivalences of Theorem 1, it remains to show that the existence
of FER(H) implies IP’Z’,f # (), because every FER*(H) is obviously an FER(H). So
let (N, 0" k{!) be an FER(H) and recall that its associated measure P(N*) is
defined by dP(N ) .= &(N*H)7. We prove that P(N?) € P; ¢/ By condition (i) on
FER(H), P(N H ) is a probability measure equivalent to P and Sisa P(NH)- -sigma-

martingale. To show that P(N*') has finite relative entropy with respect to Py, we
write

dP(N) dP(N¥) dP

= = H —yH)E H
Py ap  dpy E(N")rexp(—y H)Eplexp(y H)]

T
=exp(—yk{! )Ep[exp<yH>]exp(—y /0 nH dss), (18)

where the last equality is due to the decomposition (7) in FER(H). This yields by
(ii) of FER(H) that

dP(NH)

I(P(N")|Py)=E log——~

(P(N")|Pr) P(NH)[Og aPn i|
T

= —yk{' +log Eplexp(y H)] — VEP(NH)UO nf’dSs]

< Q.

Finally, the last assertion follows directly from the first part of Lemma 1. O
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While the existence of FER(H) and of FER*(H) is equivalent by Theorem 1, the
two representations are obviously different since FER*(H) imposes more stringent
conditions. The next result serves to clarify this difference.

Proposition 2 Assume Pef}f @ and let (NH ,nH, k(')q) be an FER(H) with associ-
ated measure P(N™). Then the following are equivalent:

@) (V¥ " &gy is an FER*(H), ie.. (N 0" k¢) satisfies (8);

(b) P(N") equals the H-MEM Q% and [ n"dS is a P(N")-martingale;
() [nHdS isa Q% -martingale and EP(NH)[fOT nHds,)=0;

(d) [nfdS is a Q-martingale for every Q € IP’L_

Moreover, the class of FER*(H) consists of a singleton.

Proof Clearly, (d) implies (a), and also (c) since Qg exists by Proposition 3 of
Biagini and Frittelli [3], using ]P’;’,f # () and the standing assumption #y # . We
prove “(a) = (b)”, “(c) = (b)” and finally “(b) = (d)”. The first implication
goes as in the proof of Theorem 2.3 of Frittelli [11], because we have by (18) that

dP(NH) r
W :céq exp(—yfo nstSX

with ¢4 1= exp(—y k) Eplexp(y H)]. (19)

The implication “(c) = (b)” follows from the first part of the proof of Proposi-
tion 3.2 of Grandits and Rheinldander [12], which does not use the assumption that
S is locally bounded. To show “(b) = (d)”, note that (b), (17) and (19) yield

T T
c3H exp(—y/o ndes> =cH exp([) ;stSs) P-as., (20)

where ¢ in L(S) is such that [¢#dS is a Q-martingale for every Q € IP’};. Tak-
ing logarithms and P (N*')-expectations in (20), we obtain ¢} = ¢ by using
that P(NH) e ]P’Z’,f by the proof of Theorem 1. Thus fOT nfds, = —% fOT ¢Hds,
P-as. and hence [nfdS = —%f{HdS since both [n#dS and [¢#dS are
P(N*)-martingales. Therefore, [ nfdS = —% [ ¢HdS is a Q-martingale for every
QePl.

Theorem 1 implies the existence of FER*(H) because }P’;}f # (). To show unique-
ness, let (N, nf k!) and (N, 57" k{!) be two FER*(H). Since the minimal H-
entropy measure is unique by Proposition 3 of Biagini and Frittelli [3], we have
from “(a) = (b)” that

dOE -
ENTr = % = &N,
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So& (]V HYy is a version of &(N*) since both are P-martingales, and taking stochas-
tic logarithms implies that N is a version of N . Similarly, (19) and (c) yield

doE
H _ H
—vky +log(Eplexp(y H)]) = EQf, |:10g aPr j|

= —ykg' +1og(Eplexp(y H))),

thus E’;’ = k{!, and therefore again from (19) that

T 1 1 dQE T
H H ~H
S, = ——log — — ) = ds;.
/(\) 775 A ]/ 0g<c§1 dP[—[) ,/O\ T]s A

But both [n#dS and [#7dS are Q% -martingales due to (d), and so [ 77 dS is
a version of [ n#ds. O

Remark 2 Exploiting Proposition 3.4 of Grandits and Rheinlidnder [12], applied to
Py instead of P, gives a sufficient condition for FER*(H) by using our Proposi-
tion 2. Indeed, assume that S is locally bounded and Pi}f #+ (. If for an FER(H)
(NH " k), [n"dS is a BMO(P(N*))-martingale and EPHU(”;(T]Z,H)VE] <00
for some ¢ > 0, then (N, n¥ kgl) is the FER*(H).

Another sufficient criterion is obtained from Proposition 3.2 of Rheinlédnder [22]
in view of our Proposition 2. Namely, if S is locally bounded and for an FER(H)
(NH, nH,k(I)'I) there exists & > 0 such that Ep, [exp(a[f anS]T)] < 00, then
(NH nH k) is the FER*(H).

While there is always at most one FER*(H) by Proposition 2, the next example
shows that there may be several FER(H). This also illustrates that the uniqueness
for FER*(H) is closely related to integrability properties.

Example 1 Take two independent P-Brownian motions W and W+, denote by F
their P-augmented filtration and choose d =1, S = W and H = 0. The MEM Qg:
then equals P since S is a P-martingale, and (0, 0, 0) is the unique FER*(0).

To construct another FER(0), choose NO := WL, Then &(N°) = &(W2) is
clearly a positive P-martingale strongly P-orthogonal to S = W so that condition (i)

in FER(0) holds. Define P(N°) as usual by 2% .= £(N0); = &WL)r. By
Girsanov’s theorem, W and th = W,L —1t,0<t<T,arethen P(N O)-Brownian

motions and we can explicitly compute

Epllog&(N%)r] = Ep[Wy —T/2]1=~-T/2,
- 2n
I(P(N®)|P) = Epyollog &(N) 1] = Ep(yo) [Wir + T/2] =T/2.
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This shows that P(N?) € }P’S’f .Since § = W is a P-Brownian motion, Proposition 1
of Emery et al. [8] now yields for every ¢ € R a process 770 (¢) in L(S) such that

1 T
——log&(WH), —c= / n%(c)dS; P-as. (22)
14 0

Because I (P(NY)|P) < oo, using the inequality x|logx| < x logx 4 2¢~! shows
that fOT n%(c)dSs is in L'(P(N®)) so that (ii) of FER(0) is also satisfied. Hence
(N%, %), ¢) is an FER(0), but does not coincide with (0,0,0) which is the
FER*(0). To check that property (8) indeed fails, we can easily see from (21) and
(22) that [ 7%(c)dS cannot be a P(N?)-martingale if ¢ # — % T.Ifc=— %T, we

can simply compute, for P € P/ , that

r 1 1 1
EPU ng(c)dSs} =——Epllog&(NO 7]+ —T ==T>0.
0 4 2y 14

We have just constructed an FER(0) different from FER*(0). Yet another FER(0)
can be obtained by choosing for k € R\{0} a process 8°(k) in L(S) such that

T/2 T
BO(k)dS; =k and / BO(k)dS; = —k P-as.,
0 T/2

which is possible by Proposition 1 of Emery et al. [8]. Clearly, fOT ﬁ?(k)dSs =0
P-a.s. and (0, B2(k), 0) is an FER(0) (with associated measure P), which even sat-
isfies EQ[fOT ﬂ‘?(k)dSs] =0forall Q € IP’f; but f,BO(k)dS is not a P-martingale.
This ends the example.

Example 1 shows that we should focus on FER*(H) if we want to obtain good
results. If S is continuous and we impose additional assumptions, the next result
gives BMO-properties for the components of FER*(H ). This will be used later when
we give a BSDE description for the exponential utility indifference value process.
We first recall some definitions.

Let Q be a probability measure on (£2,.%#) equivalent to P and p > 1. An
adapted positive RCLL stochastic process Z is said to satisfy the reverse Holder

inequality R, (Q) if there exists a positive constant C such that
yrj| = ©€sS sup EQ[(ZI,T)pLgt] <C.

Zr\?
esssup Egf | =
T stopping Z; T stopping

time time

Recall that Z,; 7 = Z7r/Z, for a positive process Z. We say that Z satisfies the
reverse Holder inequality Rp1og 1 (Q) if there exists a positive constant C such that

esssup EglZ; rlogt Z; 1|71 < C.
T stopping
time
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Z satisfies condition (J) if there exists a positive constant C such that

1
—Z_<Z<CZ_.
C

Theorem 2 Assume that S is continuous, H is bounded and there exists Q € IP’(e)’f

whose P-density process satisfies Rpiogr (P). Let (NH nH ké’) be an FER(H).
Then the following are equivalent:

(@) (N nf kl!)is the FER*(H);

(b) N is a BMO(P)-martingale, &(N™) satisfies condition (J), and f ntds is
a P(N")-martingale;

() N* isa BMO(P)-martingale, ENT) satisfies condition (J), and f anS is
a BMO(P(NH))—martingale;

@ f n"dM is a BMO(P)-martingale, where M is the P-local martingale part
of S;

(e) there exists € > 0 such that Ep[exp(s[f anS]T)] < 00.

The hypotheses of Theorem 2 are for instance fulfilled if H is bounded, S
is continuous and satisfies (SC), and f AdM is a BMO(P)-martingale. To see
this, note that &(— f AdM) then satisfies the reverse Holder inequality R, (P)
for some p > 1 by Theorem 3.4 of Kazamaki [18]. The fact that there exists
k < oo such that xlogx < k + x? for all x > 0 now implies that &(— [‘AdM)
also satisfies R 1og 2 (P). Hence the minimal local martingale measure P given by

g—f =&(— fAdM)T isin ]P’g’ ! and its P-density process satisfies Ry 1057 (P).

Proof of Theorem 2 By Lemma 1, ]P’;’If =Py % % so that there exists an FER(H)
(N, pH | k(I)'I ) by Theorem 1. Before we show that (a)—(e) are equivalent, we need
some preparation. Let 0 be a probability measure equivalent to P. Denoting by Z
the P-density process of Q and by Y the Pg-density process of Q, we prove that

Z satisfies Rp1og(P) if and only if Y satisfies Rp1og 1 (PH), (23)
Z satisfies condition (J) if and only if Y satisfies condition (J). 24)

To that end, observe first that because H is bounded, there exists a positive con-

stant k with % < %L}f’ < k, which yields

1
%Z <Y <kZ. (25)
For any stopping time t, (25) implies
Epy[Yerlogh Yor| 2] < EplZerlogt (Ze, k)| 7],
and so the inequality log™ (ab) <log™ a +logh for a > 0 and b > 1 yields

Ep[Ze1log ™ (Ze k)T ] < EplZyrlogt Zo 1| 7]+ 2logk,
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which is bounded independently of t if Z satisfies Ry 10g £ (P). If Z satisfies condi-
tion (J) with constant C, then (25) gives

1 1 1
Y <kZ<kCZ_<Kk*CY_ and YZ%Z>—Z_> Y_.

~kCTT T kC
So the “only if” part of both (23) and (24) is clear, and the “if” part is proved
symmetrically.

By assumption, there exists Q € IP’(e)’f whose P-density process satisfies
Rp10gL(P), and so the Py-density process of Q satisfies Ry 101 (Pg) by (23). Be-

cause Pi}f = ]P’S’f is nonempty, the unique minimal H -entropy measure Qf, exists,
and its Py -density process also satisfies Ry 1051 (Py) by Lemma 3.1 of Delbaen et
al. [6], used for Py instead of P. Since S is continuous, the Ppy-density process
of Qg also satisfies condition (J) by Lemma 4.6 of Grandits and Rheinlénder [12].
It follows from (23), (24) and Lemma 2.2 of Grandits and Rheinldnder [12] that

the P-density process Z o5 P of Qg satisfies Ry 1og 7 (P) and condition (J),
and the stochastic logarithm of Z 0iP isa BMO(P)-martingale. (26)

“(a) = (b)". Since (N¥,n  k[!) is the FER*(H), Proposition 2 implies that

the P-density process z2u-P of Qlk; is given by &(N*) and that f ntds is a
P(NH)-martingale. We deduce (b) from (26).

“(b) = (c)”. We have to show that f n™ds is in BMO(P(N™)). By condition-
ing (7) under P(NH) on .%, for a stopping time 7, we obtain by (b)

T
1
/ nilds, = —;EP(NH)[log@@(NH)Tlﬁ}] + Epym)[H|F:1— K
0
and hence
r H 1 H 1 H ar
Ny dSy = —;logéo(N )T+ ;EP(NH)[logg(N )| F+]
T
By Proposition 6 of Doléans-Dade and Meyer [7], there‘is a BMO(P(N™))-

martingale N with ENHY~! = éa(ﬁH). This uses that Z 2P = &(NH) satisfies
condition (J) and N¥ is a BMO(P)-martingale by (26). Since H is bounded, we get

T
EP(NH)[‘/ nfids_‘ yf}
T

1
<20 Hlx) + 2 Epovm[|log N1 = Epgynylog EN)71.7:1||.7¢]

1 —~ ~
=2|H| Py + ;EP(NH)[} log &(N")r — Epyu)llog &N 7| Z.1|| ¢ ].
27)
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and now we proceed like on page 1031 in Grandits and Rheinlidnder [12] to show
that (27) is bounded uniformly in 7. This proves the assertion since S is continuous.
“(c) = (d)”. Due to (26), Proposition 7 of Doléans-Dade and Meyer [7] implies
that [ nH#dS+[ [ n"dS, N¥]isa BMO(P)-martingale. By Proposition 1, § satisfies
(SC) and N = NH — [ AdM for a local P-martingale N* null at 0 and strongly
P-orthogonal to each component of M. Since S is continuous and satisfies (SC),

[/anS,NH]=[/anM,NH]z—[andM,fAdM]

d
= Z /(nH)iAjd(Mi, M)y,

i,j=1

Hence [ nfdS +[[n®dS, N1 = [nHdM is a BMO(P)-martingale.
“(d) = (e)”. We set

1
£:=
2|l andM”tz;Moz(P)

and L:=\/§/anM.

Clearly, L is like [ ndM a continuous BMO(P)-martingale and we have that

| Lllsmo, Py =1/ V2 < 1. Since § is continuous, the John-Nirenberg inequality (see
Theorem 2.2 of Kazamaki [18]) yields
I 1
Ep[exp(e| [ n"as] )] = Eplexp((L1n)] <

2
V=1L 1zm0,(p)

“(e) = (a)”. This is based on the same idea as the proof of Proposition 3.2 of
Rheinlidnder [22]. Lemma 3.5 of Delbaen et al. [6] yields

EQH/ anS]T] <1(Q|Py) + éEpH [exp(s[/ anS]T)] <00

forany Q € IP’{{ because H is bounded and (e) holds. So [ f r;H dS]r is Q-integrable
and thus the local Q-martingale [ n*dS is a square-integrable Q-martingale for any

Qe IPJI;. This concludes the proof in view of Proposition 2. g

4 Relating FER*(H) and FER*(0) to the Indifference Value

In this section, we establish the connection between FER*(H), FER*(0) and the
indifference value process 4. We then derive and study an interpolation formula
for h. Throughout this section, we assume that

P,/ #0 and P57 #0,
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and we denote by (NH, nH, ké{) and (NO, 770, k8) the unique FER*(H) and
FER*(0) with associated measures P(N) = Q 2 and P(N?) = Qg , respectively.
Our first result expresses the maximal expected utility and the indifference value
in terms of the given FER*(H) and FER*(0). For a locally bounded S, this is very
similar to Becherer [1]; see in particular there Propositions 2.2 and 3.5 and the
discussion on page 12 at the end of Sect. 3. Indeed, the main differences are that the
representation in [1] is given in terms of certainty equivalents instead of maximal
conditional expected utilities and S is locally bounded; but the results are the same.

Theorem 3 VZ VO and h are well defined and, for any t € [0, T] and any F,;-
measurable random variable x;, we have

VA (x) = —exp(—yx; + k) (28)

and
hi(x) =hy =ki" — k7, (29)

where ktH (and kO, with the obvious adaptations) are defined in (9).

Proof Let us first write (2) as

VH (x;) = —exp(—yx;)essinfo () (30)
veat

with the abbreviation

T
o' ()= EP|:CXP<_V/ ﬁsts+yH>’«%].
t

Because (N7, nH, ké{) is the FER*(H), (ptH (¥) can be written by (10) as

g

T
=exp(yk,”)EP(NH)[exp<y/ (n —ﬁs)dss)’%], (31)
t

T
o (9) = exp(yk/Ep [@@(N”),,Texp(y / (! - z%)d&)
t

using Bayes’ formula. Since P(N*) = QF ¢ P;}f and [9dS is a Q-supermartin-
gale and [ ndS is a Q-martingale for every Q € P/ , we have

T
EP(NH)[/ (ﬂsH — B¥5)dS;s yti| >0
t
which implies (ptH ) = exp(yktH ) by Jensen’s inequality and (31). On the other
hand, the choice

o=l se@ Tl (32)

N
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gives o/ (9*) = exp(yk[?) by (31). Because [9*dS = [ n'dS is a Q-martingale
for every Q € ]P’Z’,f , 9% isin <, and (28) now follows from (30).
By the same reasoning as for (28), we obtain

V2(x;) = —exp(—yx: + ykD).

Solving the implicit equation (3) for 4, (x;) then immediately leads to (29). O

The proof of Theorem 3, especially (32), gives an interpretation for the FER*(H).
An investor who must pay out the claim H at time 7" uses, under exponential utility
preferences, the decomposition (7). The portion of H that he hedges by trading in
S is fOT nf dS, whereas % log &(N Yy, remains unhedged. Moreover, the proof of

Theorem 3 shows that for ¢ € [0, T'] and an .%;-measurable x,, the value of V,H (x1)

is not affected if we restrict the set " to those ¥ € < such that [9dS is not

. . e f
only a Q-supermartingale, but a Q-martingale for every Q € P} .

Proposition 3 Assume that H satisfies (12). Then for any Q € IE”(]; andt €[0,T],

b = EolH|Z,] - LE [10 %g] (33)
t=LQ t y 4 gg(NO)t,T rl
In particular,
1
ho= EolH1+ (1105 ~ 1(QI0f))- (34

The decomposition (34) of the indifference value g can be described as follows.
The first term, Eg[H], is the expected payoff under a measure Q € ]P’(J)r . This is
linear in the number of claims. The second term is a nonlinear correction term or
safety loading. It can be interpreted as the difference of the distances from Qg and
Qg: to Q (although 7 (-|-) is not a metric). This correction term is not based on all of
H, but only on the processes N and NY from the FER*(H) and FER*(0), i.e., on
the unhedged parts of H and 0, respectively. A similar decomposition also appears
for indifference pricing under quadratic preferences; see Schweizer [24].

If H satisfies (12), then the indifference value process 4 is a Qg -supermartingale.
In fact, Jensen’s inequality and (33) with Q = Qg yield h; > EQ§ [H|.%#;] P-a.s. for
te[0,T]andsoh; € L! (Qg) since H is Qg-integrable due to (12); compare (15).
Moreover, Z := &(NH)/&(N0) is a Qg -martingale as it is the Qg -density process
of Qg . Thus log Z has the Qg -supermartingale property by Jensen’s inequality, and
so has A since h; = EQS‘ [H| %] — %EQ(I):‘ llog Z7| %1 + élog Z, fort € [0, T] by
(33). Now EQ{;" [h:] < hg < oo shows that A; is Q(’)‘:—integrable for every ¢t € [0, T'].

Proof of Proposition 3 Since Q € ]P’Of - ]P’[J; by Lemma 1, [ nfds is a Q-martin-
gale by Proposition 2. Moreover, H is Q-integrable due to (12); compare (15). From
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(10), we thus obtain for ¢ € [0, T'] that
1
ktH =Ep [H - — logé”(NH)z,T‘c%]. (35)
14

Plugging (35) and the analogous expression for kO into (29) leads to (33).
To prove (34), we first show that 7 (Q| Q ) is finite. We can write

do dpP
1(Q105) = Eg |:log— + log —}
0 on
=I(Q|P) — Eqllog &(N°)r] < o0 (36)
because Q € Pg and —Eg[log EN7] = ykg by (35) for H =0 and ¢ = 0. More-
over, Q K P~ Qf, gives % > 0 Q-a.s. and thus from

d0  do dP _dQ 1

a0f ~dPagk ~ap ey, O
that
o dQ
—log &Ny =1 —log— Q-as.,
0gEWN Dy =log fop —log g 0-as

and analogously for 0 instead of H. Hence

E [—10 LNH)T} [10 90 1og dQ]
S RO T ARToY

=1(010%) — 1(210§),

where we have used (36) for the last equality. Now (34) follows from (33). O

We next come to the announced interpolation formula for the indifference value.

Theorem 4 Let Q € ]P’Zf and ¢ in L(S) be such that [¢dS is a Q- and
Qﬁ—martingale. Fixt € [0, T], denote by Z the P-density process of Q, set

ot . P H + [ ¢,dS))
t Zi 1

(37

and assume that \IJ,H and log \IJIH are Q-integrable. Then there exists an F;-measur-
able random variable SZH : Q2 — [1, oo] such that for almost all w € €2,

1
k! () = ” log(Eol1%/" "1 71(@)° 525 () (38)
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where
log(Eql| W/ |'"*|.7:1(@)’ ls=o0 := lim log(E[I¥;"|'*|7;1(@))’
= Egllog¥/'|.7]() (39)
for almost all w € Q2.

In view of h; = ktH — k? by Theorem 3, (38) gives us a quasi-explicit formula
for the exponential utility indifference value if H is bounded and if we can find a
measure Q € IP’S’f such that the corresponding \IJtO given in (37) and log \IJtO are Q-
integrable for some predictable ¢ such that [ @dS isa Q-, Qg - and Qg-martingale.
For t = 0, one possible choice is the minimal O-entropy measure Qg which is by

(19) and Proposition 2 of the form % =3 exp( fo dSs) for a constant cg and a

predictable process ¢° such that f £%dS is a Q-martingale for every Q € ]P’g . One
disadvantage of this choice is that Qg is in general unknown; a second is that we still

need to find some ¢, and we know almost nothing about the potential candidate ¢°.
In Corollary 1, we give conditions under which the explicitly known minimal local
martingale measure P satisfies the assumptions of Theorem 4.

Proof of Theorem 4 From (10) and (37), we obtain via QH =&NH)p and Bayes’
formula that

H H ENT), 7 T H
exp(—yk;, YEo[¥," | #]1=Eg TGXP / (s +yng )dSs
t, t

T
= g e [ o+ vaitias. )| ]
t

T
> eXp<EQ5 U (s +yn1)dSs %D
t

=1 (40)

by Jensen’s inequality and because f @dS and f nfds are Qg-martingales. Hence
1

ki < —log Eo[W!|.7,). (41)
14

On the other hand, (35), (37) and Jensen’s inequality yield
vk{' = Egly H —log E(N') 7|.7:]

EWN), 1

:EQ|:log\IltH—log 77
t

> Egllog ¥/ |.7,]. (42)
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Consider the stochastic process f (-, ) : [1, 00) x  — R defined by

£, 0) :=log(EQ[|WH |3 1.7,1(@))’, (6.0) €[l,00) x Q.

Because |\IJ1H|1/5 <1 —i—\I/lH elL! (Q) forall § € [1, 00), Lebesgue’s dominated con-
vergence theorem and Jensen’s inequality for conditional expectations allow us to
choose a version of f which is continuous and nonincreasing in § for all fixed
w € €2, so that by monotonicity, the limit f (oo, ) := lims_, » f (8, w) exists for
all w € 2. We next show that

f (00, w) = Egllog W} |.Z1(w) for almost all w € Q. (43)
To ease the notation, we define g(-, -) : [1, 00) x 2 — R by

1 1
8(8. ) := (exp(f (8, )% = Eg[|V/ 7| Z] (@), (8, w)€[l,00) x

so that f(8, w) = 8logg(8, w). Again since |WH |1/ <1+ Wl ¢ L1(Q) for all
8 €[1, 00), dominated convergence gives

lim g(n,w)=1 foralmostall w € 2. (44)

n—oo

For x > 1/2 we have x — 1 >logx > x — 1 — |x — 1|, from which we obtain by
(44) that for almost all w € 2, there exists ng(w) € N such that

n(gn,w)— 1) > f(n,0) =n(gn,w) — 1) —nlgn, o) = 11>, n=no(®). (45)
In view of (44) and (45), we get (43) if we show that

lim n(g(n,w) —1) = Eg[log \II,H|§I](w) for almost all w € 2. 46)
n—od
But (46) follows from Lebesgue’s convergence theorem and
1
lim n(|WH |7 — 1) = lim n(exp(—logWﬁ) - 1) =logW/ P-as.
n— oo n—oo n

if we show that n||\I’,H [/n — 1], n € N, is dominated by a Q-integrable random
variable. Due to ¢ — 1 > x for x € R and

d 1 1 1 1 1
—x(ax —1)=ax|{1——loga|—1<axexp| ——loga)—-1=0
dx X X
for a > 0 and x > 0, it follows for a = W}/ that
1
longlfn(exp(—log\IJf])—l)§\IJIH—1, neN.
n

This gives n|| W/ |/" — 1] < |logWH |+ WH € L'(Q), n € N, and proves (43).
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Combining (41), (42) and (43) yields f (o0, w) < yktH (w) < f(1, w) for almost
all w € Q2. By the intermediate value theorem, the set

Al):={8 €[1,00]| (8. ») =yk[ (®))
is thus nonempty for almost all w € 2. Define 8 : Q@ — [1, 00] by
SH(w) :=supA(w), weq, 47)

setting 8tH := 1 on the P-null set {w € Q|A(w) = @#}. By continuity of f in §, A(w)
is closed in R U {400} for all w € 2, and we get for almost all w € 2 that

FH (), w) =y (w). (48)

It remains to prove that the mapping > 8 (w) is .#;-measurable. Because f is
nonincreasing and due to (47) and (48), we have for any a € [1, oo] that

{we Qs (w) <a)={weQlf8H (v), ®) > f(a,w))
={we Qyk (w) > f(a, »)}

=J(weQlyk (@) > g} n{weQlg > f(a.v)})
q€Q

up to a P-null set. The last set is in .%; because k,H and f(a, ) for fixed a € [1, o]
are .%;-measurable random variables. Since .%; is complete, {w € Q|8,H (w) <a} is
in %, for every a € R U {400}, and so (StH is .#;-measurable. O

The next result provides a simplified version of Theorem 4 based on the use of
the minimal local martingale measure P.

Corollary 1 Fix ¢t € [0, T] and assume that H is bounded and S satisfies (SC).
Suppose further that P given by g—g =& (— [AdM)7 isin ]P’S’f, that [ AdS isa P-,
Qg - and Qf,-martingale, and that the random variable

ks DM

exp(—(/de>+%[/)‘dM]C)t,T QTTAMS

t<s<

and its logarithm are P -integrable. Then there exist .F;-measurable random vari-
ables 8?, SIH : Q2 — [1, oo] such that for almost all w € <2,

1
hy(w) = ;log(Eﬁuth 217 @)° | s_stt 0

1 ’ !
- ; log(El”\H\II[OP/S |yl](w))8 |8/=8?(a))’
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where we use the convention (39) and the definition

u . exp(yH — ftT AgdSy) eVt exp(— [ AdS); 7 49)
LTS [adMy T E(—[AdM)

Proof We only need to check that W0, W/ given by (49) and log W°, log W/ are P-
integrable as the result then follows from Theorems 3 and 4 with the choice Q := P
and ¢ := —A\. Using the formula for the stochastic exponential and (SC), we get

o—hs AM;

1 c
90— (—<f,\dM> -[/de] ) £
¢ =P *3 0T [ 1=, - AM,
t<s<T

and thus W, logW? e L! (P) by assumption. The same is true for W because H
is bounded by assumption. d

To the best of our knowledge, results like Theorem 4 and Corollary 1 have not
been available in the literature so far. A closed-form expression for the exponen-
tial utility indifference value has been known only in specific cases when the asset
prices are modeled by continuous semimartingales; see for example [10] for explicit
expressions of the indifference value in two Brownian settings. There the adapted
process § H called the distortion power, is closely related to the instantaneous cor-
relation between the driving Brownian motions. The model in [10] consists of a
risk-free bank account and a stock S = §! driven by a Brownian motion W. The
claim H depends on another Brownian motion Y which has a time-dependent and
fairly general instantaneous stochastic correlation ¢ with W, with |o| uniformly
bounded away from 1. Theorem 2 of [10] proves that the indifference value is of the
form of Corollary 1 above, with 87 and 8 taking values between

1

1 _
and §;:= sup |———
’ 1 —losP?

8= inf ————
selt, 71|11 = |os|*llLoo(p) selt, T]

L°°(P).

For small |g| (uniformly in s, in the L°°-norm), the claim H is almost unhedgeable
and 1/8" is nearly 1, whereas for |o| close to 1, the claim H is well hedgeable and
1/6" is nearly 0. So in that Brownian model, 1/8 is closely related to some kind
of distance of H from being attainable or hedgeable. In the subsequent discussion,
we extend this idea to a more general setting, while we come back to the Brownian
model in Sect. 6.

Consider the setting of Corollary 1 where S is (in addition) continuous and sat-
isfies (SC), and H is bounded. Then the P-martingale part M of S is also continu-
ous and the mean-variance tradeoff process K = f AdM) = ( f AdS) is P-a.s. finite
by (SC). The quantity \IIIH from (49) then reduces to \IJ,H =exp(yH — %(KT —K)),
and the assumptions of Corollary 1 are satisfied if K7 is bounded, because f AMdM
is then a BMO(P)-martingale. If we now even suppose that K7 is deterministic, the
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indifference value at time O simplifies to
1
ho = ;IOg(Eﬁ[eXp(VH/B)])5|5:561 (50)

by Corollary 1. If 851 < 00, We can write
ho=—Ug" (EplUn(—H))), where Uy (x) := —exp(—yx/8l), x e R,

which means that —hy is a certainty equivalent of —H. Note, however, that this is
done under P not P, and with respect to the utility functlon U u, not U, where
U g depends itself on the claim H. If 86’ =1, then U g and U coincide and H
is valued by the U-certainty equivalent under P. Moreover, (38) shows that we
then must have equality in (40) for r = 0, which implies that fOT(y nfl — x5)dSs is
deterministic, hence f (y nH — A)dS = 0. In other words, the equivalent formulation
(11) of FER(H) in Proposition 1 simplifies in this case to

1 ~ 1
H=—log& Ny + —Kr + i,
14 2y

which means that H consists only of a constant plus an unhedged term. This may
be interpreted as saying that H has maximal distance to attainability. On the op-
posite extreme, the case 851 = oo leads by (50) and (39) (and still under the same
assumptions) to ho = E[H]. Hence for 86’ = 00, we get a familiar no-arbitrage
value for H. In this case, (38) and (39) show that we must have equality in (42) for
t =0; hence &(NH) = &(— J 2dM) and thus (11) simplifies to

H = / dS+—KT+k0,

showing that H is attainable. Summing up, we can interpret 1/8 as the distance
of H from being attainable; for 1 /SH = 0 (convention: 1/00 = 0), the distance is
minimal, whereas for 1/67 = 1, it is maximal. The following remark shows how
this idea can be made mathematically more precise.

Remark 3 Assume that S is continuous, satisfies (SC) and that K7 = { f AdM) 7 is
bounded, but not necessarily deterministic. By Theorem 4 and Corollary 1, we can
attribute to any H € L°°(P) a number §(H) := 851 in [1, co] uniquely defined via
(47) with Q = P and ¢ = —A. Defining for G, H € L°(P)

1 1
G~H «— §|G+ —Kr )=6| H+ —K7
2y 2y

gives an equivalence relation on L°°(P). We denote by D := L°°(P)/~ the set of
its equivalence classes and associate to each equivalence class a representative. We
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further define the mapping d : D x D — [0, 1] for G, H € D by

1 1

d(G. H) := S 1 .
8(G+5,Kr)  8(H+5,K7)

Clearly, d is a metric on D. A claim G € L*°(P) is called (ﬁ )attainable if it
can be written as G = Ep[G] + fo BsdSs for a predlctable process B such that
[ BdS is a P- -martingale, Wthh is then even a BMO(P)- -martingale. If G is at-
tainable, the FER* of G + 2y Kt equals (— fde, B+ y)», E5[G]), and so the

EWNTy
term log Z [2dM)y

proof of Theorem 4, hence G ~ 0. Therefore,

vanishes identically. This implies §(G + %K 1) = 00 by the

d,H)= %
8(H + 7 K T)
is a distance of H € L°°(P) from attainability.

The maximal value of d(0, -) depends on the diversity of the filtration F. If §
has the predictable representation property in F in the sense that any H € L*°(P) is
attainable (as above), then ~ has only one equivalence class and d = 0. On the other
hand, suppose that there exists a nondeterministic local P -martingale N null at 0 and
strongly ﬁ—orthogonal to each component of S such that £(N) is a F—martingale
bounded away from zero and infinity. The maximal distance to attainability is then
attained by % log &(N)7 since d(0, % log&(N)7) = 1.

5 A BSDE Characterization of the Indifference Value Process

In this section, we prove that the indifference value process # is (the first component
of) the unique solution, in a suitable class of processes, of a backward stochastic
differential equation (BSDE). This result is similar to Becherer [2] and Mania and
Schweizer [19], but obtained here in a general (not even locally bounded) semi-
martingale model.

We assume throughout this section that

PSS £

and denote by Q(If the minimal O-entropy measure. Let us consider the BSDE

1 t
Ly =To+ - log (L), + / UsdS,, 1 €[0,T] 51)
0

with the boundary condition
'r=H. (52)

We introduce three different notions of solutions to (51), (52).
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Definition 2 We say that the triple (T, v, L) is a solution of (51), (52) if

(Si) T is a real-valued semimartingale;
(Sii) ¢ isin L(S);
(Siii) L is a local Qg-martingale null at 0 such that &(L) is a positive
Qg -martingale and S is a Q(L)-sigma-martingale, where Q(L) is defined

by —ddQQ(g) =&(L)r.

We call (T', ¥, L) a special solution of (51), (52) if furthermore
(Siv) f ¥dS is a Q-martingale for every Q € Pg’f;
d E
(Sv) Ep[6(L)rSeh
defined by % := & (L) has finite relative entropy with respect to P.
0

E
log(cf(L)Td(%?)] < 00, i.e., the probability measure Q(L)

If S is locally bounded, we say that (I, i, L) is an orthogonal solution of (51), (52)
if it satisfies (51), (52), (Si), (Sii) and

iii is a loca -martingale null at 0 and stron -orthogonal to ever
(Siii’) L is a local Qg ingal 11 at O and gly Qg hogonal y
component of S and such that & (L) is positive.

Under the assumption that S is locally bounded,

atriple (I, i, L) is a solution of (51), (52) if and only if

it is an orthogonal solution and &(L) is a Qg -martingale. (53)

To see this, note first that a locally bounded S is a Q(L)-sigma-martingale if and
only if £(L)S is a local Q(’)‘:—martingale, under the assumption that Q(L) is a prob-
ability measure. If (I, i, L) is a solution, then (Siii) holds and all of &(L)S, &(L)
and § are local Qg -martingales. Hence &'(L) is strongly Qg -orthogonal to every
component of S, and therefore so is L. Conversely, if (Siii’) holds, then &(L) is
like L strongly Qg-orthogonal to every component of the local Qg -martingale S.
Hence &'(L)S is a local Qg -martingale and thus § is a Q(L)-sigma-martingale if
&(L)isa Qg-martingale.
Our main result in this section is then

Theorem 5 Assume that H satisfies (13). Then the indifference value process h is
the first component of the unique special solution of the BSDE (51), (52).

Theorem 5 looks at first glance like Theorem 13 of Mania and Schweizer [19].
The important difference, however, is that we do not suppose that the filtration F
is continuous, i.e., that all local P-martingales are continuous. If F is continuous,
then %log EWL)y=L/y — %(L/y) and Theorem 5 corresponds to Theorem 13 of
Mania and Schweizer [19]. (Since H is allowed to be unbounded in Theorem 5,
there are some differences in the integrability properties.) However, recovering the
latter result in precise form and almost full strength from Theorem 5 requires some
additional work which we discuss at the end of this section. The derivation in [19]
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uses the martingale optimality principle, the existence of an optimal strategy for
the indifference value process, and a comparison theorem for BSDEs. Our proof is
completely different; it is based on our results for the FER*(H) and its relation to
the indifference value.

Theorem 4.4 of Becherer [2] is another similar result. Instead of a continuous
filtration, the framework in [2] has a continuous price process driven by Brownian
motions, and a filtration generated by these and a random measure allowing the
modeling of non-predictable events. Again, to regain from Theorem 5 the same
statement as in Theorem 4.4 of Becherer [2], some additional work is necessary.
dof
dok
in a locally bounded semimartingale model. Theorem 5 can be viewed as a dynamic

extension of that result to a general semimartingale model.

In Corollary 3.6 of the earlier paper [1], Becherer gives a characterization of

Proof of Theorem 5 By Lemma 1, (13) implies that IPZf = Pg’f # ¢, and so Theo-
rem 3 and (9) yield

1. &EWH,
hy=k" — k9 =ho+ — log ——2L
TR TR R e,

1
+/ ! —n))dS,, 0<r<T,
0
where (N, n#l, k(l)q) and (N©, 10, kg) are the FER*(H) and FER*(0); see Propo-
sition 2 for their properties. Then ¥ := nff — 1% is in L(S) and [ydS isa Q-
martingale for every Q € }P’S’f = ]P’Zf. By Bayes’ formula, &(N*)/&(N?) is the
Qg -density process of Q% and so it is a positive Qg -martingale and its stochastic
logarithm L, defined by &(L) = &(NH)/&(NY), is alocal Qg-martingale null at 0.

dof  dof .
Moreover, % = é”(L)T% = % shows Q(L) = Qg. Hence S is a Q(L)-

sigma-martingale and (Sv) is satisfied because Qfl has finite relative entropy with
respect to P. Since ht = H by definition, we see that A is the first component of
a special solution of the BSDE (51), (52).

To prove uniqueness, let (I, ¥, L) be any special solution of (51), (52). Denote
by (N 0, no, kg) the unique FER*(0), and define

N:=N"+L+[N° L], n:i=n"+v¢ and ko:=k)+To. (54

We claim that
(N, n, ko) is the unique FER*(H). (55)
For the proof, we first note that &(N®)& (L) = &(N° + L + [N°, L]) = &(N) by

Yor’s formula. Using (51), (52) and (7) for H = 0 thus yields

1 T
Hz;mwﬂmn&mﬂ+/(@+mm&+%+m
0

1 T
=7%£wn+/7m&+m
0
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Therefore (N, n, ko) satisfies (7) for H, and it is enough to show that the as-
sumptions on N and n for FER*(H) are fulfilled. By Bayes’ formula, &(N) =
&(N®&(L) is a positive P-martingale, because & (L) is a positive Qg -martingale
by (Siii) and &(N 0 is the P-density process of Qg . Writing next

dP(N) dP(N) dP

— 0y
dof ~ dP ng—g(N)T/g(N )r = EL)T,

we see that P(N) = Q(L) which implies that

o dof
I(P(N)|P)—EP|:£(L)T 10g<5(L)Td—P>] <00
by (Sv) and that S is a P (N)-sigma-martingale by (Siii). Because (N, 10, kg) is the
FER*(0), [ndS = [n°dS + [ ¢dS is by Proposition 2 and (Siv) a Q-martingale
for every Q € Py S P;}f, hence also for P(N) and Q%, and so (N,n, ko) is
an FER(H) satlsfylng (c) from Proposition 2. This implies (55). Uniqueness of
the FER*(H) and (54) now imply that "o, ¢ are unique; so is L due to &(L) =
&(N)/&(N?), and finally also I' by (51). This ends the proof. O

The above argument shows in particular a close link between the FER*(H) and
the BSDE (51), (52). Provided we have the FER*(0), we can construct FER*(H)
from the special solution of (51), (52), and vice versa. This is familiar from ex-
ponential utility indifference valuation; indeed, knowing FER*(0) corresponds to
knowing the minimal O-entropy measure Qg .

Remark 4 If S is locally bounded and H is bounded, there is another way to prove
uniqueness of the first component of a special solution of the BSDE (51), (52),
which we briefly sketch here. If (I, i, L) is a special solution of (51), (52), the
idea is to show that I" equals the indifference value process /i, which then yields
the desired uniqueness result. Let ¢ € [0, T'] and replace in the definition of ﬁftH the
condition that [ #dS is a Q-supermartingale for every Q € ]P’;_’/ by assuming that
it is a Q-martingale for every Q € ]P’Zf . We do the analogous change for ﬁfto and
note that this does not affect the values of V;/ and V?, as mentioned after the proof
of Theorem 3. We now apply Proposition 3 of Mania and Schweizer [19] to obtain

1 T
hy = logessmeQE [exp(yH y/ ﬂstS> ’3?,] (56)
Y veat t

Using (51), (52) gives

yH = )/Fo+logéa(L)T+V/ VsdS; —VFz+10g wsts,

5(L)z i
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which we plug into (56) to obtain

1 T 1
hy =T + —logessinfE gy [exp(y[ Wy — ﬂs)dSs> ‘9}} =Ty + —logA,
14 veat t 14

where the probability measure Q(L) is defined by ddQQ(é) = &(L)r. To show that

A =1, we first note that Q(L) € IP’(e)’f by (Sv), ]P’Zf = IF’S I by Lemma 1, and f YdS
as well as [ 9dS are Q-martingales for every Q € Pef = Pg‘f by (Siv) and because

¥ € /1. Jensen’s inequality then yields A > 1, and we obtain A < 1 by the choice
O* := ¢ € " . Note that also for this uniqueness proof, we have used the assump-
tion that (I, ¥, L) is a special solution of the BSDE (51), (52), i.e., that it also
satisfies (Siv), (Sv).

We have seen in Sect. 3 that the difference between FER(H) and the (unique)
FER*(H) is an issue of integrability. The same thing happens here: The next ex-
ample shows that the BSDE (51), (52) may have many solutions if we omit the
requirement (Siv) (which corresponds to (d) in Proposition 2).

Example 2 As in Example 1, take independent P-Brownian motions W and W+,
their P-augmented filtration F and d =1, S = W, H = 0. Then Q(])s = P and
(0, 0, 0) is the unique special solution of (51), (52).

As in Example 1, take N% = W and use Proposition 1 of Emery et al. [8] to find
for any ¢ € R a process ¥ (c) in L(S) such that

1 T
——log @“’(NO)T —c= / Ye(c)dSy  P-a.s.
Y 0

If we then set I';(¢) :=c + % log é’(NO)t + fé Yy (c)dSs for t € [0, T'], we easily see

as in Example 1 that (I'(c), ¥ (¢), N9 is a solution to (51), (52) and satisfies (Sv),
but not (Siv). So we clearly have multiple solutions.

Theorem 5 allows us to obtain a result similar to Proposition 3.

Corollary 2 Assume that H satisfies (13). Then we have for any probability mea-
sure QGED f —]P’H andt € [0, T that

1
h; = EolH|#1— ;EQ[logéa(L)t,ﬂﬂt]v 67

where L is the third component of the unique special solution of the BSDE (51),
(52). In particular,

1
ho=Eqg H1+ - 1(Q510(L)). (58)

d
where dQQ(é) =& (L)7.
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Proof Equation (57) follows from Theorem 5 by taking conditional Q-expectations
between ¢ and T in (51), using (52) and (Siv). Equation (58) follows for Q = Qg O

Remark 5 Corollary 2 raises the question if one can find a probability measure
Qe Pg’f such that the indifference value is the Q-conditional expectation of H.
From (57) we see that log & (L) must then be a Q-martingale, and if we write the
Qg -density process of Q as & (R) for some local Qg -martingale R, Bayes’ formula
tells us that we want &'(R) log &(L) to be a Q(‘)E -martingale. It6’s formula gives

E(R),—
éa(L)t_

d(&(R) log &(L)), = log &(L),—dE(R), + d& (L),

1
+ é"(R)t_d[Lc, R¢ — ELC}

t

+ & (R)— (AR, + Dlog(1 + AL;) — ALy),

where L¢ and R° denote the continuous local Q(])s -martingale parts of L and R.
For &(R)log& (L) to be a local Qg—martingale, we must have that R¢ = %Lc
on {L°#0} and AR; = % on {AL, # 0}. Therefore, we define
R=R‘+ R!by

1 ALg —log(1+ ALy)
R :=—-L° and R?:= d I — Ay, 59
r=5L; an p Z log(1 + ALy ALg#£0 — A¢ (59)

O<s<t

where A is the dual predictable projection under Qg of the sum in (59). Note that
RY is well defined, since ALy > —1, ALg # 0 implies that

'ALs_log(l“‘ALs) <|AL,[:
— Sl

log(1+ ALy)

in fact, log(1 4+ x) > li_x for x > —1 implies that |xi)lg(g1(J1ri-)X)

x # 0. By this construction, &(R) and &(R)log& (L) are local Qg-martingales,
but it is not clear whether they are true Q(’)‘: -martingales. If they are and if Q de-

fined by % =& (R)T is in IP’S’f, then we obtain indeed h; = Eg[H|.%,] for all
0

t € [0, T]. In general, this representation is not linear in H since the probability
measure Q may (via L) depend on H. Mania and Schweizer [19] showed in their
Proposition 11 that a representation of this type exists if the filtration is continuous
and H is bounded, in which case R = %L.

| <|x| for x > —1,

Becherer [2] and Mania and Schweizer [19] show BMO-estimates for all com-
ponents of the solution to the BSDE for the indifference value process /. It seems
doubtful if one can obtain such results in our general framework here, but under
a mild additional assumption, we can still characterize (Siv) via BMO-properties
without being more specific about the filtration [F; see Theorem 6 below.
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The indifference hedging strategy 8 is defined as the difference of the strategies
which attain VOH (ho) and Vé) (0), i.e., as that extra trading we do in the optimization
which can be attributed to the presence of a claim. If H satisfies (13), we have
B =nf —n° =1 by (32) and the proof of Theorem 5, where v is the second
component of the unique special solution of the BSDE (51), (52). Hence it is of
particular interest to know when f ¥dS is a BM O(Q(‘)E )-martingale.

Theorem 6 Assume that S is continuous, H is bounded and there exists Q € ]P’g’f
whose P-density process satisfies Rpiogr (P). Let (I', v, L) be a solution of the
BSDE (51), (52) which satisfies (Sv). Then the following are equivalent:

(a) (T, v, L) is the special solution of (51), (52), i.e., it also satisfies (Siv);

Md) L is a BMO(Qg)-martingale, &(L) satisfies condition (J), and f ¥dS is
a Qg—martingale;

(¢) [¥dS isa BMO(QE)-martingale;

(d) [¥dM isa BMO(P)-martingale, where M is the P-local martingale part of S;

(e) there exists € > 0 such that Ep[exp(e[f ¥dS]r)] < oo.

Proof “(a) = (b)”. Denote by (N¥ nfl, kg’) and (N9, 70, kg) the unique
FER*(H) and FER*(0). Theorem 2 implies that N/, NO are BMO(P)-martingales
and &(NH), &(N9) satisfy condition (J), say with constants C and cV. By the
proof of Theorem 5, we have & (L) = &(N*)/&(N°) and thus & (L) satisfies con-
dition (J) with constant C¥ CP. Since 1 /& (N9 is the Qg -density process of P,
ENOH~! = g(ﬁo) for a local Qg-martingale ﬁo, and so &(L) = &N + NO +
[NH, N O7) by Yor’s formula. Due to the properties of N* and N, both N° and
NH L [NH N are BMO(Qg )-martingales by Propositions 6 and 7 of Doléans-
Dade and Meyer [7], and hence so is L = NO +NH 4 [NH| ]VO]. Finally, f YdS is
a Qg -martingale by Siv).

“b) = (¢)”, “(c) = (d)” and “(d) = (e)”. These go along the same lines as
the proofs of the corresponding implications in Theorem 2. Instead of (7) we take
(51), (52), and we replace P(N) by QF.

“(e) = (a)”. Like for the corresponding implication in Theorem 2, we obtain
that [¢dS is a square-integrable Q-martingale for any Q € ]P’S’f :sz , which
implies (Siv). O

Remark 6 Example 2 also shows that even if the assumptions of Theorem 6 are
satisfied, none of the equivalent statements (a)—(e) need hold. This is another way
of saying that there exist solutions of (51), (52) which are not special solutions.

Corollary 3 Suppose the assumptions of Theorem 6 hold. Let (I', ¥, L) be an or-
thogonal solution of the BSDE (51), (52). Then (I', ¥, L) is the special solution of
(81), (52) if and only if both L and f ¥dS are BMO(Qg)—martingales and &(L) is

a Q(‘)E -martingale which satisfies condition (J).
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Proof The “only if” part follows immediately from Theorem 6. For the “if” part,
note first that (", ¥, L) is a solution of (51), (52) by (53). So we need only show
that (I, ¢, L) satisfies (Sv) in view of Theorem 6. We first prove that fwdS is

a BMO(Q(L))-martingale, where % = &(L)7. Because 1/&(L) is the Q(L)-

density process of QO, it can be written as & (L) =g (Z) for a local Q(L)-

martingale L which must satlsfy L+L+ [L, L] 0 by Yor’s formula. The conti-
nuity of S and the strong Q0 -orthogonality of L to § entail

/wdSL /1/deL

This yields by Proposition 7 of Doléans-Dade and Meyer [7] that [dS is
a BMO(Q(L))-martingale. For the second component n° of the FER*(0), we sim-
ilarly have that [ 7°dS is a BMO(Q(L))-martingale since ['1°dS is a BMO(QE)-
martingale by Theorem 2. Because (T, ¥, L) is a solution of (51), (52), we can write

T
10g<5"(L)T=—V/O ¥sdSs +yH — yTo,

and similarly, we have for the FER*(0) (N 0 50, kg ) that

E

dof
1
°874p

T
=log &N = _y/O n0dSs — yky.

Because f(no + ¥)dS is a BMO(Q(L))-martingale, we thus obtain

T
Eow [log(f(L)T ) )} =—yTo—yk)+vEou) [H — /O (0 + ws)dss]

=—yly— )/kg + )/EQ(L)[H] < 0

since H is bounded. Hence (T, ¥, L) satisfies (Sv) and we are done. O

Corollary 3 allows us to recover Theorem 13 of Mania and Schweizer [19] from
our Theorem 5. However, this still requires some work which is done in the next
two results. A similar approach can be used to recover Theorem 4.4 of Becherer [2]
from our Theorem 5, but we do not detail this here. Although the following lemma
is a special case of Proposition 7 of Mania and Schweizer [19], we give the proof
here as well, both for completeness and because it is quite simple in this case.

Lemma 2 Assume that the filtration T is continuous, H is bounded and let
(T, ¥, L) be an orthogonal solution of the BSDE (51), (52) with bounded first com-
ponent T'. Then L and [ dS are BMO(Qg)—martingales.

Proof 1f L and [ ydS are true Qg-martingales, (51) yields by continuity of L

EQg[(UT —(L){|%;]= 2yEQ(1)-;[F, —I'p|%#;] for any stopping time t. (60)
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Because I" is bounded, the right-hand side of (60) is bounded independently of t,
and thus L is a BMO(Qg)-martingale. This implies that (EQ{f [{L)7|%sDo<s<T is

also a continuous BMO(Qg )-martingale, because

; _ . . _ 2
Eos LT = Ege L) 7| Fe | Fe) < 2E e [(L)r — (L)el 21 < 20L 10, o)
for any stopping time . Taking conditional Qg -expectations in (51) with t =T
gives

5 1 1
/0 VS, = Egi (I = TolZ1 = Ly + 5 Egel(Lirl Al 055 =T,

and so f ¥dS is a BMO(Q(‘)E )-martingale as well. Note that we obtain bounds for
the BMOz(Qg )-norms of L and f ¥dS that depend on I' (and y) alone.

For general L and [ dS, we stop at 7, and apply the above argument with T
replaced by t,,. Letting n — oo then completes the proof. 0

A closer look at the proof of Lemma 2 shows that we did not use the property that
L is strongly Q(‘)E -orthogonal to S. However, this is of course necessary if we want
to prove a uniqueness result. By combining Lemma 2 and Corollary 3, we obtain
the following sufficient conditions for the uniqueness of an orthogonal solution of
(51), (52) with bounded first component.

Proposition 4 Assume that T is continuous, H is bounded, and there exists
0e ]P’g‘f whose P-density process satisfies Ry 1og L (P). Then the indifference value
process h is the first component of the unique orthogonal solution of (51), (52) with
bounded first component. Moreover, L and [ dS are BMO(Q(‘)E )-martingales.

Proof By Theorem 5 and (53), & is the first component of an orthogonal solution
of (51), (52). Using the definition (3) of & and V," (h;) = exp(—y h,) V" (0) easily
implies that the indifference value process & is bounded by || H || oo (py. If (I, ¢, L)
is any orthogonal solution of the BSDE (51), (52) with bounded I', then L and
f YdS are BMO(Qg)-martingales by Lemma 2. By Corollary 3, (T, i, L) is then a
special solution, which is unique by Theorem 5. d

Proposition 4 is almost identical to Theorem 13 in Mania and Schweizer [19];
the only difference is that we have here the additional assumption that there exists
Qe ]P)g’f whose P-density process satisfies Ry 1og7 (P). The explanation for this
is that we actually prove more than we really need for Proposition 4. Mania and
Schweizer [19] use a comparison result for BSDEs (their Theorem 8) to deduce
directly that one has uniqueness of orthogonal solutions to the BSDE within the
class of those with bounded first component. In contrast, the proof of Proposition 4
actually shows that under the Ry oz -condition, any solution with bounded first
component is even a special solution—and then one appeals to Theorem 5 which
asserts uniqueness within that class.
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6 Application to a Brownian Setting

In this section, we consider as a special case a model with one risky asset driven
by a Brownian motion and a claim coming from a second, correlated Brownian
motion. All processes are indexed by 0 <s < T. Let W and Y be two Brownian
motions with constant instantaneous correlation o satisfying |p| < 1. Choose as
the P-augmentation of the filtration generated by the pair (W, Y), and denote by
Y = (%;)o<s<7 the P-augmentation of the filtration generated by Y alone.

As usual, the risk-free bank account has zero interest rate. The single tradable
stock has a price process given by

dSs = s Sgds + 0, S;dWy, 0<s<T, So>0, 61)

where drift ¢« and volatility o are F-predictable processes. We assume for simplicity
that p is bounded and o is bounded away from zero and infinity. We further assume
that

the instantaneous Sharpe ratio % of the tradable stock is Y-predictable.

In the notation of Sect. 2, § = Sy + M + [Ad(M), where M := [0 SAW is

a local (F, P)-martingale and A := EUI—S is F-predictable. Since p is bounded

and o is bounded away from zero,athe Sharpe ratio % is also bounded, and
thus [ AdM = [ £dW is a BMO(F, P)-martingale and &' (— [ AdM) is an (F, P)-
martingale. We suppose that the contingent claim H is a bounded %7 -measurable
random variable. Together with the structure of S in (61), this assumption on H
formalizes the idea that the payoff H is driven by Y, whereas hedging can only be
done in S which is imperfectly correlated with the factor Y.

In the literature, there are three main approaches to obtain explicit formulas for
the resulting optimization problem (2). In a Markovian setting, Henderson [13],
Henderson and Hobson [14, 15], and Musiela and Zariphopoulou [20], among oth-
ers, first derive the Hamilton-Jacobi-Bellman nonlinear PDE for the value function
of the underlying stochastic control problem. This PDE is then linearized by a power
transformation with a constant exponent, called the distortion power, which corre-
sponds to 85’ from Theorem 4 and Corollary 1. This method works only if one has
a Markovian model. Using general techniques, Tehranchi [25] first proves a Holder-
type inequality, which he then applies to the portfolio optimization problem. The
distortion power there arises as an exponent in the Holder-type inequality. A third
approach based on martingale arguments allows us in [10] to consider a more gen-
eral framework with a fairly general stochastic correlation . In [10], we prove that
the explicit form of the indifference value from Musiela and Zariphopoulou [20] or
Tehranchi [25] is preserved, except that the distortion power, which is shown to exist
but not explicitly determined, may be random and depend on H like in our general
semimartingale model; compare Theorem 4 and Corollary 1.

We give here another proof based on the results of the previous sections. While
there are no new results, the arguments in comparison to [10] are easier and shorter,
give new insights, and show the advantage of FER*(H) compared to the BSDE
formulation (51), (52) in Sect. 5. Indeed, FER*(H) is a representation under the
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original probability measure P, whereas in the BSDE formulation (51), (52), one
must first determine the minimal 0-entropy measure.

Proposition 5 For any t € [0, T and any %,-measurable random variable x;,
1
o ——
VA (x) = —exp(—yx) Epl|W/ 7101 g 11e?

where \I/tH =exp(yH — % IT |’;—j|2ds) and the minimal martingale measure Pis
given by
dP 7
—=&(—[ Law) . 62
dpP / o T (62)

The exponential utility indifference value h; of H at time t equals

_ 1 OgE,a[w,”P*'@'ﬂ%]
y(L—lo») ~ Ep[|wl|-1eP|2]

hy
In Corollary 1, we have shown that

1 H1/8 )
(@) = ~log(E 1911 F1@) g o)

1 / U
- 1og(EpIIWP 1?1 Z1(@) 1y —50 )
and have related 1/8% to a kind of distance of H from attainability. Here we have
1/8# =1 — |o|?, which confirms our interpretation: The closer 1/8% is to one, the
greater is the distance of H from being attainable, because a smaller correlation o
between W and Y makes hedging more difficult.

Proof of Proposition 5 The idea is to explicitly derive the FER*(H) and FER*(0),
from which the result follows by Theorem 3. ILI view of Proposition 1 and (10),
we thus look for suitable real-valued processes N and 77/ and an .%;-measurable
random variable k' such that

1 ~py T~H . 1 T
H=—1log&(N" )i 7 +/ 1, 05 SgdW + —/
t t

2 Hs
14 2y

Os

2
ds +k7, (63)

where W := W + J Lds is by Girsanov’s theorem a Brownian motion under the
minimal martingale measure P given by (62). Using Itd’s representation theorem as

in Lemma 1.6.7 of Karatzas and Shreve [17] for |\IIZH ! ~lol® under Y and P restricted
to %7, we can find a Y-predictable process ¢ with E Ig[g |;“S|2ds] < 00 such that

w170 = Epta e ([ ) (64
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where the (Y, ﬁ)—Brownian motion Y is defined by
~ S
Yy =Y +f Q—dy fors € [0, T].
)7

Note that this argument uses that W/ is %7 -measurable because % is Y-predictable
and H is %r-measurable by assumption. We can write Y= QW +1 - |Q|2WJ‘

for an (F, P)-Brownian motion wt independent of w. Taking the logarithm in
(64) results in

1 rT ~ 1 (7 2 1
H:—f Ls 2dYs__/ s a5t
vJi 1—]ol 2y Ji 1-—|ol 2y

where

s
O

ds+ktH,

1 2
K= Jog E5[|WH |71l 9.
CT Y=oy BT ’

But this is (63) with

~ 1
=/7dWL and ?)’H :=L2—.
T—|ol? y(—leP)os

Clearly, NH is a local P- martingale strongly P- orthogonal to S, hence also a lo-
cal P-martingale strongly P-orthogonal to M. Moreover, W is bounded away
from zero and infinity, which implies by (64) that &( f ;dY ) is uniformly bounded
away from zero and infinity. By Theorem 3.4 of Kazamaki [18], i g“dY is then
a BMO(F, P) -martingale and thus so is N NH because

~H\ 1 / 24
A P A

This implies first that & (N ) is an (F, P)-martingale so that &(N7)&(— [ AdM)
is an (F, P)-martingale, and then that also

/(yﬁH+k)dS:/yﬁHanW+/ngT/
1 -~ _
_ 2/ng—NH+f5dW
1 —lol o

is a BMO(F, P) martingale. So if we set =—=— dP(N ) — éa(IVH)T, then f('ﬁH + %)\)dS
isalsoa BMO(F, P(N fyy. martlngale by Theorem 3.6 of Kazamaki [18]. By Propo-
sition 1, (N — [ Zaw, 7H + £ e US,kH) is thus an FER(H) on [¢, T], and because
the P-density process of P satisfies R Llog L (P) since % is bounded, this FER(H) is
even the unique FER*(H ) on [t, T] by Theorem 2. The unique FER*(0) (N°, 1°, k?)
on [f, T] is constructed analogously, with \IltH replaced by \Ilto . This concludes the
proof in view of Theorem 3. U
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Remark 7 Proposition 5 can be extended to the more general framework of case (I)
in Frei and Schweizer [10] where the correlation o is no longer constant, but Y-
predictable with absolute value uniformly bounded away from one. The explicit
form of the indifference value is then essentially preserved; see Theorem 2 of [10]
for the precise formulation. This can also be proved with our methods here, but
we only sketch the main steps for + = 0 since the full details are a bit technical.
First, one calls a triple (N, nf k[") an upper (or lower) FER*(H) if it has the
properties of an FER*(H), except that the equality sign in (7) is replaced by “>"
(or “<”). One then shows that for an upper (lower) FER*(H), (28) is satisfied with
“<” (“>") instead of equality. In a third step, one defines constants

1

1
1 —losI? -

and (S = lnf —2
L%o(P) s€l0,T1 |1 — |os|*ll Loe(p)

§:= sup
5€[0,T]

and finds, in the spirit of (64), Y-predictable processes ¢ and ¢ such that
_ _ R r
(Wi |1/ = Eﬁ[|\IJOH|1/‘S]éa</ ng)T and Eﬁ[/ |§s|2ds] <00,
0

with an analogous construction for ¢. For this one uses that Y is Y-adapted be-
cause o is Y-predictable. Similarly to the proof of Proposition 5, one shows that
(NH,ﬁH,EgI) is an upper FER*(H), where T [8c/1— lo2dW+ — [ Ldw,
7H = do¢ % + y% % and Eé{ = % log Eﬁ[lllléq | l/g]. A completely analogous result
holds for §. Therefore, one obtains

—H
—exp(—yxo + ki) < V¥ (x0) < —exp(—yxo + vk )

by the above versions of (28). Because § — §log Eﬁ[|\ll(f’|1/5] is continuous on
(8,51, interpolation then yields the existence of 86‘1 € [8, 8] such that

H_oH
V! (x0) = —exp(—yxo) Ep[| W |1%0 %0

Solving the implicit equation (3) with respect to & finally gives an explicit expres-
sion for Ay.

Acknowledgements Financial support by the National Centre of Competence in Research “Fi-
nancial Valuation and Risk Management” (NCCR FINRISK), Project D1 (Mathematical Methods
in Financial Risk Management) is gratefully acknowledged. The NCCR FINRISK is a research
instrument of the Swiss National Science Foundation.

References

1. Becherer, D.: Rational hedging and valuation of integrated risks under constant absolute risk
aversion. Insur. Math. Econ. 33, 1-28 (2003)



86

10.

11.

12.

13.

14.

15.
16.

20.

21.

22.

23.

24.

25.

C. Frei and M. Schweizer

Becherer, D.: Bounded solutions to backward SDEs with jumps for utility optimization and
indifference hedging. Ann. Appl. Probab. 16, 2027-2054 (2006)

Biagini, S., Frittelli, M.: Utility maximization in incomplete markets for unbounded processes.
Finance Stoch. 9, 493-517 (2005)

Biagini, S., Frittelli, M.: The supermartingale property of the optimal wealth process for gen-
eral semimartingales. Finance Stoch. 11, 253-266 (2007)

Bobrovnytska, O., Schweizer, M.: Mean-variance hedging and stochastic control: Beyond the
Brownian setting. IEEE Trans. Automat. Contr. 49, 396408 (2004)

Delbaen, F., Grandits, P., Rheinlédnder, T., Samperi, D., Schweizer, M., Stricker, C.: Exponen-
tial hedging and entropic penalties. Math. Financ. 12, 99-123 (2002)

Doléans-Dade, C., Meyer, P.A.: Inégalités de normes avec poids. In: Séminaire de Probabilités
XIII. Lecture Notes in Mathematics, vol. 721, pp. 313-331. Springer, Berlin (1979)

Emery, M., Stricker, C., Yan, J.A.: Valeurs prises par les martingales locales continues a un
instant donné. Ann. Probab. 11, 635-641 (1983)

Follmer, H., Schweizer, M.: Hedging of contingent claims under incomplete information. In:
Davis, M., Elliott, R. (eds.) Applied Stochastic Analysis. Stochastics Monographs, vol. 5,
pp. 389-414. Gordon and Breach, New York (1991)

Frei, C., Schweizer, M.: Exponential utility indifference valuation in two Brownian settings
with stochastic correlation. Adv. Appl. Probab. 40, 401-423 (2008)

Frittelli, M.: The minimal entropy martingale measure and the valuation problem in incom-
plete markets. Math. Financ. 10, 39-52 (2000)

Grandits, P., Rheinlidnder, T.: On the minimal entropy martingale measure. Ann. Probab. 30,
1003-1038 (2002)

Henderson, V.: Valuation of claims on nontraded assets using utility maximization. Math.
Financ. 12, 351-373 (2002)

Henderson, V., Hobson, D.: Real options with constant relative risk aversion. J. Econ. Dyn.
Control. 27, 329-355 (2002)

Henderson, V., Hobson, D.: Substitute hedging. RISK 15, 71-75 (2002)

Kabanov, Yu., Stricker, C.: On the optimal portfolio for the exponential utility maximization:
Remarks to the six-author paper. Math. Financ. 12, 125-134 (2002)

Karatzas, 1., Shreve, S.: Methods of Mathematical Finance. Applications of Mathematics,
vol. 39. Springer, New York (1998)

Kazamaki, N.: Continuous Exponential Martingales and BMO. Lecture Notes in Mathematics,
vol. 1579. Springer, New York (1994)

Mania, M., Schweizer, M.: Dynamic exponential utility indifference valuation. Ann. Appl.
Probab. 15, 2113-2143 (2005)

Musiela, M., Zariphopoulou, T.: An example of indifference prices under exponential prefer-
ences. Finance Stoch. 8, 229-239 (2004)

Protter, P.: Stochastic Integration and Differential Equations. 2nd edn., version 2.1. Stochastic
Modelling and Applied Probability, vol. 21. Springer, New York (2005)

Rheinlidnder, T.: An entropy approach to the Stein and Stein model with correlation. Finance
Stoch. 9, 399-413 (2005)

Schweizer, M.: On the minimal martingale measure and the Follmer-Schweizer decomposi-
tion. Ann. Probab. 24, 573-599 (1995)

Schweizer, M., From actuarial to financial valuation principles. Insur. Math. Econ. 28, 31-47
(2001)

Tehranchi, M.: Explicit solutions of some utility maximization problems in incomplete mar-
kets. Stoch. Process. Appl. 114, 109-125 (2004)



The Expected Number of Intersections
of a Four Valued Bounded Martingale
with any Level May be Infinite

Alexander Gordon and Isaac M. Sonin

Abstract According to the well-known Doob’s lemma, the expected number of
crossings of every fixed interval (a, b) by trajectories of a bounded martingale (X,,)
is finite on the infinite time interval. For such a random sequence (r.s.) with an extra
condition that X,, takes no more than N, N < oo, values at each moment n > 1,
this result was refined in Sonin (Stochastics 21:231-250, 1987) by proving that in-
side any interval (a, b) there are non-random sequences (barriers) (d, ), such that the
expected number of intersections of d,, by (X},) is finite on the infinite time inter-
val. This result left open the problem of whether for such r.s. any constant barriers
dy, =d, n > 1, exist. The main result of this paper is an example of a bounded
martingale X,,, 0 < X,, < 1, with at most four values at each moment 7, such that
no constant d, 0 < d < 1, is a barrier for (X,). We also discuss the relationship
of this problem with such problems as the behavior of a general finite nonhomo-
geneous Markov chain and the behavior of the simplest model of an irreversible
process.

Keywords Martingale - Finite nonhomogeneous Markov chain - Irreversible
process

Mathematics Subject Classification (2000) 60G42 - 60J10 - 82B35

1 Introduction

In this note we present some results that shed light on particular properties of ran-
dom sequences in discrete time (X,) which satisfy two key assumptions. First,
(Xp) is a bounded (sub)(super)martingale in forward or reverse time. Second,
(X,), at each moment n, takes no more that N values, where N < oo. In other
words, there exists a sequence of finite sets (G,) such that P(X, € G,) =1 and
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|Gn| < N <00, n>1. The class of all random sequences that have the latter prop-
erty is denoted by §'; the class of all random sequences that have both properties
is denoted by M™Y.
The random sequences from MY appear very naturally, for example, in the study
of finite nonhomogeneous Markov chains (MCs). Let S be a countable set, (P,) be a
sequence of stochastic matrices, Z = (Z,) be a Markov chain from a family of MCs
defined by a Markov model (S, (P,)). Let ® be the corresponding “tail” o -algebra
for Z,ie. & = ﬂn Fh00, where Fj, a o-algebra generated by (Z,,, Z,41,...). It
is easy to check that if A € ® and 8,(i) = P(A|Z, = i), then the r.s. (X,,), where
X, = B(Z,), is a martingale (in forward time). Another, even more important fam-
ily of (sub)martingales can be obtained as follows. Let D; be a subset of S. Let us
set,forn >1andi €S,
ozn(i):{P(Zl €D|Z,=i) if P(Z,=i)>0; 0

0 otherwise.

It is easy to verify that the r.s. (Y,) specified by Y, = «,(Z,), n > 1, is a martin-
gale in reverse time. If a subset D is replaced by a sequence of sets D, C S, and
oy (i) is defined as o, (i) = P(Zy; € Dg,s = 1,2, ...,n|Z, =1i), then (Y,) is a sub-
martingale in reverse time. Obviously, if |S| = N < oo then the martingales and
submartingales described above belong to M" .

The random sequences from .M” have much stronger properties than implied
by the well-known Doob’s convergence theorem, i.e. a theorem about the existence
of limits of trajectories of a bounded (sub)martingale when time tends to infinity.
Theorem 1 below describing these properties played a key role in the proof of the
final part of a general theorem describing the behavior of a family of finite nonho-
mogeneous Markov chains defined by a finite Markov model (S, (P,)), where S is a
finite state space and (P,) is a sequence of stochastic matrices. The striking feature
of this theorem called a Decomposition-Separation (DS) theorem in [7], is that no
assumptions on the sequence of stochastic matrices (P,) are made. The DS theorem
was initiated by a small paper of A. Kolmogorov [4, 5] and was proved in steps in
a series of papers: D. Blackwell [1], H. Cohn ([2, 3] and other papers) and 1. Sonin
([6-8] and other papers). We refer the reader to [7], where the final version of the
DS theorem was presented and a brief survey of related results was given, and to a
current expository paper [9]. Theorem 1 left an open problem described below and
the main goal of our paper is to give an answer to that problem.

Before formulating Theorem 1 and the main result of this paper, Theorem 2,
let us recall the well-known Doob’s Upcrossing Lemma (see [10]), which lies at
the foundation of Doob’s convergence theorem. If (X},) is a r.s., then the number
of upcrossings of an interval (a, b) by a trajectory X1, X7, ... on the infinite time
interval is the number of times when a transition, maybe in a few steps, occurs from
values less than a to values larger than b.

Doob’s Lemma If X = (X)) is a (sub)martingale, then the expected number of
upcrossings of a fixed interval (a, b) by the trajectories of X on the infinite time
interval is bounded by sup, E(X, —a)" /(b — a).



The Expected Number of Intersections of a Four Valued Bounded Martingale 89

Similar statements are true for the number of downcrossings and the number of
crossings. The condition sup, E(X, —a)™ < oo obviously holds if (X,) is bounded,
so for simplicity we will consider only bounded random sequences with 0 < X,, <1
for all n.

Note that the width of the interval (b — a) is in the denominator of the above
estimate, so Doob’s lemma does not imply that inside the interval there exists a
level d, such that the expected number of intersections of this level is finite, and in
general such levels may not exist at all. But for the random sequences from MY
Doob’s lemma can be substantially strengthened.

The following definition was introduced in [6]. A nonrandom sequence (d,) is
called a barrier for the r.s. X = (X,,), if the expected number of intersections of (d,)
by trajectories of X on the infinite time interval is finite, i.e.

00
Z[P(Xn <dn, Xnt1>dny1) + P(Xp > dy, X1 <dpy1)] < 00. ()

n=1

Theorem 3 in [6] about the existence of barriers for processes with finite variation
and a bounded number of values implies the following

Theorem 1 Let (X,) be a bounded rs. from MY . Then inside each interval (a, b)
there exists a barrier (d,), d,€ (a,b),n > 1.

An example in Sonin [8] shows that the barriers may not exist inside a given
interval if a bounded martingale (X,,) takes a countable number of values, but for
the random sequences from M " Theorem 1 left an open problem.

Problem 1 Is it true that for any r.s. from MY in any interval (a, b) there exists
a constant barrierd, =d,n>1?

For ar.s. (X,,) defined on a finite or infinite time interval {1,2,...,T}, T < oo,
with values in [0, 1], denote by N7 (x, X) the expected number of intersections of
level x by this sequence, i.e. the value of the sum in (2) when n runs from 1 to
T — 1 and d,, = x for all n. We will omit the indication of X and T, if T = oo and
X is clear from the context. Similarly, by N (x) we denote the expected number
of up-intersections, i.e. the first sum in (2) when T = 0o and d, = x for all n > 1.
Obviously, both N (x) and N*(x) are finite or both are infinite.

In the sequel, the abbreviation MCM will mean a (nonhomogeneous) MC (X;)
defined on a finite or infinite time interval [1,2,...,T], T < oo, which is also a
martingale. We also assume that 0 < X; <1 for all i. The main result of this paper
is

Theorem 2 1. For any X = (X;) € M2, in forward time, any value x € (0, 1) is
a level barrier, i.e. N(x) < oo for all x € (0, 1). In reverse time, one exception may
occur: if the two possible values of a martingale have the same limit xq, then N (xo)
may equal 0.
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2. For any X = (X;) € M3, N(x) < oo for Lebesgue almost every (a.e.)
x €(0, 1), and it is possible that N(x) = oo for all x € G, where G C (0,1) is
a countable set.

3. There is a MCM X = (X;) € M*, such that N (x) = oo for all x € (0, 1).

We prove only the most important first statement in part 2, and we leave out the
construction of a set G.

Remark 1 A Markov model (S, (P,)) has a transparent deterministic interpretation
(see [7]), and the DS theorem mentioned above has such an interpretation as well.
According to this interpretation, the states of MC (Z,,) are represented by “cups”
containing some solution (liquid), say tea. The entry p, (i, j) of the stochastic ma-
trix P, represents the proportion of the solution transferred from cup i to cup j at
moment n. Correspondingly, P(Z, =i) = m,(i) represents the volume of the so-
lution in cup i at the moment n; o, (i) introduced in (1) can be interpreted as the
“concentration” of tea in the cup i at the moment 7, and so on. Such a deterministic
“colored” flow is the simplest example of an irreversible process. The DS theo-
rem presented in the language of colored flows states that for any sequence (P,)
of N x N stochastic matrices the set of cups can be decomposed into a number of
groups, with the decomposition possibly depending on time n, such that in each
group, except possibly one, both the total volume and the concentration of tea have
limits. In the “exceptional group”, the total volume tends to zero, but the concen-
tration may oscillate. The total volume of tea exchanged between these groups is
finite on the infinite time interval. The number of groups and the decomposition
are unique (up to a certain equivalence) and depend only on the sequence (P,).
Problem 1 described above is equivalent to the question of whether such a decom-
position can be provided by constant values of the concentration. Accordingly, our
Theorem 2 can be reformulated as follows. If there are only two cups and the con-
centrations of tea in those cups do not tend to a common limit, then the total amount
of liquid exchanged between the cups with the concentration higher than x (before
the transfer) and lower than x (after the transfer), or vice versa, is finite for any x.
For three cups—such values of x form a subset of (0, 1) of full measure. For four or
more cups, such x may not exist at all. We are going to present this and other possi-
ble interpretations, as well as some related results, in a separate paper. The authors
would like to thank Robert Anderson and Joseph Quinn who read the first version
of this paper and made valuable comments, and the anonymous referee for careful
reading and thoughtful remarks.

2 Proof of Theorem 2. Cases N=2and N =3

To simplify the presentation, we will consider only martingales in forward time.
We denote by EX and V (X), respectively, the expected value and the variance of
a random variable (r.v.) X.



The Expected Number of Intersections of a Four Valued Bounded Martingale 91

Case N = 2. The definition of X = (X,) € M2 implies that at each moment #,
X, € {an, by}, where 0 < a, < b, <1, a, is decreasing and b, is increasing. Let
doo = limay,, bso = limb,. For any x < ax, Or x > by, obviously, N(x) = 0. If
X € (Ao, bxo), select di and dp so that ase < di < x < dy < b, and let ng be a
number such that a,, < dy, b, > dp for all n > ng. Then

oo
Nt =c+ Y P(Xy <di, Xpp1 > db), 3)

n=n

where c is the sum of the first ng terms and therefore is finite.

Proposition 1 For any two rv.’s X1, Xo and any two numbers dy < d,
P(X1 <di, X2 >d) < E(X1 — X2)*/(d2 — 1)’ )

Proof The assertion of Proposition 1 follows immediately from the implications
(X1 <d1,X2>dy) C(|X1 — X2|>h), h=d> — d;, and the Chebyshev’s inequal-
ity, P(IY| > h) < EY?/h? forany r.v. Y.

To prove part 1 of Theorem 2, note that for a martingale (X,) we have
E(Xpt11Xn) = Xp, and V(Xuq1 — Xp) = E(Xpy1 — X2)? = EX2, | — EX,,” and
hence for a bounded martingale (X,),0 < X, <1,

T-1
Y EXpp1—Xa)'=EX; —EX;* < 1. 5)
n=k

Then formula (5) and Proposition 1 imply that the sum in (3) is finite for any 7 < co.
Part 1 of Theorem 2 is proved.

For any r.v. X with EX = m, let us denote M (X) = E(X —m)*. Then E(X —
m)T = E(m — X)T, and M (X), the mean absolute deviation of X, is

MX)=E|X—m|l=EX —m)T 4+ E(m—X)"=2M"(X). (6)

Let us also put M(X|c) = E|X —c| and MT(X|c) = E(X — ¢)T. If (X,,) is a mar-
tingale, then the equality E(X,+1|X,) = X, and (6) imply that

M(Xp411Xp) =2M* (X111 X0). (7

To study the case of N = 3, we need some simple properties of r.v.’s and martingales
with two and three values. They are described in Propositions 2—4. Let X € G2, i.e.
an r.v. with two values a and b,a <b,b—a=d and P(X =b)=p, P(X =a) =
g =1 — p. Then it is easy to check that the following statement is true. 0

Proposition 2 If X € G2, then M(X) =2pqd, V(X) = pqd?, and hence

MY (X)=V(X)/d. (8)
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Let X be an r.v. with three valuesa <e <b,and P(X =b)=p, P(X =e) =,
P(X =a) =q, where p +r + g = 1. Let us denote by XV an r.v. obtained from
X by averaging the two upper values, i.e. XV takes two values a and b’ = (er +
bp)/(r + p) with probabilities ¢ and p’ = r + p. Similarly, we define an r.v. X* as
an r.v. obtained from X by averaging the two lower values, i.e. X takes two values
a’' = (aq +er)/(q +r) and b with probabilities ¢’ = ¢ +r and p. It is easy to check
that for such r.v.’s the following statement is true

Proposition3 (a)a <a’' <e<b' <b, EX=EXA, V(X" <V(X),A=UorL,
(b) M(XY) < M(X), MT(XY) < MT(X), with equalities when EX < e,
() M(XE) < M(X), M+ (XL) < M+ (X), with equalities when EX > e.

For a r.s. (X,) € M3, ie. for a martingale with three values a, < e, < b, at
moment 7, similarly to Proposition 3, it is easy to obtain

Proposition 4 (a) If (X,) € M>, then E(X/||X,) = X, E(X},| — X,)?|X,) <

E((Xp41 = Xn)?1X0), VXt ) = Xo) < V(Xn1 — Xn), A=Uor L,
(b) MT(XY, | 1X0) < MT (X111 Xn), with equality when X, < ey 41,

(c) M+(er+] 1X,) < MY (Xn111X0), with equality when X, > e, 1.

Now we can prove part 2 of Theorem 2 (case N = 3). The situation in this case
is substantially different from N =2 and N > 3. It is possible to have N (x) = oo,
for example, for all rational numbers; nevertheless the Lebesque measure of the set
of all such x is always zero. We prove here only the latter statement.

Lemma 1 Foranyrs. (X,),0<X, <1,and T < oo,

T-1

1
f N (o)dx =) EM* (Xui1]Xa). ©)
0

n=1

Proof The proof follows immediately from the definition of N;‘ x) =
STZUP(X, < x, Xpq1 > x) and the equalities: (1) P(X, < x, Xp41 > x) =
EI(X,, Xpt11x), where I(c,d|x) = 1 if ¢ < x < d, and 0 otherwise,
(2 fol I(c,d|x)dx =(d —c)* and 3) E(X,41 — Xp)T = EMT (X 111X,).

Let (X,) € M3 and {a,, en, by} be the ordered set of possible values of X, at
the moment n, 0 < a, < e, < b, < 1. The definition of a martingale again implies
that the sequence (a,) can only decrease, the sequence (b,) can only increase but
the sequence (e,) may oscillate between a, and b,. WLOG we can assume that
lima, =0, limb,, = 1.

Note that if, given a, b, 0 <a < b < 1, in the left side of (9) we change the limits
of integration from O and 1, to a and b, i.e. consider f ab, then the equality (9) remains
true with M (X,11|X,,) replaced by M (X,11|X,,a,b) = E(min(b, X,11) —
max(a, X,))*. For simplicity we will denote MT(X,1|X,,2¢e,1 — 2¢) as
M+(Xn+1 | X0, €).
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It is sufficient to prove that the integral similar to that in (9), with integration lim-
its replaced by 2¢ and 1 — 2¢, is finite for any ¢ > 0. Then obviously N;f (x) < oo al-
most surely. To prove this we will show that for any (X,,) € M3, any ¢,0 < & < 1/4,
and sufficiently large n,

MT(Xp411Xn, ) < E(Xng1 — X)?1X0) /6. (10)

If (X,) is a martingale, then E(E((X;4+1 — X,,)2|X,,)) =EXpy1 — X,)? =
V(X,+1 — X,). Since series in (5) is convergent, estimate (10) will prove that the
integral in (9) is finite.

Let £ > 0 and ng be a number such that g, < ¢, and 1 — ¢ < b, for all n > ng. In
the sequel we will consider only n > ny.

If X, > 1 — 2¢, then, obviously, M (X,+1|X,, &) =0. Since b, > 1 — &, we
need to consider further only the cases X, = a, or X,, = ¢,.

If X, =a, or e,, and e, < 2¢, then MT(X,,41|X,,€) = M+(X5+1|X,,,s).

Using formula (8) applied to erﬂ we have M+(X£+1|Xn, g) < M+(X£+1|Xn) =

E((erJrl — Xn)2|Xn)/(bn+1 — a;lH) and then using point (a) of Proposition 4,

we obtain M*‘(X,f+1 1Xn,8) < E((Xns1 — X021 X0)/ byt —a, ). Sincea, | <
ent+1 < 2¢ and b4 > 1 — ¢, we have b, — a,/H_1 > 1 — 3¢ > ¢, and thus (10)
holds.

If e,41 > 26 and X, < 2e then M (X, 411X, €) = M+(Xf1]+l|Xn,8). Us-
ing formula (8) applied to X,?H we have M+(XII1J+1|X,1,8) < M+(X£/+1|X,,) =
E((X{, — Xn)?|Xn)/ (b}, — any1) and then using point (a) of Proposition 4,
we obtain MY (XY, ||X,. &) < E(Xus1 — Xn)?Xn)/ (b}, — ans1). Since b/, | >
en+1 > 2¢ and ap41 < €, we have b;H — ay+1 > €, and thus (10) holds. What re-
mains are two cases when 2e < X,, = e, <1 —2¢, ;41 > 2¢ and X, = e, < €541
or X, = e, > e,+1. The proofs are similar to the above. Part 2 of Theorem 2 is also

proved. O

3 Proof of Theorem 2. Case N > 3. An Example

We prove part 3 of Theorem 2 by a direct construction of the MCM X = (X;) for
N = 4. First, we construct an auxiliary MCM U = (U;). Let (ag), (by), k=1,2, ...
be two deterministic sequences such that:

l>a;>ay>--->0, ar<bi<by<---<1,

(1)

limay =0,  limbg = 1.

Given such sequences (ay) and (by), we candefineaMC U = (U;),i =1,2,...,
such that P(U; = by) = 1, Up—_1 € {ag, bi, 1}, Uy € {ag, 1}, and the transi-
tion probabilities u;(x,y) are: ur(1,1) =1, uxp—1(akx,ar) = 1, uzp—1(bg, 1) +
uzk—1 (b, ar) = 1, usr(ag, bg+1) + uosk(ag, ar+1) = 1, k > 1. To obtain not just
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a MC but a (unique) MCM, it is sufficient to define

by —ay ax — i1

, uzk (ag, bp1) = k>1.
1 —ax

uz—1(bi, 1) =

biy1 — aky1

Assumptions (11) imply that this is possible and that my = P(Uz—1 = bx) > 0
forall k > 1.

The MCM U = (U;) will serve as a “frame sequence” for MCM X = (X;), i.e.
(X;) will consist of “blocks” (Xl/.‘), k > 1, where each (Xl/.‘) is a MCM defined on a
time interval [#¢, ex], 11 = 1, tx+1 = ex + 1, k > 1, and each block is “inserted” into a
constructed above “frame sequence” U = (Uj;) so that the time interval [2k — 1, 2k]
“stretches” into the time interval [f, ex], k > 1. More precisely, the values and the
transition probabilities p; (x, y) for MCM (X;) are defined as follows: X; = X f‘ for
i€lty,e],i=1,2,...; P(X =X} =b)) =1, P(X, =X’e‘l € {a;, 1}) = 1. Any
other k-th block, k > 2, has three entrance points {ag, b, 1} and two exit points
{ar. 1}, ie. P(Xy = X5 € {a. by, 1) =1, and P(X,, = X} € {a.1}) = 1. The
state 1 is an absorbing state, p; (1, 1) = 1 for all i > 1. The transition probabilities
between blocks, i.e. at moments ex, k > 1, are defined using the transition prob-
abilities from MCM U': if i = ¢, then p;(ax, y) = ux(ak, y), where y = axy1 or
br+1. The transition probabilities of k-th block p; (x, y), tx <i < eg, are as follows:
pi(ak, ar) =1 for all i, the other transition probabilities are the “shifted” probabili-
ties from MCM Y* = (Yik), k > 1, where (Yl.k) is defined on the time interval [1, T}],
Ti =ex — te + 1, ie. pyio1(x,y) =q(x,y), wherei = 1,2, ..., T and g (x, y)
are transition probabilities for (Yik). We say that block X* is obtained from a block
Y* by a shift from interval [1, T¢] to interval [#;, ex], ex = tx + Tp — 1.

The structure of each MCM Y¥ = (Y, ik), k=1,2,...1s similar and its properties
are described in Lemma 2 which is the key element of our construction.

Lemma 2 For every tuple B = (a,b,e,C),0<a<b<1,0<e<b—a,C >0,
there is a MCM Y = (Y;) defined on a finite time interval [1,2,...,T], T =T (B),
and such that

() PY1=b)=1, P(YT €{a,1}) =1, and for all otheri, 1 <i <T,Y; takes no
more than three values ri, si, 1,a <rj <s; <1.
2) Nr(x,Y) > C foreach x € (a +¢&,b).

We will prove Lemma 2 later. Assuming that Lemma 2 holds, we next construct
a MCM (X;) satisfying part (3) of Theorem 2.

Let () be a sequence, &; > 0, lime; = 0, and let (ax), (bx) be two sequences
satisfying conditions (11). Let (U;) be a corresponding “frame” MCM, u; (x, y)
its transitional probabilities, i = 1,2, ... and my = P(Uxy—1 = by) > 0, k > 1.
Givenk > 1,let Y¥ = (Yl.k), i=1,2,..., T, be a MCM satisfying the conditions of
Lemma 2 with parameters (ax, by, €k, Cr), where Cr = 1/my. We define sequences
(tr) and (ex) by: t1 =1, ex =t + Ty — 1, tr+1 = ex + 1, k > 1. Let us denote by
(X;) the combined MC consisting of blocks X* obtained by the corresponding shift
from Y* and connected by the frame sequence (U;) as described above.
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Let us denote by N k (x)=Np(x,Y k) the expected number of intersections of
level x by a r.s. Yk = (Yl.k), k>1, and N(x) = N(x, X) the expected number of
intersections of level x by a r.s. X = (X;). By our choice of C; we have N kix) >
1/my for each x € (ax + &k, by), where my = P(X,, =br),k > 1. Let x € (0, 1)
and let k(x) be a number such that x € (ay + &, by) for all kK > k(x). Then by our
construction

o oo
N =Y P(Xy =bN'()= Y my/mp = o0,
k=1 k>k(x)

Note that MCM (X;) takes no more than four values on each time interval [#;, e],
k > 1. Three values, rl.k, s{‘ and 1 are from MCM Y* in Lemma 2, and the fourth
value is ay.

Thus, to prove part 3 of Theorem 2 we only need to prove Lemma 2. From
now on, the numbers (indices) i, k and n and such notation as p; (x, y) have a new
meaning.

We prove Lemma 2 for a special case when a =0, b = % The general case
requires only minor changes in notation.

We will construct (¥;) combining a finite number of MCMs, having a similar
structure. To avoid confusion with the “blocks” used above, we call these MCMs
modules. Each module (Lf’r) is a MCM characterized by two parameters (k,r),
k>1,0<r <1, and defined on the time interval 1,2, ..., k].

First we describe the standard module with parameters (k,0). This is a MC
(Lff’o) = (5;) defined on [1,2,...,k], and taking at each moment i two values O
and s;, where (s;) is a deterministic sequence given by formula

1

- i=1.2.....k 12
k+1—i (12)

Si
Obviously 0 < % =5 << Sp_] = % < sp =1, and s; satisfy s;41(1 —s57) = s;.
Point s; is an initial point for ar.s. (S;),i.e. P(S; =s1) = 1. The transition probabil-

ities p;(x, y) are defined as follows. State O is absorbing for all i, i.e. p; (0,0) =1,
i =2,3,...,k— 1. The other transition probabilities are given by

k—i

_ KT i k=1, (3
kr1—i ' (13)

pi(si, 0) =i, pi(si,siv1) =1—s;
It is easy to see that E(S;41|S; = s;) = si+1(1 — s;) = s;. Therefore, the r.s. (S;) is
also a martingale, i.e (.5;) is a MCM.

It is easy to check that

i1
P(S; =si)= l_[ pj(sj,sj+1) =
=1

k+1—i 1
L ik A
k ks,-

Let us denote by N*(x) the expected number of intersections of level x by the
r.s. (8;).If x € (55, si4+1),1 = 1,2, ...,k —2, then every trajectory can intersect x on
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the way up and after that on the way down, so Nk (x) =P(Sit1=si+1)+ P(Sit1=
Si41s Sk =0) =2P(Sj41 = si41) — P(Sg = 1) = 2952=L > 1 /ks;. These relations
imply that

1 1
Nf(x) > f¥(x), where f*(x)= = if L <xs 1/2. (15)
X
The module (Lf.(’r) with parameters (k,r), 0 <r <1, k > 1 is a r.s. defined on
the finite time interval i =1, 2, ..., k by equalities
LY =r+ (=18, i=1,2,...,k, (16)

1

where (S;) = (Lf."o) is a standard module with parameters (k, 0).
Formula (16) implies that the initial point for (Lf.”) is

1—r

r+k

a7

and that (Lf’r) is also a MCM with the same transitional probabilities as in (13)
but with possible values r and r + (1 — r)s; instead of O and s;. The value r is
the smallest of possible values for this module, so later we will refer to r as to the
“floor” of this module. The intersection function N* (x) for (Lf."r), instead of (15),
satisfies the inequality

— 1— 1- 1
Nk’r(X)sz()lc_:), r+TVSX<r+ 2r= err. (18)
Formula (14) for i = k and formula (16) imply that
1 k—1
P(Ly" =1)= %, P(Ly =r)= — (19)

Now we will construct a sequence of MCMs (Yi”), n=12,...,i=1,2,...,T,,
and we will show that for any ¢ > 0 and any C each of these MCMs will satisfy the
condition of Lemma 2 for sufficiently large n. Each (¥/") consists of n modules con-

nected subsequently, each with parameters (k;,r;), j = 1,2, ..., n. The parameters
(kj,rj), j=1,2,...,n,givenn=1,2, ..., are selected as follows
ki=n+j T o (20)
i=n s ri = s =1,...,n.
7 J / 2n /
It is easy to check that
il SR N 1)
ri_1=r; =r; +—, =2,...,n.
SN T T T gy

Thus, for each n, points r; divide the interval (0, %) into n equal parts of size
1/2n and the interval (1 —r;, 1) contains k; subintervals of this size. Let us denote,
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for the sake of brevity, (ij b ) by (Lij ). Formulas (17) and (21) imply that the floor

r; of the module (L{ 7]) serves as the initial point for the next module (L{ ).
Let 7,, = Z'}zl kj —n + 1 be the total length of the time interval where these
modules are sequentially defined. We define (¥;) = (Yl.”), 1<i <T,, as follows.

State 1 is absorbing for all i. At moment 1 r.s. (¥;) starts at ro = % and on the

time interval [1, k1] coincides with the module (L{.(1 "y = (L il). Then, at moment &

according to (19), we have

1
Py =1 =Py ==,
: (22)
| ki —1
Py =r) =Py, =r)= P

On the time interval [k, k1 +k — 1] r.s. (Y;) stays at 1 with probability % and with
probability my = % coincides with the module (Liz). As mentioned above, the
floor r1 of the module (L l.l) serves as the initial point for the next module (Ll.z). And

so on. Obviously, MCM (Y;) satisfies the condition (1) of Lemma 2 with b = % and
a=0.

From the above construction, using the last equality in formula (14) fori =k =
k; and denoting mo = 1, we also obtain that for j =1,2,...,n,

mj = P(Yk|+---+k_,‘—j+1 ZI’])
ki—1 —n
k; _n+j'

=mj 1 P(L, =rj)=mji (23)

Our last step is to estimate N (x), the expected number of intersections of
level x by the constructed MCM (Yl."), i=1,2,...,T,, and to show that for any ¢,
0<e<1/2,lim, N®(x) =00 uniformly for all x, ¢ <x < 1/2. Therefore, given
any number C, for sufficiently large n, MCMs (Y") will satisfy the condition (2) of
Lemma 2.

By our construction, we have obviously N (x) = Z;l':l mj N J(x), where
N/ (x) is the expected number of intersections of level x by module (L{ ). Using for
each j the estimate (18) with k = k; and r = r; taken from (20), and taking into
account that by (23), % <mj < 1f{orall j, we obtain that

1 < S x—r;
NO@) 223 Y (1_—’) (24)
j=1 g
where f*i (}1‘::/’ ) is defined by (15) (see also (18)) forrj_; < x < (1+7r;)/2 and for
other x’s can be defined to be equal to zero. Hence fXi(7=—L) > 1=r; 1=

I—r; kj(x—rj) = 2n(x—rj)
forrj_1 <x < (1+47r;)/2. Using formulas (20) and (21), we obtain that for any x,
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0<x<1/2,
R 1 1 " 1
NO@=> Y = Yy —
2 Jri1<x n(x —rj) 2 jin—jti=ony 20X = )
B 1 [2nx]—1 1 (25)
2 = 2n(x— %)

where [a] is an integer part of a.

The last sum is just a Riemann sum of the integral f(;c xdTyv = 00. Thus, for large

n the sum N (x) in (25) can be made arbitrarily large uniformly for all x, 0 < & <
x < 1/2. This proves Lemma 2 and therefore part 3 of Theorem 2.

Remark A slightly different but similar construction proves the analog of Theorem 2
for the case where (X;) is a martingale in reverse time.
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Immersion Property and Credit Risk Modelling
Monique Jeanblanc and Yann Le Cam

Abstract The goal of this paper is to study the immersion property through its links
with credit risk modelling. The construction of a credit model by the enlargement of
areference filtration with the progressive knowledge of a credit event occurrence has
become a standard for reduced form modelling. It is known that such a construction
rises mathematical difficulties, mainly relied to the properties of the random time.
Whereas the invariance of the property of semi-martingale in the enlargement is
implied by the absence of arbitrage, we address in this paper the question of the
invariance of the martingale property.

Keywords Initial and progressive enlargement of filtration - Credit risk -
Risk-neutral probability

Mathematics Subject Classification (2000) 60G46

1 Introduction

Most of the literature on credit risk focuses on pricing problems and postulates the
existence of a pricing measure, without questioning its features. The purpose of this
paper is to propose a study of the set of equivalent martingale measures (e.m.ms)
in the context of credit modelling. Within the reduced form approach and particu-
larly under the filtration enlargement framework, such questions may be precisely
studied, and lead to interesting properties. Only finite time horizon problems will be
treated in this paper.

Three parts will be developed in the sequel, so that to present the issues relative
to the discussion about the completeness of a market potentially exposed to a credit
event.

e The first one presents the credit modelling framework and discusses the mean-
ing of the options taken. We adopt a reduced form model, and specify the split
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of the full information G between a “reference filtration” [ and the credit event
(generating a filtration H) so that to benefit the methodology based on the haz-
ard process.! A subsection is dedicated to the presentation of each filtration, and
another one to the financial interpretation of that splitting.

We model the credit event by a random time belonging to the class of initial
times.> The choice of initial times insures that the semi-martingales in the refer-
ence filtration remain semi-martingales in the full filtration G.

e The second one is a mathematical part that aims at proving a representation the-
orem for martingales of the full filtration, as soon as the martingales of the refer-
ence market can be represented on a finite set of martingales, and when the credit
event is an initial time.

This theorem emphasizes the major role played by initial times in credit mod-
elling. A corollary allows to describe the positive G-martingales, hence the set of
9r-equivalent probabilities once an “historical probability” is given.

e The third one is a study of the special—and fundamental—case where the “refer-
ence market” is complete and arbitrage free. We describe thanks to the previous
martingale representation theorem the set of the probabilities equivalent to the
historical one on ¢ under which the reference assets remain martingales. Then
it is established under mild assumptions that the full market, where a credit event-
sensitive asset is added to the collection of the reference assets, is also complete
and without arbitrage opportunities.

A following section presents the links between the completeness and the im-
mersion property of the filtration enlargement: this property, often referred to as
(J€)-hypothesis, denotes the fact that the F-martingales remain G-martingales.
We shall prove that immersion holds under any G-e.m.m., and characterize the
change of probability that allows to go from a “reference neutral-risk” probabil-
ity? to a neutral risk probability, under which immersion holds. We derive the
important corollary that if the F-martingale part of the survival process defined
under a “reference neutral-risk” probability P* is not equal to zero, P* is not
neutral-risk probability of the full market.

e The last part is devoted to the case where the reference market is incomplete
and a default sensitive asset is traded. Starting from a reference e.m.m. P*, we
construct a unique e.m.m. in the full filtration that preserves the main properties
of the reference market.

Precisely, we prove that there exists a unique probability measure Q equiv-
alent to P* such that the price process (composed of the reference assets and
the default sensitive asset) is a (G, Q)-martingale that preserves the “reference
pricing”, i.e., such that EQ(X7) = E*(X7), for any X7 € L?>(Zr). We establish

I'See Jeanblanc and Le Cam [23] for a survey on reduced form modelling and hazard process.

2See the following section, Jiao [21], El Karoui et al. [11] or the paper of Jeanblanc and Le Cam
[22] for a study of the properties of initial times and their application to progressive enlargement
of filtrations.

3 A probability under which the reference assets are F-martingales.
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that here again, immersion property of the filtration enlargement holds under this
probability.

In this paper, all the processes are constructed on a probability space (£2, <7, P),
where the probability measure P is referred to as the historical probability.

A financial market is represented in the sequel by a (n + 2)-dimensional price
process S= (SO, e, Sf‘H; 0 <t <T),inwhich SO will denote the saving accounts,
i.e., the risk-free asset,* and its information by G assumed to be the natural (aug-
mented) filtration generated by S. We do not assume that 47 = <7, and we empha-
size that IP is a probability measure defined on .27 (even if we shall be interested in
the sequel in restrictions of the probabilities on sub-o -algebras of <7).

We denote by @G(g) the set of G-e.m.ms, i.e., the set of probability measures QQ
defined on <7, equlvalent to IP on <7, such that S / SOc 1"C(G, @), i.e., such that
the discounted process (St / S t <T)isa (G, Q)-local martingale. In what follows,
we assume for the sake of 51mplicity that SO = 1.

It is well known that there are strong links between no-arbitrage hypothesis and
the existence of an equivalent martingale measure (see Kabanov [25], Delbaen and
Schachermayer [10]). In this paper we are interested with the property of OG(S)
being not empty. This condition is equivalent to the No Free Lunch with Vanishing
Risk condition (a condition slightly stronger than absence of arbitrage).

Recall that the market where the assets S',i =0, ..., n+ 1 are traded is complete
if any contingent claim is replicable: For any payoff X7 € L%(%r) there exists a
G-predictable self-financed strategy with terminal value X7. Our aim in this paper
is neither to make a fine discussion on the best hypotheses on trading strategies,
nor to use the most precise and efficient assumptions in that matter (the interested
reader may refer for example to Delbaen and Schachermayer [10], Kabanov [25]
or/and Protter [30]).

Given an em.m. Q € @I(g’(g), we say that the Q-local martingale S enjoys the
predictable representation property5 (under Q), if every (Q, G)-local martingale M
can be written M = Mo + m x S, where My belongs to % and m x S is the process
fo mgd SS with m a G-predictable locally bounded process. If S enjoys the PRP,
the market is complete. When only considering probabilities equivalent to a given
one (in our case the historical probability P), it is straightforward that if @ﬁ(,?(S)
restricted to ¢¥r is a singleton, PRP holds under this martingale probability and the
market is complete.

2 Credit Modelling Framework

We work in this study within a progressive enlargement of filtration set-up, so that to
study the pricing of derivatives written on underlyings sensitive to a credit event 7.

45m+1 will represent in the sequel an asset on which may be read the occurrence of the credit event,
at the opposite of the n + 1 first ones.

5General presentations of PRP are available in Revuz and Yor [32], Jacod and Shiryaev [19] or
Protter [31].
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We refer the reader to Elliott et al. [14] or to Jeanblanc and Rutkowski [24] for
a detailed presentation of this approach, and to Jeanblanc and Le Cam [23] for the
reasons that lead us to adopt it in this context.

In this framework, we shall split the information induced by the market into two
components: a first one generated by what will be called the default-free assets,
and a second by the knowledge of the occurrence of a credit event (the probability
of occurrence of this event will depend on factors adapted to the first filtration).
Precisely, two sources of information are introduced, the reference filtration and the
default-sensitive asset.

2.1 The Two Information Flows

The reference filtration. We consider an (n + 1)-dimensional vector S of assets
SO ..., 8" and its natural filtration F, that will be referred to as the reference fil-
tration® in the sequel.” These assets may be shares, vanilla options, interest rates,
change rates, etc.: All listed information that may be used by the market to build its
anticipations on the probability of occurrence of the risk—and impact the bid-ask
price of instruments written on t. For example, if t is the default time of a bond
issued by a firm X, it is in general not a stopping time with respect to the filtration
generated by the stock of X, or by interest rates (even it is far from being indepen-
dent of such variables). The information flow [F does not contain the information of
the occurrence of the credit event, i.e., T is not an [F-stopping time.

We denote by @]IPE (S) the set of F-e.m.ms.? The next hypothesis will be system-
atically imposed on the model, and implies the absence of arbitrage in the reference
market:’ @g (S) is not empty. This hypothesis will hold until the end of the article.

Default-sensitive asset. We introduce an asset S"*!, that bears direct information
on 7, i.e., that satisfies:

A Co(ST0<s<t)ycHv.F foranyt >0, (1)
where the notation H = (57, ¢t > 0) stands for the natural augmentation of the fil-

tration generated by the process H; = 1. ;. This filtration models the knowledge of
the occurrence of the credit event.

In [3] Bélanger et al. refer to I as the non firm specific information. For us, this information flow
must be considered as the “market risk” information, and can bear assets linked to the firm, for
example its equity or even its directly its spread risk, see later.

7If needed, we set F, = Fp fors > T.

8The set of probabilities Q defined on &7, equivalent to P on &7, such that § € .#' loc(F Q), ie.,
such that the process S = (S;,7 < T) is an (F, Q)-local martingale.

Recall that we have assumed null interest rate to ease the presentation.
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This relation explains the fact that the default can be read on the paths of §"*!,
and that this asset can be priced in terms of v and I (think of a risky bond, a de-
faultable zero-coupon or a credit default swap).!0

We denote by S the vector (SO, st S”+1) = (S, 1), and by G=FVH,
the natural augmentation of the filtration generated by S (the full information of the
market).

2.2 Financial Interpretation of This Decomposition

In terms of risk analysis, $”T! bears in general two types of risks (we consider in
this survey only the single default case, hence do not enter in a discussion about the
correlation risk):

e a “market risk”—typically a spread risk, i.e., the natural variation of the price of
the asset when time goes on without default;
e a jump risk—the specific risk of default, due to the occurrence of 7.

This framework is based on the assumption that the market risk can be hedged
with F-adapted instruments, and that the jump risk relies on H-adapted instruments.
Two points of view can be considered to justify this assumption.

1. The first one—based on economic analysis—Iies on the observation that the
spread risk is mainly ruled out by the same noise sources as the assets that generate
the reference filtration. For example:

e In the context of firm bonds pricing, Bélanger et al. link in [3] the spread risk of
the defaultable zero-coupon to the stochastic interest rates. In such a modelling,
the credit event is constructed as the hitting time of an independent random barrier
by an increasing F-adapted increasing process (the F-intensity), where F is the
filtration bearing the stochastic interest rates movements.

The parameters of the intensity process may depend on the firm (see also
Ehlers and Schonbucher [12], where the authors insist on the role of the systemic
risk implied by the interest rates on a portfolio of credit risks).

e Moreover in a very close matter, Carr and Wu in [7] or Cremers et al. in [9] show
that corporate CDS spreads covary with both the stock option implied volatilies
and skewness.

It confirms that the factors ruling out the movements of the spreads are linked
to the variations of the interest rate and of the equity (and its volatility).

o In the context of modelling CDS on debt issued by states (in their example Mexico
and Brazil), Carr and Wu study in [8] the correlation between the currency options
and the credit spreads. They prove that these quantities are deeply linked and
propose a model in which the alea driving the intensity of the default is composed
by the sum of a function of the alea of the stochastic volatility of the FX (see
Heston [16]), and an independent noise (see also Ehlers and Schonbucher in [13]).

10CDS will refer to Credit Default Swap in the sequel.
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e More generally, this vision is shared by the supporters of structural modelling, in
which the default time is triggered by a barrier reached by the equity value (see
Merton [29] or Black and Cox [5] for example). In [2], Atlan and Leblanc model
the credit time as the reaching time by the Equity of the firm of value zero, the
stock following a CEV (see also Albanese and Chen [1] or Linetsky [28]).

2. The second one is based on the introduction of a new noise source, this alea
driving the spread risk, considered as having its own evolution (both approaches
can be combined). In this construction as well, the “market risk of the defaultable
security” does not contain the default occurrence knowledge, and can be sorted in
the F-information with the other “market risks sensible” assets.

In practice, it is easy to synthesize an asset that is sensible to this spread risk and
not to the jump risk. Take two instruments as S"+! of different maturity for example,
denoted by X' and X2, and assume the market risk is modelled by a (risk-neutral)
Brownian motion W. Assume that M is the compensated martingale associated to
H, and that dX! = B/d M, + §!d W, under the e.m.m. Set up the self-financed port-
folio IT that is long at any time of 8?7 of the asset X! and short of 8! of X? (and
has a position in the savings account to stay self-financed). This portfolio has only
sensitivity against the spread risk, and does not jump with 7. Indeed,

dIT; = rITdt + B2d X} — BldX? = r,dt + (B>s) — Bls2)dW,.

Remark that with a §-combination (instead of the S-combination), we can set up
a portfolio only sensible of the jump risk (and that has no spread risk):

dIT =rITdt + 82dX} — §1dX? = rITdt + (B} 8? — B2s)dM,.

The two points of view (that need to be combined to achieve a maximum of pre-
cision in calibration procedures) converge on the idea that splitting the information
of the market in two sub-filtrations is finally quite natural. Another nomenclature
may consist in “market risk filtration” for F, and “default risk filtration” for H.

2.3 Absence of Arbitrage

Starting from a reference market with no arbitrage, the absence of arbitrage of the
full market is not automatic and deeply depends on the nature of 7. For it to hold,
it is necessary to work in a mathematical set up where F-semi-martingales remain
G-semi-martingales.'!

As developed in Jeanblanc and Le Cam [23], this property does not hold for
any random time t, and we choose to work in all the paper, under the following
condition on .

1180 that @)]%“’ (5) be not empty.
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Hypothesis H; The credit event is an initial time, that is, there exists a family of
processes (a*,u € R*) such that for any u > 0, the process («},0 <t <T) is an
F-martingale and that satisfies

o0
P(t > 0|.%) =/ o) du
0
forany 6 > 0,andany ¢t <T.

There exists a O(F ® 2)-measurable version'? of the mapping (@, u,t) —
o} (w), right-continuous with left limits.!3 We shall consider this version in the se-
quel. In our setting, the law of t admits a density w.r.t. Lebesgue measure, equal
to o . In the general definition of initial times, ao(#)du may be replaced by any
probability measure on R™ v(du).

We denote by G the Azéma super-martingale

G :=P(t > t|.%).

We write G = Z — A the F-Doob-Meyer decomposition of this super-martingale
(of class (D)). From hypothesis Hj, every (I, P)-martingale X is a (G, P)-semi-
martingale, and if the F-martingales are continuous:

INCd(X, Z)y td(X,a%),
X = B
0 t

Gy- AT o,

e M (G,P) (2
0=t

(see Jeanblanc and Le Cam [22]).

Proposition 1 When the law v of the initial time T has no atoms, for example under
the hypothesis H, it avoids the F-stopping times, i.e.,

P(t=T)=0, VT finite F-stopping time.

Proof This result is a consequence of Lemma 2 of [22], that states that if T is an
initial time and if T is a finite F-stopping time,

E(lr=r)|Fr) =afv({T}) as.
It follows that if v has no atoms,
P(t=T)=E({=r)) =0,
hence t avoids the F-stopping times. 0

As we shall focus on in this paper in change of probabilities, it is necessary
to ensure that the initial property does not depend on the historical probability. It
follows from:

2The o-field O(F ® 98) is the optional o -field on (£ x RT) x [0, T].

13See Jacod [18] for a presentation of the paths regularity of the martingale density family.
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Proposition 2 If t is an initial time under P, and if Q is a probability measure
equivalent to P, then t is a Q-initial time.

Proof The definition of 7 being an initial time can be formulated in the following
way: if QEP denotes a regular version of the conditional law of t: Q;(w, 10, oo[) :=
P(t > 0].7;)(w), there exists a deterministic measure v such that Q? (w,df) K
v(dO) P-a.s. As two equivalent probabilities have the same null sets, if Q ~P,
Q;Q(w, df) < v(df) Q-a.s., and the proposition is proved. The following alterna-
tive proof allows to derive the new martingale density.

Let (;,t > 0) be the G-martingale which is the Radon-Nikodym density of Q
w.r.t. P

dQly, = n,dP|g,.

Let T be fixed and 6, ¢ < T. Then, the Bayes rule implies:

EF((1 — Ho)nr| %)
EF(nr|%)

Q(r > 01.7,) =E¥((1 — Hp)|.7,) =

since (1 — Hp) is ¥ hence ¥r-measurable. Assume in a first step that n7 = 77h(t A
T) where 77 is a (bounded) .#7-measurable random variable and 4 is a (bounded)
deterministic function. We have:

EF((1 — Ho)nr %) = EX (1 — Hp)iirh(x A T)|F)
=EXGrEY (1 — Ho)h(x A T)F1)|F)

o0
—E? (’ﬁT/ B A T)adydu | y,)
6
o0
=/ EF (el | . Z)h(u A T)du
6

It follows that

> EF Girah | F)

h(u AT)du.
EF(nr|.71)

QU > 017) =/€

Moreover, if pr denotes the Fr-density of Q w.rt. P, ie., dQ| g, = urdP|#,,
T writes

o0
ur =EF (| 1) =1 EF (h(z A T)|Fr) =777 / h(u A Tk du == Tirdr.
0

We now introduce the family of (F, Q)-martingales &“, defined for any u > 0 by

@ = h(u A T)EQ (&% /7)),
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Bayes rule implies:

EX(@fpur/¢r|F)  EX(@yar|F) B GirayF)
EP(MHyt) Ep(ﬁﬂgzﬂyt) EP(’)H&%)

E% (o} /7| i) =
and that, for any 7, forany 7,0 < T,

o
Q(z >0|§t):/ aydu,
0

which means that 7 is an F-initial time under Q. The general case follows by appli-
cation of the monotone class theorem. 0

Remark I When the credit event avoids the [F-stopping times, immersion property
under the probability measure P—.Z (F, P) C .# (G, P)—is equivalent to the prop-
erty that for any u# > 0, the martingale «* is constant after u (see Jeanblanc and Le
Cam [22]), i.e.,

of =af,,, forany (u,7r)>0 3)

That is the case under hypothesis H.
We recall that immersion property is not preserved by a change of probability
(see for example Kusuoka [27]).

3 Representation Theorem in the Enlarged Filtration

Under hypothesis H; the F-martingales are G-semi-martingales and the initial time
property is stable when changing the probability. We also assume, to ease the proofs
the following condition:

Hypothesis H, The process S is continuous.

This hypothesis will hold until the end of the paper. The aim of the following
first subsection is to prove that under a progressive enlargement of a filtration by an
initial time, if the reference filtration [F enjoys a predictable representation property,
the enlarged filtration G enjoys the same property. The goal of the second one is to
apply this result to the description of all the G-martingales and to parameterize the
change of equivalent probabilities.

3.1 Representation of the G-Martingales

We starting this section by defining the:

Hypothesis H3 We assume that the F-market is complete and arbitrage free, i.e.,
that the (IF, P*)-local martingale S enjoys the PRP (with P* € @Eg (S)).
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As a consequence of Hypotheses Hy and Hj3, F-martingales are continuous (in
particular the densities). We start with a brief presentation of the two fundamental
(local) martingales on which we shall prove that any G-martingale can be repre-
sented.

The first one, M, is the martingale part of the Doob-Meyer decomposition of
the increasing G-adapted process H. It is well known (see for example, Bielecki
and Rutkowski [4]) that with no particular condition on 7, the G-compensator of H
writes: (1 — H)dA/G_, where A is the F-compensator of the F-super-martingale G,

hence
INT dAu
Mt = Hl - .
0 Gu—

From hypothesis Hj, the conditional survival probability writes

o
G :=P*(z > 0|.%)) =f o"du (4)
4
that allows to explicitly compute A, from
00 t
Gt:Giz/ (x;lAudM—/ otZduEZt —At, (5)
0 0

and to conclude (using that G is continuous):

M H ! 11— Hu u
;= H; — a,du. (6)
o G

u

The second one is the local martingale part of the decomposition of the special G-
semi-martingale S (H; implies that the F-martingales remain G-semi-martingales
from (2), and we will see that the form of t makes them special). From the PRP
of IF, there exist:

e An n-dimensional F-predictable process z = (z', ..., z"") such that Z (defined by
(5)) writes

Z=Zy+zxS,

where z x § stands for the process t — ), fé zﬁdSé,
e A family of n-dimensional F-predictable processes a, such that for any u > 0 the
(F, P*)-martingale o* writes

a' =y +a" xS,
where a" x S stands for the process r —> Y, _, fé ay'dSs.

The quadratic covariations (S, Z) and (S, «?) are well defined, and from (2), the
process

t
N (1— Hy) H
St = Sz—/ (S, Z)s + —d(S. ) lo=r (7
o Gs ol
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is a (G, P*)-local martingale. It follows that for any i <n

P ‘1 — Hg Hy . .
S =58 — + —al)-d(S", S =S —C;,
t t /0( Gs s Ol;as> ( Vs t t

where z - d (S, S) (resp. a” - d(S', S)) stands for d(S’, z » S) (resp. d(S*,a” % S)).

Predictable representation. The next theorem establishes a predictable represen-
tation property for G-local martingales under P*, as soon as the [F-market enjoys this
predictable representation property. Indeed, any 7 which belongs to .#"¢ (G, P*)
will write as the sum of an integral'* with respect to the (G, P*)-martingale M and
an integral with respect to the (G, P*)-local martingale S. This result extends the
representation theorem by Kusuoka [27] to any complete reference market and to
the case where immersion does not hold.

Theorem 1 Assume that Hy to Hz hold. Denote by S the local martingale part
of the decomposition of S as G-semi-martingale, given by (7). For every n €
M (G, P¥), there exist n + 1 G-predictable processes B and y such that

ne=10+ (B M)+ (y xS),.

Proof Without loss of generality we prove the theorem for n = 1 (considering only
one component of the vector S), to ease the notations. The vectorial version of the
proof is a straightforward generalization. By localization, we only consider martin-
gales. Let n € .# (G, P*), and as we are only interested in finite time horizon, we
write n; = E*(n7|¥%;) for t < T. By a monotone class argument, we reduce ourself
to the case where np writes Fph(t A T), with Fr € %7, assumed to be bounded
and £ is a (bounded) deterministic function. We split the problem in three parts:

e = E*(Frh(T)le=71%) + E*(Frh(v)le<r|%)
=a; + E*(Frh(t)l.<7|%)
= Lih(TE*(FrGr|Z:) + L{E* (Frh(t)1<c<1| )
as by

+ HE*(Frh(t)l:<|% Vv o (1))

Ct

with L, = (1 — H,)/G, = D;(1 — H;) € # (G, P*), where D; = Gt_l. From the
decomposition (5), we have dG; = —oz;dt + z;dS;, and from Itd’s formula, d D; =
DX(a!dt +z2D,d(S);) — D?z,dS;.

Let us start by developing a: We first remark that the process a defined by a; :=
L:h(T)E*(Fr Gr|.%;) is a G-martingale, so one knows in advance that this partic-
ular semi-martingale has a null predictable bounded variation part; nevertheless, we

14Recall for any X € S, one has E([X, M]s) =EX; < ||X| s hence M is a BMO (the dual of
J€1) martingale.
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keep all these terms in our computation. The process N where N, := E*(FrGr|.%;)
is an F-martingale, and writes by representation theorem n + fot ngdSs, with (ng, s >
0) predictable. Since S, D and N are continuous, [S, H]=0,[D, N] = (D, N), and,
from (h(T))"'a, = (1 — H,)D; N, one gets
(h(T)) 'da, = —D;N,dH, + (1 — H,)D,;dN, + (1 — H,)N,d D,
+ (1 —H)d(D,N),
= —D,N,dH, + (1 — H,)D,;n,dS; + (1 — H,)N,D?a!dt
+ (1= H)N;z; D;d(S); — (1 — H))N, D} z,dS,;
- (- Ht)Dtntth<S>t
= _DtNtht - (1 - H,)D?N,a;dt + (1 - Ht)(D,nt - NtDtZZt)dSt
+ (1 = H)N, Diejdt + (1 — H)(N;2;D; — n,) D7 z,d(S);.
In the third equality, we have used that the G-Doob-Meyer decomposition of the
increasing process H writes dH; = dM; + (1 — Ht)D,a;dt (from dA; = aldr),
with M € .# (G, P*) (see (6)). Moreover S, = S, + C; with Se A (G, P*), and
from (7) (1 — H;)dC; = (1 — H;)z; D;d(S);. It follows
(h(T))"'da; = =Dy NidM; + (1 — Hy)(Dyn; — N; D}2,)d5S,
+ (1= H)((Diny = N; D} z)z, Di + Nizi D} = n, D7 z1)d(S);
= —D/NidM; + (1 — H;)(Dn; — Nthzt)d/S\t-
To explicit the decomposition of the special G-semi-martingale b, where b, =
L{E*(Frh(t)l;<c<r|#:), we introduce for any u > 0 the F-martingale N;' =

E*(Fraj|.#;) and its decomposition on S : N/ = y* + fot vy dSs provided by the
martingale representation theorem on [F. By definition of initial times, it follows:

T T
b,:L,E*(FT/ h(u)a;du‘%> =L,f h(u)N"du
t t

hence, one can differentiate using 1td6 Wentcell formula:
T T
db; = —D; (/ h(u)Nf‘du) dH; + (1 — H,)(/ h(u)Nt”du> dD;
' '
T
-1 - H,)D,h(t)Nt’dt + (1 — H,)D; </ h(u)yt”du) das;
'

T
—(1— H,)D?z, </ h(u)y;‘du) d(S),
t
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and, introducing the G-decomposition of the semi-martingale S and the compen-
sator of H, we obtain finally:

T
db; = =Dy (/ h(u)Nt“du)dH,
t

T
+(- Ht)<at’D,2/ h(u)N"du — Dth(t)N,’)dt

t

T
+ (- Ht)<Dt/ h(u)(y — DtNt“zt)du>dSt
t

T
- (- Hz)<D,211/ h(u)(y; — DzN;‘Zz)du>d(S>z
t

T
=—Dt(f h(u)N;‘du)th
t

T
+(1— Ht)<D,f h(u)(y" — DtNt”zt)du)dE — (1 — H,)D;h(t)N!dt.
t

Decomposition of c. We can write ¢; = H{E*(Frh(t)l;<|% Vv o(1)) =
H,F(t, 1), where for each u > O the random variable F(¢,u) is .%;-measurable
and for any 7 > 0, u —> F (¢, u) is a Borel function. Using the properties of initial
times, we compute from last expression F' (¢, u) = h(u) N/ /a}. For any u > 0, the
dynamics write (using d N} = y/'dS; and dof = a;'d S;):

u U, u uy2 u\,U
diF(t, 1) =h(u)<2:—tu - (O;f)l’2>dst —i—h(u)(Nt” EZ’M; - ?;Lf;z>d<s>t.
t t t t

It follows that, since
t t
/ F(S7 T)dHS = F(T, ‘C)]l‘fft :/ F(S,S)dHS,
0 0

we can write the decomposition of c:

ytr Ntratt
de; = F(t. 1)dH, + Hfh(r)(g pirFeat: ds;
NF(af)?  afyf
% - frfz d(S),
(af) (orf)

+ ch(f)<

y_tr _ Niaj
af  (of)?

yi  Nia/
+ Hh(t)| = —

= F(t,1)dM, + H,h(r)( )d@ + (1 — H)D,F(t,)a'dt

Ny (af)? afyf)
—_ - da(S
@? @)

)dC,+H,h(t)<
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yi _ Nfaf
=F(@,t)dM, + H;h = -
(t,1) + + H; (T)<atr (0{,1)2

)d@ + (1 — H)D,F(t, el dt

where the last equality comes from the expression (7) of dC on {t <t}.

Conclusion. Adding the three parts a, b, and ¢, we conclude, since F(z, t)a§ =
h(t)N/, that the G-martingale can be decomposed on the two martingales (M, §)
and writes:

dn; = ydS; + BdM,

where
T
vr=(1- Ht)Dt((nt — Ny Dyz)h(T) +/ h(u)(y;' — N;thZt)du)
'

¥ Niaf
+ H [ =~
’(uf (f)?

T
B =F(t,t)— D, (Nth(T) +f h(u)Nt“du>
t

which concludes the proof. 0

3.2 Change of Probability

Once a probability P is given on .o, each probability Q equivalent to P on ¥r
is fully described by its G-martingale density w.r.t. P. The representation theorem
established in the last section allows to describe all the (P, G)-martingales, hence to
describe all the probabilities equivalent to IP on ¥7.

Applying Theorem 1 to the particular case of a strictly positive martingale—in
particular the density of a change of probability—we derive the

Proposition 3 [f the filtration F is generated by the (F, P)-martingale S and enjoys
the PRP, and if n is a strictly positive (G, P)-martingale, then, there exists a pair of
predictable processes y, B such that

d —~
e =y dS; + BidM,,

t—

with B> —1, i.e., n=E(y x )E(B * M), with

E(y +S)r =exp(fy vudSu — % Jo v2d (S)u)
E(B* M) =exp(fo In(1 + B5)d H — [§ B giaids).
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4 Complete Reference Market

In this section, we still make the assumption that the reference market is arbi-
trage free and complete: For any X7 € L2(Fr), there exist a constant x and n
F-predictable processes ¢ such that X7 = x + fOT D i<i<n @i dS! (we recall that
we assume null interest rate). As recalled, this property is equivalent to the fact that
the restriction of (-')I]g (S) on Z7 is a singleton (Jacod and Yor theorem [20]).

This assertion does not imply that there exists a unique probability measure Q
on &/ such that § is an (I, Q)-martingale, but that if two probabilities P* and Q*
belong to @HIE (S), then, their restriction to .#r are equal: P*| z, = Q*| #,.

We shall prove in this section that the full market described by S= (9, ..., snth
is also complete, and study the links of this property with immersion. Precisely,

o The first subsection describes the set @ﬁ(,?(S), i.e., the set of probabilities equiv-
alent to P on ¥ such that the (n + 1)-dimensional process S remains a local-
martingale 15 );

e The second subsection describes the unique martingale measure on the full mar-
ket, i.e., the unique element of @g’ (§);

e The third subsection presents the links of this construction with the immersion

property.

4.1 Description of the G-Martingale Probabilities

In this first section, we study the behaviour of the reference assets in the full mar-
ket, i.e., the properties of the (IF, P)-martingale S viewed as a G-adapted process.
The goal of this part is to describe the set @fg’ (S) of probabilities under which this
G-semi-martingale'® is a martingale

Before stating the proposition, we start by a technical remark. The following
proof is based on the martingale property of the process n = &(£) := &(—0 % §)
where

T
0= (1= H) oo Hif (®)

As Sisa (G, P*)-martingale, 7 is a local-martingale, and extra conditions have to
be assumed so that it be a true martingale and might be used for changing the prob-
ability. However, the conditions on the process —9 *§may be brought to F-adapted
processes, in the following way.

15We shall prove that the restrictions of @g (S) and @]g’ (S) on ZF7 are the same.

I6Recall that the initial property of 7 (Hj holds) ensures that S remains a G-semi-martingale.
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Define by R the process fé dZ,/Gy, and @, = fot(l — Hu)é—“d:S‘\u. If R e
A (F,P),

7 _r /f“d<R,Z>u /’ d(R,a?),
' ' 0 Gy IAT 053

0=t
toz
=R~ [ 0. Ztdis) e n @
0 Gu
hence!” @, = fot(l — Hu)dﬁu € .# (G, P). For the same reasons, if we define the
family of processes R} = [i dat /aX, and @ = [} Hya jakdS, for any x > 0, the
condition R* € .Z (F,P) implies ®* € .# (G, IP). Indeed,

0
Tk _/'“dw,zn _/’ d(R*,a"),
0 t

Gy AT Olf:

0=t

t ax
= RY —/O Du—ted(S)u € M (G.P)

u

and'® &} = 3 H,dR} € 4 (G, P).

It follows that if R and R* (whose definitions only depends on the construction
of the random time) are F-martingales, £ is an G-martingale. In the same way, if
these processes satisfy a Novikov-type condition, £ also satisfy one and the density
n is a true martingale. For example, if E(exp 2(R)c0) < 00 and E(exp2(R*)s0) < K
for any x > 0, then £ = @ + @7 satisfies Novikov criterion:

EeXP(%MM) < Eexp(®)oc exp(® ) oo
< (Eexp2(®)oo)*(Eexp2(® 7))/
and the result follows from
t t
(@)oo = /0 (1 - Hy)d(R), :/0 (1 —-H)d{R)y < {R)x

t t
<¢’>oo=/ Hudu’e?)u:/ Hyd(R%)y < (R ) oo
0 0

Hypothesis Hy We assume that &(—v % §) is a true martingale.

As noticed in the last lines, this hypothesis holds for example if R and R* satisfy
a Novikov-type condition. Under this condition, we can prove the

(= H)dSy = (1 = H) @Sy = 2uDud (S)) € M (G, P).
S H,dSy = Hy(dS, = Jlo=cd(S)u) € A (G, P).
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Proposition 4 Assume that H| to Hy hold. Then, the set @)ﬁﬁ (S) is not empty and
we can fully describe it as

. 4Q
" dP*

Op.(S) = {@

=E(—0*8)E(B % M)t},
,

with O given by (8), and 8 > —1 a G-predictable process.

Proof 1f the F-conditional survival process writes G; = P*(t > t|.%;) = Z; — Ay,
the (G, P*)-dynamics of S follow the decomposition (7):

t
St=S,+/ 0,d(S), withSe #(G,P"),
0

where © was defined in (8). Hence P* is not a G-e.m.m. From Proposition 3, the set
of G-e.m.m can be perfectly described as:

. 4Q
" dP*

Op(S) = {@

=E(—0*8)E(B % M)z},
,

where S is a G-predictable processes, taking values in ] — 1, oo[. As a check, under
such a probability Q, as S € .Z (G, P*), one has, setting n, = Q : % |l

~ " d(S, ~ o ~
S,—/ ( n>”:S,—/d(S,—19*S-|—,B*M)u
0 Nu 0

t
:St+f ﬂud(s)u:st
0

where the second equality comes from the fact that (§) = (S) and (§, M) =0, since
S is continuous and M purely discontinuous. It follows from Girsanov’s theorem
that S is a (G, Q)-martingale. O

As a conclusion, there exists at least a probability Q such that S is a (G, Q)-
martingale. We shall see in the immersion part that the drift relative to the change
of probability may be interpreted as a risk premium.

4.2 Completeness of the Full Market

When considering also a (n + 2)th asset sntl satisfying condition (1), we shall be
able to select an e.m.m., in a unique way, and prove that the market defined by the
price process S is complete.
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4.2.1 The Default-Sensitive Asset

We start this section by emphasizing that it is necessary to introduce the asset §"*!
to the collection (S, ..., $”) when working on derivatives whose pay-off depends
on t: It is not possible to hedge the jumping risk with F-adapted assets and without
such a product.

Let us consider for example a credit default swap'® (CDS). To ease the discus-
sion we take a continuous tenor, with a proportional continuous premium «, and a
constant recovery fee 8 (S,O denotes the saving account, i.e., the value at 7 of one unit
invested at 0, and Q a martingale measure associated to this numeraire—that exists
by absence of arbitrage). The price of a CDS is the difference between the value of
the protection leg and the premium leg: CDS(¢, 8, k, T) = Prot; — Prem, with

T1—-H 9% (T /1-H,
Prem,:S?KIE</ 5—du %) =(1—H,)’—Kf E( ‘ %)du
t Su G[ t SS
and
T 0 T u
dH, 508 1—H,
Prot; =595E</ i %) —(1- H,)f—/ E(Hi)“ ﬁ,)du.
. S G Ji S9G,

Both legs have a value whose variation may be due to two factors: (i) F-events
(through the F-conditional expectation), that evolve according to the alea struc-
ture underlying the filtration IF, and (ii) H events, mainly the occurrence of default
(through the expression 1 — H). Whereas it is reasonable to think that—under suit-
able assumptions—the “market/spread” variation of the value of the CDS (linked to
the F-events) may be hedged with F-adapted instruments, the “jump” risk being not
F-adapted will not be hedgeable with assets of the reference market F. It follows
that a model containing only [F-adapted assets S would not be able to remove the
jump risk of defaultable portfolios.

For quoted instruments like CDS, a formula like above allows to calibrate the
parameters involved in the construction of the default time. A natural class of assets
for $”*! would be the risky bonds associated to T or a CDS.

4.2.2 The Unique Martingale Probability

We introduce the asset S”T! that is sensitive to the jump risk, i.e., for any ¢, the r.v.
TALIS cr(S;“rl ,8 < t)—measurable.zo Our aim is to prove that if the F-market is
complete, the G-market is complete as well, under weak assumption on S"+1.,

19Contract in which the holder buys a protection in paying a premium at each date of a tenor to the
seller until a predefined credit event occurs, and receives a recovery fee if default occurs.

20precisely w.r.t. its natural augmented cad version.
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From Hypothesis Hj, the F-compensator of G writes dA; = ! dt. From

— H,

t

1
thZdHt— (xttdt, (9)

we can derive the quadratic variation of process M:

[Ml,=[H], =) AH}=) AH,=H,,

s<t s<t

since the two processes of the right-hand member of the equality (9) have finite
variation paths and the second one is continuous. It follows that

"1-H |
[M];—/ G oagds =M, € #(G,P),
0

N

hence that the angle brackets (M) exist and satisfy d(M), = (1 — H;)a!/ G,ds.

According to the last section, we consider the following framework for the full
market:

1. Reference assets. The “reference” assets are defined under the historical prob-
ability P by:

{ So=x,

where $* € . (IF, P) continuous has a quadratic variation assumed to be absolutely
continuous w.r.t. Lebesgue measure, d(S*); = s;dt. Let S be the (G, P)-martingale
part of the decomposition of S* viewed as a G-semi-martingale, which writes:

dS, =dS —c,dt,
with
cy =0 —Hy)zusu/Gu + Hua;su/a; = 5,0y,

with previous notations. It follows that the G-decomposition of the semi-martingale
S writes under the historical probability [P:

dS; = (by + c;)dt +dS;:= v,dt +dS,.
2. Default sensitive asset. We postulate for the asset S+ the general form:
dS!™! = pdt + £,dS, + Ld M,

where u; is a drift term and the three processes w, ¢ and ¢ are G-predictable, and
where ¢; does not vanish (such a decomposition is quite general, from Theorem 1,
the only assumption being the absolute continuity of the drift w.r.t. Lebesgue mea-
sure).

We can state the most important result of this part.
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Theorem 2 Assume that the reference market ¥ is complete. If Hy to Hs hold and
if the quadratic variation of S and the drifts of the assets are absolutely continuous

w.r.t. Lebesgue measure the full market composed of S is complete.

Proof The set of martingale probabilities that make S a G-martingale writes, by
Proposition 3:

@](P}(S) = {(@ ~ P, 3y, BG predictable 8 < 1,

dQ
dP

= =E(—y *»hE(—p M»}.
G
It follows that the exists a unique G-e.m.m, i.e., a unique probability that makes
S =1, Ssto..., s, S”+1) a G-martingale. It is defined by:

Mt — EtVy

vi=v, and B =G
t =Vt ' t o'z

by application of Girsanov’s theorem. U

Once this probability has been defined, it is possible to price and hedge the
T-sensitive claims with (SO, e S"“), like for example CDS on t (of shorter ma-
turities if $"*! is a CDS ) or derivatives written on §"*1.

4.3 Immersion Property

We shall emphasize in this section the deep links between immersion and complete-
ness. We start with some general results, precise them in the case where the credit
event is an initial time and conclude with some considerations about the credit risk
premium.

4.3.1 Immersion and Completeness in an Arbitrage Free Set Up

Proposition 5 Assume that (i) the reference market is complete and (ii) the full
market is arbitrage free. Then:

1. The restrictions of all the G-e.m.m. on F1 are the same and
2. Immersion holds under every G-e.m.m.

Proof 1. The restrictions of all the G-em.m. on Fr are the same. For any
Q e@fg’ (§), it is straightforward21 that QQ e@fg (S). As the reference market is com-
plete and S is finite dimensional, the restriction of all the Q’s to the o -algebra %7
is unique: All the e.m.ms of the full market have the same restriction on 7.

21 @]g’(g) C @ﬁg’(S) C @ﬁg(S), because S is [F-adapted.
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2. Immersion holds under every G-e.m.m. Indeed if P; holds, let Q E@fg’ ®))
and X € .#*(F,Q), with X; = EQ(X7|.%,). As recalled above, the completeness
of the market implies the existence of a constant x and F-predictable processes
(¢',i=1,...,n) such that X7 = x + fOT Y l<i<n ¢! dS . Therefore,

t T t
ES(X7|Z)=x+ Y /O wi,dS;+E@(/ w;dS;)%)=x+Zfo Pud S,
! i<n

1<i<n

where the first equality comes from the fact that the random variable fot @LdSi is
Z-measurable (the process ¢' is F-predictable), and the second, from the fact that
the process fo <pftd S,i is a (G, Q)-martingale (¢ is G-predictable and Q e@g (S)),
and an (F, Q)-martingale since it is F-adapted. Hence EQ( ftT @.dS!|.#,) =0 and
EQ([" ¢! dSi|%,) = 0. Therefore

EY(X7| ) =x+ Y /0 ¢Lds} +EQ( / ¢S,
t

i<n

%) =EYUX7|4),

hence X € .#*(G, Q) and immersion holds under Q. Such a result had already been
pointed out by Blanchet-Scaillet and Jeanblanc in [6]. 0

4.3.2 Case Where the Credit Event is an Initial Time

The last result can be refined in the set up where the credit event is an initial time.
Indeed we shall prove the

Proposition 6 Assume that H| to Hy hold. Then, immersion holds under any
Qe OL(S).

This result implies that immersion holds under any G-e.m.m?? for § (it does not
have to be a martingale probability of the full market).

Proof Let B be any predictable process such that f; > —1, and Q” be the corre-
sponding e.m.m.:

o dQB| ., = dP*| z_ . Indeed, for any bounded F; € .%#; with P*-null expectation,
F, = [y fsdS;s by PRP and

t t t
Eﬁ(Ft):E*(Flnt)zE*<‘/(; nsfsdss+/0 Fsdns+[) fsd<Svn>s>

22The set of G-e.m.m. is infinite, parameterized by the predictable processes f.
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t ! !
=1E*</ mfster/ FA‘d"ﬁ/ Jotsmdt )S)
0 0 0
; R '
:E*</ nsfsts‘f'/ Fsdns):():E*(Ft)v
0 0

where the first equality is obtained by the integration by parts formula ( f is pre-
dictable), the second comes from the definition of the dynamics of the density n
and the third from the definition of S, the expectation being null since S and n
belong to . (G, P*). It follows that dQ# | &z, = dP*| #_,.

e Let X be an (IF, Qﬂ)—martingale. Then, it is a (F, P*)-martingale (from the first
point) that writes d X; = x,d S;. From the decomposition formula in the change of
filtration

t
X, =X, - / ruBud (S)y € M (G, P¥),
0

and from the decomposition formula in the change of probability (Girsanov’s
theorem)

L o [ldix
X,=X,—/O %ﬂe///(((;,@ﬂ).

It remains to note (by definition of 1) that
~ A t
X=X, +/ Xy Dud(S)y = Xq,
0

hence that X € .# (G, QP). It follows that immersion holds under QF.

It follows the important

Corollary 1 Assume that F is complete and that P*e@g (S). If the (F,P*)-
conditional survival process G* has a non constant martingale part, P* is not
a G-em.m., i.e., ]P’*¢@ﬁ§’(5).

Proof From (3), it follows that under immersion

x t o
G, =/ of, du — / andu =/ ofdu — Ay =P(t >0|%) — A =1— A,
0 0 0
hence G is decreasing and predictable. O

A broader class of credit event may be reached through a definition where the
martingale part of the survival process is not equal to zero (see [23]). Under such
a framework, immersion does not hold, which means that the “reference neutral-risk
probability” is not a neutral-risk probability. A change of measure has therefore to
be performed to re-enter a neutral-risk framework. Next section points out the links
of this remark with the credit risk premium.
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4.3.3 Credit Risk Premium

The last corollary may be interpreted in the following way. The change from the his-
torical probability IP to a neutral-risk probability P* aims at correcting the dynamics
from the market risk premium. It is well known that to any financial market can be
associated a risk premium. It characterizes the return over the risk-free return (the
interest rate) an investor may expect for bearing the risk of taking a long position on
a derivative written on this market.

Indeed if N is the martingale modelling the alea of this market, and if the asset’s
return writes:

@ = udt +odNy,

Si—
the dynamics of any derivatives written on S sold for a price P; at a date + would
write d P;/ P,— = kdt + ad N;. A risk-free portfolio can be set-up in buying a quan-
tity So of the derivative, for a total value of So P and selling a quantity Po of the
asset (completing by ¢; of money market St0 to remain self financed). The value of
this portfolio is IT; = ¢; S? + S;0 Py — P;aS; and the self-financing condition yields

dH[ = g,rStOdt =+ St_UdPt — P[_adS[
= gtrStOdt +GKStPtdt +UUSt_Pt_dNt —C(Pl‘Stl,Ldt —(XO'PI_St_dNt
= ((H[ — (G —Ol)P;S,)r-i-(UK —OlpL)P,S;)dl

By absence of arbitrage, the return of this risk-free portfolio must be equal to r, so
that:

K—r u—r
ok —au)PS; =r(c —a)P;S; <— = =Ag.
o

On the reference market, the e.m.m. P* corrects the historical probability P from
the market risk premium: If immersion does not hold under P*, it means the market
risk premium does not take into account the jump risk premium, and it is necessary
to change to a G-e.m.m. Q under which S remains a martingale.

5 Incomplete Markets

The question addressed in this last part is the adaptation of the above results in the
case where the reference market is incomplete.

When an incomplete model is chosen—in general for its ability to well repro-
duce a given class of (calibration) instruments and its dynamics property (regarding
to the products to price)—one is often conduced to focus on one particular mar-
tingale probability, even if the set of F-e.m.m. is not unique. The selection of the
e.m.m. is performed by the calibration procedure. The law of the price process is
then uniquely determined, and a change of probability within the set of F-e.m.m.
will change the price of the selected options or break the imposed constraints.
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We assume therefore in this section that an F-e.m.m has been chosen (for pricing
the default-free derivatives), hence we restrict our attention on a given F-e.m.m. P*
defined on . and equivalent to the historical probability IP, such that S € .Z (IF, P*).

The purpose of this section is:

e To prove that there exists a unique probability measure QQ equivalent to P* such
that S (defined in the last part as the (n + 2)-uplet composed of the reference asset
S and S"*1) is a (G, Q)-martingale, and that preserves the “reference pricing”,
1.e.,

EQ(X7)=E*(X7), forany X7 € L>(Zr).
e To prove that immersion property holds under this measure.

Recall that, from hypothesis H; and Hy, the random time 7 is an initial time that
avoids the FF-stopping times.

Recall that if X is a real valued local-martingale and ¥ a R?-valued local-
martingale, a Galtchouck Kunita Watanabe decomposition of X is a decomposition
of the form X = Xo+ H *Y + L with H € LIZOC(Y ) and L a local-martingale such
that Ly = 0 and strongly orthogonal®® to Y. It is classical that if ¥ is continuous or
locally square integrable, X admits a Galtchouck-Kunita-Watanabe decomposition

(Kunita and Watanabe [26], Galtchouck [15], Jacod [17]).

5.1 The Risk-Neutral Probabilities of the Full Market

Reference assets and @ﬁ?; (S). As in the complete case, we assume that S is contin-
uous and that its quadratic variation process is continuous w.r.t. Lebesgue measure,
d(S); = s,dt.

As S is continuous, there exist:

e for any u > 0, an F-predictable process a* and a square integrable F-martingale
N" strongly orthogonal to S and

e an F-predictable process z and a square integrable F-martingale NZ € . (F, P*)
strongly orthogonal to S

such that the following Galtchouck-Kunita-Watanabe decompositions exist:

{a“:aS—}—a”*S—}—N“ (10)

Z=2Zy+z%xS+N?

where Z = G + A. Moreover there exist optional versions of the functions a”
and N“.

23Recall that two local-martingales are strongly orthogonal if their product is a local martingale.
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We have seen in (7) that the decomposition of the (G, P*)-semi-martingale S
writes S = S + C with:

\—H  H ,
dCtZ G Zt+_‘[at d(S)t =:'[9td<S)t,

t o

and S continuous. It follows that any G-martingale / admits a Galtchouck-Kunita-
Watanabe decomposition of the form

I=lp+¢@*S—+h

with & a local martingale strongly orthogonal to /. Recall that the martingale M is
strongly orthogonal to S (it is purely discontinuous) and is a locally square martin-
gale, hence i admits a Galtchouck-Kunita-Watanabe decomposition:

h=vy M+ N~*

with N1 strongly orthogonal to (M, §). It follows that the set of probabilities
G-equivalent to P* writes:

d ~
{ergk =nz=5(¢*S)z<o@(w*M)z@@(Nl)z},
4,

with (¢, ¥) a pair of F-predictable processes and N a G-martingale that is strongly
orthogonal to S and M.
Finally, the set of G-e.m.m. @I(E; (S) writes:

d ~
O5(S) = {Q, e _ n =& 8),EW *M)t@”’(NL)t}

|,

with N+ € .# (G, P*) strongly orthogonal to the pair (§, M) and —1 < € Z(G).
Indeed the “Girsanov’s drift” under each such probability writes (—3 S, §) because
of the strong orthogonality of the other terms w.r.t. S. This set is parameterized by
the pair (v, N1).

Default sensitive asset. If [, denotes the drift of the default sensitive asset S 1!,
the general dynamics of the price process can be written as:

dS™ = jdt + £,dS, + 5 dM, + dNI',

with N"*+! e .#%(G, P*) strongly orthogonal to the pair (S, M) (same argument as
before). As before, we assume d (S”Hlt <K dt.
Finally, it follows that the set (H)]S; (S) writes:

dQ

B8 (%) = {@, =

= =E(—0*8)EW * M),&Nﬂf}
4,
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with N+ € .# (G, P*) strongly orthogonal to the pair (S, M) and ¥ € P(G), de-
fined** by

YiGaydt = pdt + e9i5,dt —d(N" T, N7),. (11)

5.2 Default-Free Pricing Invariance

In both cases, the martingale probability is going to be uniquely defined thanks to
the constraint of F-pricing invariance.

Let X7 € L*>(F7), such that E*(X7) = 0. The (F, P*)-martingale X can be de-
composed as X =x xS + N, with (S, N) € .#(FF, P*) strongly orthogonal. The
decomposition of this (G, P*)-semi-martingale writes

X:x*§+x*C+ﬁ+K,

with (S, N) € .4 (G, P*), dC, = 9,d(S); = ¥,s,dt and:

dK; = d(N,G); + —d(N,a"),
t o U=t
1 - H, H,
= Yd(N,N%), + —-d(N,N"),| |
Gl al U=t

where N* and NZ are defined in (10). It follows that
T
E®(X7) =E*(Xrnr) =E* </ ndX, +[X, nh)
0

T
=[E* </0 ne(xdCy +dKy) + [ X, U]T)

o~

T
=E* <'/0 ne (0 d(S), +dK;) +[X, ﬂ]T)-

Moreover we can write:
E*([X, nlr) =B*([x » S+ N, £(=0 » HEW » M)ENH)]r)
since x * C + K is G-predictable with finite variation,

E*([X, n]r) = E*([x * S, &(=0 % )E W « M)E(ND)1r)
+E*(IN, (=9 * )EW » MYEND) 1)

24Notice that d(N"t!' N1), « dr, from Kunita Watanabe (d(S"t'), <« dr implies
d(N"t1), « dr).
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T T
=E* (/0 —nﬂ?md[S]t) +E* (/(; Y d[N, M]t)
T _~
+E*< f ntd[N,Ni]t)
0

and since K is G-predictable with finite variation, [K, M] = 0, and [7\7 ,M] =
[N, M] =0 (recall T avoids the F-stopping times—M is purely discontinuous and
jumps at 7). It follows

T T
E*([X, nlr) = E* ( /0 — 10 x,d(S) + /O md[N, NH,)
hence
T ~
E%(X7) = E* fo ned(K; + [N, N*1,). (12)

We shall prove that there exists a unique N+ such that EQ(X7) = 0 for any
X7 € L*(Zr), such that E*(X7) = 0.
Let us define the F ® Z(R™)-optional process

t de
R?:_/o 1{x§u}aTu’

u—

which is for any x > 0 an F-martingale. We start with the following

Lemma 1 If X* is an F @ BR)-optional family of F-semi-martingales, X =
(XFM, > 0) is a G-semi-martingale.

Proof 1. The process X is G-adapted since T At € %, and the function X is F ®
ZB(R™)-optional.

2. We shall prove that for any sequence of cag piecewise constant F-adapted
processes K" that tends to zero uniformly in (¢, w), K" %= S tends to zero in proba-
bility.>

For any subdivision (1, ..., ;) of [0, T],and any (K}, ..., K,}) such that for any
i <nK!e%,, and K" = F/'h?(t; A T) with h} Borel measurable and F}' € %,
we introduce

i+l

K" * X7 = ZKin(Xi+l — X)) = ZKin(XrAtHl _ Xtri/\ti)
i i

25Recall that an (F, P)-semi-martingale S can whether be define as the sum of an F-adapted process
of finite variation process and an (I, IP)-local-martingale, or as an F-adapted processes such that
for any sequence of cag piecewise constant [F-adapted processes K, that tends to zero uniformly
in (t, ), K, * S tends to zero in probability (Bichteler-Dellacherie theorem). We use this second
definition in the proof.
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i1

- Z FI'R (4 A0 (X0 — XM,
i

It is classical that a sequence of random variables 7, tends to zero in probability iff
the real sequence E(1 A |1,]) tends to zero. Following this trail, we have

)

S CEMR G Awy (X = X
i

E(1 A K" % X7]) :E(l A

S FR G ATYX T = X
i

fit+1
oo
:/ ]E(l A
0

and from Lebesgue’s theorem, since

]E(l A

we can write

fit1

a?)du

STER G Aw (X — X

fit1

ot‘}) <E(lxoap) <1,

i

o0
limE(1A|K”*XT|)=/ 1imE<1A
n O n

a%)du.

fit1

D FR (6 A (X = X
i

Moreover, if the probability Q is defined on .%o, by

daQ| o
dIP (g} 0{3’
we have
lir{nIE<1 A CFR @ A wy (X = X a%)
i
= 11,11111@@(1 A F R @ A (X — X ) =0
i

since X" is an F-martingale, hence an F-semi-martingale. It follows by a class
monotone argument that X is a G-semi-martingale. g

We deduce from this lemma that the process X = HR" is a G-semi-martingale,
since X = X™ with X = 1,< R} (on {t <t}, T = T A f). So that to be able to
develop the equality (12), we need to prove the

Lemma 2 If Y* is an F ® ZB(R")-optional family of G-semi-martingales, and
Y = (YN, t > 0) we have

r'H
([Y,HR’],—/ = d(Y*, NY),
0

u—

,tzO) e M (G).
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Proof 1. Let us first mention that the angle bracket (Y*, N¥) is well defined as
(Y*, N¥) =(Y",a" x §) — (Y*, %),

the first bracket being defined since S is continuous and the second from [22].

Moreover, [Y, HR"] exists from the last lemma, since both processes are semi-

martingales.
2. Let F; be an .%;-measurable variable and / be Borel measurable. We have:

E(Fih(t AT)[Y, HR']T) = / E(Fh(t Ax)[Y*, HR 7o} )dx
0
—/ E(Fih(t Ax)[YY, HR ;0] )dx
0

0 T
=/ E(F,h(t/\x)/ a;_d[Yx,HR"]u)dx
0 t

since by It0’s rule (the last integral being an F-martingale):

T T

[Y*, HR lrar —[Y*, HR ;o] = / o;,_d[Y*, HR"], —}—/ [Y*,HR'],—do,
t 1

hence finally, by definition of R*:

> T Li<
E(F,h(tAr)[Y,HR’]f):/ IE(/ Fh(t Ax)at_ xx—”d[Yx,Nx]u)dx
0 t o

u—

o0 T
:/ IE(/ F,h(t/\x)lxq,d(Yx,N")u)dx.
0 t

00 T 1x<u
:f E / Fih(t Ax)——d{Y*, N*),a7 |dx
0 ' o

00 T
=/ E(/ Fth(t/\x)lxsud<YX’Nx>u>ndx7
0 t

since (o |Fy—) = a;_, which concludes the proof, by a class monotone argu-

ment. =

Moreover

T
i<
E(Fth(tAt)/ —=2d(Y*, N*),
t au—

We deduce from this lemma the two following points:

e The G-semi-martingale H R" is special. Indeed, the lemma applied to Y* = H R*
leads to the existence of the angle bracket (H R").
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e The lemma applied to the F-martingale N leads to

t

H,
<[N,HRTJ,— / (N, N,

0

- ,t20> e M (G).

We introduce the G-semi-martingale

"H, —1
n:/ “ __dN? — H/RF.
0 Gy

As the first integral is special (NZ is an F-martingale, hence a special G-semi-

martingale, from 2), I" is a special G-semi-martingale. We can conclude this part
with the

Proposition 7 There exists a unique G-e.m.m. Q e@g (§), that preserves Foo, I.€.,
such that

EQX7)=E*(X7), forany X7 € L*(Zr).

Proof 1. We have seen that for X7 € L*>(Fr) with E*(X7) =0,
T -~
BY(Xr) =B =E* [ nd(K, + (F. N1
0

If we choose for N the (unique) G-martingale part of I (in its special decompo-
sition26), we have

* g AT 1L * r Hu_l Z * r H, u
E 0 nd[N,N"];=E 0 un G d<N7Nu>t_E o Ut—ud(N,N>t

u o u=t
T
= _]E* / nldKfs
0

where the first equality comes from the last lemma. It follows that EQ(X7) = 0.

2. For any probability Q defined with another martingale Nt =Nt + ; where
n € #*(G,P*) is strongly orthogonal to N+ non constant, when computing
EQ(X7) for a variable such that N= uw,

T T T
E* fo md(n, + (N, N),) —E* /0 md(N, 1y, = E* /0 med () £0.

It follows that this probability measure is unique. O

26The decomposition martingale plus predictable process with finite variation paths.
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5.3 Immersion Property

We have seen that given a reference risk-neutral probability there exists a unique
risk-neutral probability on the full market that preserve the “reference pricing”. We
conclude this survey by the important

Proposition 8 Under the G-e.m.m. Q e@fg; (§) that preserves Foo, immersion
holds.

Proof Let X € .#(F,Q), X, = E¥X7|.%). As Qez, = Ple,, Xi =
E*(X7|.%;). Indeed, for F, € %,

E*(XrF) =EQ(X7rF) =EQ(X, F,) = E*(X, F).

Moreover, if X = Xo+x %S+ N with N € .Z (F, P*) strongly orthogonal to S, the
(G, P*)-decomposition of this process writes:

X=X0+x*§+x*C+ﬁ+K.
Under Q, from Girsanov’s theorem:
X:X0+x*§+x*(§,logn) +x*xC+N+ (ﬁ,logn) + K,
and by definition of Q, (S,logn) = —C and (N, logn) = —K (see above), hence
X=xxS+Ne.#G,Q),

which concludes the proof. O

6 Conclusion

In this paper, we have given some arguments that show that it is natural to assume
that immersion hypothesis holds for a study of a single default, and proved its deep
link with completeness and martingale decomposition.

However, it is well known that it is usually impossible to assume this hypothesis
in case of (non-ordered) multi-defaults,and that the martingale parts of the survival
probabilities reflects the correlation between the different default times.

Acknowledgements The authors wish to thank Stéphane Crépey for pointing out some mistakes
in a preliminary version and the anonymous referee for all his/her accurate remarks.
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Optimal Consumption and Investment
with Bounded Downside Risk
for Power Utility Functions

Claudia Kliippelberg
and Serguei Pergamenchtchikov

Abstract We investigate optimal consumption and investment problems for
a Black-Scholes market under uniform restrictions on Value-at-Risk and Expected
Shortfall. We formulate various utility maximisation problems, which can be solved
explicitly. We compare the optimal solutions in form of optimal value, optimal
control and optimal wealth to analogous problems under additional uniform risk
bounds. Our proofs are partly based on solutions to Hamilton-Jacobi-Bellman equa-
tions, and we prove a corresponding verification theorem.

Keywords Portfolio optimisation - Stochastic optimal control - Risk constraints -
Value-at-Risk - Expected shortfall
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1 Introduction

We consider an investment problem aiming at optimal consumption during a fixed
investment interval [0, 7T'] in addition to an optimal terminal wealth at maturity 7.
Such problems are of prime interest for the institutional investor, selling asset funds
to their customers, who are entitled to certain payment during the duration of an
investment contract and expect a high return at maturity. The classical approach to
this problem goes back to Merton [10] and involves utility functions, more precisely,
the expected utility serves as the functional which has to be optimised.

We adapt this classical utility maximisation approach to today’s industry prac-
tice: investment firms customarily impose limits on the risk of trading portfolios.
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These limits are specified in terms of downside risk measures as the popular Value-
at-Risk (VaR) or Expected Shortfall (ES). We briefly comment on these two risk
measures.

As Jorion [5], p. 379 points out, VaR creates a common denominator for the
comparison of different risk activities. Traditionally, position limits of traders are
set in terms of notional exposure, which may not be directly comparable across
treasuries with different maturities. In contrast, VaR provides a common denomina-
tor to compare various asset classes and business units. The popularity of VaR as
a risk measure has been endorsed by regulators, in particular, the Basel Commit-
tee on Banking Supervision, which resulted in mandatory regulations worldwide.
One of the well-known drawbacks of VaR is due to its definition as a quantile. This
means that only the probability to exceed a VaR bound is considered, the values of
the losses are not taken into account. Artzner et al. [1] proposes as an alternative
risk measure the Expected Shortfall, defined as the conditional expectation of losses
above VaR.

Our approach combines the classical utility maximisation with risk limits in
terms of VaR and ES. This leads to control problems under restrictions on uni-
form versions of VaR or ES, where the risk bound is supposed to be in vigour
throughout the duration of the investment. To our knowledge such problems have
only been considered in dynamic settings which reduce intrinsically to static prob-
lems. Emmer, Kliippelberg and Korn [4] consider a dynamic market, but maximise
only the expected wealth at maturity under a downside risk bound at maturity. Basak
and Shapiro [2] solve the utility optimisation problem for complete markets with
bounded VaR at maturity. Gabih, Gretsch and Wunderlich [3] solve the utility opti-
misation problem for constant coefficients markets with bounded ES at maturity.

In the present paper we aim now at a truly dynamic portfolio choice of a trader
subject to a risk limit specified in terms of VaR or ES. We shall start with Merton’s
consumption and investment problem for a pricing model driven by Brownian mo-
tion with cadlag drift and volatility coefficients. Such dynamic optimisation prob-
lems for standard financial markets have been solved in Karatzas and Shreve [7]
by martingale methods. In order to obtain the optimal strategy in “feedback form”
basic assumption in [7] on the coefficients is Holder continuity of a certain order
(see e.g. Assumption 8.1, p. 119). In the present paper we use classical optimisation
methods from stochastic control. This makes it possible to formulate optimal solu-
tions to Merton’s consumption and investment problem in “explicit feedback form”
for different power consumption and wealth utility functions. We also weaken the
Holder continuity assumption to cadlag coefficients satisfying weak integrability
conditions.

In a second step we introduce uniform risk limits in terms of VaR and ES into
this optimal consumption and investment problem. Our risk measures are specified
to represent the required Capital-at-Risk of the institutional investor. The amount
of required capital increases with the corresponding loss quantile representing the
security of the investment. This quantile is for any specific trader an exogenous
variable, which he/she cannot influence. Additionally, each trader can set a specific
portfolio’s risk limit, which may affect the already exogenously given risk limit of
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the portfolio. A trader, who has been given a fixed Capital-at-Risk, can now use risk
limits for different portfolios categorising the riskiness of his/her portfolios in this
way.

It has been observed by Basak and Shapiro [2] that VaR limits only applied at
maturity can actually increase the risk. In contrast to this observation, when work-
ing with a power utility function and a uniform risk limit throughout the investment
horizon, this effect disappears; indeed the optimal strategy for the constrained prob-
lem of Theorem 5 given in (3.21) is riskless for sufficiently small risk bound: For
a HARA utility function, in order to keep within a sufficiently small risk bound, it
is not allowed to invest anything into risky assets at all, but consume everything.
This is in contrast to the optimal strategy, when we optimise the linear utility, which
recommends to invest everything into risky assets and consume nothing; see (3.12)
of Theorem 3.

Within the class of admissible control processes we identify subclasses of con-
trols, which allow for an explicit expression of the optimal strategy. We derive re-
sults based on certain utility maximisation strategies, choosing a power utility func-
tion for both, the consumption process and the terminal wealth. The literature to
utility maximisation is vast; we only mention the books by Karatzas and Shreve
[6, 7], Korn [8] and Merton [10]. Usually, utility maximisation is based on concave
utility functions. The assumption of concavity models the idea that the infinitesimal
utility decreases with increasing wealth. Within the class of power utility functions
this corresponds to parameters y < 1. The case y = 1 corresponds to linear utility
functions, meaning that expected utility reduces to expected wealth.

Our paper is organised as follows. In Sect. 2 we formulate the problem. In
Sect. 2.1 the Black-Scholes model for the price processes and the parameter restric-
tions are presented. We also define the necessary quantities like consumption and
portfolio processes, also recall the notion of a self-financing portfolio and a trad-
ing strategy. Section 2.2 is devoted to the control processes; here also the different
classes of controls to be considered later are introduced. The cost functions are de-
fined in Sect. 2.3 and the risk measures in Sect. 2.4. In Sect. 3 all optimisation prob-
lems and their solutions are given. Here also the consequences for the trader are
discussed. All proofs are summarised in Sect. 4 with a verification theorem post-
poned to the Appendix.

2 Formulating the Problem

2.1 The Model

We consider a Black-Scholes type financial market consisting of one riskless bond
and several risky stocks. Their respective prices (So(t))o</<7 and (S;(¢))o<;<r for
i=1,...,d evolve according to the equations:

dSo(r) = ri So(r)dt, So(0) =1,

2.1
dSi(t):Si(t),ui(t)dt+Si(t)27:10ij(t)dwj(t)a S$i(0)=s; > 0. @D
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Here W, = (Wi(t), ..., Wg(r))' is a standard d-dimensional Brownian motion;
r; € R is the riskless interest rate, p; = (u1(2), ..., ua(t)) € R4 is the vector of
stock-appreciation rates and o; = (0;j(t))1<i, j<a 1s the matrix of stock-volatilities.
We assume that the coefficients r;, u; and o; are deterministic functions, which
are right continuous with left limits (cadlag). We also assume that the matrix oy is
non-singular for Lebesgue-almost all ¢ > 0.

We denote by .%; = o {Wy, s <t},t >0, the filtration generated by the Brownian
motion (augmented by the null sets). Furthermore, | - | denotes the Euclidean norm
for vectors and the corresponding matrix norm for matrices. For (y;)o</<7 square
integrable over the fixed interval [0, T'] we define || y||7 = (fOT |y,|2dt)1/2.

For t > 0 let ¢; € R denote the amount of investment into bond and

o = (@1(1), ..., 04(1)) € RY

the amount of investment into risky assets. We recall that a trading strategy is an
R4+ _valued (Z1)o<t<r-progressively measurable process (¢r, ¢r)o<:<7 and that

d
X =¢So) + Y @i (0S;1), =0,
j=1

is called the wealth process. Moreover, an (%;)o<:<r-progressively measurable
nonnegative process (c;)o<:<r satisfying for the investment horizon 7 > 0

T
f c;dt <00 as.
0

is called consumption process.
The trading strategy ((¢:, ¢:))o<s<7 and the consumption process (c;)o</<7 are
called self-financing, if the wealth process satisfies the following equation

t d t t
X,=x+f BudSo(n) + :f <p,-<u>dS,-<u>—/ cdi, 120, (22)
0 X 0 0
Jj=1

where x > 0 is the initial endowment.
In this paper we work with relative quantities, i.e. with the fractions of the wealth

process, which are invested into bond and stocks; i.e., we define for j =1,...,d
i(t)S;(t
75 (1) = wj()dj() L 1>0
G So(t) + 3521 @i ()Si (1)
Then 7; = (w1 (2), ..., mwa()), t > 0, is called the portfolio process and we assume

throughout that it is (.%;)o</<7-progressively measurable. We assume that for the
fixed investment horizon 7' > 0

T
||71||2T:=/ I, |?dt < oo as.
0



Optimal Consumption and Investment with Bounded Downside Risk 137

We also definewith1=(1,...,1) € R the quantities
yo=o/m and 6, =0 "'(u —rl), =0, (2.3)

where it suffices that these quantities are defined for Lebesgue-almost all ¢ > 0.
Taking these definitions into account we rewrite (2.2) for X; as

dXtZX[(VI+y;9t)dt—ctdt+Xtyt/th, t >O, Xo:x >0 (24)

This implies in particular that any optimal investment strategy is equal to 7, =

O’t/_l y;, where y/" is the optimal control process for (2.4). We also require for the

investment horizon 7 > 0

T
17 =/ 16,12t < oo. 2.5)
0

Besides the already defined Euclidean norm we shall also use for arbitrary g > 1 the
notation || f||4,7 for the g-norm of (f;), i.e.

T 1/q
||f||q,T=(/0 Ileths> . 2.6)

2.2 The Control Processes

Now we introduce the set of control processes (¥, ¢;)o</<7- First we choose the
consumption process (¢;)o<;<7 as a proportion of the wealth process; i.e.

¢ = v Xy,

where (v)o<;<r is a deterministic non-negative function satisfying

T
/ v, df < 00.
0

For this consumption we define the control process ¢ = (G1)o<i<T as ¢ =
(¥, v: X;), where (y;)o<:<r 1s a deterministic function taking values in R4 such
that

T
Iyli% = fo |y, [2dt < oo. 2.7)

The process (X;)o</<r is defined by (2.4), which in this case has the following
form (to emphasise that the wealth process corresponds to some control process ¢
we write X¢)

dX; = X7 (e — v + y/0)dt + X7 y[dW,, >0, Xgj=nx. (2.8)

We denote by % the set of all such control processes ¢.
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Note that for every ¢ € %, by 1t6’s formula, (2.8) has solution
X7 =xefTVrDig ), 2.9)

where

t t t
R, =/ rodu, V; =/ v,du and (y,0), :/ v, 0udu. (2.10)
0 0 0

Moreover, & (y) denotes the stochastic exponential defined as

t 1 t
éi(y)=exp< / VedWa = 5 / |yu|2du) 1>0.
0 0

Therefore, for every ¢ € % the process (X; )o</<7 is positive and continuous.

We consider % as a first class of control processes for (2.4), for which we can
solve the control problem explicitly and interpret its solution. This is due to the fact,
as we shall see in Sect. 2.4, that because of the Gaussianity of the log-process we
have explicit representations of the risk measures.

It is clear that the behaviour of investors in the model (2.1) depends on the co-
efficients (r1)o<i<7, (r)o<i<r and (oy)o<:<r Which in our case are nonrandom
known functions and as we will see below (Corollary 3) for the “equilibrate utility
functions” case optimal strategies are deterministic, i.e. belong to this class.

A natural generalisation of %/ is the following set of controls.

Definition 1 Let 7 > 0 be a fixed investment horizon. A stochastic control
process ¢ = (sr)o<i<7 = ((Vr, ¢1))o<i<7 is called admissible if it is (F;)o<i<7T-
progressively measurable with values in R? x [0, 00), and (2.4) has a unique strong
a.s. positive continuous solution (X ,5 Jo<t<7 on [0, T]. We denote by ¥ the class of
all admissible control processes.

2.3 The Cost Functions

We investigate different cost functions, each leading to a different optimal control
problem. We assume that the investor wants to optimise expected utility of con-
sumption over the time interval [0, T] and wealth X % at the end of the investment
horizon. For initial endowment x > 0 and a control process (¢;)o<;<7 in ¥, we
introduce the cost function

T
J(x,¢):=E, (/ U(c)dt +h(X7 )
0

where U and h are utility functions. This is a classical approach to the problem; see
Karatzas and Shreve [7], Chapter 6.
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Here E; is the expectation operator conditional on X g = x. For both utility func-
tions we choose U(z) = z¥! and h(z) = z¥? for z > 0 with 0 < y1, y» < 1, corre-
sponding to the cost function

T
J(x,9) :=Ex(/ cty‘dt+(X§)V2). (2.11)
0

For y < 1 the utility function U (z) = zV is concave and is called a power (or HARA)
utility function. We include the case of y = 1, which corresponds to simply optimis-
ing expected consumption and terminal wealth. In combination with a downside risk
bound this allows us in principle to dispense with the utility function, where in prac-
tise one has to choose the parameter y. In the context of this paper it also allows us
to separate the effect of the utility function and the risk limit.

2.4 The Downside Risk Measures

As risk measures we use modifications of the Value-at-Risk and the Expected Short-
fall as introduced in Emmer, Kliippelberg and Korn [4]. They can be summarised
under the notion of Capital-at-Risk and limit the possibility of excess losses over the
riskless investment. In this sense they reflect a capital reserve. If the resulting risk
measure is negative (which can happen in certain situations) we interpret this as an
additional possibility for investment. For further interpretations we refer to [4].

To avoid non-relevant cases we consider only 0 < o < 1/2.

Definition 2 (Value-at-Risk (VaR)) Define for initial endowment x > 0, a control
process ¢ € % and 0 < a < 1/2 the Value-at-Risk (VaR) by

VaR;(x, ¢, a) := xef — Ae, >0,
where A; = A (x, ¢, @) is the o-quantile of Xf, i.e.
A =inf{A>0:P(X; <L) >al.

Corollary 1 In the situation of Definition 2, for every ¢ € % the a-quantile A; is
given by

1
A =xeXp<Rt —Vi+ .0 — Ellyll,2 - Izalllyllr>, 1=0,

where 74 is the a-quantile of the standard normal distribution, and the other quan-
tities are defined in (2.3) and (2.10).

We define the level risk function for some coefficient 0 < ¢ < 1 as

ox)=cxef, tef0,T]. (2.12)
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We consider only controls ¢ € %/ for which the Value-at-Risk is bounded by the
level function (2.12) over the interval [0, T']; i.e. we require

VaR; (x, ¢,
VaRi (¥, g0 _ 2.13)
0<t<T & (x)

We have formulated the time-dependent risk bound in the same spirit as we have
defined the risk measures, which are based on a comparison of the minimal possible
wealth in terms of a low quantile to the pure bond investment. The risk bound now
limits the admissible risky strategies to those, whose risk compared to the pure bond
portfolio, represented by ¢, remains uniformly bounded over the investment interval.

Our next risk measure is an analogous modification of the Expected Shortfall
(ES).

Definition 3 (Expected Shortfall (ES)) Define for initial endowment x > 0, a con-
trol process ¢ € % and 0 <« < 1/2

mi(x, ¢, @) =Ec(X{|X{ <A, 120,
where A;(x, ¢, «) is the a-quantile of X; . The Expected Shortfall (ES) is then de-
fined as

ES;(x, g, a) =xef —m(x,5,0), 120,
The following result is an analogon of Corollary 1.

Corollary 2 In the situation of Definition 3, for any ¢ € % the quantity m; =
m;(x, ¢, ) is given by

me(x, 6, &) = X Fy(|zg| + [yl =Vi -y > 0,

where z,, is the a-quantile of the standard normal distribution and

[ ey

_ /4

Fy(z) = jioole_tz/zdta z>0.
Za

We shall consider all controls ¢ € %, for which the Expected Shortfall is
bounded by the level function (2.12) over the interval [0, T'], i.e. we require

ES[(.X, gva) <

2.14
0<t<T & (x) - ( )

Remark 1 (i) The coefficient ¢ introduces some risk aversion behaviour into the
model. In that sense it acts similarly as a utility function does. The difference, how-
ever, is that ¢ has a clear interpretation, and every investor can choose and under-
stand the influence of ¢ with respect to the corresponding risk measures.
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(i) If |||l = O for all ¢ € [0, T], then VaR,(x, ¢, ) = ES;(x, ¢, &) = xeRr (1 —
e_V'), 0 <t < T. On the other hand, if ||y||; > 0 for z € [0, T], then

lim VaR; (x, ¢, @) = lim ES;(x, ¢, a) = xe'.
a—0 a—0

This means that the choice of « influences the risk bounds (2.13) and (2.14). Note,
however, that « is chosen by the regulatory authorities, not by the investor. The
investor only chooses the value ¢. If ¢ is near O the risk level is rather low, whereas
for ¢ close to 1 the risk level is rather high, indeed in such case the risk bounds may
not be restrictive at all.

3 Problems and Solutions

In the situation of Sect. 2 we are interested in the solutions to different optimisation
problems. Throughout we assume a fixed investment horizon 7 > 0.

In the following we first present the solution to the unconstrained problem and
then study the constrained problems. The constraints are in terms of risk bounds
with respect to downfall risks like VaR and ES defined by means of a quantile.

3.1 The Unconstrained Problem

We consider two regimes with cost functions (2.11) for 0 < y1, > < 1 and for
y1 = y» = 1. We include the case of y; = y» = 1 for further referencing, although
it makes economically not much sense without a risk constraint. The mathematical
treatment of the two cases is completely different by nature.

Problem 1

max J(x, ¢).
e (x,¢)

Theorem 1 Consider Problem 1 with y; = y» = 1. Assume a riskless interest rate
re>0forallt €[0,T).If||0||r > 0, then

max J(x, ¢c) =o00.
o (x,6)

If 10lT =0, then a solution exists and the optimal value of J (x, ¢) is given by

max J(x, ¢) = J(x, ¢*) = xef7,
CEU

corresponding to the optimal control ¢; = (yf,0) for all 0 <t < T with arbitrary
deterministic square integrable function (y;)o<i<r. In this case the optimal wealth
process (X})o<i<r satisfies the following equation

dX; = X/r,dt + X (y))'aw,, X5=x. 3.1
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Consider now Problem 1 for 0 < y1, y» < 1. To formulate the solution we define
functions

T S T
A](t)=yf“/ i rwdugs and  Ax(r) = yfPel PWd < <T, (32)

t

where g; = (1—y;) " and B; (t) = (qi — 1) (r; + £ 16;|*). Moreover, forall 0 <t < T
and x > 0 we define the function g(¢, x) > 0 as solution to

Ar()g 1 (t, x) + Ax()g " (t,x) =x (3.3)
and

pt,x)=q1A1(t)g ' (t,x) + g2 A2(1) g~ (¢, x).

Theorem 2 Consider Problem 1 for O < y1, y2 < 1. The optimal value of J(x, ¢)
is given by
A1(0)

max J(x,¢) = J(x,¢*) = ——g' "0, x) + ——
ceV Y1

2( ) 1 qz(O,x),

where the optimal control ¢* = (y*, c¢*) is for all 0 <t < T of the form

v =25506, (= Mg 10 (s — D)

- . (3.4)

= Gaxp)™
The optimal wealth process (X} )o<:<t is the solution to

dX; =a*@t, X;)dr + (b*(t, X)) dW;, X5 =x, 3.5
where
Y1 q1
a*(I,X)=rzx+P(t,X)|9z|2—( ) and b*(t,x) = p(t,x)0;.
8(t, x)

The following result can be found Example 6.7 on p. 106 in Karatzas and
Shreve [7]; its proof here is based on the martingale method.

Corollary 3 Consider Problem 1 for y1 = y» =y € (0, 1) and define

1

- .
%, (1) = exp(yR, + anen?) and g=—. (3.6)

Then the optimal value of J(x, ¢) is given by

@) =max J(x, ¢) = T, 6" =x" (g, I3, +82an"e,
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where the optimal control ¢* = (y*, ¢*) is for all 0 <t < T of the form

* 6 (T[* _ (ara,/)fl(/t,—rtl)).

Ye = 1-y t 1—-y
* * Yok d * g?/(t) (37)
¢ =v X} an v = g’;(T)+f,T§‘;(s)ds'
The optimal wealth process (X} )o<:<T is given by
. 16l 6,

dxt*zx;*(r, —v )dt+Xt*1 dw;, Xo=x. (3.8

- -V

Remark 2 Note that Problem 1 for different 0 < y; < 1 and 0 < y» < 1 was also
investigated by Karatzas and Shreve [7]. For Holder continuous market coefficients
they find by the martingale method an implicit “feedback form” of the optimal solu-
tion in their Theorem 8.8. In contrast, Theorem 2 above gives the optimal solution in
“explicit feedback form” for quite general market coefficients. Our proof is based on
a special version of a verification theorem for stochastic optimal control problems,
which allows for cadlag coefficients.

3.2 Value-at-Risk as Risk Measure

For the Value-at-Risk we consider again the cost function (2.11) and, as before, we
consider different regimes for 0 < y1, > < 1 and y1, y» = 1.

Problem 2

. VaR; (x, ¢, a)
max J(x,¢) subjectto sup — <1
ceU 0<t<T & ()

To formulate the solution let z, be the normal «-quantile for 0 < o < 1/2 and
the constant ¢ € (0, 1) as in (2.12). Obviously, for « — 0 we have |zo| — o0 and,
hence, the quotient in (2.13) tends to 1/{ > 1. This means that the bound can be
restrictive. We define for 6 as in (2.3) the following quantity

PVaR = \/(IZaI —16117)? = 2In(1 = ¢) = (Iza| = 161I7)- (3.9)

Theorem 3 Consider Problem 2 for y| = y» = 1. Assume a riskless interest rate
re > 0forallt €0, T]. Then for

max(0, 1 — e%a/2-1zallfliry - ¢ < 1 (3.10)
the optimal value of J(x, ¢) is given by

max J (x, ) = J (x, ") = xePurl0lT+Rr 3.11)
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If |8l > 0, then the optimal control ¢* = (y*, v*X™) is for all 0 <t < T of the
form

0 (oy0)7!
V= phg—— (n,* = phr——— (s — 1)) and v¥=0. (3.12)
017 1 1Fs

The optimal wealth process (X[ )o<;<T is given by

S %

16: 1> o/
dX;kZX;k<rt+p{k/aRW dt+X;k,O<ﬁ/aRde;, Xy =x.

If |6|lT =0, then the optimal value of J(x, ¢) is given by

max J (x, ¢) = J (x, ¢¥) = xef7, (3.13)
CEU

corresponding to the optimal control ¢ = (yf,0) for 0 <t < T with arbitrary
deterministic function (y;)o<;<t such that

19"l < PYar = /23 — 2In(1 = &) — |zal-

In this case the optimal wealth process (X )o<:<t satisfies (3.1).

Remark 3 (i) For |z4| > 2||@|r condition (3.10) gives a lower bound O; i.e.
0<¢ < 1.1If |z¢] <2|1@]IT, then condition (3.10) translates to

1 — efal2lallblr ¢ 1,

i.e. we obtain a positive lower bound.

(ii) The optimal strategy implies that there will be no consumption throughout the
investment horizon. This is due to the fact that the wealth we expect by investment
is so attractive that we continue to invest everything. Note that the solution is the
same as the solution to the problem without possible consumption.

Now we present a sufficient condition for which the optimal unconstrained strat-
egy (3.7)—(3.8) is solution for Problem 2 in the case y; = y» = y € (0, 1). For this
we introduce the following functions:

5 114
”gy”qj

A R A
8yllg,r T8y

K(y)=

there (v )o<s<7 is the optimal consumption rate introduced in (3.7). By setting
I[(y) =In(1 —K(y)) we define
—q1101l7za] +1(y) for0 <y <1/2;

L(y) = ~ B
—ql0l71zal + 1) = L2612 for1/2 <y < 1.
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Theorem 4 Consider Problem 2 with y1 = y» =y € (0, 1). Assume a riskless in-
terest rate r; > 0 for all t € [0, T] and

11— < <1. (3.14)

Then the optimal solution is given by (3.7)—(3.8); i.e. it is equal to the solution of the
unconstrained problem.

Remark 4 Theorem 4 does not hold for y; # y», since the solution (3.4) does not
belong to % .

To formulate the result for different y; (i = 1,2) we introduce the following
function for 0 <« <1

G(x, k) :=x" k" g llg,r +x (1 —1)?82(T), x>0, (3.15)
where g =1 —y)" ", & =gy, and
gy = eV Ri = o7 Jorudu
Moreover, for x > 0 we set

Kx(Xx) = argorggii(l G(x,«). (3.16)

Note that for 0 < y; < 1 and 0 < y» < 1 this function is strictly positive for all
x > 0;i.e. 0 < x(x) < 1.1t is easy to see that in the case y; = y» =: y the function
k«(x) is independent of x and equals to

> 114
_ 1814 1

K(Y)=—F—— - (3.17)
18 I3 7 + 87 (T)

Theorem 5 Consider Problem 2 with 0 < y1 < 1 and 0 < y < 1. Assume a riskless
interest rate r; > 0 for all t € [0, T] and

0 < ¢ <min{ks(x), K(y)}- (3.18)
Moreover, assume that
J2al > (1 4 maxtn. ya) )nenr. (3.19)
1-¢ % InG(x,¢)
Then the optimal value of J(x, ¢) is given by
max J(x,6)=J(x, ") =x"¢Mg1llg,r +x7 (1= )5 (D), (3.20)
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where the optimal control ¢* = (y*, v*X™) is for all 0 <t < T of the form

=~q
t
=0 (f=0) and vi=— 9O (3.21)
lgtlly 7 —¢lgilly.e
The optimal wealth process (X[ )o<:<T is given by the deterministic function
g1l 7 —¢lgulg
* = xelr ‘I*TA ; AL %eRf, 0<r<T. (3.22)
g0 v;

Remark 5 We compare now conditions (3.18)—(3.19) for y; = y» =y € (0, 1) with
condition (3.14). Making use of the notation in (3.6) we obtain

~ Py =Lig2 _ ~

8y () =gy(t)e2 191z > gy ().
Taking this inequality into account we find that in the case 0 <y <1/2 (ie. 1 <
g < 2), the function e is bounded above by
gg(T)e—qHé’llrlzal - g)’} (T)e—q(\|9|\r\za|—‘%l|I9H2T)

) — <
18115 7 + & (T) 1813 7 +2/(T)

Moreover, condition (3.19) implies |z, | > ||0|| 7. Therefore, taking into account that
1 < g <2 we obtain

e—aU0lrlzal =451 1013) < 1

Hence,
o~
< B (TA)q =1-%).
Igly,r+ &y (T)
Similarly, for 1/2 <y <1 (i.e. ¢ > 2),
29(T)e— 310117
) < 87 (De”>7 <1-%().

TR s+ T

So we have shown that 1 — e&(") > K (y), i.e. condition (3.14) is complementary to
conditions (3.18)—(3.19).

We present an example for further illustration.

Example 1 To clarify conditions (3.18)—(3.19) consider again y; = y» =y € (0, 1)
and r, = r > 0. We shall investigate what happens for T — oo. First we calculate

fOT edv dt 1 —e avrT 1

fOT edvridt + eqvrT 1 +qgyr—e T 1+4gqyr

ki (x) =K (y) =
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as T — oo, where ¢ = (1 — y)_l. Thus, condition (3.18) yields for T — oo ap-
proximately

0<¢< .
14+qyr

The function (3.15) has the following form

T 1/q
Gx,k)=x"e" Tk’ A(T)+ (1 —k)”) with A(T) = </ e“”’”dl) .
0

For the partial derivative with respect to { we calculate

9 _ootam —a=-or!
ac MO O Ty a0y
Since
max{yi, y2} 1

1-¢ %lnG(x,g)

A +ed -0y
YA =AM - -y

=0() as¢—0,
condition (3.19) implies |z4| > ||0 |7 approximately for { — 0. Moreover, the opti-
mal consumption (3.21) is given by

vqr
eYar(T=1) ¢ — (1 —¢)evart

v =¢
and the optimal wealth process (3.22) is

rt
Xf=xo— (@ TD ¢ (1 —()e 79, 0<r<T.
yar

Conclusion 6 The preceding results allow us to compare the optimal strategies of
the unconstrained problems and the constrained problems with VaR bound. We con-
sider a riskless interest rate r, > 0 for all ¢ € [0, T].

When simply optimising expectation, i.e. y; = y» = 1, the VaR constrain puts
a limit to the investment strategy and also influences the optimum wealth. On the
other hand, there is no change in the consumption, which is zero throughout the
investment horizon in both cases.

For 0 < y1, y» < 1 the optimal strategy for the utility maximisation problem in-
volves investment and consumption during the investment horizon; cf. Theorem 3.
The influence of a VaR bound is dramatic, when it is valid, as it recommends the
optimal strategy of no investment, but consumption only; cf. Theorem 5.
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3.3 Expected Shortfall as Risk Measure

The next problems concern bounds on the Expected Shortfall.

Problem 3

ES "5
max J(x,¢) subjectto sup M <
SEU 0<r<T & (x)

To formulate the solution for Problem 3 we define for p >0and 0 <u <1
Y(p,u) =07 pu* +1n Fy(lza| + pu). (3.23)

Moreover, we set

piis =sup{p > 0: ¥ (p, 1) > In(l —¢)}, (3.24)

where we define sup{J} = co. We formulate some properties of ¥y which will help
us to calculate pfg.

Lemma 1 Let 0 <« < 1/2 such that |zo| = 2||0||7. Then { satisfies the following
properties.

(1) For every p > 0 the function ¥ (p, u) is strictly decreasing for 0 <u < 1.

(2) The function ¥ (-, 1) is strictly decreasing.

(3) For every a <0 the equation ¥ (p, 1) = a has a unique positive solution. The
equation ¥ (p, 1) =In(1 — ¢) has solution pES as defined in (3.24). For |z4| > 1
we have

., _—In(1—z;%)—In(1-¢)
PEs =
|za| = 1017

(3.25)

Now we present the solution of Problem 3, where we start again with the situation
of a small «, where the risk bound is restrictive.

Theorem 7 Consider Problem 3 for y; = yo = 1. Assume also that the riskless
interest rate r; > 0 for all t € [0, T]. Then for every 0 < ¢ < 1 and for 0 <o < 1/2
such that |zo| = 2||0||7 the solution p}}fs of ¥(p,1) =1In(1 — ¢) is finite, and the
optimal solution is given by (3.12) after replacing py,g by pgg-

Now we consider Problem 3 with y; = y» = y € (0, 1). Our next theorem con-
cerns the case of a loose risk bound, where the solution is the same as in the uncon-

strained case.

Theorem 8 Consider Problem 3 for yy = y» =y € (0, 1). Assume that the riskless
interest rate ry > 0 for all t € [0, T]. Assume also that |z4| > 2|0 || and

1= (1 =RV Fy(1za] +ql10l7) < ¢ < 1. (3.26)
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Then the optimal solution ¢* is given by (3.7)—(3.8); i.e. it is equal to the solution of
the unconstrained problem.

Now we turn to the general case of 0 < y1, 2 < 1, the analogon of Theorem 5.

Theorem 9 Consider Problem 3 for 0 <y <1 and 0 < yy < 1. Assume a riskless
interest rate ry > 0 for all t € [0, T]. Take k. (x) as in (3.16). Assume (3.18) and

(3.27)

max{y1, y2} 1
|Za|Z<2+ >||9||T-

I-¢  FhGx.0)
Then the optimal solution ¢* is given by (3.21)—(3.22).
Remark 6 For |z4| > 2||0]|7 we calculate

2
/ioo\ exp(— (l+q|\29||T) )dt

Za

Fo(lzal +qllfliT) = >

oo
|za

2 2
adl
. sexp(—aneu%— ).
e~ 2dt

—1
Recalling from Remark 5 that g, (f) = g, (t)eqT 1917 we obtain
2 (e 20
18,17 +85(T)

SHT)
TR, + 25T

~ 2
(1 —=R()eT Fy (12| 4+ q1161l7) <
L

i.e. condition (3.26) is complementary to condition (3.18).

Remark 7 (i) It should be noted that the optimal solution (3.21)—(3.22) for Prob-
lems 2 and 3 does not depend on the coefficients (u;)o<;<7 and (o;)o</<r of
the stock price. These parameters only enter into (3.18), (3.19) and (3.27). Conse-
quently, in practice it is not necessary to know these parameters precisely, an upper
bound for ||| suffices.

(i) If @ = 0, then conditions (3.19) and (3.27) are trivial, i.e. the optimal solutions
for Problems 2 and 3 for 0 < y; < 1 and 0 < y, < 1 are given by (3.21)—(3.22) for
every 0 <« < 1/2 and ¢ satisfying (3.18).

Conclusion 10 The preceding results again allow us to compare the optimal strate-
gies of the utility maximisation problems and the constrained problems with ES
bound. The structures of the solutions are the same as for a VaR constrain, only
certain values have changed.
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4 Proofs

4.1 Proof of Theorem 1

First we consider ||0||7 > 0. Define for n € N the sequence of strategies ¢ =
(y™, v™ X™) for which v™ = 0 and y™ = n6. For this strategy (2.9) implies

J(x, ™) = xefr 0T s 50 asn — oo.

Let now |07 = 0. Then the cost function can be estimated above by

T
J(x,¢) :x(/ efi=Viy,dr —i—eRTVT)
0

T
< xefr (/ eVt vedt + eVT>
0

= xefr,

Thus, every control ¢ with v = 0 matches this upper bound.

4.2 Proof of Theorem 2

We apply the Verification Theorem 11 to Problem 1 for the stochastic control dif-
ferential equation (2.4). For fixed ¢ = (y, c), where y € R? and ¢ € [0, 00), the
coefficients in model (5.26) are defined as

at,x, ) =x@r; +y'6) —c,

b(t,x, %) =x|yl, ft,x,9)=c", h(x)=x", O0<y,y<l.
This implies immediately H;. Moreover, by Definition 1 the coefficients are contin-
uous, hence (5.27) holds for every ¢ € 7.

To check H{—H3 we calculate the Hamilton function (5.29) for Problem 1. We
have

H(t,x,z1,220)=  sup  Ho(t,x, 21,22, 9),
9 eR9 x[0,00)
where

1
Ho(t, x, 21,22, 9) = (r; + y'6))xz1 + Eleylzzz + N —czy.

For z» < 0 we find (recall that ¢; = (1 — ;)™ ")

I hon, 1(n @l
H(t, x,z1,22) = Ho(t, x, 21, 22, Do) = rexz1 + —— 27101 + — | — ;
2|z g1\ 21
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where 9o = 90(t, x, 21, 22) = (Yo(t, X, 21, 22), co(t, X, 21, 22)) With

a1
L 9 and co(t,x,zl,zz)=<?> . 4.1
1

yo(t,x,z1,22) =

z
x|z2]

Now we solve the HIB equation (5.30), which has for our problem the following
form:

2(t,x)16; 2

2 (t, X) + rxze (t, %) + + L (-l =0,

2|Zxx(tsx)| q1 Zx(tsx) (42)
(T, x) =x"2.
‘We make the following ansatz:
At Ar(t
0 =2D gmag oy 2O e 4.3)
V1 V2

where the function g is defined in (3.3). One can now prove directly that this func-
tion satisfies (4.2) using the following properties of g

0
(—A1(Oq1g™ " — Az(t)ng"“)a—xg(t, x)=g(t,x),
Ai()g™ 0 (1, x) + Ax (1) g™ (¢, x)

9 9
— A (t)qlg_f“_lgg(t, x) — Ax(t)qog ! Eg(t, x)=0

) B ) B 1 9
Ar()g 1 (t, x) + Ax(t)g qz(t,x)+17—g(t,x)=0.

5 8(t,x) ot
This implies that
A As(t
a0 = =2 g1~ 220 ey . 4.4)
l—q l—¢q

Moreover, z,(t,x) = g(t,x) and z,,(t,x) = —g(t,x)/p(¢t, x). Equation (4.2) im-
plies the following differential equations for the coefficients A;:

{Al(w:—ﬂ](r)m(r)—yf% A|(T) =0, “5)

A =-p0OA0). A=y
The solution of this system is given by the functions (3.2) in all points of continuity
of (Bi(t))o<:<T. We denote this set I". By our conditions (all coefficients in the

model (2.1) are cadlag functions) the Lebesgue measure of I' is equal to 7. Note
that conditions (2.5) and (4.5) imply that

T .
/ |A;()|dt < o0
0
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for i = 1, 2. Moreover, the definition of g(¢, x) in (3.3) implies that g(-, -) is contin-
uous on [0, T'] x (0, 0o). Invoking (4.4) we obtain property (5.32). Hence condition
H2 holds.

Now by (4.1) we find that

H(l, X, Zx(tsx)9 Zxx(tsx)) = Ho(tv-x’ Zx(t7-x)s Zxx(tv-x)s ﬁ*(ta-x))v

where 9*(t, x) = (y*(¢, x), ¢*(¢t, x)) with

q1
=290 ana c*(t,x):( ! ) .

Hence H; holds.

Now we check condition Hj. First note that (5.33) is identical to (3.5). By Itd’s
formula one can show that this equation has a unique strong positive solution given
by

X; = A1(0)g (0, x)e 1% + A(1)g (0, x)e 1 (4.6)

t 1 t
g,z_/ ru+ =10u]? du—/ 6, dW,,.
0 2 0
This implies H3.

To check the final condition H4 note that by definitions (3.3) and (4.6)

with

g(t, X7) = g(0, x)e".
Therefore, taking into account that
X5 =A1(s)g” 1" (s, X7) + Aa(s)g™ " (s, X7)
we obtain for s > ¢
XF=A1()g 1, XP)e &) 1 Ay(s)g 79 (1, X[)e &R,

Hence, for s > ¢ we can find an upper bound of the process z(s, X) given by

oo 8OXD) e s A—a)E—E) o (1) (E—&)
(s, XJ) < ————¢ X7 <M.(X)(e" 1 +e 71 ),
min(y1, ¥2)
where
supg<; <7 (A1 (1) + A2(1))(g" 791 (1, x) + g1 =% (1, x))
M, (x) = )

min(y1, ¥2)

Moreover, note that the random variables & — &; and X} are independent. There-
fore, for every m > 1 we calculate (E; . is the expectation operator conditional
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on X; =x)

E.. sup zm(s,xj)gz'”*‘Mf(x)(E sup M=) L E sup emz@féﬂ),

t<s<T t<s<T t<s<T

where m; = m(1 — ¢q1) and my = m(1 — g2). Therefore, to check condition Hy it
suffices to show that for every A € R

E sup &) < o, “4.7)

t<s<T
Indeed, forevery t <s < T we set & y = eI 9[¢qu—§ N |0u\2du’ then
e < JHRTHEEEO o
We recall from (2.3) that (65)o<s<r 1S a deterministic function. This implies that

the process (&7,s)i<s<r is a martingale. Hence applying the maximal inequality for
positives submartingales (see e.g. Theorem 3.2 in [9]) we obtain that

2 (T 2 2 2
E Sup @@lzs S4E@@t2T :4€)L j; |9u‘ du 546)\ HGHT

t<s<T

From this inequality (4.7) follows, which implies H4. Therefore, by Theorem 11 we
get Theorem 2.

4.3 Proof of Theorem 3

First note that restriction (2.13) is equivalent to
inf L,(s)>In(1—2¢), (4.8)
0<t<T

where

1
Lt(g):(yve)t_vt_§||)’||12_|Zot|||)’”t (4.9)

with notations as in (2.3) and (2.10). Inequality (4.8) and the Cauchy-Schwartz in-
equality imply that

1
Iyl el — Ellyll% — lzalllyllr = In(1 — &)

and, consequently,

Iyl7 < PVar> (4.10)
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where oy, has been defined in (3.4) and satisfies the equation

1
10117 ovar — E(pi‘/aR)z — |zalpyar = In(1 = ). (4.11)
Moreover, for every ¢ € 7 (2.9) yields

E.X; = xeR=Vit0.0r,

For every y € R? the upper bound (4.10) and the Cauchy-Schwartz inequality yield

sup e < POl
0<t<T

Therefore, the cost function (2.11) has an upper bound given by

T
J(x, g) =x</ eR’_V""(y’g)'v,dt + eRT—VT+(y,9)T>
0

T
* — —
SxePVaR|9||T+RT</ e V’v,dl‘—l—e VT)
0

— xeParlOIT+RT

It is easy to see that the control ¢* defined in (3.12) matches this upper bound, i.e.
J(x, ¢*) = xePVarllOIT+RT To finish the proof we have to check condition (4.8) for
this control. If ||6||7 = O then by (4.9)

1 1
Li(c*) = —Eny*n? — Iz llly*lls > —Eny*n% —lzally*lIT

1
> —5<p¢aR)2 — |za|p¥r = In(1 — £).

Let now |67 > 0. Note that condition (3.10) implies |zo| > 2|67 — p3,g . More-
over, we can represent L;(¢*) as

Li(s™) = pyar S 161/ 1101l7)

with
7
fm=Qlolr —p%R)E —lzaln, 0=<np<1.

Then
) o
oé?ger’(g )_pVaRoérnlilf(")'

Taking into account that for |zo| > 2|67 — p{,g this infimum equals f(1) we
obtain together with (4.11)

OSiItleT Li(s™) = pyr f (D) =In(1 = ¢).

This proves Theorem 3.
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4.4 Proof of Theorem 4

We have to prove condition (4.8) for the strategy (3.7)—(3.8):
a*\, 2
Li(s™) = <q - 7>|I9|It — V' = qlza 01

2
q
> (q - 7)||9||%1{q>2} — Vi —qlzallfllr = 1(»).

Now condition (4.8) follows immediately from the restrictions on ¢ and the defini-
tion of L. (y).

4.5 Proof of Theorem 5

We prove this theorem as Theorem 3. Firstly, we find an upper bound for the cost
function J(x, ¢) and, secondly, we show that the optimal control (3.20) matches
this bound and satisfies condition (4.8). To this end note that from (2.9) we find that
forc e w

1,
P g2

Ex(th)V zxygy(t)e—yVﬁy(yﬁ)t— (4.12)

This implies for ¢ € % that the cost function (2.11) has the form

T
J(x,¢)=x" / (e o) g1 (DR (t, y)dt +x7282(T)e 2V Thy(T, y),
0

where
Tt y) = " OO =TI
Holder’s inequality with p = 1/y; and ¢ = (1 — y;) ™! yields
R T
J(x,¢) < 5P h(t, y)(xy‘ fo (e VvV g (ndt +xV2§2(T)eV2VT>
<t<T

< sup (e )" (1= e MR lg.r + X7 82(T)e VT,
0<t<T

where iz\(t,y) = l’l’laX{il\] (t,y),ﬁz(t,y)}. We abbreviate as before |gillq,r =
(fOT edRidr)1/4 . By setting k = 1 — e~ "7 we obtain that

J(x,¢) < max h(t, )G (x, k), (4.13)
OStST
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where G (-, -) is given in (3.15). Moreover, condition (4.8) implies

Lzl = 1011) = pk)  (4.14)

1
Iyl S\/(Izal - ||9||T)2+21n1

and 0 <k < ¢ < 1. It is easy to see that p(k) < p(0) = p{*,aR for every 0 <« <¢.

From this inequality follows that for i = 1, 2 the functions E (t,y) withO<y; <1
can be bounded above by

~ (1 —y;)x?
sup h;(t,y) <expiy; max |x|0|r — ———
0<t<T 0=<x=<p(x) 2

vill =y
= exp{m ol — ’—21;),-%)} = Mi(pi(k), (4.15)
where p; (k) = min(p(k), x;) with x; = ¢g;||0||7 for 0 < y; < 1 and p; (k) = p(k)
for y; = 1. Therefore, from (4.13) we obtain the following upper bound for the cost
function

J(x, 6) = max Mi(pi())G(x, k) = max sup Mi(pi(k))G(x, k).

1=i=20<e<¢
If p(0) < x; then

sup M (i ()G (x, k) = sup M;(p(k))G(x, ).

0<k<¢ 0<k=¢

We calculate this supremum by means of Lemma 2 with a = 0 and b = ¢. Note
that condition (3.18) guarantees that { < k.(x), which is defined in (3.16). There-
fore, the function G (x, -) has positive first derivative and negative second on [0, ¢].
Moreover, from (4.14) we find the derivative of p(-) as

1
(1 =)y (2ol = 1117)% +2In(1 — k) — 2In(1 — ¢)

pl) = —

and, therefore,

1
sup |A(k)] < :
0r e (1= ) ([zal — 16117)
By (3.19) we obtain that
. 1 dlnG(x,?)
sup |p(k)| < .
0<k<¢ max{y1, 23101 ¢

Now Lemma 2 yields

max Mi(p())Gx, k) = Mi(pE)G (. ) =G.0). (416)
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Consider now x; < p(0). We recall that p(-) is decreasing on [0, ¢] with p(¢) =0
Therefore, there exists 0 < k; < ¢ such that p(k;) = x;. As G(x, -) is increasing on
[0, ¢] we obtain

Jmax Mi(pi(k))G(x, k) = Mi(p(ki))G(x, ki)

This in combination with (4.16) yields

sup M;(pi (k)G (x,k) = sup M;(p(k))G(x,x) =G (x, 7).

0=k=¢ Ki<K=<{
This implies the following upper bound for the cost function
J(x,6) =G(x,0). (4.17)

Now we find a control to obtain the equality in (4.17). It is clear that we have to take
a consumption such that

T
/ g ) dr = (1= e D Zillg,. 7
0
and Vr = —In(1 — ¢). To find this consumption we solve the differential equation
on [0, T]
¢

Vteivt =
B

—— &1 0, V=0
The solution of this equation is given by
v —ln(l _ el e, >
B

and the optimal consumption rate is

Aq
e _ NG
g1 IIq1 T Cllglllq. '

We recall that r; > 0, therefore, forevery 0 <t <T

oo £g7(T)
v v ——.
T a—onl

The condition 0 < ¢ <% (y;) implies directly that the last upper bound less than 1,
i.e. the strategy ¢* defined in (3.21) belongs to % . Moreover, from (4.14) we see
that for the value V;f = —In(1 — ¢) (i.e. kK = ¢) the only control process, which
satisfies this condition is identical zero; i.e. y; =0 for all 0 <7 < T. In this case
h(t y*) =1 for every ¢ € [0, T] and, therefore, J (x, ¢*) = G(x, ¢).
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4.6 Proof of Lemma 1
(1) Recall the following well known inequality for the Gaussian integral

-2y —x2)2 OO —2)2 —x2/2
(1 —x"%e <X e dt <e , x>0. (4.18)

X

We use this to check directly that ¥ (p, -) is for every fixed p > 0 decreasing for
|Zo| > 2|67 This implies for 0 <u <1

Ay (p, u) e (lzal+pu)/2
— = 2007 pu — P gy = pClolIT — lzal) <O0.
u flza\ﬂme dr

(2) Similarly, we can show that ¥ (-, 1) is strictly decreasing for |z4| > ||0]|T.
(3) From (4.18) we obtain

5 1
wp,l)sneuw—ln/ e’/Zdr—5<|za|+p>2—1n<|za|+p>. (4.19)

|Za|

This implies that lim,_, oo ¥ (0, 1) = —00. As ¥(0, 1) = 0 we conclude that the
equation ¥ (p, 1) = a has a unique root for every a < 0. Thus pfg is equal to the
root of this equation for a = In(1 — ¢). Now for |z| > 1 inequalities (4.18)—(4.19)
imply directly the upper bound for pfg as given in (3.25).

4.7 Proof of Theorem 7

Note that Lemma 1 implies immediately that pfg < oo and ¥ (pfg, 1) =In(1 — ).
Furthermore, inequality (2.14) is equivalent to

inf L7 (¢) = In(l —¢). (4.20)

0<t<
where
Li(s)=(5.0) — Vi + In(Fa(lza| + 1))
First note that
L7(s) =, 0)1 — Vr + In(Fy(|zo| + yliT))
< lylizlOllr +In(Fe(lza| + IyliT)) = ¢ Uylz, D.

Therefore, for every strategy ¢ € % satisfying inequality (4.20) for t = T' we obtain

In(1 = &) =¥ (pgs, ) < L7 () =¥ (llyllr, D.

By Lemma 1(2) ¥ (-, 1) is decreasing, hence ||y|r < pES. Therefore, to conclude
the proof we have to show (4.20) for the strategy ¢* as defined in (3.12) with
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Pvar = Pis- If 10]l7 = 0, then ¢* = (y*,0) with every function y* for which
Iy*llr < pgg- Therefore, if |67 = 0, then

L") =vy* Il D =v Uy iz, D) =In(1 = ).
If |0]|7 > O, then

1611

: Ko ky s * _ * _ .
Osl?éT Li(s )_O<l?<fT1//<pEs’ —||9||T) =Y (ogs, ) =In(1 = 2).

This proves Theorem 7.

4.8 Proof of Theorem 8

It suffices to prove condition (4.20) for the strategy (3.7)—(3.8). We have

t
Li(s") :/0 ) Oudu — Vi +In(Fy(1zal + [1y* 1))

=qllol? — V;* +In(Fy(1zo| +ql1011:))
> o101, — Vi, 4.21)
where
1
Yo(u) = qu’ +1n Fy(12q] + qu) withg = 3.

It is clear that v is continuously differentiable. Moreover, by inequality (4.18) we
obtain for 0 <u < ||0||7

Wow e (lzal+qu?/2
- _42
du Jearvque 2t

<2qu —qlze|l — ¢*u < qQIONIT — |za))-
Since |zq| = 2]10|7, Yo (u) decreases in [0, ||6]|7]. Hence, inequality (4.21) implies
LY (") = vo(l0l7) — Vi = qllol|F +ne™ "7 Fy(1zal + qll0ll7).-

Applying condition (3.26) yields (4.20). This proves Theorem 8.

4.9 Proof of Theorem 9

We recall that ¢ (p, 1) <0 for p > 0. Therefore condition (4.20) implies

In(l =¢) <=Vr +¥(lylr, ) = -Vr. (4.22)
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As in the proof of Theorem 5 we set k = 1 —e~"7 and conclude from this inequality
that 0 < k < ¢. Moreover, from (4.22) we obtain also that

In(l = ¢) =In(1 —«) =¥ (llyllr, D).

Since, by Lemma 1(2) (-, 1) is decreasing, we get || y||7 < p(k), where p(«) is the
solution of the equation

Yv(p, 1) =In(1 —¢) — In(1 — k). (4.23)

By Lemma 1(3) the root of (4.23) exists for every 0 < k < ¢ and is decreasing
in « giving p(x) < p(0) = pgg. Consequently, we estimate the cost function as in
Sect. 4.5 and obtain

J(x,¢) < max max M;(p;(x))G(x, k), (4.24)
1<i<2k€l0,¢]

where G (x, k) is as in (3.15), M;(-) is defined in (4.15) and p; (k) = min(x;, p(k))
for x; = 10||7/(1 — y;) for 0 < y; < 1 with p; (k) = p(x) for y; = 1.
To finish the proof we have to show condition (5.25) of Lemma 2. From (4.23)

we find that
. 1 (dy(p. D\
pk)y=—\—5") -
11—« dp
Now from the definition of i in (3.23) and inequality (4.18) follows

2
dy (p, 1 e—Uzal+0)?/2
—— =bllr — ———55— = 10ll7 — |zal.
—t4/2
dp flzal-i-pe 12/2d¢
G (x,¢)

Therefore (3.27) yields (we set G1(x, ) = T)

) 1 Gi1(x, %)
sup |p(k)| < < .
O<k<t (I =) (zal = 1101l7) — max{y1, y2}1017G(x, &)

We apply Lemma 2, and the same reasoning as in the proof of Theorem 5 implies
that

max M;(pi(k))G(x, k) <G(x,¢)
0=k=¢
for i =1, 2. Therefore from the upper bound (4.24) follows
J(x,6) =G(x,0).

The remainder of the proof is the same as for Theorem 5.



Optimal Consumption and Investment with Bounded Downside Risk 161
Appendix
5.1 A Technical Lemma

Lemma 2 Let G be some positive two times continuously differentiable function
on la,b] such that G(x) > 0 and G(x) <0 for all a < x < b. Moreover, let
p :la, b] = Ry be continuously differentiable with negative derivative p satisfying

sup |p()| < (n G(®)

_ (5.25)
a<k<b max{yy, y2}0 |t

Recall the definitions of M;(-) in (4.15). Then the functions M1(p(-))G(-) and
M>(p(-))G(-) are increasing in [a, b].

Proof For ||6]|7 = 0 the result is obvious. Consider now |67 > 0. We prove that
for i =1, 2 the functions /; (x) = In M; (p(x)) + In G (x) are increasing in [a, b]. As
derivative we obtain

G(x)

li () = yi p) (1017 — (1 = y1)p(K)) + G(x)’

Since the derivative of the function G(-)/G(-) is negative on [a, b], G(-)/G(~) is
decreasing on [a, b], hence

G .
(x) . G(b) -0
G(x) ~ G()
for x € [a, b]. Therefore, as p > 0 and p < 0 we find

[i(x) = InG b)) = yilblr16()| =0, a<k<b. O

5.2 The Verification Theorem

We prove a special form of the verification theorem (see e.g. Touzi [11], p. 16).
Consider on the interval [0, T] the stochastic control process given by the Itd process

dX; =a(t, X7, c)dt + b(t, X7, 6)dW,, t>0, Xj=x>0. (5.26)

We assume that the control process ¢ takes values in some set % C RY x [0, 00).
Moreover, assume that the coefficients a and b satisfy the following conditions

(1) for all r € [0,T] the functions a(z,-,-) and b(¢,-,-) are continuous on
(0, 00) x X,
(2) for every deterministic vector v € ¢ the stochastic differential equation

dX;/ =a(t, Xy, v)dt +b(t, X/, v)dW;, Xj=x>0,

has an unique strong solution.
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Now we introduce admissibles control processes for (5.26). We set %, = o{W,,
O<u<t}foranyO<t<T.

Definition 4 A stochastic control process ¢ = (¢;)o<i<T = (()1, ¢1))o</<7 is called
admissible on [0, T with respect to (5.26) if it is (.%;)o<;<7-progressively mea-
surable with values in R? x [0, 00), and (5.26) has a unique strong a.s. positive
continuous solution (X f Jo<t<t on [0, T'] such that

T
/ (la(z, th, St)l +b2(t, X7, ¢))dt <oo as. (5.27)
0

In this context ¥ is the set of all admissible control processes with respect to
(5.26); cf. Definition 1.

Moreover, assume that f : [0, T] x (0,00) x # — [0,00) and A : (0, 00) —
[0, 00) are continuous utility functions. We define the cost function by

T
J(tvxvg) :=Et,x|:/ f(S,ng’S‘s)ds‘Fh(X;)} OStSTa
t

where E,  is the expectation operator conditional on X; = x. Our goal is to solve
the optimisation problem

J*(t,x):=sup J(t,x,¢). (5.28)
ceV

To this end we introduce the Hamilton function

H(t,x,z1,22) :== sup Ho(t,x,z21,22,9), (5.29)
Ye A

where
[
Ho(t,x,21,22,9) :=a(t,x,0)z1 + Eb t,x, N+ &, x,0).

In order to find the solution to (5.28) we investigate the Hamilton-Jacobi-Bellman
equation

Zl(tv-x)+H(tvxazx(t’x)vzxx(tax)):09 [E[O,T],

(5.30)
(T, x) = h(x), x>0.
Here z; denotes the partial derivative of z with respect to 7, analogous notation
applies to all partial derivatives.
We assume that the following conditions hold:

(Hy) There exists some function z : [0, T] x (0, 00) — [0, 00), which satisfies the
following conditions.
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o Forall 0 <ty,t) <T there exists a B0, T] ® H(0,00) measurable function
z¢(+, ») such that
5]
z(tz,x)—z(tl,x)zf ze(u, x)du, x>0. (5.31)

15}

e Moreover, we assume that for every u € [0, T] the function z;(u, -) is continuous
on (0, 00) such that for every N > 1

T
lim sup |ze(u, x) — z¢(u, y)|du =0, (5.32)

e—>0Jo x,yeKpy,|x—yl<e

where Ky =[N~L, N].

o The function z has second partial derivative 7, which is continuous on [0, T X
(0, ).

o There exists a set I' C [0, T] of Lebesgue measure A(I') = T such that z(t, x)
satisfies (5.30) for all t e ' C [0, T] and for all x > 0.

(Hy) There exists a measurable function 9* : [0, T] x (0, 00) — # such that
H(t,x, zx(t, %), Zxx (t, X)) = Ho(t, x, zx (t, X), Zxx (£, X), 97 (2, X))

forallt €T and for all x € (0, 00).

(H3) There exists a unique a.s. strictly positive strong solution to the Ito equation
dX; =a*(t, X))dr +b*(t, X))dW,, >0, X;=x, (5.33)

where a*(t,x) = a(t,x,0*(t, x)) and b*(t,x) = b(t, x, 9*(t, x)). Moreover, the
optimal control process ¢ = V*(t, X)) for 0 <t < T belongsto V.

(Hy) There exists some § > 1 such that forall 0 <t <T and x >0

E.. sup (z(s, X¥)® < 0.

t<s<T

Theorem 11 Assume that V' # & and Hy — Hy hold. Then for all t € [0, T] and
for all x > 0 the solution to the Hamilton-Jacobi-Bellman equation (5.30) coincides
with the optimal value of the cost function, i.e. z(t,x) = J*(t,x) = J*(t, x, ¢*),
where the optimal strategy ¢* is defined in Hy and Hs.

Proof For ¢ € ¥ let X¢ be the associated wealth process with initial value X 5 =x.
Define stopping times

s
T :inf{s >t :f b2(u, X, gu)z,%(u, X$)du > n} AT.
t
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Note that condition (5.27) implies that t, — T as n — 0o a.s. By continuity of
z(+, ) and of (th)05t§T we obtain

11m z(tn,Xg)—z(T X5 )—h(X ) as. (5.34)

Theorem 12 guarantees that we can invoke Itd’s formula, and we conclude from
(5.26)

n n
Z(tax)Z/ f(S7X§’ §9)d5+z(fn,x%—;’)_/ (Zt(S,ng)
t t

T
~I—H1(S,X§,§s))ds—/ b(u, X}, cu)zx(u, X;)dW,, (5.35)
t

where
Hl(sv-xv 1-9) = H()(t, xa Zx(tv-x)s Zxx(tv-x)s 19)

Condition Hy implies

z(t, x)>Etxf f(s, X5, 65)ds + B xz(mn, X3)-

Moreover, by monotone convergence for the first term and Fatou’s lemma for the
second, and by observing (5.34) we obtain

Tn
lim E[,x/ f(s, X5, g)ds + lim E; xz(ty, X$)
n—o00 n

n—od
>E,x/ (s, X?,gq)ds—{—E,xh(X )i =J(t,x,6), 0<tr<T. (536)

Therefore, z(t,x) > J*(t,x) forall0 <t <T.
Similarly, replacing ¢ in (5.35) by ¢* as defined by Hy—H3 we obtain

. x)-Efx/ F5, X5 65 + By ezt X2,

Condition Hy implies that the sequence (z(7,, X jn)),,eN is uniformly integrable.
Therefore, by (5.34),

lim_ Eix2(tn. X} ) =E« Jim 2(tn, X7,) =B 2h(X7),
and we obtain

(¢, x) = hm Etx/ f(s, X5, ¢Hds + lim E,,xz(rn,Xjn)
n—oo

_Etx(/ f(s X_;’g_;)ds—i_h(XT))=J(t7x3§*)'

Together with (5.36) we arrive at z(¢, x) = J*(¢, x). This proves Theorem 11. [
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Remark 8 Note that in contrast to the usual verification theorem (see e.g. Touzi [11],
Theorem 1.4) we do not assume that (5.30) has a solution for all ¢ € [0, T'], but only
for almost all 7 € [0, T']. This provides the possibility to consider market models as
in (2.1) with discontinuous functional coefficients. Moreover, in the usual verifica-
tion theorem the function f (¢, x, ) is bounded with respect to ©» € # or integrable
with all moments finite. This is an essential difference of our situation as for the op-
timal consumption problem f is not bounded over ¢ € #" and we do not assume
that f is integrable.

5.3 A Special Version of It6’s Formula

We prove It6’s formula for functions satisfying Hy, an extension, which to the best
of our knowledge can not be found in the literature. Consider the 1t6 equation

dgl = Cl[dt + b[dW[,

where the stochastic processes a = (a;)o</<r and b = (b;)o<;<7 are measurable,
adapted and satisfy for the investment horizon 7 > 0

T
/(lat|+b,2)dt<oo a.s. (5.37)
0

Theorem 12 Let f : [0, T] x (0, 00) — [0, 00) satisfy H|. Assume that the process
& is a.s. positive on 0 <t <T.Then (f(t,&))o<i<T is the solution to

1
df@. &)= (fz(t, &)+ fut, 8)ar + Efxx (r, g,))bfdt

+ fx(t, &) D AW, (5.38)

Remark 9 Note that in contrast to the usual Itd6 formula we do not assume that f
has a continuous derivative with respect to ¢ and continuous derivatives with respect
to x on the whole of R. For example, the function (4.3) for y1 = y» =y € (0, 1)
factorises into z(f, x) = Z(¢)x?, i.e. is not continuously differentiable with respect
to x on R.

Proof First we prove (5.38) for bounded processes a and b, i.e. we assume that for
some constant L > 0

sup (lag| +1b;) <L as. (5.39)
0<t<T

Let (#x)1<k<n be a partition of [0, T'], more precisely, take #x = kT /n, and consider
the telescopic sums
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F(T. &) — f(0,%0)

=D (f &) = o1, E0) + (1, 8) — [ -1, €4 ))

k=1 k=1
B35
1,n 2.n

Taking condition (5.31) into account we can represent the first sum as

n tk T
El,n=2f ft(u,st»du:/ filu, &) du + 11,
k=171 0

where

n 1

ra= [ (filu &) — fi(u.&))du.
k=11
Now we prove that r; , £ 0as n — 0. To this end we introduce the stopping time,
ty=inf{t >0:& +& ' >NJAT, N>O0. (5.40)

As the process & is continuous and a.s. positive,

lim P(zty < T) =0, 541
N—o0

P ..
and, hence, Ty — T as N — 0o. Moreover, the modulus of continuity of the process
& satisfies

As(E,[0,T]) := sup & — &30, &—0. (5.42)

[t—s|<e,s,t€[0,T]

Note now that condition (5.32) implies that for every N > 1
T
Fow= [ s A = Al asy -0,
0

x,y,€Kn,|x—y|l<n

where Ky = [N~!, N]. This implies that for every é > 0 there exists ns > 0 such
that F*(ns, N) < 8. Moreover, taking into account that for ¢ = T/n the random
variable ry ,, is bounded on the w-set

(A&, [0, T]) <ns}N{zny =T}
by |r1..| < F*(ns, N) < 8, we obtain that

P(rinl > 8) =P(A:(§,[0,T]) > ns) +P(zy < T).
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Relations (5.41) and (5.42) imply ry p —P> 0 as n — oo. Now define
T 1 T )
rni=an— [ fsds -5 [ fat s
0 0
We show that 2 , L oasn— 0. A Taylor expansion gives

n n
1 Tk
B = Y il )88 45 Y o) [ B
k=1 k=1 fe—1

S 1 ¢n -
+5 ’; Feeltimr, g D+ 5 ]; Fe(AED, (5.43)

where ax = (A&)? — [ b2du, fi = frrlti1,&) — frrltio1, &, ) and &, =
&, + O A&, with 0 € [0, 1]. Now taking into account that as n — oo

n T
3 filtimt &) AE, > /0 fet,&)d&,
k=1

n

t . T
S feeltet, &) / BRdu S / Fenlt, )2
t—1 0

k=1

it suffices to show that the last two terms in (5.43) tend to zero in probability. To this
end we represent the first sum as

n
Z Soox (-1, Stk_] Jap =M, + Ry,
k=1

where

n 179 2 173 )
My =" feelt. &y )0 withnk=</ budwu) - / b2du,
k=1

Tk—1 -1

n lk 2
Ry, = Z Soox (te—1, Stk,l)a;: with 05;: = (Agtk)2 - (/ buqu> .
t—1

k=1

First we estimate the martingale part in this representation. Note that on the set
{ty = T} the martingale part coincides with the bounded martingale

n
M, = Z Srox (te—1, Stk,l/\rN)nk'

k=1

Taking into account that

|fxx(tk—1a$tk_1ArN)| =< sup | frx (t, )| := M,
te[0,T],ye[N—1,N]
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we obtain

n n I 4
EM; =EY " 2 (1, &y aey); < M ZE( / budwu)

k=1 k=1 Tk—1

n
1
<3L*MI) (An)’ = 3L4MfT2; -0, n— oo.
k=1

In the last inequality we used the bound (5.39) for b. We conclude

M, —P> 0, n— oo. (5.44)

Using the convergence (5.42) also for 1 (t) = fot b,dW, and the upper bound (5.39)

for a we obtain
179 2 179 Ik
logf| < (f audu> +2f |ay |du / b,dW,
th—1 Tk—1 fr—1

< L2(A)2 +2LA(, [0, TD Az,

where ¢ = Ay = T/n. This yields lim,— 00 Y j_; lof| = 0 a.s. We use analo-

gous arguments as for (5.44) to show that R, £o. Taking also into account that
= )~ 1S bounded 1n probability, 1.€.
I_ (A&, is bounded in probability, i

n

mlewP(Z<Aszk>2 > m> =0,

k=1

it is easy to see that the last sum in (5.43) tends to zero in probability. This proves
Ito’s formula (5.38) for bounded coefficients (a,) and (b;).

To prove Ito’s formula under condition (5.37) we introduce for L € N the se-
quence of processes (EIL)OstsT by

d&l =aldr +blaw, &l =4,

where al := a; x{q,|<1) and bL := b; x{p,|<L}. For each of these processes we al-
ready proved (5.38). Therefore we can write

T T
F(T, 5 = £(0, so)+/ A,Ldt—i—/ BEAW,, (5.45)
0 0

where AL = f,(t,&5) + fe(t. EP)al + feor(t, EF)(BF)?/2 and BE = fo(t,&F)bE.
Note that (5.37) implies immediately

T
lim [ (laf —a/|+ (bF —b)*)dt =0 as.
L—o0 Jg



Optimal Consumption and Investment with Bounded Downside Risk 169
Taking this into account we show that

sup &5 — & £0, Lo (5.46)
0<t<T

Indeed, from the definitions of £ and £ we obtain that

t
/ (bF — by)dw,
0

T
sup [8F — & < /0 lak —aldr + sup

0<t<T 0=<t<T

Thus for (5.46) it suffices to show that the last term in this inequality tends to zero
as L — oo. By Lemma 4.6, p. 102 in Liptser and Shiryaev [9]) we obtain for every

e>0
") € ) 2
P| sup (by —b)dW;| =6 ) < = +P (by —by)dt > ¢ .
0<t<T|JO ) 0
This implies (5.46). Taking now the limit in (5.45) for L to infinity we ob-
tain (5.38). O
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On Comparison Theorem and its Applications
to Finance

Vladislav Y. Krasin and Alexander V. Melnikov

Abstract This paper studies a comparison theorem for solutions of stochastic dif-
ferential equations and its generalization to the multi-dimensional case. We show,
that even though the proof of the generalized theorem follows that of the one-
dimensional comparison theorem, the multi-dimensional case requires a different
condition on the drift coefficient, known in the theory of differential equations as
Kamke-Wazewski condition. We also present several examples of possible applica-
tions to option price estimation in finance.

Keywords Comparison theorem - Option pricing - Stochastic differential
equations

Mathematics Subject Classification (2000) 60G07 - 65C50 - 91B28

1 Introduction

Stochastic domination theorems play an important role in the theory of stochas-
tic processes and their applications. We focus our attention on results, establishing
path-wise almost surely dominance (that is when one process is greater than or equal
to another with probability one), which in the theory of stochastic differential equa-
tions are referred to as the comparison theorems. These type of theorems are used in
a wide range of mathematical problems: from existence and uniqueness of solutions
of SDE’s to asymptotic behavior (see, for example, [13]). The first comparison the-
orem for diffusions was proven in [17], and later generalized in [20]. That result was
extended to continuous semimartingale case in [11], and in [5] to semimartingales
with jumps. The discontinuous case was also considered in [1] and [16].

All the above mentioned works study one-dimensional processes. Extension of
the comparison theorem to the multi-dimensional case demands an additional con-
dition on drift coefficient. It was done in [12] for SDE’s with respect to a continuous
semimartingale. Similar results have been proven in [7] for diffusion equations and
in [3] for inequalities.
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Our first goal is to give the proof of the multi-dimensional comparison theorem,
where we add jumps to the above mentioned cases. Presence of jumps can plays
an important role in domination/comparison theorems: for example, as shown in
[19], a well-known Hajek’s mean comparison theorem (see [8]) does not hold in the
Poisson case.

One of the main disadvantages of these theorems is that they only allow com-
parison of processes with identical diffusion coefficients. Moreover, as shown in
[15], if initial conditions are not specified, then identical diffusion coefficient is a
necessity for comparison of one-dimensional SDE’s. The papers [14] and later [6]
develop a comparison theorem for SDE’s with different diffusions, which requires
more specific conditions on the initial values. For a given stochastic process X; with
diffusion coefficient g(X;) they consider F(X;), where F(x) = f ;0 ﬁdu. Using
Ito’s formula it is easy to show that the new processes will have diffusion coefficient
equal to 1. We use that technique in Example 1 in Sect. 3 of this paper.

Our second goal is to show how the comparison theorem can be used in mathe-
matical finance, mainly to estimate option prices. There are few publications, where
this question was studied before, for example the above mentioned Hajek’s mean
comparison theorem was used for this purpose in [9]. We present several examples
illustrating how the comparison theorem can be used in practice.

2 Comparison Theorem

As mentioned above, the comparison theorem was proven for discontinuous semi-
martingales in one-dimensional case, as well as continuous semimartingales in the
multi-dimensional case. In this section we combine the two results to prove the
multi-dimensional comparison theorem for strong solutions of stochastic differ-
ential equations with respect to semimartingales which contain a jump compo-
nent.

Let (2, .%#,F = (%):>0, P) be a standard stochastic basis (see [10] for details).
Denote o7 as a set of increasing processes of finite, integrable variation and %7,
a set of processes, whose localizations belong to 7.

Let all processes below be cadlag and adapted to the given filtration. Defined
are a d-dimensional non-decreasing continuous process A = (Al, A2, ..., Ad) with
A; € Aye, d-dimensional continuous local martingale M = (M', M?,..., M%)
and a d-dimensional jump measure pu = (u', u?, ..., u¢) with compensators
(!, v2, ..., v%). To simplify our considerations we assume that v’ are continuous.

Consider stochastic differential equations:

d d
dXj =) fij(Xi-)dA] + ) gij(X{ )M}
j=l1 j=1

+ L <1yhi G, XE_)d (u — 08 + s 1yki (u, XE_)d ! (1)
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d d
dXi =" fij(X,0)dA] +) " gij(XI )am]
j=1 j=1
+ Lgup<tyhi (u, X3 )d (g — vy) + Ljups 1yki (u, X;_)d g 2
where f;;, gij, h; and k; depend on x, ¢ and @ and are continuous in (¢, x) (we write
f(x) instead of f(x,t, w) to shorten notations). From now on we assume (without
going into details) that all considered SDE’s admit unique strong solutions.

For further considerations we need a non-negative nondecreasing function p(x)
such that f(f p?(x)dx = oo for any & > 0. Define {a,} as a decreasing sequence of
positive numbers with ag = 1 such that faiil p2(x)dx=n+1,n=0,1,2,....
We assume that there exists a sequence of positive numbers {e,} such that ¢, <
a,_1 — a, and

n 1 p2(@n-1)p " (@n—1 —&2) > 0 asn — oo. 3)

We note that any Holder function of order o > 1/2 will satisfy the above assump-
tion.

Theorem 1 Assume that for all i and j let functions f;j, gij, hi and k; satisfy
fij(Xo) > fij(Xo) )

fii (G, oo Xiot, X, Xigr, ) > fi(en, oo X,

forxy=xx, k=1,...,d. 5)

There exist non-negative predictable processes G; and Hy(u) such that

1gij (¥, 1) — gij(x, )| < Grp(ly — xI) (6)
|hi(u, x,t) —hi(u,y, )] < p(lx — y)) Hy (). (7N
Forall y > x
hi(u,y) > hi(u, x) (3
kiGu,y) = ki(u, x) 9

along with a technical conditions: the processes fot |gxi (Xf_)|d(M£, Msj),

Jo lfiaXs DAL [ fu(Xs)|dAL, as well as [y |G, Pd(M{, M) and

fé [ |HyW)|?Vi (ds, du) belong to . (here and everywhere below E = R%\ {0}).
Then X, > X, forallt (a.s.).

Proof Without loss of generality assume that the above mentioned processes belong
to o7, otherwise we can provide their localization.
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Following arguments presented in Lemma 1 of [5] and using condition (9) we
can see that it is sufficient to consider processes without big jumps (or make k; =
ki =0).

Consider stopping times

T, = inf(t >0: fij(Xy) > f}j()Z,) for at least one j).

Denote T =min(7;) and T =T A t. Since f;; are continuous, X, and X, are

right-continuous and f;;(Xo) < f,-j()fo), then 7; > 0 and, therefore T > 0 (a.s.).
Now we consider a sequence of twice continuously differentiable functions ¢, (x)
such that ¢, (x) 1 |x| as n — oco. Such sequence was originally proposed in [20].
Here we follow the procedure presented in [5]:
let {¢,(x)},eny be a sequence of non-negative functions with suppy, C
(an,an—1) and

Aan—1
/ Yn(x)dx =1,

V() < (2/n) X p72(x)
argmax v, = a,—1 — &p.
Define ¢, (x) = 0‘x| J5 ¥n(s)dsdy. Itis easy to see that |¢], (x)| < 1
Applying Itd6’s formula to ¢, (X lr - X i) we get
©n ()N(i — Xi) = local martingale + I1 + I + I3, (10)
where
T ) . d .
L= f op(Xi = XIS (fiy(Xoo) = fij(Xs-)d A
0 X
j=1

T
L= 1/2/ ol(XI_ —Xxi )
0

d
x Y (@i (XiL) — gij (Xi ) (g (X ) — g (X5 ))d (M, M)
jk=1

T
Iy = fo /EI{\u|>1}[<Pn(X§_ — X +hiu, X)) —hi(u, X;_))

—on(Xi_ = Xi ) — @ (Xi_ — Xi ) (hi(u, Xi2) — hi(u, X;_))|v' (ds, du).

We do not specify the structure of the local martingale in (10) because it is irrel-
evant for the proof.

Without resorting to additional localization we assume that all terms in (10) admit
expectations. Taking expectations of both sides of (10) yields

Eg,(X! — X!)=EI, + El, + EL. (11)
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Moreover,

El <E / Z(ﬁ,(x )~ fij(X,-)dA] =E(XL - X1)

d

EnL<1/2) max_1[I/fn(|x|)p2<|x|>]E/O G31d (M M)

a,<x<a
jik=1

<1/nZ f 1G2ld(M], M*) >0 asn— .
j.k=1

Denote h(u, X ;_) —h(u, X é_) by Ah;. The Taylor approximation formula im-
plies that there exists 0 < o < 1 such that

T
E; = I/ZEf / I{|u|>1}<ﬂ,/,/(X§_ - X;_ —i—aAh,-)(Ahi)zv’(ds,du)
0 JE

<1728 [ [ e H@Po0% - X1
x @l (X! — X\ 4 aAh)v (ds,du).
It is possible to show (see Theorem 1 of [5] for details) that
PPUXi_ = X5 Doy (Xi_ = Xi_+aAh) <n”" p*(@an-1)p > (an—1 — &),

and condition (3) implies that E/3 converges to 0 as n — oo.
Using the above considerations and taking limits as n — oo in (11) we get

E/X! — X!|<E(X! - Xx1),
and therefore
Xi>XxL (as.) (12)

Now consider stopping times 6; = inf(z > 7 : X ; < X} ), and denote & = min(6;).
If 6(w) = oo then the proof is complete. Otherwise X éf > Xéf for all i by
definition of 6. If there is no jump at time 6, then X é_ =X é > X é. Otherwise,

X = X5+ Lu<1yhi(u, X)

and it follows from (8) that f(g > Xé foralli=1,...,d.

Now fix i and limit the considerations below to a set B; = {w|f(w) =
0; (w) < oco}. It follows from definition of 6; and right-continuity of X, and X;
that )Z'él_ < Xél_ for all w € B;. Therefore, Xéj = X(i%- (a.s.).
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For j #i we have that 6; > 0; and, therefore, X gi > X gi. Condition (5) implies

that f;;(Xg,) > fij(Xg;) (a.s.) for all j. Define n; =inf(t > 6; : fi; (X,) < fij(X;)
for at least one j) and it follows from above that n; > 6; (a.s.).

Reproducing the above argument for <p,,(}~( © — X') on time interval [6;, ni] we
get that there exist a stopping time 7; > 6;, such that X! > X/ on §; < ¢ < t; which
contradicts the definition of ;. Therefore, B; = (a.s.) and thus § = oo (a.s.). [

The multi-dimensional comparison theorem has to be used when dealing with
processes, whose dynamics are influenced by each other. As an example of such
processes one can consider voting and non-voting stocks of the same corporation. It
seems very reasonable to assume that dynamics of voting stock prices is influenced
by non-voting stock prices and vice versa.

The question of price dependencies for stocks with different voting rights has
been studied before. For example in [4] the following discrete model is tested:

s; =InS}
sf=InS; (13)
st =a+ s +yt4+u;, t=12,...,

where S and S} are voting and non-voting stock prices respectively, «, 8 and y are
constants and u; is a long-memory process.
For continuous case let the stock prices satisfy the following system of SDE’s

ds; =S/ (u' @, S, SHdt + o' (t, S;)dW}) (14)
dsy =Sy (p" @, S/, SHdt +o" (¢, S;)dW,"). (15)
As an analogy of (13) in this case one can assume that:
ds;' = Bds; + ydt + odW, (16)
where W; is a new Wiener process. Applying It6’s formula to (14) and (15) we get:
ds} = (u¥(t, S}, S — 1/2(c"(t, S))?)dt + ¥ (¢, S} )d W,
ds!' = (1" (t, 7, S — 1/2(a" (¢, S)?)dt + " (¢, SHAW.
Equation (16) then becomes
ds} = (Bu’ @, S;, S — B/2(c"(t, St”))2 +y)dt + o’ (t, S)AW, +odW;.
Equating the dt terms in two representations of ds; we get:
Bul(t.SP. 87 = B/20" (1. S +y = p" (1, 5. ) = 1/2(a" (1. S|,

which shows, that the stock price dynamics (14) and (15) are indeed related.
Above considerations show that two or more dimensional processes can be used

in mathematical finance. The multi-dimensional comparison theorem can then be

used to estimate option prices in this model using some other pair of processes.
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3 Applications to Mathematical Finance

In this section we give specific illustrations showing how the stochastic domina-
tion/comparison theorems can be used in mathematical finance. For the purpose of
demonstration we shall restrict our attention to the simplest cases only.

Example 1 (Constant elasticity of variance (CEV) model) The model was proposed
by Cox and Ross [2] and is often used in mathematical finance. The stock price is
said to satisfy the following SDE

dS; = Si(udt +oS*'dW,),  So=s (17)

where 0 < @ < 1 and W; is a Wiener process.
Let F(x) =0~ [Tu=%du = (x'7* — 5'7)/(6(1 — @)). Denote X; = F(S5;)
and applying It6’s formula we get

dX, = F'(S)dS; + 1/2F"(S)(dS)*
= (S *ujo —ac/28* " NHdt +dw,
= w((1 =) X, + 07 's"")dr — (201 — )X, + 20" 's"=*) "' dr +aWw,.

The comparison theorem is used to estimate the process X; from above by a new
process Y3, satisfying the equation

dY, = uoc(l —a)Y, + o~ 's' ") dt + aw,, Yo=0

which is an Ornstein-Uhlenbeck process.

The process of this type is also used in [18] as an interest rate model and has
normal distribution.

Applying the comparison theorem to X, and Y; yields

Yi > X, =F(8) (as)
and so
S <F 1) (as) (18)

Consider an increasing function f and an option with payoff f(S7). Assuming
zero interest rates, the price of such option is given by E [ (St) for an appropriate
martingale measure P. But, inequality (18) implies that Ef(ST) < Ef(F YY)
and thus we obtain an estimate for the option price. Due to normality of Y7 this
estimate is easily computable.

Example 2 (A complete model with stochastic volatility) Consider the processes

dS[ = S[U[dW[
doy = a(oy)dt + do,dW;
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where a(x) is a continuous function, such that:
a(x)+6/2x >0 forx>0. (19)

We also require that a(0) > 0 to ensure that o; > 0 (a.s.).
Denote ¥, = §~! (0y — 00p) —In(S;/Sp) and applying It6’s formula we have

dY, =8 Ydo, — 0, dW, + 1/20:dt = (8 a(0,)8 + 1/207)dt.

Consider the process Z; = o; exp[(o; — 00) — In(S;/So)] = o exp[§Y;] and using
again It6’s formula we find that
dZ[ = exp[SY,]dU, + SZ[dY[
= {eXp[(SYt]a(Gt) + Zt (a(Ut) + 1/280’;)}dt + 8Z[th
=Z, f(oy)dt +58Z,dW,
where f(y) =a(y)/y +a(y) +1/28y.
If Z; f(01)|z,=0, > a(oy), then by the comparison theorem Z; > o; (a.s.).
Calculating Z; f(01)|z,=6, = a(oy) + o:(a(o;) + 1/280;) we observe that in-
equality (19) implies Z; > oy, which is equivalent to 8§ (o, — ap) — In(S;/So) >0,

or o; > (0o + 81In(S;/S0)).
Now consider a new process X; such that

dX; = (o0 + 81n(S;/So))dW;, Xo = So-
Recall (see [8]) that for two processes satisfying

dR; =y (R)dW,
dY; = ﬂ,d W,
the Hajek’s comparison theorem implies that EA(R;) < Eh(Y;) for any convex

function h(x) if B; > y(¥:). Applying the theorem to X; and S; we obtain that
Eh(X71) <Eh(ST) for any convex payoff function & (x).

Example 3 (Pricing stock option using forwards) Consider a market with stochastic
interest rate r, and the stock price satisfying the following SDE’s

dri = aydt + BrdW!,  dWSdW' = pdt @1

where p € (—1, 1) and the bank account is given by D; = exp(f(; rsds). To price
an option with payoff f; = f(S;) we will use bond B;(T) and a forward contact
on the stock, whose price is F;(T) = S;/B;(T) with the same maturity 7 > 7. The
following question arises: How does the choice of T affect the option price?
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To answer this question assume that dynamics of the bond price is given by
dBi(T) = Bi(T)(redt + 8,(T)dW/). (22)
According to Ito’s formula we have
dF,(T)=F,(T)[(u; —r —0:6:(T)p + 1/28,2(T))dt
+ o dW; —8,(T)dW/ 1. (23)

The option price then has to be computed under an equivalent measure, for
which both discounted tradable processes (B;(T)/D; and F;(T)/D;) are martin-
gales. Since B, T/ D; is already a martingale, the unique equivalent martingale mea-
sure f’(T) is defined by

O’tths + (/.L[ — 1 — G,S,(T)p + 1/2812(T))dl = r[dt + UlthX,

where WS is a P(T)-Wiener process.
Under this new measure the stock price dynamics can be expressed as

dS; = S, (Q2r: +0:8:(T)p — 1/28H(T))dt + :d W).

We note that the option price will be equal to ET (f(Sy)/B;) where ET denotes
expectation under P (T).

We see that as far as option pricing goes, changing bond and forward maturity 7
is equivalent to changing drift coefficient of the stock price.

Suppose 71 > 7, T> > T and

018 (T1)p — 1/281(T1) > 018,(Ta)p — 1/283(T). (24)
Consider two processes
dS! = S} ((2r: +0:8,(T1)p — 1/28X(T1))dt + o1 d W)
dS? = S2((2r: + 0:18,(Ta) p — 1/28X(T2))dt + ord W)

with initial conditions S(l) = Sé = Sp. Applying the comparison theorem we see that
Sl > 82 (as.) and thus E(f(S})/Br) > E(f(S})/Br) for an increasing function
f(x).

It is clear that the distributions of Sf are the same as the P (7})-distributions of S;.
Therefore,

Er, f(S7) =Ef(S}) > Ef(82) =Eg, f(S7)

and we can compare two option prices for different bond and forward maturities 7;
and T2.
As a particular example we consider the Vasicek interest rate model:

dri=a —r)dt +o"dW;/.
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The bond price will be equal to

B:(T) =exp[y(t,T) — rra” (1 — e~

for some deterministic function y (¢, T') (see [18] for details)
In this case the expression for §;(T) is

8(T)=—a""o" (1 — ™80~

Taking p = 0 for simplicity, it is easy to see that —1 /ZBf(T) is an increasing
function of T'. Thus, inequality (24) holds for 7| > T». Therefore, increasing the
bond and forward maturity 7 is equivalent to increasing the option price.

Acknowledgements We would like to thank two anonymous referees for their remarks, which
were a great help to us.
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Examples of FCLT in Random Environment
R. Liptser

Abstract We consider a diffusion type process being a weak solution of Itd’s equa-
tion

dX! =b(w, X} /e)dt + o (w, X} /e)d B,

relative to fixed initial condition Xg = xp, Brownian motion (B;);>0, and ergodic
stationary random process (b(w, u), o (w, u)),cRr, treated as a “random environ-
ment”, where ¢ is a small positive parameter. Random environment and Brownian
motions are independent random objects. Functions b(w, u), o (w, u) are uniformly
bounded and function o-2(w, u) is uniformly positive. Random environment obeys
some “weak dependence” property (see (9)). We show that the family {(X);<7}e—0
converges in law to a continuous Gaussian process X = (X;);<r with the expecta-
tion EX; = x¢ + bt and covariance cov(X;, X;) = a(t A s), where

~ 1 __ b(,0) |
a_l/Ea2(w,0)’ T 2@.0)/ " 02(w.0)

Keywords Diffusion approximation - Oscillating environment - Random
environment

Mathematics Subject Classification (2000) 60K37

1 Introduction
1. We study a convergence in law, in the uniform metric on [0, 7], of the family

{(X{)o<i<T}e—0 being a weak solutions of It6’s differential equation in “random
environment b(w, u), o (w, u)”:

t t
Xf:xo—l—/ b(a),Xﬁ/e)ds%—/ o(w, X;/e)dBs, (D
0 0

where ¢ is a small positive parameter and (b(w, u), o (w, u)),cR is a stationary ran-
dom processes independent of a Brownian motion (B;)o</<T-
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It is well known different type of assumptions providing limit theorems in ran-
dom environment, see Papanicolau and Varadhan [8], Yurinsky [11], and Sznitman
and Zeitouni [9], etc. (see also Fannjiang and Komorowski [4], Fannjiang and Pa-
panicolaou [5], Di Masi et al. [3]).

In this paper, we propose an approach for diffusion approximation in random
environment serving the case of b(w, u), o (w,u) with discontinuous paths (see
Sect. 5) which is not completely compatible with existing techniques. Closely re-
lated results can be found in Butov and Krichagina [2].

2. The prelimit process X; is a continuous semimartingale, defined on some
stochastic basis, with fixed initial point xo, drift B} = fot b(X%¢/e)ds and mar-
tingale M; = fé o(X{/e)dBs having the quadratic variation process (M?); =
fé o2(X ¢/e)ds. Taking into account well known homogenization ideas, we may
assume for a moment that a limit process X; is also semimartingale with the same
initial condition xq, drift bs and continuous martingale with the quadratic variation
process ar. Assume more that a, b are known. Then, due to [7] (Theorem 1, Chap. 8,

§3, adapted to the case considered) (X7 );<T Ia_wo) (X1):<r in Skorokhod’s topology
E—>
provided that for any n > 0,

lim P<sup|Bf —bt| > n) =0

e—0 t<T

and

lim P(sup ((M?), — at| > n) =0

e—~>0 \i<T

or, equivalently,

t
lim P(sup / [b(X%/e) —blds| > n) =0
e—>0 t<TlJo
; ()
lim P<sup / [0%(X¢/e) — alds| > n) =0.
e—0 t<11Jo

Since in reality a, b are unknown, in order to guess them we shall verify (2) for “os-
cillating environment”, when b(w, u) = b(u), o (w, u) = o (u) with smooth periodic
functions b(u), o (u) of the period one and uniformly positive o2 («). We find new
presentations for fé [b(XE/e) —blds and fot [02(X§/8) — a]ds compatible with the
proof of (2) and a, b determination. To this end, we introduce the function

H(x) =/x/v9(s)dsdv,
0 Jo

where 6 (s) is a transform of b(s), o (s), and analyze the random process e2H(X ;/€).
By the 1t6 formula applied to £2 H (X /&), we find that
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Xi/e pv
82/ / 0(s)dsdv
0 0

xp/e pv t X5/
= 82/ / 0(s)dsdv + 8/ / 0(s)dsb(X? /e)dv
0 0 0 JO

t rXi/e t
+8/ / Q(S)dsa(Xi/s)dBv+/ G(ng/e)az(XSg/e)ds. 3)
o Jo 0

b(X;/e)=b,

We choose 6 (s) such that Q(Xﬁ/s)az(Xf/s) = [ 2(X? /¢)—a

b—b(s)
Q(S) = { (72(5‘) a

- o2(s)’

that is,

and derive from (3) that

folo%(XE Je) — alds
Jo[b(XE/e) — blds

Xi/e pv x0/e v
=2 f / 0(s)dsdv — &* / f 0(s)dsdv
0 0 0 0

t pXi/e t rX5/e
—8/ / G(S)dsb(Xi/s)dv—ef / 0(s)dso (XS /e)dB,. (4)
0o Jo 0 Jo

Denote by ¥ any term in the right-hand side of (4). Obviously, (2) holds true if for
any n > 0,

lim P(sup | > n) —0. (5)

e—0 t<T

¥# contains an integral fo. /e 0(s)ds playing a crucial role in the proof of (5) and in
a, b determination.
It is readily to verify that (5) holds if

t
f 0(s)ds
0

Since 6 (s) is periodic function of the period one, for sup,. | f(; 0(s)ds| < oo to be
valid it suffices to have

sup
t>0

< o0. (6)

1
/ 0(s)ds = 0. 7)
0

So, (7) guarantees (5) and simultaneously provides

B L (! bGs) L
a_l//o et b_/o az(s)ds//o Pt
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3. Turning back to the random environment, we continue to keep the uniform
boundedness of b(w, u), o (w, u) and the uniform positiveness of o2(w, u). Both
formulas for 6 (s) with b(u), o (u) are replaced by b(w, u), o (w, u) respectively:

b—b(w,s)
— X(w,5)
O(S) — 1(7_(0 N a

o2(w,s)”
We compute constants a and b replacing (7) by
EO(0) =0. ®)

Unfortunately, under the random environment, (8) does not guarantee (5). Therefore,
we introduce “weak dependence property” of 6 (s) relative to the filtration (%), cr
generated by (0 (w, u), b(w, u)),er:

/w,/E|E(9(u)|§O)|2du < 0. 9)
0

4. The paper is organized as follows. The main result is formulated in Sect. 2 and
is proved in Sect. 3. The existence of weak solution for (1) is discussed in Sect. 4.
Two examples are given in Sects. 5 and 6.

2 Assumptions, Notations and Main Result

The following notations and assumptions are fixed.

2.1 Notations

e * is the transposition symbol for matrices and vectors.

e I symbolizes the independence of random objects.

o (2,7, (Zy)uer, P) and (82, %, (¢4 )i>0, P) are stochastic bases’ with general
conditions such that \/, . Z, € %.

2.2 Assumptions

(1) (o(w,u),b(w,u))yer is stationary ergodic random processes with right con-
tinuous paths possessing left limits defined on (£2, .7, (%,)ucr, P).
(ii) Functions b(w, u), o (w,u) are uniformly bounded and function o2(w, u) is
uniformly positive.
(iii) With

1 b(w, 0) |
—1/E—— .  b=E E
a /az(w,O) 2@.0)/ " 52(w.0)
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zero mean random process

——
. o (w,s)
0(s)= b(w,s)—b (10)

o2(w,s)

obeys weak dependence property (9).
(iv) Brownian motion B = (B;);>0 is defined on (£2, .%, (4)i>0, P); (Br)i>0 AL
%, P-a.s.

Let X = (dX;):<r be a Gaussian random process with the expectation and co-
variance

EX,=xo+bt and cov(X;, X;)=a( As).

Theorem 1 Assume (i)-(iv) and let (X} );<T be any weak solution of (1).
Then, for any T > 0,

(Xf)th %) (Xt)th

in Skorokhod’s and uniform metrics on [0, T].

3 The Proof of Theorem 1

Notice that (2) provides the theorem statement in the Skorokhod metric. The limit
Gaussian process X, has continuous drift and covariance and, so that, X, is con-
tinuous process. Moreover, X; — xo — bt is Gaussian process with cov(X;, X5) =
a(t As). Hence, X; —xo — bt is a Wiener process with diffusion parameter a, that is,
X, is a semimartingale on some stochastic basis, i.e., X; = xo + bt + /aW,, where
W; is a standard Wiener process. Hence, the convergence in law in Skorokhod’” met-
ric with this limit process is also valid in uniform metric.

3.1 Auxiliary Lemma

Lemma 1 (Compare with (6))

2
E sup

O<v<C

< g const.

v/e
8/ 6(s)ds
0

Proof Due to (iii), Lemma 1, §2, Chap. 9 and the corollary to Theorem 3, §11,
Chap. 4 in [7] provide Poisson’s type decomposition,

v
f 0(s)ds = Uy — Uy — Ly,
0
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where U, = —fvoo E(0(s)|-#,)ds is the stationary process and (L, )y>0 is a local
martingale on (£2, %, (%#,)ucr, P) with stationary increments and paths from the
Skorokhod space Do, ). Moreover

(1) ElUpl* < oo,
(2) EL? =2v [{ E(0(5)6(0))ds.
The use of
v/e 2
sup / 0(s)ds 53[U§+ sup Uf/g—i— sup L‘%/a]
O<v=<CI|J0 O<v=<C O<v=<C

enables us to reduce the proof to

Ee? sup L%/ggsconst and
O<v=C
(11
Ee? sup Uvz/gfeconst.
O<v=<C

The first part in (11) follows from the maximal Doob inequality

o
Ee” sup |Lyc|* <46’EL7, =8Ce /0 E(0(s)8(0))ds = & const.

v<C

In order to verify the second part in (11), set o; = sup;_; _, U2 and notice that
(oj)i>1 forms a stationary sequence of random variables. Assume for a moment
that Ex; < co. Then, the desired property holds true since

E sup |8UU/5|2 =¢&’E max o; < &2 Z Ea; = eCEax;.
v<C i=C/e i<C/e

Thus, it is left to prove Exy < co. Write

v<l

1 2
Ea < 3[E|U0|2 +E ([ |9(s)|ds> + Esup|Lv|2]
0
—_——

—_———
<Jo 02(s)ds <4EL2

< 3[E|Uo|* + EO%(0) + 4E|L|*]

- 3[E|U0|2 +E62(0) + 8/ Ee(s)e(O)ds] < 0. .
0

3.2 The Proof of (2)

Set H(x) = f(f fove(s)dsdv. If 6(s) is continuous function, for any fixed w, the
random function H(x) = H(w, x) is twice continuously differentiable in x. Then,
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by the Itd6-Wentzell formula, we find that
X5 /e
e2H(X?/e) = e?H (xo/¢) + ¢ / / 0(s)dsd X
0 Jo

t
+ / 0(XE/e)a(XE [e)ds. (12)
0

Otherwise, when 6(s) is measurable (bounded) function only, H (x) has Sobolev’s
second derivative only. Then, taking into account the independence of random en-
vironment and Brownian motion, we obtain (12) by Krylov’s version, [6], of Itd’s
(Ito-Wentzell’s) formula.

Due to (10) with chosen a, b we have

0(s) =1~ 2 folo? (X5 /e) —alds

0(s) = 200 fip(xe/e) — blds

o2(w,s)

t
/ 0(X¢/e)a®(XE /e)ds.

Hence, according to (12), it is left to prove that for any n > 0,

11m P(s sup|H(X8/s)|>n) 0 (13)
t<T
hmP(e sup|H(x0/£)|>n) 0 (14)
t<T
t rXi/e
lim P<ssup/ f O(s)dsdX: zn):O. (15)
e—0 t<tlJo Jo

3.2.1 The Tightness {sup, .7 | X7 |}e—0
Lemma 2 lim¢_, o lime_ o P(sup, .7 |Xf| > C) =0.

Proof Since xg is a fixed number and b(w, u) is bounded function, the proof is

reduced to
>C ) =0

and verified with the help of Chebyshev’s and maximal Doob’s inequalities:

P(sup
t<T

lim lim P<sup

C—o00e—0 t<T

t
/ o(X§/¢e)d By
0

2

t 1
/ o (X¢/e)dBy| > / o (X¢/e)d By
0 0

C>< 4E
—Esu
2 P

t<T

= TE/T 2(X¢ fe)ds < b —— 0
— — —— 0.
- C? 0 “ s/S 5= C? (> 0
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3.2.2 The Proof of (13)—(15)

Denote by B¢ any of sets:
o {e2sup, .y |H(XE/e)| = n}
o {e2sup,_y |H(xo/e)| = n}
X
o {esup,r | fi [ 0(s)dsdX?] = n)
and by

o Q[C = {SUPtST |X}€| <C}
o tc=inf{t <T:|X!|>C}.

R. Liptser

Write, P(%8;) < P(28, NA¢) + P(R¢). Using the estimates below (recall tc =T

on the set 2¢), being valid on the set ¢,

sup|e?H(X¢/e) <&T sup
t<T v|=C

sup |82H(x0/8) < 2T sup

t<T [v]<|xol

t rX5/e
8/ f O(s)dsdX¢
0 JO

sup
1<T

+ sup
t<T

v/e
/ 6(s)ds
0
v/e
/ 0(s)ds
0

<const7 sup

thnte pXo/e
8/ / 0(s)dso (X5 /e)d B,
0 0

v/e
8/ 0(s)ds
0

[v|<C

’

we find that B, N2A¢ C U1‘2:1 EBéi), where (here 7’ is any positive constant)

v/e
‘Bél) = {5 sup / 0(s)ds
[v[=CV|xo|1/O
‘Bf?z) = {sup
1<T

tnte pXG/e
8/ / 0(s)dso (X5 /e)d By
0 0

Zn/}

zn/}.

Due to Lemma 2, (13)—(15) are valid provided that for any C > 0, n > 0,

v/e
lim P( sup 8/ 0(s)ds| > 77) =0 (16)
e—0 lv|<C 0
tnte pX5/e
hm P(sup / / G(S)dsa(X /€)d By ) =0. a7
t<T
Since 6 (s) is the stationary process,
v/e law v/e
sup 8/ O(s)ds| = sup 8/ 0(s)ds|, (18)
O<v<C 0 —C<v<0 0
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so that, (16) is implied by Lemma 1. The proof of (17) also uses (18) and Lemma 1
combining with the maximal Doob’s inequality,
)

tnte pX5/e
P(sup e/ / 0(s)dso (X5 /e)d B,
t<T 0 0

T Ate Xé/e 2
<4g’E / ( / 9(s)ds> o (X¢/e)dv
0 0

v/e 2 0
< constE sup 8/ 0(s)ds —_
lv|<C 0 e—0
by Lemma 1

The proof is done.

4 Diffusion in Random Environment

For function b(w, u), o (w, u), Lipschitz continuous in # uniformly in w, the exis-
tence and uniqueness of (1) is proved in a standard way (henceforth, the symbol “w”
is omitted).

We consider the case of measurable function b, o and restrict ourselves by con-
sidering a weak solution explicitly constructed by time scaling and change of proba-
bility measure (for other approaches see [1, 10]). This approach imposes the bound-
edness of ||, |o| and the uniform positiveness of o2

4.1 b(w,u)=0

Let B; be a Brownian motion independent of o (w, u). Assume that the pair (o, 8)
is defined on a probability space (§2,.%, Q) supplied by two filtration’s (satisfy-
ing the usual conditions): (.%#,),er and (¥;);>0 such that \/,.r %, C % and o is
%y-measurable while g IL %. Since o' is uniformly positive, a stopping time

rrzinf{r:/r 5 ! dsZt}
0 0w, (Bs +x0)/e)

ds =t and

strictly increases in ¢, that is, for’ m

t
T :/ 02(w, (B, +x0)/8)ds.
0

Then, obviously, (B;,,%,) is a continuous martingale with the quadratic variation
process 1, and, by the Levy-Doob theorem, the random process

! 1
B — dp.
’ /0 o (@, (B +x0)/0) P
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is Brownian motion. Since B = (B;);>¢ is the process with independent increments
for non-overlapping intervals and By =0, we have “B 1L %" = “B AL \/,,cp Fu”.
Set Y; := xo + B, . The definition of B; implies

t
Yt=x0+/ o(w,Ys/e)dBs, (19)
0

that is, a weak solution of (1) with zero drift exists for P = Q.

4.2 b(w,u) #0

A weak solution with nonzero drift is constructed by applying the Girsanov theorem.
With Y;, defined in (19), set

T p(w, Y. 1 (T b (w,Y.
Trzexp/ 7(60 S/s)st——/ 7(0) S/E)ds.
o o(w,Ys/e) 2Jo o%(w,Ys/e)
h(w Ys/e) .

Since w0 Y.J%) is bounded and T < oo, we have |, o Y7dQ =1 and define a proba-
bility measure P by letting dP := Y7dQ. Then, by the Girsanov theorem,

t
- Y,
B,:B,_/ b, ¥s/e)
0 o, Ys/¢)

is the Brownian motion on the stochastic basis (£2,.%, (¢:)>0, P). In other words,
the process Y;, defined on (£2, .%, (¢;):>0, P), admits the following representation

t t
Y,:xo—i—/ b(w, Ys/e)ds—i—/ o(w,Ys/e)dBs.

So it is left to prove that (Bt)t<T AL (b(u), o (u))R relative to P. We mention that
(B,)t<T 1L % with respect to P while (b(u), o (u))r € % relative to Q and, due to
P <« Q, with respect to P as well.

5 Markov Chain as Random Environment

We simulate the random environment as follow. Let (Z,),cr be a Markov stationary
random processes with values in the finite alphabet {a, as, ..., a,} and the transi-
tion intensity matrix A having simple zero eigenvalue. It is well known that, then,
z is the ergodic process.

Let b(u) = g(Z,) and o(u) = h(Z,) for some bounded measurable function
g(-), h(-), where minj<, hz(ai) > 0. Denote by n = (71, 72, ..., 7,) the distrib-
ution of zp and compute

n 1 n (l
azl/;h%a»”"’ bz.z;;(é; /th(m
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and 0(s) = b&)=b are zero mean random

— 1 _ _a
For these a and b, 0(s) = 1 26 2(5)

processes with finite second moments.
It is left to verify weak dependence condition (9) which in the Markov case be-

comes
/OOO \/mds < o0. (20)
Further,
[
EO) 20 =E(f(Z)|Z0), where fer=1, "
h2(x)

On the other hand, E(f(Z)|Zo) = Y ;_, f(ai)P(Zs = a;i|Zp), a.s., while by the
ergodic property of (Z,) there exist ¢ > 0, A > 0 such that

n
Y 1f@)P(Zs =ai|Zo)| <ce™, >0, 1> 0.

i=1

Hence, (20) follows.

6 Langevin Random Environment

Let Z, = (q“) solves stochastic Langevin equation
Pu/uecR

qu = Pu

. (2D
Pu=—(pu+qu) + W,
relative to Gaussian white noise W, is a Gaussian white noise independent of
Brownian motion (B;);>¢. It can be verified directly that the matrix A = ( _Ol _1 ] ) has
eigenvalues with negative real parts. Hence Z,, is stationary and ergodic zero mean
Gaussian process on R with continuous paths. Moreover, Z, is Markov process too.
Set b(u) = g(pu) a o (u) = h(gy), where g, h are bounded and h? is uniformly
positive. In particular, then, (1) possesses a weak solution.
Let

R
h2(x1)”
FO =1 o k=3,

h%(x1) ’

Set 9(s) = f(qs, ps). To simplify further analysis, let us assume that g and h are
Lipschitz continuous functions and, therefore, f is Lipschitz continuous function
too.
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The Markov property of Z, enables us to verify (20) only. To this end, we show

that
VE(E®B(5)]|Zp))? < ce™*, 3¢, n>0. (22)

Parallel to process Z, let us introduce its version (Z;);>0:

dg; = p,dt
dpr = —(p: + g)dt +dW;

(23)

subject to the initial condition go, po. Denote by ZF = (Z’:) the solution of (23)
subject to gy = x1, py = x2. Set 0 (s) = 9(s)|ZO=X and notice that

E(E(0(5)1Z0))* = fR 2(E9X(s))2dF(X),

where F'(x) is the distribution function of Zy. Now, the use of boundedness for
0(s),0%(s), and E6(s) =0, and the Lipschitz property of 6(s), imply
(E0* (5))* = (E[0%(s) — 0(5)])*
< constE|0¥ (s) — O(s)]
<constE[|gy" — gs| + |p* — psl].

On the other hand, Z} — Z, solves the linear differential equation
d X X
E[Z’ —Z/1=AlZ; - Z/]

subject to [Zog — x]. Hence [Z] — Z;] = e’A[Z(’)‘ — x] and, in a view of eigenvalues
of matrix A have strictly negative real parts, there exist positive constants c(x),
depending on x, and A such that E[|g;' — gs| + |p3* — ps|] < c(x)e™* and c(x) =
const (1 4 |x1| + |x2]). Thus, (22) is valid, with ¢ = fR2 c(x)dF (x), and Theorem 1
is applicable with

_ 1 _ 8(x2) 1
a_l//Rz e and b_/Rz hz(XI)dF(x)//Rz o .
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The Optimal Time to Exchange one Asset
for Another on Finite Interval

Yuliya Mishura and Georgiy Shevchenko

Abstract Let S}, S? be correlated geometric Brownian motions. We consider the
following problem: find the stopping time t* < T such that

sup E[S! — $2]=E[SL. — $%4]
t€[0,T]

where the supremum is taken over all stopping times from [0, T']. A similar prob-
lem, but on infinite interval, was studied by MacDonald and Siegel (Int. Econ. Rev.
26:331-349, 1985), and by Hu and Oksendal (Finance Stoch. 2(3):295-310, 1998),
who also considered multiple assets. For a finite time horizon, the problem gets con-
siderably more complicated and cannot be solved explicitly. In this paper we study
generic properties of the optimal stopping set and its boundary curve, and derive an
integral equation for the latter.

Keywords Optimal stopping - Geometric Brownian motion - Finite horizon - Free
boundary problem

Mathematics Subject Classification (2000) Primary 60G40 - 60J65 -
Secondary 35R35

1 Introduction

Let (£2,.%7,P) be a complete probability space. Let also S}, S,2 be stochastic
processes modeling prices of two stocks .7 and .72, possibly correlated. We adopt
the most common model for a stock price process, namely, the geometric Brown-
ian motion. Precisely, we assume that the processes St1 and S[2 solve the following
stochastic differential equations:

dSi =8;Sidt +0; S dW!, i=1,2, (1)

where W,! and W? are standard Brownian motions (w.r.t. the filtration .%; generated
by them) with a correlation coefficient p, i.e. E[Wt1 W,Z] = pt. Here §;, 0, p are

Y. Mishura (X)) - G. Shevchenko
Kyiv National Taras Shevchenko University, 64 Volodymyrska, 01033 Kyiv, Ukraine
e-mail: myus @univ.kiev.ua

G. Shevchenko
e-mail: zhora@univ.kiev.ua

F. Delbaen et al. (eds.), Optimality and Risk—Modern Trends in Mathematical Finance, 197
DOI 10.1007/978-3-642-02608-9_10, © Springer-Verlag Berlin Heidelberg 2009


mailto:myus@univ.kiev.ua
mailto:zhora@univ.kiev.ua
http://dx.doi.org/10.1007/978-3-642-02608-9_10

198 Y. Mishura and G. Shevchenko

some constants. Suppose that investor holding stock .%? should exchange it for
stock .71 within given time interval [0, T'], and the choice of exchange time is up
to the investor; one may regard this as a futures exchange contract. Clearly, the cost
of the contract if exchanging at time ¢ is S} — S2. It is natural to assume that the
investor intends to maximize the expected discounted cost of the contract, so we
have the following optimization problem:

Ele ™" (S! — $%)] — max, (2)

where T is an .%;-stopping time bounded by 7', and r is a risk-free rate of return.
Observe that e’”S;',i = 1,2 are geometric Brownian motions as well with §; re-
placed by 6; — r, so we can assume without loss of generality that r = 0. Thus, we
want to find an .%,-stopping time 7* such that

sup E[S! — $21=E[SL — $%].
7€[0,T]

In the case of infinite time interval (i.e. T = 00) the problem was solved by Mac-
Donald and Siegel [8]: the optimal stopping time t* is given by

T =inf{r > 0: 8! > us?},

where the constant © can be calculated explicitly in terms of §; and 0,1 =1, 2.

The first paper, where options to exchange one asset for another were considered,
was by Margrabe [7]; since that such options are frequently called Margrabe options.
Ideas of this paper, which help to reduce the dimensionality of a pricing problem,
were further developed in Shiryaev and Shepp [9]. We refer to [3], where a beautiful
exposition of this so-called duality approach is given. In [4] this approach is applied
to investigate the problems of valuing contingent claims with homogeneous payoffs
in Lévy market model.

The purpose of this paper is to approach the solution of this problem for a finite
time horizon T. In such setting, problem (2) gets much more complicated. The
reason is that for infinite time horizon, it is time-homogeneous: starting from any
time moment is the same as starting from zero; however, for a finite time horizon it
is no longer time-homogeneous.

The paper is organized as follows. In Sect. 2 we give essential properties of the
stopping domain and the premium function. In Sect. 3, we show how integral equa-
tions for the premium function and the optimal stopping domain boundary are de-
rived. In Sect. 4, we give some useful properties of the optimal stopping domain
boundary.

2 Basic Properties of Premium Function and Stopping Domain

One can regard optimization problem (2) as a problem of optimal exercise of an
American type option. Thus, we can use the theory of American options pricing,
omitting the details which can be found e.g. in [1, 2].
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Fort € [0, T], s1, 52 € Ry := (0, 00) define the premium function

f(t;s1,52) = sup E[S!—82|S! =s1,8% =s]
et T]

which identifies the maximal expected cost of continuation (i.e. of not exchanging
stock . 2) at time 7. This is also can be treated as the value, or the price, of the
exchange contract at time 7 if the stock prices are s; and s». The cost of exchanging
at time ¢, as we have already mentioned, is

g(Sl, 83 =85! —s2.

Exchange at time ¢ is optimal if f(t; S,l, S,z) < g(S,l, S,z). Thus we can define the
stopping region

G ={(t;51,) €[0, TIx RY 1 f(1551,52) < g(s51,52)
and the continuation region
G =1{(t,51.52) €[0, TI x Ry : f(t:51,52) > g(s1,52))-

We will also use 4; and 6; for z-sections of these sets.
Then the optimal stopping time t* is

™ =inf{r [0, T]: (1; S}, $?) € 9},
and t* = T if the latter set is empty.

Theorem 1 The stopping set 4 has the following properties:

1. V(t,51,5) €4 VYL >0:(t,As1,As0) €Y.
2. V(t,s1,52) A Zt:(t/,S1,S2) €Y.
3a. If81 <0,8,>0,then ¥ =[0,T] x RZ.
3b. If81>0,8, <0and 8, — 8, #0, then 4 = {T} x R%.
3c. If 81> 0,8, >0, then V1%, # @ and ¥(t, 51, 52) € YVs| <s1: (t,5],52) €Y.
3d. If81 < 0,82 <0, then Vt9; # @ and V(t, 51, 52) € GVs| > 51: (t,5],5) €Y.
4. Vt €10, T1{(s1,52) € R% : 8151 > 822} C ;.

Proof 1.This is because g(Asy, As2) = Ag(s1, s2) and f(¢; Asy, As2) = Af (¢; 51, 52).
2. This is general property for American options on stocks with prices modeled
by homogeneous processes, see e.g. [10].
3.Letr € [0, T] be fixed. Assume (¢, 51, s2) € 4. This amounts to

E[S! — 8218 =51, 82 =s2] =E[s1S! =582 | S/ =82 =1]<s51 — 2
for all stopping times t € [t, T'], or, equivalently,

sI(ELS] |} =11—1) <sp(E[S7 | SF =11 - 1). 3)
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One can write by Doob’s optional sampling theorem:

[ I T : . .
ELST S =1]1—1= E[/ S, (Sidu +0idW}) | S| = 1}
t

T
=E|:/ a,-s;du|s;=1].
t

Hence, E[S. | S! =1]—1>0 for & > 0 and E[S. | S = 1] — 1 <0 for & < 0;
moreover the inequalities are strict if §; % 0 and P(t > ) > 0. Thus in the case 3a
inequality (3) holds for all stopping times 7, in the case 3b it holds only for 7 =¢
(hence, if (¢, s1, 52) € ¢, any stopping time t € [z, T'] should be identical to ¢, im-
plying t = T), and the statements 3a, 3b follow. Further, the inequality (3) will
remain true if 51 is replaced by s| < s in the case 3¢ and if it is replaced by 5| > s
in the case 3d. Moreover, the expressions E[Si | Sf = 1] are bounded (one can use
SUP,epr. 7] |W,i| to get a bound), thus for some s and s3 (3) holds. Hence the state-
ments of 3¢ and 3d follow.
4. Now write for arbitrary stopping time t > ¢

Z(t) :==E[S! — 2| 8} =51, 83 = 52]

T
=s' —s24 E[/ SY(81du + o1dW))

t

T
—f S2adu+02dWD) | 5 =51, 83 =s2}
t

T
= g(s1,82) + E[f (Sls; — $287)du
0

S, 52 :sz]
Define D = {(s1, 52) € Ri : 8151 > 8252}. Suppose (St S,z) = (s51,52) € D. We
can define the exit time of (S!, $2) from D:
tp=influ >1:(S), $2) ¢ D}

(z =T if the set is empty). Since the process (S1, S2) is continuous and D is open,
we have tp > ¢, and Z(tp) > g(s1,s2). On the other hand, f (¢, s1,s2) > Z(tp),
therefore we have (z, 51, s2) € €. The statement 4 is proved. O

Remark 1 Taking the stopping time T = 7', we can moreover write that
Vi €0, TH(s1,52) € RY 1 (1T — Dsy > (2770 — s} C 4,
which clearly gives a better result in the case §; > 6;.

As we see, the stopping set is trivial whenever 8; and &, have different signs.
Thus we can assume that 5152 > 0. We will moreover assume that

81 >0, 82 > 0.
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The financial background of this assumption is that on average returns on risky
assets are greater than on non-risky ones (recall that we assumed zero interest rate,
that is, asset prices are already discounted, and §; are discounted returns).

Corollary 1 The stopping set 4 has the structure:
G ={(t,s1,52) €[0,T) x RZ | sy < B(1)s2} U ({T} x R%),

where B(t) : [0, T] — (0, 62/81] is certain increasing function. Moreover, B(t) <
(682(T—t) _ 1)/(681(T—t) _ 1)

Remark 2 As one can see, §(T) can be chosen freely. We put B(T") = §,/61 to make
B continuous: it will be shown in Sect. 4 that 8(T —) = §2/61.

3 Integral Equations for the Premium Function
and the Threshold Curve

Recall that the optimal stopping time T* is the time when the process (z, S!, S,z)
enters the stopping region ¢:

o =inf{r: (t, S}, %) € 9),
and t* =T if the latter set is empty. Similarly, let
() =influ € [t, T]: (u, S}, $2) e 9},

and t*(z) = T if the latter set is empty.
Then the premium function is, of course,

[t 51,50) =E[S} ) — St | S} =51, 87 =2, )

We denote @ and ¢ the standard normal distribution function and probability density
function respectively.

Theorem 2 The premium function f solves the equation

T
ft;s1,5) =51 —52+31S1/ AT B (D (51, 52, Bu), u — 1))du

t

T
—52S2/ 2D P (Dy(s1, 52, Bw),u — 1))du, (5)
t
_ 1 Sl . 2 _
Dy o(s1,82, B(u),u—1)= Gm[log<ﬂ(u)sz> + @1 =8 E£07/2)(u I)},
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where o = \/ 012 + 022 — 2pa102, and the optimal boundary B is a solution of the
equation

82 [T W=D (dr (1), Bu), u — 1))du
81 [T 0D (dy (B(t), Bu), u — 1))du

1 2B (). ). u—1) = — 1(’30)) 5 (H:Gz)( )
e e L () KGR R ]

Proof Aslong as the premium function can be represented as (4), in the continuation
region ¢ we have .Z f = 0, where

B(1) = (6)

a1 92 92 92 9 9
R7 A PR 229 Sist— & Sysh—

o7 + > [‘7151 8s12 + 0555 as% + po1025152 951952 + 0151 o5t + 0252 957
is the generator of diffusion Y; := (t,Sl,Stz). Moreover, evidently one has

f(t,s1,82) = g(s1,50) =s1 — sp for (¢,51,52) € 4. Observe that Lg = 8151 —
8252 <0 for (¢, 51, 52) € ¥4 (item 4 of Theorem 1). Hence, we have

Zf=0 on€¥, (7
Zf<0 on¥, 3

or, since f =g on¥,
Zf =0, (f—8Zf=0. 9)

Also one has the following “smooth fit” conditions:

.

=1, —1, onod¥. (10)
a8 dsp

Equations (7)—(10) make up so-called “free boundary problem”. On more informa-
tion on how they are derived, see e.g. [10].
Now write for ¢ € [0, T']

T
f(t; St 83 = f(T; S;,S%)—/ df (u, S!, 5. (11)

t

One can write by the Itd formula
df(t; S}, 8% = asdt +bldW}! + b2dW?,

where

a=Lf(t; S}, 8P,
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and b;, i = 1,2 are square integrable processes, whose value is not essential for us.
Taking conditional expectation of (11) and using (7), we arrive to

T
f@; S}, S =E[f(T; St., S})|.F:] +/ E[(5282 — 818D 1 (u, S}, $2)|.F:1du

t
(12)
We have (u, s1, s2) € ¢ iff s1 < B(u)sy. Further,

St =S exp{(8; — 07 /2)(u — 1) + o1 (W — W)},
Thus,
Sy <BW)S? < expla(u—1)+o1 (W) — W —oa(W2 — W2} < Bw)S?/S},

where o = §; — 8 — 02/2 + 03 /2. Note that o1 (W, — W) — on(W2 — W?) =
o+/u —tZ,where Z is a standard normal variable independent of .%;, o is as above.
Thus, we can further write

Sl <Bw)S? = Z <K ),
where

1
Ki(u) = ﬁ[IOg(ﬁ(u)Sf/S,l) —au—1)]

is .%;-measurable.
Now we want to evaluate the integrand in (12). Write

Wi — W =Vu—1(piZ +/1 - p?Z",

where the random variables Z' are standard normal and independent of .%; and Z;
p1 = (01 — po2) /o, p2 = (po1 — 03) /0. Now we can write

Elexplo; (W) — Wi lg(u, SL, SH} | F]

*Mu tu

= Elexp{oipin/u — 1Z}exploiy/ (1 — pP) e — ) Z' M z<k, ) | Fi]

= Elexp{0i piv/ut — 1Z}1 z<k, () | F11Elexploin/ (1 — p?) (u — 1) Z'} | F]
= explo o (u — 1)/2)@ (K1 () — 01 pi~/u — 1) explo}’ (1 = p7)(u — 1)/2)
= exp{o7 (u — 1)/2}® (K, (1) — 0; piv/u — 1).

Plugging this into (12), after some routine transformations we arrive to (5).
We may substitute s; = B(#)s2 to this equation and, taking into account that
S (& B()s2, s2) = B(t)s2 — 52, get (6).

It is clear that having solved equation (6), one can plug its solution into (5) to get
the premium function. But the equation for the threshold curve g is quite compli-
cated and hardly can be solved explicitly. In the next section we approach somehow
the solution of this equation. O
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Remark 3 The problem can in fact be reduced to one state variable. Indeed, a direct
calculation shows that

E[S! — $21=EP'[Y7(1 — $;)], (13)
where
SZ
_ "0 2
S, = <1 expl(62 =81 — 0%/ 21 + o W),
0

dpP! /dP = SIT / E[S]T] and W, is a standard Brownian motion under P!. A detailed
derivation can be found in [4].

Formula (13) allows to derive (5) and (6) somewhat simpler. It will be used in
the next section to derive important properties of the threshold curve.

4 Approaching Solution of Integral Equation for Threshold
Curve

First we establish some properties of function §. First, analogously to (3), we can
write from (13) that (¢, 51, s3) € ¢ iff

2 (E[G:]— 1) > E["7] — 1
s1

for all stopping times 7 € [0, T — ¢], where
G; =exp{at + o W;},

oa=4 — 02/2, W is Brownian motion. Thus we can write

E[G.]—1

B(t) =infm,

where the infimum is taken over all stopping times 7 € [0, T — ] (we define the
fraction to be equal to 6, /81 if T =0, as B(¢) < §2/81 anyway). Notice that this way
B can be defined also for negative values.

We put u(t) =B6(T —1t),t > 0.

1/2

Proposition1 pu(t) = g—f (I+c1t/“+0(2)),t — 0, where c1 is a negative constant.

Proof Take a stopping time t € [0, ¢]. Write
1
ST 1=81+ 56819(1')1,2 =86t(1+0(@®), t—0,

and O(t) is uniform w.r.t. T, as T € [0, ¢]. Hence,

E[e® 7] — 1 =8E[t](1+ O0®)), t— 0.
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Further,
1 1
Gr—l=at+oW; +actW, + EGZ(W,)2 + 603(WT)3 + - (14)

We have by the Itd formula, integration by parts and the optional sampling theorem
E[W.] =0, E[(W;)?] = E[t], E[(W;)3] = 3E[for Wsds] = 3E[t W;]. The dots in
(14) mean the terms with expectation E[t]O (¢) (where O is uniform in 7). This can
be checked easily: for instance,

EKWG)ﬁ==6E[/q(WGVds}==6EH(WG)ﬁ-—3Eh2]§6tEKWG)ﬁ==6tEhl
0

Thus, we have

S2E[7] + 820 E[t W]+ E[r]O (1)
S1E[r](1 4+ O(n)

= 6—2(1 +oinfM + 0(t)>(1 +0(@1)), t—0,
81 El[r]

u(t) =inf

where the infimum is taken over stopping times t € [0, t]. By the scaling property
of Brownian motion we have

E[TW. E[TW.
i EEWel iy ElTWRD
rel0,1] E[T] rel0,1] E[7]

Observe that for 7 € [0, 1] |[E[t W, ]| < (E[t?]E[(W;)?])!/? < E[7], thus the infi-
mum is finite. On the other hand, one can put t = 1/2 if W12, > 0 and t = 1 other-
wise, with this choice E[t W;] < O clearly. The statement is proved.

In order to simplify matters, we introduce the following function:

31
y(@®) = gﬂ(T — 1) exp{(é1 — 82)1}.
It is straightforward to check that y solves

Joe 2" @@y (1), y W), 1, w)du
Jo e @ (gi(y (@), y ), t,w)du’

V(). y @), b 1) = — P (””)ifv—)}
gL,y b =721 S ) T2V T

Now assume that this equation has a solution which can be found by successive
approximations. One can check that if one plugs a constant y to the right-hand
side of (15), then the left-hand side has the form 1 + at' 2 oot + 3832 ...
Moreover, if one plugs y of this form into the rhs, then the lhs is again of this form,
so it is natural to seek y in this form, i.e. we assume

y(t) = (15)

1/2 3

y(t)=1+cyt +Czt+c3t*/2+~-~
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for ¢ small enough. We moreover assume that
y(O) =1+c1t"? 4 4 et 4 o) <2, (16)

where the function 6; is locally bounded.

Now we are going to calculate first coefficients of this expansion. We will give
details only for the coefficient ¢y, the others can be computed in similar manner. In
what follows C(¢) will denote generic function, which is bounded in neighborhood
of zero and may change from one line to another; similarly, C will denote generic
constant.

First, we write the Taylor expansion for log y (¢) in zero. For this, we use expan-
sion (16) with k = 3. It is clear that for # small enough, y () € [1/2, 1], so we can
write for such ¢

1
logy () =y =D+ () - 1)?

1
+30r@0 - D’ +COy @) — D,
so, by the boundedness of 63 in (16)
logy (1) = c1t'/? + (co — /)t + (3 — c1c2 + 3 /3)3/% + C(0)r%.

Thus, we can write

1
D (g2 (v (1), y (). 1.u)) = @(C—lu(f)) + —¢(C—1u<ﬁ)>m<t, )
o t o o t

1
+—¢' O, w)m(t, u)?,
20
where ¢ is the standard normal density function,

1—0!2 (1 —v)l/?
(I=v)/2 140127

2 2
mt, u) = <C2 _a_ G—)(r w2

u(v) =

2 2

+{c—cie2+ il H + (1 + Cuyu?,
3) (@t —u)l/?

and 6(z, u) is some number, which is not essential for us. Further, write e %! =

1 + C(#)t and evaluate the numerator in (15), changing the variable u — vt and

noticing that functions u and

32

1_
ﬁam)(l — 2 4y
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are bounded:

t
/0 4B (ga(y (1), (). 1, u))du

1
=z/ (1+C(t)t)|:<1><2—l,u(v))+ ¢< ,u(v))m(t vt)
0

+ L¢>’(9(z, vi))m(t, vt)z]dv
20
IREE
=1 Q| —u)
0 o
C2 02
+ ¢< p(v )){ll/z(cz—71—7>(1—v)1/2+C(v)t}

2

2 2
+5 ¢(9(; vt)){ ‘/2< —%—%)(1—1})1/2—1-C(U)t}

+C(I,v)(t+v)i|dv

1
:t/o @(Ca—],u(v)>dv
2 2 1
+t3/2§<Cz—c—1—o—)f ¢><Z—1M(v))(1—v)l/zdv+C(1)t2-
0

The same can be written for the denominator of (15):
t
fe—51“a><g1(y(r),y(u),r,u»du
0
1 c1
= t/ ¢<—,u(v)>dv
0 o
1 2 o2 1 c
+32— ey - 2L+ = / o L) ) =)' Pdv+cm)e,
o 2 2 0 o
thus, expanding the fraction, we have

y)=1- oé(%)rl/z +C@1,

where

Jo @Cen)(1 =)' 2dv.
f) @ (epe(v))dv

E(x) =
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Hence we have

€1 = 0Xxo,
where xg is a solution of equation &(x) = —x. Clearly, it should be negative. d
Lemma 1 The equation &(x) = —x has unique negative solution.

Proof Integrating by parts, we can write ¢ /£(—t) as

t 2mr 4 2¢2 fol e’tzﬂ(“)z/zvu’(v)dv
§-0 et - 422 e PPy ) (1 — ) v

Now consider the difference between the numerator and denominator of the last
expression. We can make the change of variable u = u(v) (respectively, v =v(u) =
(1-— u2)2/(1 +u?)?) and represent it in the form:

4 ! 4
D(t) = ge*fz/z —V2m+ z2/ 6’2”2/2[§u(1 —v)? + 2v(u)i|du.
0
Now note that 0 < x () := Ju(l — v())*? + 2v(u) < 31 — v(w)) + 2v(u) <2,
thus we can write

4 1
D(t) < ge*ﬂ/z — 27t +2t/ e 2y

0
4 —12/2 ! —s2/2
ge — 2t + 2t e’ 4ds

0

2

ieftz/2 -2t /‘Ooefsz/zds < ieitz/2 2 e
3 ] 3 21l

The last inequality is due to a well-know property of the standard normal distribution
function. Hence, for # > +/2 the function D(r) is negative. Similarly, for r < /2

4
@D@W1™PY =~ e = Va2

"1 12 _ .3/2.2 2u)2
+2/ (Et_/ —t/u>e_[”/x(u)du
0

1
lAm
0

4
< t3/2|:—§et2/2 — 27 + 2[/ 1- 212u2)e’2”2/2du]

1
4 €1
< t_3/2|:_§e—t2/2 — 2 +2/ﬁ e_sz/2dsi|.
0
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Fig.1 B(T —1t) for

02 04 0.6 0.8 1.0
81=8,=0.02,0=02

0.98

0.96

0.94

0.92

0.90

It is easy to check that %e"z/z ~+ t+/27 increases on [0, fz]. Thus, we can write

—1/2y - 7 i .
2D(t)t ) < 3 +2V2ﬂ|:¢<ﬁ) 2i| <0.

Summing up, D(r)t~!/2 decreases on [0, /2], it is equal to +o0c in 0 and it is nega-

tive on (+/2, +00). Hence there is exactly one point ¢ such that D()t~1/2 =0, and
the statement follows. g

Remark 4 Solving & (x) = —x numerically by successive approximations, one gets
the following value: xo &~ —0.6388332158. It is worth to mention that recently we
found the same constant (but calculated less accurately) in [6] with respect to the
problem of valuing American put option on a dividend-paying asset.

Remark 5 Combining the result of the lemma with the proof of Proposition 1, we
get the following interesting result:

E[tW;]
E[7]

= —Xo,
where the supremum is taken over all stopping times t € [0, 1].

The rest of coefficients in the expansion (15) can be found in the similar manner.
The formulas for them are quite cumbersome, we only give the one for ¢>:

86— 681 +oxolh /12 O'zxg
= 5 :
1—x; 2
where
h=—t / O, 1= f Do)
2+/2m Jo ' 0 ’
and x is the solution of the equation &£(x) = —x.

Figure 1 is the graph of § for some particular values of parameters, to draw it,
we cut the expansion of y at ¢ (i.e., four non-constant terms are used).
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Arbitrage Under Transaction Costs Revisited
Miklés Rasonyi

Abstract We present a novel arbitrage-related notion for markets with transaction
costs in discrete time and characterize it in terms of price systems. Pertinence of
this concept is demonstrated. A discussion of the case with one risky asset and an
outlook on continuous-time models complement the main result.

Keywords Transaction costs - Absence of arbitrage - Consistent price systems
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1 Introduction

After the pioneering papers [17] and [5], a geometric approach to modelling markets
with transaction costs has been initiated in [18] and various versions of the funda-
mental theorem of asset pricing have been shown for discrete-time market models
in[1, 11, 19, 20, 24, 31] and [10].

In the present article we will deviate from the usual notion of arbitrage figuring
in previous papers and propose an alternative concept.

After introducing our geometric framework, Theorem 1 in Sect. 2 characterizes
the new “no sure gain in liquidation value” NGV property (see Definition 3) in
terms of the existence of price systems. Section 3 investigates NGV in models with
one risky asset. Section 4 contains the proofs. Section 5 refers to certain strongly
related phenomena in continuous-time models which motivated our investigations.
The appendix provides some necessary technical tools.

Scalar product in RY will be denoted by (-, -); %(Rd ) stands for the Borel-sets
of R?; we will also need the unit ball U := {x € R? : |x| < 1}. The closure of
a set H C R in the Euclidean topology is written as H. The positive dual cone of
a closed cone K C R? is defined as

K*:={xeR?: (x,c) >0, forall c € K},

The support received from Hungarian National Science Foundation (OTKA) under grant

F 049094, from Austrian Science Foundation (FWF) under grant P 19456 and from Vienna
Science and Technology Fund (WWTF) under grant MA 13 is gratefully acknowledged. The
author thanks P. Grigoriev, D. Rokhlin and W. Schachermayer for helpful discussions and an
anonymous referee for an insightful report.

M. Résonyi (X))

Computer and Automation Institute of the Hungarian Academy of Sciences, Kende utca 13-17,
1111 Budapest, Hungary

e-mail: rasonyi @sztaki.hu

F. Delbaen et al. (eds.), Optimality and Risk—Modern Trends in Mathematical Finance, 211
DOI 10.1007/978-3-642-02608-9_11, © Springer-Verlag Berlin Heidelberg 2009


mailto:rasonyi@sztaki.hu
http://dx.doi.org/10.1007/978-3-642-02608-9_11

212 M. Résonyi

this is also a closed cone. We say that K is proper if int K * # (. For subsets M C R¢,
cone(M) denotes the cone generated by M.

Let (2, .7, (%) ;T:O’ P) be a discrete-time stochastic basis with finite time hori-
zon. In this paper we suppose that each o-algebra we are dealing with contains
P-zero sets and that % is trivial. If 4 C .# is a o-algebra then an element
A €9 ® B(R?) is called a ¥-measurable random set. If the sections A(w) of this
random set are cones for almost all w then we speak about a random cone and sim-
ilarly about random closed cones, random convex sets, etc.

If A is some (not necessarily ¢-measurable) random set which is nonempty a.s.
then L°(A, %) denotes the family of ¢-measurable R?-valued functions f such that
f(w) € A(w) for almost all w. Such an f is called a &-measurable selector of A.
The set of elements of L°(A, %) with finite expectation is denoted by L' (A, ¥4).

We now recall elements of the abstract geometric approach to markets with pro-
portional friction, see [19, 24] or [31] for more detailed descriptions.

We assume that G, is an .%;-measurable random closed cone in R¢ containing

Ri a.s.,forr =0, ..., T. We may think of G,;(w) as the set of “nonnegative” posi-
tions in d assets at time ¢ and in the state of the world w € 2.
Define

13
AL =Y LYU=Gy, F).

u=s

Traders in the market are assumed to have the information structure .%;,
t=0,...,T and to act in a self-financing way hence A% corresponds to the set of
attainable positions at time # when trading starts at time s with O initial endowment.

Starting with initial endowment & € LO(R?, .%,) at time s an investor may attain
by time ¢ the payoffs which are elements of the set

ALE) :={E+V:VeAl)

Definition 1 We say that there is efficient friction EF if G, is proper a.s. for
t=0,...,T.

In the model of [19] condition EF means that there are no freely exchangeable
assets (even allowing for indirect transfers), see Proposition 5.3 of [7].

2 Arbitrage and Price Systems
The following notion of arbitrage goes back to [24].

Definition 2 Weak absence of arbitrage NAY holds if V € Ag NLORY, Fr) im-
plies V =0 a.s.

This concept is called simply “no arbitrage” NA in [31] and [11].
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The above notion means that a trader with 0 initial endowment is unable to attain
anon-zero nonnegative portfolio. In the present study we shall require that a position
with positive liquidation value should be attainable from a given endowment only if
the liquidation value of this endowment is itself positive. To put it in another way,
arriving at an a.s. solvent position is possible only if the investor was solvent already
at the beginning.

Definition 3 There is no sure gain in liquidation value NGV if forall 0 <s < T,
& e LO(]Rd, F)and V e AST (&) with Vr € Gt a.s. we necessarily have £ € Gy a.s.

Remark 1 Take an arbitrary V € Ag (€) for some & € RY. Write

t
Vi=E+Y nj. 0<t<T,
=0

where nj € L%(=G, #;).1f V = V7 € Gt as. then (as V7 € AL_ (Vr_1)) NGV
implies that Vy_; € Gr_; a.s. Repeating the procedure we get V; € G; a.s. for
0 <t <T andeven £ € Gy.

Thus NGV implies that an investor ending up with a solvent position must have
been solvent during the whole period of his activity in the market. We do not know
if this latter condition is strictly weaker than NGV.

Remark 2 The analogous property holds in frictionless arbitrage-free models, too
(nonnegative terminal wealth implies that the portfolio value is nonnegative over the
whole trading period), and it is a strictly weaker condition than absence of arbitrage
(as the example in Remark 4 below witnesses). This shows that NGV is a fairly
natural and mathematically appealing concept.

Now we introduce the dual variables of this model.

Definition 4 Suppose EF. The set of martingales (Z;);<;<, such that Z, € G} \ {0}
(resp. Z; € intGy), s <t < wv is denoted by .ZJ (G* \ {0}) (resp. .# (int G*)).

Following the terminology of [31], elements of //ZOT (G* \ {0}) (resp.
///()T (int G*)) are called consistent price systems (resp. strictly consistent price sys-
tems). Also the expression “shadow price” is sometimes used in the related litera-
ture. In the absence of the EF property one has to replace interior by the relative
interior in the above definition.

At a given time instant s, elements of L°(int G¥, %) can be interpreted as pos-
itive price functionals (as they are positive on the set of positions G \ {0}). The
following condition requires that given any positive price today, we may prolongate
it in a consistent (martingale) way up to the end of the time horizon.

Definition 5 We say that prices are consistently extendable PCE, if for each 0 <
s <T and X € L (int G¥, F;) there exists Z € .4 (int G*) satisfying Z; = X a.s.



214 M. Résonyi

Theorem 1 Under EF, the following are equivalent:

(a) NGV

(b) ForeachO<t<T — 1 and &€ € LOR?, %) such that & € Gy a.s. we have
& e Gy a.s.

(c) PCE

Item (b) above means that it is not possible to make a gain in liquidation value
in one step. Thus, as in the classical case of frictionless markets, if it is not possible
to produce an “arbitrage” in one step then it is not feasible in several steps either
(see e.g. [6]). This property seems fairly convenient and in contrast with the previ-
ously used no-arbitrage concepts in the transaction cost case where such a one-step
reduction fails.

Remark 3 The notion PCE expresses a certain concatenation property for the dual
processes. It allows reducing multistep arguments to single step ones (see *) in the
proof of Theorem 1 in Sect. 4) and may be useful in e.g. dynamic programming type
arguments, too. More comments on the role of PCE are given in Sect. 5.

For comparison, we recall the main result of [11] about the characterization of
NAY in the two-dimensional case. Its multidimensional extension is a delicate issue,
see [31] and [16].

Theorem 2 Let d :=2, then NAY holds iff
MG (GF\{0)) # 2.

Theorem 2 holds for arbitrary d if €2 is finite, see [24], but fails for infinite €2
and d > 3, see [31] and [11]. In [24] a stronger no-arbitrage concept NA* has also
been introduced and found equivalent to the existence of a strictly consistent price
system, for €2 finite. This result was generalized in [19] for arbitrary €2 under the
EF hypothesis. Dropping EF one needs the NA” concept of [31] to get strictly
consistent price systems. All these developments are presented in [21].

Remark 4 1t is unclear how to generalize Theorem 1 for the case where EF fails.
The analogous statement for frictionless markets fails (as noticed by D. Rokhlin):
take So =1, P(S1 =2) = P(S1 = 1) = 1/2. Starting from initial capital x < 0 and
using strategy ¢ € R the value of our portfolio will be x 4+ ¢(S1 — So) which is
never positive a.s., hence the analogue of NGV holds for this model. However, the
usual no-arbitrage property fails and there is no equivalent martingale measure for
the process S. In contrast, under EF, NGV implies, in particular, the existence of
(strictly) consistent price systems (by Theorem 1) and is thus stronger than any of
the previous no-arbitrage concepts NA”, NA®, NA".
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3 Markets with One Risky Asset

Let us consider a market with one risky asset (stock) traded at bid and ask prices
given by the adapted processes

0<S8, <8, t=0,...,T. (D

We assume that the riskless asset has constant price 1 (no interest rate).

Positions in the riskless asset and in the stock can be described by elements
(x,y) € RZ, Non-negative (“solvent”) positions at time ¢ are those which satisfy
either

x>0, y=0, (2)

or
x<0 and yS,+x>0, 3)

or
y<0 and yS,+x>0. 4)

We may thus define the .%;-measurable random (closed) cones
G, :={(x,y) €R*:(2)or (3) or (4) holds}, ¢=0,...,T,

these sets a.s. contain the positive orthant.
It is easy to check that EF holds iff S, < S; a.s. for each 7 and that

Gy = {(w1, w2) : S,wi < wz < Sywy}.
Example I Let us consider the deterministic market with S, = §; =0.9, So=12,
S1 =1.1. The process Zy = Z; = (1, 1) is a (strictly) consistent price system, hence
this model is arbitrage-free in the sense of previous papers, e.g. [19] or [31].
However, the position (20/17, —1) is such that it has liquidation value —1 x

1.2420/17 <0 attime 0 and —1 x 1.1 +20/17 > 0 at time 1 and thus NGV fails
in this model.

Failure of NGV arose because the bid-ask interval had shrunk from time O to
time 1. We have the following result.

Theorem 3 In the above setting assume EF. Then NGV holds iff foreacht <T —1,
[S,, E,] C [min supp Law(§lJrl |-%:), sup supp Law(§,+1 7)1 a.s. (5)
(Here the sup may be infinity.)

Remark 5 To put it differently, NGV fails iff at some time instant either the con-
ditional future bid is a.s. larger than the present bid price or the conditional future
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ask is a.s. smaller then the present ask price. We explain a possible argument that
such events should not occur in a liquid market: let us suppose that e.g. the bid price
a.s. will increase. Then nobody would be willing to sell the risky asset which is
in contrast with the observed uninterrupted trading. Hence the NGV seems to be
acceptable from the intuitive point of view, though rather stringent. It can be inter-
preted as “the situation can not get more favourable a.s.”.

In the case of constant proportional transaction costs the picture simplifies even
more. Let S; be an adapted process representing stock price and let 0 < ¢ < 1 be the
constant transaction cost coefficient. Define

S, :=Si(1—e), S, :=S,(1+¢). (6)

The notation NGV-¢ refers to the absence of gain in liquidation value property in
this market model with parameter ¢; PCE-¢, G*(¢), NA" are also self-explanatory.

The rigidity of the transaction cost structure in the present case causes that the
notion NGV does not depend on the effective value of ¢ (as long as it is strictly
positive).

Corollary 1 In the above model with proportional transaction costs the following
are equivalent:

(a) For some ¢, NGV-¢.

(b) For some ¢, PCE-¢.

(c) Foreach ¢, NGV-¢.

(d) Foreach e, PCE-¢.

(e) NAY-¢ holds for each s.

(f) There exist (strictly) consistent price systems for each ¢.

(&) P(Si+1 — S <0|.%) <1 as. and P(Si+1 — S; > 01.%;) < 1 a.s., for all
0<t<T-1.

Remark 6 Frictionless absence of arbitrage for the price process S can be char-
acterized as follows (see [6]): for each 0 <t < T — 1, for almost all w, either
P(Si11=51%)(w)=1orboth P(S;4| —S; <0[.F)(w) <1and P(S;41 —S; >
0|-%;)(w) < 1 hold (i.e. price can be neither nonincreasing a.s. nor nondecreasing
a.s.).

Note that (g) above is almost frictionless absence of arbitrage, but slightly
weaker: it prohibits only that the price strictly increases (decreases) with (con-
ditional) probability 1. When (g) holds it may thus happen that P(S;+1 — S; >
01.%;) =1 as. and P(S;+1 — S, =0|.%;) < 1 a.s. on some event A € .%; of posi-
tive probability, which cannot hold if there is no arbitrage without transaction costs.

Example 2 If the .7;-conditional support of both S, ; and S;+1 equals [0, 00) a.s.
then (5) and thus NGV trivially holds. In the context of continuous-time models the
analogous “conditional full support” CFS condition was introduced in [13] (inspired
by [12]). It was shown that CFS implies (f) (in fact, all the statements (a)—(f)) of
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Corollary 1 for processes with continuous trajectories. CFS is valid for a large class
of often used processes, see [13] and [4].

4 Proofs

Instead of showing the closedness of the set of attainable claims in an appropri-
ate topology and relying on consequences of the Hahn-Banach theorem in infi-
nite dimensional spaces, in this paper (as well as in [26, 28, 29] and [30]) finite-
dimensional separation theorems are combined with measurable selection. Thus we
return to the spirit of the seminal paper [6].

In the sequel we will use the measurable selection theorem as stated in e.g. IIL.
44-45 of [8]. Standard verifications for the measurability of certain subsets will be
omitted.

We need the notion of conditional expectation for random sets (see [25] for fur-
ther details). The following result is Lemma 4.3 of [26].

Lemma 1 Let & C S be o-algebras. Let C C U be an 5¢-measurable random
convex compact set. Then there exists a -measurable random convex compact set
E(C|¥9) C U satisfying

LYE(C|9),9) ={E®9): ¢ € L°(C, #)).
If0e C a.s.then0 € E(C|9) a.s., too.

We also recall Lemma 4.4 of the same paper.

Lemma 2 Let ¢ C J be o-algebras and let C C U be a 7¢-measurable random
compact convex set containing 0 such that intC # @ a.s. Then int E(C|¥) # 0 a.s.
and

(E@®9): v e L%t C, )} c L°(int E(C|9), 9)
C{E®|¥9): 9 € L°Q2intC, 7).
Proof of Theorem I We add one more equivalent statement which is of auxiliary

nature.

(*) Hy == cone(int E(Gy NU|#)) DintGf foreach0 <7 <T.

(a) = (b): Rather trivial since
£€Gri1=Gip +R) =R{ — (=G40),

thus (using measurable selection) there is 1 € LO(—GH]ﬁ,H) such that £ +n €
RY C Gr.As & +1ne AT'(£), NGV implies & € G, a.s.

(b) = (*): Let us suppose that (x) fails, i.e. for some ¢, on a set A € .%; of
positive measure, there exist points p,, € G} (w) \ H;(w), » € A. By the measurable
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selection theorem we may assume that pl, is an .%;-measurable function. The one
point set p,, can be separated from the closed set H,(w) (Corollary 11.4.2 of [27]),
i.e. there exist &, € U and a,, € R such that (§,, p,) < a, and (&,, q) > a,, for all
q € H;(w) and for all w € A. As H, is a cone, we may choose a,, := 0. Again, we
may assume that £ is an .%;-measurable random variable and & = 0 on A€.

We claim that & € G, a.s. Indeed, if this failed on a set B € .%;4 of positive
measure then there would be ¢ € LO([int Gy 1NU, F41) such that (§w, &) <0
for w € B. Choosing ¢ > 0 small enough,

E(¢Ip + felpe,§) <O, )

where f is an arbitrary .%;;i-measurable selector of [intG}, ;] N U. But, by
Lemma 1, E(¢Ip + ef Ipc|.%;) € H;, hence E(&, E(¢Ip + ¢f Igc|.%;)) > 0 should
hold by the choice of &, but this contradicts (7).

To finish the proof of this implication notice that, on A, (£, p) < 0, so necessarily
P (& ¢ G;) > 0, hence (b) cannot hold. We may conclude that (b) = (x).

(*) = (c): Take any 0 < s < T — 1 and X € L'(intG*, Z,). We will con-
struct (Z,)s<u<r by induction, starting from Z; := X. Let us suppose that the
martingale Zg, ..., Z, has been defined, we shall construct Z,;. By (x), there
is o € L2((0, 00), .%,) such that «Z,, € int E(G;_ | NU|F,) a.s. Hence Lemma 2
implies that there is ¥ € Lo int[G,’;Jrl NU], Z,+1) suchthat E(Y|9,) =aZ,. Set-
ting Z,+1 := Y/a we see that E(Z,+1|-%,) = Z, atleast in a generalized sense, but
as Z, was integrable, Z, 1 is also integrable, and the inductive step is shown.

(c) = (a): Take Vj =S+ZI;-=S nj € Af(é), s <k <T wheren; € LO(—Gj, F;)
and £ is .%;-measurable. Then V7 € AST(S). Suppose that also V7 € LO(Gr, Zr).
We shall show § € Gy a.s., arguing by contradiction.

If &£ € Gy failed on some set B € .#; of positive measure we could choose
¢ € L'(int G¥, %) in such a way that

(¢,€) <0 onB. (8)

Then, by (c), there is Z € ///ST (intG*) such that Z; = ¢. We have (Z7, Vr) >
0 a.s., hence, as ny € —Gr, also (Z7, Vr_1) > 0 a.s. Taking .%r_;-conditional
expectations we find that (Z7_1, Vr_1) >0 a.s.

Iterating the same argument, finally (Z;, &) = (¢, &) > 0 a.s., which is nonsense
by (8). O

Proof of Theorem 3 Roughly speaking, NGV is true iff the .%;-conditional projec-

tion of G;“ 1 contains G (see (x)) in the previous proof) and this latter is equivalent

to (5). The technical difficulty lies in proving that each element of the wedge
{(u,v) e R% uess.infS; <v <wuess.sup S}
is the expectation of some 2-dimensional random variable (X, Y') satisfying a.s.

XS, <Y <XSy,
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and then proving the conditional version of this statement (with .%; replacing the
trivial o -algebra and S, |, S;+1 replacing § 1> S1). We need Lemmata 3 and 4 to
tackle this.

Let us first suppose (5). Take 6 € L' (int G}, #:). Let v be the (regular) .%;-
conditional law of (S, , §,+1). As EF holds, we have v(W) =1 a.s., see the defi-
nition of W in Lemma 3 below. Define

D(w) :={(u,v) € Ri : uminsuppLaW(ﬁ,_Hlft) <v
<usupsuppLaw(S,11].%)},

(if the sup is co we mean < instead of < in the second inequality) note that the
conditional probabilities above are the marginals vy, vy of v.

As (5) implies G} (w) C D(w) a.s. (and hence also int G} (w) C int D(w)), we
may apply Lemma 4. The random variable

0:=f(S,11, Sit1, )

satisfies E(6|.%;) =6 in the generalized sense and 6 e L' since 6 € L'. We claim
that 6 € G*Jr1 a.s. Indeed, if we had e.g. 6,/6; > S,41 on some event of positive
probability, we would necessarily have some A € .%; with P(A) > 0 such that for
weEA

0 < P(62/61 > Si111.%) = v({ f2(x, )/ f1(x, ¥) > ¥}, ),

which contradicts (13).

We will now prove that the existence of 6 entails (b) of Theorem 1, which then
implies NGV. Let £ € LO(G,H, Z). If we had & ¢ G; on A € %, then for some
6 € L' (intG¥, .%;) one has (0, £) < 0 on A. We clearly have o, &) >0by 6 e GtJrl
hence, taking .%;-conditional expectation, also (6, &) > 0 a.s. This is possible only
if P(A) =

To see the converse implication, we remark that, by the proof of Theorem 1,
NGYV implies (x). Define D(w) as in the previous argument.

If (5) failed on some A € .%; with P(A) > 0 we could take 6 € L!(int G*, .%,)
such that 6 ¢ D on A. (x) implies that, for a suitable o € LO((O ), %), we
have af € 1ntE(Gl+1 N U|.%;) a.s., hence Lemma 1 provides 0e GH_1 N U with

E(9|Jt) = 6. Then E(G/aL/,) =6 and 9/0{ I 1ntegrable as 0 is.
Clearly, for any 6eL\(G
contradicts the choice of 6.

IH,J,H) we have E(GL/,) € D as. But§ := 0/
O

Proof of Corollary 1 The equivalence (¢) <= (f) follows from Theorem 2, noting
that an & /2-consistent price system is e-strictly consistent.!

IThis equivalence also follows from the main result of [31], see also [20], and remains true in
a multidimensional setting whenever we consider a family of polyhedral cone valued processes
G(g),e>0,intG;(¢) D Ri \ {0} such that for 0 < &’ < & we have G,(¢) \ {0} C intG,(¢’) a.s. for
each r.
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Theorem 1 implies (a) <= (b) and (¢) <= (d). The implication from (f) to
(d) has been shown in [14], even for continuous-time models. For completeness we
reproduce this proof in Lemma 5 below. (c) = (a) and (d) = (f) are trivial. So it
remains to show (a) = (c) and (a) <= (g). We get from Theorem 3 that (a) is
equivalent to

[Si(1—¢), S:(1+ )]
C [minsuppLaw(S;+1(1 — €)[.#,), supsupp Law (S;41 (1 + &)|. 7)), (9)

a.s. for each 7, but if this holds for one particular ¢ it holds for all 0 < & < 1, showing
(a) = (c). Notice also that (9) is equivalent to

S; € [minsupp Law(S;+1|-%;), sup supp Law(S;+1]|-%)]1,

a.s. for all ¢, which is precisely (g). g

5 Conclusion

We now make some comparisons to studies on continuous-time models. The equiv-
alence between (e) and (f) of Corollary 1 has been shown in [14] for processes
(St)tefo0,m1 with continuous trajectories. Note that (f) = (d) also holds in this model
class (see [14]).

It follows from results of [21] (see also [23] and [9]) that for continuous cone-
valued processes the so-called condition B implies the closedness of the set of pay-
offs of admissible strategies (bounded from below in a suitable sense), which is
crucial when establishing hedging theorems or building up a proper duality theory
(e.g. for utility maximization). Condition B is very closely related to PCE. In fact,
it can easily be checked that the above cited results can be derived assuming PCE.
In discrete time (under EF) one can show that condition B implies PCE (and is
a strictly stronger property).

In [2] the closedness of payoffs is proved for price processes with jumps admit-
ting a strictly consistent price system. However, a different class of trading strategies
and a different notion of admissibility are used. Under PCE one can show (along
the lines of Proposition 9 in [2]) that this new notion of admissibility coincides with
the usual one in [23].

We expect that (some suitable modification of) Theorem 1 holds for continuous-
time models with several assets and with a general bid-ask structure.

Appendix

The following technical material was needed in the above arguments. We denote by

Co(@) the set of continuous functions on R? vanishing at infinity, equipped with
the supremum norm. This is a Polish space.
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Lemma 3 Let v be a probability measure on R? such that v(W) = 1 where
W::{(u,v)e]R2: u,v>0,u<vl}.
Let vy, vy denote its marginals. Define the cone D as
D :={(u,v) e Ri :uminsupp vy < v <usupsupp v2}.

(If the sup is 0o we mean < instead of < in the second inequality.) For any point

p = (p1, p2) €int D there exist v-a.s. (strictly) positive functions fi, f» € Co(R?)
such that

b :/ fiu,v)v(du,dv), i=1,2.
R2
and fi(u,v)u < fa(u,v) < f1(u, v)v hold v-almost surely.

Proof We shall use tricks from the key lemma of [22]. We first remark that int D # )
under the conditions of the present Lemma. Let K be the set of p € int D for which
the statement holds. The relative interior of a convex set coincides with that of its
closure (see II1.2.1.8 in [15]). Hence, as K is a convex set, it suffices to show that
K is dense in D. It is thus enough to prove, for each p € D, the existence of v-a.s.

strictly positive g7, g5 € Co(R?) such that
A;zg?d“_)pi’ n—oo0, i=1,2 (10)

and
n n n
gl u,v)u < g5(u,v) <g|(,v)v, v-as.

We may and will assume p; = 1. There are p < p» < p such that p € suppv;
and p € suppv,. Hence p; is a convex combination of p and p and we may and
will assume that e.g. p» = p, i.e. po € suppvy. N

We could try to take e.g.

Iipy—1/n.pr1/m ()
v([pa—1/n, pr+1/n])’

g5 (u,v) == (u+ (1/n)[v —ulgj (u, v),

gl (u,v) =

but these fail to be continuous and do not vanish at infinity (in fact, g{ does not
depend on v). Since for the measurable selection argument in Lemma 4 below we

need to insist on g{’ € CO(@), i = 1,2 a more complicated construction is used.
Define

Jn=[p2=1/n,p2+1/n] x[-N@n), Nm)], cx=v({Jn), n=l,

and choose N (n) so large that ¢, > 0, n > 1. This is possible by the definition of
the support of a measure. Define also

Ky,:=[p2—2/n,pp+2/n]x[-N(n)—1,N®@n)+1].
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Denote by a,(u, v), b, (u, v) the distance of the point (u, v) from J,, K, respec-
tively. These are continuous functions of (u, v). We further set

Cu,v):=1/W? +v2+1), u,veR.

Define

1 1
gi(u,v) = —1,(u,v) + —L(u,v)Ige(u, v)
Cn n

a, (u,v) 1
+ “1 - hn(an(u, V) + by (1, v))}ﬁm" v)

a,(u,v) 1
h — |1 ,
* "(an(u,v)ern(u,v))cn] Ko\

g (u,v) :=(u+ 1/n)[(v—u) A1Dg] (u, v),

where the continuous function %, : [0, 1] — [0, 1] is chosen in such a way that
h,(1)=0, h,(0)=1 and

/ (lu| + l)hn( an(, V) )v(du,dv) <ca/n. (11)
Kn\Jn dan (I/t, U) + bn(u’ U)

(This holds for &, (x) := (1 —x)*™, x € [0, 1] with a(n) > O suitably large.)

The functions g, g5 are v-almost surely strictly positive, lie in Co(@) and
clearly

gl (u,v)u < gy(u,v) <gju,v)v v-as.

Let (X, Y) be random variables with joint law v. The expectation of the first term
of g (X, Y) equals 1, the second term tends to O uniformly by boundedness of £ and
the third term vanishes as n — oo due to (11); hence E g’f (X,Y) — 1. Similarly, the
first term of Eg5 (X, Y) tends to pa, (Ju| + 1)/£(u, v) is bounded hence the second
term goes to 0 uniformly and the third term vanishes again by (11). This shows (10)
and thus finishes the proof of this lemma. g

Lemma 4 Let 9 C .F a o-algebra. Let v(A,w), A € BR?), w € Q be a Y-
measurable stochastic kernel*> with marginals vy, v2 such that a.s. v(W) =1 (see
the statement of the previous lemma). Define

D(w) :={(u,v) € R%r :uminsupp v (w) < v <usupsupp v2(w)},

with < replacing < if the sup is infinity.

2Le. for almost all w, v is a probability measure on the Boreliens of R?; for each fixed A € (R?)
it is a ¢-measurable function.
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Let 6 € LO(int D, 9) be arbitrary. Then there exist a B(R*) @ ¥4-measurable
functions f1, f> such that, for almost all v,

/ filx,y,o)v(dx,dy,w)=0;(w), i=1,2 (12)
RZ
and for almost all w, v(-, -, w)-a.s.

fl(?ﬁy,a))x<f2(x,y,w)<f1(x»y,w)y~ (13)

Proof By Lemma 3, for (almost all) fixed w there exist f; (-, -, ) € Co(R?),i =1, 2,
such that (12) holds true. The measurable selection theorem enables us to choose
f1. f>» in a ¥-measurable way.> Then f;(-,-,-), i = 1,2 are continuous in the
first two variables and measurable in the third one, hence they are BR>) @ Y-
measurable (p. 70 of [3]). O

The following Lemma is taken from [14].

Lemma 5 Let %OT(G*(n) \ {0}) # @ hold for each 0 < n < 1 and take f €
L' (int G} (e), #:). Then there exists W € ///,T (intG*(e)) such that W, = f.

Proof Let W, (1) be a fixed element of //ZOT(G*(n) \ {0}), for each 5. We have, by
definition,

W2 ()
l-n<gm:=—=——<1+n, (14)
AN
and for h; := f>/(f1S;) we have
l—e<h;<1+e.
We define an .%;-measurable partition of €:
Afi={l4+ne/(n+1)>h >14 @ — De/n}, (15)
A, ={l—-(m—De/n>h;>1—ne/n+1)}, n>1. (16)
Now set
> Wl(e/On +3))
Wu1 = f1 ZIA+UA_—~M1
= Wi(e/On+3))
and

hy W2(e/(9n +3))
gi(e/On+3) Wl (e/(9n+3))

o0
2.
W, = h ZIA,TUA;
n=1

3We have again skipped here some standard arguments that the set of suitable pairs (o, f; (-, -, ))
is measurable with respect to the product o -algebra.
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It is clear that W, t <u < T is a martingale and
Wt == f

Moreover, on A;l“ we have fort <u <T,
_ 2
1_8<1 5/(9n+3)§ﬁ<1_ I3 )S W, fﬁ(l—i— 3 )
l4+e/On+3) ~ g On +3 WIS, ~ & On +3

<(1+-2 ! 1+ 1+
< g,
= nt1)T—c/On+3»\ " ont3

where g; is an abbreviation for g;(¢/(9n 4 3)). Similarly, on A, ,

2
e LEEONED b e N W2 (e
1—¢/On+3) ~ g On +3 WIS, ~ & On +3

ne 1 £
>(1-— 1— >1—e¢,
n+1/)14+¢/9n+3) 9n+3

hence (Wy);<u<r € 4, (int G*). O
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On the Linear and Nonlinear Generalized
Bayesian Disorder Problem (Discrete Time Case)

Albert N. Shiryaev and Pavel Y. Zryumov

Abstract This paper considers the generalized Bayesian disorder problem in the
discrete time case with two types of the penalty function—the linear and the non-
linear ones. The main results for these cases are given in Theorems 1 and 2, respec-
tively.

Keywords Disorder problem - Optimal stopping problem

Mathematics Subject Classification (2000) Primary 60G40 - Secondary 60J50 -
60J05 - 62C99

1 Linear Penalty Case

1. Let 0 be a parameter taking values in the set {0, 1, ..., co}. Suppose that on
the probability space (2, .#, P) we consider the sequence of independent random
variables X = (X¢, X1,..., Xu,...). For given 6 we suppose that random variable
X, with n < 6 has the distribution F,(x) and for n > 6 the distribution function is
Fo(x). Their density (with respect to the distribution (Fp + Foo)/2) will be denoted
by foo(x) and fo(x), x € R. For given 6 let P = Law(X | 8, P) be the law of X,
and let %, = o (Xo, X1, ..., X,). For simplicity of considerations we assume that
dFy < dFs.

Denote by M the class of finite stopping times (with respect to (:%,),>0) such
that Eoot > T where T > 0.

The generalized Bayesian problem (with a linear penalty function) consists in
finding stopping time 77, if it exists, such that

o0 o0
Ey(zi —0)T = inf Eo(r —O)T. 1
; o (T} — 6) "95?; o(t —6) (1)
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The similar problem for the case of Brownian motion was formulated and inves-
tigated in [1, 3, 4]. It turns out that the methods of these papers (especially of [1, 4])
permit to describe the structure of the optimal stopping time for the generalized
Bayesian problem in case of discrete time too.

2. The following theorem plays here the key role.

Theorem 1 For any finite stopping time t from My

o] T—1
Y Eo(t—0)" =Ex ) ¥, )
6=0 n=0
where the Markov sequence \r = (V) n>0 satisfies the recurrent equations
fO(Xn)
= 1 — 5 —1 = 0 3
l/fn ( +1//n ])foo(Xn) 1/f 1 3)
Proof 1t is evident that
o0 o0
-0 =) Ir-0=h= Y Ik=<n).
k=1 k=6+1
So,
o0
Eo(zr —0)T = Z Eol(k < 7). 4)
k=641
Since k — 1 >0 and {k <t} € F;_; we find
d(Py| Fy_1) d(Py| Fy—1)
Egltk <t)=Ef——+—1(k <7) =Eoo———+——I(k < 1), (5)
’ dP T ) APl Fi 1)

where Py|.Z;_1 and Py|.%;_| are restrictions of the measures Py and Py onto the
o-algebra Z;_1.
Introduce the notation

d(Py|Z,
L= d®lF) 1
d(Poo|-Fn)
Then
dPg|F—1)
dPg|lFx—1) _ dPplFi—1) _ a®lFi) Ly

APl Z 1) d(Pu|Z_i) dPxlFi1) — d®olFs_1)
(PrlFr-1) (Poo|F k1) oA

Lyt Lg ©)
T AR Fe ) T L, ]
d(Poo|Fy-1)
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where we used for k — 1 > 0 the property

dPo|Fi—1) _ foXo)--- fo(Xe—1) - fo(Xe) - fo(Xk—1)
dPglFi-1)  foo(X0) -+ foo(Xe-1) - fo(Xe)--- fo(Xk-1)
_ d(Po|lFp—1)
~ d(Pool Fp—1)’

From (4)—(6) we deduce

ZEQ(T—9)+ Z[ Z I(nft)iz_j

0=0Ln=0+1

T n—1
e Y LZ j_EmZ(ZLZ :) (M)
0=0n=0+1

which implies that (2) holds for

b=3 g =0, ®)

The recurrent equations (3) follow immediately from (8):

n—1
L, Ly Jo(Xn)
n = 1 = n— .
v Ln_l( +) o7 ) Ut Yu-1) .

0—0 0—1

3.

Remark 1 Statistical procedures based on the process ¥ = (¥,)n>0 are well known
in the statistical literature as “Shiryaev-Roberts procedures”.

Remark 2 From Theorem 1 it follows that for solving the conditionally Bayesian
problem (1) in the class 917 we need to solve the following conditionally optimal
stopping problem: to find a stopping time 77 € 17 such that

T 7—1
Eoo D ¥n=_ inf Ex D V. ©)
=0 n=0
The standard method of solution of such problems is based on ideas of the La-

grange multipliers: for any C > 0, to find a stopping time 7¢ such that

Tc—1

Eoo ) (¥ — ) = infExs Z(% -0) (10)

n=0 n=0
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where imfimum is taken over all finite stopping times 7.
If there exist C = C(T') such that E,Tc(r) = T, then this stopping time is opti-
mal in the class 917 and so we may take r; =Tc(T)-

Remark 3 The “classical” Bayesian disorder problem consists (see [3]) in finding
stopping time 7 € My, if it exists, such that

P(t; <0)+ cE(t; — )t = Tégﬁ (P(t <60) + cE(t —6)T),
T

where 6 has a geometric prior distribution with parameter p and ¢ > 0. The optimal
77 for this problem was given in [3].

It turns out that when p — 0 this Bayesian problem “converges” to the general-
ized Bayesian problem. This fact together with the result similar to the statement of
Theorem 1 were also obtained in [2].

2 Nonlinear Penalty Case

1. Instead of the “linear case” (1) now we consider the following nonlinear prob-
lem with “nonlinear penalty function” G = G(n), n > 0: to find a stopping time 7.
in the class My, T > 0, such that

o0 o
* +y i +
;)EHG«W 0)") fe“S};TZ%E"G(“ 0)"). (11)

In the linear case G(n) = n,n > 0, Theorem 1 claims that in problem (1) there
exists one sufficient statistics, namely ¥ = (¥,),>0, wWhich is a Markov sequence
(with respect to Py,). Now we want to find under what conditions on function
G = G(n), n > 0, there exist a finite number of statistics which form a multidimen-
sional Markov system of sufficient statistics for solving the corresponding stopping
time problem.

2. Suppose that G = G(n), n > 0, is a nondecreasing function with G(0) =0 and

n
G(n) = Zg(k), where g(k) >0 for k > 0.
k=1

If T > 0 then

T—6 00
Gr—0)=) glhy=) 11 <k<t—0)gk)
k=1 k=1

[e.¢]

= Z In<1)g(n—0).

n=0+1
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Thus,
EyG((r —0)") =Eyl(r 2 0)G(r —0)
oo
=Egl(r>6) Y In<1)g(n—0)

n=0-+1

]

=E Y In<tgh—0)= Y gn—0Eln<r).

n=0+1 n=0+1

Since {n < 1} € %#,_1, we deduce, using (6), that forn — 1 > 6

Egl(n <7) =E, aPo In<t)= EnMI(n <1)
a dPn a d(Pn|<an—1) -
d(Pg|-Fp—-1) Ln1
=Ep—— 2" In<7)=E I(n <1).
*d(Poo| Fn1) Lo
Substituting this into (12) implies that
> L
BoG(x—0)")= Y g(n—0)Eu—In=<7).
£ Lg—1
n=60+1
Thus
o o o0 L !
Y EG((r—0)h) = Z[ > 8 =0 —ln < r)}
6=0 9=0Ln=6+1 -1
T n—1
Lnfl
=E -6
w;[@:og(n )L0_1:|
T 7—1
=Eo ) W 1(8) =B Y Wa(g)
n=1 n=0
where
“ L
W,(g) =) gn+1 —9>L9"1.

6=0

From (13) we find the following representation:

00 —1
. _oyt—
Tégﬁr(gE@(r 0)f = inf Em[zwn(g)].

n=0

231

12)

13)

(14)
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3. To get for the problem (11) a finite number of Markovian sufficient statistics let

us assume that for t > 0

M K
gy=Y" ) cme 't (15)

m=0 k=0
where Lo = 0.
Consider first the case K = 0:
M
g(t)y="Y_ cmoe™". (16)
m=0

Under this assumption

n M L
W, (g) = Z Z CmOeAm(’H_l_e) z
9=0m=0 Lo

M

=¢ Xn:—L” +> ™ gm0 _Ln_ (17)
= €00 Lo 'm0 L(-)fl'
6=0 m=16=0

Put

— - Ln =0
A SR N

6=0

(18)

and
n lem)

n
L
(m,0) __ Am(n+1-0) n_
w” _Ze Lo_1 _Z L(m) ’
6=0 6=0 ~9—1

19)

where L,(f”) =],
Then

n L’(1m) Lﬁlm) n—1 L’(1m)

(m,0) __ _
pro =y LB S L
n—1 6—1

(m)
0=0 L971 0=0

(m) n—1 7 (m)
n Ln Lnfl A fO(Xn) (m,0)
+ = hm LN (g 0)y
L™ 2 foo(Xn) -t

L
em - i
n= n—1 6=0 ~o—1

So, we have the following system of equations for v, and (w,(ll’o), e, ,(,M’O)):

Un= PRS0+ Y)Y =0,
" foo(Xn) " (20)

.0 0(Xn .0 .0
W= LAy, v =0,
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It is interesting to note that (with respect to the measure Py,) all sequences
¥ = (Y)n=0, ¥ = (™ P),_ o are Markovian and by (17)

W, (8) = coo¥n + Z cmopr™?, @1

i.e. in the case (16) W,(g) is a sum of the Markovian sequences from the set

W O Ly 0,
4. Now assume that M = 0. In this case
K K
gt)y=Y cout* =coo+ Y cout". (22)
k=0 k=1

Denote for1 <k <K

W")—Z(nﬂ—e)" ”1 (23)

0=0

Then

w}go,k) chk( _9)1 Ly,

0=0i=0

_ZLG 1

9)1 La

i=16=0

-1
L, % . L
§ Ci(n—0)
Ln—l 0—0 k

k
=1ﬂn +Z
i=1

0—1

_ Jo(Xn) (0;)
~ Z -

Xn 1
_ J{Z((Xn)) (Z Ciw D + ) (24)

where w(o 0 =VYu—1.
(0 D

So, for the case (22) the family of statistics (i, s ,EO’K)),,EO is
Markovian satisfying to the following system:

Yy = ;0(())((")(] + Yn-1), Y_1=0,

25)
00 = o) (S iy g R =0, k=1....K
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5. Consider finally the general case (15).
Denoteforl <m <M,1<k<K

Lo
ymh Zexmwl Dn+1— g)k Ln —Z(n+l—9)k Lo (26)
0=0

where L™ = ¢*n" [ Then

(m,k)_ N
=l
l(1m) L(m)
J— i
-y Scdu-or 3 E
i=16=0 9 1
k n—1 (m)
_ _ny)i Ln (m,0)
ZIGX(:)Ck( 9) (m) Wn
1
k (m) n—1 (m)
i Ln L,~ 0
Z (n =) =5+,
( ) (m) n
i=1 nml 6=0 L0m1
k
A fO(Xn) Z i g (m,i) (m,0)
=M — Ckw,17’1 + 27
foo X)) &

Together with (20) the formula (27) gives recurrent equations:

X, m,i m
Y = AmJ{o(;((Xn))[ZCW() } P =0 @8

Hence, we get the following extension of Theorem 1 for nonlinear penalty func-
tions.

Theorem 2 For the case of independent observations and the nonlinear penalty
function G(n) ="y _, g(k) with g given by (15) the system

W, )20, 0<m <M, 0<k<K (29)

is a Markovian family with recurrent equations (20), (25), (28). This family forms
a system of sufficient statistics in the sense that they define V, (g):

M K
(@)=Y ) ek (30)
m=0 k=0

Example 1 If G(n) =n,n >0, i.e. g = 1, then there exists only one sufficient sta-
tistics ¥ = (¥n)n>0-
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Example 2 If G(n) =n* +n, i.e. g(n) = 2n, then

fO(Xn)

U, (g)=\V,_
€] l(g)foo(Xn)

+ 29, 31)

Remark 4 1t is important to note that the recurrent equations of Theorems 1 and 2
can be directly extended on more general cases of nonindependent random vari-
ables: in all recurrent equations the ratios fo(X;)/fso(Xy) should be changed to
L,/L,_1.(See more details about “0-models” in [5].)
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Long Time Growth Optimal Portfolio
with Transaction Costs

Lukasz Stettner

Abstract Discrete and continuous growth optimal portfolio optimization over long
time horizon is studied. Proportional transaction costs consisting of fixed propor-
tional plus proportional to the volume of transaction are considered. An obligatory
diversification is imposed, which allows the process of portions of capital invested in
assets to be ergodic. Existence of solutions to suitable Bellman equations is proved
and the form of optimal strategies is shown. For continuous time model an additional
fixed deterministic delay in transactions is assumed.

Keywords Growth of portfolio - Transaction costs - Markov process - Bellman
equation - Long term portfolio selection
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1 Introduction

Assume we are given a market with m risky assets. Denote by S; (¢) the price of the
i-th asset at time 7. Let

Si(t+5)

0 =8i(t,5,2(). (), (D

where (z(t)) € D forms a right continuous Markov process on a complete sepa-
rable metric space D with transition operator P;(z,dy) describing the evolution
of economic factors, (£(¢)) stands for a Markov process with independent incre-
ments and the processes (z(¢)) and (£(¢)) are independent. We furthermore assume
that the function ¢(¢, s, z(-), £(-)) is positive and right continuous in s and ¢, de-
pends on the trajectory of z(u) and on the increments &(u) — &£(¢) for u € [z, t + 5],
£(,0,z(-),&()) =1 and ¢ is a multiplicative functional i.e. &; (¢, s, z(-), (")) (w) =
¢i(s, z(+), £(-))(6;w) with 6, standing for the Markov shift operator (see [4]) of the
pair (z(t), £(t)) and suitably defined &; (s, z(+), £(-)) and

Gi(t+5,2(),5§((@) =i (1, 2(), E() ()i (s, 2(-), §()) (G w).
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As typical examples of such multiplicative functional ¢ one can consider an expo-
nent of sum of Riemann and stochastic integrals with respect to Levy or Brownian
motion noise (see e.g. [3, 9] or [11]).

Denote by X ™ (¢) the wealth process at time ¢ before possible transactions and by
X (1) the wealth process after possible transactions. Let 7z, (¢) be the portion of the
wealth process invested in the i-th asset at time ¢ before possible transactions and
7; (t) the portion of the wealth located in the i-th asset after transactions at time ¢.
We shall say that 7 (¢) = (1(¢), ..., 7T, )T (where T stands for the transpose)
and similarly 7~ (¢) form portfolios at time ¢ after or before possible transactions.

Denote by SO the polyhedral set {(v1, ..., v,)7 :v; >0, YL vi<l1}andby S
the simplex {(v1, ..., )T € S0 37 v =1}

For given 7 € SO let gm)=(g1(m),..., gm(n))T, where g; () = Zm”—’lﬂj Af-

e

ter change of portfolio from 7 to 7’ the wealth X is diminished by c¢(7 — 7)X,
where 7 is a certain element of S (we shall see in Lemma 1 below that it is defined
in a unique way) such that 7’ = g(7) and for v € SO — §9 (the algebraic difference
of the sets S9)

cw) =K+ i)t + > enw)” 2)
i=1 i=1

with 0 < ¢y5,c0i <1 —k and 1 > k > 0 and where (v;)* = max{0, v;} while
(vi)~ = max{—vj;, 0}. Given portfolio = and wealth X we can change portfolio to
7’ if there exists 7 such that

XA -m)=X—-X) # (3)
i=1

and g(7t) = /. Consequently given w we can choose portfolio 7z’ if and only if
there is 7 € S¥ such that

Y ditcd-—m)=1 4)

i=1

where
7' =g#). @)
Given 7, 7’ € S define the function
F™7' (8):=68 +c(87' — 7). (6)

‘We have

Lemma 1 There is a unique continuous function e : S x S +— [0, 1 — «] such that
forw, ' € S we have

F™ (e(, ")) = 1. (7)
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Furthermore e is bounded away from 0 and provided that k > 0 we have
e(m,me(x’,n") <e(m,7”). (8)

Proof The inequality (8) only has to be proved since the remaining part follows
directly from Lemma 1 of [19]. Notice that by the definition of e we have

e(m, )y +cle(m,n)ym’ —m)=1
and
e, 7"y +cle(n', 7"y’ —n')y=1.
Therefore using homogeneity of ¢
e(m,me(@ , 7"+ (e(@', 7"y — Dk +cle(m, ne(nw', n"n" — e(m, n")m")
=e(m,n)=1—cle(m,n)n’ —m). 9)
Since
cle(m, e, n"n" —e(, n")n") + cle(m, n")yn’ — )
>k +cle(m, e, n"n"” —m)

by (9) we obtain that F*7" (e(rr, w")e(r’, ")) < 1 from which (8) immediately
follows. O

Consequently, given an initial wealth process X ~(¢) and portfolio 7~ (t) we can
choose any post transaction portfolio () € S. Then, as a result of transaction costs
the wealth process is diminished to X (¢), where following (3) and (4)

Xt)y=e(@x (@), 7)) X (). (10)

Furthermore provided that there are no transactions in the time interval [z, t + 5) we
have

_ Lm0 X (1)
X (t4s) =Y ———=8i(t+s)
; Si (1)

= X(0) ) m@&i(t.5,2(), ()

i=1
=XOr0 e, s,2(),6() (11)
and
Tt +s)=g(r(t) o L(t,s.2(). E()), (12)
with ((1) © £(t,5.2(), ()i =1 (i (1,5, 2(:). ().
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In the paper we restrict the class of admissible portfolio strategies to those which
do not allow multiple transactions at the same moment (due to (8) it is not optimal to
make more than one transaction at the moment). We maximize the following growth
portfolio rate

!
J((x(1)) =liminf - E{In X (N)). (13)

For this purpose we are interested in the ergodic behaviour of the process
((¢)). In general this is a typical transient process with absorbing states at the
vertices of the simplex S. To “improve” its ergodic properties we obligatorily di-
versify our portfolio. This means as soon as the process (m(z)) leaves the set
Ss ={(v1,v2,...,Vvm) € S: V=1 mvi > 8} with a fixed § > 0 we make an obliga-
tory transaction changing portfolio to 7’ € Ss. In the continuous time case we shall
additionally assume that after each transaction the next one can appear only after
h > 0 units of time so that consecutive impulses are separated by a fixed determin-
istic value & > 0. Consequently we control process (7 (¢)) changing it in an impulse
way. Each admissible control can be characterized by a sequence V = (1, 7)) con-
sisting of the stopping times 7, and new chosen at time 7, portfolios ;.

Since

X () =X"(0) ]_[ e(r™ (), TN (1) ¢ (tny Tap1t At —Tw AL (), E()), (14)
n=0

our cost functional is of the form

—1"f1E1X_0Oo B
JV) =liminf - E{In{ X7 [T eGr™ ), ()

n=0
xmmfdmmHAN—MANamfoﬂ} (15)

Portfolio selection with transaction costs with discounted cost has been studied
in a number of papers starting from [12] followed in [11] and [9] and references
therein. Long term portfolio selection has been considered first in [10] was contin-
ued for growth optimal portfolio (GOP) in [2] and for lognormal asset prices in [1].
An adaptive approach to such problem with proportional transaction costs was con-
sidered in [8, 17] and [6]. Portfolio selection with proportional fixed proportional
costs plus proportional costs to the amount of transaction was considered first in
[13] and then in [7]. This paper generalizes [13] and [7] in this sense that a very
general model for asset prices is admitted. Two cases are solved separately: discrete
time model, when we change portfolio at discrete time moments and continuous
time model. In the case of a continuous time it is imposed additionally that after
each portfolio change next possible portfolio change is allowed after deterministic
h > 0 units of time. Growth optimal portfolio with fixed plus proportional transac-
tion cost was considered (in this paper we have proportional costs: to the wealth
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process transaction and to the volume of transaction) in [14] and [15] under strong
assumption concerning the asset prices growth. General result in this case seems to
be still lacking.

2 Discrete Time Case

In this section we study discrete time case and therefore assume thatt =0, 1, ...

Si(r+1)

O =&@E+ 1,50+ 1) (16)

where (z(¢)) is a Markov process on locally compact separable metric space D with
transition operator P(x,dy), and (£(¢)) is a sequence of i.i.d. random variables,
independent of (z(¢)) with common law 1. We assume furthermore that (z(¢)) is
uniformly ergodic in the sense (see [5]) that

sup sup (P(z,A) — P(Z,A):=d<1. 17)
z,77€D Ae B(D)

Our purpose is to maximize the following cost functional (an analog of (15))

N—-1

o1 _
J(V)= ljlvrglgofﬁE{ . (lﬂ—(t#,,(,) Ine(m™ (1), (1))

=
+In(z)T ¢z + 1), 6+ 1))))} (18)

over all impulse strategies V = (t,, 7)), where 7 (t,) = n,, € S5 with fixed § > 0.
We shall approximate the cost functional by discounted cost with § > 0

o0
JE (V)= Eq, {Ze—f”(ln(,)#m Ine(x™ (), (1))
t=0

+In(m ()T ¢zt + 1), &t + 1))))} (19)

where and in the sequel by E; ; we denote conditional expectation given the process
(m (1), z(t)) starts with 7 (0) = 7 and z(0) = z. Let

wh(m,2) = sup JB(x, 2). (20)
1%

Assume that the mapping

(7, 2) > (7, 2) i= Ex Aln(x " ¢ (2(1), £(1))} 2n

is bounded continuous. We have
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Proposition 1 Assume that the transition operator of the pair (7 (t), z(t)) is con-
tinuous in total variation norm on Ss x D, i.e. for wy) — 7w € S5, 2n — 2

83P|Pn(n),z,1{(ﬂ(1), z2(1)) € A} = Pr{(z (1), 2(1)) € A}| - 0 (22)

as n — oo with supremum over all Borel subsets A of S x D. Then the function w?
is bounded and continuous on Ss x D and on (S \ Ss) x D separately. Moreover
w? is a solution to the following Bellman equation

w (7, 2) = max{Mw’ (7, 2), Ex -{In(x " ¢(2(1). (1)) + e PwP (x (1), z(1)) }}
for m € S5 with Mw(r, 2) = supcg, {Ine(m, 7') + w(x’, 2)} and
wh(,2) = MwP (7, 2) (24)
whenever 7 ¢ Ss.

Proof Tterating (23) and (24) for all n > 1 we obtain

TAoAn—1

wf (7, 2) = sup E{ Yo e P G0+ 1,E0 + 1)

t=0

+ Xerneo€ PV MwP (7 ( An), 2(t An)) vV wP (T An),z(t An))
+Xc§r/\nMwﬂ(7T(0')y Z(G))} (25)

where o =inf{n > 0: 7w (n) ¢ S5} with supremum over all stopping times t. Letting
n — 00, taking into account that 8 > 0, and then substituting the form of Mw? we
finally obtain that the solution to (23) coincides with the value (20). Consequently
it remains to show the existence of a continuous bounded solution to (25). Let for
a bounded continuous functions ¢ and w

Ffw(r, 2) := max{Mq(n,2), Ex:{In(x7 £(z(1), (1))

+ e P (xryessw@(1), 2(1) + Xz yes, Ma (1), z(1)))}}  (26)

for w € S5 and Ffw(n,z) =Mq(m,z) form ¢ Ss.
Since la Vb —a' vb'|<|a—ad'|Vv|b—b| wehave that

|Ffwi(r,2) — Fwa(r, )l < e P lwy —wa,

where || - || stands for the supremum norm, and therefore Ff is a contraction in the

class of bounded functions on § x D. Moreover under (21) and (22) Ff transforms
bounded functions into bounded functions continuous separately on S5 x D and on

(S'\ Ss5) x D. For each bounded ¢ there is a fixed point of Fqﬁ . Consequently one
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can define a sequence of solutions wy (7, z) = F,fo (, z), with go =0, wy(m,2) =
F£0 (7, z) and inductively w,, (7, z) = anfl (7, 2). Notice furthermore that w, (7, z)
corresponds to the optimal value of the at most n + 1 portfolio changes and stopped
after the last transaction. Since the optimal portfolio strategies do not allow more
than one transaction at the moment and 8 > 0 we finally have that w, converges
uniformly to wg which is a solution to (23) and (24). O

Remark 1 The assumption (22) says that joint density of the pair (7 (1), z(1)), pro-
vided it exists, has a version which is continuous pointwise with respect to the
( (0), z(0)) with w(0) € S5, which is equivalent by Scheffe theorem [18] to the L
continuity of the transition densities. From Lemma 4 of [20] we have the following
form of the density d ; of the first m — 1 coordinates of g(7 ¢ ¢(z,§(1))):

dﬂ‘z(xl7x27 A 7xm7])

00

_/ m—1 1

= Xy —
0 T Ty

1 1 1 1 il
X q; (n—xlxm, X2 s X1, —— (1 - in>>dxm (27)
m i=1

1 2 m—1

where ¢, is the density of {(z,£(1)). If ¢, is continuous function of its coordinates
and the density of z(1) is also continuous with respect to the initial state z(0) then we
have the continuity of the density of the pair (7 (1), z(1)) from which (22) follows.

Remark 2 Notice that the value function w? maybe discontinuous at the boundary
of Ss. It happens when at certain = € Ss such that a coordinate 7 =6 and z € D
we have

MwP(r,2) < Ex {In(z"¢(z(1), £(1))) + e PwP ( (1), 2(1))}

i.e. when it is optimal at point (7, z) do not make transaction even though we are at
the boundary of Ss.

Proposition 2 Under (17) the family of functions

{wﬁ(n,z)— inf wﬁ(n/,z/),ﬂ>o}
D

n'eS, 7€

is bounded.

Proof Notice first that sup, g w? (7, z) > sup,.gs Mw? (1, z) since e is bounded
from above by 1 — x and as soon as & ¢ S5 we have to change portfolio to have
portfolio in Ss5. On the other hand Mw” (7, z) > Ina + SUP/es, wP (", z), where
a is a lower bound for e. Therefore by (23) we have for z,z' € D
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supw” (7, z) — inf wP(x’, 2)
Tes n'eS

<sup Ex {In(r" ¢ (z(1), (1) + e Pwf (1), 2(1))}

wes

- inmeax{lna + sup wh(r”, 7)), Enfyz/{ln(n’Tg(z(l),S(l)))
n'e

7" €Ss
re b,z

=|rlsp + ne|+ su[; | Ex - {wP (r (1), 2(1)} = Ex o (w’ (x (1), 21}
Te
<|Irllsp + Ine| +dllw?|l, (28)
where in the last line we have used (17) and || f||sp = sup,, f(y) — infy f&"). Con-

sequently

I7llsp + [Inc|

lwllly < =—=1— (29)
which completes the proof. g
Let
Wr,=wl(r,2)— inf whx', 7). (30)
n'eS,7’eD
Then by (23) we have

vP(m, 2) = max{MvP (rr, 2), Ex  {In(n "¢ (z(1), £(1)))
—(—e Py inf wf' ) +e PPz} 3D

n'eS,z’eD

‘We can now formulate the main result of this section
Theorem 1 Assume that the transition operator of the pair (7 (t), z(t)) is contin-
uous in variation norm on Ss X D. Then under (17) and (21) there is a bounded

function v continuous separately on S5 x D and (S\ Ss) x D and a constant A such
that

(1, 2) = max{Mv(w, 2), Ex-{In(z" ¢ (z(1),£(1)) =2 +v(x (1), 2(1))}} (32)
forr € Ss and

v(m,z) =Mv(r, 2) (33)

whenever w & Ss. Moreover . = infy J (V) and the strategy V= (Ty, Tn), where

Ty =inf{t > 0: v(w(¢), 2(¢)) = Mv( (¢), (1))} (34)
fn+l =17, +1 Oef,,
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forn=0,1,...with 0 standing for the Markov shift operator of the pair (7 (t), z(t))
and

n =7 (1" (n),2(n)) (35
where 7t stands for the Borel selector in the operator M, is optimal i.e. J(\7) =A.
Proof We claim that the family {vP(rr, z), B > 0} is bounded and equicontinuous

separately on Ss x D and (S \ Ss) x D. The boundedness follows directly from
Proposition 2. From (23) we obtain that

v (m,2) =P (', )

e(m, ")
In——
e(n/’ jT”)

Smax{ sup [

" eSs

+ |Exr AIn(z" £(2(1), E(1))} = Exr o {In(x"" ¢ (1), £(1)) }]

+ | Exr 0P (r(1), 2(1) } = Epr 2 {0P (1), z(1)>}|},
|Ex{In(zx"¢(z(1), (1))} = Exr o {In(z"" ¢ (1), £(1)) }]

+ |Exfof (1), 2(1)} - En/,z/{vﬂ<n<1>,z<1>)}|}. (36)

Equicontinuity of the family {v#(7,z), 8 > 0} on S5 x D now follows from the
continuity of e (Lemma 1), (21) and Proposition 2 together with (22). Using (24)
and Lemma 1 we obtain the equicontinuity of the family (v (m,2), > 0} on
(S\ Ss) x D.By 21) (1 — e P)yinfycs yepwP (', 7’) is bounded uniformly in
B > 0. Therefore one can find a subsequence 8, — 0 and a constant A such that
limy— 0o (1 — e P)infrrcs rep whr (', /) — A. Since the family {vP(r,2)} is
equicontinuous on S x D and on (S'\ Ss) x D and bounded then by Ascoli Arzela
theorem [16] there is a further subsequence ny of n, and a continuous bounded func-
tion v such that v« (7, z) = v(m, z) uniformly on compact subsets from S5 x D
and (S\ S5) x D as k — oo. Letting 8,, — 0 in (31) we obtain (32). Notice that
(33) follows directly from (24). The form of optimal strategies (34) and (35) can
be obtained in a standard way (see the proof of Theorem 1 in [19] and references
therein). O

3 Continuous Time Case

We consider now a continuous time case in the setting from Sect. 1. We control port-
folio process () so as to maximize the cost functional J defined in (13) with the
following restrictions: after each transaction (portfolio change) we are not allowed
to make new transactions for fixed 2 > 0 units of time; when

7)€ Ss:={meS, I m <8}
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and we are allowed to make transaction we immediately change portfolio to enter
the set Sy with 8’ > §, when

n(t) € 8 :={(m €8,V m > 8}

we are allowed to change portfolio but we have no such obligation—we make trans-
action when it is profitable for us taking into account our fixed plus proportional
transaction costs ¢ defined in (2). Our portfolio strategy is impulse of the form
V = (1,4, 7)) consisting of transactions at moments t,, where 7,41 > h + 1,,, with
portfolio 7 (t,) = 7, after transaction at time t,.

Consider first the following discounted costs functional

JE (V)= Eq, Ze—ﬁfn (Ine(m(z,), 7(t0))
n=1
+In(m (T ¢ (@1, T — Tm1,2(), (D)) 1 - (37)

Let wf(m,z) = supy J,E’Z(V). Assume that for 7,y — 7 ¢ FrS, where FrS§ :=
{reS:3,m=0}and z, —> z

Sl;P|Pn(n),zn{(ﬂ(h), z2(h)) € A} = P {(w(h), z(h)) € A}| = 0 (38)

as n — oo with supremum over all Borel subsets A of § x D and
Dp,s=inf{t >0:7(t) € FrS} =00 39)

P a.e. for any portions of wealth process invested in assets w(¢) starting from
m(0) € §\ FrS, provided that there are no transactions. Assume furthermore that
the mapping

(,2) = Ex ofInGx " (1)¢(0, b, 2(-), E())) (40)

is bounded continuous and for any bounded function, continuous on (S \ FrS) x D
the function w

FPu(r,2) = sup Ex . {e P (In(z " (x A0)(0, T Ao, 2(), ()
+ Mpw(r(t Ao), z(t Ao)))} 41)

where o = inf{t > 0: 7(¢) € S5} and

MywP(m,2) = sup {Ine(m,7') + e P Ey {In(x” (1) (0, 1, 2(-), £(-)))

71/6551
+wP ((h), z(h))}} (42)

is bounded and continuous on (S \ FrS) x D. We have
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Proposition 3 Under (38)—(41) the function w? is a solution to the following Bell-
man equation

wh(m,2) = sup Ex . {e P (In(x " (x A0)2(0, T Ao, 2(), £(-))

—}—th'B(JT(‘L'/\G),Z(‘L'/\G)))} (43)

and wP is continuous on (S\ FrS) x D.

Proof Notice first that by (38) and (40) the mapping M), transforms bounded func-
tions into continuous on (S \ FrS) x D. Moreover since h > 0, F P defined in (41)
is a contraction in the class of bounded functions and the functions wq(, z) =
FPO(, 2), Wp41(T,2) = FPw,(r, z) are value functions for the cost functional
(37) stopped after first, n plus one transactions. By contractivity of F# functions
w, converge uniformly to w?. Consequently there is a solution w? to (43). If w? is
a solution to (43) that is continuous on (S \ FrS) x D then by iteration (taking into
account (39)) we obtain that it coincides with the value function corresponding to
the cost functional (37). O

Remark 3 In the case of continuous time model we are thinking about ¢ of the form
of exponent with Brownian or more general Levy noise £(-). Key assumption is (41)
which is satisfied for particular models of lognormal asset prices, generally speak-
ing nonsingular diffusion models or regular Levy models of asset prices (see [3]
for more details). Notice that we obligatorily diversify portfolio when the process
(1) enters the closed set Ss. After transaction our portfolio is in Sy C Ss. The as-
sumption (39) is not strong. Under quite general assumptions (law of large numbers
holds) there is g such that lim;_ o %ln r(0,t,2(-), () =gk for k=1,...,m.
Then whenever 7(0) € S\ FrS we have that 7 (t) — m(00) where 7 (00) is a Dirac
measure concentrated on the vertex (or vertices) of S corresponding to maximal gy.
Since the coordinates of 7 (0) and ¢ are strictly positive 7 (¢) reaches FrS in the
limit only.

In the remaining part of this section we follow the arguments used in discrete
time case. We assume additionally that

sup  sup (Pu(z,A)— Pp(z,A):=d <1 (44)
z,7/€D Ae B(D)

and

sup sup  Ex {|In(x” (x A0)E(0,T Ao, z(),E()))]} = K < o0. (45)

T meS,zeD

‘We have

Proposition 4 Under (44) and (45) the family of functions

[wﬁ(n,z) — inf WP, 7). B >O}

n’'eS,z’eD

is bounded.
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Proof By (42) and (45) we have that

supw? (7, z) — inf wP(n’, ') <2K +sup MywP (n, z) — inf MuwP (', 7). (46)
7.7 7T/,Z/ 7,2 ﬂ/,Z/

On the other hand since the difference of supremums is majorized by supremum of
the difference, using also (44) we have

sup Mw? (7, z) — inf MwP (', )
.z 7.7

< 2L+ sup ((sup Ex.ofuw? Gr(h), () = inf Ero(w Grh). 2(0)))

meSy “zeD

<2L+d|wP, (47)

with L standing for the bound of IE,T,Z{ln(rrT(h){(O, h,z(-), £(-)))}|. Therefore by
(46) and (47) we obtain

2(K+L
by < 250 48)

which completes the proof. g

Following (30) let now v# (1, z) = wP (7, z) — infyrcs ep wP (', 7). By (42)
we then have

v, 2) = sup E,,,Z{—(l —e Py inf WP, )
T

n'eS,z’eD
+e P (In(z" (x A0)E(0,T Ao, 2(), E()))

+ Myf (2(x o), 2(x A o)) . (49)
We shall need the following two technical assumptions: the family

{Fﬁw(n,z);ﬂ>o, sup |w(n,z)|§K} (50)

rweS,zeD

is equicontinuous for (7, z) € S\ FrS given that

{th(n,z), sup Iw(n,z)lfK]
weS,zeD

is equicontinuous for (7, z) € S\ FrS, and furthermore

‘;LmoEn,z{%a —e—ﬂ">} = Ey {0} < o0. 51)

The main result of this section can be formulated as follows
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Theorem 2 Under (38)—(41) and (44), (45), (50) and (51) there is a bounded func-
tion v continuous on (S \ FrS) x D and on FrS x D and a constant A such

v(,2) =sup Ex . {—A(t Ao) + (In(x” (z A0)E(0, T Ao, 2(-), E()))
+ Mpv((t Ao), 2(t Ao)))). (52)
Moreover . = infy J(V) and the strategy V = (%, i), where

71 =inf{t > 0: v(w(t), 2(t)) = Mpv(z(2), z(t))}, 53)
fn+1 =17, +1 Oef,,

forn =0,1,...with 0 standing for the Markov shift operator of the pair (7 (t), z(t))
and

Ty =7 (" (n),z2(n)) (54)

where 7t stands for the Borel selector in the operator My, is optimal i.e. J(‘7) =A.

Proof By (38) and (48) we see that the family {thﬂ(n, 2); B > 0} is equicontinu-
ous for (7, z) € (S \ FrS) x D. Therefore under (50) the family {vﬂ; B > 0} is also
equicontinuous for (7, z) € (S\ FrS) x D. Iterating (42) and using (45) we see that
Binfcs vep w? (7', ') is bounded. Therefore there is a subsequence 8, — 0 and a
constant A such that 8, inf/c5 ep whr (', 7)) > A asn — oo. Choosing a further
subsequence we can find a function v such that subsequence of v# (i, z) converges
uniformly on compact subsets of (S \ FrS) x D to v and by equicontinuity of v#
on FrS x D (follows directly from the definition of M}, and (44)) the convergence
is also uniform on compacts from FrS x D. Consequently using (51) we can let
Bn — 0 in (49) to obtain finally (52). The remaining part of the proof follows as in
discrete time case. g

Remark 4 There are a number of technical assumptions since we wanted to treat
a very general scheme. In the case of nondegenerate diffusion asset prices model
or when large deviation estimates for log ¢ hold (see [15]) we have finite moments
of o for any initial state (i, z). Consequently (51) holds and in the case of con-
tinuous trajectories of the asset prices (together with continuous dependence of the
trajectories on initial conditions) also (41) and (50) are satisfied.
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On the Approximation of Geometric Fractional
Brownian Motion

Esko Valkeila

Abstract We give an approximation to geometric fractional Brownian motion. The
approximation is a simple corollary to a ‘teletraffic’ functional central limit theorem
by Gaigalas and Kaj in (Bernoulli 9:671-703, 2003). We analyze the central limit
theorem of Gaigalas and Kaj from the point of view of semimartingale limit theo-
rems to have a better understanding of the arbitrage in the limit model. With this
approximation we associate the corresponding pricing model sequence, which has
the no-arbitrage property and which is complete.

Keywords Arbitrage - Geometric fractional Brownian motion - Approximation

Mathematics Subject Classification (2000) 60F17 - 60H99 - 91B28

1 Introduction

1.1 Geometric Fractional Brownian Motion

In the classical Black-Scholes pricing model the stock price S is modeled by a geo-
metric Brownian motion: S; = eW’_%’ : here W is the standard Brownian motion.
This model implies that the one dimensional distributions of the stock prices are
log-normal, and the log-returns of the stocks are independent normal random vari-
ables. But empirical studies show that log-returns often have so-called long-range
dependency property (see [18, Chap. IV]). One way to model this observed long-
range dependency is to replace the driving standard Brownian motion by fractional
Brownian motion. Then one obtains fractional Black-Scholes model, or geometric
fractional Brownian motion, given by the price process S; = eBrH; here B is a frac-
tional Brownian motion.

Fractional Brownian motion (fBm) B is a continuous centered Gaussian
process. Here H € (0, 1) is the self-similarity index and the covariance of the
process B is given by

1
EBIBH) = E(ZZH + 20 — |1 — 5?1,
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A Lévy type of characterization theorem for fBm was recently proved in [15]. The
parameter H allows to include the standard Brownian motion W to the fBm family:

the process B? is a standard Brownian motion. The standard Brownian motion is a
martingale, but it is well-known that when the parameter H # % then fBm process
B is not a semi-martingale.

The parameter H allows us to model dependency in the data, since for H € (%, 1)
the increments of the process B! are positively correlated. However, the fact that
the process B isnota semimartingale, makes it difficult to use fBm as the source
of randomness in Stochastic Finance at least theoretically: the reason is the fact that
in the pricing models based on geometric fBm one can also give explicit arbitrage
strategies, see [18, p. 659].

But the possibility to model dependency in the data is an attractive feature of the
fBm process B, also for the market models in Stochastic Finance. In spite of the
theoretical difficulties related to the arbitrage, there have been several proposals to
use it as a model in stochastic finance. One of them is based on the fact that the
arbitrage possibilities depend how one defines continuous trading, i.e. stochastic in-
tegrals. One can show that the arbitrage possibilities in the fractional Black-Scholes
model disappear, if one uses Skorohod integrals to model trading strategies (Hu and
@ksendal [9], Elliot and van der Hoek [5]). But a new problem appears: the con-
tinuous trading based on Skorohod integrals is difficult to interpret economically
(see Sottinen and Valkeila [20], Bjork and Hult [2] for more information on this
point). On the other hand, if one goes to more realistic market models, and for ex-
ample includes transaction costs in the market models, then the ideal continuous
time trading strategies turn out to be of bounded variation. In this case one can show
that geometric fBm models can be economically meaningful (Guasoni [7], Guasoni
et al. [8]). It is also well known, that in the case where one cannot use continuous
time trading, the pricing models with geometric fBm are to some extent arbitrage
free (see [1, 3, 11]).

1.2 Motivation

The purpose of this note is to study the approximation of geometric fBm S/ = Bl
The approximation is understood in the sense of weak convergence, more precisely
the distributions of the approximating prelimit sequence converge weakly to the
distribution of the geometric fBm in the Skorohod space D.

This note has two different motivations. First comes from the fact that there are
at least two ‘financially’ motivated approximations to geometric fBm. The approx-
imation given by Sottinen [19] is based on complicated ‘fractional’ binomial tree,
and as a binary tree this approximation is complete. Surprisingly, this approxima-
tion is not arbitrage-free, if the step size in the fractional binomial tree is big enough.
Hence there are arbitrage opportunities already in the prelimit model. Kliippelberg
and Kiihn [13] proposed an alternative approximation, based on Poisson shot noise
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processes, to geometric fBm. Their approximation is arbitrage free, but not com-
plete. So one can ask, if there is an approximation to geometric fBm, where the
prelimit sequence is arbitrage-free and complete? In this note we show how to con-
struct such an approximation. As mentioned, the limit has arbitrage opportunities,
and our approximation might give some new insight on the arbitrage in the limit.
The second motivation comes from our recent work with Bender and Sottinen [1].
In this work we consider a class of models, where the randomness of the risky asset
comes from mixed Brownian—fractional Brownian motion. Take this process to
be eW + B where W is a standard Brownian motion, B is a fBm with index
H e (%, 1), and independent of W. If we take the model of the risky asset S¢ to be

SF= exp{sWt + B — %szt},

then there is a unique hedging price for the standard European type of options,
provided that one uses so-called allowed (in the terminology [1]) strategies only. But
in this model one can let ¢ — 0, and ask weather the limiting prices make sense? It
turns out that we have the following limiting price with an European call with strike
K: (So — K)™. We get the same limiting price from our approximation, and we give
two different explanations for this. One is based on the path-wise approach given in
Dzhaparidze [4], and the other one is based on computing the limit price using the
martingale measure of the approximating sequence.

1.3 The Structure of the Note

First we introduce the ‘teletraffic’ approximation from [6], discuss its properties
from the point of view semimartingale weak limit theorems (see [10]), and prove
that the corresponding geometric processes also converge weakly. We then argue
that the prelimit sequence defines a sequence of pricing models, which are complete
and have the no-arbitrage property. We conclude with a discussion.

2 Approximation of fBm

2.1 Construction of the Approximation

We will not prove any new approximation to fBm. Instead, we will the use the ‘tele-
traffic’ approximation to fBm, interpret this weak limit theorem as a semimartingale
limit theorem of a special kind: the approximating sequence is based on semimartin-
gales, but the limit is not a semimartingale.

We start with an approximation given by Gaigalas and Kaj [6]. This goes as
follows: let G be a continuous distribution function of interarrival times 7;, i > 2
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for a renewal counting process N. Let u = Eny. Assume that this distribution has
heavy tails:

1-G(r)~t P (1)
as t — oo with 8 € (0, 1). For the first interarrival time 1, we assume that it has the
distribution

t
Go() = l/ (1—Gyds, 2)
K Jo

so that the renewal counting process

o0
Ni=> lig=n
k=1

is stationary, where 71 = n; and 1 :=n1 + - - - + n. Take now countably infinite
number of independent copies N ® of N, numbers a,, > 0, a,, — oo such that

m

—f 00 asm— o0; 3
am

in the terminology of Gaigalas and Kaj [6] this is the case of fast connection rate.
Define the workload process W/ by

m

wr =3 N,
k=1

Note that the process W," is again a counting process, since the interarrival dis-
tribution is continuous and the components N ®) are independent, and these facts
imply that there are no simultaneous jumps of the components N®. We have that
EW" = "L since W/" is a stationary process. For the following proposition see
Gaigalas and Kaj [6]:

Proposition 1 Assume (1) and (3). Let

v [BA=B)2—B) Wins —mu”'ant

Then Y™ converges weakly in the Skorohod space D to afBm BY , where H = 1 — g

2.2 Further Properties of the Approximation

In order to discuss the application to finance, and to construct an approximation to

. H . " . :
geometric fBm ST = B | we will have a look at Proposition 1 from the viewpoint



On the Approximation of Geometric Fractional Brownian Motion 255

of semimartingale limit theorems. We can write the explicit semimartingale decom-
position, but only with respect to a big filtration, where we can keep track of the
jumps of individual components N®.

First we recall how one obtains the compensator of a renewal counting process
by keeping track on the jump times and using the interarrival distributions; this is
due to Jacod (see [14, Theorem 18.2, p. 270]). Assume that N is a renewal counting
process with interarrival times 7; such that G () = P(n; <t) has the form

t
Git)= f gj(s)ds, where g;(s)>0Vs>0. 5
0

Let 7; be the jump times and define b; (1) =t; At —Tj_1 At, j > 1. Let H; be the
integrated hazard function of G :

t .
Hi(t) = / _8I®
0o 1=Gj(s)
Work with the history FV of the process N. Then the (P, F)-compensator A of N
can be written as

o0
Ar=")_Hj(bj())
j=1
(see [14, 16]). Note that we have the relation

t=>"bj).
j=1

Next, consider the workload process W/". Assume that we can keep track of
the jumps of the processes N, i.e. we work with the filtration F”, where F" =

a{NX(k) s <t,k=1,...,m}. Define b&k)(t) = rj(.k) At — r}k_)l At, and then by the

independence of the processes N ) the (F, P)-compensator of N® is

o0
AP =3 H 6P ).
j=1

Hence we obtain that the (F”, P)-compensator A™ of the workload process W™ is

m
(k).
AP =" A
k=1
note also that

mt=>"%" bﬁ.k) (t).

k=1 j=1
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The process Y™ given by (4) is a semimartingale, since it has bounded variation on
compacts. Let us now write the semimartingale decomposition of the process Y
with respect to the big filtration F, where F;" = F; ; and probability measure P,

associated to the interarrival times given by (1) and (2). To simplify notation put

i, =ty PEZDEZD)

11— mu " ayt
Cmi=m2a, > and A = B,
m

Since the process Y is a semimartingale, it has a semimartingale decomposition

Y™ =M™ + L™ 6)

Alﬂ
here L = c(u, B) —Cf’;” — A"
The martingale part of the semimartingale Y™ is
wnr. — AR
M} = c(u, )~

m

Note that the compensator of W™ with respect to the big filtration F is continuous,
and hence the process L™ is a continuous process with bounded variation.
The square bracket of the martingale part M™ of the semimartingale Y is

m

W,
[M™, M™], = (c(p. B))> —2-.
C

m

But our assumption (3) implies
E[M™, M™]; = (c(u, B))*utal™" — 0,

. . . . P
as m — 0o. With the Doob inequality we obtain that sup,_, | M| — 0.

Denote uniform on compacts convergence in probability by =
We obtain the following semimartingale interpretation of Proposition 1:

Proposition 2 Assume (1) and (3). Let

be the (F™, P)-semimartingale decomposition of the process Y™ given by (3). Then
the sequence L™ of continuous bounded variation processes converges weakly in

the Skorohod space D to the fBm BY with H =1 — g, and Mm% 0, as m — 0.

Remark 1 We gave the semimartingale decomposition of the process Y with
respect to the filtration ™. Since the process Y™ is adapted to its own filtra-
tion F¥" = FW" | it has a different semimartingale decomposition with respect to
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(FY", P), and the new compensator is L™. The process L™ is the~(IFYm, P) dual
predictable projection of the process Y. To compute the process L™ explicitly is
apparently difficult, because we do not know, which one of the components had
a jump.

2.3 Approximation to Geometric fBm

Consider the solution to the equation
dsy" =8"dy", with Sy’ =S, @)
where Y = c(u, ﬁ)vg—: — A™, and

AWM

AY" =c(u, B)—L = AM]".

Cm
It is known that (7) has a unique solution of the form

S = Spe M ]_[(1 + AY™(s)) = EXY™),. (8)

s<t

Proposition 3 Assume (1) and (3) and let Y™ be as in (4). Then the solution to (7),

given by (8), converges weakly to the geometric fBm S; = SoeBtH in the Skorohod
space D.

Proof Use the inequality x — %xZ <log(l + x) < x valid for x > 0 to obtain the
following:

Wlll
Ym(t)—l amt -
Soe P < SM< Spet" O,
wo . .
We already know that ;ZW — 0in L'(P), as m — oo. Hence the claim follows by
Slutskys theorem and the continuous mapping theorem. O

With the notation of Proposition 2 we have
Corollary 1 The sequence of continuous bounded variation processes e~ con-
; H
verges weakly to the geometric fBm 8" in the Skorohod space D.

3 Some Properties of the Approximation
3.1 Set-Up

Assume that we have (1) and (2), the process Y is defined by (4), and S™ is defined
by (7). We interpret the prelimit approximation S™ as a stock price. To simplify the
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discussion we assume that the interest rate for the bank account is equal to 0, and
that there is no drift on the stock price. So we have a sequence of pricing models

(5™, 7, Py D) (s0eB” FB" | Py, )

where B” isafBmwith H=1-£ e (4, 1).
We will show that the prelimit market model with S™ and bank account is
arbitrage-free model and complete.

3.2 Prelimit Market Models are Arbitrage-Free

The basic randomness of the approximating pricing model sequence S comes from
the workload process W™. We shall show that there exists a probability measure Q"
such that W™ is a Poisson process with intensity % Then the approximation S will
be a Q™ -martingale, and the prelimit market models are arbitrage free.

We work first with a single component of the workload process.

Assume that N is a renewal counting process with first interarrival time distrib-
ution given by (2) and all the rest interarrival times have distribution given by (1).
We assume that with respect to the measure our counting process N is a renewal
counting process with respect to the measure P. Fix T > 0. First we shall show
that there exists a probability measure Q such that Q7 ~ Pr, where Q1 = Q|F. N
Pr = P|FY, and with respect to the measure Q the counting process N is a Poisson
process with intensity . Put G; = G when i > 1 and define

gn,_(s)

K(S,N) = m

Define the density between the measures Q and P by

Z_IQJ ‘FzN _ Sy N = Dyds+ [ log by (10)
Obviously we have
Z_g FN = oo (h—re(s. N ds+ fj log uic(s. N))AN; (11

The Hellinger process between the measures P and Q is then given by

1 t 1 2
h(P, Q>,=5/O (JK(S,N)—\/%) ds.

Under our assumptions h(P, Q); < A; + vt < 0o (P + Q)-a.s.; we can now use
[10, Theorem IV.2.1] and conclude that the measures Py and Q7 are equivalent.
We have shown the following:
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Lemma 1 Assume that X is a counting process. With respect to measure Q it is
a Poisson process with intensity L and with respect to a measure P is it a renewal
counting process with first interarrival time distribution given by (2) and all the rest
interarrival times have distribution given by (1). Moreover, the laws Pr and Qr are
equivalent.

The next step is to show that the law of the process

m
th — Z Nt(k)
k=1

is equivalent to the law of Poisson process with intensity % Note that the process
W/ is not any more a renewal counting process. We show that the prelimit pricing
models driven by the processes Y™ have the no-arbitrage property. For this it is
sufficient to show that the original probability measure is equivalent to a probability
measure Q such that the process W/ is a Poisson process with intensity % The
proof is not very difficult, and will follow from Lemmas 1 and 2.

Lemma 2 Let X*, k = 1,...,m be a sequence of counting processes. Assume
that with respect to the measure Q they are independent Poisson processes with
intensity ﬁ, and with respect to the measure P they are independent renewal
counting processes, and their interarrival times satisfy (5). Then the sum process
wm=3%" X K is a counting process with respect to the measures P and Q, with
respect to the measure Q it is a Poisson process with intensity % and the Q-law of
W™, Q™ is equivalent to the P-law, P™ of W™ on [0, T]. Here the filtration is the
big filtration F" :=\/}_, Fth.

Proof Since the processes X* are stochastically continuous and independent with
respect to the measures Q and P, we have that P(AXf =1, AXé =1)=0fork #1
for all s > 0, and similarly with respect to the measure Q. Hence the aggregated
process W™ is a counting process.

Obviously the sum of independent Poisson processes is again a Poisson process,
not only in the big filtration F™, but in the filtration F¥" | too. If the (P, FX") com-
pensator of X* is AX, and because the sum of martingales is a martingale again,
we have that the (P, ™) compensator of W™ is 37", A¥. We can now repeat the
argument given to obtain Lemma 1 and conclude that the measures Q' and P;' are
equivalent in the filtration F". g

Remark 2 If we consider the measures P™ and Q™ restricted to the filtration F""
they are also equivalent on [0, T'], since FY" c ™, But it is difficult to write the
(pP™, IFWm)-compensator of W™ explicitly (see also Remark 1).

Let us now return to the model driven by (4). We have that the aggregated process
W™ is a Poisson process with intensity % We it has the law Q™ described in
Lemma 1 and Lemma 2. With respect to the original measure P, which corresponds
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to the renewal counting process model with interarrival times given by (1) for in-
terarrivals after the first jump and by (2) for the first interarrival. We have that the
measures are equivalent on the interval [0, a,, T ]. This means that the approximation
process Y™ is a martingale with respect to (Q™, "), or with respect to (Q", FY" ),
too.

What happens with the approximation? Recall that S = &(Y™). But Y =
M™ + L™, where L™ is a continuous process, and hence [M", L™] = 0. So using
Yor’s formula for stochastic exponents we can write the approximating sequence as

S = Soelt EM™),,

Uc; . .
where &(M™) “C'1 with respect to the measure P"”. We know that the approxima-
tion (S, F™, P™) weakly converges to the geometric fBm. On the other hand, with
respect to the martingale measure Q" the sequence Y™ is a martingale sequence,

Yy X% 0 with respect to Q™, and S™ 5 So with respect to Q™. So the price
(So — K)™ is a limit

(So—K)" = lim E gn Sy —K)*

for the European call.

3.3 Prelimit Market Models are Complete

To show that the prelimit market models are complete, it is enough to show that the
market models driven by a Poisson process martingale are complete. We consider
the following market model, so-called Poisson market according to the terminology
of Dzhaparidze [4]. We follow the arguments of Dzhaparidze and show that the
prelimit market is complete. Note that the argument given below is pathwise.

Let N be a counting process, ¢ > 0 and y > 0 are constants, and consider the
pathwise solution § to the following linear equation

dS; = S;—(adN; — ydt) with Sy =s;
then the unique solution to this is

S, =se V! 1_[(1 +aANy) =se V(1 +a)M.

s<t

Denote the jump times N by 4, k = 1,2, .... Fix T > 0 and assume that there is no
jump at time 7. Let M > 0 be such that 1)y < T < tp741. Define s (¢) by

sk =s(1+a)* e g 0. (O =51+ ) e 1y 0, (1)
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with A = % The functions s describe the states of the price process ;. Obviously

M
Si = sk gz ().

k=0

We can write the left-hand limit process S;_ as follows

M
Si— =50 10,110 + Y sk (O (g 1(0).
k=1

Let S;_ be in the state s (¢). Then, at time ¢ the stock price either stays in this state
or jumps to the state si41(¢). Define the difference operator D in the state space of
S as follows: if S;_ is in state s;(¢) then DS, is in the state

Dy 1(Sr) = sk (t) — s (). (12)

We have then the following

Proposition 4 The states of the stock price process satisfy the following differential
equations

dsi (1)
TR —ADp11(S;), whent € (tk, Tr+1]. (13)
Proof See [4, Proposition 4.4.1]. O

The Poisson probabilities p;(A) are defined by p;(A) = %e‘x for A > 0. One
can include the value A = 0 by defining p;(0) = § 9, where § o = 10(j) is the Kro-
necker delta.

Consider the following system of differential-difference equations

dxy (1)
dt

= A1 (0) —xx (1)), k=0,1,... 14
subject to boundary conditions
x(T)y=we(T), k=0,1,.... (15)

Proposition 5 A solution to the system (14) with boundary conditions (15) is given
by

Xk(t)=ZPj()»(T—l))Wk+j(T), (16)
Jj=0

if the numbers wi (T) allow differentiation under the summation sign.
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Proof See [4, Proposition 4.2.3]. O

Next we indicate how to apply the above results a hedging problem in finance.
Let Wr be a functional of the price process path S;, 0 <t < T. If the price process
S has a state sx(7T), then the value functional W has a state wi (7). Recall that
a market model is complete, if we can find a self-financing strategy 7 such that

T
WT:VF:U—F/ nstS.
0

It follows from [4, Proposition 4.4.5] that if we define a value process V7 by the
formula

t
v =v+/ 7sd Sy, a7
0
where
oo
v=" pi(AT)w,(T) (18)
j=0

and when s € (7, Tx+1] we define

7Ts=ij(A(T—S))(1 +a)w]'+k(T)—w]'+k+1(T)’ (19)

o
j=0

then we obtain self-financing strategy m, which replicates the claim W (T).

Remark 3 The probabilistic interpretation of (17), (18) and (19) that the process N
is a Poisson process with intensity A. Note that the results were obtained in a path-
wise way, without any probability.

We end this subsection by giving an option pricing formula (for European call
only, but of course all is valid for a more much bigger class of options).
Recall some properties of Poisson probabilities. Put

F(jo: M) =Y pj(h). (20)
J>Jo

We have the following connection between F'(jo; A) in Gamma integrals
oo
C(c,x)= / e 't 'dt, wherec,x >0:
X

C(jo+1,A)

Forn=1-—L—
Jo:

21
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Proposition 6 Consider the pricing of an European option (St — K)™T in the Pois-
son market model. Then the fair price CE of this option is given by

C* = SoF (jo; (1 + @)AT) — K F (jo; AT), (22)

where

log(&y+ 4T

log(1 + @)

We can now apply the above to the approximating model $"”. Now from (4) we
obtain

B
2
a
@ =a"=c(u p),
m?2
B
m A
y=v"=c(u,plp—r and
m?2
ym
—\m AN
A=A _am_u

From (3) we obtain that &« — 0, 8™ — 0, and if K > Sy, then jo — oo, and if
K < So, then jo — —oo. Put this in (22) and we obtain that the limiting price is
(So— K)7".

4 Discussion and Conclusion

Consider the market model of the following type. The stock price S is driven by
aprocess X =eW + B : here W is a standard Brownian motion, B is a fBm with
Hurst index H > % independent of W; the linear stochastic differential equation
defining the stock price is

dS = S°dX,, with Sy 24)

as the initial value. One can show that the solution to (24) is

SE = Spe Wit Bl —3%,

It was shown in [17] that the hedging price for standard European type of options
is the same as in the model, where we do not have the fBm component B H gt all.
Recently we in Bender et al. [1] have extended this argument to a bigger class of
options, and also discussed arbitrage possibilities in this kind of models. So the price
of an European call (S5 — K)™ is given by the classical Black & Scholes pricing
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log 2 S 2T) <log% - %SZT)
So® K| ——————— ). (25)
’ ( sf T

Take now &, — 0 and define $°* by

formula

S5n S eanri-B ——8[

H . . .
We have that S;" 5 SoeBi', as n — oo, and we have again an approximation to
geometric fBm. It is easy to check that the limit, as &, — 0, of the price in (25) is
given by

(So—K)T. (26)

Recall that we obtained the same limit for European call as a limit of hedging prices
in Sect. 3.3 and as a limit risk neutral prices in Sect. 3.2.

Note that if a price process S is continuous and has bounded variation, then we
have the following

T
(St —K)" =(So— K)++/O Lis,>kyd Ss; 27

hence a candidate for the hedging price would be (S7 — K)*. But this makes no
sense, since this kind of pricing model has arbitrage opportunities, unless S; = So
forallt <T.

We have shown that in our approximation:

e The prelimit sequence $™ = & (Y™) is a P™ semimartingale and Q™ martingale.
e The weak limit along P™ is geometric fBm, which is not a semimartingale, and
along Q™ is the constant Sy, which is a martingale.

We can formulate yet another property of our approximation:

e The sequence of measures P and Q are entirely separated: there exists events
C,, such that P""(C,,) — 1 and Q" (C,;,) — 0, as m — o0.

In [12] Kabanov and Kramkov discuss so-called asymptotic arbitrage, which is
related to the notions of contiguity and entire separation.

This means the following: let 7™ be a sequence of self-financing strategies and
S™ a vector valued price process such that

They defined the following three types of asymptotic arbitrage, but we mention only
one:

e If in addition to (28), we have limsup,, P"* ((w™ - §™) > C) =1 as m — oo for
any C > 0, then ™ realizes strong asymptotic arbitrage.
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We refer to Kabanov and Kramkov [12] for more information how asymptotic ar-
bitrage is related to contiguity and entire separation. We mention only that entire
separation implies some kind of asymptotic arbitrage.

We end our discussion by reformulating our approximation in the spirit of large
financial markets. Define the price process of the ith asset ) by

. . 1 : .
ds? = sVc(u, py—d(N? — AD), (29)

Cm

where N is the renewal counting process, A) is the compensator of N with
. i 3 [B(1—B)(2—
respect to the filtration IFN( ), and where c(u, B) := u? W, and ¢, =

1-8 i . .
m%am 2, as before. Let S(()l) = % Then the model in (4) can be considered as the
sum S = Z;-"zl S and as we know already, the martingale measures Q" and the

‘historical” measures P™ are entire separated and the market model (S™ Fm, pm)
with §” = (S ..., §/) admits asymptotic arbitrage.
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