Chapter 7
Local Gradients on the Poisson Space

We study a class of local gradient operators on Poisson space that have
the derivation property. This allows us to give another example of a gra-
dient operator that satisfies the hypotheses of Chapter 3, this time for a
discontinuous process. In particular we obtain an anticipative extension of
the compensated Poisson stochastic integral and other expressions for the
Clark predictable representation formula. The fact that the gradient oper-
ator satisfies the chain rule of derivation has important consequences for
deviation inequalities, computation of chaos expansions, characterizations of
Poisson measures, and sensitivity analysis. It also leads to the definition of
an infinite dimensional geometry under Poisson measures.

7.1 Intrinsic Gradient on Configuration Spaces

Let X be a Riemannian manifold with volume element o, cf. e.g. [14]. We
denote by T, X the tangent space at x € X, and let

TX = U T, X
rzeX

denote the tangent bundle to X. Assume we are given a differential operator
L defined on C(X) with adjoint L*, satisfying the duality relation

<Lu,V>L2(X’J;TX) = <u,L*V>L2(X’J), u e Ccl(X), Ve Ccl(X, TX).

In the sequel, L will be mainly chosen equal to the gradient V¥ on X.
We work on the Poisson probability space (2%, FX 7X) introduced in
Definition 6.1.2.

Definition 7.1.1. Given A a compact subset of X, we let S denote the set
of functionals F of the form

oo
F(w) = fOl{w(/l)=0} + Z 1{w(/1)=n}fn($1, . ,$n), (711)
n=1
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248 7 Local Gradients on the Poisson Space
where f, € CL(A™) is symmetric in n variables, n > 1, with the notation
wNA={z1,...,2n}

when w(A) =n, w e X,

In the next definition the differential operator L on X is “lifted” to a differ-
ential operator D¥ on 2.

Definition 7.1.2. The intrinsic gradient DE is defined on F € S of the form
(7.1.1) as

o0 n
DEF(w) = Z 1iw(A)=n} Z Ly fn(w1, .. 20) 1m0 (),  w(dr) —ae.,
n=1 i=1

w e NX.
In other words if w(A) =n and wN A = {z1,...,2,} we have
Ly, fu(x1, ... 2), if 2 =a; for some i € {1,...,n},
DLF =
0, if v ¢ {x1,..., 20}

Let Z denote the space of functionals of the form

1={r( [ e@et.... [ o).

@1, on €CZ(X), fECTR"), neN},

and
n
U:{ZFiui DUy, up €CO(X), Fu,... Fy €T, nzl},
i=1

Note that for F' € 7 of the form

F:f</ <p1dw,,/ @nd‘*‘})a @1,,@n€CgO(X),
X X

we have
DIF(w) =Y oif ( / prdw, ..., / sondw) Lepi(x), w€w.
i=1 X X

The following result is the integration by parts formula satisfied by DL.
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Proposition 7.1.3. We have for F € T and V € C}(X,TX):

E [<DLF, V)Lz(XW;TX)} —E {F /X L*V(x)w(dm)]

Proof. We have

E [<DLF, V>L2(X’dw;TX)} —E

zmgmx»m]

recw

L{w(ay=n} O _(DEFV(2:)7rx

i=1

SR

n=1

_ —o(A) — J(A)n
- ¢ Z n!

- o ey o(dzy) o(dey)
;A A<szfn( 1y n),V( 2)>TX U(A) U(A)

—e—UW;; ;/A-~-/Afn(:rl,...,xn)L;iV(xi)a(dxl)n~J(d$n)

= _O-( ) 3 1 tt . * . e
— e o4 nz:ln'//] /Af”(xlv-“733“);inv(xz)0'(dx1) o(dzy,)

- E {F /X L*V(x)w(dm)].
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O

In particular when L = V¥ is the gradient on X we write D instead of DX

and obtain the following integration by parts formula:

B [(OF. Vissasr)] =B [F [ div (@)
X

provided VX and div ™ satisfy the duality relation
(VXU V) 2 (x o) = (U, div V) p2(x 0,

uweCHX),VeCX,TX).

(7.1.2)

The next result provides a relation between the gradient VX on X and its

lifting D on 2, using the operators of Definition 6.4.5.
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Lemma 7.1.4. For F' € 7 we have

D,F(w) =e;VXerF(w) on {(w,2) e N* x X : xew}. (7.1.3)

Proof. Let

F—f(/ <p1dw,...,/<pndw), reX, wenX,
X X

and assune that = € w. We have
DoF(w) —Z_En;az—f ([ oo, [ o) T
=gaif (204 [ a0 ue) + [ gutlorn)) Tt
=957 (a0 + [ ord\a)onle) + [ pndo\n)

et ([ oo, [ o)
— (VX F) (\ ()

=&, Vel F(w).
(|
The next proposition uses the operator 6% defined in Definition 6.4.1.
Proposition 7.1.5. For V € C*(X;TX) and F' € T we have
<ﬁF(w)v V>L2(X,dw;TX) (714)
= (VXDF(w),V)2(x,0:rx) + 0 ((VXDF, V)rx)(w).
Proof. This identity follows from the relation
D,F(w) = (VXD F)(w\{z}), =zecuw,
and the application to u = (VX DF,V)7x of the relation
X (u) = / u(z, w\{z})w(dx) — / u(z,w)o(dx),
X b'e
cf. Relation (6.5.2) in Proposition 6.5.2. O

In addition, for F,G € T we have the isometry

<DF, bG>LE)(TX) = <€_VXE+F, E_VX€+G>L3)(T)(), (715)
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w € 2% as an application of Relation (7.1.3) that holds w(dx)-a.e. for fixed
w e NX.
Similarly from (7.1.5) and Proposition 6.5.2 we have the relation

<DF, DG>LE)(TX) = 5X (<VXDF, VXDG>TX) + <VXDFa VXDG’>L(27(TX)a
(7.1.6)

w € X, F,G € T. Taking expectations on both sides in (7.1.4) using Relation
(6.4.5), we recover Relation (7.1.2) in a different way:

E[(DF(w),V)12(x,duirx)] = E(VXDF, V) 12(x,0:7x)]
= E[F5¥ (div* V),
Velr(X;TX), Fel
Definition 7.1.6. Let Sﬂa denote the adjoint ofﬁ under Ty, defined as
Er, |Fbr,(G)| = Ex, [(DF,DG)12rx) |
on G € T such that
I5F—E,, [<DF, Da) 2 (TX)]

extends to a bounded operator on L?(02% ,).

We close this section with a remark on integration by parts characterization
of Poisson measures, cf. Section 6.6, using the local gradient operator instead
of the finite difference operator. We now assume that div 2 is defined on V¥ f
for all f € C°(X), with

/ o(a)div XV f(2)o(dr) = / (VX g(2), V¥ f (@) 7, xo(dr),
X X

f,9 € CL(X).

As a corollary of our pointwise lifting of gradients we obtain in particular a
characterization of the Poisson measure. Let

HY = divyv¥
denote the Laplace-Beltrami operator on X.

Corollary 7.1.7. The isometry relation

Ex [(DF, DG)1z(rx)| = Bx (V¥ DF. VY DG)1z(rx)) (7.1.7)
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F.G € I, holds under the Poisson measure m, with intensity o. Moreover,
under the condition

COX)={Hf : [eCZ(X)},

Relation (7.1.7) entails m = 7.
Proof.
i) Relations (6.4.5) and (7.1.6) show that (7.1.7) holds when 7 = 7,.
i) If (7.1.7) is satisfied, then taking F = I,,(u®") and G = I,(h), h,u €
C°(X), Relation (7.1.6) implies
B [ Rl 1 (w2 0)] = B, [5 (95 DE, V¥ )]

=0, n>1,

hence m = 7, from Corollary 6.6.3.
O

We close this section with a study of the intrinsic gradient D when X = R, .
Recall that the jump times of the standard Poisson process (N;)icr, are
denoted by (Tj)k>1, with To = 0, cf. Section 2.3. In the next definition, all
C* functions on

Ad:{(tl,...,td)GRi : 0§t1<...<td}

are extended by continuity to the closure of Ay.

Definition 7.1.8. Let S denote the set of smooth random functionals F of
the form
F=f(Ty,...,Ty), fec®RY), d>1. (7.1.8)

We have
X d
DtF:Zl{Tk}(t)akf(Tl"“aTd), dNtfa.e.,
k=1

with F = f(T1,...,Tq), f € C§°(Aq), where Ok f is the partial derivative of
f with respect to its k-th variable, 1 < k < d.

Lemma 7.1.9. Let F € S and h € C}(Ry) with h(0) = 0. We have the

integration by parts formula
d Ty
FY 0Ty f/ W (t)dt || .
k=1 0

E ((DF, h>L2(R+,dw)] =-E
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Proof. By integration by parts on A, using Relation (2.3.4) we have, for
F € S of the form (7.1.8),

N d oo ta to
E[(DF,h)r2®, an,)] = Z/ / / e "h(tr)Okf(t1, ... ta)dty - dtg
= /o Jo 0

%) tq to
:/ e_td/ / h(t1)o1f(t1,. .. ta)dts ---dtg
0 0 0

d oo tq tht1 b th ta
+Z/ e_td/ / h(ty) v | fta, . tg)dt - - dig
=270 0 0 Otk Jo

0
d e ta trt1
_Z/ e—td/ / h(tk)
k=270 0 0
tre [fle—2 to )
/ / . Fltr, .o th—o, tp, th, ... ta)dtr - dby_1 - dtg
0 0 0
0o ty £
= _/ eftd/ B (t1) f(t1,. .. ta)dtr - dtq
0 0 o

o ta t3
+/ e*td/ oo | h(t2)f(ta, ta, ... tg)dtz - dtg
0 0 0

d oo 4 ta trq1 , tr to
Z/ ¢ d/ / h(tk)/ w0 f(ta, . ta)dty - dig
—270 0 0 0 0

oo ty

k

12
+/ e*tdh(td)/ v [ (b, tg)dty - - dtg
0 0

0

d-1 00 ta tryo
+Z/ eftd/ / h(tkt1)
a0 0 0

th+1 te—1 to N
/ / : flt1, o te—1,thg1, thgt, - ta)dts - dty - dtg
0 0 0

d oo 4 tq eyt tk te—2 to
—Z/ e d/ / h(tk)/ / . f(tla->tk—2>tk>tk>->td)dt1 dtd
i—s/0 o Jo o Jo 0
d oo . tq trt1 , tr to
:_Z/ e*d/ / h(tk)/ f(t1, ... tg)dty---dtg
k=1 0 0 0 0 0

oo tq tay
+/ e_tdh(td)/ v | fltr, L tg)dt - - - dig
0 0 0

d T
= _E [F (Z h'(Ty) —/ h/(t)dt>] ;
k=1 0

where df;, denotes the absence of dtj in the multiple integrals with respect
to dty - - - dtg. O

As a consequence we have the following corollary which directly involves the
compensated Poisson stochastic integral.
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Corollary 7.1.10. Let F € S and h € CL(Ry) with h(0) = 0. We have the
integration by parts formula

E[(DF, h) 2. 4] = — E {F /0 T RN, — t)] . (7.1.9)

Proof. From Lemma 7.1.9 it suffices to notice that if k£ > d,
122 tq t2
E[FR (T})] = / e "h (ty) / / Ft, ... tq)dty - - dty,

:/ tkhtk/ / /ftl,... J)dty - - dt
te_1 ta to
,/ e bty / / flty, .o ta)dty - dtg—1
0

= E[F(h(Ty) = W(Tk-1)

T
F/ R (t)dt| ,
Tr—1

in other terms the discrete-time process

(Zn:h’(Tk)— " h’(t)dt) :( " h’(t)d(Nt—t)>
k=1 0 k>1 0 k>1

is a martingale. O

=E

Alternatively we may also use the strong Markov property to show directly

that .
F n'(Ty) — h'(s)ds)] =0.

By linearity the adjoint 6 of D is defined on simple processes u € U of the
form u = hG, G € S, h € C}(R,), from the relation

5hG) = —G / W (0)d(N: — t) + (h, DG) 12, ane).
0

Relation (7.1.9) implies immediately the following duality relation.
Proposition 7.1.11. For F € S and h € C}(R.) we have :

E [(DFhG)1aa, any | = B [Fo(hG)|
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Proof. We have

E {@F, hG>L2(R+7dNt):| =B [@(FG)’h)L?(RJﬁsz) - F<bG’h>L2<R+7dN*)}
=K [F(Gg(h) - <h7DG>L2(R+,dNt)):|
=-FE {F <G/ h(t)d(Ny —t) + <h,ﬁG>L2<R+,dNt)>}
0

- E [FS(hG)].

7.2 Damped Gradient on the Half Line

In this section we construct an example of a gradient which, has the derivation
property and, unlike D, satisfies the duality Assumption 3.1.1 and the Clark
formula Assumption 3.2.1 of Section 3.1. Recall that the jump times of the
standard Poisson process (N;)er, are denoted by (T )r>1, with Ty = 0, cf.
Section 2.3.
Let

r(t,s) = —(sVt), s,t e Ry,

denote the Green function associated to equation
Lf:=—f", fec>([0,))
f(0) = f'(00) = 0.

In other terms, given g € C*°([0, 00)), the solution of

g(t) =—=f"@t),  f(0)=f'(0) =0,

is given by
(oo}
10 = [ sy tew..
0
Let also
r(t,s) = g;" (t,s)

= 71]—oo,t](s)’ s,t € Ry,
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i.e.

£(t) = / "0 (1, 5)g(s)ds

t
= 7/ g(s)ds, teRy, (7.2.1)
0
is the solution of
f/ = -9,
£(0) =o.

Let S denote the space of functionals of the form
I={F=f(Ty,....Ty) : fECLRY), d>1},

and let

n
= {ZFZUZ : u1,...,un€Cc(R+), Fi,..., F, ES, n > 1}

Definition 7.2.1. Given F € S of the form F = f(T1,...,Tq), we let

d
ZI[OTk VoL f(Th, ..., Ty).
k=1

Note that we have

d
D.F = r"(T}, $)0u f(Th, ..., Tu)

k=1

= / T(l)(t,S)DthNt.
0

From Proposition 2.3.6 we have the following lemma.

Lemma 7.2.2. For F of the form F = f(Th,...,T,) we have

E[DFIF] =~ Y Eouf(Th,....T)|F]
Ni<k<n
_ Z / _(sn—t)/ /éNt+2
N <k<n

(9kf(T1, N ,TNt,SNtJrl, .. .,Sn)dSNtJrl . dsn
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According to Definition 3.2.2, ID([a, 00)), a > 0, denotes the completion of S
under the norm

0o 1/2
HF”D([a,oo)) = [[Fll2(o) + <]E {/ DtFth}) ,
a

i.e. (D¢F)te(a,00) 18 defined in L2(£2 x [a, 00)) for F' € ID([a, 0)). Clearly, the
stability Assumption 3.2.10 is satisfied by D since

10,7, (t) = Lyn, <k}

is Fi-measurable, t € R4, k € N. Hence the following lemma holds as a con-
sequence of Proposition 3.2.11. For completeness we provide an independent
direct proof.

Lemma 7.2.3. Let T > 0. For any Fr-measurable random variable F €
L?(2) we have F € D7 ooy and

D.F =0, t>T.

Proof. In case F' = f(Th,...,T,) with f € C°(R"), F does not depend on
the future of the Poisson process after T', it does not depend on the k-th
jump time Ty if T, > T, i.e.

Oif(Ty,...,T,) =0 for Tp>T, 1<k<i<n.
This implies
8if(T1a~-~7Tn)1[0,Ti](t):0 tZT i:l,...,n,

and .

DiF == 0if(Ty, ..., To)lor(t) =0 t>T.

i=1
Hence DtF =0,t>1T. O
Proposition 7.2.4. We have for F € S and u € C.(Ry):
~ (o)
E[<DF, u>L2(R+,dt)] =E l:F/ u(t)(dNt — dt):| . (722)
0

Proof. We have, using (7.2.1),

oo oo
E (DF,u)Lz(R+7dt)} =E { / / r(l)(s,t)f)SFu(t)stdt}
0 0
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- _E <15.F,/O.u(t)dt>L2(R+’dNt)]
_E {F/OOO w(t)d(N, t)} :

from Corollary 7.1.10. O

The above proposition can also be proved by finite dimensional integration
by parts on jump times conditionally to the value of N, see Proposition 7.3.3
below.

The divergence operator defined next is the adjoint of D.

Definition 7.2.5. We define 6 on U by
5(hG) = G/ h(t)(dN; — dt) — (h, DG) 2z, ),
0

GeS, he L2Ry).
The closable adjoint
6 : L3(02 x [0,1]) — L%(2)

of D is another example of a Skorokhod type integral on the Poisson space.
Using this definition we obtain the following integration by parts formula
which shows that the duality Assumption 3.1.1 is satisfies by D and 4.

Proposition 7.2.6. The divergence operator
6: L2 (2 xRy) — L*(N)

is the adjoint of the gradient operator

D:L*(0) — L*(2 x Ry),
i.e. we have
E {Fg(u)} —E [(f)F, u>L2(R+)} . FeS, uel. (7.2.3)

Proof. 1t suffices to note that Proposition 7.2.4 implies

E{(DF,hG) (s, an) = B [{DIFG), ) 12(e. ary ~ F{DGh) p2(s, v

_E [F (G /0 T RN, — ) — (b, DG>L2(R+,dt>)],

for F,G € S. |

(7.2.4)
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As a consequence, the duality Assumption 3.1.1 of Section 3 is satisfied by
D and ¢ and from Proposition 3.1.2 we deduce that D and 4 are closable.
Recall that from Proposition 6.4.9, the finite difference operator

DtF = 1{Nt<n}(f(T1a e 7TNt7taTNt+1a e 7Tn—1) - f(Tla e aTn))a

teRy, F=f(Th,...,T,), defined in Chapter 6 satisfies the Clark formula
Assumption 3.2.1, i.e. by Proposition 4.2.3 applied to ¢y = 1, t € Ry, we
have

F=E[F]+ /Oo E[D,F | FiJd(N; —t), (7.2.5)
0

F e L*(02).

On the other hand, the gradient D has the derivation property and for this
reason it can be easier to manipulate than the finite difference operator D in
recursive computations. Its drawback is that its domain is smaller than that
of D, due to the differentiability conditions it imposes on random functionals.
In the next proposition we show that the adapted projections of (D;F')icr,
and (DtF)t€R+ coincide, cf. e.g. Proposition 20 of [102], by a direct compu-
tation of conditional expectations.

Proposition 7.2.7. The adapted projections of D and D coincide, i.e.

E[D.F | Fy] = E[D,F | ], teR,.
Proof. We have

n

DtF|]'—t Z (0,7, &) B[Ok f(T1, ..., Tn)|Ft]

— Y EBf(Ty,..., Ta)|F]

N, <k<n

-- ¥

N, <k<n

oo 7(3 7t) Sn SNy+2
/ e / / O f(Th, ..., TN,y SNy 415- -5 Sn)dSN,4+1 -+~ dSn
0 t t

n

oo_(s_t) Sn
A l

k= N+2
SNL+2
. 8 / / --,TNL,SNLJFI,---,Sn)dSNLJrl"'dsn
Sk
B
k=N;+2
SNy+2
/ J(T1, o TN, SNy +15 5 Sk—2, Sk» Sky Skt-15 - 5n)
t

—_—
dsNL+1 .. 'dskl—l .. .dsn
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Sn SNy+2
—1{n>NL}/ - '_t)/ / ONy+1f(T1, ., TN, SNy+15- - - Sn)
t t

dsNL+1

_(s b o Sn SNy+2
:_1{NL<n 1}/ " asnl K f(TI,--~,TNL,3NL+1,--~7Sn)

dsNL+1

n—1 ) Sn
—_ Z / ef(sn*t) /
t t

k=N,+2

SNL+2
Is / / T1,.. TNL>SNL+1>"~a3'rl)d3NL+1"'dsn
k

n Z /‘ (snft)/ n.../SNf,‘FZ
t t

k=N.;+2
—_—
f(Tla"'aTNusNHrla->3k—2>3k>3k>3k+1>-asn)dSNL+1"‘dsk—l"‘dsn
1 > —(sp—t) o SNtHa T T
1>y e N1t f(T1, ..., TN, SNy+1, -+ -, Sn)
t t
dsNL+1
Sn SNy+2
—(sn—t 5} ¢
= 1{NL<n 1}/ ( )85 / / f(TI,--~,TNL,3NL+1,--~7Sn)
n Jt t
dsNL+1
— e
k=N, 4271 t t

f(Tl, .. .’TNL,SNLJFl, ey Sk—1,Sk+1,Sk+1, - - .,Sn)dSNL+1 B ‘dsk .. ‘dsn

n

[ [
k=N, +27t t t
—_—
f(T17" TN”SNLJ,»I,-,3k—2,3k,3k,3k+1,-,Sn)dSNL+1"‘dSk_l"‘dSn
—(sn—t) Sn SNy+2
_1{n>NL}/ / / ON+1f(T1,..., TN, SN 41, -+, 5n)
t t
dsNL+1

Sn SNy+2
= _1{NL<n71}/ e_(s"—t)/ / f(Tl,...,TNL,SNL+1,...,S7~L)
t t

t
dsn,4+1- - dsn

+1{NL<n71} /"0 e~ (5n—t) /tsn .../:NLH ST, .., TN,, SN, 42, SN, 425« - -5 Sn)
dsn,+1 -

_1{n>NL}/ ~(sn—1) /:”.../:MH ON 41 f(Ths o TN,y SNot1s - - 1)
dsn,+1 -

(s Sn SNy+2
__1{NL<n 1}/ ne / / f(T1,...,TNL,SNLJrl,...,Sn)
t t

dSNf+1



7.2 Damped Gradient on the Half Line 261

oo —(sn—1) Sn SNy+2
+1{NL<"171}/ € " / / f(T17'">TNHSNL+2>SNL+2>"'7871)
t

dSNL+1 e dsn
oo _(s —t) Sn SNy +3
_1{NL<7171}/ € " / / f(T17'">TNHSNL+2>SNL+2>"'7871)

dsNL+2

o (1) s"””’
+1{NL<n 1}/ " / / 1, ">TNL7t>sNL+2>---as'ﬂ)

dSNf+2
_l{n:NL+1}/ e_(S"_t)f(Tl,...,Tn71,8n)d8n
t

+1{n7NL+1}f(T17"' Tnfl t)

_ 1 (o0 e, n)
{n>NL} Iye-- NHSNL+1>"'>

dSNf+1

~(s0 1) e
—|—1{n<NL}/ e \on / / f(Tl,...,TNL,t,SNL+2,...,Sn)
t t t

dsn,4+2 - dsn
= E[D:F|F:],

from Lemma 6.4.10. (|

As a consequence of Proposition 7.2.7 we also have
E[D:F | F,] = E[D:F | F.], 0<a<t. (7.2.6)
For functions of a single jump time, by Relation (2.3.6) we simply have
E[Dyf (To)|Fi] = —1{n,<ny () ELf'(T2)| )
= —1in,<n} ( Ny S (T / ' (@)pn-1-n,(z — t)dx)
= —/ F(@)pn—1-n,(x — t)dz
K (oo}
— (Opan @+ [ @y, (o o
! o0
— Oty crery + [ @i (o O
t
which coincides with

E[D. f(Tn)|Fi]
= By, <n—13(f (Tn—1) = F(Tn)) + Lyn,=n-1y (f (1) = F(T0))| ]
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= ]E[(l{T,L,1>t}f(Tn—1) + 1{T,,L,1<t<T,,L}f(t) - 1{T,L>t}f(Tn))‘]:t]
=17, <<y f(O) + E[(Lr, >ty f(Ta-1) — Liz, 0y f(T0) | F

=1(1,_,<t<T, ) f(t) + / (Pn—2-nN,( —t) = pp-1-n,(x — 1)) f(z)dz
P R / F @), (& — t)da.

As a consequence of Proposition 7.2.7 and (7.2.5) we find that D satisfies the
Clark formula, hence the Clark formula Assumption 3.2.1 is satisfied by D.

Proposition 7.2.8. For any F € L?(2) we have

F =TE[F] + /Oo E[D:F | Fi]d(N; —t).
0

In other words we have
F = E[F] +/ E[D:F|Fi]d(Ny — t)
0
=Em+/ E[D,FIFJd(N; — ¢),
0

F e L*(02).
Since the duality Assumption 3.1.1 and the Clark formula Assumption 3.2.1

are satisfied by D, it follows from Proposition 3.3.1 that the operator &
coincides with the compensated Poisson stochastic integral with respect to
(N¢ — t)ier, on the adapted square-integrable processes. This fact is stated

in the next proposition with an independent proof.

Proposition 7.2.9. The adjoint of D extends the compensated Poisson sto-
chastic integral, i.e. for all adapted square-integrable process u € L*(2 x Ry)
we have

amzﬁmmam—w

Proof. We consider first the case where v is a cylindrical elementary pre-
dictable process v = F'1(;q(-) with F' = f(T%,...,Ty,), f € C2°(R™). Since v
is predictable, F' is F,-measurable hence from Lemma 7.2.3 we have D, F = 0,
s >t, and

Dtvu =0, t>u.
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Hence from Definition 7.2.5 we get

F(Np — Ny)

/ Fl(tT
= / deNS.
0

We then use the fact that D is linear to extend the property to the linear
combinations of elementary predictable processes. The compensated Poisson
stochastic integral coincides with § on the predictable square-integrable pro-
cesses from a density argument using the It6 isometry. O

Since the adjoint § of D extends the compensated Poisson stochastic integral,
we may also use Proposition 3.3.2 to show that the Clark formula Assumption
3.2.1 is satisfied by D, and in this way we recover the fact that the adapted
projections of D and D coincide:

E[D,F | )| = E[D.F | 7], teRy,

for F € L*(92).

7.3 Damped Gradient on a Compact Interval

In this section we work under the Poisson measure on the compact interval
[0,T], T > 0.

Definition 7.3.1. We denote by S, the space of Poisson functionals of the
form

F=hy(Ty,....Ty),  hn€C((0,00)"), n>1, (7.3.1)
and by Sy the space of Poisson functionals of the form
F = folinr—oy + > Lnpenyfu(T1s- ., o), (7.3.2)
n=1

where fo € R and f, € CL([0,T]"), 1 < n < m, is symmetric in n variables,
m > 1.

The elements of S, can be written as

F = fol{ny—o0} + Z Ynp=nyfu(T1, ..., Th),

n=1
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where fo € R and f, € C1([0,7]"), 1 < n < m, is symmetric in n variables,
m > 1, with the continuity condition

fo(Th, ..., Tn) = fop1(Th, ..., Tn,T).

We also let
U, = {zn:Flul DU, .., un € C([0,T), Fr,...,F €Sy n > 1},
i=1
and
Uy = {zn:Flul Dul,..,un €C([0,T)), Fr,... F, €8f, n> 1}.
i=1

Recall that under P we have, for all F' € Sy of the form (7.3.2):

m T frtn to
E[F)] =e*ATf0+e**TZA”/ / / Falty, . ty)dty - dby,.
1 o Jo 0

Definition 7.3.2. Let D be defined on F € Sy of the form (7.3.2) by

DF = — Z 1iNp=n} Z 10,7 (8) Ok fr (T, - .., Th).

n=1 k=1

If F has the form (7.3.1) we have

n

DtF - — Z 1[O,Tk](t)akfn(T1a e 7Tn)a
k=1

where O f,, denotes the partial derivative of f,, with respect to its k-th vari-
able as in Definition 7.2.1.
We define 6 on u € Uy by

T o]
§(Fu)=F / ugdN;y — / u Dy Fdt, (7.3.3)
0 0

F eS8y, uec(o,T).

The following result shows that D and § also satisfy the duality Assumption
3.1.1.

Proposition 7.3.3. The operators D and 6 satisfy the duality relation

E[(DF,u)] = E[F5(u)], (7.3.4)

F eS8y, uely.
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Proof. By standard integration by parts we first prove (7.3.4) when u € C
([0,71) and F' has the form (7.3.2). We have

E[(DF, u)]
_ —ATZ .Z/ //tk )dsOp (bt )ity -+~ b

o

)\n n T T
—e NS [ [ttt -,
= : O

e A 4 T T
—e” ;(nl)!/o u(s)ds ; ; oty o stn1,T)dty -+ -dty_q.
The continuity condition
Sty tn1, T) = froa(ty, - tnea) (7.3.5)
yields
E[(DF. )

:e**TZ / / Fulty, b)Y ulty)dty -
n= k=1
—Xe AT / u(s)ds / / fu(ti, ... ty)dty -+ - dty
0 0

F - u(Ty) — A Tu(s)ds)]
DY,
F/T u(t)dN(t)] .

Next we define 6(uG), G € Sy, by (7.3.3), with for all F € S;:

=E

=E

E[G(DF.u)] = E[(D(FG).u) - F(DG.u)]

T
F(G/ u(t)dNy — DG,u>>
0

= [F uG)],

which proves (7.3.4). O
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Hence, the duality Assumption 3.1.1 of Section 3 is also satisfied by 7D and
9, which are closable from Proposition 3.1.2, with domains Dom (D) and

Dom (6).

The stability Assumption 3.2.10 is also satisfied by D and Lemma, 7.2.3 holds
as well as a consequence of Proposition 3.2.11, i.e. for any Fpr-measurable
random variable F' € L?({2) we have

D.F =0, t>T.

Similarly, 0 coincides with the stochastic integral with respect to the com-
pensated Poisson process, i.e.

5(u) = /0 " wd(Ny — 1),

for all adapted square-integrable process u € L%(£2 x R, ), with the same
proof as in Proposition 7.2.9.

Consequently, from Proposition 3.3.2 it follows that the Clark formula
Assumption 3.2.1 is satisfied by D, and the adapted projections of D, D,
and D coincide:

E[D,F | F] = E[D/F | F]
=E[D:F | F],  teRy,

for F € L*(92).

Note that the gradients D and D coincide on a common domain under the
continuity condition (7.3.5). In case (7.3.5) is not satisfied by F the gradient
DF can still be defined in L?(£2 x [0,T]) on F € S; while DF exists only in
distribution sense due to the presence of the indicator function 1yy,—x} =
1{[Tk7Tk+1)}(T) in (7.3.2).

Yet when (7.3.5) does not hold, we still get the integration by parts

E [(DF,u)| = E (7.3.6)

k=1

=E

T

F/ u(t)dN(t)] , FeSy, uwely,
0

under the additional condition

/T u(s)ds = 0. (7.3.7)
0
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However, in this case Proposition 3.1.2 does not apply to extend D by clos-
ability from its definition on Sy since the condition (7.3.7) is required in the
integration by parts (7.3.6).

7.4 Chaos Expansions

In this section we review the application of D to the computation of chaos
expansions when X = R . As noted above the gradient D has some properties
in common with D, namely its adapted projection coincides with that of D,
and in particular from Proposition 7.2.7 we have

E[D,F]| =E[D,F], tecR,.

In addition, since the operator D has the derivation property it is easier to
manipulate than the finite difference operator D in recursive computations.
We aim at applying Proposition 4.2.5 in order to compute the chaos
expansions

with
falty, ..o tn) = [ E[Dy, -+ Dy, F,
dty ---dt,dP-a.e., n > 1.

However, Proposition 4.2.5 cannot be applied since the gradient D cannot be
iterated in L? due to the non-differentiability of 1j0,7,)(t) in T} In particular,
an expression such as

E[Dy, --- D, F] (7.4.1)
makes a priori no sense and may differ from E[Dy, --- Dy, F] for n > 2.
Note that we have
Dy, -+ Doy f(Tie) = (= 1)" Loz (ta) S (Th), 0 <ty <-ov <t

and

E[Dy, - Dy, f(Ti)] = (—1)" ElL 1 (t2) /" (T1)]

= / F ()pr-a(t)dt

tn

0<t; <--- <ty, which differs from

E[D:, D f(Te)] = — [ FOP 0y,

tn
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computed in Theorem 1 of [110], where

t
Py (t) :/ pr—1(s)ds, te Ry,
0

is the distribution function of Ty, cf. (6.3.5).

Hence on the Poisson space Dt" ~~~Dt1, 0<t; <+ <ty, cannot be used
in the L? sense as Dy, -+ Dy, to give the chaos decomposition of a random
variable. Nevertheless we have the following proposition, see [112] for an
approach to this problem gradient D in distribution sense.

(o)
Proposition 7.4.1. For any F¢€ ﬂDom(D”D) we have the chaos

n=0
expansion

n>1
where

faltiy. .. ty) =E[Dy, --- Dy, Dy, F),

n—1
O<t1 < - <tp,n>1.

Proof. We apply Proposition 4.2.5 to D,F,te R;:

I,(1; E[D"D,F)),

n

K

n=1

which yields
~ ~ 0 ~ ~
E[D.F|F] =E[DF]+ > I.(1, . ED"DF)).
n=1

Finally, integrating both sides with respect to d(N; — t) and using of the
Clark formula Proposition 7.2.8 and the inductive definition (2.7.1) we get

F —E[F] = i L1 (15, E[D"DF)).
n=0

O

The next lemma provides a way to compute the functions appearing in
Proposition 7.4.1.

Lemma 7.4.2. We have for f € CL(R) and n > 1

DD, f(Ty) = Dovef(Tn-1) — Devef(Tn) = Lsenr iz, 1) (s VE) /(s V 1),

S,t € R+.
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Proof. From Relation (6.4.15) we have

DD, f(T;,) = =Yo7, () (L1 1 (8)f (Tue1) = Lo, () (T0))
L, 1) (Lo (8) /(1) = Lo, (8) f'(T))
= 1pesy (Lo, () f'(Tn) = Ljo,m 11 (8) f' (T 1))

ety (Lo, (S (Tn) = Lo,z () (Trm1) = Lyg, 1 (O F (1))

P-a.s. O

In the next proposition we apply Lemma 7.4.2 to the computation of the
chaos expansion of f(T}).

Proposition 7.4.3. For k > 1, the chaos expansion of f(T}) is given as

FT) =BT+ Y 1A

n>1

where fX(t1,... ty) =k ()1 V- Vitn), t1,....tn ERy, and

k(D) == [ F6)0" pulsis, (142
¢

= ()" pr(t) + (f+ Lit,00/0"Pr) L2(R ) teRy, n>1,
where the derivative f' in (7.4.2) is taken in the distribution sense.

We note the relation

dor ()

B0 = ok (1)) — el (D), te Ry

From this proposition it is clearly seen that f(T,)1p,q(Tn) is Fjo.g-
measurable, and that f(7},)1(;,00[(T%) is not Fj; o -measurable.

Proof. of Proposition 7.4.3. Let us first assume that f € C}(R;). We have

f1 (t) = [th( k)]
= — ]E[l[o,Tk] (t)f/(Tk)}

:—[mm®f@w

Now, from Lemma 7.4.2, for n > 2 and 0 <ty < --- < t,,

Dy, -+ Dy, Dy, f(Tx) = Dy, -+ Dy, _,(Dy, f(Ti—1) — Dy, f(Ti)),
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hence taking expectations on both sides and using Proposition 7.4.1 we have

frlf(tla v atn) = f::%(tla cee atn72,tn) - frlffl(tl’ o 'atn72’tn)a

and we can show (4.3.3) by induction, for n > 2:

R, tn) = F ot tn) — Rt o th),
n n—2
Pk 1 5 Pk—1
— / f'(s Hsn—2 s)ds +/ (s ) (s)ds

S?’L

tn

/f anlpk()d

The conclusion is obtained by density of the C} functions in L?(R, py(t)dt),
k>1. ]

tn

7.5 Covariance Identities and Deviation Inequalities

Next we present a covariance identity for the gradient D, as an application
of Theorem 3.4.4.

Corollary 7.5.1. Letn € N and F,G € ﬂ"H ID(Ay). We have

n

ov N D, - D, F)(Dy, -+~ Dy, G)dt - -
Cov (F.G) ’;( 1) EUAk(Dk Dy, F)(Dy, -+ Dy, G)dt dtk}

+(71)n]E |:/ ]E |:Dtn+1 o .DtlF ‘ ftn+1:|
Apt1
< E [Dtm Dy, G| ftm} dty - dtnﬂ} . (7.5.1)

In particular,
Cov (T, f(T1, .., Tm)) = > BT f(T1, ..., Tn)].
i=1

From the well-known fact that exponential random variables
(Ti)rz1 = (T — Th—1)k>1

can be constructed as the half sums of squared independent Gaussian random
variables we define a mapping @ which sends Poisson functionals to Wiener
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functionals, cf. [103]. Given F = f(71,...,7,) a Poisson functional, let OF
denote the Gaussian functional defined by

oF — X2 4+Y? XZ+Y?
2 AR 2 K
where X1,..., X,, Y1,...,Y,, denote two independent collections of standard
Gaussian random variables. The random variables Xy,...,X,, Y1,...,Y,,

may be constructed as Brownian single stochastic integrals on the Wiener
space W. In the next proposition we let D denote the gradient operator of
Chapter 5 on the Wiener space.

Proposition 7.5.2. The mapping © : LP(2) — LP(W) is an isometry. Fur-
ther, it satisfies the intertwining relation

Proof. The proposition follows from the fact that F' and ©F have same
distribution since the half sum of two independent Gaussian squares has an
exponential distribution. Relation (7.5.2) follows by a direct calculation. O

Proposition 3.6.2 applies in particular to the damped gradient operator D:

Corollary 7.5.3. Let F € Dom (D). We have

2
P(F-]E[F]zx)gexp<— N ) x> 0.
2DFz2 g, L (0))

In particular if F' is 7 measurable and || DF||o. < K then

2
]P’(F]E[F]Zx)gexp(2;2T>, x> 0.

As an example we may consider F = f(7y,...,7,) with
n
S mloef(n,. )P S K7 as.
k=1

Applying Corollary 4.7.4 to @F, where © is the mapping defined in Defini-
tion 7.5.2 and using Relation (7.5.2) yields the following deviation result for
the damped gradient D on Poisson space.

Corollary 7.5.4. Let F € Dom (D). Then

2
IP(F—]E[F]Ex)SeXp(— _ 233 >
UDFI L (2 L2
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The above result can also be obtained via logarithmic Sobolev inequalities,
i.e. by application of Corollary 2.5 of [76] to Theorem 0.7 in [4] (or Relation
(4.4) in [76] for a formulation in terms of exponential random variables). A
sufficient condition for the exponential integrability of F' is ||| DF| L2@®4) oo
< 00, cf. Theorem 4 of [103].

7.6 Some Geometric Aspects of Poisson Analysis

In this section we use the operator D to endow the configuration space on
R4 with a (flat) differential structure.

We start by recalling some elements of differential geometry. Let M be a
Riemannian manifold with volume measure dz, covariant derivative V, and
exterior derivative d. Let Vj, and dj, denote the adjoints of V and d under
a measure p on M of the form p(dr) = e?®dz. The Weitzenbock formula
under the measure p states that

d;d+dd;, = V.,V + R — Hess ¢,

where R denotes the Ricci tensor on M. In terms of the de Rham Laplacian
Hr = d;d + dd; and of the Bochner Laplacian Hg = V;V we have

Hp = Hp + R — Hess ¢. (7.6.1)

In particular the term Hess ¢ plays the role of a curvature under the
measure p. The differential structure on R can be lifted to the space of con-
figurations on R.. Here, S is defined as in Definition 7.1.8, and U denotes
the space of smooth processes of the form

n

u(w,z) = ZFZ(w)hz(x), (w,z) € 2 xRy, (7.6.2)

h; € CP(Ry), F; € S,i=1,...,n. The differential geometric objects to be
introduced below have finite dimensional counterparts, and each of them has
a stochastic interpretation. The following table describes the correspondence
between geometry and probability.

Notation Geometry Probability

02 manifold probability space

w element of (2 point measure on R
CP(Ry) tangent vectors to 2 test functions on Ry

o Riemannian metric on {2 Lebesgue measure
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d gradient on {2 stochastic gradient D
vector field on 2 stochastic process

du exterior derivative of u € Y  two-parameter process

{,-} Dbracket of vector fields on 2 bracket on U x U
curvature tensor on {2 trilinear mapping on U

d* divergence on {2 stochastic integral operator

We turn to the definition of a covariant derivative V, in the direction u €
L2(R.), first for a vector field v € C°(R4) as

¢
Vao(t) = —i(t) / usds,  teR,,
0
where 0(t) denotes the derivative of v(t), and then for a vector field
V= Z Fh; el
i=1
in the next definition.

n
Definition 7.6.1. Givenu e U and v = ZFihi eU, let Vyvu be defined as

=1
~ . t
Vuo(t) = hi(t) Dy F; — Fihi(t) /O usds,  teRy, (7.6.3)

where

D,F = (DF,u)r2, ), FeS.
We have

Vur(vG) = FuD,G + FGV,v,  u,v€C®R,), F,GeS. (7.6.4)

We also let, by abuse of notation,
n ~ .
(Vsv)(t) == Z hi(t)DsF; — Fihi(t)10,4(s),
i=1
for s,t € Ry, in order to write
Vuo(t) = / us Vv ds, teRy, w,vel.
0

The following is the definition of the Lie-Poisson bracket.
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Definition 7.6.2. The Lie bracket {u,v} of u,v € C°(Ry) is defined as the
unique element of C3°(Ry) satisfying

(DyD, — D,D,)F = D,F, FesS.
The bracket {-, -} is extended to u,v € U via
{Ff,Gg}(t) = FG{f,g}(t) + () FD;G — f()GDyF,  tE€Ry, (7.6.5)

fyg € C(Ry), F,G € S. Given this definition we are able to prove the
vanishing of the associated torsion term.

Proposition 7.6.3. The Lie bracket {u,v} of u,v € U satisfies
{u,v} = Vv — Vyu, (7.6.6)
i.e. the connection defined by V has a vanishing torsion

T(u,v) = Vyv — Vyu — {u,v} =0, u,v € U.
Proof. For all u,v € C°(R;) we have

T, T,
(D.D, - D,D,)T,, = —D, veds + Dv/ usds
0 0
T, T,
UTn/ ugds — UT",/ vsds
0 0
T, t t
= / (v(t)/ usds — u(t)/ U3d8> dt
0 0 0

= DVuvaUuTvr

Since D is a derivation, this shows that
(DuDy = DyDy)F = Dy o-v,uF
for all F' € S, hence
Diuwy = DuDy — DyDy = Dy, y-vous w0 € CE(Ry),

which shows that (7.6.6) holds for u,v € C°(R4). The extension to u,v € U
follows from (7.6.4) and (7.6.5). O

Similarly we show the vanishing of the associated curvature.

Proposition 7.6.4. The Riemannian curvature tensor R of V vanishes on
U, i.e.
R(U,U)h = [vu,vv}hfv{u,v}h =0, u,v,h eU.
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Proof. We have, letting a(t) = — fg usds, t € Ry:
B st o
[V, Volh = aVoh — 0V uh =@ oh — @h = —tvh + uh,
and —_— . .
V{%U}h = Vﬁi,,fmh = (fw - fm)h = (uf} — ’Uﬁ)h,

hence R(u,v)h = 0, h,u,v € C2°(R ). The extension of the result to U follows
again from (7.6.4) and (7.6.5). O

Clearly, the bracket {-,-} is antisymmetric, i.e.:
{u,v} = —{v,u}, u,v € C°(Ry).
Proposition 7.6.5. The bracket {-,-} satisfies the Jacobi identity
{{u, v}, w} + {w,{u,v}} + {v,{u,w}} =0, u,v,w € CF(Ry),

hence U is a Lie algebra under {-,-}.

Proof. The vanishing of R(u,v) in Proposition 7.6.4 shows that
[V, Vo] = Viuurh, u,v €U,
hence

Vituoywt + Viwfuedt + Vi fuw)y
= [V{u,v}7 vw] + [vwa v{u,v}} + [Vva V{u,w}]
=0, u,v,h € U.

O

However, {-,-} does not satisfy the Leibniz identity, thus it can not be con-
sidered as a Poisson bragket.
The exterior derivative Du of a smooth vector field u € U is defined from

(Du, by Aha)p2woyarz @) = (Vats ho)p2e, ) — (Vi k1) r2 (k. )

hi,he € U, with the norm

o0 o0
||DU||2L2(R+)/\L2(R+) = 2/0 /0 (Du(s, t))*dsdt, (7.6.7)

where

1
Du(s,t) = Q(Vsut — Vius), s, teRy, wel.

The next result is analog to Proposition 4.1.4.
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Lemma 7.6.6. We have the commutation relation

Dyd(v) = 6(Vyv) + (u,v) 2R, ), (7.6.8)

u,v € CX(R,), between D and 6.
Proof. We have

~ o~ > T
D,é(v) = Zv / ds
k=1
[e%e) t
= ( usds> —/ v(t)/ ugdsdt
0 0
- VU’U <U,U>L2(R+)7
by (7.6.3). O

As an application we obtain a Skorohod type isometry for the operator 4.

Proposition 7.6.7. We have for u e U:

E [\S(u)ﬂ =1E [||u||2L2(R+)} +1IE {/000 /000 Vu:Viusdsdt| .

(7.6.9)

Proof. Given u = Z h; F; € U we have
i=1

E {S(hiFi)S(htFt)} ~E [FiD,LiS(thj)}

— T [FDn, (Fyd(h;) — Di, Fy)|
[ (FyF; Dy,h; + Fid(h;) Dy, F; — FiDhiDthj)}
[ (FyFy(hishy) 12w, + FiF36(Vn,hy) + Fid(hy) D, Fy — FiDy, Dy, Fj)}
{ FoFy(hi, hy) 12, + Dy, i, (FiEy) + Dy, (FiDp, Fy) — FiDhiDthj)}
[ (FyFy(his by 12,y + Dy, i, (FiFy) + D, Fy Dy F

+Fy(Dy, Dn, F; — Dy, Di, F ))}

-E {(F Fylhishy) 12,y + Dy, i, (FiFy) + Dp, Fy Dy Fj
+FiDvh]. hz-fvhih]-Fj)}

=K {(FZF] <hz, hj>L2(R+) + FjDV}Lithi + Fz’DV;Ljhi,Fj + DthiD}“Fj)}
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= |:FZFJ<hZ, hj>L2(]R+) + Fj / DSFZ / Vthj(s)hz(t)dtds
0 0
(oo} ~ o0
0 0
+/ hi(t)DtFjdt/ h](S)ﬁédeS],
0 0

where we used the commutation relation (7.6.8). O

Proposition (7.6.7) is a version of the Skorohod isometry for the operator )
and it differs from from Propositions 4.3.1 and 6.5.4 which apply to finite
difference operators on the Poisson space.

Finally we state a Weitzenbock type identity on configuration space under
the form of the commutation relation

Dé + 6D = V*V + Isz(R+),

i.e. the Ricci tensor under the Poisson measure is the identity Idpz(g,) on
L?(R,) by comparison with (7.6.1).

Theorem 7.6.8. We have for u € U:

E (3] + B [IDull3e @, prem.) | (7.6.10)

=B [[ullfee.)] + B [IVulfe@ o,

n
Proof. Relation (7.6.10) for u = Z h;F; € U follows from Relation (7.6.7)
i=1

and Proposition 7.6.7. ([l

7.7 Chaos Interpretation of Time Changes

In this section we study the Poisson probabilistic interpretation of the opera-
tors introduced in Section 4.8. We refer to Section 5.8 for their interpretation
on the Wiener space. We now prove that V© + D is identified to the operator
D under the Poisson identification of & and L?(B).

Lemma 7.7.1. On the Poisson space, V© satisfies the relation

VYP(FG)=FVYG+GVYF - DiFD,G, teRy, FFGeS. (7.7.1)

Proof. We will use the multiplication formula for multiple Poisson stochastic
integrals of Proposition 6.2.5:
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Li(f*™)11(9) = L1 (f°" 0 g) + n(f. ) Luor (f"71) + nln((fg) 0 F"71),

f,g € L*(R,). We first show that
VE (In(f°) 0 (9)) = Ln(f*)VEL(9) + 1 (9) Vi (") = Di i (9) Di L (£°1),

t € Ry, when f,g € CL(R) and (f, f)r2@ry) = 1. Indeed, we have

L(f™)VEL(g) + Li(g)VE L (f)
= L (f")1(9 Vt,00)) — 011 (9) I ((F' L00) © £7OD)
" ( nt1((Fo0) )o [ og)+ (n—1)Ia((fg) o (f'1t,00)) © fen=2)
L9 D)) © £20D) 4 (oo ) gy Tt (70 )
+(n = 1(f, 9) 2@ ) In—1((f"1jt.00)) © fO(”*Q)))
~Ls1((9' Y r,00)) © F°") = 0L ('Lt ,00) f) © F27Y)
=1{g' Lt,00)s P12y ln—a (f070)
= —nlo 1 (f'ljoe)) © F 7Y 0.9) = Tng1 (g1 jt.00)) © ")
—n(n = DI ((f'Ljr,00)) © (fg) 0 F272)
L (9 1jt00)) © FO7D) = Lo ((£9' Lt ,00)) © £2"7D)
+nf(t) O L1 (P ) = n(n — D)(f, 9) 2wy In—1((f' Lit,00)) © £°"72)
(In+1(f°n og)+nl, (fo(n Do (f9)) +nlf,g >L2(R+)In71(fo(n71)))
Anf(t)g(t) -1 (F01)
= V7 Un(f")11(9)) + Dii(g) Deln(f7), f,g € CLHRY).

We now make use of the multiplication formula for Poisson stochastic inte-
grals to prove the result on S by induction. Assume that (7.7.1) holds for
F = I,(f°") and G = I;(g)* for some k > 1. Then, using the product rule
Proposition 4.5.2 or Proposition 6.4.8 for the operator D; we have

V(o) I (g) )
= Li(9)Vy (I (fo") 1 (9)") + L (fo") 1 (9)" Vi L (9)
—DiI1(9)Di(11(9) " In (f°™))
=11( ) (11(9)" VP Ln(f") + In(f")VE (11(9)") = D (11(9)*) DeLn(f°"))
L(f°™")1(9)* V7 1(g) — Didi(g) (I1(g) th L,.(f°")
L(f°™")Dy (I(9)*)) — Didi(g9)Der(9)* Did (£°7)
)

( FENVE L) + L (f)VE (L(9)™) = De (1u(9)™) DeLu(F°),

teR,. O
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Proposition 7.7.2. We have the identity
D=D+V®

on the space S.

Proof. Lemma 7.7.1 shows that (V© + D) is a derivation operator since

(Vi + Dy)(FG) = Vi (FG) + Dy(FG)
= FVYG+ GVYF — D FD,G + Dy(FG)
=F(VY +D)G+G(VY +Dy)F, F,GeS.

Thus it is sufficient to show that
(D: + V) f(Tx) = Df(Ty), k>1, feCi(R). (7.7.2)
Letting 7, denote the projection
TS = Flit,c0)s feL*(Ry),

we have

(D + V2V (T) = (D + 99) Y 1u(f)

neN
1 .
= Z Lia(fi(51) — Z ( 1 'In(ﬂ[t@)ld@( Doy fF)
n>1 ne1 T )!
= Z ( n1(st) —nm ®Id®("*1)81fff) ;

nEN

where Id : L2(Ry) — L?(R. ) is the identity operator. Now,

FE Lt t) = @ TAPTN R (L)
= a1 (V- Vi Vi)
“Lpctiveveny (n(f) + k1 () (V- Vi)
= O‘I:z+1(f)1{t1v--~vtn<t} —al(f ) t1v---V tn) it v v, >t}
= ajh(—f{)(tL V- Vi),
which coincides with n-th term, in the chaos expansion of —1(o 7,1 f'(Tx) by

Proposition 7.4.3, k € N, n > 1. Hence Relation (7.7.2) holds and we have
D+V® =D. O

Since both § and & = § + V® coincide with the Itd integral on adapted
processes, it follows that V® vanishes on adapted processes. By duality this
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implies that the adapted projection of V€ is zero, hence by Proposition 7.7.2,
D is written as a perturbation of D by a gradient process with vanishing
adapted projection.

7.8 Notes and References

The notion of lifting of the differential geometry on a Riemannian manifold
X to a differential geometry on 2% has been introduced in [3], and the in-
tegration by parts formula (7.1.2) can be found been obtained therein, cf.
also [16]. In Corollary 7.1.7, our pointwise lifting of gradients allows us to
recover Theorem 5-2 of [3], page 489, as a particular case by taking expec-
tations in Relation (7.1.5). See [20], [93], [106], for the locality of D and 0.
See [2] and [30] for another approaches to the Weitzenbock formula on con-
figuration spaces under Poisson measures. The proof of Proposition 7.6.7 is
based on an argument of [43] for path spaces over Lie groups. The gradient
D is called “damped” in reference to [44], cf. Section 5.7. The gradient D of
Definition 7.2.1 is a modification of the gradient introduced in [23], see also
[36]. However, the integration by parts formula of [23] deals with processes of
zero integral only, as in (7.3.6). A different version of the gradient D, which
solves the closability issue mentioned at the end of Section 7.3, has been used
for sensitivity analysis in [71], [117], [118]. The combined use of D" and D for
the computation of the chaos expansion of the jump time Ty, d > 1, and the
Clark representation formula for D can be found in [102]. The construction
of D and D can also be extended to arbitrary Poisson processes with adapted
intensities, cf. [32], [104], [105].
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