Chapter 5
Analysis on the Wiener Space

In this chapter we consider the particular case where the normal martin-
gale (M;)icr, is a standard Brownian motion. The general results stated in
Chapters 3 and 4 are developed in this particular setting of a continuous
martingale. Here, the gradient operator has the derivation property and can
be interpreted as a derivative in the directions of Brownian paths, while the
multiple stochastic integrals are connected to the Hermite polynomials. The
connection is also made between the gradient and divergence operators and
other transformations of Brownian motion, e.g. by time changes. We also de-
scribe in more detail the specific forms of covariance identities and deviation
inequalities that can be obtained on the Wiener space and on Riemannian
path space.

5.1 Multiple Wiener Integrals

In this chapter we consider in detail the particular case where (M;)ier,
is a standard Brownian motion, i.e. (My);cg, solves the structure equation
(2.10.1) with ¢ =0, t € Ry, i.e.

[M,M}t:t, t€R+

The Hermite polynomials will be used to represent the multiple Wiener
integrals.

Definition 5.1.1. The Hermite polynomial H, (x;0?) of degree n € N and
parameter o > 0 is defined with

Hy(z;0%) =1, Hy(z;0%) = x, Hy(z;0°%) = 2° — 02,
and more generally from the recurrence relation
Hy1(2;0%) = 2H, (x;0°%) — no®H,_1(2;0%), n>1. (5.1.1)
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162 5 Analysis on the Wiener Space
In particular we have
H,(z;0) = 2", n € N.

The generating function of Hermite polynomials is defined as

Ya(z,0%) = Z nT H,(z;0%), M€ (-1,1).
n=0

Proposition 5.1.2. The following statements hold on the Hermite
polynomials:

i) Generating function:
Ya(z,0) = e’\x_é)‘2”2, x, A €R.
ii) Derivation rule:

0H,

P (z;0%) = nH,_1(z;0%), (5.1.2)

iii) Creation rule:

Hor(50%) = (x o ai) Ha(:0%).

Proof. The recurrence relation (5.1.1) shows that the generating function
satisfies the differential equation

0
"2 (,0) = (2~ Ao?Ya(r,0),
'(/)0(-’17, 0) = 17
which proves (7). From the expression of the generating function we deduce
(#4), and by rewriting (5.1.1) we obtain (7). O
Let
o I (24ts?))2 d
¢d(51,...,sd):(2ﬂ)d/2e ale] (81,...,84) € RY,

denote the standard Gaussian density function with covariance o?Id on R™.
From Relation (5.1.2) we have
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hence by induction, Proposition 5.1.2-(i4¢) implies

( 1)k1+"'+kd

o 2(k1++ka) o 0k (2, ... wa) = | | Hi,(2:50%).
¢ (@1, ... xq) * il ) 21;[1 «(a

(5.1.3)

Let I,(f.) denote the multiple stochastic integral of f, € L%(R,)°" with
respect to (By)ier, , as defined in Section 2.7. Note that here I;(u) coincides
with Jq(u) defined in (2.2.2), and in particular it has a centered Gaussian
distribution with variance [[u])3 := ||lul[72g ), v € L*(Ry4).

In addition, the multiplication formula (4.5.1) of Proposition 4.5.1 reads

L ()1, (0F™) = Tngy (v 0 w) + n(u, v) 2,y Ino1 (0¥ Y) (5.1.4)
for n > 1, since with ¢y = 0, t € R4, and we have in particular
Ii(u) 1 (v) = I2(vou) + (u,v) L2k, )
for n = 1. More generally, Relation (4.5.7) of Proposition 4.5.6 reads

RISTATRED o (4| (4 LRt}

s=0

where Ay m 25 is the symmetrization in n + m — 2s variables of

($s+1,-~-7$n,ys+1a-~-7ym) =

fn(xl, e ,fn)gm(fh sy iy Ys+1s - - aym)dxl ceedxg.
RS
5

Proposition 5.1.3. For any orthogonal family {uy,...,uq} in L*(Ry) we
have

u

L(u$™ o ouf™) = H i (11 (un); [lugl|3),
k=1

where n =nq + -+ + ng.
Proof. We have

Ho(I1(w); |Jull3) = Io(u®’) =1 and  Hy(I1(u);[ull3) = I (u),

hence the proof follows by induction on n > 1, by comparison of the recur-
rence formula (5.1.1) with the multiplication formula (5.1.4). O

s2
5 (152) _n// [ ea,
0
Bt7

In particular,

(5.1.5)
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and from (4.5.3) we have

I
z&

I, (1®”1 00 18M )

[to,t1] [ta—1,ta]

®
I, (1[15::7%])

H,, (B, — B, itk — th—1).

=~
Il

1

I
z&

=~
Il

1

From this we recover the orthonormality properties of the Hermite polyno-
mials with respect to the Gaussian density:

/_00 H, (25 t)Hyp, (25 )e™ 5 \/d;ﬁ = E[H,,(By;t) Hy (B t)]

WL (15 T (1570
= l{n:m}n!t .

In addition, by Lemma 2.7.2 we have

Hy(Bg;t) = I, ( [Ot])

—E [I e ‘ft} . teR,,
is a martingale which, from Ito’s formula, can be written as

H,(By; t)=1y (1®"])

[0,
tOH, 1 [t 9%H,, t9H,
= H,(0; Bs; s)dBs Bs; Bs;
(0;0)+ . on (Bs; s)dBs + 2, o2 (Bs; s)ds + 0 (Bs; s)ds

t
—n/ L2 (10 Y)dB,

_n/Hnl 575 Bs

from Proposition 2.12.1. By identification we recover Proposition 5.1.2-(i4),
ie.

0H,,
or

and the partial differential equation

(x;8) =nHp—1(x;8), (5.1.6)

8Hn( . )__182Hn(
0s T T g g2

i ),

i.e the heat equation with initial condition

H,(z;0) = 2", reR, neN.
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Given f,, € L*(R;)®" with orthogonal expansion

_ N1,Nd QN1 L ®ng

fn = Z Doy yoikg €y~ © ©Cry >
ni4otng=n
ki,....,ka=>0

in an orthonormal basis (e, )nen of L2(R,), we have

In(fn) = Z aZ;:::::ngﬂl (Il(ekl);1)...Hnd(I1(ekd);1)’
ni4-fng=n
Kpyekg >0

where the coefficients ;!¢ are given by

1
N1yeesNd __ ®mn Rng
g,y = gl ! <In(fn),fk(ekl lo...0 (s )>L2(Q)
— <fn, e?lnl 0-+-0 e%d"d>Lz(R1).
Proposition 2.13.1 implies the following relation for exponential vectors, that
can be recovered independently using the Hermite polynomials.

Proposition 5.1.4. We have

€ =3 ! L) = exp (11 () - ;|u|§2(R+)) | (5.17)
k=0

Proof. Relation (5.1.7) follows from Proposition 5.1.2-7) and Proposition 5.1.3
which reads I, (u®") = H,, (11 (u); \|u\|%2(R+)), n>1. 0O

Proposition 5.1.5. The Brownian motion (By)icr, has the chaos represen-
tation property.

Proof. Theorem 4.1, p. 134 of [50], shows by a Fourier transform argument
that the linear space spanned by the exponential vectors

{eXp (11(U) - ;||u||%2(R+)> Coue L2(R+)}

is dense in L?(£2). To conclude we note that the exponential vectors belong
to the closure of S in L%(2). O

From Proposition 5.1.5, any F' € L?(2) has a chaos decomposition

(oo}
F=> Ilg)
k=0
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Tk (gr) (5.1.8)
k
1
=Y X EFLEN oo oo ugh)
d=1ki+-+ka=k

E[F L (ui™ o - o ud™)] [T Hi, (L (ws)s |[uill3),

i=1

!

k
1
= Z Z ke k
Kyt ka=k

d=1

is a finite sum since for all m > 1 and [ > k,
E[L(ef™)g(I1(e1), ..., Ii(ex))] = 0.

Lemma 5.1.6. Assume that F has the form F = g(Ii(e1),...,Ii(ex)) for
some ,
g € LA(RF, (2m)~F/ 271217/ 2 ),

and admits the chaos expansion
o0
F =" TL(fn)
n=0

Then for all n > 1 there exists a (multivariate) Hermite polynomial P, of
degree n. such that

I,(fn) = Pu(Li(e1), ..., L1 (ex)).
Proof. The polynomial P, is given by (5.1.8) above, which is a finite sum.

O
Lemma 5.1.6 can also be recovered from the relation
f(Il(el)?"'vll(ed)) (519)
oo 71 n
- Z Z k‘(l .. )k: l<f’ oy "'8§d¢}l>L2(Rd)In(e?kl -0 eé@kd),
v S d!
k1 >0,..., kg >0

which follows from (5.1.6) and (5.1.3).

5.2 Gradient and Divergence Operators

In the Brownian case D has the derivation property, as an application of
Proposition 4.5.2 with ¢, =0, t € Ry, i.e.

More precisely we have the following result.
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Proposition 5.2.1. Let uy,...,u, € L>(R}) and

F = f(Il(ul), e ,Il(un)),

where f is a polynomial or f € CL(R™). We have

DtF:Zuz(t)g,i (Il(ul),...,Il(un)), t €R+. (522)

Proof. Using the derivation rule (5.1.2), Definition 4.1.1 and Proposition
5.1.3, this statement is obvious when

F = I,(u®")
= Hu(L(w) uld),  we LA(R.).
Using the product rule (5.2.1) it extends to polynomial f (precisely, to prod-
ucts of Hermite polynomials) and to F' € S. In the general case we may

assume that ui,...,u, € L?(R;) are orthonormal, and that f € CL(R").
Then from Lemma 5.1.6, we have the chaotic decomposition

F=f(L(uy),...,I(uy))

where Ij(g) is a polynomial in I (uy), ..., I1(u,). The sequence

k
Fp=Y I(q), k€N, keN,
=0

is a sequence of polynomial functionals contained in S that converges to F
in L?(£2). By tensorization of the finite dimensional integration by parts

—x2/2 dx

V2
= [ @) - e

/ Z F(@) o (5 1)e

_$2/2 dx
Vor

_$2/2 dx

_/_oo F@)(aH(e:1) — nHoa ()™ /2

o0 2 d
- / f@H e
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of
(91’2- (Il(ul), ey Il(un))

E[f(I1(u1),- .- T (un)) g1 (w0 -+ 0 ulFn o uy)]
= Ele41 (g1 Ing1 (uF™ o+ o ud™ o uy)]
E )

[(DIk41(gk+1)s uz)LZ(RJr)fk:(% Poou

E Ik(u?kl 0---ouZkn)

n

hence gf (I1(u1),...,I1(uy)) has the chaotic decomposition

i

of

o0
8x-(11(u1)"' Z DIy (gr), wi) 2 (m, )
¢ k=1

that converges in L2(£2), hence (DFy)ren converges in L2(£2 x Ry) to

Zuz 11 (u1), Zuzz DIy (gr), wi) 2 (v, )
=1

o0
= ) DI(gx).
k=1
O
In particular for f polynomial and for f € C}(R™) we have
Dif(By,,...By) 21[(” Btl,...Btn), 0<t; < - <tp,
(5.2.3)
and (5.2.2) can also be written as
(DF,h) 2, ) (5.2.4)
d (o) (o)
g ( / w(t)(dB(E) + h(t)dt), ..., / wun(£)(AB(E) + 5h(t)dt)> ,
de 0 0 le=0

d
= dEF(w + 6h’)\6=0,

h € L*(R;), where the limit exists in L?(£2). We refer to the above identity
as the probabilistic interpretation of the gradient operator D on the Wiener
space.

From Proposition 4.2.3, the operator D satisfies the Clark formula
Assumption 3.2.1.
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Corollary 5.2.2. For all F € L*(£2) we have
F = E[F] + / E[D, F|F]dB:.
0
Moreover, since ¢, = 0, t € Ry, Proposition 4.5.4 becomes a divergence

formula as in the next proposition.
Proposition 5.2.3. For allu € U and F € S we have
6(U)F = (5(’U/F) =+ <DF, u>L2(R+)~
On the other hand, applying Proposition 4.5.6 yields the following multipli-
cation formula for Wiener multiple stochastic integrals:

nAm

B tnam) = 32 4 () () st o)

where f, ®p gm is the contraction

(thg1s- s tny Sk s - -5 Sm) —

/ / fn tl,... )gm(tl,...,tk,8k+1,...,8m)dt1...dtk,

thtly---ytns Sk+1,---,5m € Ry
From Proposition 4.3.4, the Skorohod integral d(u) coincides with the Itd
integral of u € L?(W; H) with respect to Brownian motion, i.e.

5(’&) = / UtdBt,
0

when u is square-integrable and adapted with respect to the Brownian
filtration (F¢)ier, -

We have the following corollary, that completes Proposition 4.2.2 and can be
proved using the density property of smooth functions in finite-dimensional
Sobolev spaces, cf. e.g. Lemma 1.2 of [91] or [96].

For simplicity we work with a Brownian motion (Bt):e[o,1) on [0, 1] and we
assume that (e,)nen is the dyadic basis of L2([0, 1]) given by

er = 2"/21[k o ], 20 <k S 2"t _1, nmeN. (5.2.5)

on

Corollary 5.2.4. Given F € L?(02), let for all n € N:

Qn = O’(Il (egn), ey I1(€2n+171)),



170 5 Analysis on the Wiener Space

and F,, = E[F|G,], and consider f, a square-integrable function with respect
to the standard Gaussian measure on R?", such that

Fn = fa(li(ean), ... Ii(ean+1-1)).

Then F € Dom (D) if and only if f, belongs for all n > 1 to the Sobolev
space W1 (R?") with respect to the standard Gaussian measure on R®", and
the sequence

271,

0 fn

DtFn = Zegn+i,1(t) 8f (Il (egn), e ,Il (62n,+1,1)), te [0, 1],
i=1

T

converges in L2(£2 x [0,1]). In this case we have

DF = lim DF,.
n— o0
We close this section by considering the case of a d-dimensional Brownian
motion (By)o<i<r=(B{", ..., B{")oci<r, where (B{)sen, ..., (B{" )ier, ,
are independent copies of Brownian motion. In this case the gradient D can
be defined with values in H = L?(R,, X ®R%), where X is a Hilbert space, by

DtF: Zl[ovti](t)vif(Btl"",Bt")a te R+,
=1

for F' of the form

F = f(By,,...,B,), (5.2.6)
feCrR"X), t1,...,t, e Ry, n > 1.
We let D, (X) denote the completion of the space of smooth X-valued
random variables under the norm

k

D, .x) = Z ID"ullpow xomery, — p>1,
1=0

where X ® H denotes the completed symmetric tensor product of X and H.
For all p,q > 1 such that p~' + ¢! = 1 and k > 1, the Skorohod integral

operator
0 : an(X ® H) — Dq,k—l(X)

adjoint of

D . .le’k(X) — Dq’kfl(X X H),
satisfies

E[(F,é6(u))x]| = E[(DF,u)xeH];

F e .le’k(X), u € Dq’k(X & H)
Finally we note that the chaos representation property extends to d-
dimensional Brownian motion.
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Theorem 5.2.5. For any F € L?(§2) there exists a unique sequence (fy)nen
of deterministic symmetric functions

fn _ (f7(1i1“Iwin))i1,m,in6{1,---,d} c LQ([O,T],Rd)On

such that -
F=E[F]+> IL(f).
n=1

Moreover we have

‘F”L?((Z) Z Z ! £i ’Z")”Lz [0,T]7)

n=011,...,in=1

Given F = f (By,,...,B:,) € L*(2) where (t1,...,t,) € [0,7]" and

is in C2°(R9™), for [ =1,...,d we have:

D(l)F Z 8xl k Btla ey Bt”) 1[07tk](t)'

Similarly the Clark formula of Corollary 5.2.2 extends to the d-dimensional
case as

F =E[F] + /Oo E[D.F|F] - dB;, (5.2.7)
0

F e L*(0).
5.3 Ornstein-Uhlenbeck Semi-Group
Recall the Definition 4.4.1 of the Ornstein-Uhlenbeck semi-group (P;):er, as
o0

PF=E[F]+ ) e ™I.(f.), teRy, (5.3.1)

for any F' € L?({2) with the chaos representation
F=E[F]+ Zln(fn)
n=1

In this section we show that on the Wiener space, P, admits the integral
representation, known as the Mehler formula,
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w) = / Fle7'w+ Vi1- e~2t0)dP(©), P(dw) — a.s., (5.3.2)

Q
F e L?(2),t € Ry, cf. e.g. [92], [143], [147]. Precisely we have the following.

Lemma 5.3.1. Let F of the form
F = f(Il(ul), . ,Il(un)),

where f € Cp(R™) and uy,...,u, € L*(Ry) are mutually orthogonal. For all
t € Ry we have:

/f I (u)( w)+\/1—e*2th(u1)(&;),...

e (un) (W) + V1 — e~ 201 (un) (@) P(dd).

Proof. Since, by Proposition 5.1.5, the exponential vectors are total in L?({2)
and P, is continuous on L2(2), it suffices to consider

fula) =exp (2= lul}).

and to note that by Proposition 5.1.4 we have
Lo
§(fu) = exp ( [1(u) — ||u||L2(R+)

_Z .H (11 (u |u||L2(]R+))

Hence

_ -
e ( - be %nun%m)) ,

/Q Fule™ T () (@) + V1 — 2T, (u) (@) P(d)
—/_ooexp<e I (u +\/1—e2 ;HUH%* Y 2> dy

2||ull3 ) 2| ull
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> _ 1., (y — V1 —e=2t||ul|3)? dy
= [ e (e thwe) - Dot - , )
—o0 2 2||ull3 V27| |2

= exp («0)w)  yleul3)
= P fu(li(u))(w).

The result is extended by density of the exponential vectors in L2(2)
since Brownian motion has the chaos representation property from
Proposition 5.2.5. O

The integral representation of Lemma 5.3.1 together with Jensen’s inequality
(9.3.1) imply the following bound which is used in the proof of deviation
inequalities in Section 4.7, cf. Lemma 4.7.1.

Lemma 5.3.2. We have for u € L*(2 x Ry):

[ Prullzo=(2,r2®y)) < llullpe@.r2®,)); teRy.

Proof. Due to Lemma 5.3.1 we have

1 Pyu@) 22, ) = / (Pyus () 2dt

< / Py |ug(w)|*dt
0

< ullF (o, r2, -

5.4 Covariance Identities and Inequalities

In this section we present some covariance identities and inequalities that can
be obtained in the particular setting of the Wiener space, in addition to the
general results of Section 3.4 and 4.4.

We consider the order relation introduced in [11] when 2 = Co(R4) is the
space of continuous functions on R, starting at 0.

Definition 5.4.1. Given wy,ws € 2, we say that w1 = we if and only if we
have

w1(ta) —wi(t1) < walte) — walty), 0<t <to.

The class of non-decreasing functionals with respect to =< is larger than
that of non-decreasing functionals with respect to the pointwise order on
{2 defined by

w1(t) < wa(t), teRy, wi,ws € 2.
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Definition 5.4.2. A random wvariable F : 2 — R is said to be non-
decreasing if

w1 2wy = F(w) < F(ws), P(dw1) ® P(dws) — a.s.

The next result is the FKG inequality on the Wiener space. It recovers
Theorem 4 of [11] under weaker (i.e. almost-sure) hypotheses.

Theorem 5.4.3. For any non-decreasing functionals F,G € L?(£2) we have
Cov (F,G) >0

The proof of this result is a direct consequence of Lemma 3.4.2 and the next
lemma.

Lemma 5.4.4. For every non-decreasing F' € Dom (D) we have

D.F >0, dt x dP — a.e.

Proof. Without loss of generality we state the proof for a Brownian motion
on the interval [0,1]. For n € N, let 7, denotes the orthogonal projection
from L?([0, 1]) onto the linear space generated by the sequence (Er)an<kean+1
introduced in Definition 5.2.5. Let

H= {h: 0,1] >R : /Olh(s)2d5< oo}

denote the Cameron-Martin space, i.e. the space of absolutely continuous
functions with square-integrable derivative.
Given h € H, let

hn(t) = /Ot[ﬂ'nh}(s)ds, tel0,1], neN.

Let A,, denote the square-integrable and G,,-measurable random variable

An = exp </01[7rn /m |2ds)

Letting F,, = E[F' | G,], n € N, a suitable change of variable on R™ with
respect to the standard Gaussian density (or an application of the Cameron-
Martin theorem cf. e.g. [146]) shows that for all n € N and G,-measurable
bounded random variable G,, shows that

E[Fn(- 4 hn)Gr] = E[A, F,Gr(- — hy)]
E[A E[F‘gn] n( _hn)]
= E[E[A,FGn (- = hn)|Gn]]
=E[A,FGp(- — hy)]

E[F (- + hn)Gnl,
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hence
Fo(w+ hy) =E[F(- + hy)|Gn](w), P(dw) — a.s.

If A is non-negative, then Toh is non-negative by construction hence w =
w+ hy,, w € 2, and we have

F(w) < F(w+ hy), P(dw) — a.s.,

since from the Cameron-Martin theorem, P({w + h, : w € 2}) = 1. Hence
we have

F.(w+h)

= fn(I1(e2n) + (62", h>L2([O,1])a N (R <€2"+1—1, h>L2([O,1]))

= fu(Li(e2n) + (€20, Tah) 20,1y - - - T (€an1_1) + (€an+1_1, Tph) 12(0.1]))
= F,(w+ hy)

= E[F (- + hn)|Gn](w)

> E[F|G,](w)

= F,(w), P(dw) — a.s.,

where (er)ren is the dyadic basis defined in (5.2.5). Consequently, for any
€1 < &9 and h € H such that h is non-negative we have

F,(w+e1h) < F,(w + e2h),

i.e. the smooth function ¢ — F),(w + €h) is non-decreasing in ¢ on [—1, 1],
P(dw)-a.s. As a consequence,

: d
(DFyn, h)r2(j0,1)) = de

for all h € H such that A > 0, hence DF,, > 0. Taking the limit of (DF},),en
as n goes to infinity shows that DF > 0. O

Fn(w + 6h)le:O > 07

Next, we extend Lemma 5.4.4 to F' € L?(12).

Proposition 5.4.5. For any non-decreasing functional F' € L*(§2) we have

E[D.F|F] >0,  dt x dP— a.e.

Proof. Assume that F' € L?(2) is non-decreasing. Then PypFyn > 1, 1is
non-decreasing from (5.3.2), and belongs to Dom (D) from Relation (5.3.1).
From Lemma 5.4.4 we have

DiPy/yF >0,  dt xdP—a.e.,

hence
E[DtPl/nF\ft} >0, dt x dP — a.e.
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Taking the limit as n goes to infinity yields E[D;F|F;] > 0, dt x dP-a.e. from
Proposition 3.2.6 and the fact that P/, F' converges to F' in L?(02) as n goes
to infinity. O

Finally, using the change of variable a = e, the covariance identity (4.4.2)
can be rewritten with help of Lemma 5.3.1 as

Cov (F,G)

= [ [R50, 1)), Vot ) V1 - 02 0) @)

s ady (un) (@) + V1 = o211 (1) (@))) e P(dw) P(d) do.
This identity can be recovered using characteristic function: letting
o(t) = B[] = ot lull3/2

and
Pals,t) = B[N HVIZE L@ — (o5 4 )% (ip(s)) = (1)),
we have

Var [eish(u)] = p1(s,t) — @o(s,t)
1 8@0

= . oa (s,t)da

— [ (o) olt + )" (o(s)) o
0

- / o8 ( 1)) o5

1
—stllul2a, / po(s,t)da

1
/ / / (De*1 ) (), D) (aw + /1 — a20))) 12 (=, ) P(dw)P(dD)da,
0 02 J02
hence
Cov (eisll(u), eisll(v))

1
= / / / <Deish(u) (w),Deith(v)(aw + \/1 _ 042@))>L2(R+)P(dw)IP(d&;)da.
0 02 J02

Since D is a derivation operator from Proposition 5.2.1, the deviation
results of Proposition 3.6.2 hold, i.e. for any F' € Dom (D) such that
IDF 12(® Lo (2)) < C for some C' > 0 we have
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.’132
P(F — E[F] > & Sexp(— > =t
( [F] = x) 2C||DF |12, = (2)

5.5 Moment Identities for Skorohod Integrals

In this section we prove a moment identity that extends the Skorohod isom-
etry to arbitrary powers of the Skorohod integral on the Wiener space. As
simple consequences of this identity we obtain sufficient conditions for the
Gaussianity of the law of the Skorohod integral and a recurrence relation for
the moments of second order Wiener integrals.
Here, (B;)ier, is a standard R?valued Brownian motion on the Wiener space
(W, 1) with W = Co(R,, R?).
Each element of X ® H is naturally identified to a linear operator from H to
X via

(a®b)e=alb,c), a®be X®H, ceH.

For v € Dy (H) we identify Du = (Djus)scr, to the random operator
Du : H — H almost surely defined by

(Du)v(s) :/ (Dyug)vedt, s€Ry, wve L*(W;H),
0
and define its adjoint D*u on H ® H as
o0
(D*u)v(s) :/ (Dlug)vedt,  seRy, wveL*(W;H),
0

where Dlut denotes the transpose matrix of Dyu; in R? @ RY.
The Skorohod isometry of Proposition 4.3.1 reads

E[|6(u)|*] = E[{u, u)#] + E [trace (Du)?] u e D1 (H), (5.5.1)
with
trace (Du)? = (Du, D*u)gon

/ / D sUt, tué>Rd®Rdd8dt

and the commutation relation
Dé(u) =u+ 6(D*u), u € Dy o(H). (5.5.2)

Next we state a moment identity for Skorohod integrals.
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Theorem 5.5.1. For anyn > 1 and u € IDy41 2(H) we have

Bl =Y " Bl (5.5.3)

k=1

k
(((Du)k_lu,wH + trace (Du)F ! + Z 1<(Du)k_iu, Dtrace (DU)Z>H>] ;

=2
where
trace (Du)**!

e} e}
= / / <Dzk_1utk’Dtk72utk71 ~-~Dt0ut1Dtkuto>Rd®Rddt0~-~dtk.
0 0

For n = 1 the above identity coincides with the Skorohod isometry (5.5.1).
The proof of Theorem 5.5.1 will be given at the end of this section.

In particular we obtain the following immediate consequence of
Theorem 5.5.1. Recall that trace (Du)® = 0, & > 2, when the process u
is adapted with respect to the Brownian filtration.

Corollary 5.5.2. Let n > 1 and v € IDp41,2(H) such that (u,u)p is deter-
ministic and

k
1 ) )
trace (Du)" ! +Z ; ((Du)*~*u, Dtrace (Du))y =0, a.s., 1<k<n.
=2
(5.5.4)

Then 6(u) has the same first n+ 1 moments as the centered Gaussian distri-
bution with variance {(u,u)y.

Proof. We have
o0
Di{u,u) = Dt/ (ug, us)ds
0

(o] o0
:/ <uS,DtuS>ds+/ (Dyug,us)ds
0 0

shows that

(D*Yw)u, u) = (D*u)*~tu, u) (5.5.5)
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k > 2, when (u,u) is deterministic, w € ID31(H). Hence under Condition
(5.5. ) Theorem 5.5.1 yields

E[(6(u)" ] = n(u, ) g B [(5(w)" '],
and by induction

2m)!
(2m) (u, u)y, 0<2m<n+1,

E[(0(w)*™) = )

and E[(6(u))*™ ] =0, 0 < 2m < n, while E[§(u)] = 0 for all u € D21 (H).
O

As a consequence of Corollary 5.5.2 we recover Theorem 2.1-b) of [145], i.e

d(Rh) has a centered Gaussian distribution with variance (h, h)y when u =

Rh, h € H, and R is a random mapping with values in the isometries of

H, such that Rh € Nys1D,2(H) and trace (DRR)*1 = 0, k > 1. Note

that in [145] the condition Rh € Nps>ix>2ID, k(H) is assumed instead of

Rh € ﬂp>1Dp72(H).

In the sequel, all scalar products will be simply denoted by (-, -).

We will need the following lemma.

Lemma 5.5.3. Let n > 1 and u € ID,,11 2(H). Then for all 1 < k < n we

have

I [(3(u)" ™ ((Du)* " u, D3(u))] = (n — k) B [(8(w))" "~ ((Dw)*u, Do (u))]
=E[(0(u)""

k
(((Du)klu, u) + trace (Du)*+1 4 Z 1<(Du)k*iu, Dtrace (Du)’))
i=2

Proof. We have (Du)kilu S D(n+1)/k,1(H), 6(u) S -ZD(n+1)/(n—k+1),1(R),
and using Relation (5.5.2) we obtain

I [(3(u)" ™ ((Du)*~ u, Di(u))]

= E[(6(u)" " (Du)" " u, u+ 6(D*u )>]
= B [(6(w)" " (Dw)" ™ u, w)] + B [(8(u))" " DU)k 1u,<5(DU)>]
= E [(6(u)" " ((Du)" " u, u)] + [D*u D((3(uw)"~*(Du)*"u))]
= B [(6(w)" "M {(Dw)"u, w)] + B [(5(u))"~ k (D*u, D((Du)*~'u))]
+E [(D*u, (Du)*"'u) @ D(6(u))"~ >]
= B [(6(w)" " ((Dw)*~ ", u) + (D*u, D((Du)* ' u)))]
+(n = k) E [(8(u)" ™" 1< u, (Du)* " u) ® D§(u))]
= E[(6(uw)" ™" ((Dw)*~ u,u) + (D*u, D((Du)* " u)))]
+(n = k) [(0(u)" " 1<(Du) u, Do (u))]
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Next,
(D*u, D((Du)*"tu))
oo oo
= / - / (D], s, Di (Dyy_yun, -+ Digug ) dto - - - dty,
0 0

(oo} (oo}
= / s / <Djk_1utk,Dtk_2utk_1 s DtoutlDtkut0>dt0 s dtk
0 0

+/ / <DIk—1utk’Dtk(Dtk_2Utk_l ~~~Dt0utl)ut0>dt0...dtk
0 0

k=2 .00 0o
= trace (Du)**1 + Z/ - /
=070 0

+
<Dtk_1utk’Dtkutk+1 T Dti+1uti+2 (Dti,Dtkuti+1)Dti—luti e Dtoutluto>

dtoy - - - dty

k—2 1 00 00
= trace (Du)k'H + ] / .. /

¥
<Dt7‘, <D utk’Dtkuthrl T Dti+1uti+2Dtkut7‘,+1>v Dti—luti T Dtoutluto>

tr—1
dto - - - diy,
=2 ' '
= trace (Du)*™t + Z {(Du)"u, Dtrace (Du)*~*).
k-

Proof of Theorem 5.5.1. We decompose

E[(8(u))" ] = Bl(u, D(6(u))")]
= nE[(3(u)" " (u, D5(u))]

=3 M B [6() (D), Do)

— n! n — U n—k—1 " k:u w
2 (n— (7~ BV [(0()" ™ H{(Du)u, Do(w))]

as a telescoping sum and then apply Lemma 5.5.3, which yields (5.5.3). O

5.6 Differential Calculus on Random Morphisms

In this section, in addition to the shift of Brownian paths by absolutely conti-
nuous functions as in (5.2.4), we consider a general class of transformations of
Brownian motion and its associated differential calculus. The main result of
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this section Corollary 5.6.5 will be applied in Section 5.7 to construct another
example of a gradient operator satisfying the assumptions of Chapter 3. Here
we work with a d-dimensional Brownian motion (Bt)t€R+ as in Section 2.14.
Let

U:SRy;RY — L2(02 x Ry RY)

be a random linear operator such that Uf € L2(2 x R, ;R?) is adapted for
all f in a space S(R;R?) of functions dense in L?(R;R?).

The operator U is extended by linearity to the algebraic tensor product
SR, ;R ®S, in this case U f is not necessarily adapted if f € S(R;; RY)®S.

Definition 5.6.1. Let (h(t))icr, € L*(£2 x Ry;R?) be a square-integrable
process, and let the transformation

AU R) : S — L*(2 x R;RY)
be defined as
AU, W F
=f (Il(Uul) +/Ooo<u1(t),h(t)>dt,...,Il(Uun) +/Ooo<un(t),h(t)>dt),
for F €S of the form

F=f(h(ur),..., Ii(un)),

u, ... un € SR RY), f € CP(R™;R).

In the particular case where
U:SRy;RY — L2(02 x Ry RY)

is given as
UA#) =V(©) (),  teRy,

by an adapted family of random endomorphisms
V(t):RE—RE teRy,

this definition states that A(U, h)F is the evaluation of F' on the perturbed
process of differential V*(t)dB(t) + h(t)dt instead of dB(t), where

V*(t) : R? — R?

denotes the dual of V(t) : R — R4 t € R,.
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We are going to define A(U,h) on the space S of smooth functionals. For

this we need to show that the definition of A(U,h)F is independent of the
particular representation

F:f(Il(ul),...,Il(un)), Uty ... Uy € H,

chosen for F' € S.
Lemma 5.6.2. Let F,G € S be written as

F=fTL(uw),. . . Ii(u)), ui, ..., u, € S(Ry;RY,  feCHR™R),
and
G=g(v1),...,[1(vm)), Ul,...,vaS(R+;Rd), gECl(Rm;R).

If F = G P-a.s. then A(U,h)F = A(U, h)G, P-a.s.

Proof. Let e1,...,ep € S(Ry;R?) be orthonormal vectors that generate
ULy Up, V1, .., Um. Assume that u; and v; are written as

E E
u; = E ale; and wv; = E Ble;, i=1,...,n,
Jj=1 Jj=1
in the basis ey, ...,ex. Then F' and G are also represented as

F=f(Le),. ... Iiex)),
and G = § (I, (e1), ..., I1(ex)), where the functions f and § are defined by

k k
flz,...,zp) = f Za{xj,...,Zafzxj , 21,...,2 € R,

Jj=1 Jj=1

and

Mw

gxy,...,ak)=f J,‘],.. Zﬁjw] , T1,...,2) € R.

<.
Il
_

Since F' = G and Ii(e1),..., 1 (ex) are independent, we have f=gae
hence everywhere, and by linearity,

AU, B)F = f(JI(Uel) +/Ooo<el(t),h(t))dt,...,[1(Uek) —i—/OOO(ek(t),h(t))dt),
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and
AU, h)G
=g (Il(Uel) +/0 (e1(t), h(t))dt,..., Iy (Uek) +/0 (ek(t),h(t»dt) ,

hence A(U, h)F = A(U, h)G. O
Moreover, A(U, h) is linear and multiplicative:
AU R f(Fry... Fy) = f(A(UR)Fy, ..., A(U, W) Ey),
Fi,....,F, €8, f € CL(RYR).
Definition 5.6.3. Let (Uc:)cco,1] be a family of linear operators
Ue : S(Ry;RY) — L?(2 x Ry;RY),

such that

i) Up is the identity of S(Ry;RY), ie. we have Ugf = f, P-a.s., f €
S(Ry;RY).

i) for any f € S(Ry;RY), U.f € L2(2 x Ry ;RY) and is adapted, € € [0, 1],
i) the family (Ue)eepo,1) admits a derivative at ¢ = 0 in the form of an
operator

L:S(Ry;RY) — L2 x Ry ;RY),
such that
((Uef = f)/€)eeion

converges in L*(2 x Ry;RY) to Lf = (Lof)ier, as € goes to zero, f €
S(R+,Rd)

Let h € L?(02 x Ry;RY) be a square-integrable adapted process.

The operator £ is extended by linearity to S(Ry;R?) ® S. The family
(Uc)ee[o,1] needs not have the semigroup property. The above assumptions
imply that LDF € Dom (§), F € S, with

§(LDF) = Z Oif (I (wr), ..., I (un))8(Lus) (5.6.1)

- Z (ui, Lug) 2w, ray0i0; f (I (u1), - - -, 1 (un)),

ij=1
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for F = f(I1(u1),...,11(uy)), where we used Relation 5.2.3. We now compute
on S the derivative at € = 0 of one-parameter families

A(U.,eh) : S — L*(2), e € R,

of transformations of Brownian functionals. Let the linear operator trace be
defined on the algebraic tensor product H ® H as

traceu ® v = (u,v)q, u,v € H.
Proposition 5.6.4. For F € S, we have in L?({2):

ai/l(Ug, eh)Fle—o = / (ho(t), Dy F)dt + §(LDF) + trace (Idg ® L)DDF.
0
(5.6.2)

Proof. Let A: S — S be defined by
AF = 0(LDF) + trace (Idg ® L)DDF + / (ho(t), D¢ F)dt, Fes.
0

For F = I,(u), u € S(R4;R?), we have

Ci/l(Ua,eh)ﬂE:O - /0 " lho(t), u(t))dt + I (Lu)

= / (ho(t), DiF)dt + §(LDF) + trace (Idg @ L)DDF
0
= AF

since DDF = 0. From (5.6.1), for F1,...,F, € S and f € C;°(R™;R) we
have

Af(Fy,...,F,) =
S(LDf(F1,...,F,))+trace(Idy @ L)DDf(Fy,..., Fy)

N /0 T lho(t), Duf (P, Fu))it
— Zn:(s(aif(Fl, ..., F,)LDF;)

+> 0if(Fy,..., Fy)trace (Idg ® £)DDF;
1=1
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+ > 8i8jf(F1,,...,Fn)/0 (LsDF;, DyF;)ds

4,5=1

+ Za,»f(Fl, L F) /Ooo<h0(t),DtFi>dt

—Zf)f Fi,...,F,)8(LDE;) +Zaf (F,..., Fy)trace (Idg ® £)DDF;

=1

+ Z Dif(Fu,...,Fy) /oo<h0(t), D, F;)dt
i=1 0

=3 0if(F,....F) (6(LDF;) + trace (Idy ® £)DDF;

v/ °°<ho<t>,DtFi>dt)
=1

Hence for Fy = I (u1),...,F, = I(u,) € S and f € C°(R™; R):

Af(Fy,... F) =Y 0if(F,... F,)AF,
i=1

i=1 de |le=0

d
= <d€A(U57€h)f(F1,~~-3Fn))|a 0‘

Consequently, Relation (5.6.2) holds on S. |

Corollary 5.6.5. Assume that £ : L>(Ry;RY) — L2(2 x Ry ;RY) is anti-
symmetric as an endomorphism of L?>(R,;R%), P-a.s., we have in L*(£2):

ai/l(Ug,eh)ﬂE:O - / (ho(t), D;F)dt + 5(CDF),  Fe€S.
0

Proof. Since L is antisymmetric, we have for any symmetric tensor u ® u €
S(R4;RY) @ S(Ry; RY):

trace (Idg ® L)u @ u = traceu ® Lu = (u, Lu) i = —(Lu,u) g = 0.

Hence the term trace (Idy ® £)DDF of Proposition 5.6.4 vanishes P-a.s. since
DDF is a symmetric tensor. O
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5.7 Riemannian Brownian Motion

In this section we mention another example of a gradient operator satisfying
the Clark formula Assumption 3.2.1 of Chapter 3. As an application we de-
rive concentration inequalities on path space using the method of covariance
representation. This section is not self-contained and we refer to [40], [41],
[44], [83] for details on Riemannian Brownian motion.

Let (B(t))ier, denote a R%-valued Brownian motion on (£2, F,P), generating
the filtration (F;):er,. Let M be a Riemannian manifold of dimension d
whose Ricci curvature is uniformly bounded from below, and let O(M') denote
the bundle of orthonormal frames over M. The Levi-Civita parallel transport
defines d canonical horizontal vector fields A;,..., A4 on O(M), and the
Stratonovich stochastic differential equation

i=d
dr(t) = ZAi(r(t)) odz'(t), teRy,

r(0) = (mo,r9) € O(M),

defines an O(M)-valued process (r(t))ier, . Let 7 : O(M) — M be the
canonical projection, let

V() =7(r(t),  teRy,

be the Brownian motion on M and let the It6 parallel transport along
(7(t))ter, is defined as

treo =rt)ryt : TpgM ~R* — T, ()M,  t€[0,T].

Let Co(R4;R?) denote the space of continuous R%-valued functions on R
vanishing at the origin. Let also P(M) denote the set of continuous paths on
M starting at mg, let

I:Co(Ry;RY) — P(M)
(W(t))ter, — I(w) = (v(t))ter,

be the It6 map, and let v denote the image measure on P(M) of the Wiener
measure P by I. In order to simplify the notation we write F' instead of Fol,
for random variables and stochastic processes. Let (2, denote the curvature
tensor and ric, : RY — RY the Ricci tensor of M at the frame r € O(M).
Given an adapted process (z;)ier, Wwith absolutely continuous trajectories,
we let (£(t))ier, be defined by
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. 1
20 =20 + ricat),  teRy,  £0)=0. (5.7.1)

We recall that z — Z can be inverted, i.e. there exists a process (Z;)¢cr, such
that Z = z, ¢f. Section 3.7 of [44]. Finally, let Qs : R? — R?, be defined as

th,s

1.
dt = _QHCT(t)Qt,Sa Qs,s = IdTmOa 0<s<t,

and let .
lt2) =~ | Buy(odBe) 26, teRy,
0

where odB(s) denotes the Stratonovich differential. Let @} ¢ be the adjoint of
Qts, let H= L?(Ry,R%), and let H = L°>°(P(M), H; dv). Let finally C2°(M™)
denote the space of infinitely differentiable functions with compact support
in M™.

In the sequel we endow P(M) with the o-algebra F¥ on P(M) generated by
subsets of the form

{yePWM) : (v(t1),..-,7(tn)) € B1 x --- X By},

where 0 <t; <--- <tpn, By,...,Bp, € B(M), n>1.
Let

and

k=n .
UPM) x Ry;RY) = {Z Fk/ ug(s)ds : Fy,...,F, € S(P(M);R),
k=1 0

U1, ..Uy € L2(Ry;RY), n> 1}

In the following, the space L2(P(M),F* v) will be simply denoted by
L?(P(M)). Note that the spaces S(P(M);R) and U(P(M) x R ;RY) are
dense in L?(P(M);R) and in L?(P(M) x R, ; R?) respectively. The following
definition of the intrisic gradient on P(M) can be found in [44].

Definition 5.7.1. Let D : L2(P(M);R) — L2(P(M) x R ;R%) be the gra-
dient operator defined as

i=n

th = Zto«—tlvyf(’y(tl)a <. a’Y(tn))l[O,tz](t)v te R-‘ra

i=1

for F € S(P(M);R) of the form F = f(y(t1),...,7(tn)), where VM denotes
the gradient on M applied to the i-th variable of f.
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Given an adapted vector field (Z(t))er, on M with Z(t) € T,y M, t € Ry,
we let z(t) = to—¢Z(t), t € Ry, and assume that 2(¢) exists, Vt € Ry. Let

VZ(t) = lim trtreZ(t ) = Z(t)
e— g

Then
2(t) = totVZ(t), teR,.

let 2, denote the curvature tensor of M and let ric, : RY — R? denote
the Ricci tensor at the frame » € O(M), and let the process (£(t))icr, be
defined by

: 1
z(t) = 2(¢) + 2ricr(t)z(t), teRy,
(5.7.2)

2(0) = 0.
As a consequence of Corollary 5.6.5 we obtain the following relation between
the gradient D and the operators D and 9, cf. Theorem 2.3.8 and Theorem 2.6
of [27].

Corollary 5.7.2. Assume that the Ricci curvature of M is uniformly
bounded, and let z € U(P(M) x Ry ;R?) be adapted. We have

/00<th, (1))t = /OO(DtF, (b))t + 6(q(-, 2)D.F), (5.7.3)
0 0

F € S(P(M);R), where q(t, z) : RY — R? is defined as

alt,2) = - / Qo) (0dB(s), (), tER,.

Proof. We let V.(t) = exp(eq(t, z)), t € Ry, e € R. Then from Proposition
3.5.3 of [44] we have

/ <bF, Z(t)>dt = d A(Ueag'é)F‘la:&
0 de

Since the Ricci curvature of M is bounded, we have z € L2(R,; L(W;R))
from (5.7.2). Moreover, from Theorem 2.2.1 of [44], ¢ — A(U,, 0)r(t) is differ-
entiable in L?(W;R), hence continuous, V¢ € R . Consequently, from (5.7.2)
and by construction of U(P(M) x Ry;R%), ¢ — A(U.,0)Z is continuous in
L?(W x Ry ;R?) and we can apply Corollary 5.6.5 with £; = ¢(t, z) to obtain
(5.7.3). 0
i=n
If u € U(P(M) x Ry;RY) is written as u = Z Gz, z; deterministic, G; €

i=1

SP(M);R),i=1,...,n, we let
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trace q(t, Dyu) = Zq t,z)D:G

Given u € U(P(M) x +,]Rd) written as u = Z:ZL G;zi, z; deterministic,
( pr—

G, e S(P(M);R), ¢ ..y, we let
U= GizZ;
i=1

We now recall the inversion of z — Z by the method of variation of constants
described in Section 3.7 of [44]. Let Id, () denote the identity of T’ M. We
have

. 1
Z(t) = g(t) + QI‘iCr(t)g(t), te Ry,

where (2(t))¢cr, is defined as

t
— [ Quitsds,  tery,
0

and Qs : R? — R? satisfies

th,s

1.
g = olltwls,  Qss=Idyo), 0=<s<t

Let also the process (Z(t))teR+ be defined by
- 1
VZ(t)=VZ(t)+ 2Ric,y(t)Z(t), te Ry,
Z(0) =0,
with 2(t) = 10 ¢Z(t), t € Ry In order to invert the mapping Z — Z, let
t
:/ R, sV Z(s)ds, teRy,
0
where Ry s : TyoyM — T, ;)M is defined by the equation
1.
ViR s = _QRIC'Y(t)Rt,Sa R s = Id'y(s 0<s<H,

V: denotes the covariant derivative along (y(t))icr, , and

Ric,, : T,,M — T,,M
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denotes the Ricci tensor at m € M, with the relation
ric,(y) = to—t o Ricy (4 o tro.
Then we have
VZ(t)=VZ(t) + IRic,)Z(t), teRy,
Z(0) = 0.

We refer to [44] for the next definition.
Definition 5.7.3. The damped gradient

D: L*(P(M);R) — L*(P(M) x R;;R%)

1s defined as

DiF = 1104)(O)@QF, ito—t, VI f(7(t1), ... Y (tn)),  tERL,
=1

for F € S(P(M);R) of the form F = f(y(t1),...,v(tn)), where
Qi R — R

denotes the adjoint of Q; s : RY — RY, 0 < s < t.

Given f € C°(M™) we also have

=n
DiF =Y 1 (Otos Ry, VY F(V(11), -3 (t)),  tERy,
i=1

where Ry, : T,y — Ty ) is the adjoint of Ry, 1 : T ) — Ty4,)-
Proposition 5.7.4. We have for z € U(P(M) x R ;R9):

/Oo(ﬁtF,,é(t»dt = /OO<DtF,§(t)>dt, FeSMPM);R).  (5.7.4)
0 0
Proof. We compute

| O sani =Y [0 o 000, (0. 26
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~.

=n

/0 o VM F(y(t0), - (), Qo o 2(5)

o

(D,F,2(t))dt,  F e S(P(M);R).

0

We also have

/Oo<DtF, A(t))dt = /®<DtF, s(t))dt,  FeSP(M);R).
0

0

Taking expectation on both sides of (5.7.3) and (5.7.4) it follows that the
processes DF and DF have the same adapted projections:

E[D:F | 7] = E[D:F | 7], teRy, (5.7.5)
F = f(y(t1),...,7(ts)). Using this relation and the Clark formula
F =E[F / E[D.F | F] - dB(t),

on the Wiener space, cf. Proposition 5.2.7 we obtain the expression of the
Clark formula on path space, i.e. Assumption 3.2.1 is satisfied by D.

Proposition 5.7.5. Let F € Dom (D), then
F = E[F] +/ E[D:F | 7] - dB(t).
0

The following covariance identity is then a consequence of Proposition 3.4.1.
Proposition 5.7.6. Let F,G € Dom (D), then

Cov (F,G) = { / DoF -E[D,G | Fi dt} (5.7.6)

From Proposition 3.6.2 we obtain a concentration inequality on path space.

Lemma 5.7.7. Let F' € Dom (D). If HDF||L2(R+7LOC(P(M))) < C, for some
C >0, then

22
v(F—E|F|>«x gexp(— - ), x> 0. 5.7.7
(F - E[F] 2 2 - 6.1

In particular, E[e*F’] < oo, for A < (2C||DF||u) !
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5.8 Time Changes on Brownian Motion

In this section we study the transformations given by time changes on
Brownian motion, in connection with the operator V© of Definition 4.8.1.

Proposition 5.8.1. On the Wiener space, V© satisfies the relation

VP (FG)=FVyG+ GV F — D,FD,G,  teR;. (5.8.1)

Proof. We will show by induction using the derivation property (5.2.3) of D
that for all £ > 1,

Ve (L (fE0(9)") = L)V (1(9)*) + Li(9)" Vi L(f€)
Dy I, (f®")Dy (I(9)"), (5.8.2)

t € Ri. We have

VO (L (PP (9)) = V© (L (F57 0 )+ nlF. g o Tus (F20)

= L1 (9L t.00)) © F¥7) = L1 (f'Ljt.00)) 0 g 0 fE77Y)
—n(n—1)(f,9) L2, ) In-1((f' Ljt,00)) © FE72))

= L1 (f'1j00) © FE 0 9) = n{g, (f 1 jt.00))) L2 R ) In—1 (fE7D)
L1 (f2" 0 (01 00))) — (= 1){f, 9) r2es ) L1 (FE 2 0 (F'L00)))
=1 (f, 9'Lit 00)) L2y ) L1 (FE7Y)
+n<f/1[t,oo),g>L2(R+)I"—1(f®(n_1)) +1(9' Lt 00) f>L2(R+)I"—1(f®(n_l))

= —nL((f'100)) © fE" TN (9) = In(FE™) (9" 1t 00)
—nf(t)g(t) -1 (F7"7Y)

= L(g)Vy L(fO") + L(f")VE Li(g) — Deli(9)Deln(f€"),  t€ Ry,

which shows (5.8.2) for £ = 1. Next, assuming that (5.8.2) holds for some
k > 1, we have

VE (L (fE (9" = Li(g) Ve I (FE™) 1(9)") + In(f¥") 1 (9)* Vi 11 (g)
—Di11(9)Di(11(9)" In (f&™))
= Ii(9) (L(9)"VEL.(f*") + L(f*)V{ (1i(9)*)
=Dy (11(9)") Deln(f*™))
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+L (") (9)" Vi Ti(g) — Deli(g) (Iu(9)" Deln(f™)
+L,(f*") Dy (11 (9)"))

= L)' VEL(f2") + L(f*")VE (Li(g)**Y)
=Dy (Ii(9)*") DeIn(£57),

t € R4, which shows that (5.8.2) holds at the rank k + 1. O

Definition 5.8.2. Let h € L*(Ry), with ||h||pem®,) <1, and

t
vp(t) =t + / h(s)ds, teR;.
0
We define a mapping Tp, : 2 — (2, t,e € Ry, as

Th(w) =wouy; !, he L*Ry,), seu]l%) | h(x) |< 1.
TER4

The transformation 7;, acts on the trajectory of (Bs)ser, by change of time,
or by perturbation of its predictable quadratic variation. Although 73, is not
absolutely continuous, the functional F' o 7}, is well-defined for F' € S, since
elements of S can be defined trajectory by trajectory.

Proposition 5.8.3. We have for FF € S

0

e—0

Proof. We first notice that as a consequence of Proposition 5.8.1, the operator
o 1
vy + 2DtDt
t € Ry, has the derivation property. Indeed, by Proposition 5.8.1 we have

1
VP (FG) + 2DtDt(FG) = FVPG +GVYF — DFD,G

1
+, (FD:DiG + GDiD,F +2D;F D,G)

1 1
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Moreover, 7, is multiplicative, hence we only need to treat the particular
case of F' = I;(f). We have

L(f)o T — L(f) = /0 " f(9)dB5 () — ()
— [ twatenan.~ [ s,

:/0 (f <t+s/0th(8)d8> f(t)) dB.

After division by ¢ > 0, this converges in L?(£2) as ¢ — 0 to

/OOO @) /Oth(s)dsdBt /000 h(t) /too f'(s)dB;dt

_ /Oo WOVELL (f)dt
0

_/0 h(t) (V? + ;DtDt) L (f)dt.

5.9 Notes and References

Proposition 5.2.1 is usually taken as a definition of the Malliavin deriva-
tive D, see for example [92]. The relation between multiple Wiener integrals
and Hermite polynomials originates in [132]. Corollary 5.2.4 can be found
in Lemma 1.2 of [91] and in [96]. Finding the probabilistic interpretation of
D for normal martingales other than the Brownian motion or the Poisson
process, e.g. for the Azéma martingales, is still an open problem. In rela-
tion to Proposition 5.6.1, see [27] for a treatment of transformations called
Euclidean motions, in which case the operator V(t) : R — R is chosen
to be an isometry and h is adapted, so that A(U,h) is extended by quasi-
invariance of the Wiener measure, see also [62]. Corollary 5.5.2 recovers and
extend the sufficient conditions for the invariance of the Wiener measure un-
der random rotations given in [145], i.e. the Skorohod integral §(Rh) to has
a Gaussian law when h € H = L?*(R;,R%) and R is a random isometry of
H. We refer to [42], [44] for the Clark formula and the construction of gradi-
ent and divergence operators on Riemannian path space, and to [60] for the
corresponding deviation results stated in Section 5.7.
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