
Chapter 5

Analysis on the Wiener Space

In this chapter we consider the particular case where the normal martin-
gale (Mt)t∈R+ is a standard Brownian motion. The general results stated in
Chapters 3 and 4 are developed in this particular setting of a continuous
martingale. Here, the gradient operator has the derivation property and can
be interpreted as a derivative in the directions of Brownian paths, while the
multiple stochastic integrals are connected to the Hermite polynomials. The
connection is also made between the gradient and divergence operators and
other transformations of Brownian motion, e.g. by time changes. We also de-
scribe in more detail the specific forms of covariance identities and deviation
inequalities that can be obtained on the Wiener space and on Riemannian
path space.

5.1 Multiple Wiener Integrals

In this chapter we consider in detail the particular case where (Mt)t∈R+

is a standard Brownian motion, i.e. (Mt)t∈R+ solves the structure equation
(2.10.1) with φt = 0, t ∈ R+, i.e.

[M,M ]t = t, t ∈ R+.

The Hermite polynomials will be used to represent the multiple Wiener
integrals.

Definition 5.1.1. The Hermite polynomial Hn(x;σ2) of degree n ∈ N and
parameter σ2 > 0 is defined with

H0(x;σ2) = 1, H1(x;σ2) = x, H2(x;σ2) = x2 − σ2,

and more generally from the recurrence relation

Hn+1(x;σ2) = xHn(x;σ2) − nσ2Hn−1(x;σ2), n ≥ 1. (5.1.1)

N. Privault, Stochastic Analysis in Discrete and Continuous Settings,
Lecture Notes in Mathematics 1982, DOI 10.1007/978-3-642-02380-4 5,
c© Springer-Verlag Berlin Heidelberg 2009

161



162 5 Analysis on the Wiener Space

In particular we have

Hn(x; 0) = xn, n ∈ N.

The generating function of Hermite polynomials is defined as

ψλ(x, σ2) =
∞∑

n=0

λn

n!
Hn(x;σ2), λ ∈ (−1, 1).

Proposition 5.1.2. The following statements hold on the Hermite
polynomials:
i) Generating function:

ψλ(x, σ) = eλx− 1
2 λ2σ2

, x, λ ∈ R.

ii) Derivation rule:
∂Hn

∂x
(x;σ2) = nHn−1(x;σ2), (5.1.2)

iii) Creation rule:

Hn+1(x;σ2) =
(
x− σ2 ∂

∂x

)
Hn(x;σ2).

Proof. The recurrence relation (5.1.1) shows that the generating function ψλ

satisfies the differential equation

⎧
⎪⎨

⎪⎩

∂ψλ

∂λ
(x, σ) = (x− λσ2)ψλ(x, σ),

ψ0(x, σ) = 1,

which proves (i). From the expression of the generating function we deduce
(ii), and by rewriting (5.1.1) we obtain (iii). �
Let

φσ
d (s1, . . . , sd) =

1
(2π)d/2

e−(s2
1+···+s2

d)/2, (s1, . . . , sd) ∈ R
d,

denote the standard Gaussian density function with covariance σ2Id on R
n.

From Relation (5.1.2) we have

∂

∂x
(φσ

1 (x)Hn(x;σ2)) = φσ
1 (x)

(
∂Hn

∂x
(x;σ2) − x

σ2
Hn(x;σ2)

)

= −φ
σ
1 (x)
σ2

Hn+1(x;σ2),
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hence by induction, Proposition 5.1.2-(iii) implies

σ2(k1+···+kd) (−1)k1+···+kd

φσ
d (x1, . . . xd)

∂k1
x1

· · ·∂kd
xd
φσ

d (x1, . . . , xd) =
d∏

i=1

Hki(xi;σ2).

(5.1.3)
Let In(fn) denote the multiple stochastic integral of fn ∈ L2(R+)◦n with
respect to (Bt)t∈R+ , as defined in Section 2.7. Note that here I1(u) coincides
with J1(u) defined in (2.2.2), and in particular it has a centered Gaussian
distribution with variance ‖u‖2

2 := ‖u‖2
L2(R+), u ∈ L2(R+).

In addition, the multiplication formula (4.5.1) of Proposition 4.5.1 reads

I1(u)In(v⊗n) = In+1(v⊗n ◦ u) + n〈u, v〉L2(R+)In−1(v⊗(n−1)) (5.1.4)

for n ≥ 1, since with φt = 0, t ∈ R+, and we have in particular

I1(u)I1(v) = I2(v ◦ u) + 〈u, v〉L2(R+)

for n = 1. More generally, Relation (4.5.7) of Proposition 4.5.6 reads

In(fn)Im(gm) =
n∧m∑

s=0

(
n

s

)(
m

s

)
In+m−2s(hn,m,2s),

where hn,m,2s is the symmetrization in n+m− 2s variables of

(xs+1, . . . , xn, ys+1, . . . , ym) �→∫

R
s
+

fn(x1, . . . , xn)gm(x1, . . . , xi, ys+1, . . . , ym)dx1 · · ·dxs.

Proposition 5.1.3. For any orthogonal family {u1, . . . , ud} in L2(R+) we
have

In(u⊗n1
1 ◦ · · · ◦ u⊗nd

d ) =
d∏

k=1

Hnk
(I1(uk); ‖uk‖2

2),

where n = n1 + · · · + nd.

Proof. We have

H0(I1(u); ‖u‖2
2) = I0(u⊗0) = 1 and H1(I1(u); ‖u‖2

2) = I1(u),

hence the proof follows by induction on n ≥ 1, by comparison of the recur-
rence formula (5.1.1) with the multiplication formula (5.1.4). �
In particular,

In

(
1⊗n

[0,t]

)
= n!

∫ t

0

∫ sn

0

· · ·
∫ s2

0

dBs1 · · · dBsn

= Hn(Bt; t), (5.1.5)
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and from (4.5.3) we have

In

(
1⊗n1

[t0,t1]
◦ · · · ◦ 1⊗nd

[td−1,td]

)
=

d∏

k=1

Ink

(
1⊗nk

[tk−1,tk]

)

=
d∏

k=1

Hnk
(Btk

−Btk−1 ; tk − tk−1).

From this we recover the orthonormality properties of the Hermite polyno-
mials with respect to the Gaussian density:

∫ ∞

−∞
Hn(x; t)Hm(x; t)e−

x2
2t

dx√
2πt

= IE[Hn(Bt; t)Hm(Bt; t)]

= IE[In(1⊗n
[0,t])Im(1⊗m

[0,t])]

= 1{n=m}n!tn.

In addition, by Lemma 2.7.2 we have

Hn(Bt; t) = In

(
1⊗n

[0,t]

)

= IE
[
In(1⊗n

[0,T ])
∣∣∣Ft

]
, t ∈ R+,

is a martingale which, from Itô’s formula, can be written as

Hn(Bt; t)=In(1⊗n
[0,t])

= Hn(0; 0)+
∫ t

0

∂Hn

∂x
(Bs; s)dBs +

1
2

∫ t

0

∂2Hn

∂x2
(Bs; s)ds+

∫ t

0

∂Hn

∂s
(Bs; s)ds

= n

∫ t

0

In−1(1
⊗(n−1)
[0,s] )dBs

= n

∫ t

0

Hn−1(Bs; s)dBs

from Proposition 2.12.1. By identification we recover Proposition 5.1.2-(ii),
i.e.

∂Hn

∂x
(x; s) = nHn−1(x; s), (5.1.6)

and the partial differential equation

∂Hn

∂s
(x; s) = −1

2
∂2Hn

∂x2
(x; s),

i.e the heat equation with initial condition

Hn(x; 0) = xn, x ∈ R, n ∈ N.
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Given fn ∈ L2(R+)⊗n with orthogonal expansion

fn =
∑

n1+···+nd=n

k1,...,kd≥0

an1,...,nd

k1,...,kd
e⊗n1

k1
◦ · · · ◦ e⊗nd

kd
,

in an orthonormal basis (en)n∈N of L2(R+), we have

In(fn) =
∑

n1+···+nd=n

k1,...,kd≥0

an1,...,nd

k1,...,kd
Hn1(I1(ek1); 1) · · ·Hnd

(I1(ekd
); 1),

where the coefficients an1,...,nd

k1,...,kd
are given by

an1,...,nd

k1,...,kd
=

1
n1! · · ·nd!

〈In(fn), Ik(e⊗n1
k1

◦ · · · ◦ u⊗nd

kd
)〉L2(Ω)

= 〈fn, e
⊗n1
k1

◦ · · · ◦ e⊗nd

kd
〉L2(Rn

+).

Proposition 2.13.1 implies the following relation for exponential vectors, that
can be recovered independently using the Hermite polynomials.

Proposition 5.1.4. We have

ξ(u) =
∞∑

k=0

1
n!
In(u⊗n) = exp

(
I1(u) − 1

2
‖u‖2

L2(R+)

)
. (5.1.7)

Proof. Relation (5.1.7) follows from Proposition 5.1.2-i) and Proposition 5.1.3
which reads In(u⊗n) = Hn(I1(u); ‖u‖2

L2(R+)), n ≥ 1. �

Proposition 5.1.5. The Brownian motion (Bt)t∈R+ has the chaos represen-
tation property.

Proof. Theorem 4.1, p. 134 of [50], shows by a Fourier transform argument
that the linear space spanned by the exponential vectors

{
exp

(
I1(u) − 1

2
‖u‖2

L2(R+)

)
: u ∈ L2(R+)

}

is dense in L2(Ω). To conclude we note that the exponential vectors belong
to the closure of S in L2(Ω). �

From Proposition 5.1.5, any F ∈ L2(Ω) has a chaos decomposition

F =
∞∑

k=0

Ik(gk),
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where

Ik(gk) (5.1.8)

=
k∑

d=1

∑

k1+···+kd=k

1
k1! · · ·kd!

IE[FIk(u⊗k1
1 ◦ · · · ◦ u⊗kd

d )]Ik(u⊗k1
1 ◦ · · · ◦ u⊗kd

d )

=
k∑

d=1

∑

k1+···+kd=k

1
k1! · · ·kd!

IE[FIk(u⊗k1
1 ◦ · · · ◦ u⊗kd

d )]
n∏

i=1

Hki(I1(ui); ‖ui‖2
2),

is a finite sum since for all m ≥ 1 and l > k,

IE[Im(e⊗m
l )g(I1(e1), . . . , I1(ek))] = 0.

Lemma 5.1.6. Assume that F has the form F = g(I1(e1), . . . , I1(ek)) for
some

g ∈ L2(Rk, (2π)−k/2e−|x|
2/2dx),

and admits the chaos expansion

F =
∞∑

n=0

In(fn).

Then for all n ≥ 1 there exists a (multivariate) Hermite polynomial Pn of
degree n such that

In(fn) = Pn(I1(e1), . . . , I1(ek)).

Proof. The polynomial Pn is given by (5.1.8) above, which is a finite sum.
�

Lemma 5.1.6 can also be recovered from the relation

f(I1(e1), . . . , I1(ed)) (5.1.9)

=
∞∑

n=0

∑

k1 + · · · + kd = n

k1 ≥ 0, . . . , kd ≥ 0

(−1)n

k1! · · · kd!
〈f, ∂k1

1 · · · ∂kd

d φ1
d〉L2(Rd)In(e⊗k1

1 ◦ · · · ◦ e⊗kd

d ),

which follows from (5.1.6) and (5.1.3).

5.2 Gradient and Divergence Operators

In the Brownian case D has the derivation property, as an application of
Proposition 4.5.2 with φt = 0, t ∈ R+, i.e.

Dt(FG) = FDtG+GDtF, F,G ∈ S. (5.2.1)

More precisely we have the following result.



5.2 Gradient and Divergence Operators 167

Proposition 5.2.1. Let u1, . . . , un ∈ L2(R+) and

F = f(I1(u1), . . . , I1(un)),

where f is a polynomial or f ∈ C1
b (Rn). We have

DtF =
n∑

i=1

ui(t)
∂f

∂xi
(I1(u1), . . . , I1(un)), t ∈ R+. (5.2.2)

Proof. Using the derivation rule (5.1.2), Definition 4.1.1 and Proposition
5.1.3, this statement is obvious when

F = In(u⊗n)
= Hn(I1(u); ‖u‖2

2), u ∈ L2(R+).

Using the product rule (5.2.1) it extends to polynomial f (precisely, to prod-
ucts of Hermite polynomials) and to F ∈ S. In the general case we may
assume that u1, . . . , un ∈ L2(R+) are orthonormal, and that f ∈ C1

c (Rn).
Then from Lemma 5.1.6, we have the chaotic decomposition

F = f(I1(u1), . . . , I1(un))

=
∞∑

k=0

Ik(gk),

where Ik(gk) is a polynomial in I1(u1), . . . , I1(un). The sequence

Fk =
k∑

l=0

Il(gl), k ∈ N, k ∈ N,

is a sequence of polynomial functionals contained in S that converges to F
in L2(Ω). By tensorization of the finite dimensional integration by parts

∫ ∞

−∞
f ′(x)Hn(x; 1)e−x2/2 dx√

2π

=
∫ ∞

−∞
f(x)(xHn(x; 1) −H ′n(x; 1))e−x2/2 dx√

2π

=
∫ ∞

−∞
f(x)(xHn(x; 1) − nHn−1(x; 1))e−x2/2 dx√

2π

=
∫ ∞

−∞
f(x)Hn+1(x; 1)e−x2/2 dx√

2π
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we get

IE
[
Ik(u⊗k1

1 ◦ · · · ◦ u⊗kn
n )

∂f

∂xi
(I1(u1), . . . , I1(un))

]

= IE[f(I1(u1), . . . , I1(un))Ik+1(u⊗k1
1 ◦ · · · ◦ u⊗kn

n ◦ ui)]

= IE[Ik+1(gk+1)Ik+1(u⊗k1
1 ◦ · · · ◦ u⊗kn

n ◦ ui)]

= IE[〈DIk+1(gk+1), ui〉L2(R+)Ik(u⊗k1
1 ◦ · · · ◦ u⊗kn

n )]

hence
∂f

∂xi
(I1(u1), . . . , I1(un)) has the chaotic decomposition

∂f

∂xi
(I1(u1), . . . , I1(un)) =

∞∑

k=1

〈DIk(gk), ui〉L2(R+),

that converges in L2(Ω), hence (DFk)k∈N converges in L2(Ω × R+) to

n∑

i=1

ui
∂f

∂xi
(I1(u1), . . . , I1(un)) =

n∑

i=1

ui

∞∑

k=1

〈DIk(gk), ui〉L2(R+)

=
∞∑

k=1

DIk(gk).

�
In particular for f polynomial and for f ∈ C1

b (Rn) we have

Dtf(Bt1 , . . . Btn) =
n∑

i=1

1[0,ti](t)
∂f

∂xi
(Bt1 , . . . Btn), 0 ≤ t1 < · · · < tn,

(5.2.3)
and (5.2.2) can also be written as

〈DF, h〉L2(R+) (5.2.4)

=
d

dε
f

(∫ ∞

0

u1(t)(dB(t) + εh(t)dt), . . . ,
∫ ∞

0

un(t)(dB(t) + εh(t)dt)
)

|ε=0

,

=
d

dε
F (ω + εh)|ε=0,

h ∈ L2(R+), where the limit exists in L2(Ω). We refer to the above identity
as the probabilistic interpretation of the gradient operator D on the Wiener
space.
From Proposition 4.2.3, the operator D satisfies the Clark formula
Assumption 3.2.1.
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Corollary 5.2.2. For all F ∈ L2(Ω) we have

F = IE[F ] +
∫ ∞

0

IE[DtF |Ft]dBt.

Moreover, since φt = 0, t ∈ R+, Proposition 4.5.4 becomes a divergence
formula as in the next proposition.

Proposition 5.2.3. For all u ∈ U and F ∈ S we have

δ(u)F = δ(uF ) + 〈DF, u〉L2(R+).

On the other hand, applying Proposition 4.5.6 yields the following multipli-
cation formula for Wiener multiple stochastic integrals:

In(fn)Im(gm) =
n∧m∑

k=0

1
k!

(
n

k

)(
m

k

)
In+m−2k(fn ⊗k gm),

where fn ⊗k gm is the contraction

(tk+1, . . . , tn, sk+1, . . . , sm) �→∫ ∞

0

· · ·
∫ ∞

0

fn(t1, . . . tn)gm(t1, . . . , tk, sk+1, . . . , sm)dt1 . . . dtk,

tk+1, . . . , tn, sk+1, . . . , sm ∈ R+.
From Proposition 4.3.4, the Skorohod integral δ(u) coincides with the Itô
integral of u ∈ L2(W ;H) with respect to Brownian motion, i.e.

δ(u) =
∫ ∞

0

utdBt,

when u is square-integrable and adapted with respect to the Brownian
filtration (Ft)t∈R+ .
We have the following corollary, that completes Proposition 4.2.2 and can be
proved using the density property of smooth functions in finite-dimensional
Sobolev spaces, cf. e.g. Lemma 1.2 of [91] or [96].
For simplicity we work with a Brownian motion (Bt)t∈[0,1] on [0, 1] and we
assume that (en)n∈N is the dyadic basis of L2([0, 1]) given by

ek = 2n/21[ k−2n

2n , k+1−2n

2n ], 2n ≤ k ≤ 2n+1 − 1, n ∈ N. (5.2.5)

Corollary 5.2.4. Given F ∈ L2(Ω), let for all n ∈ N:

Gn = σ(I1(e2n), . . . , I1(e2n+1−1)),



170 5 Analysis on the Wiener Space

and Fn = E[F |Gn], and consider fn a square-integrable function with respect
to the standard Gaussian measure on R

2n

, such that

Fn = fn(I1(e2n), . . . , I1(e2n+1−1)).

Then F ∈ Dom (D) if and only if fn belongs for all n ≥ 1 to the Sobolev
space W 2,1(R2n

) with respect to the standard Gaussian measure on R
2n

, and
the sequence

DtFn :=
2n∑

i=1

e2n+i−1(t)
∂fn

∂xi
(I1(e2n), . . . , I1(e2n+1−1)), t ∈ [0, 1],

converges in L2(Ω × [0, 1]). In this case we have

DF = lim
n→∞DFn.

We close this section by considering the case of a d-dimensional Brownian
motion (Bt)0≤t≤T =(B(1)

t , . . . , B
(d)
t )0≤t≤T , where (B(1)

t )t∈R+ , . . . , (B
(d)
t )t∈R+ ,

are independent copies of Brownian motion. In this case the gradient D can
be defined with values in H = L2(R+, X⊗R

d), whereX is a Hilbert space, by

DtF =
n∑

i=1

1[0,ti](t)∇if(Bt1 , . . . , Btn), t ∈ R+,

for F of the form
F = f(Bt1 , . . . , Btn), (5.2.6)

f ∈ C∞b (Rn, X), t1, . . . , tn ∈ R+, n ≥ 1.
We let IDp,k(X) denote the completion of the space of smooth X-valued
random variables under the norm

‖u‖IDp,k(X) =
k∑

l=0

‖Dlu‖Lp(W,X⊗H⊗l), p > 1,

where X ⊗H denotes the completed symmetric tensor product of X and H .
For all p, q > 1 such that p−1 + q−1 = 1 and k ≥ 1, the Skorohod integral
operator

δ : IDp,k(X ⊗H) → IDq,k−1(X)

adjoint of
D : IDp,k(X) → IDq,k−1(X ⊗H),

satisfies
E[〈F, δ(u)〉X ] = E[〈DF, u〉X⊗H ],

F ∈ IDp,k(X), u ∈ IDq,k(X ⊗H).
Finally we note that the chaos representation property extends to d-
dimensional Brownian motion.
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Theorem 5.2.5. For any F ∈ L2(Ω) there exists a unique sequence (fn)n∈N

of deterministic symmetric functions

fn = (f (i1,...,in)
n )i1,...,in∈{1,...,d} ∈ L2([0, T ],Rd)◦n

such that

F = IE[F ] +
∞∑

n=1

In(fn).

Moreover we have

‖F‖2
L2(Ω) =

∞∑

n=0

d∑

i1,...,in=1

n!‖f (i1,...,in)
n ‖2

L2([0,T ]n).

Given F = f (Bt1 , . . . , Btn) ∈ L2(Ω) where (t1, . . . , tn) ∈ [0, T ]n and

f(x1,1, . . . , xd,1, . . . , x1,n, . . . , xd,n)

is in C∞b (Rdn), for l = 1, . . . , d we have:

D
(l)
t F =

n∑

k=1

∂f

∂xl,k
(Bt1 , . . . , Btn)1[0,tk](t).

Similarly the Clark formula of Corollary 5.2.2 extends to the d-dimensional
case as

F = IE[F ] +
∫ ∞

0

IE[DtF |Ft] · dBt, (5.2.7)

F ∈ L2(Ω).

5.3 Ornstein-Uhlenbeck Semi-Group

Recall the Definition 4.4.1 of the Ornstein-Uhlenbeck semi-group (Pt)t∈R+ as

PtF = E[F ] +
∞∑

n=1

e−ntIn(fn), t ∈ R+, (5.3.1)

for any F ∈ L2(Ω) with the chaos representation

F = E[F ] +
∞∑

n=1

In(fn).

In this section we show that on the Wiener space, Pt admits the integral
representation, known as the Mehler formula,
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PtF (ω) =
∫

Ω

F (e−tω +
√

1 − e−2tω̃)dP(ω̃), P(dω) − a.s., (5.3.2)

F ∈ L2(Ω), t ∈ R+, cf. e.g. [92], [143], [147]. Precisely we have the following.

Lemma 5.3.1. Let F of the form

F = f(I1(u1), . . . , I1(un)),

where f ∈ Cb(Rn) and u1, . . . , un ∈ L2(R+) are mutually orthogonal. For all
t ∈ R+ we have:

PtF (ω) =
∫

Ω

f(e−tI1(u1)(ω) +
√

1 − e−2tI1(u1)(ω̃), . . .

. . . , e−tI1(un)(ω) +
√

1 − e−2tI1(un)(ω̃))P(dω̃).

Proof. Since, by Proposition 5.1.5, the exponential vectors are total in L2(Ω)
and Pt is continuous on L2(Ω), it suffices to consider

fu(x) = exp
(
x− 1

2
‖u‖2

2

)
,

and to note that by Proposition 5.1.4 we have

ξ(fu) = exp
(
I1(u) − 1

2
‖u‖2

L2(R+)

)

=
∞∑

k=0

1
n!
Hn(I1(u); ‖u‖2

L2(R+))

=
∞∑

k=0

1
n!
In(u⊗n).

Hence

Ptξ(fu) =
∞∑

k=0

e−nt

n!
In(u⊗n)

= exp
(

e−tI1(u) − 1
2
e−2t‖u‖2

L2(R+)

)
,

and
∫

Ω

fu(e−tI1(u)(ω) +
√

1 − e−2tI1(u)(ω̃))P(dω̃)

=
∫ ∞

−∞
exp

(
e−tI1(u)(ω) +

√
1 − e−2ty − 1

2
‖u‖2

2 −
y2

2‖u‖2
2

)
dy√

2π‖u‖2
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=
∫ ∞

−∞
exp

(
e−tI1(u)(ω) − 1

2
‖e−tu‖2

2 −
(y −

√
1 − e−2t‖u‖2

2)2

2‖u‖2
2

)
dy√

2π‖u‖2

= exp
(

e−tI1(u)(ω) − 1
2
‖e−tu‖2

2

)

= Ptfu(I1(u))(ω).

The result is extended by density of the exponential vectors in L2(Ω)
since Brownian motion has the chaos representation property from
Proposition 5.2.5. �
The integral representation of Lemma 5.3.1 together with Jensen’s inequality
(9.3.1) imply the following bound which is used in the proof of deviation
inequalities in Section 4.7, cf. Lemma 4.7.1.

Lemma 5.3.2. We have for u ∈ L2(Ω × R+):

‖Ptu‖L∞(Ω,L2(R+)) ≤ ‖u‖L∞(Ω,L2(R+)), t ∈ R+.

Proof. Due to Lemma 5.3.1 we have

‖Psu(ω)‖2
L2(R+) =

∫ ∞

0

|Psut(ω)|2dt

≤
∫ ∞

0

Ps|ut(ω)|2dt

≤ ‖u‖2
L∞(Ω,L2(R+)).

�

5.4 Covariance Identities and Inequalities

In this section we present some covariance identities and inequalities that can
be obtained in the particular setting of the Wiener space, in addition to the
general results of Section 3.4 and 4.4.
We consider the order relation introduced in [11] when Ω = C0(R+) is the
space of continuous functions on R+ starting at 0.

Definition 5.4.1. Given ω1, ω2 ∈ Ω, we say that ω1 � ω2 if and only if we
have

ω1(t2) − ω1(t1) ≤ ω2(t2) − ω2(t1), 0 ≤ t1 ≤ t2.

The class of non-decreasing functionals with respect to � is larger than
that of non-decreasing functionals with respect to the pointwise order on
Ω defined by

ω1(t) ≤ ω2(t), t ∈ R+, ω1, ω2 ∈ Ω.
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Definition 5.4.2. A random variable F : Ω → R is said to be non-
decreasing if

ω1 � ω2 ⇒ F (ω1) ≤ F (ω2), P(dω1) ⊗ P(dω2) − a.s.

The next result is the FKG inequality on the Wiener space. It recovers
Theorem 4 of [11] under weaker (i.e. almost-sure) hypotheses.
Theorem 5.4.3. For any non-decreasing functionals F,G ∈ L2(Ω) we have

Cov (F,G) ≥ 0.

The proof of this result is a direct consequence of Lemma 3.4.2 and the next
lemma.
Lemma 5.4.4. For every non-decreasing F ∈ Dom (D) we have

DtF ≥ 0, dt× dP − a.e.

Proof. Without loss of generality we state the proof for a Brownian motion
on the interval [0, 1]. For n ∈ N, let πn denotes the orthogonal projection
from L2([0, 1]) onto the linear space generated by the sequence (ek)2n≤k<2n+1

introduced in Definition 5.2.5. Let

H =
{
h : [0, 1] → R :

∫ 1

0

|ḣ(s)|2ds <∞
}

denote the Cameron-Martin space, i.e. the space of absolutely continuous
functions with square-integrable derivative.
Given h ∈ H , let

hn(t) =
∫ t

0

[πnḣ](s)ds, t ∈ [0, 1], n ∈ N.

Let Λn denote the square-integrable and Gn-measurable random variable

Λn = exp
(∫ 1

0

[πnḣ](s)dBs −
1
2

∫ 1

0

|[πnḣ](s)|2ds
)
.

Letting Fn = E[F | Gn], n ∈ N, a suitable change of variable on R
n with

respect to the standard Gaussian density (or an application of the Cameron-
Martin theorem cf. e.g. [146]) shows that for all n ∈ N and Gn-measurable
bounded random variable Gn shows that

E[Fn(· + hn)Gn] = E[ΛnFnGn(· − hn)]
= E[ΛnE[F |Gn]Gn(· − hn)]
= E[E[ΛnFGn(· − hn)|Gn]]
= E[ΛnFGn(· − hn)]
= E[F (· + hn)Gn],
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hence
Fn(ω + hn) = E[F (· + hn)|Gn](ω), P(dω) − a.s.

If ḣ is non-negative, then πnḣ is non-negative by construction hence ω �
ω + hn, ω ∈ Ω, and we have

F (ω) ≤ F (ω + hn), P(dω) − a.s.,

since from the Cameron-Martin theorem, P({ω + hn : ω ∈ Ω}) = 1. Hence
we have

Fn(ω + h)
= fn(I1(e2n) + 〈e2n , ḣ〉L2([0,1]), . . . , I1(e2n+1−1) + 〈e2n+1−1, ḣ〉L2([0,1]))

= fn(I1(e2n) + 〈e2n , πnḣ〉L2([0,1]), . . . , I1(e2n+1−1) + 〈e2n+1−1, πnḣ〉L2([0,1]))
= Fn(ω + hn)
= E[F (· + hn)|Gn](ω)
≥ E[F |Gn](ω)
= Fn(ω), P(dω) − a.s.,

where (ek)k∈N is the dyadic basis defined in (5.2.5). Consequently, for any
ε1 ≤ ε2 and h ∈ H such that ḣ is non-negative we have

Fn(ω + ε1h) ≤ Fn(ω + ε2h),

i.e. the smooth function ε �→ Fn(ω + εh) is non-decreasing in ε on [−1, 1],
P(dω)-a.s. As a consequence,

〈DFn, ḣ〉L2([0,1]) =
d

dε
Fn(ω + εh)|ε=0 ≥ 0,

for all h ∈ H such that ḣ ≥ 0, hence DFn ≥ 0. Taking the limit of (DFn)n∈N

as n goes to infinity shows that DF ≥ 0. �

Next, we extend Lemma 5.4.4 to F ∈ L2(Ω).
Proposition 5.4.5. For any non-decreasing functional F ∈ L2(Ω) we have

E[DtF |Ft] ≥ 0, dt× dP − a.e.

Proof. Assume that F ∈ L2(Ω) is non-decreasing. Then P1/nF , n ≥ 1, is
non-decreasing from (5.3.2), and belongs to Dom (D) from Relation (5.3.1).
From Lemma 5.4.4 we have

DtP1/nF ≥ 0, dt× dP − a.e.,

hence
E[DtP1/nF |Ft] ≥ 0, dt× dP − a.e.
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Taking the limit as n goes to infinity yields E[DtF |Ft] ≥ 0, dt× dP-a.e. from
Proposition 3.2.6 and the fact that P1/nF converges to F in L2(Ω) as n goes
to infinity. �
Finally, using the change of variable α = e−t, the covariance identity (4.4.2)
can be rewritten with help of Lemma 5.3.1 as

Cov (F,G)

=
∫ 1

0

∫

Ω

∫

Ω

〈∇f(I1(u1), . . . , I1(un))(ω),∇g(αI1(u1)(ω)+
√

1 − α2I1(u1)(ω̃),

. . . , αI1(un)(ω) +
√

1 − α2I1(un)(ω̃))〉RnP(dω)P(dω̃)dα.

This identity can be recovered using characteristic function: letting

ϕ(t) = IE[eitI1(u)] = e−t2‖u‖22/2

and

ϕα(s, t) := IE[eisαI1(u)(ω)+it
√

1−α2I1(u)(ω̃)] = (ϕ(s+ t))α(ϕ(s))1−α(ϕ(t))1−α,

we have

Var [eisI1(u)] = ϕ1(s, t) − ϕ0(s, t)

=
∫ 1

0

∂ϕα

∂α
(s, t)dα

=
∫ 1

0

∂

∂α
((ϕ(t))1−α(ϕ(t + s))α(ϕ(s))1−α)dα

=
∫ 1

0

log
(
ϕ(s+ t)
ϕ(s)ϕ(t)

)
ϕα(s, t)dα

= −st‖u‖2
L2(R+)

∫ 1

0

ϕα(s, t)dα

=
∫ 1

0

∫

Ω

∫

Ω

〈DeisI1(u)(ω), DeitI1(u)(αω +
√

1 − α2ω̃))〉L2(R+)P(dω)P(dω̃)dα,

hence

Cov (eisI1(u), eisI1(v))

=
∫ 1

0

∫

Ω

∫

Ω

〈DeisI1(u)(ω), DeitI1(v)(αω +
√

1 − α2ω̃))〉L2(R+)P(dω)P(dω̃)dα.

Since D is a derivation operator from Proposition 5.2.1, the deviation
results of Proposition 3.6.2 hold, i.e. for any F ∈ Dom (D) such that
‖DF‖L2(R+,L∞(Ω)) ≤ C for some C > 0 we have
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P(F − IE[F ] ≥ x) ≤ exp
(
− x2

2C‖DF‖L2(R+,L∞(Ω))

)
, x ≥ 0.

5.5 Moment Identities for Skorohod Integrals

In this section we prove a moment identity that extends the Skorohod isom-
etry to arbitrary powers of the Skorohod integral on the Wiener space. As
simple consequences of this identity we obtain sufficient conditions for the
Gaussianity of the law of the Skorohod integral and a recurrence relation for
the moments of second order Wiener integrals.
Here, (Bt)t∈R+ is a standard R

d-valued Brownian motion on the Wiener space
(W,μ) with W = C0(R+,R

d).
Each element of X ⊗H is naturally identified to a linear operator from H to
X via

(a⊗ b)c = a〈b, c〉, a⊗ b ∈ X ⊗H, c ∈ H.

For u ∈ ID2,1(H) we identify Du = (Dtus)s,t∈R+ to the random operator
Du : H → H almost surely defined by

(Du)v(s) =
∫ ∞

0

(Dtus)vtdt, s ∈ R+, v ∈ L2(W ;H),

and define its adjoint D∗u on H ⊗H as

(D∗u)v(s) =
∫ ∞

0

(D†sut)vtdt, s ∈ R+, v ∈ L2(W ;H),

where D†sut denotes the transpose matrix of Dsut in R
d ⊗ R

d.
The Skorohod isometry of Proposition 4.3.1 reads

IE[|δ(u)|2] = IE[〈u, u〉H ] + IE
[
trace (Du)2

]
, u ∈ ID2,1(H), (5.5.1)

with

trace (Du)2 = 〈Du,D∗u〉H⊗H

=
∫ ∞

0

∫ ∞

0

〈Dsut, D
†
tus〉Rd⊗Rddsdt,

and the commutation relation

Dδ(u) = u+ δ(D∗u), u ∈ ID2,2(H). (5.5.2)

Next we state a moment identity for Skorohod integrals.
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Theorem 5.5.1. For any n ≥ 1 and u ∈ IDn+1,2(H) we have

IE[(δ(u))n+1] =
n∑

k=1

n!
(n− k)!

IE
[
(δ(u))n−k (5.5.3)

(
〈(Du)k−1u, u〉H + trace (Du)k+1 +

k∑

i=2

1
i
〈(Du)k−iu,Dtrace (Du)i〉H

)]
,

where

trace (Du)k+1

=
∫ ∞

0

· · ·
∫ ∞

0

〈D†tk−1
utk

, Dtk−2utk−1 · · ·Dt0ut1Dtk
ut0〉Rd⊗Rddt0 · · · dtk.

For n = 1 the above identity coincides with the Skorohod isometry (5.5.1).
The proof of Theorem 5.5.1 will be given at the end of this section.
In particular we obtain the following immediate consequence of
Theorem 5.5.1. Recall that trace (Du)k = 0, k ≥ 2, when the process u
is adapted with respect to the Brownian filtration.
Corollary 5.5.2. Let n ≥ 1 and u ∈ IDn+1,2(H) such that 〈u, u〉H is deter-
ministic and

trace (Du)k+1 +
k∑

i=2

1
i
〈(Du)k−iu,Dtrace (Du)i〉H = 0, a.s., 1 ≤ k ≤ n.

(5.5.4)
Then δ(u) has the same first n+ 1 moments as the centered Gaussian distri-
bution with variance 〈u, u〉H.

Proof. We have

Dt〈u, u〉 = Dt

∫ ∞

0

〈us, us〉ds

=
∫ ∞

0

〈us, Dtus〉ds+
∫ ∞

0

〈Dtus, us〉ds

= 2
∫ ∞

0

〈D†tus, us〉ds

= 2(D∗u)u,

shows that

〈(Dk−1u)u, u〉 = 〈(D∗u)k−1u, u〉 (5.5.5)

=
1
2
〈u, (D∗)k−2D〈u, u〉〉

= 0,
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k ≥ 2, when 〈u, u〉 is deterministic, u ∈ ID2,1(H). Hence under Condition
(5.5.4), Theorem 5.5.1 yields

IE[(δ(u))n+1] = n〈u, u〉H IE
[
(δ(u))n−1

]
,

and by induction

IE[(δ(u))2m] =
(2m)!
2mm!

〈u, u〉mH , 0 ≤ 2m ≤ n+ 1,

and IE[(δ(u))2m+1] = 0, 0 ≤ 2m ≤ n, while IE[δ(u)] = 0 for all u ∈ ID2,1(H).
�

As a consequence of Corollary 5.5.2 we recover Theorem 2.1-b) of [145], i.e.
δ(Rh) has a centered Gaussian distribution with variance 〈h, h〉H when u =
Rh, h ∈ H , and R is a random mapping with values in the isometries of
H , such that Rh ∈ ∩p>1IDp,2(H) and trace (DRh)k+1 = 0, k ≥ 1. Note
that in [145] the condition Rh ∈ ∩p>1,k≥2IDp,k(H) is assumed instead of
Rh ∈ ∩p>1IDp,2(H).
In the sequel, all scalar products will be simply denoted by 〈·, ·〉.
We will need the following lemma.
Lemma 5.5.3. Let n ≥ 1 and u ∈ IDn+1,2(H). Then for all 1 ≤ k ≤ n we
have

IE
[
(δ(u))n−k〈(Du)k−1u,Dδ(u)〉

]
−(n− k) IE

[
(δ(u))n−k−1〈(Du)ku,Dδ(u)〉

]

= IE
[
(δ(u))n−k

(
〈(Du)k−1u, u〉+ trace (Du)k+1 +

k∑

i=2

1
i
〈(Du)k−iu,Dtrace (Du)i〉

)]
.

Proof. We have (Du)k−1u ∈ ID(n+1)/k,1(H), δ(u) ∈ ID(n+1)/(n−k+1),1(R),
and using Relation (5.5.2) we obtain

IE
[
(δ(u))n−k〈(Du)k−1u,Dδ(u)〉

]

= IE
[
(δ(u))n−k〈(Du)k−1u, u+ δ(D∗u)〉

]

= IE
[
(δ(u))n−k〈(Du)k−1u, u〉

]
+ IE

[
(δ(u))n−k〈(Du)k−1u, δ(Du)〉

]

= IE
[
(δ(u))n−k〈(Du)k−1u, u〉

]
+ IE

[
〈D∗u,D((δ(u))n−k(Du)k−1u)〉

]

= IE
[
(δ(u))n−k〈(Du)k−1u, u〉

]
+ IE

[
(δ(u))n−k〈D∗u,D((Du)k−1u)〉

]

+ IE
[
〈D∗u, ((Du)k−1u) ⊗D(δ(u))n−k〉

]

= IE
[
(δ(u))n−k

(
〈(Du)k−1u, u〉 + 〈D∗u,D((Du)k−1u)〉

)]

+(n− k) IE
[
(δ(u))n−k−1〈D∗u, ((Du)k−1u) ⊗Dδ(u)〉

]

= IE
[
(δ(u))n−k

(
〈(Du)k−1u, u〉 + 〈D∗u,D((Du)k−1u)〉

)]

+(n− k) IE
[
(δ(u))n−k−1〈(Du)ku,Dδ(u)〉

]
.
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Next,

〈D∗u,D((Du)k−1u)〉

=
∫ ∞

0

· · ·
∫ ∞

0

〈D†tk−1
utk

, Dtk
(Dtk−2utk−1 · · ·Dt0ut1ut0)〉dt0 · · · dtk

=
∫ ∞

0

· · ·
∫ ∞

0

〈D†tk−1
utk

, Dtk−2utk−1 · · ·Dt0ut1Dtk
ut0〉dt0 · · · dtk

+
∫ ∞

0

· · ·
∫ ∞

0

〈D†tk−1
utk

, Dtk
(Dtk−2utk−1 · · ·Dt0ut1)ut0〉dt0 · · · dtk

= trace (Du)k+1 +
k−2∑

i=0

∫ ∞

0

· · ·
∫ ∞

0

〈D†tk−1
utk

, Dtk
utk+1 · · ·Dti+1uti+2(DtiDtk

uti+1)Dti−1uti · · ·Dt0ut1ut0〉
dt0 · · · dtk

= trace (Du)k+1 +
k−2∑

i=0

1
k − i

∫ ∞

0

· · ·
∫ ∞

0

〈Dti〈D†tk−1
utk

, Dtk
utk+1 · · ·Dti+1uti+2Dtk

uti+1〉, Dti−1uti · · ·Dt0ut1ut0〉
dt0 · · · dtk

= trace (Du)k+1 +
k−2∑

i=0

1
k − i

〈(Du)iu,Dtrace (Du)k−i〉.

�

Proof of Theorem 5.5.1. We decompose

IE[(δ(u))n+1] = IE[〈u,D(δ(u))n〉]
= n IE[(δ(u))n−1〈u,Dδ(u)〉]

=
n∑

k=1

n!
(n− k)!

IE
[
(δ(u))n−k〈(Du)k−1u,Dδ(u)〉

]

−
n∑

k=1

n!
(n− k)!

(n− k) IE
[
(δ(u))n−k−1〈(Du)ku,Dδ(u)〉

]
,

as a telescoping sum and then apply Lemma 5.5.3, which yields (5.5.3). �

5.6 Differential Calculus on Random Morphisms

In this section, in addition to the shift of Brownian paths by absolutely conti-
nuous functions as in (5.2.4), we consider a general class of transformations of
Brownian motion and its associated differential calculus. The main result of
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this section Corollary 5.6.5 will be applied in Section 5.7 to construct another
example of a gradient operator satisfying the assumptions of Chapter 3. Here
we work with a d-dimensional Brownian motion (Bt)t∈R+ as in Section 2.14.
Let

U : S(R+; Rd) −→ L2(Ω × R+; Rd)

be a random linear operator such that Uf ∈ L2(Ω × R+; Rd) is adapted for
all f in a space S(R+; Rd) of functions dense in L2(R+; Rd).
The operator U is extended by linearity to the algebraic tensor product
S(R+; Rd)⊗S, in this case Uf is not necessarily adapted if f ∈ S(R+; Rd)⊗S.

Definition 5.6.1. Let (h(t))t∈R+ ∈ L2(Ω × R+; Rd) be a square-integrable
process, and let the transformation

Λ(U, h) : S −→ L2(Ω × R+; Rd)

be defined as

Λ(U, h)F

= f

(
I1(Uu1) +

∫ ∞

0

〈u1(t), h(t)〉dt, . . . , I1(Uun) +
∫ ∞

0

〈un(t), h(t)〉dt
)
,

for F ∈ S of the form

F = f(I1(u1), . . . , I1(un)),

u1, . . . , un ∈ S(R+; Rd), f ∈ C∞b (Rn; R).

In the particular case where

U : S(R+; Rd) −→ L2(Ω × R+; Rd)

is given as
[Uf ](t) = V (t)f(t), t ∈ R+,

by an adapted family of random endomorphisms

V (t) : R
d −→ R

d, t ∈ R+,

this definition states that Λ(U, h)F is the evaluation of F on the perturbed
process of differential V ∗(t)dB(t) + h(t)dt instead of dB(t), where

V ∗(t) : R
d −→ R

d

denotes the dual of V (t) : R
d −→ R

d, t ∈ R+.
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We are going to define Λ(U, h) on the space S of smooth functionals. For
this we need to show that the definition of Λ(U, h)F is independent of the
particular representation

F = f(I1(u1), . . . , I1(un)), u1, . . . , un ∈ H,

chosen for F ∈ S.
Lemma 5.6.2. Let F,G ∈ S be written as

F = f (I1(u1), . . . , I1(un)) , u1, . . . , un ∈ S(R+; Rd), f ∈ C1(Rn; R),

and

G = g (I1(v1), . . . , I1(vm)), v1, . . . , vm ∈ S(R+; Rd), g ∈ C1(Rm; R).

If F = G P-a.s. then Λ(U, h)F = Λ(U, h)G, P-a.s.

Proof. Let e1, . . . , ek ∈ S(R+; Rd) be orthonormal vectors that generate
u1, . . . , un, v1, . . . , vm. Assume that ui and vi are written as

ui =
k∑

j=1

αj
iej and vi =

k∑

j=1

βj
i ej , i = 1, . . . , n,

in the basis e1, . . . , ek. Then F and G are also represented as

F = f̃ (I1(e1), . . . , I1(ek)) ,

and G = g̃ (I1(e1), . . . , I1(ek)), where the functions f̃ and g̃ are defined by

f̃(x1, . . . , xk) = f

⎛

⎝
k∑

j=1

αj
1xj , . . . ,

k∑

j=1

αj
nxj

⎞

⎠ , x1, . . . , xk ∈ R,

and

g̃(x1, . . . , xk) = f

⎛

⎝
k∑

j=1

βj
1xj , . . . ,

k∑

j=1

βj
nxj

⎞

⎠ , x1, . . . , xk ∈ R.

Since F = G and I1(e1), . . . , I1(ek) are independent, we have f̃ = g̃ a.e.,
hence everywhere, and by linearity,

Λ(U, h)F = f̃

(
I1(Ue1) +

∫ ∞

0

〈e1(t), h(t)〉dt, . . . , I1(Uek) +

∫ ∞

0

〈ek(t), h(t)〉dt

)
,
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and

Λ(U, h)G

= g̃

(
I1(Ue1) +

∫ ∞

0

〈e1(t), h(t)〉dt, . . . , I1(Uek) +
∫ ∞

0

〈ek(t), h(t)〉dt
)
,

hence Λ(U, h)F = Λ(U, h)G. �

Moreover, Λ(U, h) is linear and multiplicative:

Λ(U, h)f(F1, . . . , Fn) = f(Λ(U, h)F1, . . . , Λ(U, h)Fn),

F1, . . . , Fn ∈ S, f ∈ C1
b (Rn; R).

Definition 5.6.3. Let (Uε)ε∈[0,1] be a family of linear operators

Uε : S(R+; Rd) −→ L2(Ω × R+; Rd),

such that

i) U0 is the identity of S(R+; Rd), i.e. we have U0f = f , P-a.s., f ∈
S(R+; Rd).
ii) for any f ∈ S(R+; Rd), Uεf ∈ L2(Ω × R+; Rd) and is adapted, ε ∈ [0, 1],
iii) the family (Uε)ε∈[0,1] admits a derivative at ε = 0 in the form of an
operator

L : S(R+; Rd) −→ L2(Ω × R+; Rd),

such that
((Uεf − f)/ε)ε∈[0,1]

converges in L2(Ω × R+; Rd) to Lf = (Ltf)t∈R+ as ε goes to zero, f ∈
S(R+; Rd).

Let h ∈ L2(Ω × R+; Rd) be a square-integrable adapted process.

The operator L is extended by linearity to S(R+; Rd) ⊗ S. The family
(Uε)ε∈[0,1] needs not have the semigroup property. The above assumptions
imply that LDF ∈ Dom (δ), F ∈ S, with

δ(LDF ) =
n∑

i=1

∂if(I1(u1), . . . , I1(un))δ(Lui) (5.6.1)

−
n∑

i,j=1

〈ui,Luj〉L2(R+;Rd)∂i∂jf(I1(u1), . . . , I1(un)),
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for F = f(I1(u1), . . . , I1(un)), where we used Relation 5.2.3. We now compute
on S the derivative at ε = 0 of one-parameter families

Λ(Uε, εh) : S −→ L2(Ω), ε ∈ R,

of transformations of Brownian functionals. Let the linear operator trace be
defined on the algebraic tensor product H ⊗H as

traceu⊗ v = (u, v)H , u, v ∈ H.

Proposition 5.6.4. For F ∈ S, we have in L2(Ω):

d

dε
Λ(Uε, εh)F|ε=0 =

∫ ∞

0

〈h0(t), DtF 〉dt+ δ(LDF ) + trace (IdH ⊗ L)DDF.

(5.6.2)

Proof. Let A : S −→ S be defined by

AF = δ(LDF ) + trace (IdH ⊗ L)DDF +
∫ ∞

0

〈h0(t), DtF 〉dt, F ∈ S.

For F = I1(u), u ∈ S(R+; Rd), we have

d

dε
Λ(Uε, εh)F|ε=0 =

∫ ∞

0

〈h0(t), u(t)〉dt+ I1(Lu)

=
∫ ∞

0

〈h0(t), DtF 〉dt+ δ(LDF ) + trace (IdH ⊗ L)DDF

= AF

since DDF = 0. From (5.6.1), for F1, . . . , Fn ∈ S and f ∈ C∞b (Rn; R) we
have

Af(F1, . . . , Fn) =

δ(LDf(F1, . . . , Fn)) + trace (IdH ⊗ L)DDf(F1, . . . , Fn)

+
∫ ∞

0

〈h0(t), Dtf(F1, . . . , Fn)〉dt

=
n∑

i=1

δ (∂if(F1, . . . , Fn)LDFi)

+
n∑

i=1

∂if(F1, . . . , Fn)trace (IdH ⊗ L)DDFi
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+
n∑

i,j=1

∂i∂jf(F1, , . . . , Fn)
∫ ∞

0

〈LsDFi, DsFj〉ds

+
n∑

i=1

∂if(F1, . . . , Fn)
∫ ∞

0

〈h0(t), DtFi〉dt

=
n∑

i=1

∂if(F1, . . . , Fn)δ(LDFi) +
n∑

i=1

∂if(F1, . . . , Fn)trace (IdH ⊗ L)DDFi

+
n∑

i=1

∂if(F1, . . . , Fn)
∫ ∞

0

〈h0(t), DtFi〉dt

=
n∑

i=1

∂if(F1, . . . , Fn) (δ(LDFi) + trace (IdH ⊗ L)DDFi

+
∫ ∞

0

〈h0(t), DtFi〉dt
)

=
n∑

i=1

∂if(F1, . . . , Fn)AFi.

Hence for F1 = I1(u1), . . . , Fn = I1(un) ∈ S and f ∈ C∞b (Rn; R):

Af(F1, . . . , Fn) =
n∑

i=1

∂if(F1, . . . , Fn)AFi

=
n∑

i=1

∂if(F1, . . . , Fn)
(
d

dε
Λ(Uε, εh)Fi

)

|ε=0

=
(
d

dε
Λ(Uε, εh)f(F1, . . . , Fn)

)

|ε=0

.

Consequently, Relation (5.6.2) holds on S. �

Corollary 5.6.5. Assume that L : L2(R+; Rd) −→ L2(Ω × R+; Rd) is anti-
symmetric as an endomorphism of L2(R+; Rd), P-a.s., we have in L2(Ω):

d

dε
Λ(Uε, εh)F|ε=0 =

∫ ∞

0

〈h0(t), DtF 〉dt+ δ(LDF ), F ∈ S.

Proof. Since L is antisymmetric, we have for any symmetric tensor u⊗ u ∈
S(R+; Rd) ⊗ S(R+; Rd):

trace (IdH ⊗ L)u ⊗ u = traceu⊗ Lu = 〈u,Lu〉H = −〈Lu, u〉H = 0.

Hence the term trace (IdH⊗L)DDF of Proposition 5.6.4 vanishes P-a.s. since
DDF is a symmetric tensor. �
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5.7 Riemannian Brownian Motion

In this section we mention another example of a gradient operator satisfying
the Clark formula Assumption 3.2.1 of Chapter 3. As an application we de-
rive concentration inequalities on path space using the method of covariance
representation. This section is not self-contained and we refer to [40], [41],
[44], [83] for details on Riemannian Brownian motion.
Let (B(t))t∈R+ denote a R

d-valued Brownian motion on (Ω,F ,P), generating
the filtration (Ft)t∈R+ . Let M be a Riemannian manifold of dimension d
whose Ricci curvature is uniformly bounded from below, and let O(M) denote
the bundle of orthonormal frames over M . The Levi-Civita parallel transport
defines d canonical horizontal vector fields A1, . . . , Ad on O(M), and the
Stratonovich stochastic differential equation

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dr(t) =
i=d∑

i=1

Ai(r(t)) ◦ dxi(t), t ∈ R+,

r(0) = (m0, r0) ∈ O(M),

defines an O(M)-valued process (r(t))t∈R+ . Let π : O(M) −→ M be the
canonical projection, let

γ(t) = π(r(t)), t ∈ R+,

be the Brownian motion on M and let the Itô parallel transport along
(γ(t))t∈R+ is defined as

tt←0 = r(t)r−1
0 : Tm0M � R

d −→ Tγ(t)M, t ∈ [0, T ].

Let C0(R+; Rd) denote the space of continuous R
d-valued functions on R+

vanishing at the origin. Let also IP(M) denote the set of continuous paths on
M starting at m0, let

I : C0(R+; Rd) −→ IP(M)
(ω(t))t∈R+ �→ I(ω) = (γ(t))t∈R+

be the Itô map, and let ν denote the image measure on IP(M) of the Wiener
measure P by I. In order to simplify the notation we write F instead of F ◦I,
for random variables and stochastic processes. Let Ωr denote the curvature
tensor and ricr : R

d −→ R
d the Ricci tensor of M at the frame r ∈ O(M).

Given an adapted process (zt)t∈R+ with absolutely continuous trajectories,
we let (ẑ(t))t∈R+ be defined by
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˙̂z(t) = ż(t) +
1
2
ricr(t)z(t), t ∈ R+, ẑ(0) = 0. (5.7.1)

We recall that z �→ ẑ can be inverted, i.e. there exists a process (z̃t)t∈R+ such
that ˆ̃z = z, cf. Section 3.7 of [44]. Finally, let Qt,s : R

d −→ R
d, be defined as

dQt,s

dt
= −1

2
ricr(t)Qt,s, Qs,s = IdTm0

, 0 ≤ s ≤ t,

and let

q(t, z) = −
∫ t

0

Ωr(s)(◦dB(s), z(s)), t ∈ R+,

where ◦dB(s) denotes the Stratonovich differential. Let Q∗t,s be the adjoint of
Qt,s, let H = L2(R+,R

d), and let H = L∞(IP(M),H; dν). Let finally C∞c (Mn)
denote the space of infinitely differentiable functions with compact support
in Mn.
In the sequel we endow IP(M) with the σ-algebra FP on IP(M) generated by
subsets of the form

{γ ∈ IP(M) : (γ(t1), . . . , γ(tn)) ∈ B1 × · · · ×Bn} ,

where 0 ≤ t1 < · · · < tn, B1, . . . , Bn ∈ B(M), n ≥ 1.
Let

S(IP(M); R) = {F = f(γ(t1), . . . , γ(tn)) : f ∈ C∞b (Mn; R),
0 ≤ t1 ≤ · · · ≤ tn ≤ 1, n ≥ 1} ,

and

U(IP(M) × R+; Rd) =

{
k=n∑

k=1

Fk

∫ ·

0

uk(s)ds : F1, . . . , Fn ∈ S(IP(M); R),

u1, . . . , un ∈ L2(R+; Rd), n ≥ 1
}

In the following, the space L2(IP(M),FP , ν) will be simply denoted by
L2(IP(M)). Note that the spaces S(IP(M); R) and U(IP(M) × R+; Rd) are
dense in L2(IP(M); R) and in L2(IP(M)×R+; Rd) respectively. The following
definition of the intrisic gradient on IP(M) can be found in [44].

Definition 5.7.1. Let D̂ : L2(IP(M); R) −→ L2(IP(M)×R+; Rd) be the gra-
dient operator defined as

D̂tF =
i=n∑

i=1

t0←ti∇M
i f(γ(t1), . . . , γ(tn))1[0,ti](t), t ∈ R+,

for F ∈ S(IP(M); R) of the form F = f(γ(t1), . . . , γ(tn)), where ∇M
i denotes

the gradient on M applied to the i-th variable of f .
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Given an adapted vector field (Z(t))t∈R+ on M with Z(t) ∈ Tγ(t)M , t ∈ R+,
we let z(t) = t0←tZ(t), t ∈ R+, and assume that ż(t) exists, ∀t ∈ R+. Let

∇Z(t) = lim
ε→0

tt←t+εZ(t+ ε) − Z(t)
ε

.

Then
ż(t) = t0←t∇Z(t), t ∈ R+.

let Ωr denote the curvature tensor of M and let ricr : R
d −→ R

d denote
the Ricci tensor at the frame r ∈ O(M), and let the process (ẑ(t))t∈R+ be
defined by ⎧

⎪⎨

⎪⎩

˙̂z(t) = ż(t) +
1
2
ricr(t)z(t), t ∈ R+,

ẑ(0) = 0.

(5.7.2)

As a consequence of Corollary 5.6.5 we obtain the following relation between
the gradient D̂ and the operatorsD and δ, cf. Theorem 2.3.8 and Theorem 2.6
of [27].

Corollary 5.7.2. Assume that the Ricci curvature of M is uniformly
bounded, and let z ∈ U(IP(M) × R+; Rd) be adapted. We have

∫ ∞

0

〈D̂tF, ż(t)〉dt =
∫ ∞

0

〈DtF, ˙̂z(t)〉dt + δ(q(·, z)D·F ), (5.7.3)

F ∈ S(IP(M); R), where q(t, z) : R
d −→ R

d is defined as

q(t, z) = −
∫ t

0

Ωr(s)(◦dB(s), z(s)), t ∈ R+.

Proof. We let Vε(t) = exp(εq(t, z)), t ∈ R+, ε ∈ R. Then from Proposition
3.5.3 of [44] we have

∫ ∞

0

〈D̂F, ż(t)〉dt =
d

dε
Λ(Uε, ε ˙̂z)F|ε=0.

Since the Ricci curvature of M is bounded, we have ˙̂z ∈ L2(R+;L∞(W ; R))
from (5.7.2). Moreover, from Theorem 2.2.1 of [44], ε �→ Λ(Uε, 0)r(t) is differ-
entiable in L2(W ; R), hence continuous, ∀t ∈ R+. Consequently, from (5.7.2)
and by construction of U(IP(M) × R+; Rd), ε �→ Λ(Uε, 0) ˙̂z is continuous in
L2(W ×R+; Rd) and we can apply Corollary 5.6.5 with Lt = q(t, z) to obtain
(5.7.3). �

If u ∈ U(IP(M) × R+; Rd) is written as u =
i=n∑

i=1

Gizi, zi deterministic, Gi ∈

S(IP(M); R), i = 1, . . . , n, we let
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trace q(t,Dtu) =
i=n∑

i=1

q(t, zi)DtGi.

Given u ∈ U(IP(M) × R+; Rd) written as u =
∑i=n

i=1 Gizi, zi deterministic,
Gi ∈ S(IP(M); R), i = 1, . . . , n, we let

û =
i=n∑

i=1

Giẑi.

We now recall the inversion of z �→ ẑ by the method of variation of constants
described in Section 3.7 of [44]. Let Idγ(t) denote the identity of Tγ(t)M . We
have

ż(t) = ˙̃z(t) +
1
2
ricr(t)z̃(t), t ∈ R+,

where (z̃(t))t∈R+ is defined as

z̃(t) =
∫ t

0

Qt,sż(s)ds, t ∈ R+,

and Qt,s : R
d −→ R

d satisfies

dQt,s

dt
= −1

2
ricr(t)Qt,s, Qs,s = Idγ(0), 0 ≤ s ≤ t.

Let also the process (Ẑ(t))t∈R+ be defined by

⎧
⎪⎨

⎪⎩

∇Ẑ(t) = ∇Z(t) +
1
2
Ricγ(t)Z(t), t ∈ R+,

Ẑ(0) = 0,

with ẑ(t) = τ0←tẐ(t), t ∈ R+. In order to invert the mapping Z �→ Ẑ, let

Z̃(t) =
∫ t

0

Rt,s∇Z(s)ds, t ∈ R+,

where Rt,s : Tγ(s)M −→ Tγ(t)M is defined by the equation

∇tRt,s = −1
2
Ricγ(t)Rt,s, Rs,s = Idγ(s), 0 ≤ s ≤ t,

∇t denotes the covariant derivative along (γ(t))t∈R+ , and

Ricm : TmM −→ TmM
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denotes the Ricci tensor at m ∈M , with the relation

ricr(t) = t0←t ◦ Ricγ(t) ◦ tt←0.

Then we have
⎧
⎨

⎩

∇Z(t) = ∇Z̃(t) + 1
2Ricγ(t)Z̃(t), t ∈ R+,

Z(0) = 0.

We refer to [44] for the next definition.

Definition 5.7.3. The damped gradient

D̃ : L2(IP(M); R) −→ L2(IP(M) × R+; Rd)

is defined as

D̃tF =
i=n∑

i=1

1[0,ti](t)Q
∗
ti,tt0←ti∇M

i f(γ(t1), . . . , γ(tn)), t ∈ R+,

for F ∈ S(IP(M); R) of the form F = f(γ(t1), . . . , γ(tn)), where

Q∗t,s : R
d −→ R

d

denotes the adjoint of Qt,s : R
d −→ R

d, 0 ≤ s < t.

Given f ∈ C∞c (Mn) we also have

D̃tF =
i=n∑

i=1

1[0,ti](t)t0←tR
∗
ti,t∇

M
i f(γ(t1), . . . , γ(tn)), t ∈ R+,

where R∗ti,t : Tγ(ti) −→ Tγ(t) is the adjoint of Rti,t : Tγ(t) −→ Tγ(ti).

Proposition 5.7.4. We have for z ∈ U(IP(M) × R+; Rd):

∫ ∞

0

〈D̃tF, ż(t)〉dt =
∫ ∞

0

〈D̂tF, ˙̃z(t)〉dt, F ∈ S(IP(M); R). (5.7.4)

Proof. We compute

∫ ∞

0

〈D̃tF, ż(t)〉dt =
i=n∑

i=1

∫ ti

0

〈Q∗ti,st0←ti∇M
i f(γ(t1), . . . , γ(tn)), ż(s)〉ds
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=
i=n∑

i=1

∫ ti

0

〈t0←ti∇M
i f(γ(t1), . . . , γ(tn)), Qti,sż(s)〉dt

=
∫ ∞

0

〈D̂tF, ˙̃z(t)〉dt, F ∈ S(IP(M); R).

�
We also have

∫ ∞

0

〈D̃tF, ˙̂z(t)〉dt =
∫ ∞

0

〈D̂tF, ż(t)〉dt, F ∈ S(IP(M); R).

Taking expectation on both sides of (5.7.3) and (5.7.4) it follows that the
processes DF and D̃F have the same adapted projections:

IE[DtF | Ft] = IE[D̃tF | Ft], t ∈ R+, (5.7.5)

F = f(γ(t1), . . . , γ(tn)). Using this relation and the Clark formula

F = IE[F ] +
∫ ∞

0

IE[DtF | Ft] · dB(t),

on the Wiener space, cf. Proposition 5.2.7 we obtain the expression of the
Clark formula on path space, i.e. Assumption 3.2.1 is satisfied by D̃.
Proposition 5.7.5. Let F ∈ Dom (D̃), then

F = IE[F ] +
∫ ∞

0

IE[D̃tF | Ft] · dB(t).

The following covariance identity is then a consequence of Proposition 3.4.1.

Proposition 5.7.6. Let F,G ∈ Dom (D̃), then

Cov (F,G) = IE
[∫ ∞

0

D̃tF · IE[D̃tG | Ft] dt
]
. (5.7.6)

From Proposition 3.6.2 we obtain a concentration inequality on path space.
Lemma 5.7.7. Let F ∈ Dom (D̃). If ‖D̃F‖L2(R+,L∞(IP(M))) ≤ C, for some
C > 0, then

ν(F − IE[F ] ≥ x) ≤ exp
(
− x2

2C‖D̃F‖H

)
, x ≥ 0. (5.7.7)

In particular, IE[eλF 2
] <∞, for λ < (2C‖D̃F‖H)−1.
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5.8 Time Changes on Brownian Motion

In this section we study the transformations given by time changes on
Brownian motion, in connection with the operator ∇� of Definition 4.8.1.

Proposition 5.8.1. On the Wiener space, ∇� satisfies the relation

∇�t (FG) = F∇�t G+G∇�t F −DtFDtG, t ∈ R+. (5.8.1)

Proof. We will show by induction using the derivation property (5.2.3) of D
that for all k ≥ 1,

∇�t (In(f⊗n)I1(g)k) = In(f⊗n)∇�t
(
I1(g)k

)
+ I1(g)k∇�t In(f⊗n)

−DtIn(f⊗n)Dt

(
I1(g)k

)
, (5.8.2)

t ∈ R+. We have

∇�
(
In(f⊗n)I1(g)

)
= ∇�

(
In+1(f⊗n ◦ g) + n〈f, g〉L2(R+)In−1(f⊗(n−1))

)

= −In+1((g′1[t,∞)) ◦ f⊗n) − nIn+1((f ′1[t,∞)) ◦ g ◦ f⊗(n−1))

−n(n− 1)〈f, g〉L2(R+)In−1((f ′1[t,∞)) ◦ f⊗(n−2))

= −nIn+1((f ′1[t,∞)) ◦ f⊗(n−1) ◦ g) − n〈g, (f ′1[t,∞))〉L2(R+)In−1(f⊗(n−1))

−In+1(f⊗n ◦ (g′1[t,∞))) − n(n− 1)〈f, g〉L2(R+)In−1(f⊗(n−2) ◦ (f ′1[t,∞)))

−n〈f, g′1[t,∞)〉L2(R+)In−1(f⊗(n−1))

+n〈f ′1[t,∞), g〉L2(R+)In−1(f⊗(n−1)) + n〈g′1[t,∞), f〉L2(R+)In−1(f⊗(n−1))

= −nIn((f ′1[t,∞)) ◦ f⊗(n−1))I1(g) − In(f⊗n)I1(g′1[t,∞))

−nf(t)g(t)In−1(f⊗(n−1))

= I1(g)∇�t In(f⊗n) + In(f⊗n)∇�t I1(g) −DtI1(g)DtIn(f⊗n), t ∈ R+,

which shows (5.8.2) for k = 1. Next, assuming that (5.8.2) holds for some
k ≥ 1, we have

∇�t (In(f⊗n)I1(g)k+1) = I1(g)∇�t (In(f⊗n)I1(g)k) + In(f⊗n)I1(g)k∇�t I1(g)

−DtI1(g)Dt(I1(g)kIn(f⊗n))

= I1(g)
(
I1(g)k∇�t In(f⊗n) + In(f⊗n)∇�t

(
I1(g)k

)

−Dt

(
I1(g)k

)
DtIn(f⊗n)

)
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+In(f⊗n)I1(g)k∇�t I1(g) −DtI1(g)
(
I1(g)kDtIn(f⊗n)

+In(f⊗n)Dt

(
I1(g)k

))

= I1(g)k+1∇�t In(f⊗n) + In(f⊗n)∇�t
(
I1(g)k+1

)

−Dt

(
I1(g)k+1

)
DtIn(f⊗n),

t ∈ R+, which shows that (5.8.2) holds at the rank k + 1. �

Definition 5.8.2. Let h ∈ L2(R+), with ‖h‖L∞(R+) < 1, and

νh(t) = t+
∫ t

0

h(s)ds, t ∈ R+.

We define a mapping Th : Ω → Ω, t, ε ∈ R+, as

Th(ω) = ω ◦ ν−1
h , h ∈ L2(R+), sup

x∈R+

| h(x) |< 1.

The transformation Th acts on the trajectory of (Bs)s∈R+ by change of time,
or by perturbation of its predictable quadratic variation. Although Th is not
absolutely continuous, the functional F ◦ Th is well-defined for F ∈ S, since
elements of S can be defined trajectory by trajectory.

Proposition 5.8.3. We have for F ∈ S
∫ ∞

0

h(t)
(
∇�t +

1
2
DtDt

)
Fdt = − lim

ε→0

1
ε
(F ◦ Tεh − F ).

Proof. We first notice that as a consequence of Proposition 5.8.1, the operator

∇�t +
1
2
DtDt

t ∈ R+, has the derivation property. Indeed, by Proposition 5.8.1 we have

∇�t (FG) +
1
2
DtDt(FG) = F∇�t G+G∇�t F −DtFDtG

+
1
2

(FDtDtG+GDtDtF + 2DtFDtG)

= F

(
∇�t G+

1
2
DtDtG

)
+G

(
∇�t F +

1
2
DtDtF

)
.
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Moreover, Tεh is multiplicative, hence we only need to treat the particular
case of F = I1(f). We have

I1(f) ◦ Tεh − I1(f) =
∫ ∞

0

f(s)dB(ν−1
εh (s)) − I1(f)

=
∫ ∞

0

f(νεh(s))dBs −
∫ ∞

0

f(s)dBs

=
∫ ∞

0

(
f

(
t+ ε

∫ t

0

h(s)ds
)
− f(t)

)
dBt.

After division by ε > 0, this converges in L2(Ω) as ε→ 0 to

∫ ∞

0

f ′(t)
∫ t

0

h(s)dsdBt =
∫ ∞

0

h(t)
∫ ∞

t

f ′(s)dBsdt

= −
∫ ∞

0

h(t)∇�t I1(f)dt

= −
∫ ∞

0

h(t)
(
∇�t +

1
2
DtDt

)
I1(f)dt.

�

5.9 Notes and References

Proposition 5.2.1 is usually taken as a definition of the Malliavin deriva-
tive D, see for example [92]. The relation between multiple Wiener integrals
and Hermite polynomials originates in [132]. Corollary 5.2.4 can be found
in Lemma 1.2 of [91] and in [96]. Finding the probabilistic interpretation of
D for normal martingales other than the Brownian motion or the Poisson
process, e.g. for the Azéma martingales, is still an open problem. In rela-
tion to Proposition 5.6.1, see [27] for a treatment of transformations called
Euclidean motions, in which case the operator V (t) : R

d −→ R
d is chosen

to be an isometry and h is adapted, so that Λ(U, h) is extended by quasi-
invariance of the Wiener measure, see also [62]. Corollary 5.5.2 recovers and
extend the sufficient conditions for the invariance of the Wiener measure un-
der random rotations given in [145], i.e. the Skorohod integral δ(Rh) to has
a Gaussian law when h ∈ H = L2(R+,R

d) and R is a random isometry of
H . We refer to [42], [44] for the Clark formula and the construction of gradi-
ent and divergence operators on Riemannian path space, and to [60] for the
corresponding deviation results stated in Section 5.7.
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