Chapter 1
The Discrete Time Case

In this chapter we introduce the tools of stochastic analysis in the simple
framework of discrete time random walks. Our presentation relies on the
use of finite difference gradient and divergence operators which are defined
along with single and multiple stochastic integrals. The main applications of
stochastic analysis to be considered in the following chapters, including func-
tional inequalities and mathematical finance, are discussed in this elementary
setting. Some technical difficulties involving measurability and integrability
conditions, that are typical of the continuous-time case, are absent in the
discrete time case.

1.1 Normal Martingales

Consider a sequence (Y)ren of (not necessarily independent) random vari-
ables on a probability space (£2,F,P). Let (F,)n>—1 denote the filtration
generated by (Y, )nen, i.e.

ffl = {@,Q},
and
Fn=0o,...,Ys), n > 0.

Recall that a random variable F' is said to be F,-measurable if it can be
written as a function

F=f,Yo,...,Yn)
of Yo,...,Y,, where f,, : R**1 = R.

Assumption 1.1.1. We make the following assumptions on the sequence
(Yn)nEN:

a) it is conditionally centered:

E[Y, | Fnoa] =0,  n2>0, (1.1.1)

N. Privault, Stochastic Analysis in Discrete and Continuous Settings,
Lecture Notes in Mathematics 1982, DOI 10.1007/978-3-642-02380-4 1, 7
(© Springer-Verlag Berlin Heidelberg 2009



8 1 The Discrete Time Case
b) its conditional quadratic variation satisfies:
EY? | Fooa]=1, n>0.

Condition (1.1.1) implies that the process (Yo + -+ + Y, )n>0 is an F,-
martingale, cf. Section 9.4 in the Appendix. More precisely, the sequence
(Y )nen and the process (Yo + -+ + Y5, )n>0 can be viewed respectively as a
(correlated) noise and as a normal martingale in discrete time.

1.2 Stochastic Integrals

In this section we construct the discrete stochastic integral of predictable
square-summable processes with respect to a discrete-time normal martingale.

Definition 1.2.1. Let (ux)ren be a uniformly bounded sequence of random
variables with finite support in N, i.e. there exists N > 0 such that ux, = 0
for all k > N. The stochastic integral J(u) of (un)nen is defined as

J(u) = Z ukYk.
k=0

The next proposition states a version of the Ito isometry in discrete time. A
sequence (u,)nen of random variables is said to be F,-predictable if u, is
Fn—1-measurable for all n € N, in particular ug is constant in this case.

Proposition 1.2.2. The stochastic integral operator J(u) extends to square-
integrable predictable processes (un)nen € L*(£2 x N) wia the (conditional)
isometry formula

E[lJ (1n,00) @) [*| | Frm1] = ElllLn 00yull 2y | Fral, neN.  (1.2.1)

Proof. Let (un)nen and (v, )nen be bounded predictable processes with finite
support in N. The product uxYiv;, 0 < k < [, is F;_1-measurable, and uY;v;
is Fr_1-measurable, 0 < [ < k. Hence

E —E| > wYeuYi|Fus

k,=n

Z ug Yy Z vy ‘-7:71—1

k=n l=n

00
=E Z Uk'UkYk2 + Z upYrv Y, + Z ukYk'Ul}/l‘fnfl
k=n n<k<l n<l<k
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o0

= 3" EE[urorY? | Feor] | Faoil + Y. EEuYsoYi | Fioa] | Fai)

k=n n<k<l

+ Z EE[urYrvY) | Fr—1] | Fro-1]

n<l<k

= ZE[UkUkE[Yk2 | -7:]@—1] | .7:”_1] + 2 Z E[ukkalE[Y} | .7:1_1] | .7:”_1]
k=0 n<k<l

= ZE[ukvk | fnfl]
k=n
fM] |

oo
=E lz ULVl
k=n
This proves the isometry property (1.2.1) for .J. The extension to L?(2xN) is
proved using the following Cauchy sequence argument. Consider a sequence of
bounded predictable processes with finite support converging to u in L?(§2 x
N), for example the sequence (u™),cn defined as

u" = (up )ken = (UrL{o<k<n}1{juy|<n})keN n€N.

Then the sequence (J(u"))nen is Cauchy and converges in L?(£2), hence we
may define
J(u) == lim J(u").

k—o00

From the isometry property (1.2.1) applied with n = 0, the limit is clearly
independent of the choice of the approximating sequence (u*)xen. (|

Note that by polarization, (1.2.1) can also be written as
E[J(1n,00)%)J (15,00 0) | Frim1] = E[{115,00)U, Ln o)) 2y | Frmil, n €N,
and that for n = 0 we get

E [J(u)J (v)] = E[{(u,v)e2qv)] (1.2.2)

and

E[lJ@)) = E [Jullfq) (1.2.3)
for all square-integrable predictable processes u = (uy)keny and v = (vg)gen.
Proposition 1.2.3. Let (ug)ren € L2(2 x N) be a predictable square-

integrable process. We have

E[J(’U,) | ]:k] = J(ul[ojk]), ke N.
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Proof. In case (uy)ren has finite support in N it suffices to note that

E[J(u) | Fx] = [Zuz

- Z“ZY + Z E [u;Y; | Fioa] | Fi]

i=k+1

—ZuZYJFZ E[Y; | Fie1] | Fel

i=k+1

= Zquz
i=0

= J(ul[ojk]).

+ Z ’LLzY |fk
i=k+1

The formula extends to the general case by linearity and density, using the
continuity of the conditional expectation on L? and the sequence (u"),en
defined as u™ = (uf)ren = (urljo<p<n})ren, n € N, ie.

E[(J(ulpn) - EL (@) | F)*] = lim E [(J(u" 1) ~ EJ () | F2])’]

n—oo

lim E[(E[J(u") ~ J(u) | 7))’

n—oo

< 1im E[E[(70") ~ Tw)? | 7]

n—oo

= lim E :(J(u") - J(U)ﬂ

n—oo

=0,

by (1.2.3). O

Corollary 1.2.4. The indefinite stochastic integral (J(uljg)))ren is a dis-
crete time martingale with respect to (Fp)n>—1.

Proof. We have

]E[J(Ul 0,k+1] ) | Fi] = E[E[J (Ul[o k+1]) | Fret1 | Fl

= E[E[J(u) [ Frtr | Fil
= E[J(u) | Fi]
- J(ul[o k]
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1.3 Multiple Stochastic Integrals

The role of multiple stochastic integrals in the orthogonal expansion of
a random variable is similar to that of polynomials in the series expan-
sion of a function of a real variable. In some situations, multiple stochastic
integrals can be expressed using polynomials, such as in the symmetric case
Pn = ¢n = 1/2, n € N, in which the Krawtchouk polynomials are used, see
Relation (1.5.2) below.

Definition 1.3.1. Let (2(N)°" denote the subspace of (*(N)®" = (?(N")
made of functions f, that are symmetric in n variables, i.e. such that for
every permutation o of {1,...,n},

falko@y, - s ko)) = falka, . kn), k1,... ky €N

Given f1 € (?(N) we let
Ji(f) = J(f) =D filk)Ye
k=0

As a convention we identify ¢2(NY) to R and let Jo(fo) = fo, fo € R. Let
An:{(kl,...,kn)eN":ki#kj,1§i<j§n}, n>1.

The following proposition gives the definition of multiple stochastic integrals
by iterated stochastic integration of predictable processes in the sense of
Proposition 1.2.2.

Proposition 1.3.2. The multiple stochastic integral J,,(f,) of fn € £2(N)°™,
n > 1, is defined as

Tn(f) =" D> faliv,. in)Yi, - Yi,

(’il ..... in)eAn
It satisfies the recurrence relation
In(fn) =n Z Yidn—1(fn (e k)10 -1 (%)) (1.3.1)
k=1

and the isometry formula

B[ (fn)dm(gm)] = {g!<1A"f”’ gm)ex@en ZZ ; m (1.3.2)
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Proof. Note that we have

Tn(fa)=nl" > faliv,...,in)Yi Vi,

0<in <+ <ip

=n! Y D Y falin i)Y Y, (1.3.3)

in=0 0<i,_1<in 0<i1 <i2

Note that since 0 < iy <ig < - <ipand 0 < j; < jo < -+ < j, we have
]E[}/'Ll e }/'Ln}/Jl e }/Jn] = 1{i1:j17~~~ain:jn}'
Hence

E[Jn(fn)n(gn)]

=B D falinenin)Yi Yo Y a0 dn) Y Vi

0<iy << 0<j1 < <jn

= (n!)Z Z fn(ll77z'fl)g"(]177]n)]E[}/11}/ln}/Jl}/Jn]

0<i1 <+ <ip, 0<51 <+ <jn

=m)? > falin,. .o in)gnlit, ... in)

0<iq <+ <in

=nl > falit, . in)gnlit, ... in)

(i1, in)EAR

= nl(1a, fr, gm) e yen-

When n < m and (i1,...,i,) € 4, and (J1,...,Jm) € A, are two sets of
indices, there necessarily exists k € {1,...,m} such that ji ¢ {i1,...,in},
hence

E[Y;, Y, Y }/jm] =0,

and this implies the orthogonality of J,(f,) and Jy,(gm). The recurrence
relation (1.3.1) is a direct consequence of (1.3.3). The isometry property
(1.3.2) of J,, also follows by induction from (1.2.1) and the recurrence relation.

(]

If f, € (2(N") is not symmetric we let J,,(fn) = Ju(fn), where f, is the
symmetrization of f,,, defined as

. ) 1 . . ) . "
fn(zl,...,zn):n| Z flicays - yio,), i1, 0, € N7,

’ oeX,

and X, is the set of all permutations of {1,...,n}.
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In particular, if (k1,...,k,) € A,, the symmetrization of 1,
variables is given by

kn)} nn

.....

Ty, (i1, yin) = ot i b= don 1 Q1,500 €N,

and
Jn(l{(kl ..... kn)}) = Ykl . Ykn-

Lemma 1.3.3. For all n > 1 we have

E[Jn(fn) | fk] = Jn(fnl[o,k]")a

k€N, f, € 2(N)",

Proof. This lemma can be proved in two ways, either as a consequence of
Proposition 1.2.3 and Proposition 1.3.2 or via the following direct argument,
noting that for all m = 0,...,n and g,, € £>(N)°™ we have:

E[(Jn(fn) - Jn(fnl[o,k]"))Jm(gml[o,k]m)]
= 1n=my2! (fu (1 = Ljo,k1n )5 GmLio,kpm ) 2 (nim)

hence J,, (fnlpo,n) € L2($2, Fr.), and Jp,(fn) — Jn(fnlpo,kn) is orthogonal to
L2(92, F). O

In other terms we have

E[Jn(fn)] =0, fneﬂ2(N)ona n>1,

the process (Jn(fnljo,kn))ren is a discrete-time martingale, and J,(fy) is
Fir-measurable if and only if

nlpopr = fs 0<k<n.

1.4 Structure Equations

Assume now that the sequence (Y;)nen satisfies the discrete structure
equation:
Y2 =14 ¢,Yn, n €N, (1.4.1)

where (¢n)nen is an Fy-predictable process. Condition (1.1.1) implies that

E[Y,? | Fool =1, neN,
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hence the hypotheses of the preceding sections are satisfied. Since (1.4.1)
is a second order equation, there exists an F,-adapted process (X, )nen of
Bernoulli {—1, 1}-valued random variables such that

2
Y, = “"2"+Xn\/1+(“"2") ., neN. (1.4.2)
Consider the conditional probabilities

pn=P(X,=1|F,-1) and ¢, =PX,=-1|F,-1), n € N.
(1.4.3)
From the relation E[Y;, | F,,—1] = 0, rewritten as

w5 () ) e (5 (5)) =0 ven

we get

1 ©n 1 ©n
L= 1= , = |1+ , 1.4.4
g 2( ¢4+s0%> ! 2( ¢4+w%> .

and
an
= = n 6 N,
\/p \/ \/pn(Jn
hence
o dn Pn
Yn = l{Xn—l}\/ — l{Xn——l}\/ , n € N. (145)
Pn dn
Letting
X, +1
Dy = 2+ € {0,1}, n €N,

we also have the relations

n —Pn+Xn  Zn—Dpn

Y, = - ,
" 2y/Pntn V/Pnn

neN, (1.4.6)

which yield
fn:U(Xo,...,Xn):O'(Zo,...,Zn), n € N.

Remark 1.4.1. In particular, one can take 2 = {—1,1}" and construct
the Bernoulli process (X, )nen as the sequence of canonical projections on
2 = {—1,1}" under a countable product P of Bernoulli measures on {—1,1}.
In this case the sequence (X,,)nen can be viewed as the dyadic expansion of



1.5 Chaos Representation 15
X (w) € [0,1] defined as:
= 1
Xw)=Y oni1 Xn(@).

n=0

In the symmetric case pr = qr = 1/2, k € N, the image measure of P by
the mapping w — X (w) is the Lebesgue measure on [0, 1], see [139] for the
non-symmetric case.

1.5 Chaos Representation

From now on we assume that the sequence (pi)reny defined in (1.4.3) is
deterministic, which implies that the random variables (X,,)nen are in-
dependent. Precisely, X,, will be constructed as the canonical projection
X, 2 — {-1,1} on 2 = {—1,1} under the measure P given on cylin-
der sets by

P({607 ceey En} X {715 1}N) = H p](ql—i_ak)/zq](gl_ak)/zv
k=0

{€0,.-.,€en} € {—1,1}""L. The sequence (Yj)ren can be constructed as a
family of independent random variables given by

2
Y, = 9”2” +Xn\/1+(¢2”) . neN,

where the sequence (p,)nen is deterministic. In this case, all spaces
L™(2,F,), r > 1, have finite dimension 2"+, with basis

& dk Pk
1 =€0,... —¢ . (€0,...,€n) € ,—
o e L2
= {l{xo_eo,...7xn—en} : (60, .. .,€n> & H {71, 1}} .
k=0

An orthogonal basis of L"(§2, F,,) is given by

Vi, - Vi, = (X {yrkyy) 1 0< ki <+ <k <n, 1=0,....n+1}.
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Let

Sn

"1+ X
> +2 ¥ (1.5.1)
k=0

I
NIE

s n €N,

£
Il
o

denote the random walk associated to (Xj)ren. If pr = p, k € N, then
Jn(Ljg'n)) = Kn(Sn: N +1,p) (1.5.2)

coincides with the Krawtchouk polynomial K, (; N + 1,p) of order n and
parameter (N + 1, p), evaluated at Sy, cf. Proposition 4 of [115].

Let now Ho = R and let H,, denote the subspace of L?(§2) made of integrals
of order n > 1, and called chaos of order n:

H, = {Jn(fn) D fa € 62(N)On}-

The space of F,,-measurable random variables is denoted by L°(£2, F,,).
Lemma 1.5.1. For all n € N we have

LY, Fp) = (Ho® -+ @ Hpg1) [ | LO(92, F). (1.5.3)

Proof. Tt suffices to note that H; N L°(§2, F,,) has dimension ("Jlrl), 1<i<
n + 1. More precisely it is generated by the orthonormal basis

{Yi, - Yi, = Jl(i{(kl,...,kl)}) :0<k <. <k <n},

since any element F' of H; N L°(£2, F,,) can be written as F' = Ji(fil{g ).
Hence L°(2,F,) and (Ho @ - @ Hp11) () L($2, F,,) have same dimension

n+1 n+ 1
ontl — Z ( L ), and this implies (1.5.3) since
k=0

LO(Q,]:”) D (Ho D--- @Hn—i-l) ﬂLO(Qvfn)'

As a consequence of Lemma 1.5.1 we have
LY, F) CHo® -+ @ Hpy1
Alternatively, Lemma 1.5.1 can be proved by noting that

Jo(falpapn) =0,  n>N+1, f, € 2(N)",
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and as a consequence, any F € L°(£2, Fy) can be expressed as

N+1
F=E[F]+ > Ju(faljo.n):

n=1

Definition 1.5.2. Let S denote the linear space spanned by multiple stochas-
tic integrals, i.e.

S = Vect { [j Hn} (1.5.4)
n=0
= {it}k(fk) :fx € EQ(N)Ok, k=0,...,n, n€ N} .
k=0

The completion of S in L?(£2) is denoted by the direct sum

S
n=0

The next result is the chaos representation property for Bernoulli processes,
which is analogous to the Walsh decomposition, cf. [78]. Here this property is
obtained under the assumption that the sequence (X, )nen is made of inde-
pendent random variables since (pg)ren is deterministic, which corresponds
to the setting of Proposition 4 in [38]. See [38] and Proposition 5 therein for
other instances of the chaos representation property without this indepen-
dence assumption.

Proposition 1.5.3. We have the identity

L*(2) = é Ho.
n=0

Proof. Tt suffices to show that S is dense in L?(£2). Let F be a bounded
random variable. Relation (1.5.3) of Lemma 1.5.1 shows that E[F | F,] € S.
The martingale convergence theorem, cf. e.g. Theorem 27.1 in [67], implies
that (E[F | F,])nen converges to F a.s., hence every bounded F is the L?(£2)-
limit of a sequence in 8. If F' € L?(£2) is not bounded, F is the limit in L?({2)
of the sequence (1{|p|<n}F)nen of bounded random variables. O

As a consequence of Proposition 1.5.3, any F' € L?(§2,P) has a unique de-
composition

F=EIFl+ 3 0u(f).  fa€ B, ne,
n=1



18 1 The Discrete Time Case

as a series of multiple stochastic integrals. Note also that the statement of
Lemma 1.5.1 is sufficient for the chaos representation property to hold.

1.6 Gradient Operator

We start by defining the operator D on the space S of finite sums of multiple
stochastic integrals, which is dense in in L?(§2) by Proposition 1.5.3.

Definition 1.6.1. We densely define the linear gradient operator
D:S — L*(2 xN)

by
ijn(fn) = anfl(fn(*a k)]'A'n. (*7k)>a
keN, f, € 2(N)°", n € N.

Note that for all kq,...,k,_1,k € N, we have

1a, (ks kn1,k) = Yng ey ookn_)3 1A,y (B1y oo Rn1),

hence we can write

DiJn(fn) = ndn-1(fa(* k)1ngsy), k€N,

where in the above relation, “«” denotes the first k—1 variables (k1, ..., ky,—1)
of fn(k1,...,kn_1,k). We also have DyF = 0 whenever F € S is Fj_1-
measurable.

On the other hand, Dy is a continuous operator on the chaos H,, since

1Dk (f)llZ2(2) = 1211 (fu(x, KD Z2(e) (1.6.1)
= nn'”fn(*a k)”??(N@(n*l))a fn € 62(N®n)a k € N.

The following result gives the probabilistic interpretation of Dy as a finite
difference operator. Given

w = (wo,wr,...) € {—1, I}N,

let
b= 1
wi = (wo, w1, ... wr—1, +1, Wkt1,...)

and
k
w’ = (wo, w1,y Wk1, — L, Wkt1,...)-
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Proposition 1.6.2. We have for any F € S:

DyF(w) = /prge(F(WE) — F(w)), keN. (1.6.2)

Proof. We start by proving the above statement for an F,,-measurable F' € S.
Since L°(£2, F,,) is finite dimensional it suffices to consider

F =Yy Yy = f(Xo,..., Xp,),

with from (1.4.6):

115 G — P + 2
ki = Pk i

TOyeroy Thy) = II .

Flao b = 1 VPRiGk

First we note that from (1.5.3) we have for (ki,...,k,) € Ay:

Dy (Yiy -+ Vi) = DLy eyy)

1 -
B (n — 1)' Z 1{ki}(k) Z 1{{i1 vvvvv in—1}t={k1,....ki—1,kit1,.. . kn}}
S i=1 (i15ensin—1)€An_1
- Z l{ki}(k)‘]nfl(i{(kl7~~~,k¢7171€i+17~-,kn)})
=1
= Ly, (B) T Y. (1.6.3)
kiizsﬁlk

If k ¢ {ki,...,k} we clearly have F(w¥) = F(w") = F(w), hence

VoRan(F(Wh) — F(wh)) = 0= Dy F(w).
On the other hand if k € {kq,...,k;} we have

l
qk Qk; — Pk; + Wk,
F wk —_ K k3 Z,
) \/Pk H 2./Pk; Gk,

i=1
ki #k

l
qk 1 2\/Dk; k;

ki #k
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hence from (1.6.3) we get

l
1 Qk; — Pk + Wk,
Vorar(F(Wh) = F(Wh)) = oi-1 11

i /Pk; Qk;
ki £k
l
= H Ykl(w)
kiiilk
= Dy (Yi, -+ Yi,) (W)
= DkF(w)

In the general case, J;(f;) is the L2-limit of the sequence E[J,(f;) | Fy] =
Ji(filg, ) as n goes to infinity, and since from (1.6.1) the operator Dy is
continuous on all chaoses H,,, n > 1, we have

DyF = lim DiE[F | 7]
= Vprar lim (B[F | Fo)(wh) — E[F | F](wh))

= VPear(F(WE) — F(w*)), keN.
O

The next property follows immediately from Proposition 1.6.2.

Corollary 1.6.3. A random wvariable F' : 2 — R is F,-measurable if and
only if
Dy F =0

for all k > n.
If F has the form F = f(Xo,...,X,), we may also write

DyF = \/prar(Fy — F),), k€N,

with
F‘kJr = f(Xo, .. -an—la +1,Xk+1, L. ,Xn),

and
Fo = f(Xo, .o, Xp—1, =1, Xpg1, .., X)),

The gradient D can also be expressed as
DF(S) = Vprar (F (S + 1ix=-11e<y) = F (S = Lixe=nylipsy))
where F'(S.) is an informal notation for the random variable F' estimated on

a given path of (Sy)nen defined in (1.5.1) and S. + 1;x, —+1)1{x<.} denotes
the path of (Sy,)nen perturbed by forcing Xy, to be equal to +1.



1.6 Gradient Operator 21

We will also use the gradient Vj, defined as

Vil = Xy (f(Xo, o, Xp—1, =1, Xpey1, ..+, Xin)
- f(XOa" 'an—lalan-‘rla" 'aXn))a

k € N, with the relation
Dy = —Xi/Prqi Vi, keN,

hence Vi F' coincides with D F after squaring and multiplication by pggx.
From now on, Dy, denotes the finite difference operator which is extended to
any F : {2 — R using Relation (1.6.2).

The L? domain of D, denoted Dom (D), is naturally defined as the space of
functionals F' € L?({2) such that

E[IDF | | < oo,

or equivalently by (1.6.1),

o0
Z || full72 iy < 00,

n=1

if F=>" Jn(fn)-
0

The follgwing is the product rule for the operator D.
Proposition 1.6.4. Let F,G : 2 — R. We have

X
Dy(FG) = FDG + GDyF — y b

Di.FD.G, k e N.
Prak

Proof. Let F¥(w) = F(w"), F*(w) = F(w"), k > 0. We have

Dy(FG) = \/prar(FEGY — FEG")
= 1ix—13vPrae (F(GE — Q)+ G(Ff — F)+ (F} — F)(G% - G))
+1x,—13vPrae (F(G—GM)+G(F — FF) = (F — FF)(G - GY))

1
= 1{Xk:*1} (FDkG + GDLF + DkFDkG)
/Pl
1
+1lix,=1} (FDkG+GDkF DkFDkG> .
Pk
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1.7 Clark Formula and Predictable Representation

In this section we prove a predictable representation formula for the func-
tionals of (S),)n>0 defined in (1.5.1).

Proposition 1.7.1. For all F € S we have

F =E[F] + iE[DkF | Fro1]Ve (1.7.1)
k=0

=E[F] + ZYkaE[F | Fl.
k=0

Proof. The formula is obviously true for F' = Jy(fp). Given n > 1, as a
consequence of Proposition 1.3.2 above and Lemma 1.3.3 we have:

Jn(fn) =n Z Jn—l(fn(*a k)l[o,k—l]"*l (*))Yk
k=0

=n Z Jn—l(fn(*a k)lﬂn (*a k)l[O,k—l]"71 (*))Yk
k=0

= TLZE[Jnfl(fn(*vk)lAn (%, k) | Fr—1]Yk
k=0

= ZE[DkJn(fn) | Fr1]Yk,
k=0

which yields (1.7.1) for F = J,(fn), since E[J,,(fn)] = 0. By linearity the
formula is established for F' € S.
For the second identity we use the relation

E[DiF | Fi—1] = DyE[F | Fi]

which clearly holds since D F' is independent of X, k € N. O

Although the operator D is unbounded we have the following result, which
states the boundedness of the operator that maps a random variable to the
unique process involved in its predictable representation.

Lemma 1.7.2. The operator

LQ(_Q> — L2(Q X N)
F i (E[DrF | Fr—1])ken

is bounded with norm equal to one.
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Proof. Let F € S. From Relation (1.7.1) and the isometry formula (1.2.2)
for the stochastic integral operator J we get

IEID.F | Forl Bagaseny = IF — ELF)3a oy (1.72)
< | F —E[F]|2(q) + (E[F])?
= ||FH%2(Q)7
with equality in case F' = Ji(f1). O

As a consequence of Lemma 1.7.2 we have the following corollary.

Corollary 1.7.3. The Clark formula of Proposition 1.7.1 extends to any
F e L*(92).

Proof. Since F +— E[D.F | F._1] is bounded from Lemma 1.7.2, the Clark
formula extends to F' € L?(§2) by a standard Cauchy sequence argument.
O

Let us give a first elementary application of the above construction to the
proof of a Poincaré inequality on Bernoulli space. Using (1.2.3) we have

Var (F) = E[|F — E[F]|?]

=K <i E[Dy.F | fkl]yk>

k=0

=E i(E[DkF | Fr-1])?
Lk=0

<E|) E[DiF|?| fkl]]
Lk=0

)

=E|) |DiFJ?
LE=0

hence
Var (F) < |[DF (7205
More generally the Clark formula implies the following.

Corollary 1.7.4. Let a € N and F € L*(£2). We have

F=E[F | Fd] + Z E[DpF | Fr—1]Yk, (1.7.3)
k=a+1
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and
E[F?] = E[(E[F | Fu])*] +E i (E[DiF | Fir1))?| - (1.7.4)
k=a+1

Proof. From Proposition 1.2.3 and the Clark formula (1.7.1) of Proposi-
tion 1.7.1 we have

E[F | F,] = E[F] + iE[DkF | Fr—1]Y%,
k=0

which implies (1.7.3). Relation (1.7.4) is an immediate consequence of (1.7.3)
and the isometry property of J. 0

As an application of the Clark formula of Corollary 1.7.4 we obtain the fol-
lowing predictable representation property for discrete-time martingales.

Proposition 1.7.5. Let (M, )nen be a martingale in L2(2) with respect to
(Fu)nen- There exists a predictable process (ur)ren locally in L?(2xN), (i.e.
u(-)1p,n)(-) € L*(2 x N) for all N > 0) such that

M, =M1+ uYs, n e N. (1.7.5)
k=0

Proof. Let k > 1. From Corollaries 1.6.3 and 1.7.4 we have:

M = E[Mk | ]'—k71] JrE[DkMk | fkfl]Yk
= My_1 +E[Dpy My, | Fi—1]Ys,

hence it suffices to let
up = E[Dp My, | Fr—1], k>0,

to obtain

M, =M_; + ZMk My =M+ ZukYk.
k=0 k=0

1.8 Divergence Operator

The divergence operator § is introduced as the adjoint of D. Let U C L?(§2 x
N) be the space of processes defined as

U= {Z Te(frr1(%,2),  fr € (N @ 3(N), k=0,...,n, n€ N} .
k=0
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We refer to Section 9.7 in the appendix for the definition of the tensor product
2(N)°k @ 2(N), k > 0.

Definition 1.8.1. Let § : U — L?(£2) be the linear mapping defined on U as

6(”) = 5(Jn(fn+1(*a ))) = Jn-i-l(fn-i-l)a fn-i—l € 62(N)On ® KQ(N)a
for (ur)ren of the form
uk:‘]n(fnJrl(*vk))a kENa

where fn—i—l denotes the symmetrization of fn4+1 in n+ 1 variables, i.e.

n+1

1
an+1 Kty ookt Kty oy kg i)

frost (k1. kn
fny1(ky +1) nt1:

From Proposition 1.5.3, S is dense in L?({2), hence U is dense in L?*(2xN).

Proposition 1.8.2. The operator § is adjoint to D:

E[(DF, u>42(N)] = E[Fé(u)], FeS uel.

Proof. We consider F' = J,(fn) and ur = Jp(gmi1(x, k), k € N, where
fn € 2(N)°" and g4 € (2(N)°™ @ £3(N). We have

E[(D.Jn(fn), Jm(gm+1(%, ) e2av)]

= nE[(Jn—1(fn(*;-)); T (gm (%, ) ez ]

= nE[(Jn—1(fn (%, )14, (+,°)), Jm(gm (%, ) e2 )]

=nlln_1=m} Z ElJn—1(fu(x, k)1, (%, k) Jim(gm+1 (%, k)]
k=0

= n]‘{nflzm} Z<1An (*a k)fn(*a k)a gm-l—l(*a k))éz(anl)
k=0

= !l =mi13(1a, fry Gmt1) ez (im)

= pemi1y (1A, o, Gm1) ez v
= E[J5(fn)Im(Gm+1)]
= E[F§(u)].

O

The next proposition shows that § coincides with the stochastic integral op-
erator J on the square-summable predictable processes.
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Proposition 1.8.3. The operator § can be extended to u € L*(£2 x N) with
S(u) =Y urYy — Y Dyug — 8(pDu), (1.8.1)
k=0 k=0

provided all series converges in L?(§2), where (¢ )ken appears in the structure
equation (1.4.1). We also have for all u,v € U:

E[|6(u)*] = Ef|lull?qp] + E | > DrwDyug | . (1.8.2)
k,1=0

Proof. Using the expression (1.3.3) of up = Jp(fnt1(*, k)) we have

5(u) = Jni1(fui1)
= Z fn+1(i17-..,in+1)}/il ...}/Z.n+1

(i17~~~7in+1)6An+1

:Z Z f""'l(il""’inak)yil"'Y;nYk

k=0 (i1,...,in)EA,

7”2 Z fn+1(i15"'7in*15k7k)}/’i1"'}/’in—1|Yk|2

k=0 (i1,...in_1)EAn_1

= ZukYk — Z Dkuk|Yk|2
k=0 k=0

= Z UR Y — Z Dyuy — Z O DpupYy.
k=0 k=0 k=0

By polarization, orthogonality and density it suffices to take u = gJ,,(f°"),
f,g € (?(N), and to note that

161222y = [n+1(La, i £ 0 DlZ(0)
2
1

(n+1)?

N T (P @g@ fF 1, )
1=0

L2(2)

1 n
T (n41)2 ((n + D+ DI FllZw) 9172y

+n+ Dln(n+ DIFIE 9 %w)
= || fIIZE gl 2oy + (0 = D2 FIE R (Fs 9
= llullZ2(xm) + E [{g, DIn(f7))e2 ) (95 DIn (")) 62 )]
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o0

= JlullFzury +E | > 9(k)g()DiJn (") DiJn ()
k,l1=0

= E[flullfeq)] +E Z Dyu Dy,
k,1=0

From the above argument the Skorohod isometry can also be written as

16(w)lI722) = Elllullze ] +E Z DyurDyw |
e, 1=0

however this formulation does not lead to a well defined expression in the
continuous time limit of Chapter 4.
In particular, (1.8.1) implies the following divergence formula

Corollary 1.8.4. For u € L?(2 x N) an F € L?*(£2) we have
6(Fu) = Fé(u) — (u, DF) 2wy — 6((-)u(")D.F), (1.8.3)

provided all series converge in L*(§2).

In the symmetric case pp = qr = 1/2 we have ¢, =0, k € N, and

5(u) = ZukYk — Z Dkuk-
k=0 k=0

Moreover, (1.8.2) can be rewritten as a Weitzenbock type identity, cf.
Section 7.6 for details:

1 o0
18)[F20) o, D 1Dxu(®) = Dru(k)l[ 720y = [ullz(gum + 1Dull 120y
k,1=0
(1.8.4)
The last two terms in the right hand side of (1.8.1) vanish when (uy)ken is
predictable, and in this case the Skorohod isometry (1.8.2) becomes the It
isometry as shown in the next proposition.

Corollary 1.8.5. If (uy)ken satisfies Dyuy = 0, i.e. uj does not depend on
Xk, k € N, then §(u) coincides with the (discrete time) stochastic integral

S(u) = Viug, (1.8.5)
k=0
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provided the series converges in L?(§2). If moreover (ug)gen is predictable
and square-summable we have the isometry

E[(w)?] = E [l - (1.8.6)

and 0(u) coincides with J(u) on the space of predictable square-summable
processes.

1.9 Ornstein-Uhlenbeck Semi-Group and Process

The Ornstein-Uhlenbeck operator L is defined as L = §D, i.e. L satisfies

LJn(fn) = ndn(fn), fn € EQ(N)OH-

Proposition 1.9.1. For any F € § we have

LF =6DF = Yi(DyF) =Y oearYe(Fy = Fy),
k=0 k=0

Proof. Note that DDy F =0, k€N, and use Relation (1.8.1) of Proposition
1.8.3. O

Note that L can be expressed in other forms, for example
LF =Y AF,
k=0
where
ALF = (Lx=1y a6 (F(w) = F(")) = Lix, = 1ype(F(W)) = F(w)))

=F — (IxpenyanF(W0F) + 1x, o1y F(WF))
=F—E[F|F], keN,

and F} is the o-algebra generated by
{X; : l#k, | eN}.

Let now (Pi)icr, = (e')icr, denote the semi-group associated to L and
defined as

PF =Y e ™I.(fa), teRy,
n=0
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on F = Z Jn(fn) € L?(£2). The next result shows that (P)er, admits
n=0
an integral representation by a probability kernel. Let ¢¥ : £2 x 2 =R be
defined by
N
o’ (@w) =[[a+eYi(Yi(@), woen teRy.
i=0

Lemma 1.9.2. Let the probability kernel Q(©,dw) be defined by

d
B8] @@, Nzuorer.

For F € L?(2, Fn) we have

P.F(@) = /Q F(w)Q+(@,dw), wef, n>N. (1.9.1)

Proof. Since L?(£2, Fn) has finite dimension 21 it suffices to consider
functionals of the form F =Y, ---Yy, with 0 < ky < -+ < k, < N. By
Relation (1.4.5) we have for w € §2, k € N:
E [Yk()(l + e_tYk(-)Yk(w))}
_ pk\/q’“ <1 +et\/q’c Yk(w)> - qk\/pk (1 - et\/kak(w)>
Pk Pk dk qk
= eftYk(w),

which implies, by independence of the sequence (X} )ken,

N
E[Ykl T Ykn%fv(wa )] =E Ykl T Ykn H(l + e_tYki (W)Ykl())
= HE [Ykm()(l + e_tYki (w)ka())]
= mYkl( Y, (W)

= e_"tJn(i{Uel ..... n>})(w)

= PJ, (1{(k1, ke )})(w)
= Pt(Yk1 Ykn)( )
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Consider the (2-valued stationary process

(X()eer, = (Xi(t))ren)rer,

with independent components and distribution given by

P(Xi(t) =1] Xp(0) =1) = pr. +e g, (1.9.2)
P(Xe(t) = —1| Xi(0) = 1) = g — e 'qn, (1.9.3)
P(Xp(t) = 1| Xp(0) = —1) = p — e 'pp, (1.9.4)
P(Xp(t) = —1| X1(0) = 1) = qx + e "ps, (1.9.5)

keN, teR,.

Proposition 1.9.3. The process (X(t))icr, = ((Xi(t))ken)ier, 1is the
Ornstein- Uhlenbeck process associated to (Py)icr, , i.e. we have

PF=E[F(X(t) | X(0)], teRy, (1.9.6)

for F bounded and F,-measurable on 2, n € N.
Proof. By construction of (X (t))¢cr, in Relations (1.9.2)-(1.9.5) we have

P(Xi(t) = 1| Xi(0)) = pr <1 + e-fyk(())\/q’“> :

Dk

PO = 1 Xu(0) =i (1 - e-fYk<o>\/p’“> |

Ak
where Y%(0) is defined by (1.4.6), i.e.

_ e —prt X% (0)

Yi(0) 2\/Pkdk

k€N,

thus
dP(X(t)(@) = €| X(0))(w) = (1 + ¢V (w)Y2(@)) dP(Xy (@) =€),
¢ = £1. Since the components of (X (t))ren are independent, this shows that

the law of (Xo(t),...,Xn(t)) conditionally to X (0) has the density ¢}*(o,-)
with respect to P:



1.9 Ornstein-Uhlenbeck Semi-Group and Process 31

Consequently we have
E[F(X(t)) | X(0)=&] = /QF(w)qtN(cD,w)P(dw), (1.9.7)

hence from (1.9.1), Relation (1.9.6) holds for F' € L?(£2, Fn), N > 0. O

The independent components Xj(t), k& € N, can be constructed from the
data of Xj(0)=¢€ and an independent exponential random variable 75, via
the following procedure. If 7, > ¢, let Xj(t) = X5(0) = €, otherwise if 75, < ¢,
take X (t) to be an independent copy of X (0). This procedure is illustrated
in the following equalities:

P(Xk(t) =1 | Xk(o) =1)= E[l{rk>t}] +E[1{Tk<t}1{Xk:1}]
=e 4 pp(l—e), (1.9.8)

P(Xk(t) = =1] Xk (0) = 1) = E[1{7, <y 1yx,=—1}]
=q(l—c™"), (1.9.9)
P(Xk(t) = —1| Xx(0) = -1) E[l{rk>t}] +E[1{Tk<t}1{Xk:71}]
=e "+ q(l—e), (1.9.10)

P(Xk(t) = 1] Xk(0) = —1) = E[1{r, <y L{x,=1}]
=pr(l—e ). (1.9.11)
The operator L2(£2 x N) — L?(£2 x N) which maps (ug)gen to (Piug)ken

is also denoted by P;. As a consequence of the representation of P, given in
Lemma 1.9.2 we obtain the following bound.

Lemma 1.9.4. For F € Dom (D) we have

[Pl L.z < lullieezay, — tE€Ry, we L*(2xN).

Proof. As a consequence of the representation formula (1.9.7) we have P(dw)-
a.s.:

1Pl oy (@) = D [Prus (@)
k=0

_ g (f uk<w>c2t<o,dw>)2
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<3 | @)@, dw)
AL

= /Q |72 ) () Q1 (@, dw)

< ||U||%oo(n,e2(N))-

1.10 Covariance Identities

In this section we state the covariance identities which will be used for the
proof of deviation inequalities in the next section. The covariance Cov (F,G)
of F,G € L?(02) is defined as
Cov (F,G) = E[(F — E[F])(G - E[G])]
= E[FG] — E[F]E[G].

Proposition 1.10.1. For all F,G € L*(£2) such that E[[| DF||Z ] < 0o we
have

> E[DyG | Fi_1] DyF
k=0

Cov(F,G)=E . (1.10.1)

Proof. This identity is a consequence of the Clark formula (1.7.1):

Cov (F,G) = E[(F — E[F])(G — E[G])]

=E E[DyF | J-‘k_l]Yk> (Z]E[DIG | fl_l]Yl>
k=0 =0
=E

> E[DyF | Fi1]E[DxG | ]—"kl]]
k=0

iE[E[E[DkG | Fr—1]DiF | Fr—1]]

k=0
=E ZE[DkG | Fo_1]DpF |,
k=0
and of its extension to G € L?(£2) in Corollary 1.7.3. O

A covariance identity can also be obtained using the semi-group (P;)cr, -
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Proposition 1.10.2. For any F,G € L*(£2) such that
E[IDFIEg] <oc  and  E[IDGIq] <

we have

Cov (F,G) (1.10.2)

Z / Y (D F)P,DyGdt

Proof. Consider F = J,(fn) and G = Jp,(gm ). We have

Cov (Ju(fn)s Jm(gm)) = E[Jn(fn) Tm(gm)]
= Lin=m)n!(fn, gnla, )2 m)

= l{n:m}n'n/ eintdt<fn7gn1An>e2(Nn)
0

=1 1=m- 1}”'”/ tz Fu(x, k), e” T g (k) 1A, (%, k)) g2 un—1ydt
0

k=0

= nmE

/' T Jnca(falx, k)14, (*7k))e<m1>tjml(gm(*,k)lAm(*7k))dt}
0

k=0

nmlE

/ Z 1(fn (o, B)L A, (%, k) Pe T 1 (gm (%, k)1 ,, (%, k))dt}
0 k=

=E

k=0

/°° -t Z DkJn(fn)PtDkJm(gm)dt:| :

a
By the relations (1.9.8)-(1.9.11) the covariance identity (1.10.2) shows that

Z / tDkFPtDkGdt}

/ ZDkFP( log ) DiGdax
0 _

Cov (F,G)

=/ / ZDkF(w)DkG((wil{Ti<,10ga}—|—w§1{7i<,loga})ieN)daP(dw)]P’(dw/)
Qx!)k 0

/ / ZDkF )DKG((wilfe, <ay +wilie, >0 )ien)P(dw)P(dw’)da,
2X02 p_ 0

(1.10.3)

where (&;)ien is a family of independent identically distributed (i.i.d.) ran-
dom variables, uniformly distributed on [0, 1]. Note that the marginals of
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(Xk, Xrlge, <ay + X1 1i¢,5q3) are identical when X, is an independent copy
of X}. Letting

. . . ’
(ZSQ(S,t) — E |:615Xkelt(Xk+1{5k<a})+Zt(Xk+1{5k>a}) ,

we have the relation

Cov (eXr 1) = ¢ (5,t) — ¢o(s, 1)
L dpe
= da (s,t)da.

Next we prove an iterated version of the covariance identity in discrete time,
which is an analog of a result proved in [56] for the Wiener and Poisson
processes.

Theorem 1.10.3. Let n € N and F,G € L*(2). We have

Cov (F,G) (1.10.4)

= Z(fl)dJrlE Z (Dy, - Dy, F)(Dy, - - - Dy, G)

1 {1<k1<-<ka}

+(-1)"E > (Dipyy Dy F)E [Dyy - Dy G| Froy—1] |-
{1<k1<--<kny1}

Proof. Take F = G. For n = 0, (1.10.4) is a consequence of the Clark formula.
Let n > 1. Applying Lemma 1.7.4 to Dy, - - - Di, F with a = k,, and b = k41,
and summing on (ki,...,k,) € A,, we obtain

E > (E[Dy,-- Dy, F | Fi, 1))
{1<k1<--<kn}

=E Z | Dy, -+ Dy, F|?
{1<k1<--<kn}

-k Z (E [Dkn+1"'Dk1F|]:kn+171D2 )
{1<ki<<kpi1}

which concludes the proof by induction and polarization. O

As a consequence of Theorem 1.10.3, letting F'=G we get the variance in-
equality
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2n 2n—1

(—1)k+1 (=D)F*t
S E [HDkFH?Z(Ak)} SVar(F)< 0 E [HD’“FH?MU}a
k=1 k=1

E > (Dgyyy Dy F)E [Dyy -+ Dy F | Frep 1]
{1<k1 < <kpn41}

- F Z

_{1Sk1<"'<kn+1}

E[(Dpss+ Dis F)E Dy -+ D F | Fos 1] | Fraa] |

=E > (E [Dppyy Diy F | Feyi1])?
L{1<ki < <knyr}

>0

)

see Relation (2.15) in [56] in continuous time. In a similar way, another iter-
ated covariance identity can be obtained from Proposition 1.10.2.

Corollary 1.10.4. Let n € N and F,G € L*(£2, Fn). We have

n

COV(FaG):Z(il)dJrlE Z (Dkd"'Dle)(Dkd"'Dle)
d=1 {1<ki < <kq<N}
+(71)"/ > Dy, ., Dy, F(w)Dy,,, - Dy, G(w)
02x02

{1<ky<--<kni1<N}

Y (w, W P(dw)P(dw'). (1.10.5)
Using the tensorization property

Var (FG) = E[F?]Var (G) + (E[G])*Var (F)
< E[F?Var (G)] + E[G*Var (F)]

of the variance for independent random variable F, G, most of the identities in
this section can be obtained by tensorization of elementary one dimensional
covariance identities.

The following lemma is an elementary consequence of the covariance identity
proved in Proposition 1.10.1.
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Lemma 1.10.5. Let F,G € L?(£2) such that
E[DyF|Fi-1] - E[DyG|Fr-1] > 0, ke N.

Then F and G are non-negatively correlated:

Cov (F,G) > 0.

According to the next definition, a non-decreasing functional F' satisfies
DiF >0 for all £k € N.

Definition 1.10.6. A random wvariable F : {2 — R is said to be non-
decreasing if for all wy,wy € 2 we have

wl(kz) < WQ(]{Z), ke N, = F(wl) < F(WQ>.

The following result is then immediate from Proposition 1.6.2 and Lemma
1.10.5, and shows that the FKG inequality holds on (2. It can also be obtained
from Proposition 1.10.2.

Proposition 1.10.7. If F,G € L*(£2) are non-decreasing then F and G are
non-negatively correlated:

Cov (F,G) > 0.

Note however that the assumptions of Lemma 1.10.5 are actually weaker as
they do not require F' and G to be non-decreasing.

1.11 Deviation Inequalities

In this section, which is based on [59], we recover a deviation inequality of [19]
in the case of Bernoulli measures, using covariance representations instead
of the logarithmic Sobolev inequalities to be presented in Section 1.12. The
method relies on a bound on the Laplace transform L(t) = E[e'!] obtained
via a differential inequality and Chebychev’s inequality.

Proposition 1.11.1. Let F € L*(£2) be such that |F — F, | < K, k € N,
for some K >0, and ||DF| 1o (0,mm)) < 00. Then

IDENZ 0 (2,2 0y K
P(F —E[F] > 2) <exp | — T g
K2 IDF N e .20

- x 1 14 K
<exp|— og ,
2K HDFH%OC(QIQ(N))

with g(u) = (1 + u)log(1 +u) —u, u > 0.
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Proof. Although Dy does not satisfy a derivation rule for products, from
Proposition 1.6.4 we have

— +
Dre™ = 1px, —1yv/orge(e” — e ) + 1ix, — 1y v/orgr(e™s —e")

_ 1 pD.F L DpF
= Lpx=npv/prare’ (1 —e  voen 78 0) 4 Loy, y/prgre’ (e v 740 — 1)
F, — Xk DyF
= = Xpprgre” (e vera T — 1),
hence
X
DyeF = Xj/prare’ (1 — e~ voran P6F), (1.11.1)

and since the function = — (e” — 1)/ is positive and increasing on R we
have:

e s Dyest’ _  Xk/Prak e—s\/;‘kqu DiF _
D.F DL F
- esK 1
= K b
or in other terms:
estDkesF esFl;fF,:r -1 esF,:rfF,; -1
=lx=1 o v Tlxe=—1 o+
DyF . F, — F . Ff —F,
esK 1
<
- K

We first assume that F' is a bounded random variable with E[F] = 0. From
Proposition 1.10.2 applied to F' and e*F", noting that since F' is bounded,

E 1D 2| < CEI®FIDF I} (g 00

< 00,
for some Ck > 0, we have

E[Fesf] = Cov (F,e*F)

—E V e Z Dye*f P, Dy Fdv
0 k=0

e—sFDesF
DF

E [eSF / e V|| DFP,DF |y qvydv
%) 0
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esK —1 oF o0 _U
S K E (3 ||DF||@2(N) e ||PUDF||52(N)d’U
0
< g [eF] | DF|1? e
N L=@2,e0) |
| s
= g E [T TIIDF (7 e (2,020))
where we also applied Lemma 1.9.4 to u = DF.
In the general case, letting L(s) = E[e*F~ElFD] we have

1Og(E[et(F7]E[F])]) _ /t L/(S) ds

o L(s)

' E[(F — E[F))er(F 5]
)

Efes(FE[F])] ds

1 t

< _||IDF|? /(eSK — 1)ds
K L=(@2.20) |
1

= k2 (e —tK — l)llDFII%oom,ezm)),

t > 0. We have for all x > 0 and ¢ > 0:

P(F — E[F] > z) < e ®E[e!FElF])]
1
< exp <K2 (€ —tK = )| DF|l](qem) — m) ;

The minimum in ¢ > 0 in the above expression is attained with

t= Lo 1+ oK
= log :
K IDEIZ o (13,6200

1 HDFH%OO(Q £2(N)) Kax x
<exp|— T+ ’ log | 1+ —
< K < K HDFH%“’(Q,Z?(N)) K

x —
< exp (— o 108 (1 + HCKHDFHLi(Q,e?(N)))) ’
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where we used the inequality
glog(l—i-u)g(1+u)log(1+u)—u, ueRy.

If K =0, the above proof is still valid by replacing all terms by their lim-
its as K — 0. Finally if F is not bounded the conclusion holds for F;,, =
max(—n, min(F,n)), n > 1, and (F,)nen, (DF,)nen, converge respectively
almost surely and in L*(£2 x N) to F and DF, with [|[DFy||7 g r20v)) <
IDFI? (0,2 O

In case py, = p for all k£ € N, the conditions
IDpF| <8, keN, and [DF||]eigpemy <o

give

P(F - E[F] > 2) < exp (—a;fqg (afj}pq))

< exp ( z;/ﬁpq log <1 + aiqu)) )

which is Relation (13) in [19]. In particular if F' is Fy-measurable, then

P(F — E[F] > z) < exp (_Ng (%q))

z\/pq z\/pq
< exp < <1og <1+ > 1)) .
p BN
Finally we show a Gaussian concentration inequality for functionals of

(Sn)nen, using the covariance identity (1.10.1). We refer to [17], [18], [61],
[75], for other versions of this inequality.

Proposition 1.11.2. Let F € L'(2) be such that

> 1
DuF||DLF| |l < K2
> s n g PFIDAF | <
Then )
X
P(F —E[F] > x) < exp (_2K2) , x> 0. (1.11.2)

Proof. Again we assume that F is a bounded random variable with E[F] = 0.
Using the inequality

t
lef* — Y| < 2|xfy|(em+ety), z,y €R, (1.11.3)
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we have
n _
|Dre™| = /prgrle' ™ — et |

1 _
o VPR — Fy |(et 4 ot

IN

1 _
SUDLFI(@% 4T
|DyF|E [ | X, i # k]

= 2(pr A i)

1
= tE [e!T'|DyF| | X;, i # k] .
2(pr A qr) [ DR | # k]

Now Proposition 1.10.1 yields
E[Fe't] = Cov (F, et

= > E[E[DiF | Fi—1]Dye'"]
k=0

< D I DiF [l [| Dyt ]
kf

=0
t e 1
< DiF||E [E [eF|DLF| | X;, i # k
_ka:Oqukllkll [E [e"|DyF| | # k]|
_'g etFi L DLP ] DR
2 Pt AN >
<!gen S 1 |DuFlDeF
T2 P AN
This shows that
"E[(F — E[F])es(F-EIFD]
t(F—E[F]) _
log(E[e D /0 Efes(F—E[F))] ds
t
< K2/ sds
0
— 2 K2
2 b

hence
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and )
t 2
P(F—E[F]>2) <e:%"71 t>0.

The best inequality is obtained for t = x/ K2

Finally if F is not bounded the conclusion holds for F,, = max(—n,min
(F,n)), n >0, and (Fy,)nen, (DF,)nen, converge respectively to F' and DF
in L2(02), resp. L?(2 x N), with ||DFn||%w(n,e2(N)) < HDF||%DO(9122(N)). O

In case px = p, k € N, we obtain

pa?
P(F—E[F]>z)<exp|— 9 .
IDENZ 0, Lo 2))

Proposition 1.11.3. We have E[e®/Fl] < 0o for all > 0, and E[e*F"] < 0o
for all a < 1/(2K?).

Proof. Let A < ¢/e. The bound (1.11.2) implies

E [ea‘“} - /OO P(eIF > t)dt

0

- / P(a|F| > y)c¥dy

— 00

<1 —|—/ P(a|F| > y)e¥dy
0

<1+ /000 exp (— (]E[|F|2];2y/a)2) eVdy

< 00,
for all @ > 0. On the other hand we have
E[eoF?] / T (et > at
0
= /°° P(aF? > y)evdy

<14 / TB(F| > (y/a)?)evdy

L [ ey (- <y/a>1/2>2) o

IN

2K?

A

o0,

provided 2K2%a < 1. O
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1.12 Logarithmic Sobolev Inequalities

The logarithmic Sobolev inequalities on Gaussian space provide an infinite
dimensional analog of Sobolev inequalities, cf. e.g. [77]. On Riemannian
path space [22] and on Poisson space [6], [151], martingale methods have
been successfully applied to the proof of logarithmic Sobolev inequalities.
Here, discrete time martingale methods are used along with the Clark pre-
dictable representation formula (1.7.1) as in [46], to provide a proof of
logarithmic Sobolev inequalities for Bernoulli measures. Here we are only
concerned with modified logarithmic Sobolev inequalities, and we refer to
[127], Theorem 2.2.8 and references therein, for the standard version of the
logarithmic Sobolev inequality on the hypercube under Bernoulli measures.
The entropy of a random variable F' > 0 is defined by

Ent [F] = E[F log F] — E[F]log E[F],

for sufficiently integrable F'.

Lemma 1.12.1. The entropy has the tensorization property, i.e. if F,G are
sufficiently integrable independent random variables we have

Ent [FG] = E[FEnt [G]] + E[GEnt [F]]. (1.12.1)
Proof. We have

Ent [FG) = E[FGlog(FG)] — E[FG]log E[FG]

E[FG(log F + log G)] — E[F|E[G](log E[F] + log E[G])

E[G]|E[F log F] + E[F]E[Glog G)] — E[F|E[G](log E[F] + log E[G])
E[FEnt [G]] + E[GEnt [F]].

O
In the next proposition we recover the modified logarithmic Sobolev inequal-

ity of [19] using the Clark representation formula in discrete time.

Theorem 1.12.2. Let F € Dom (D) with F > n a.s. for some n > 0. We
have

1
Ent [F] <E [F||DF||§2(N)] : (1.12.2)

Proof. Assume that F is Fy-measurable and let M,, = E[F' | 7,,],0 <n < N.
Using Corollary 1.6.3 and the Clark formula (1.7.1) we have

My =M+ uYs, 0<n<N,
k=0

with ug =E[DyF | Fr-1], 0 < k < n < N, and M_; = E[F]. Letting
f(z) = zlog z and using the bound
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fl@+y) = f(z) =ylogz + (v + y) log (1+ Z)

o2
<y(l+logx) +

we have:
Ent [F] = E[f(My)] — E[f(M_1)]

=E|>  f(My) - f(Mk—l)]

N

=E > f (M1 + Yiug) -

Lk=0

0

1
E[F | Fr-1]

M= I[M=

b

Lk=0

A
=
M=

0

N
> IDFP?
k=0

1T
I
Il

=

where we used the Jensen inequality (9.3.1) and

Yiug(1 + log My_1) +

)

f(Mkl)‘|

2,2
Y ug
My

(E[DyF' | fklw]

1
E | _|DyF|* | Fi
LR H

the convexity of (u,v) —

v?/u on (0,00) x R, or the Schwarz inequality applied to

1/VF and (DxF/VF)gen,

as in the Wiener and Poisson cases [22] and [6]. This inequality is extended

by density to F' € Dom (D).

O

By a one-variable argument, letting df = f(1) — f(—1), we have

Ent [f] = pf(1)log f(1) + qf(—1)log f(—1) — E[f]log E[f]

= p(E[f] + qd f)log(E[f] + qdf)

+q(E[f] — pdf)log(E[f] — pdf) — (pf(1) + q¢f (1)) log E[f]

= pE[f]log (1 + qls[ﬁ]

+qE[f]log (1 - p]Ed[fC]
< pgdflog f(1) — pgdflog f(—1)
= pgE[dfdlog f],

) + pqdflog f(1

)

) — gpdflog f(—1)
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which, by tensorization, recovers the following L! inequality of [47], [29], and
proved in [151] in the Poisson case. In the next proposition we state and prove
this inequality in the multidimensional case, using the Clark representation
formula, similarly to Theorem 1.12.2.

Theorem 1.12.3. Let F > 0 be Fn-measurable. We have

N

Z DyFDylog F
k=0

Ent [F] < E . (1.12.3)

Proof. Let f(x) = zloga and
W(z,y) = (@ +y)log(z + y) — vlogz — (1 +logz)y, o, o+y > 0.
From the relation

Yiur, = YiE[DF | Fr_1]
= a1 =n ElF = FO) | Fioa] + Pl o= EI(F; = FY) | Fra]
= 1x =1 Bl(F — F)Lxe=—1y | Fi—1]

L= BI(F = 1=y | P,

we have, using the convexity of ¥:

Ent[F] =E

N
> F (Myy + Yiuy) — f(M“)}
k=0
U(My—1, Yiur) + Yreur(1 + log Mkl):|

U (M1, Yiur)

=E il (E[F | Fra), E[(Fy — Fy )lx,=—1} | Fa-1])

Il
M= M= M=

£
Il
=

+qu¥ (E[F | Feo1], E[(Fy — F)1ix,=1y | Fa-1])]

=

<E E [pk&” (F (B — Fo)lx,——13) + ¥ (F, (F, — F)1gx,=1y) ’fklu

T
=
Il

0

2

=E Y mlixee 0¥ (Fo B = FY) + aelix,—n ¥ (B, Fy — Fy)
Lk=0
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TN

=E > mae?(Fp Ff = FO) +prae® (B P = FY)
Lk=0

N

=E > prear(log F —log Fy )(Fy — Fy)
Lk=0

N
=E|Y DiFDylogF
Lk=0

O

The application of Theorem 1.12.3 to e gives the following inequality for
F > 0, Fy-measurable:

N
Ent[ef] <E ZDkFDkeF]
Lk=0

[ N
=k Zpquw(eF;’eFJ — ) + g (e el — eF’j)]
[k=0

' N
=B |3 prae’™ (B — Fy)e¥ ~Fi —efi = 4 1)
Lk=0

tpeqre’™ (F — F)efs —F —efi =R 4 1)}

N
=E | pilxemnyels (B — Fp)e™ ~Fic — e =h 11)
Lk=0

el oy (B — e~ — e 4 1)

N
=E leFZ\/pquYH(VkFeka —eVr ). (1.12.4)
k=0
This implies
N
Ent[e”] <E [ ) (ViFeVr! — eV 4 1) (1.12.5)
k=0

As noted in [29], Relation (1.12.3) and the Poisson limit theorem yield the L'
inequality of [151]. More precisely, letting M,, = (n+ X1+ -+ X,,)/2, F =
o(My,) and pr, = A/n, k € N, ,n > 1, A > 0, we have, from Proposition 1.6.2,
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n
> DyFDylog F
k=0

= (1) (= MM, + 1) = 0 o0, +1) — 2(01,)

42 (1 — A) My (p(My) — (M, — 1)) log(p(M,) — (M, — 1)),

n n
in the limit as n goes to infinity we obtain
Ent [p(U)] < AE[(¢(U + 1) — ¢(U))(log o(U + 1) —logp(U))],

where U is a Poisson random variable with parameter A. In one variable we
have, still letting df = f(1) — f(—1),
Ent [e/] < pgE [defdlog ef]

=pq(e’™ — /) (f(1) ~ f(-1)
= pge (*1)(( (1) — f( 1))61‘(1) f( 1),ef(1)ff(fl)+1)

+pge D ((f(=1) = f(1))e/ V=) _ o/ (=D=F) 4 1)
< qef V(1) ( 1))efMW=F=D _of(=F(=1) 4 1)

+pef(1)((f( 1) — f(1))e “D=f(1) _of(=D)=F) 4 1)
=E[ef(VfeV/ —eVY +1)]

where V, is the gradient operator defined in (1.6.4). This last inequality is
not comparable to the optimal constant inequality

N
> prar(|ViFlelVEl — el Vel 1)
k=0

Ent[e"] <E (1.12.6)

of [19] since when F," — F_ > 0 the right-hand side of (1.12.6) grows as

Fk+e2Fk-+, instead of F+e % in (1.12.5). In fact we can prove the following
inequality which improves (1.12.2), (1.12.3) and (1.12.6).

Theorem 1.12.4. Let F' be Fyn-measurable. We have

N
eF Zpqu(kaeka — eka + 1)
k=0

Ent[ef] <E (1.12.7)

Clearly, (1.12.7) is better than (1.12.6), (1.12.4) and (1.12.3). It also improves
(1.12.2) from the bound

re” —e® +1< (¥ —1)%, z€R,
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which implies
e (VFeVF — eVF 1 1) < eF (eVF —1)2 = e F|VeF |2,

By the tensorization property (1.12.1), the proof of (1.12.7) reduces to the
following one dimensional lemma.

Lemma 1.12.5. Forany0<p<1,teR,acR,¢g=1—1p,

pte! + gae® — (pet + qe“) log (pet + qea)
S g (qea ((t _ a)et—a _ et—a + 1) +pet ((a _ t)ea—t _ ea—t + 1)) )
Proof. Set

910) = pa (ae® ((1— )= — = 1 1) + et (0~ e~ — e~ 41)
_ptet _ qaea + (pet + qea) log (pet + qea) .

Then
g'(t) = pq (qe®(t — a)e'™* + pe’ (—e*~" + 1)) — pte’ + pe’ log(pe’ + ge®)

and ¢”(t) = pe'h(t), where
pe’

h(t) = —a — 2pt — p + 2pa + p*t — p*a + log(pe’ + qe®) + . .
pe’ + ge®

2pet p2e2t

l 2

W= 200" F Lty gen ™ (pot + goo)?
_ pgP(e" —e)(pe’ + (g + 1)e?)
= e

which implies that h'(a) = 0, h'(t) < 0 for any t < a and h/(t) > 0 for any

t > a. Hence, for any t # a, h(t) > h(a) =0, and so ¢’ (t) > 0 for any t € R

and ¢”(t) = 0 if and only if ¢ = a. Therefore, ¢’ is strictly increasing. Finally,

since ¢t = a is the unique root of ¢’ = 0, we have that g(t) > g(a) = 0 for all

teR. 0

This inequality improves (1.12.2), (1.12.3), and (1.12.6), as illustrated in one
dimension in Figure 1.1, where the entropy is represented as a function of
p € [0,1] with f(1) =1 and f(—1) = 3.5:

The inequality (1.12.7) is a discrete analog of the sharp inequality on Poisson
space of [151]. In the symmetric case px, = g = 1/2, k € N, we have
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164 optimal

modified

02 04 p 06 0.8 1

Fig. 1.1 Graph of bounds on the entropy as a function of p € [0, 1]

N
Ent[ef] <E [eF Zpqu(VkFev’“F —ViF+1)
k=0

N
1 _ _ _
E > el (Ff - e~ —efif =1 41

e (B = F)e TR =R 1)

N

Z WES —F)

k=0

N
Z D,FDye 1 ,

k=

which improves on (1.12.3).
Similarly the sharp inequality of [151] can be recovered by taking F' = o(M,,)
in

N

Ent[ef] <E |eF Zpqu(VkFev’“F —ViF+1)
=0

A
= A (1 _ >E [Mnesa(Mn)
n n
((@(My,) — (M, — 1)>e<ﬂ(Mn)—sD(Mn—1) — oP(Mn)=—p(My—1) + 1)}
+)\ (1 - )\) E [(n — M,,)e#Mn)
n n
(

X ((9(Mn + 1) = p(My))eP M D=0 _ oMt =) 1 )]
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which, in the limit as n goes to infinity, yields
Ent [esa(U)] < /\E[e*”(U)((go(U +1)— sD(U))esa(UJrl)fso(U) — WUl —o(U) 4 1)],

where U is a Poisson random variable with parameter \.

1.13 Change of Variable Formula

In this section we state a discrete-time analog of Itd’s change of variable
formula which will be useful for the predictable representation of random
variables and for option hedging.

Proposition 1.13.1. Let (My,)nen be a square-integrable martingale and f :
R x N — R. We have

f(Mp,n)
= f(M_1,=1)+> Dy f(My, k)Yi+ Y E[f (Mg, k)~ f(Mg_1,k — 1) | Fr_1]
k=0 k=0
+ > F(My_1, k) = f(My—1, k= 1). (1.13.1)
k=0

Proof. By Proposition 1.7.5 there exists square-integrable process (ug)ren
such that

M,=M_1+» wYs, neN
k=0
We write

n

f(Mn’n)_f(M—lﬂ_l): f(Mk’k)_f(Mk—lak_l)
k=0

I
NE

f(My, k) = f(Myg—1,k) + f(My—1,k) — f(Mp_1,k —1)

£
Il

0

\/pk (f (Mkl + Uk\/qk,k> - f(Mlif)> Y5
AXZ Pr

pkl{xk:—u <f (Mkl +uk\/%,k> - f(Mklak))
gk Pk

+lix,——1} <f <Mk1 - Uk\/zz,k) - f(Mklak))

n

+ 3 f(My1, k) = f(My_1, k= 1)

k=0

I
NE

>
Il

+
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-3 \/7;: (f (Mk_l T uk\/;’:k) - f(Mk_l,k)) ¥
k=0

+3 7 1x—E[f (M, k) — f(My—1, k) | Fii]

Similarly we have
f(My,n)

B e o P )

= f(M_y,—1) kz_o\/pk <f<Mk1 k\/qk,k> f(Mkl,k)>Yk
+Z Lixis WE[f (M, k) — f(My—1,k) | Fie_1]
+Zf(Mk—1ak)_f(Mk—1ak_1)-

k=0

Multiplying each increment in the above formulas respectively by gr and pg
and summing on k we get

n

f(Mnan) = f(M—l’ _1) + Zf(Mkak) - f(Mk—lak - 1)
k=0

= f(Moy,=1)+ > ae(f (M, k) = f(My—1,k — 1))
k=0
Jerk(f(Mk,k) — f(My—1,k—1))
k=0

= f(M_1,-1)+ kzn:_O\/Pkak (f (Mk—l + Uk\/qk , k) - f(Mk—lak)) Yi

Pk

*i\/pqu (f <Mk1 Uk\/pk,k) - f(Mkl,k)> Yi

gk

+ZE (Mis k) | Fia] = f(Mimr k= 1)

+Zf (My—1,k) — f(My—1,k —1)

= f(M—h*l)
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+kZ:O\/Pka (f (Mk—l +Uk\/g:,k) —f (Mk—l —Uk\/z:ak)) Y

n

+ > CB[f (Mg, k) | Froa] = f(My_1,k — 1)
k=0

n

3 F(Mya k) — F(My k= 1),

k=0

Note that in (1.13.1) we have

Dy f(My, k) = /Prax (f (Mk—l +Uk\/Qk,k) —f (Mk—l - uk\/pk,k)) ,
Pk qk

ke N.
On the other hand, the term

E[f(My, k) — f(Mg—1,k — 1) | Fr_1]

is analog to the generator part in the continuous time It6 formula, and can
be written as

i f <Mk1 +Uk\/zz,k) +aif <Mk1 uk\/pk,k) —f (My—1,k—1).

dk
When p, = g, =1/2, n € N, we have
n

F(Mn,n) = f(M_y,—1)+ Y

k=0

J(My—1 +ug, k) = f (Mr—1 — ug, k)

Y;
9 k

" f (Mg A up, k) — f (My—1 — ug, k) — 2f (Mg—1 — ug, k)
+
2 2

+Zf(Mk—1, k) — f(My—1,k —1).
k=0

The above proposition also provides an explicit version of the Doob decom-
position for supermartingales. Naturally if (f(M,,n))nen is a martingale we
have
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f(My,n) = f(M-1,-1)
+kz::0\/l?k% (f (Mk—l +Uk\/j)];ak> —f (Mk—l —Uk\/z(;:,k>) Yy

= f(M_1,=1) + Y Dpf(My, k)Yy.
k=0

In this case the Clark formula, the martingale representation formula
Proposition 1.7.5 and the change of variable formula all coincide. In this
case, we have in particular

Dy f(My, k) = E[Dy f(Mn,n) | Fip—1]
= E[Dkf(Mk, k) | ]:k—l], k e N.

If F is an Fy-measurable random variable and f is a function such that
E[F | Fu] = f(M,,n), —1<n<N,

we have F = f(My,N), E[F] = f(M_-1,—1) and

F =E[F]+ Y E[Dif(My,N) | Fr_1]Yi
k=0

=E[F]+ Y Dyf(My, k)Y
k=0

= E[F] + ) DiE[f(My,N) | Fi]Yi.
k=0

Such a function f exists if (My,)nen is Markov and F =h(My). In this
case, consider the semi-group (P, )o<k<n<n associated to (M )nen and de-
fined by

(Pynh)(x) = E[R(M,) | My = z].

Letting f(x,n) = (Py,nh)(z) we can write

F =E[F] + Y _E[Dph(My) | Fr-1]Yi
k=0

=E[F]+ ) Di(Pnh(My))Ys.
k=0
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1.14 Option Hedging

In this section we give a presentation of the Black-Scholes formula in discrete
time, or Cox-Ross-Rubinstein model, see e.g. [45], [74], [125], or §15-1 of [149]
as an application of the Clark formula.

In order to be consistent with the notation of the previous sections we choose
to use the time scale N, hence the index 0 is that of the first random value of
any stochastic process, while the index —1 corresponds to its deterministic
initial value.

Let (Ag)ken be a riskless asset with initial value A_;, and defined by

n

Ap=AJ[a+m), neN,

k=0

where (rg)ken, is a sequence of deterministic numbers such that ri > — 1,
k € N. Consider a stock price with initial value S_1, given in discrete time as

(14 bp)Sn_y if X, = 1,
Sy =
(1+an)5’n_1 1an:_1; n €N,
where (ay)ren and (bg)gen are sequences of deterministic numbers such that

—1<ar <rg < by, k e N.

We have

n 1+ by Xk/2
=5_ 1 1 .
Sp =18 1g¢( + ) ( +ak)(1+ak) , neN

Consider now the discounted stock price given as
~ n
S =S [T 477"
k=0

n Xi/2
25_1H<1 ! \/(1+bk)(1+ak)(1+bk) ) nen.
k=0

=+ e 1+ ay

If -1 <ap <rip <bg, k€N, then (Sn)neN is a martingale with respect to
(Fn)n>—1 under the probability P* given by

TR — Q) by — 71
Pk = ) qr = 5 kEN
b — ag by, — ak
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In other terms, under P* we have
E*[Sn—i-l | ]:n] = (1 + Tn—i-l)Sna n> -1,

where E* denotes the expectation under P*. Recall that under this probabil-
ity measure there is absence of arbitrage and the market is complete. From
the change of variable formula Proposition 1.13.1 or from the Clark formula
(1.7.1) we have the martingale representation

~ n ~ n_ be —a
Sp =51+ ZYkaSk =5_1+ ZSk—n/Pka 1k+ r: Y.
k=0 k=0

Definition 1.14.1. A portfolio strategy is represented by a pair of predictable
processes (Ni)ken and (Ck)ren where Mg, resp. (i represents the numbers of
units invested over the time period (k,k + 1] in the asset Sk, resp. Ay, with
k>0.

The value at time k& > —1 of the portfolio (n, (x)o<k<n is defined as
Vi = Co+1 4k + Mk+15k, k> -1, (1.14.1)

and its discounted value is defined as

n

Va=Vo [[Q+m)™"  n>-1 (1.14.2)
k=0

Definition 1.14.2. A portfolio (nk,Ck)ren is said to be self-financing if

Ak (Crr1 — C) + Sk(Mk+1 — m) = 0, k> 0.

Note that the self-financing condition implies
Vi = GeAr +meSk, k>0,

Our goal is to hedge an arbitrary claim on {2, i.e. given an F y-measurable ran-
dom variable F' we search for a portfolio (1, Cx)o<k<n such that the equality

F=Vy :CNAN+77NSN (1143)
holds at time N € N.

Proposition 1.14.3. Assume that the portfolio (nk,Ck)o<k<n is self-
financing. Then we have the decomposition

n n n

Vo, =V_1 H(l + Tk) + stifl\/piqi(bi — al)YZ H (1 + Tk>. (1.14.4)

k=0 i=0 k=i+1
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Proof. Under the self-financing assumption we have

Vi—Vier = G(Ai — A1) +0i(Si — Si—1)
=1iGAi—1 + (ailx,=—1) + bilyx,—1))miSi—1
=nSi—1(ail{x,——1) + bilyx,—1) — i) +r:iVia
=nSi—1((ai — 1) 1x,=—13 + (bi = 7i)1x,=13) +7:Vie1
= (bi —ai))niSi—1(=pilix,——1y + @ilix,=1y) + Vi1
= 10:8i—1v/Piqi (bi — a;)Ys + Vi1, €N,

by Relation (1.4.5), hence for the discounted portfolio we get:

i i1
Vi Vi =[J+m) Vi [JA+m)"Wis

k=1 k=1
= H(l +75) (Vi = Vi — V1)

k=1
=10iSi—1v/Pigi(bi — a;)Y; H(1 + 7)Y 1 €N,

k=1

which successively yields (1.14.4). O
As a consequence of (1.14.4) and (1.14.2) we immediately obtain

V=V_1+ stifl\/pi(ﬁ(bi —a;)Y; H(1 +r) (1.14.5)
i=0 k=0

n > —1. The next proposition provides a solution to the hedging problem
under the constraint (1.14.3).

Proposition 1.14.4. Given F € L?(2,Fy), let

1 N

= E*[D,F | Fp_ 14 7))t 1.14.6
T /ot (b — @) [ | Fri] k:H%f k) ( )
0<n<N, and
N
(o= A" < IT a+r) B (F | 7 - nnsn> : (1.14.7)
k=n-+1
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0 <n < N. Then the portfolio (nk, Ck)o<k<n 5 self financing and satisfies

N

CnAn + nnSn - H (1 + Tk)_lE*[F | ‘Fn]v
k=n+1

0 <n <N, in particular we have Vi = F, hence (nk, Cx)o<k<n s a hedging
strategy leading to F.

Proof. Let (ng)—1<k<n be defined by (1.14.6) and n_; = 0, and consider the
process (Cn)o<n<n defined by

N

E*F — S
(1= S[ ] H(1 +r)"" and Qg1 = G — (nk+1A i) "
-1 k

k=—-1,...,N—1. Then (n, (x)—1<k<n satisfies the self-financing condition

Ar(Ces1 — ) + Sk —m) =0, —1<k<N-1
Let now
N
Vo =E[FI [Ja+m)7" and Vi=Cudn+n.S,, 0<n<N,
k=0
and .
Va=Vo [J0+m)™", -1<n<N.
k=0

Since (Mg, Ck)—1<k<n is self-financing, Relation (1.14.5) shows that

%

Vo =V_1+ ZYimSFM/piqz‘(bi - ai) H(1 +re) 7 (1.14.8)
=0 k=1

—1 < n < N. On the other hand, from the Clark formula (1.7.1) and the
definition of (n;)_1<k<n we have

E*[F | -7:71] H(l + ’I”k)il
k:ON v N
= E* |E*[F] H(l +re) Tt + ZYi]E*[Dz‘F | Fi] H(l + Tk)_llfn]
k=0 =0 =

N N

=E(F] [J 4+ 7))t + D VB DF | Fia] [ (1 +70)7"
k=0 =0 k=0
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N n i
= E*[F] H(l +re) T+ ZYimSi—u/Piqz'(bi —a;) H(l +rg)
k=0 i=0 k=1
from (1.14.8). Hence
N
Vo =E'[F|F][J+m)", —1<n<N,
k=0
and N
Vo =B F|F] [[ @+m)"', —1<n<N.
k=n+1

In particular we have Viy = F. To conclude the proof we note that from
the relation V;, = (, Ay, +1n,Sn, 0 < n < N, the process ((,)o<n<n coincides
with (Cﬂ)OSHSN defined by (1147) O

Note that we also have

N
Cnp1dAn 4001 Sn =B [F | F] [ A+m)™  -1<n<N.
k=n+1

The above proposition shows that there always exists a hedging strategy

starting from
N

f/_l = E*[F] H(l + Tk)il.
k=0

Conversely, if there exists a hedging strategy leading to
N
Vv =F[[+m)™,
k=0
then (V,,) _1<n<n is necessarily a martingale with initial value
N
Vo =B [Vy] =E*[F] [ +r) "
k=0
When F = h(Sy), we have E*[h(Sy) | Fi] = f(Sk, k) with

" 14+ b)(1 +ag) [1+b\ /2
fla, k) =E° lh(:c 11 v +1j)£k+ ’“)<1iak> )]

i=k+1
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The hedging strategy is given by

N
1 ~
_ Dy f(Sy, k 1477t
Ik Sk—1+/Prar(br. — ax) o] (S )izl;!:rl( )

- Hij\;k-ﬂ(l + Ti)71 = 14 bi ~ 1+ ag
- Sk—l(bk _ a/k) <f <Sk1 - ; k) - f <Sk1 1+ - 7k>> )

k> — 1. Note that 7y is non-negative (i.e. there is no short-selling) when
f is an increasing function, e.g. in the case of European options we have

flx) = (z— K)".

1.15 Notes and References

This chapter is a revision of [113] with some additions, and is mainly based on
[59] and [115]. It is included for the sake of consistency and for the role it plays
as an introduction to the next chapters. Other approaches to discrete-time
stochastic analysis include [53], [54], [48], [78] and [89]; see [8] for an approach
based on quantum probability. Deviation inequalities and logarithmic Sobolev
inequalities are treated in [19], [46], [59]. We also refer to [5], [17], [18], [61],
[75], for other versions of logarithmic Sobolev inequalities in discrete settings.
See [74], §15-1 of [149], and [125], for other derivations of the Black-Scholes
formula in the discrete time Cox-Ross-Rubinstein model.
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