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Abstract. The paper has two aims. First, a review of various definitions
of probabilities on Atanassov IF-sets, and corresponding representation
theorems. Secondly, a new representation theorem is proved for so-called
p-probabilities including a large variety of special cases.
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1 IF-Events
According to Atanassov ([1]), an IF-set is a mapping

A= (ﬂAvVA)v

defined on an non-empty set 2 to [0,1]% (i.e. pa : 2 — [0,1],v4 : 2 — [0,1]),
such that
pa(r) +vale) <1

for any € £2. AnIF-set A = (ua,v4) is called an IF-event, if 14,v4 : 2 — [0, 1]
are measurable mappings with respect to the given g-algebra S of subsets of 2.
Recall that p 4 is called a membership function, v4 the non-membership function.
Therefore it is natural to define

A= (pa,va) < B=(up,vp)

if and only if
A < ftA, VA 2 VB.

Denote by F the family of all IF-events. With respect to the preceding definition
it is easy to see that (0, 1¢) is the smallest element of F, (1, 0,) is the greatest
element of F.

Probability of an IF-event A was defined first constructively (see [7,6]) as a
compact interval, lately axiomatically (see [11,12,13]) as a mapping

P:F-=J
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where J is the family of all compact subintervals [c,d] of [0,1] in the real line.
Since

P(A) = [P"(A), P*(A)],
we obtain two real functions
P PHF — (0,1
These functions will be called states (analogously as in quantum structures [5]).
Evidently any solution of the problem of IF - states on F leads naturally to a
solution of the problem of IF - probabilities.
Similarly as in the classical or quantum case resp., IF - state m : F — [0, 1]

can be defined as a normalized, additive and continuous mapping. The first
condition is clear:

(1) m((0g,10)) =0,m((1e,00)) = 1.
Similarly continuity is determine uniquely:
(2) A, /A= m(4,) " m(A).
Here A,, / A is equivalent with two convergences of real functions:

KA, / pAa, VA, \ VA

Of course, the additivity cannot be determined uniquely. First it was defined by
the help of Lukasiewicz connectives.

2 Lukasiewicz States

If f,g: 2 —[0,1] are two fuzzy sets. then the Lukasiewicz connectives are
f&rg—min(f+g,1), f ©r g — max(f + g =1,0).
Therefore for A, B € F we define
A®L B = (ua®LpB,va OL vB),

AGL B=(ua®r pup,va ®Lvp).
Hence L-additivity means the implication
(3) A@LB:(OQ,lg):>m(AEBLB):m(A)—|—m(B)

A mapping m : F — [0, 1] is called L-state if the conditions (1), (2) and (3) hold.
The first important result was the representation theorem ([13]):
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Theorem 1. Let m : F — [0,1] be an L-state and there exists a probability
measure P : S — [0,1] and a function f :[0,1]*> — [[0,1] such that

() m(a) = £ wadp. [ vadp)

Then f is linear, hence there exists o € [0, 1] such that

m(A)=(1-a) /QﬂAdP—l- a(l —/ vAdP)

Q
for any A e F.
Recently L. Ciungu proved that the assumption (*) can be omitted (see [3]).

Theorem 2. Let m : F — [0,1] be an L-state. Then there are probability mea-
sures P,@Q : S — [0,1] and a € [0, 1] such that

m(A4) = (1 - «) /QuAdP—Fa(l - /QVAdQ)

for any A e F.
The second important result is in the following theorem ([14,15,4]).

Theorem 3. To any F with an L-state m : F — [0, 1] there exists an MV alge-
bra M with a state p: M — [0, 1] such that (F,m) and (M, u) are isomorphic.

Theorem 3 gives possibility to use well developed probability theory on MV
algebras (see [16]). Of course, later there appeared alternative definitions using
alternative connectives and corresponding states.

1. M-probability with

A®y B = (max(pa, up), min(nua, vg))
AO®py B = (min(ua, pp), max(nua,vg)).
(see [8,15.4]).
2. Q-probability with
Awq B = (i + 131 = V(1= va)? + (1 - vp)?),
A®g B = (min(pua + pp, 1), max(va + v — 1,0)).
(see [2]).
3. P-probability with
A®p B = (ua+ /B — [aliB,VAVB),
A®p B = (papp,va +Vp — VAVB).
(see [2]).

The aim of this paper is to prove a representation theorem for so-called ¢-
states. Here ¢ : [0,1] — [0,1] is an increasing bijection such that ¢(u) < u(u €
[0,1]). Following [9] we shall consider the following pair of connectives
Ay B = (¢~ (min(p(ua) +¢(pp), 1)), 1= ¢~ (min(p(1—va) +o(1-vp), 1)),

A® B = (max(ua + pp — 1,0), min(va + vp, 1)).
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3 ¢ -States
o-state is a mapping m : F — [0, 1] such that
(i) m((0e,1e)) =0,m((1e,00)) = 1;
(it) A© B = (0g,1o) = m(A®, B) = m(A) +m(B);

(i) An /' A=>m(A,) / m(A).

Evidently any L-state is a @-state, where o(u) = u,u € [0,1]. Similarly any
Q-state is a p-state, where p(u) = u?. Moreover, in [9] the Yager state was
considered where p(u) = u™(n € Nifor n = 1 we obtain the Lukasiewicz state,
for n = 2 the Yager state). In [9] also the cases p(u) = 2% and p(u) = logu were
considered.

In [10] Rencova introduced the notion of the strong additivity using the
operation

A®y B = ((p(pa) +¢(pp) —1) VO, (o1 —va) + ¢(1 —vp)) A1).
The state m is strongly additive, if
A®, B = (0p,10) = m(A @, B) =m(A) + m(B).
Since p(u) < u for any u € [0, 1], it is not difficult to show that
AOB=(00,1p) = AG, B = (00,10).

Therefore any strongly ¢-additive state is p-additive. Ren¢ova using Theorem 1
proved the representation theorem for strongly ¢-additive states:

mid) = (=) [ plua)dP+a [ o=

In the following theorem the same result will be proved for arbitrary ¢-state, of
course again with the following additional assumption:

(k) m(A) = f( /Q ()dP, /Q (1 - v)dQ),

where P,Q : S — [0,1] are some probability measures and f : [0,1]? — [0,1] is
a continuous function.

Theorem 4. To any p-state m satisfying the condition (**) there exists a €
[0,1] such that

o(pa)dP + a/Q (1 —va)dQ

m(4) = (1-a)

n

for any A e F.
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Proof. First we see that
0= m((0,10) = 1( | #(02)dP, [ (1~ 12)d@) = £(0,0
(9] (9]

hence f(0,0) = 0. Similarly

1= m((10.00)) = /( /

(0]

(1g)dP, /Q o(1—00)dQ) = f(1,1),

hence f(1,1) =1. Let A® B = (00, 1p). It means pua + up < 1,va +vp > 1,
hence (1 —va) 4+ (1 —wvp) < 1. Therefore

o(pa) +o(pp) < 1,0(1 —va) + (1 —vp) <1,

A®y, B = (¢ (pna) + o), 1 — ¢ (1 —va) + ¢(1 —vp))).
Put
[ etuadp = s, [ o= va)d@ = s
2 (9]

/ ¢(pp)dP = 1117/ (1 —vp)dQ = us.
(93 (]

Then
m(A) = f(ur,u2),m(B) = f(v1,v2),

m(A©, B):f(/Q Plp (p(na) + <p(us)))dP,/n e(1—14+¢ (1 —va) +¢(1 —vB)))dQ)=

= f( /Q o(a)dP + /Q (i) dP, /Q (1 — v4)dQ + /Q (1 = vg)dQ) =

= f(u1 + v1,u2 + v2),

hence we have obtained the identity
(1) f(ur 4+ vi,u2 +v2) = f(ur,uz) + f(v1 + v2).
Putting A = B and using induction we obtain
(2) flkx) = kf(x)
for any k € N such that kx € [0,1]%. Let I € Q with = € [0, 1]%. Then

1 1 1
f(z) = f(qx) - ...f(qx) = qf(ql“%
hence 1 )
f(qﬂf) = qf(l"),
and
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Since f is continuous, we obtain the identity

We

(4)  flaz) = af(x),a €[0,1],z € [0,1], azx € [0, 1]*.

have seen that

£(0,0) =0, f(1,1) = 1.

Put f(0,1) = . By (1) we obtain

1:f(171):f(071)+f(170):a+f(170)7

hence

f(1,0)=1—-a.

Finally

m(A) = f(u1,u2) = f(u1,0) + f(0,u2) =
=u1 f(1,0) +uzf(0,1) = (1 — a)us + aup =

—(1-a) /Q ()P + a /Q (1~ vA)dQ.

Acknowledgements

The paper was supported by Grant VEGA 1/0539/08, and Grant APVV LPP-
0046-06.

References

1.

Atanassov, K.: Intuitionistic Fuzzy Sets: Theory and Applications. Physica Verlag,
New York (1999)

. Atanassov, K.: Riecan, B: On two new types of probability theory on IF-events.

Notes on IFS (2007)

Ciungu, L.: Riecan, B.: General for of probabilities on IF-sets. Information Science
(submitted)

Cunderlikov4, K., Rie¢an, B.: Intuitionistic fuzzy probability theory. Edited volume
on Intuitionistic Fuzzy Sets: recent Advances of the series Studies on Fuzziness and
Soft Computing. Springer, Heidelberg (2008)

Dvurecenskij, A., Pulmannovd, S.: New Trends in Quantum Structures. Kluwer,
Dordrecht (2000)

Gerstenkorn, T., Manko, J.: Probabilities of intuitionistic fuzzy events. In:
Hryniewicz, O., et al. (eds.) Issues in Intelligent Systems: Paradigms, pp. 63-68.
EXIT, Warszawa (2005)

Grzegorzewski, P., Mrowka, E.: Probability of intuitionistic fuzzy events. In: Grze-
gorzewski, P., et al. (eds.) Soft Methods in Probability, Statistics and data Analysis,
pp. 105-115. Physica Verlag, New York (2002)

Krachounov, M.: Intuitionistic probability and intuitionistic fuzzy sets. In: El-
Darzi, et al. (eds.) First Intern. Workshop on IFS, pp. 714-717. Univ. Of West-
minster, London (2006)



10.

11.

12.

13.

14.

15.

16.

17.

General Form of Probabilities on IF-Sets 107

. Rencovéa, M.: On the ¢-probability and ¢-observables. Fuzzy Sets and Systems

(submitted)

Rencovd, M.: General form of strongly additive p-probability. In: Magdalenca, L.,
et al. (eds.) Proc. IPMU 2008, pp. 1671-1674 (2008)

Riecan, B.: A descriptive definition of the probability on intuitionistic fuzzy sets.
In: Wagenecht, M., Hampet, R. (eds.) Proc. EUSFLAT 2003, Zittau-Goerlitz Univ.
Appl. Sci, Dordrecht, pp. 263-266 (2000)

Riecan, B.: Representation of probabilities on IFS events. In: Lépez-Diaz, M., et al.
(eds.) Advances in Soft Computing, Soft Methodology and Random Information
Systems, pp. 243-246. Springer, Berlin (2004)

Riecan, B.: On a problem of Radko Mesiar: general form of IF - probabilities. Fuzzy
sets and Systems 157, 1485-1490 (2006)

Rietan, B.: On the entropy of IF dynamical systems. In: Proc. IWIFSGN 2005,
Warszawa, September 16, 2005, pp. 328-336 (2005)

Riecan, B.: Probability theory on IF events. In: Aguzzoli, S., Ciabattoni, A., Gerla,
B., Manara, C., Marra, V. (eds.) ManyVal 2006. LNCS, vol. 4460, pp. 290-308.
Springer, Heidelberg (2007)

Riecan, B.: - Mundici, D.: Probability on MV-algebras. In: Pap, E. (ed.) Hanbook
on Measure Theory, pp. 869-909. Elsevier, Amsterdam (2002)

Rietan, B., Neubrunn, T.: Integral, Measure, and Ordering. Kluwer, Dordrecht
(1997)



	General Form of Probabilities on IF-Sets
	IF-Events
	Lukasiewicz States
	$\varphi$ -States



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Photoshop 4 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




