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Abstract. Session-based arrival streams are a new approach for mod-
elling the traffic generated by users in a telecommunication network. In
this paper, we analyze the behavior of a discrete-time buffer with one
output line, an infinite storage capacity and session-based arrivals. Users
from an infinite user population can start and end sessions during which
they are active and send packets to the buffer. Each active user generates
a random but strictly positive number of packets per time slot. Unlike in
previous work, there are T different session types and for each type, the
session-length distribution is general. The resulting discrete-time queue-
ing model is analyzed by means of an analytical technique, which is ba-
sically a generating-functions approach that uses an infinite-dimensional
state description. Expressions are obtained for the steady-state probabil-
ity generating functions of both the buffer content and the packet delay.
From these, the mean values and the tail distributions of the buffer con-
tent and the packet delay are derived as well. Some numerical examples
are shown to illustrate the influence of the session-based packet arrival
process on the buffer behavior.

Keywords: Discrete-time queueing model, Session-based arrivals, Gen-
eral session lengths, Analytic study, Buffer content and delay.

1 Introduction

In many subsystems of packet-based telecommunication networks, buffers are
used for the temporary storage of information packets. In order to assess the
behavior of these buffers, appropriate traffic models need to be considered. In
particular, there is a continuing need for models that can accurately capture the
correlated nature of the traffic streams in modern telecommunication networks.
Session-based arrival streams are a new traffic modelling approach. We consider
an infinite user population where each user can start and end sessions. During a
session a user is active and sends information packets through the communica-
tion system. Since we focus on discrete-time models, we assume time is divided
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into fixed-length slots. Each active user generates a random but strictly positive
number of packets per slot. Note that such session-based packet generation in-
troduces time correlation in the packet arrival process. Session-based arrivals are
illustrated in Fig. 1. Here the term session length denotes the number of consec-
utive slots during which a user remains active, whereas the number of packets
generated per slot during a session is referred to as the session bandwidth.

Traffic
generated by

‘users’

time (slots)

Session length

Session bandwidth

Fig. 1. Session-based packet arrivals: session length and bandwidth

A possible application of session-based arrival processes is depicted in Fig. 2.
A web server accepts requests from users for a certain web page or file and
responds by sending the requested file to the user. The web server is connected
to the internet through a gateway and this gateway contains a buffer for outgoing
data from the server to the internet. If we define the download of a file by a user
as one session, the traffic towards the output buffer of the web server can be
adequately described by a session-based arrival process.

Fig. 2. A web server connected to the internet through a gateway

In previous work [10,11], we have analyzed a discrete-time queue with session-
based arrivals and geometrically distributed session lengths. The train arrival
process, where messages (the equivalent of what we consider sessions) arrive
to the queue at the rate of exactly one packet per slot, is considered in [3, 5,
7, 14, 15, 16]. Also somewhat related are the on/off-type arrival models studied
in [8, 12, 18], where a finite number of users generate one packet per slot during
on-periods and no packets during off-periods. In [6], messages consisting of a
fixed number of packets are considered in case of an uncorrelated packet arrival
process. A related continuous-time model is analyzed in [1].
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The aim of the present paper is to further extend the previous analyses to a
discrete-time queueing system with general session-based arrivals. Specifically,
unlike in previous work, we consider heterogeneous sessions of T different types
with general type-dependent session-length distributions. This extension allows
e.g. to take into account the fact that files on a web server are typically ei-
ther small or very large [2]. A model with generally distributed session lengths
moreover makes it possible to investigate the impact of the nature of the session-
length distributions on the buffer behavior. We develop a mathematical analysis
technique, that makes extensive use of probability generating functions (PGFs).
As opposed to our previous work for geometric session lengths (see [10, 11]), an
infinite-dimensional state description is required in case of generally distributed
session lengths, which seriously complicates the analysis.

The outline of the paper is as follows. In Sect. 2, we describe the queueing
model under study. In Sect. 3, a set of state variables is defined and the sys-
tem equations are established. A functional equation for the joint PGF of the
system state vector is obtained in Sect. 4. Some further characteristics of the
session-based packet arrival process are studied in Sect. 5. Section 6 concen-
trates on the derivation of the mean value, the PGF and the tail distribution
of the buffer content from the functional equation. The packet delay is analyzed
in Sect. 7, for a first-come-first-served (FCFS) queueing rule for packets. Some
numerical examples are discussed in Sect. 8. Finally, the paper is concluded in
Sect. 9.

2 Queueing Model Description

We study a discrete-time queueing system with one single output line and an
infinite storage capacity for packets. As usual for discrete-time models (see e.g.
[4,13]), the time axis is divided into fixed-length slots and transmissions from the
buffer can only start at slot boundaries. Therefore, when the queueing system
is empty at the beginning of a slot, no packet can leave the buffer at the end of
that slot, even if some packets have arrived to the buffer during the slot.

A session-based arrival process is considered. Users from an infinite user pop-
ulation can start and end sessions during which they are active and send packets
to the queueing system. When a user starts a session, he generates a random
but strictly positive number of packets per slot. The session ends when the user
has no more data left to send.

There are T different session types. For sessions of type t (1 ≤ t ≤ T ), the
session lengths (expressed in slots) are assumed to be independent and identically
distributed (i.i.d.) random variables with the following probability mass function
(PMF) and PGF:

�t(i) = Prob[session length of type t is i slots] , i ≥ 1 ; (1)

Lt(z) =
∞∑

i=1

�t(i) zi . (2)
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The numbers of new sessions of type t started by the user population during the
consecutive slots are assumed to be i.i.d. random variables with common PGF
St(z). Since in normal conditions, internet users act independently from each
other, this seems like a realistic assumption. The numbers of packets generated
per slot during a session of type t are assumed to be i.i.d. with PGF Pt(z), where
Pt(0) equals zero, since at least one packet is generated per slot per session.
Sessions of different types are assumed to be independent.

The queueing system has an unreliable output line subject to random failures
that are assumed to occur independently from slot to slot. The output line
availability is modelled by a parameter σ. Specifically, σ is the probability that
the output line is available during a slot. The transmission times of the packets
from the buffer are assumed to be constant, equal to one slot per packet. So,
whenever the queueing system is nonempty at the beginning of a slot, a packet
will leave the buffer at the end of this slot with probability σ and no packet will
leave with probability 1 − σ, independently from slot to slot. Note that these
assumptions result in a geometric distribution (with parameter 1 − σ) for the
effective transmission times required for the successful transmission of a packet
from the queueing system and the mean effective transmission time of a packet
equals 1/σ.

3 System Equations

The goal of this section is to introduce a Markovian state description for the
queueing system described above. In order to do so, we first take a closer look
at the packet arrival process. Let us define sk(t) as the number of new sessions
of type t started during slot k. In view of the model description of Sect. 2,
for a given t, the random variables sk(t) are i.i.d. with common PGF St(z). Let
an,k(t) be the random variable representing the number of active sessions of type
t that are already active for exactly n slots during slot k. Then the following
relationships hold:

a1,k(t) = sk(t) ; (3)

an,k(t) =
an−1,k−1(t)∑

i=1

ci
n−1,k(t) , n > 1 . (4)

The random variable ci
n−1,k(t) in (4) takes on the values 0 or 1, and equals 1 if

and only if the ith active session of type t that was in its (n − 1)th slot during
slot k − 1, remains active in slot k. We define πt(n − 1) as the probability that
a session of type t that was n− 1 slots long continues by at least one more slot,
i.e.,

πt(n − 1) �
1 −

n−1∑
i=1

�t(i)

1 −
n−2∑
i=1

�t(i)
. (5)
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Hence, we have that for given n and t, the ci
n−1,k(t)’s are i.i.d. random variables

with common PGF

Cn−1,t(z) � E
[
zci

n−1,k(t)
]

= 1 − πt(n − 1) + πt(n − 1) z , n > 1 , (6)

where E[.] is the expected value of the argument between square brackets.
Next, let mk denote the total number of packets generated during slot k. Then

mk can be expressed as

mk =
T∑

t=1

∞∑

n=1

an,k(t)∑

i=1

pi
n,k(t) , (7)

where pi
n,k(t) represents the number of packets generated during slot k by the

ith session of type t that is already active for exactly n slots. From Sect. 2, it
follows that for a given t, the random variables pi

n,k(t) are i.i.d. with PGF Pt(z).
Finally, let uk denote the buffer content (i.e., the total number of packets in

the queueing system, including the packet in transmission, if any) after slot k.
The evolution of the buffer content is governed by the following system equation:

uk = (uk−1 − rk)+ + mk , (8)

where (.)+ = max(., 0) and the rk’s are i.i.d. Bernoulli random variables equal
to zero with probability 1 − σ and equal to one with probability σ, in view of
the random interruptions of the output line.

From the above system equations (3)–(8) it is easily seen that the set of
vectors

{(
a1,k, . . . ,aT,k, uk

)}
, where at,k = (a1,k(t), a2,k(t), . . .), constitutes a

Markov chain. The state of the queueing system after slot k can hence be fully
described by the infinite-dimensional vector

(
a1,k, . . . ,aT,k, uk

)
.

4 Functional Equation

We start the analysis of the buffer behavior by defining the joint PGF of the
state vector

(
a1,k, . . . ,aT,k, uk

)
:

Qk(x1, . . . ,xT , z) � E

[(
T∏

t=1

∞∏

n=1

xn,t
an,k(t)

)
zuk

]
, (9)

where xt = (x1,t, x2,t, . . .). With this definition, (7) and (8), Qk(x1, . . . ,xT , z)
can then be obtained as

Qk(x1, . . . ,xT , z) = E

[(
T∏

t=1

∞∏

n=1

(xn,t Pt(z))an,k(t)

)
z(uk−1−rk)+

]
.

Next, by using (3) and (4), and by averaging over the distributions of the
ci
n−1,k(t)’s, defined in (6), we can transform the expression for Qk(x1, . . . ,xT , z)

further into



194 S. Wittevrongel, S. De Vuyst, and H. Bruneel

Qk(x1, . . . ,xT , z) =

(
T∏

t=1

St(x1,t Pt(z))

)

· E
[(

T∏

t=1

∞∏

n=1

Gn,t(xt, z)an,k−1(t)

)
z(uk−1−rk)+

]
, (10)

where
Gn,t(xt, z) � Cn,t(xn+1,t Pt(z)) , n ≥ 1 , 1 ≤ t ≤ T . (11)

In order to remove the operator (.)+, we need to distinguish between the case
where rk = 0, the case where rk = 1, uk−1 > 0 and the case where rk = 1,
uk−1 = 0. Moreover, we note that uk−1 = 0 implies that no packets have arrived
during slot k − 1, and hence an,k−1(t) = 0 (n ≥ 1, 1 ≤ t ≤ T ), owing to the fact
that a packet can never leave the buffer at the end of its arrival slot. With this
property, the right-hand side of (10) can be further expressed in terms of the
Qk−1-function.

We now assume that the equilibrium condition is satisfied so that the queueing
system can reach a steady state. In the steady state, Qk(x1, . . . ,xT , z) becomes
independent of k. As a result, we then obtain the following functional equation
for the steady-state PGF Q(x1, . . . ,xT , z) :

z Q(x1, . . . ,xT , z) =

(
T∏

t=1

St(x1,t Pt(z))

)

· {Φ(z)Q(G1(x1, z) , . . . ,GT (xT , z) , z) + σ (z − 1) p0} , (12)

where

Gt(xt, z) � (G1,t(xt, z) , G2,t(xt, z) , . . .) , 1 ≤ t ≤ T ; (13)

Φ(z) � σ + (1 − σ) z , (14)

and p0 is the steady-state probability of an empty buffer. Note that Gt(xt, z) only
depends on xt and z, which is due to the fact that sessions of different types are as-
sumed to be independent. In principle, (12) fully describes the steady-state buffer
behavior. In the next sections, we will use (12) to derive several explicit results.

5 Packet Arrival Process

First, we study some further characteristics of the session-based packet arrival
process. These will prove to be useful for the buffer-content analysis further in
the paper. Let an(t) denote the steady-state version of an,k(t). The joint PGF
A(x1, . . . ,xT ) of the an(t)’s is then given by Q(x1, . . . ,xT , 1). Putting z = 1 in
(12), we obtain

A(x1, . . . ,xT ) =

(
T∏

t=1

St(x1,t)

)
A(G1(x1, 1) , . . . ,GT (xT , 1)) . (15)
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Successive applications of (15) then lead to

A(x1, . . . ,xT ) =
T∏

t=1

∞∏

j=0

St

(
j∑

i=1

�t(i) (1 − xj+1,t) + xj+1,t

)
. (16)

Here we have used the definitions (11) and (13) and the following relationships:

C1,t(C2,t(. . . Cj,t(xj+1,t) . . .)) =
j∑

i=1

�t(i) (1 − xj+1,t) + xj+1,t ; (17)

lim
j→∞

Cn,t(Cn+1,t(. . . Cj,t(xj+1,t) . . .)) = 1 , n ≥ 1 , (18)

which can be derived from (5) and (6). The marginal PGF An,t(z) of an(t) can
be obtained from (16) as

An,t(z) = St

(
n−1∑

i=1

�t(i) (1 − z) + z

)
. (19)

The average number of sessions of type t that are in their nth slot during an
arbitrary slot is then given by

E[an(t)] = A′
n,t(1) = S′

t(1)

(
1 −

n−1∑

i=1

�t(i)

)
, (20)

i.e., the mean number of new sessions of type t started during a slot times the
probability of having a session length of at least n slots.

Let m denote the total number of packet arrivals during an arbitrary slot in
the steady state. Then the PGF M(z) of m can be derived from (16) as

M(z) = A(x1, . . . ,xT )|xn,t=Pt(z), n≥1, 1≤t≤T . (21)

The mean number of packet arrivals per slot is then obtained as

E[m] = M ′(1) =
T∑

t=1

S′
t(1)L′

t(1)P ′
t (1) . (22)

The equilibrium condition states that the load ρ of the queueing system has to
be strictly smaller than one:

ρ =
M ′(1)

σ
< 1 . (23)

6 Buffer Content

In this section, we focus on the buffer content u after a slot in the steady state.
Starting from the functional equation (12), we derive expressions for the mean
value, the PGF and the tail distribution of the buffer content.
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6.1 Mean Buffer Content

We can find the mean buffer content if we consider those values of xn,t (n ≥ 1,
1 ≤ t ≤ T ) and z for which the arguments of the Q-functions on both sides of
(12) are equal to each another, i.e., for which

xn,t = Gn,t(xt, z) , (24)

or more explicitly,

xn,t = 1 − πt(n) + πt(n)xn+1,t Pt(z) . (25)

These relationships can be solved for the xn,t’s in terms of z. Denoting the
solution for xn,t by Xn,t(z), we obtain

Xn,t(z) =

∞∑
j=n

�t(j)Pt(z)j−n

1 −
n−1∑
j=1

�t(j)
, n ≥ 1 , 1 ≤ t ≤ T . (26)

Note in particular that

X1,t(z) =
Lt(Pt(z))

Pt(z)
(27)

and
Xn,t(1) = 1 , n ≥ 1 . (28)

Choosing xn,t = Xn,t(z) (n ≥ 1, 1 ≤ t ≤ T ) in (12), we then get a linear equa-
tion for the function Q(X1(z), . . . ,XT (z), z), which has the following solution:

Q(X1(z), . . . ,XT (z), z) =
σ (z − 1) p0 S(z)
z − S(z)Φ(z)

, (29)

where Xt(z) = (X1,t(z), X2,t(z), . . .) and the function S(z) is defined as

S(z) �
T∏

t=1

St(Lt(Pt(z))) . (30)

The probability p0 in (29) can be calculated from the normalization condition
Q(X1(z), . . . ,XT (z), z)|z=1 = 1. By using de l’Hôpital’s rule, we obtain

p0 = 1 − ρ , (31)

where ρ is the load of the system.
In order to obtain the mean buffer content, we calculate the first derivative

of (29) with respect to z in the point z = 1. This leads to

T∑

t=1

∞∑

n=1

E[an(t)] X ′
n,t(1) + E[u] =

d
dz

{
σ (z − 1) p0 S(z)
z − S(z)Φ(z)

}∣∣∣∣
z=1

, (32)
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where E[an(t)] is given by (20). With (26)–(28), after some further calculations,
we finally find the following explicit expression for the mean buffer content:

E[u] = −
T∑

t=1

1
2

S′
t(1)P ′

t (1)
[
σ2

L,t − L′
t(1) + L′

t(1)2
]

+
1

2σ (1 − ρ)

{
ρ σ (2 − ρ σ) +

T∑

t=1

(
σ2

S,t L′
t(1)2 P ′

t (1)2 + σ2
L,t S′

t(1)P ′
t (1)2

)

+
T∑

t=1

(
σ2

P,t − P ′
t (1)

)
S′

t(1)L′
t(1)

}
, (33)

where σ2
L,t, σ2

S,t and σ2
P,t are the variances of the session length, the number of

new sessions and the session bandwidth respectively, for sessions of type t.

6.2 PGF of the Buffer Content

The PGF U(z) of u is given by Q(1, . . . , 1, z). Successive applications of (12) then
allow to express U(z) in terms of the function Q(X1(z), . . . ,XT (z), z), given in
(29). As a result, we obtain

U(z) = Q(X1(z), . . . ,XT (z), z)

⎛

⎝
∞∏

j=1

Φ(z)
z

gj(z)

⎞

⎠

+ σ (z − 1) p0

∞∑

k=1

1
Φ(z)

⎛

⎝
k∏

j=1

Φ(z)
z

gj(z)

⎞

⎠ , (34)

where we have used the property that

lim
j→∞

Cn,t(Pt(z)Cn+1,t(. . . Pt(z)Cj,t(Pt(z)) . . .)) = Xn,t(z) , (35)

n ≥ 1, 1 ≤ t ≤ T , as can be shown from (5), (6) and (26). The function gj(z) in
(34) is defined as

gj(z) �
T∏

t=1

St(Pt(z)C1,t(Pt(z)C2,t(. . . Pt(z)Cj−1,t(Pt(z)) . . .))) , (36)

and can be further calculated with (5) and (6) as

gj(z) =
T∏

t=1

St

(
Pt(z)j +

j−1∑

i=1

�t(i)
(
Pt(z)i − Pt(z)j

))
. (37)

Combination of (29) and (34) then leads to the following explicit expression for
the PGF U(z) :

U(z) =
σ (z − 1) p0 H(z)

z − S(z)Φ(z)
, (38)
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where H(z) is given by

H(z) = S(z)

⎛

⎝
∞∏

j=1

Φ(z)
z

gj(z)

⎞

⎠+ [z − S(z)Φ(z)]
∞∑

k=1

1
Φ(z)

⎛

⎝
k∏

j=1

Φ(z)
z

gj(z)

⎞

⎠ .

(39)

6.3 Tail Distribution of the Buffer Content

In order to derive an expression for the tail distribution of the buffer content,
we will use an approximation technique described in [4]. Specifically, from the
inversion formula for z-transforms, it follows that the PMF Prob[u = i] of u can
be expressed as a weighted sum of negative ith powers of the poles of U(z). As
the modulus of all these poles is larger than 1, since U(z) is a PGF, it is clear
that for large values of i, Prob[u = i] is dominated by the contribution of the
pole of U(z) having the smallest modulus. Let z0 denote this dominant pole of
U(z). The pole z0 must necessarily be real and positive in order to ensure that
the tail distribution is nonnegative anywhere. From (38), it follows that z0 is a
real root of z − S(z)Φ(z) = 0. The PMF Prob[u = i] can then be approximated
by the following geometric form:

Prob[u = i] ≈ − θ0

z0

(
1
z0

)i

, (40)

for i sufficiently large, where the constant θ0 is the residue of U(z) in the point
z = z0. This residue can be calculated from (30), (38) and (39) as

θ0 = lim
z→z0

(z − z0)U(z) =
σ (z0 − 1) p0 Φ(z0)H(z0)

σ − S′(z0)Φ(z0)
2

=

σ z0 (z0 − 1) p0

(
∞∏

j=1

Φ(z0)
z0

gj(z0)

)

σ −
T∑

t=1

S′
t(Lt(Pt(z0))) L′

t(Pt(z0)) P ′
t(z0) z0 Φ(z0)

St(Lt(Pt(z0)))

. (41)

Notice the infinite product in the above expression for θ0. We know however
from (37) that lim

j→∞
gj(z) = S(z). Due to the definition of z0, we moreover have

that S(z0)Φ(z0) = z0. Therefore, we see that

lim
j→∞

Φ(z0)
z0

gj(z0) = 1 , (42)

i.e., the factors of the infinite product in (41) go to 1, as j goes to infinity. Hence,
we can calculate the residue θ0 numerically up to any desired precision by taking
the product over a sufficiently large number of factors.

A quantity of considerable interest is the probability that the buffer content
exceeds a certain threshold U . Indeed, this quantity is often used to approximate
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the packet loss ratio, i.e., the fraction of the arriving packets that is lost upon
arrival because of buffer overflow, in a buffer model with a finite storage capacity
(for U waiting packets), see e.g. [17]. From (40), we get

Prob[u > U ] ≈ − θ0

z0 − 1

(
1
z0

)U+1

, for large U . (43)

7 Packet Delay

In this section, we assume a FCFS queueing discipline for packets. We define
the delay of a packet as the time interval (expressed in slots) between the end
of the packet’s arrival slot and the end of the slot during which the packet is
transmitted.

In [9], it has been shown that for any discrete-time single-server infinite-
capacity queueing system with an FCFS queueing discipline and geometrically
distributed packet transmission times (with parameter 1 − σ), regardless of the
nature of the arrival process, the following relationship exists between the PGF
D(z) of the delay d of an arbitrary packet that arrives in the buffer during a slot
in the steady state and the PGF U(z) of the buffer content u after an arbitrary
slot in the steady state:

D(z) =
U(B(z)) − p0

ρ
, (44)

where B(z) = σ z
1−(1−σ) z is the PGF of the geometric transmission times.

Since the effective packet transmission times in our model have a geometric
distribution, the above relationship is also valid here. It allows us to express the
mean value and the tail distribution of the packet delay in terms of the previously
derived mean value and tail distribution of the buffer content. In particular, the
mean packet delay follows from (44) as

E[d] = D′(1) =
U ′(1)
ρ σ

=
E[u]
E[m]

, (45)

in accordance with Little’s theorem. For i sufficiently large, the PMF of the
packet delay can be approximated as

Prob[d = i] ≈ − θD

zD

(
1

zD

)i

. (46)

From (44), it follows that the dominant pole zD of D(z) is related to the dominant
pole z0 of U(z) as z0 = B(zD), or equivalently,

zD =
z0

σ + (1 − σ) z0
. (47)

The residue θD of D(z) in the point z = zD can be calculated from (44) as

θD = lim
z→zD

(z − zD)D(z) =
θ0

ρ B′(zD)
=

θ0 zD (zD − 1)
ρ z0 (z0 − 1)

. (48)
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8 Numerical Results and Discussion

In Fig. 3, we assume a single session type (T = 1) and show the mean buffer
content E[u] as a function of the load ρ. The mean length of the sessions is equal
to 100 slots for all of the shown curves, but the distribution of the session lengths
is different for each curve. That is, the session lengths respectively are constant,
uniform between 1 and 201, negative binomial with two stages, geometric and
mixed geometric. For the latter, the mixed geometric distribution of the session
lengths has two weighted parallel phases, i.e., the PGF and the mean value are
given by

L1(z) = w
γ1,1 z

1 − (1 − γ1,1) z
+ (1 − w)

γ1,2 z

1 − (1 − γ1,2) z
; (49)

L′
1(1) = w

1
γ1,1

+ (1 − w)
1

γ1,2
. (50)

The mean 1/γ1,1 of the first phase is taken to be 50 slots, while the second
phase has a mean of 200 slots. The weight w is chosen in order to ensure that
L′

1(1) = 100. For all curves, the bandwidth of the sessions is fixed at 2 packets
per slot, i.e., P1(z) = z2 and in each slot a new session starts with probability
1/4000. As in all further examples, the load is increased on the horizontal axis
by increasing the mean effective transmission time 1/σ of the packets. The plot
clearly illustrates that the mean buffer content E[u] depends not only on the first
moment L′

1(1) of the session-length distribution but on the second-order moment
as well. Specifically, (33) predicts a linear impact on the mean buffer content of
the variance σ2

L,1 of the session lengths, which for the considered session-length
distributions is 0, 3300, 4999.5, 9900 and 14900 respectively.

mixed geom.

geometric

neg. binomial

uniform

constant

0 0.2 0.4 0.6 0.8 1
0
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200

300

400
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E
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]

Fig. 3. Mean buffer content as a function
of the load ρ in the homogeneous case
(T = 1) for different session-length dis-
tributions L1(z) with a mean of 100 slots.
Bandwidth and session starts have PGF
P1(z) = z2 and S1(z) = 3999+z
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.

200
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1,2 =1600
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]/
1
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Fig. 4. Mean packet delay as a function
of the load ρ in the homogeneous case
(T = 1) with P1(z) = 5

6
z (1 − z

6
)−1 and

S1(z) = 2399+z
2400

. The session lengths are
mixed geometric with mean 100 and first
phase mean 1/γ1,1 = 50.
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This effect is illustrated further in Fig. 4, where the mean packet delay E[d]
is shown as a function of the load ρ. Again, the distributions of the session
starts and the session bandwidth are the same for all curves, as well as the mean
session length L′

1(1) which is 100 slots. The distribution L1(z) is chosen to be
mixed geometric of the form (49) with the first phase mean equal to 50 slots.
The plot shows the impact on E[d] if the second phase mean of the session-
length distribution is increased, i.e., 1/γ1,2 = 200, 400, 800, 1600. For the same
configuration and ρ = 0.8, the tail distribution of the buffer content Prob[u = i]
is shown in Fig. 5, together with the corresponding mixed geometric distributions
of the session lengths.

γ−1
1,2 =200

300

400 500
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300
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Fig. 5. Logarithmic plot of the mixed
geometric session-length distribution and
the corresponding tail distribution of the
buffer content for load ρ = 0.8
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Fig. 6. Mean packet delay as a function of
the session mix α. On the left, all sessions
are of type 1, while all sessions are of type
2 on the right.

In Fig. 6, we assume heterogeneous traffic with two types of sessions, i.e.,
T = 2. The sessions of type 1 have a constant length of 25 slots, shifted geometric
bandwidth P1(z) = z

2−z with a mean of 2 packets per slot and a Bernoulli session-
start distribution with mean 1−α

200 . The sessions of type 2 have a length that is
uniformly distributed between 1 and 201, a bandwidth of exactly one packet
per slot and a Poisson start distribution with mean α

400 . The session mix α
(0 ≤ α ≤ 1) indicates the fraction of the load due to sessions of type 1. If α = 0,
all arrivals are of type 1, while if α = 1, there are only sessions of type 2. In
Fig. 6, the mean packet delay is shown for load ρ = 0.6, 0.7, 0.8, 0.9. We observe
a linear dependence of E[d] (and thus also E[u]) on the session mix, which is
predicted by (33).

In Fig. 7, we consider sessions of T different types and show E[d] as a function
of T in case the load is ρ = 0.6, 0.7, 0.8, 0.9. For a certain number of types T ,
the sessions of type t (1 ≤ t ≤ T ) receive an equal share ρ/T of the total
load. The sessions of all types have mean length L′

t(1) = 100, shifted geometric
bandwidth with a mean of P ′

t (1) = 2 packets per slot and a Bernoulli session-
start distribution with mean ρ σ

100·2·T . Also, the session-length distribution for all
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types is mixed geometric of the form (49), with first phase mean 1/γt,1 = 50
slots. The tail of the session length however is chosen to be larger for higher
types: the second phase mean of type t is 1/γt,2 = 100 + 2t. Again, we observe
a clear impact of the variance of the session lengths on the performance of the
system. For T = 5, 10 and load ρ = 0.8, the tail distributions of the buffer
content Prob[u = i] and the packet delay Prob[d = i] are shown in Fig. 8.
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Fig. 7. Mean packet delay as a func-
tion of the number of session types T .
For type t, the session-length distribu-
tion is mixed geometric with mean 100.
The phase means are 1/γt,1 = 50 and
1/γt,2 = 100 + 2t.
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Fig. 8. Logarithmic plot of the tail dis-
tributions of the buffer content and the
packet delay for T = 5, 10 heterogeneous
session types and ρ = 0.8

9 Conclusions

We have presented an analytical technique for the performance evaluation of a
buffer with session-based arrival streams. Differently from previous work, there
are T session types and for each type, the session lengths may have a general
distribution. Expressions have been obtained for the PGFs, the mean values and
the tail distributions of the buffer content and the packet delay. By means of
some numerical examples, the impact of the session-based packet arrival process
on the performance has been investigated. The results indicate that the buffer
behavior strongly depends on the session-length characteristics.

As future work, we plan to study the delay of a session. Also, we intend to
apply the model with general session-based arrivals to evaluate the performance
of a web server by fitting the model parameters to traces of web traffic.
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