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Introduction

1.1 First-Principle Hamiltonian

Charge carriers in inorganic and organic matter interact with ion vibrations.
The corresponding electron–phonon interaction (EPI) dominates transport
and other properties of many poor metals and semiconductors. EPI causes also
phase transformations, including superconductivity. When EPI is sufficiently
strong, electron Bloch states are affected even in the normal phase. Phonons
are also affected by conduction electrons. In doped insulators, including the
advanced materials discussed in this review, bare phonons are well defined
in insulating parent compounds, but microscopic separation of electrons and
phonons is not so straightforward in metals and heavily doped insulators [1],
where the Born and Oppenheimer [2] and density functional [3,4] methods are
used. Here, we have to start with the first-principle Hamiltonian describing
conduction electrons and ions coupled by the Coulomb forces:

H = −
∑

i

∇2
i

2me
+
e2

2

∑

i�=i′

1
|ri − ri′ | − Ze2

∑

ij

1
|ri − Rj | (1.1)

+
Z2e2

2

∑

j �=j′

1
|Rj − Rj′ | −

∑

j

∇2
j

2M
,

where ri,Rj are the electron and ion coordinates, respectively, i = 1, . . . , Ne;
j = 1, . . . , N ; ∇i = ∂/∂ri, ∇j = ∂/∂Rj, Ze is the ion charge, andM is the ion
mass. The system is neutral, Ne = ZN . The inner electrons are strongly cou-
pled to the nuclei and follow their motion, so the ions can be considered as rigid
charges. To account for their “high-energy” electron degrees of freedom, we can
replace the elementary charge in (1.1) by e/

√
ε, where ε is the high-frequency

dielectric constant, or introduce an electron–ion “pseudopotential” [5] instead
of the bare Coulomb electron–nuclear interaction.
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2 1 Introduction

1.2 Local Density Approximation

One cannot solve the corresponding Schrödinger equation perturbatively
because the Coulomb interaction is strong. The ratio of the characteristic
Coulomb energy to the kinetic energy is rs = mee

2/(4πne/3)1/3 ≈ 1 for the
electron density ne = ZN = 1023 cm−3 (here and further, we take the volume
of the system as V = 1, unless specified otherwise, and � = c = kB = 1).
However, one can take advantage of the small value of the adiabatic ratio
me/M < 10−3. Ions are heavy and the amplitudes of their vibrations,
〈|u|〉 � √

1/MωD, near equilibrium positions R0 ≡ l are much smaller than
the lattice constant a = N−1/3:

〈|u|〉
a

≈
(
me

Mrs

)1/4

	 1. (1.2)

In this estimate, we take the characteristic vibration frequency ωD of the order
of the ion plasma frequency ω0 =

√
4πNZ2e2/M . Hence, one can expand the

Hamiltonian in powers of |u|.
Any further progress requires a simplifying physical idea, which commonly

is to approach the ground state of the many-electron system via a one-electron
picture. In the framework of the local density approximation (LDA), the
Coulomb electron–electron interaction is replaced by an effective one-body
potential V(r):

V(r) = −Ze2
∑

j

1
|r − Rj| + e2

∫
dr′

n(r′)
|r − r′| + μex[n(r)], (1.3)

where μex[n(r)] is the exchange interaction, usually calculated numerically
or expressed as μex[n(r)] = −βn(r)1/3 with a constant β in the simplest
approximation. Here, V(r) is a functional of the electron density n(r) =∑

s〈Ψ†
s(r)Ψs(r)〉, where Ψs(r) annihilates the electron with spin s and coor-

dinate r. As a result, in second quantization for electrons the Hamiltonian
takes the form

H = He +Hph +He–ph +He–e, (1.4)

where

He =
∑

s

∫
drΨ†

s(r)
[
− ∇2

2me
+ V (r)

]
Ψs(r) (1.5)

is the electron energy in a periodic crystal field V (r) =
∑

l v(r − l), which
is V(r) calculated at Rj = l with the periodic electron density n(0)(r + l) =
n(0)(r):

Hph =
∑

l

[
−∇2

u

2M
+ ul · ∂

∂l

∫
drn(0)(r)V (r)

]
+

1
2

∑

l,m,α,β

ulαumβDαβ(l − m)

(1.6)
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is the vibration energy. Here, α, β = x, y, z and

Dαβ(l − m) =
∂2

∂lα∂mβ

⎡

⎣Z
2e2

2

∑

l′ �=m′

1
|l′ − m′| +

∫
drn(0)(r)V (r)

⎤

⎦ (1.7)

is the dynamic matrix. EPI is given by

He–ph =
∑

l

ul · ∂
∂l

∫
dr

[
∑

s

Ψ†
s(r)Ψs(r) − n(0)(r)

]
V (r) (1.8)

+
1
2

∑

l,m,α,β

ulαumβ
∂2

∂lα∂mβ

∫
dr

[
∑

s

Ψ†
s(r)Ψs(r) − n(0)(r)

]
V (r),

and the electron–electron correlations are described by

He–e =
1
2

∫
dr

∫
dr′

e2

|r − r′|

[
∑

ss′
Ψ†

s(r)Ψ
†
s′(r′)Ψ′

s′(r′)Ψs(r)

]
(1.9)

−
∫

dr
[∫

dr′
e2n(0)(r′)
|r − r′| +μex[n(0)(r)]

]∑

s

Ψ†
s(r)Ψs(r)

+
Z2e2

2

∑

l�=m

1
|l − m| .

We include the electrostatic repulsive energy of the nuclei in He–e, so that the
average of He–e is zero in the Hartree approximation.

1.3 Electron–Phonon Interaction in the Bloch
Representation

The vibration Hamiltonian Hph is a quadratic form and therefore can be
diagonalized using the linear canonical transformation for the displacement
operators:

ul =
∑

q,ν

eqν√
2NMωqν

dqν exp(iq · l) + H.c., (1.10)

∂

∂ul
=

∑

q,ν

eqν

√
Mωqν

2N
dqν exp(iq · l) − H.c.,

where q is the phonon momentum, dqν is the phonon (Bose) annihilation oper-
ator, eqν and ωqν are the unit polarization vector and the phonon frequency,
respectively, of the phonon mode ν, and H.c. is the Hermitian conjugate. Then,
Hph takes the following form
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Hph =
∑

q,ν

ωqν(d†qνdqν + 1/2), (1.11)

if the eigenfrequencies ωqν and the eigenstates eqν satisfy

Mω2
qνe

α
qν =

∑

β

Dαβ
q eβ

qν , (1.12)

and ∑

q

e∗α
qνe

β
qν = Nδαβ. (1.13)

The last equation and the bosonic commutation rules [dqνd
†
q′ν′ ] = δνν′δqq′

follow from (∂/∂uα
l )uβ

l − uβ
l (∂/∂uα

l ) = δαβ. Here

Dαβ
q =

∑

m

exp(iq ·m)Dαβ(m) (1.14)

is the Fourier transform of the second derivative of the ion potential energy.
The first derivative in (1.6) is zero in crystals with a center of symmetry.
Different solutions of (1.12) are classified with the phonon branch (mode)
quantum number ν, which is 1, 2, 3 for a simple lattice and 1, . . . , 3k for a
complex lattice with k ions per unit cell.

The periodic part of the Hamiltonian He is diagonal in the Bloch repre-
sentation:

Ψs(r) =
∑

n,k

ψnks(r)cnks, (1.15)

where cnks are the fermion annihilation operators. The Bloch function obeys
the Schrödinger equation

(
− ∇2

2me
+ V (r)

)
ψnks(r) = Enksψnks(r). (1.16)

One-particle states are sorted with the momentum k in the Brillouin zone,
band index n, and spin s. The solution of this equation allows us to calcu-
late the periodic electron density n(0)(r), which determines the crystal field
potential V (r). LDA can explain the shape of the Fermi surface of wide-band
metals and gaps in narrow-gap semiconductors. A spin-polarized version of
LDA can explain a variety of properties of many magnetic materials. How-
ever, this is not the case for narrow d- and f -band metals and oxides (and
other ionic lattices), where the electron–phonon interaction and Coulomb cor-
relations are strong. These materials display much less band dispersion and
wider gaps compared with the first-principle band structure calculations.
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Using the phonon and electron annihilation and creation operators, the
Hamiltonian is finally written as

H = He +He–ph +He–e, (1.17)

where
He =

∑

k,n,s

ξnksc
†
nkscnks +

∑

q,ν

ωqν(d†qνdqν + 1/2) (1.18)

describes independent Bloch electrons and phonons, ξnks = Enks − μ is the
band energy spectrum with respect to the chemical potential μ. The part of
EPI, which is linear in the phonon operators, can be written as

He–ph =
1√
2N

∑

k,q,n,n′,ν,s

γnn′(q,k, ν)ωqνc
†
nkscnk−qsdqν + H.c., (1.19)

where

γnn′(q,k, ν) = − N

M1/2ω
3/2
qν

∫
dr (eqν · ∇v(r))ψ∗

nks(r)ψn′k−qs(r) (1.20)

is the dimensionless matrix element. If we restrict the summations over q and
k to the first Brillouin zone of the crystal, then He–ph should also include the
summation over reciprocal lattice vectors G of umklapp scattering contribu-
tions where q is replaced by q + G. The terms of He–ph which are quadratic
and of higher orders in the phonon operators are small. They play a role
only for those phonons which are not coupled with electrons by the linear
interaction (1.19).

The electron–electron correlation energy of a homogeneous electron system
is often written as

He–e =
1
2

∑

q

Vc(q)ρ†qρq, (1.21)

where Vc(q) is a matrix element, which is zero for q = 0 because of
electroneutrality and

ρ†q =
∑

k,s

c†ksck+qs (1.22)

is the density fluctuation operator. H should also include a random potential
in doped semiconductors and amorphous metals, which might affect the EPI
matrix element [6].

1.4 Electron–Phonon Interaction in the Wannier (Site)
Representation

For the purpose of this review, we mostly confine our discussions to a
single-band approximation with the EPI matrix element γnn(q,k, ν) = γ(q)
depending only on the momentum transfer q. The approximation allows for
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qualitative and in many cases quantitative descriptions of essential pola-
ronic effects in advanced materials. Nevertheless, there might be degenerate
atomic orbitals in solids coupled to local molecular-type Jahn–Teller distor-
tions, where one has to consider multiband electron energy structures (see
Sect. 3.6).

Quantitative calculations of the matrix element in the whole region of
momenta have to be performed from pseudopotentials [1, 5]. On the other
hand, one can parameterize EPI rather than to compute it from first princi-
ples in many physically important cases [7]. There are three most important
interactions in doped semiconductors, which are polar coupling to optical
phonons (i.e., the Fröhlich EPI), deformation potential coupling to acousti-
cal phonons, and the local (Holstein) EPI with molecular-type vibrations in
complex lattices. While the matrix element is ill defined in metals, the bare
phonons ωqν and the electron band structure Enk are well defined in doped
semiconductors, which have their parent dielectric compounds. Here, the effect
of carriers on the crystal field and on the dynamic matrix is small while the
carrier density is much less than the atomic one. Hence, one can use the band
structure and the crystal field of parent insulators to calculate the matrix ele-
ment in doped semiconductors. The interaction constant γ(q) has different
q-dependence for different phonon branches. In the long-wavelength limit
(q 	 π/a), γ(q) ∝ qn, where n = −1, 0 and n = −1/2 for polar optical,
molecular (ωq = ω0) and acoustic (ωq ∝ q) phonons, respectively. Not only q
dependence is known, but also the absolute values of γ(q) are well parame-
terized in this limit. For example in polar semiconductors, the interaction of
two slow electrons at some distance r is found as (3.40)

v(r) = Vc(r) − 1
N

∑

q

|γ(q)|2ωqeiq·r. (1.23)

The Coulomb repulsion in a rigid lattice is Vc(r) = e2/εr and |γ(q)|2 = γ2/q2,
so that

v(r) =
e2

εr
− γ2ω0

4πr
. (1.24)

On the other hand, the Coulomb repulsion can be expressed as v(r) = e2/ε0r,
where the static dielectric constant, ε0, describes screening by both core elec-
trons and ions. The high frequency, ε, and static, ε0, dielectric constants are
measurable: ε is the square of the refractive index and ε0 is the low-frequency
dielectric function measured by putting the solid in a capacitor. Hence, the
matrix element of the Fröhlich interaction depends only on the dielectric
constants and the optical phonon frequency ω0 as

|γ(q)|2 =
4πe2

κω0q2
, (1.25)
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where κ = (ε−1 − ε−1
0 )−1. If the crystal lacks an inversion center to be piezo-

electric, there is EPI with piezoelectric acoustic phonons with an anysotropic
matrix element, which also contribute to a coulombic-like attraction of two
polarons [8].

To get a better insight into physical constraints of the above approxima-
tion, let us transform the Bloch states to the real space or Wannier states
using the canonical linear transformation of the electron operators (here we
follow [9]):

ci =
1√
N

∑

k

eik·mcks, (1.26)

where i = (m, s) includes both site m and spin s quantum numbers. In this
site (Wannier) representation, the electron kinetic energy takes the following
form

He =
∑

i,j

t(m − n)δss′c†icj , (1.27)

where
t(m) =

1
N

∑

k

Ekeik·m

is the “bare” hopping integral. Here, j = (n, s′) and Ek is the Bloch band
dispersion in the rigid lattice.

The electron–phonon interaction and the Coulomb correlations acquire
simple forms in the Wannier representation, if their matrix elements in the
momentum representation depend only on the momentum transfer q:

He–ph =
∑

q,i

ωqn̂i [ui(q)dq + H.c.] , (1.28)

He–e =
1
2

∑

i�=j

Vc(m − n)n̂in̂j. (1.29)

Here

ui(q) =
1√
2N

γ(q)eiq·m (1.30)

and

Vc(m) =
1
N

∑

q

Vc(q)eiq·m (1.31)

are the matrix elements of the electron–phonon and Coulomb interactions,
respectively, in the Wannier representation for electrons, and n̂i = c†i ci is the
density operator.

We see that taking the interaction matrix element depending only on
the momentum transfer, one neglects the terms in the electron–phonon and
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Coulomb interactions, which are proportional to the overlap integrals of the
Wannier orbitals on different sites. This approximation is justified for narrow-
band materials, where the electron bandwidth is less than the characteristic
magnitude of the crystal field potential. In the Wannier representation, the
Hamiltonian becomes

H =
∑

i,j

t(m − n)δss′c†i cj +
∑

q,i

ωqn̂i [ui(q)dq + H.c.]

+
1
2

∑

i�=j

Vc(m − n)n̂in̂j +
∑

q

ωq(d†qdq + 1/2). (1.32)

One can transform it further using the site representation also for phonons.
Replacing the Bloch functions in the definition of γ(q) by their Wannier series
yields

γ(q) = − 1

M1/2ω
3/2
q

∑

n

e−iq·neq · ∇nv(n). (1.33)

This result is obtained by neglecting the overlap integrals of the Wannier
orbitals on different sites and by assuming that the single-ion potential v(r)
varies over the distance, which is much larger than the radius of orbits. Then
using the displacement operators, one arrives at

He–ph =
∑

m,n,s

n̂msun · ∇nv(m − n). (1.34)

The site representation of He–ph is particularly convenient for the interaction
with dispersionless modes, when ωq = ω0 and eq = e are q-independent.
Introducing the phonon site operators

dn =
1√
N

∑

q

eiq·ndq, (1.35)

one obtains in this case

un =
e√

2Mω0

(dn + d†n),

Hph = ω0

∑

n

(d†ndn + 1/2),

and
He–ph = ω0

∑

n,m,s

g(m − n)(e · em−n)n̂ms(d†n + dn), (1.36)

where

g(m) =
1

ω0

√
2Mω0

dv(m)
dm

is a dimensionless force acting between the electron on site m and the dis-
placement of ion n, and em−n ≡ (m − n)/|m − n| is the unit vector in the
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direction from the electron m to the ion n. The real-space representation
is particularly convenient in parameterizing EPI in complex lattices. Atomic
orbitals of an ion adiabatically follow its motion. Therefore, the electron does
not interact with the displacement of the ion, which orbitals it occupies, i.e.,
g(0) = 0.


	1 Introduction
	1.1 First-Principle Hamiltonian
	1.2 Local Density Approximation
	1.3 Electron–Phonon Interaction in the Bloch Representation
	1.4 Electron–Phonon Interaction in the Wannier (Site) Representation



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




