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Abstract. The characterization of the access structures of ideal secret sharing 
schemes is one of the main open problems in secret sharing and has important 
connections with matroid theory. Because of its difficulty, it has been studied 
for several particular families of access structures. Multipartite access struc-
tures, in which the set of participants is divided into several parts and all par-
ticipants in the same part play an equivalent role, have been studied in seminal 
works on secret sharing by Shamir, Simmons, and Brickell, and also recently by 
several authors.. In the EUROCRYPT’07, Farras made a important contribution 
to this work: By using discrete polymatroids, they obtained a necessary condi-
tion and a sufficient condition for a multipartite access structure to be ideal re-
spectively. In particular, they further gave a very difficult open problem, that is, 
characterizing the representable discrete polymatroids, i.e., which discrete po-
lymatroids are representable and which ones are non-representable. In this pa-
per, by dealing with a family of matroids derived from the Vamos matroid, 
which was the first matroid that was proved to be non-representable, we obtain 
a family of non-representable matroids. As a consequence, we extend it to the 
general case and obtain a sufficient condition for a discrete polymatroid to be 
non-representable, which is a new contribution to the open problem given by 
Farras.  
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1   Introduction 

Secret sharing schemes were introduced independently by Shamir [2] and Blakley [1] 
in 1979. In a secret sharing scheme, every participant receives a share of a secret value. 
Only the qualified sets of participants, which form the access structure of the scheme, 
can recover the secret value from their shares. This paper deals exclusively with un-
conditionally secure perfect secret sharing schemes, that is, the shares of the partici-
pants in a non-qualified set do not provide any information about the secret value. 

The length of the shares is the main measure of the complexity of secret sharing 
schemes. In general, the shares must be much larger than the secret. An access struc-
ture is said to be ideal if it admits an ideal secret sharing scheme. The characterization 
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of ideal access structures is one of the main open problems in secret sharing and has 
important connections with matroid theory. 

A necessary condition for an access structure to be ideal was given by Brickell and 
Davenport [4], who proved that every ideal access structure is matroid-related. Ma-
troids that are obtained from ideal secret sharing schemes are said to be secret sharing 
representable (or ss-representable for short). Vamos matroid was the first matroid that 
was proved to be non-ss-representable. Nevertheless, as a consequence of the results 
in [3], all representable matroids (that is, matroid that can be represented by a matrix 
over some finite field)  are ss-representable. This implies a sufficient condition for an 
access structure to be ideal. Namely, an access structure is ideal if it is related to a 
representable matroid. 

Due to the difficulty of finding general results, the characterization of ideal access 
structures has been studied for several particular classes of access structures. Multi-
partite access structure, informally, is that the set of participants can be divided into 
several parts in such a way that all participants in the same part play an equivalent 
role in the structure. Since we can always consider as many parts as participants, 
every access structure is multipartite. More accurately, we can consider in any access 
structure the partition that is derived from a suitable equivalence relation on the set of 
participants. Because of its practical interest, secret sharing for multipartite access 
structures has been studied by several authors[2,3,5,6,7,8].  

Recently, in the EUROCRYPT’07, Farras[9] made a important contribution to this 
work by using discrete polymatroids. In particular, for solving the main open prob-
lems in secret sharing, they further gave a very difficult open problem, that is, charac-
terizing the representable discrete polymatroids, i.e., which discrete polymatroids are 
representable and which ones are non-representable. In this paper, by dealing with a 
family of matroids derived from the Vamos matroid, which was the first matroid that 
was proved to be non-representable, we obtain a family of non-representable ma-
troids. As a consequence, we extend it to the general case and obtain a sufficient con-
dition for a discrete polymatroid to be non-representable, which is a new contribution 
to the open problem given by Farras.  

2   Definitions and Preliminaries 

In this section we review some basic definitions and notations that will be used 
through the paper.  

2.1   Matroids and Ideal Secret Sharing  

The reader is referred to [12] for an introduction to secret sharing and to [10, 11] for 
general references on Matroid Theory. 

A matroid ( , )=M Q I  is formed by a finite set Q  together with a family 

( )⊆I P Q  ( ( )P Q  is the power set of the set Q .) such that 

1. φ ∈ I , and 

2. if 1I ∈I  and 2 1I I⊆ , then 2I ∈ I , and 
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3. if 1 2,I I ∈I  and 1 2| | | |I I< , then there exists 2 1x I I∈ −  such that 

{ }1 xI ∈∪ I . 

The set Q  is the ground set of the matroid M  and the elements of I  are called 

the independent sets of M . The bases of the matroid are the maximally independent 

sets. The family B  of the bases determines the matroid. Moreover, by [10, Theorem 

1.2.5], ( )⊆B P Q  is the family of bases of a matroid on Q  if and only if 

1. B  is nonempty, and 

2. for every 1 2,B B ∈B  and 1 2x B B∈ − , there exists 2 1y B B∈ −  such that 

{ } { }1( )x yB − ∪  is in B . 

All bases have the same number of elements, which is the rank of M  and is denoted 

( )r M . The dependent sets are those that are not independent. A circuit is a mini-

mally dependent subset. A matroid is said to be connected if, for every two points 
,x y ∈Q , there exists a circuit C  with ,x y C∈ . The rank of X ⊆Q , which is 

denoted ( )r X , is the maximum cardinality of the subsets of X  that are independ-

ent. Observe that the rank of Q  is the rank of the matroid M  that was defined 

before. The rank function : ( )r →]P Q  of a matroid satisfies 

1. 0 ( ) | |r X X≤ ≤  for every X ⊆Q , and 

2. r  is monotone increasing: if X Y⊆ ⊆Q , then ( ) ( )r X r Y≤ , and 

3. r  is submodular: ( ) ( ) ( ) ( )r X Y r X Y r X r Y+ ≤ +∩ ∪  for every 

,X Y ⊆Q . 

Let K  be a field. A matroid ( , )=M Q I  is K -representable (or represent-

able for short) if there exists a matrix M  over K  whose columns are indexed by the 

elements of Q  such that a subset { }1,..., kI i i= ⊆Q  is independent if and only if 

the corresponding columns of M  are independent. In this situation, we say that the 
matrix M  is a K -representation of the matroid M . 

Let K  be a finite field and let ( , )=M Q I  be a K -representable matroid. Let 

0p ∈Q  be special participant called dealer.and { }0P p= ∪Q . For every 

1)(k n +×  matrix M  representing M  over K , let E  be a vector space of finite 

dimention dim E k=  over K . For every i ∈Q , we define a surjective linear 

mapping: :i Eπ → K , and the i -th column of M  corresponds to the linear form 

iπ . In that situation, for every random choice of an element x E∈ , we can obtain 

( )i is xπ= ∈K is the share of the participant i P∈  and 
0
( )ps xπ= ∈K  is the 

shared secret value. Hence, by the columns of M , we define an ideal secret sharing 
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scheme with access structure 
0
( )pΓ M . Therefore, the access structures that are 

related to representable matroids are ideal. 

2.2   Multipartite Access Structures and Multipartite Matroids 

We write ( )PP  for the power set of the set P . An m -partition { }1,..., mP PΠ =  

of a set P  is a disjoint family of m  nonempty subsets of P  with 1 ... mP P P= ∪ ∪ . 

Let ( )PΛ ⊆P  be a family of subsets of P . For a permutation σ  on P , we de-

fine { }( ) ( ) : ( )A A Pσ σΛ = ∈ Λ ⊆P . A family of subsets ( )PΛ ⊆P  is said to 

be Π -partite if ( )σ Λ = Λ  for every permutation σ  such that ( )i iP Pσ =  for 

every iP ∈Π . We say that Λ  is m -partite if it is Π -partite for some m -partition 

Π . These concepts can be applied to access structures, which are actually families of 
subsets, and they can be applied as well to the family of independent sets of a ma-
troid. A matroid ( , )=M Q I  is Π -partite if ( )⊆I P Q  is Π -partite. 

Let ( , )=M Q I  be a connected matroid and, for a point 0p ∈Q , let 

{ }1,..., mP PΠ =  and { }{ }0 0 1, ,..., mp P PΠ =  be partitions of the sets 

{ }0P p= −Q  and Q  respectively. Then the access structure 
0
( )pΓ = Γ M  is 

Π -partite if and only if the matroid M  is 0Π -partite. 

The partition 'Π  is a refinement of the partition Π  if every set in 'Π  is a subset 
of some set in Π . Clearly, if ( )PΛ ⊆P  is Π -partite and 'Π  is a refinement of 

Π , then Λ  is 'Π -partite. Among all partitions Π  for which a family of subsets 

( )PΛ ⊆P  is Π -partite, there exists a partition ΛΠ  that is not a refinement of any 

other such partition. Following [13], we consider the following equivalence relation: 
two elements ,p q P∈  are said to be equivalent according to Λ  if the transposition 

pqτ  satisfies ( )pqτ Λ = Λ . The partition ΛΠ  is the one defined by this equivalence 

relation. It is not difficult to check that Λ  is Π -partite if and only if Π  is a refine-

ment of ΛΠ . 

For every integer 1m ≥ , we consider the set { }1,...,mJ m= . Let m
+Z  denote the 

set of vectors ( )1,..., m
mu u u= ∈Z  with 0iu ≥  for every mi J∈ . For a partition 

{ }1,..., mP PΠ =  of a set P  and for every A P⊆  and mi J∈ , we define 

( ) | |i iA A PΠ = ∩ . Then the partition Π  defines a mapping : ( ) mP +Π → ZP  by 

considering ( )1( ) ( ),..., ( )mA A AΠ = Π Π . If ( )PΛ ⊆P  is Π -partite, then 
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A∈ Λ  if and only if ( ) ( )AΠ ∈Π Λ . That is, Λ  is completely determined by the 

partition Π  and the set of vectors ( ) m
+Π Λ ⊂ Z .  

Discrete polymatroids, a combinatorial object introduced by Herzog and Hibi [13], 
are closely related to multipartite matroids and, because of that, they play an impor-
tant role in the characterization of ideal multipartite access structures. Before giving 
the definition of discrete polymatroid, we need to introduce some notation. If 

, mu v +∈Z , we write u v≤  if i iu v≤  for every mi J∈ , and we write u v<  if 

u v≤  and u v≠ . The vector w u v= ∨  is defined by max( , )i i iw u v= . The 

modulus of a vector mu +∈Z  is 1| | mu u u= + ⋅⋅⋅ + . For every subset mX J⊆ , we 

write | |( ) ( ) X
i i Xu X u ∈ += ∈Z  and | ( ) | ii X

u X u
∈

=∑  

A discrete polymatroid on the ground set mJ  is a nonempty finite set of vectors 

mD +⊂ Z  satisfying: 

1. if u D∈  and mv +∈Z  is such that v u≤ , then v D∈ , and 

2. for every pair of vectors ,u v D∈  with | | | |u v< , there exists w D∈  with 

u w u v< ≤ ∨ . 

The next proposition, which is easily proved from the axioms of the independent 
sets of a matroid, shows the relation between multipartite matroids and discrete poly-
matroids. 

Proposition 2.1. Let Π  be a partition of a set Q  and let ( )⊆I P Q  be a Π -

partite family of subsets. Then I  is the family of the independent sets of a Π -partite 

matroid ( , )=M Q I  if and only if ( ) m
+Π ⊂ ZI  is a discrete polymatroid. 

A basis of a discrete polymatroid D  is a maximal element in D , that is, a vector 
u D∈  such that there does not exist any v D∈  with u v< . Similarly to matroids, 
a discrete polymatroid is determined by its bases. Specifically, the following result is 
proved in [13, Theorem 2.3]. 

Proposition 2.2. A nonempty subset m
+⊂ ZB  is the family of bases of a discrete 

polymatroid if and only if it satisfies: 

1. all elements in B  have the same modulus, and 

2. for every u ∈B  and v ∈B  with i iu v> , there exists mj J∈  such that 

j ju v<  and i ju e e− + ∈B , where ie  denotes the i -th vector of the canoni-

cal basis of mZ . 
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The rank function of a discrete polymatroid D  with ground set mJ  is the function 

: ( )mh J →ZP  defined by { }( ) max | ( ) |:h X u X u D= ∈ . The next proposi-

tion is a consequence of [13, Theorem 3.4]. 

Proposition 2.3. A function : ( )mh J →ZP  is the rank function of a discrete po-

lymatroid with ground set mJ  if and only if it satisfies 

1. ( ) 0h φ = , and 

2. h  is monotone increasing: if mX Y J⊆ ⊆ , then ( ) ( )h X h Y≤ , and 

3. h  is submodular: if , mX Y J⊆ , then ( ) ( ) ( ) ( )h X Y h X Y h X h Y+ ≤ +∪ ∩ . 

Moreover, a polymatroid D  is completely determined by its rank function. Spe-

cifically, { }:  | ( ) | ( ) for all m
mD u u X h X X J+= ∈ ≤ ⊆Z . 

For a discrete polymatroid D  with ground set mJ  and for every mX J⊆  , we 

define the discrete polymatroid ( )D X  with ground set X  by 

{ } | |( ) ( ) : XD X u X u D += ∈ ⊂ Z . This concept will be very useful in this paper. 

Let K  be a field, E  a K -vector space, and 1,..., mV V  subspaces of E . It is not 

difficult to check that the mapping : ( )mh J →ZP  defined by 

( ) dim( )ii X
h X V∈= ∑  is the rank function of a discrete polymatroid mD +⊂ Z . In 

this situation, we say that D  is K -representable and the subspaces 1,..., mV V  are a 

K -representation of D . The next proposition is proved in [9, Theorem 7.1]. 

Proposition 2.4. Let ( , )=M Q I  be a Π -partite matroid and let ( )D = Π I  

be its associated discrete polymatroid. If M  is K -representable, then so is D . In 

addition, if D  is K -representable, then M  is representable over some finite exten-
sion of K . 

3   A Family of Non-representable Secret Sharing Matroids 

In this section, we give a family of non-representable matroids derived from the Va-
mos matroid. Firstly, we introduce the Vamos matroid and give the proof of Vamos 
matroid being a non-representable multipartite matroid. Afterwards, through combin-
ing the partition of the ground set of Vamos matroid, we construct three “matroids”, 
which are proved to be non-representable. However, according to the definition of 
matroid, we obtain these three “matroids” are pseudo matroids. Finally, from the 
concept of ( )D X  defined above, a family of non-representable matroids derived 

from the Vamos matroid is obtained, which we call Vamos Family.  
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3.1   Vamos Matroid 

The definition of Vamos matroid is as follows: 

Definition 3.1. The Vamos matroid is defined on { }1, 2,3,4,5,6,7,8=Q  with 

bases all 4-sets except the five 4-sets which are: { }1,2,3,4 ， { }1,2,5,6 , 

{ }1,2,7,8 ,{ }3, 4,5,6 ,{ }3, 4,7,8 . 

The following proposition gives a new proof of the Vamos matroid being a non-
representable multipartite matroid. 

Proposition 3.1. The Vamos matroid is non-representable. 

Proof. For a partition { }0 1 2 3 4, , ,P P P PΠ =  

( { } { } { } { }1 2 3 41, 2 , 3, 4 , 5,6, , 7,8P P P P= = = = ) of the ground set Q , the parti-

tion 0Π  defines a mapping 4
0 : ( ) +Π → ]P Q . For every non-basis 4-set A , we com-

pute 0 ( )AΠ and obtain (2,2,0,0), (2,0,2,0), (2,0,0,2), (0,2,2,0), (0, 2,0,2) . 

Similarly, for every basis B , we compute 0 ( )BΠ  and obtain 

(1,1,1,1), (1,1,2,0), (1,1,0,2), (1,2,1,0), (1, 2,0,1), (1,0,1, 2), (1,0,2,1),  

(0,1,1,2), (0,1,2,1), (0, 2,1,1), (2,1,0,1), (2,1,1,0), (2,0,1,1), (0,0, 2, 2) . We 

can verify that for every 3-set C , there must exist a basis B  such that 0 0( ) ( )C BΠ < Π  

and C B⊂ . Therefore, all 3-sets are independent.  
Suppose that over some finite field K  there exists a matrix M  which is a repre-

sentation of the Vamos matroid, and every element i ∈Q  correspond to the column 

vector iv  of M . Apparently, all vectors of M  are non-zero vectors. Arbitrary four 

column vectors of M  are linearly independent except 

1 2 3 4( , , , )v v v v , 1 2 5 6( , , , )v v v v , 1 2 7 8( , , , )v v v v , 3 4 5 6( , , , )v v v v , 3 4 7 8( , , , )v v v v . 

Because all 3-sets are independent, for every one of these five vector groups, its rank 
is 3 and every vector in it can be uniquely represented by the other three vectors over 
K . The following operations are over the finite field K : 

For the vector group 1 2 7 8( , , , )v v v v , let 8 1 1 2 2 7 7v a v a v a v= + +                     (1) 

For the vector group 3 4 7 8( , , , )v v v v , let 8 3 3 4 4 7 7'v a v a v a v= + + .                (2) 

where 1 2 7 3 4 7, , , , , 'a a a a a a ∈K  and 1 2 7 3 4 7, , , , , ' 0a a a a a a ≠ . 

Simultaneous equations (1)(2), then  

7 7 7 1 1 2 2 3 3 4 4( ' )a a v a v a v a v a v− = + − −                                     (3) 

 



 On Non-representable Secret Sharing Matroids 131 

For the vector group 1 2 3 4( , , , )v v v v , let 4 1 1 2 2 3 3v b v b v b v= + +                      (4) 

where 1 2 3, ,b b b ∈K  and 1 2 3, , 0b b b ≠ . 

If 7 7( ' ) 0a a− ≠ , then simultaneous equations (3)(4) and we obtain 

1 2 3 7( , , , )v v v v  are linearly dependent. Since { }1,2,3,7  is a basis of the Vamos 

matroid, a contradiction. Hence, there must be 7 7( ' ) 0a a− = , that is 7 7'a a= , then 

from equation (3) we obtain: 

                                              1 1 2 2 3 3 4 4a v a v a v a v+ = +                                          (5) 

For the vector group 1 2 5 6( , , , )v v v v , let 6 1 1 2 2 5 5v c v c v c v= + +                       (6) 

For the vector group 3 4 5 6( , , , )v v v v , let 6 3 3 4 4 5 5'v c v c v c v= + +                   (7) 

Similarly, we can obtain 5 5 'c c=  and 1 1 2 2 3 3 4 4c v c v c v c v+ = +                      (8) 

Computing equation 1 1(5) (8)c a− , then: 

          2 1 1 2 2 3 1 1 3 3 4 1 1 4 4( ) ( ) ( )a c a c v a c a c v a c a c v− = − + −                    (9) 

Because 2 3 4( , , )v v v  are linearly independent, then 2 1 1 2 0a c a c− =                (10) 

Computing equation 1 1(1) (6)c a− , then: 

                 1 8 1 6 2 1 1 2 2 7 1 7 1 5 5( )c v a v a c a c v a c v a c v− = − + −                 (11) 

Simultaneous equations (10)(11), then 1 8 1 6 7 1 7 1 5 5c v a v a c v a c v− = −             (12) 

Due to 1 1 7 5, , , 0a c a c ≠ , from equation (12) we can obtain 5 6 7 8( , , , )v v v v  are 

linearly dependent. Since { }5,6,7,8 is a basis of the Vamos matroid, a contradic-

tion. Therefore, it is impossible that there exists a matrix M  over some finite field 
K  which is a representation of the Vamos matroid, that is, the Vamos matroid is 
non-representable. 

3.2   Three Non-representable Pseudo Matroids 

Through combining the partition of the ground set of Vamos matroid, we construct 
three “matroids” as follow: 

Definition 3.2. The Pseudo-1 matroid is defined on { }1, 2,3,4,5,6,7,8=Q  with 

bases all 4-sets except the thirteen 4-sets which are: { }1,2,3,4 ，

{ }1,2,5,6 , { }1,2,5,7 , { }1,2,5,8 , { }1,2,6,7 , { }1,2,6,8 , { }1,2,7,8 ,

{ }3, 4,5,6 ,{ }3, 4,5,7 ,{ }3, 4,5,8 ,{ }3, 4,6,7 ,{ }3, 4,6,8 ,{ }3, 4,7,8 . 
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Definition 3.3. The Pseudo-2 matroid is defined on { }1, 2,3,4,5,6,7,8=Q  with 

bases all 4-sets except the thirteen 4-sets which are: { }1,2,3,4 ， { }1,2,5,6 , 

{ }1,3,5,6 , { }1,4,5,6 , { }2,3,5,6 , { }2, 4,5,6 , { }3, 4,5,6 , { }1,2,7,8 ,

{ }1,3,7,8 ,{ }1,4,7,8 ,{ }2,3,7,8 ,{ }2, 4,7,8 ,{ }3, 4,7,8 . 

Definition 3.4. The Pseudo-3 matroid is defined on { }1, 2,3,4,5,6,7,8=Q  with bases 

all 4-sets except the thirty-seven 4-sets which are: { }1,2,3,4 ，{ }1,2,5,6 , { }1,3,5,6 , 

{ }1,4,5,6 , { }2,3,5,6 , { }2, 4,5,6 , { }3, 4,5,6 , { }1,2,5,7 , { }1,3,5,7 ,

{ }1,4,5,7 , { }2,3,5,7 , { }2, 4,5,7 , { }3, 4,5,7 , { }1,2,5,8 , { }1,3,5,8 ,

{ }1,4,5,8 , { }2,3,5,8 , { }2, 4,5,8 , { }3, 4,5,8 , { }1,2,6,7 , { }1,3,6,7 ,

{ }1,4,6,7 , { }2,3,6,7 , { }2, 4,6,7 , { }3, 4,6,7 , { }1,2,6,8 , { }1,3,6,8 ,

{ }1,4,6,8 , { }2,3,6,8 , { }2, 4,6,8 , { }3, 4,6,8 , { }1,2,7,8 , { }1,3,7,8 ,

{ }1,4,7,8 ,{ }2,3,7,8 ,{ }2, 4,7,8 ,{ }3, 4,7,8 . 

In the following propositions, we prove that these three “matroids” stated above are 
all non-representable. 

Proposition 3.2. The Pseudo-1 matroid is non-representable. 

Proof. For a partition { }1 1 2 3, ,P P PΠ = ( { } { } { }1 2 31, 2 , 3, 4 , 5,6,7,8P P P= = = ) 

of the ground set Q , the partition 1Π  defines a mapping 3
1 : ( ) +Π →]P Q . For 

every non-basis 4-set A , we compute 1( )AΠ  and obtain (2, 2,0), (2,0,2), (0,2,2) . 

Similarly, for every basis B , we compute 1( )BΠ  and obtain 

(1,1, 2), (1, 2,1), (1,0,3), (0,1,3), (2,1,1), (0,0,4) . We can verify that for every 3-

set C , there must exist a basis B  such that 1 1( ) ( )C BΠ < Π  and C B⊂ . Therefore, 

all 3-sets are independent.  
Suppose that over some finite field K  there exists a matrix M  which is a repre-

sentation of the Pseudo-1 matroid, and every element i ∈Q  correspond to the col-

umn vector iv  of M . Apparently, all vectors of M  are non-zero vectors. Arbitrary 

four column vectors of M  are linearly independent except 1 2 3 4( , , , )v v v v ，

1 2 5 6( , , , )v v v v ， 1 2 5 7( , , , )v v v v ， 1 2 5 8( , , , )v v v v ， 1 2 6 7( , , , )v v v v ，

1 2 6 8( , , , )v v v v ， 1 2 7 8( , , , )v v v v ， 3 4 5 6( , , , )v v v v ， 3 4 5 7( , , , )v v v v ，

3 4 5 8( , , , )v v v v ， 3 4 6 7( , , , )v v v v ， 3 4 6 8( , , , )v v v v ， 3 4 7 8( , , , )v v v v . Because all 
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3-sets are independent, for every one of these thirteen vector groups, its rank is 3 and 
every vector in it can be uniquely represented by the other three vectors over K . The 
following proof is the same to the proof of Proposion 3.1. 

Proposition 3.3. The Pseudo-2 matroid is non-representable. 

Proof. For a partition { }2 1 2 3, ,P P PΠ =  ( { } { } { }1 2 31, 2,3, 4 , 5,6 , 7,8P P P= = = ) 

of the ground set Q , the partition 2Π  defines a mapping 3
2 : ( ) +Π → ]P Q . For 

every non-basis 4-set A , we compute 2 ( )AΠ  and obtain (4,0,0), (2,0,2), (2,2,0) . 

Similarly, for every basis B , we compute 2 ( )BΠ  and obtain 

(2,1,1), (3,1,0), (3,0,1), (1,1, 2), (1, 2,1), (0, 2, 2) . We can verify that for every 3-set 

C , there must exist a basis B  such that 2 2( ) ( )C BΠ < Π  and C B⊂ . Therefore, all 

3-sets are independent. The following proof is the same to the proof of Proposion 3.1. 

Proposition 3.4. The Pseudo-3 matroid is non-representable. 

Proof. For a partition { }3 1 2,P PΠ = ( { } { }1 21, 2,3, 4 , 5,6,7,8P P= = ) of the 

ground set Q , the partition 3Π  defines a mapping 2
3 : ( ) +Π →]P Q . For every 

non-basis 4-set A , we compute 3( )AΠ  and obtain (4,0), (2, 2) . Similarly, for 

every basis B , we compute 3( )BΠ  and obtain (1,3), (3,1), (0,4) . We can verify 

that for every 3-set C , there must exist a basis B  such that 3 3( ) ( )C BΠ < Π  and 

C B⊂ . Therefore, all 3-sets are independent. The following proof is the same to the 
proof of Proposion 3.1. 

If these three non-representable “matroids” accord with the definition of matroid, it 
means there exist non-representable bipartite and tripartite matroids. However, we 
will show these three non-representable “matroids” are pseudo matroids. 

From Proposition 2.2, for every u ∈B  and v ∈B  with i iu v> , there exists 

mj J∈  such that j ju v<  and i ju e e− + ∈B , where ie  denotes the i -th vector 

of the canonical basis of mZ . In Pseudo-1 matroid, for (2,1,1)u =  and 

(0,0, 4)v =  with 2 2u v> , there only exists 3 3u v<  but (2,0,2)  is not a basis. 

Therefore, Pseudo-1 matroid is not a matroid, namely, a pseudo matroid. Similarly, in 

Pseudo-2 matroid, for (1,2,1)u =  and (3,1,0)v =  with 3 3u v> , there only exists 

1 1u v<  but (2, 2,0)  is not a basis. Therefore, Pseudo-2 matroid is a pseudo matroid. 

In Pseudo-3 matroid, for (3,1)u =  and (0, 4)v =  with 1 1u v> , there only exists 

2 2u v<  but (2,2)  is not a basis. Therefore, Pseudo-3 matroid is a pseudo matroid. 

As a consequence, these three non-representable “matroids” are all pseudo matroids. 
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3.3   Vamos Family 

For the Vamos matroid ( , )=M Q I , there exists a partition 

{ }0 1 2 3 4, , ,P P P PΠ =  ( { } { } { } { }1 2 3 41, 2 , 3, 4 , 5,6, , 7,8P P P P= = = = ) of the 

ground set Q , and the partition 0Π  defines a mapping 4
0 : ( ) +Π → ]P Q  and, 

hence, we obtain a discrete polymatroid 0 ( )VD = Π I  corresponding to the Vamos 

matroid.  

Proposition 3.5. For a discrete polymatroid D  with ground set mJ , if there exists 

mX J⊆ , where | | 4X = , such that ( ) VD X D= , then D  must be a non-

representable discrete polymatroid, and hence, the multipartite matroid corresponding 
to D  must be non-representable. All of these discrete polymatroids construct a fam-
ily of non-representable matroids, that is,  

{ }:  ( ) , | | 4
V

m
D V mF D D X D X J X+= ⊂ = ⊂ =且Z , which we call Vamos 

Family.  
The proof of Proposition 3.5 is very simple, which is a special case of the proof of 

Theorem 4.1. Suppose a discrete polymatroid D  in Vamos Family is representable. 
We will obtain the Vamos matroid is representable, contradiction. Therefore, the 
discrete polymatroids in Vamos Family is non-representable. 

4   A Sufficient Condition for a Discrete Polymatroid to Be  
Non-representable 

In this section, we extend the Vamos Family to the general case and obtain a suffi-
cient condition for a discrete polymatroid to be non-representable. 

Theorem 4.1. Let mD +⊂ Z  be a discrete polymatroid with ground set mJ , if there 

exists mX J⊆  such that { } | |( ) ( ) : XD X u X u D += ∈ ⊂ Z  is a non-representable 

discrete polymatroid, then D  must be a non-representable discrete polymatroid and, 
hence, the multipartite matroid corresponding to D  must be non-representable. 

Proof. Let mD +⊂ Z  be a discrete polymatroid with ground set mJ . There exists 

mX J⊆  such that { } | |( ) ( ) : XD X u X u D += ∈ ⊂ Z  is a non-representable dis-

crete polymatroid. Suppose D  is representable over some finite field K , i.e., there 

exists a vector space sE = K  over K , where ( )ms h J= , such that m  subspaces 

1,..., mV V  of E  are a K -representation of D . Let { }1,..., rX x x= , where 

X r=  and, hence, the subspaces corresponding to the elements of mX J⊆  are 
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1
,...,

rx xV V . Since { } | |( ) ( ) : XD X u X u D += ∈ ⊂ Z , it means r  subspaces 

1
,...,

rx xV V  of sE = K  are a K -representation of ( )D X , namely, ( )D X  is a K -

representable discrete polymatroid, contradiction. Therefore, D  is a non-
representable discrete polymatroid and, hence, the multipartite matroid corresponding 
to D  must be non-representable. 

As a consequence, Theorem 4.1 gives a sufficient condition for a discrete polyma-
troid to be non-representable. 

5   Conclusion 

In this paper, by dealing with a family of matroids derived from the Vamos matroid, 
which was the first matroid that was proved to be non-representable, we obtain a 
family of non-representable matroids. As a consequence, we extend it to the general 
case and obtain a sufficient condition for a discrete polymatroid to be non-
representable, which is a new contribution to the open problem given by Farras.  
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