Singularly Perturbed Reaction-Diffusion
Problem with a Boundary Turning Point

C. de Falco and E. O’Riordan

Abstract Parameter uniform numerical methods for singularly perturbed reaction
diffusion problems have been examined extensively in the literature. By using layer
adapted meshes of Bakhvalov or Shishkin type, it is now well established that one
can achieve second order (or almost second order in the case of the simpler Shishkin
meshes) parameter uniform convergence globally in the pointwise maximum norm.
Note that, in proving such results, it is often assumed that the coefficient of the
reactive term is strictly positive throughout the domain. In this paper, we examine a
problem where the reaction coefficient is zero on parts of the boundary.

1 Introduction

Parameter-uniform [6] numerical methods for singularly perturbed reaction diffu-
sion problems of the form

—eAu+bu= f,xeQ,u=g, xeciQ, (1)

have been examined extensively [1-3, 10]. By using layer adapted meshes of
Bakhvalov [2] or Shishkin [10] type, it is well established that one obtains second
order (or almost second order in the case of the simpler Shishkin meshes) uniform
convergence globally in the pointwise maximum norm. Note that, normally one
assumes that

b(x)>pB >0, Vx € Q. 2)

In this paper, we examine a problem where b is zero on parts of the boundary €2 and
also depends on ¢. We are interested in the necessary modifications required when
using a piecewise-uniform Shishkin mesh and in the subsequent error analysis.
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As for a possible application of the results presented here, in [5] a method was
presented for computing the differential capacitance of Metal Oxide Semiconductor
(MOS) structure and the advantage of using a layer-adapted mesh was shown to be
non negligible for values of the coefficients within a physically reasonable range.
The simple example presented in the numerical experiments of Sect. 4 demonstrates
that similar benefits are to be expected if the model of [5] is extended to take into
account quantization effects [4, 7].

Notation: Throughout this paper C (sometimes subscripted) denotes a generic
constant that is independent of € and N. We also use the following notation

k

| akf .
fles= max | ] and 17]:= max /().

2 Continuous Problem

Consider the following two point boundary value problem

Lu = —eu" + b(x;eu = f(x), x € Q = (0,1), (38)
b(x;e) = 0, x € Q, u(0) = uo, u(l) = uy, (30)

where f, b are sufficiently smooth and the coefficient b satisfies the following

b(0:6) = 0; |blx < Ce*/2 k <2, (3¢)
(1—p)b(xie) + Ve Sy(Vb) (xie) =m > 0,0 <y < 1, (3d)
b(x:e) — b(x:0) < M=V, 6> ylbl, (3)
b(x:0) := lirr(l)b(x;s), Vx e Q. (3f)

e—>

For any specific b, we will need to identify the parameters m, M, 6, y. We note in
passing that we do not assume that f(0) = 0. We adopt the following notation for
the following particular ordering of the two limits

b(0;0) := hm (hm b(x; 8))

£—>0

From the above assumptions on b, the function y := /b satisfies the following
singularly perturbed nonlinear Riccati equation

Vyvey +(1—y)y* =g* x>0, y(0) =0.

We construct a lower solution y for y of the form y = C;(1 _e—ng)’ Cr < gl
where C; > 0 is such that
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VrVey' +(1=y)y? = Ciy(e™ + Ki(1 —e™)?) = m,
and t::x\/z, yKi = C1(1 —vy).
For the function h(t) = ¢! + K;(1 —e™")2, t > 0, we note that
min%Kl, 1— ! } < h(t) < max{l, K;}.
4K,

Hence,
Jyvey' + (1 —=y)y* < Crmax{y,Ci(1 - y)}.

Thus, the choice of
C(m m
Ci := min { , \/ } 4
y VIi—vy

suffices for y to be a lower solution. It follows that, from (3c) and (3d) that

Jh(xie) = Ci(1—e Vi), x e0,1], (52)

b(x;e) > p:= C12(1 —eH2>0, x> \/i (5b)

Note that (5a) implies that b(x;0) > 0, x € [0, 1].

The standard maximum principle [9] is still valid for the linear differential oper-
ator L. That is, if w € C%Q) N C2(Q),w(0) > 0,w(l) > 0, and for all
xeQ, Lw>0,thenw > 0 forall x € Q.

Lemma 1. Forallk, 0 <k <4, |ulx <C (1 + s_k/z), where u is the solution of
problem (3).

Proof. Consider the following barrier function
$(x) = A" + B*(1 —e V%) > 4%,

where A*, B* and 7 are positive constants specified below. Note that, outside the
layer region, if BA* > || f||, then

£
Lé@) = Bo@) = [ /] x = \/y
In the layer region, where x < \/ ; , we have that
Lo () = b+ B* eV = B*(—b)e V1 = B* - b V> = |11

n
if n > ||b|| and B*(n — ||b])) > ||f||e\/” . We can choose n = y + ||b]|, then by an
appropriate choice of A* and B* we deduce the stability bound
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] < max{ ”j;” ol Jur ]} + ”“;:”e‘/HIs" (1 - e‘x\/yt,”b").

Recall that (3c) allows the derivatives of the coefficient b to depend adversely on
¢. Hence, as we derive parameter explicit bounds on the derivatives of u below,
we need to identify how the error constants in these bounds depend on b and its
derivatives explicitly. To bound the first derivative of ¥ we use an argument from [2].
Let x €  and construct a neighbourhood Ny = (a,a + +/¢) such that x € N and
N, C 2. Then, by the mean value theorem, for some y € ]\_lx,

(e Vo) —u@ _
ve oo TUYT

It follows that |1/ (y)| < 2672 |u||y, < 2|lule~"/2. Now

X

W(x) = ' (y) + / W' (€)dE = u'(y) + e / (f — bu)(§) de
y y

and so
' < (1F 1+ @+ 151D [lu]) /2.

The bounds on the higher derivatives are obtained using the differential equation
(3a) and (3c). Note that

Pl < £+ @+ 1Dl elulz < £+ I61ul;
e uls < b1 F1l + Vel f1r + (BN + [1b]) + Velbl o) lull;
e?[ula < (| f12 + bl lul2 + 21b]1[ulr + Ilull|b]2)
<celflz + lIbllelulz +2elbliVeluly + llullelbl2.

Define the associated operator
Lio(x) := (—ew” + b(x;0)w), x € Q, b(x;0) > B > 0.
Decompose the solution into three components of the form

u(x) = v(x) + wr(x) + wr(x),

where
0 1
Liv=fx eQ, v(0) = bfo(.()))’ v(l) = b{f‘g))’
Lwp = (L1 —L)v,x € Q, wz (0) = u(0) = v(0), wr(1) =0,

Lwr =0,x € Q, wgr(0) =0, wgr(l) =u(l) —v(l).
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The boundary conditions for the regular component v have been selected [8] so that

A1
p

lvlg < C (1+¢&'7%?), k<a. (6)

Lemma 2. The layer components wy, wWg in the solution of problem (3) satisfy the

following bounds

_x b(t:e) _ /B

()] < Ce iV ) < cemVEO), 70
lwelk < Ce™/2, gl < Ce ™2 1 <k <4. (7b)

Proof. To obtain the pointwise bound on wr (x), use the barrier function

_x [ybie) M
W10 = Koe VT =t ol (@) — w0}

which satisfies
LY, = (b(x;e)(1—y) + Jre(v/b(x;) ) ¥ > m¥y
> Molle™V? > (L~ Ly,
To obtain the pointwise bound on wg(x) use the barrier function

1+la0
e x)‘

Wr(x) = Kae V200 4 ke VE (1 — eV

Outside the left layer, we have that

LUR() = Ka(b— fe Vi 5 0, x > \/ ¢
Y

and within the left layer, for x < \/ i,

B 151l 8
LWg(x) = K4e_‘/f (1+ (5] —b)e_\/ et - K3,B€_\/£(l_x)
B _ [1+Ibl s /B
> Kye Vee ‘/ v —K3IBe_\/8g\/y > 0,

146l /8
when we choose K4 such that K4 > K3/3e‘/ v eV7r and K3 > |u(l) — v(1)].
The bounds on the derivatives are derived as in the proof of Lemma 1. g

3 Discrete Problem

On the domain 2 a piecewise-uniform Shishkin mesh [1] of N mesh intervals is
constructed in the usual way. The domain €2 is subdivided into the three subintervals
[0,01], [01,1 —02] and [1 — 02, 1]. On [0, 01] and [1 — 05, 1] a uniform mesh with
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]Z mesh-intervals is placed, while [01, 1 — 03] has a uniform mesh with g’ mesh-

intervals. The interior mesh points are denoted by SZf:V and h; := x; — x;_1 is the
mesh step. Let

1 1
o1 = min{4,r}, 0y 1= min{4,2\/; lnN}. (8a)

Our transition point t in our Shishkin mesh will be chosen such that
T
/ Vyb(t:e) dt > 2:/eInN.
0

For example, based on the lower bound on Vb in (5) we take,

2
er@U+ mNyclzmm{J’",m}. (8b)
VY Ci I—y vy
The discrete problem is: Find U such that
LNU(x;) := —e82U(x;) + b(xi:0)U(x;) = f(x;), x; € QY (9a)
U(0) = u(0), Ue(1) = ug(l), (9b)

Z(xi+1) — Z(xi)  Z(xi) — Z(xi-1) 2
where §2Z(x;) := — .
(i) = ( hit1 hi )hi + hit1

The finite difference operator LY satisfies a discrete comparison principle. That is
for any mesh function Z, if LNZ(xi) > 0 for all x; € Qév Z0)>0,Z(1) >0

then Z(x;) > O forall x; € 7.
Lemma 3. For any mesh function Z then

1ZIl = CALY Z| +1Z©O)] + 1ZD)D.
Proof. Consider the following barrier function

ILN z|

8 Suol, lurl}y,  Wixg) = Hi-zl(l +hj \/i)_l,

O(x;) = Bf(l — W(x;)) + max{

e
where B, ¢ are specified below. Note that W(x;) > e ‘/8 and

* Zéhi+1

LY ®(x;) = b®(x;) + B
(xl) (xl) 1hi+hi+l

W(xit1).
We note that outside the layer, LY ®(x;) > |[LNZ|, x; > \/8)/_1. In the layer

region, where x; < \/ ey~L, we have that h; 1 = h; =: h and for sufficiently
large N
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h\/g < 8Vt N7 'InN + 4\/§N_1 <1In2.
e~ Ciy VY

Hence, we have that

LN () = b0+ B S Wikt 0) = BYEW k) — DI W)

> BEC(+ 102 — blhe iV
_ _\/z
> B{(¢(1+1n2) 1—||b||)e v 2||LNZ||,

¢
if we choose { = (1 +1n2)||p|| + y and yBf = (1 +In 2)||LNZ||e‘/V ) O
The discrete solution is decomposed analogously to the continuous solution. That is
U(xi) = V(xi) + WL(xi) + Wr(xi),

where V(0) = v(0), V(1) = v(l), Wr(0) = wr(0), Wr(1) = 0, Wr(0) = 0,
Wgr(1) = wg(1l) and

LYV = £ LYWy = (LY —LVYV, LNWg = 0,x; € QY.

From the bounds on the derivatives of the components and Lemma 3, we can follow
the argument in [8] to deduce that

|U —ul| < C(N"'InN)?, (10)

where U is the piecewise linear interpolant of the discrete solution U of the discrete
problem (9) and u is the solution of the continuous problem (3).

4 Numerical Experiments

As mentioned in the introduction, a physical problem whose numerical approxima-
tion requires relaxing the hypothesis (2) is that of computing the capacitance of an
MOS structure where energy quantization in the inversion layer is to be taken into
account. By choosing to model such quantization effects following the approach
of [7] and performing the scaling and linearization procedure presented in [5], this
problem leads to an equation of the form

—eu” + A (1 — oAy = f(x),

where A(x) is the scaled electric potential, A is the scaled electron wavelength and
the semiconductor insulator interface is placed at x = 0. Rescaling we get

—ee " + (1 — e_xz/kz)u =e A f(x), b(x;A) =1—e",1:= x2/A%. (1la)
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We set A to be constant and below we will see that it is necessary that
A2 =Ce. (11b)

Let us check that finite values m™*, M *, 6*, y* exist for the parameters m, M, 0, y so
that the constraints (3¢)—(3e) on the coefficient of the zero order term are satisfied,
which are required by the theory in the preceding sections. Introduce the additional
parameter oy defined by e41? =: ape. Observe that

b(0:e) = 0 [blx < CA*) 2k <2, ||b]| < 1,

(1=7)b + yeeAWBY = (1 —y)(1 ™) + \/ N Vi1 — ey
- \/ V(K —e™) + Vet (1 —e™)™2), K =(1- y)\/“".
(o) Y

Note that K(1 —e™") + /te™' (1 —e*)~Y/2 > min{1, K}. We then have that

(1—y)b+ \/yse—A(x/b)’ > min{l — y, VY L =m*.
Vo

For all g > 0, we can choose 0 < y* < 1 so that

*

o= VYT

Vo
Hence,

2
N Vo and m* = 1—y*. (12)
V1 +dag + 1

Let us examine condition (3e)
b(x;e) —b(x;0) =e ' < Me Vool g > Y.

Then, we choose M * and 6* so that, 0* := y* and M * := ¢%257"®0_ Under these
constraints, we take the transition point in (8) to be

ed \2 2 In(N)
N A ool (13)
@oy min%l, *}/ }
Y
where 2y
oo

A2
e A =:wape and * = .
0 2 V1 +dag + 1
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(a) Computed U (x) of 14

0 0002 0004 0006 0008 001
(b) Coefficient b(x;€) of 14

Fig. 1 The computed approximations U (x) of (14), using N = 4,096, and the coefficient
b(x; ¢) for several different values of & over the interval [0,0.01]

Note that if A2 is not bounded above by Ce then M* — oo as ¢ — 0 and so the
above error bounds are not uniformly bounded. Hence we require that A2 = O(e).
Below we present numerical results for the particular problem

—eu” +(1— e—xz/kz)u =1, A2 = 0.09, (14a)
w(0) = 0, u(l) = (I _e—l/Az)—l‘ (14b)

The boundary condition at x = 1 means that there will be no layer in the vicinity
of x = 1 and so it suffices to have 0, = 0.25, 67 = min {0.5, t} and to place N/2
mesh points in the intervals [0, 01], [01, 1], in this case. In Fig. 1, plots of the layer
and of the coefficient b(x; ¢) are displayed for several values of €.

In Table 1, both the global and the nodal orders of convergence are estimated over
the parameter range ¢ = 2°,27!, ..., 2729 using the double mesh principle [6]. The
computed e-uniform orders of convergence displayed are in line with the theoretical
e-uniform global convergence rate stated in the error bound (10).
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