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Abstract A simple displacement-based, quadrilateral 20 DOF (5 DOF per
node) bending element based on the first-order shear deformation theory (FSDT)
for the analysis of the arbitrary laminated composite plates is presented in this
chapter. This element is constructed by the following procedure: (1) the
variation functions of the rotation and the shear strain along each side of the
element are determined using the Timoshenko’s beam theory; and (2) the
shear strain, rotation and in-plane displacement fields in the domain of the
element are then determined using the technique of improved interpolation.
In fact, this is the scheme of assuming rotation and shear strain fields which
has been introduced in the previous chapter. Furthermore, a simple hybrid
procedure is also proposed to improve the stress solutions. The proposed
element, denoted as CTMQ20, possesses the advantages of both the
displacement-based and hybrid elements. Thus, excellent results for both
displacements and stresses, especially for the transverse shear stresses, can
be obtained.

Keywords finite element, laminated composite plate, generalized conforming,
first-order shear deformation theory (FSDT), hybrid-enhanced post-processing
procedure.

9.1 Introduction

During the past 40 years, high performance composite materials have been
playing very important roles in the design of modern industrial products and
structures for their high strength-to-weight and stiffness-to-weight ratios, and have
been broadly used in many high-tech areas, such as aerospace, building, transport,
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medicine, and so on. Laminated composite plate is one of the most popular
structural components. Due to its particularities and complexity in construction,
studies on appropriate computational theories and methods for these structures
attract many researchers all the while. The finite element method provides an
effective way of solution for such laminated composite plates. Various methods
have been proposed based on the following theories:

e The classical lamination theory based on Kirchhoff hypothesis (CLT);
First-order shear deformation theory (FSDT);

Higher-order shear deformation theory (HSDT);
Layer-wise lamination theory (LLT);
Three-dimensional (3D) elasticity.

The classical lamination theory (CLT)™**), which is an extension of the classical
thin plate theory to laminated plates, neglects the effects due to transverse shear
strains and requires C' continuity in displacement fields. The errors in such a
theory naturally increase as the thickness-span ratio of the plate increases. The
first-order shear deformation theory (FSDT) is based on the Reissner-Mindlin
plate theory[4’5]. With the consideration of the transverse shear deformation effect
on the plates, FSDT only requires lox continuity and can be used from thin to
moderately thick plates. But, in FSDT, the transverse shearing strains/stresses are
assumed constant through the plate thickness, which is contradictory to the zero
shear stress conditions on the bounding planes of the plate. Furthermore, several
fictitious shear correction coefficients must be introduced. For overcoming the
limitations of FSDT, higher-order shear deformation theories (HSDT) have been
proposed by some researchers. Two different approaches have been commonly
employed: single-layer and multi-layer formulations. The former increases the
order considered for the displacement representation in the thickness coordinates'® .
The latter assumes a representation formula for the displacement field in each
layer, similar to that of layer-wise lamination theory!'""'?\. The solutions of these
higher order theories are closer to the 3D elasticity theory than those of the two
former plate theories. This is especially so for very thick cases. However, the
computational cost will be increased significantly.

FSDT is usually considered the best compromise between the capability for
prediction and computational cost for a wide class of applications. Some methods
have been proposed to solve the above-mentioned problems of the FSDT. For
example, the distribution of transverse shear stresses can be evaluated by the 3D
elasticity equilibrium equation'"; Vlachoutsis!'*! presented a simple procedure to
calculate the shear correction factors for laminated plates and shells under
cylindrical bending; Auricchio et al.""*! proposed a numerical method for solving
the shear correction coefficients of arbitrary laminated composite plates; Rolfes
et al.!'% presented a simple post-processing approach to obtain improved transverse
shear stresses in finite element analysis based on FDST; and Rolfes et al.l'" even
presented a simple and accurate post-processing method for the FSDT to calculate
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the transverse normal stress, which was initially assumed to be zero. These efforts
make it more convenient and reasonable to use the FSDT in practical applications.

New finite elements based on the FSDT are still proposed by many
researchers’ ™ '*2%1. Since many simple displacement-based elements adopt simple
interpolation functions, they are unable to provide a satisfactory recovery of the
transverse shear stresses. Therefore, the hybrid or mixed-hybrid elements have
been playing a leading role in the analysis of the composite plates®'. However, the
formulations of the hybrid elements are more complicated than that of the
displacement-based elements. Besides, shear locking may also be a problem in the
construction of the laminated composite plate elements. How to develop a simple
but effective model has been a problem for a long time.

In the first section of this chapter, the first-order shear deformation theory
(FSDT) is introduced briefly, and a set of formulae of the Timoshenko’s laminated
composite beam element are also given for developing the plate element; the
subsequent sections will introduce new generalized conforming laminate composite
plate elements and a new hybrid-enhanced post-processing procedure for transverse
stress solutions which are proposed in [22,23].

9.2 Fundamental Theory

9.2.1 First-Order Shear Deformation Theory for Laminated
Composite Plates (FSDT)

With reference to Fig. 9.1, for a linear elastic arbitrary composite plate with »
layers, the kinematics is governed by the mid-plane displacements u°, °, the
transverse displacement (deflection) w and rotations ; and
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Figure 9.1 Forces and displacements at the mid-plane of a laminated composite plate
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u(x,y,z)=u°(x,y)—zl//x(x,y)

v(x,3,2) =V (x,)
w(x, y,2) = w(x, y)

Therefore, the total in-plane strain & is:

- Zl//y (va’)

e=&"+zx

9-1)

(9-2)

where €’ and x are the in-plane strain of the mid-plane and the curvature vector
of the plate, respectively, which are given below:

5:[5X g, 7/Xy]T
0 0 0 0
£l & =0 XA O
S ox oy 0oy Ox
0
k=[x x 2w ] =|-We Vo OV,
2 Y Xy A ay ay

The transverse shear strain vector is:

(9-3)

9-4)

(9-5)

(9-6)

The stress-strain relationship with respect to the principal material axes, 1-axis

and 2-axis, for the kth (k=1,2,---, n) layer i
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where oy, O, Tiok, T3x and 713, are the two principal direct stresses, the in-plane
shear stresses and the transverse shear stresses of the kth layer, respectively; €,
& N2k Y3k and yi3; are the corresponding strains; E1; and Ey; are the Young’s
modulus in the direction of the fibres (1-axis) and transverse to the fibres (2-axis),
respectively; Gy is the in-plane shear modulus, Gy and G5, are the transverse
shear modulus, £, is the major Poisson’s ratio, and s, = 4,,, % .

1k

Thus, the stress-strain relationship with respect to x-axis and y-axis for the kth
(k=1,2,---, n) layer is

O-x Ql 1 Ql 2 Ql 6 gx

0, =30, = 0, O, Oy &, r= ng (9-10)
o), O D Do + Vo
Trz k2 0 k k 0 xz ~
7 ={ } { O li—Q‘”} {7 }=Csk7 (0-11)
T, LkkQis kO | 7

in which k7, kk, and k] are the shear correction coefficients;

Q]lk =0 lkllf +2(Q1 + 20461 )lfmf + szkm:

lek = (O + Ot =405 i + O, (1 +mi)

QZZk = 01y + 2O + 205 im; + Oyl

ka = (O = Qi = 2066 iy +(0rp = Ony + 2046 )1,

Q26k = Qi = Qi =204l mz + (O = Ooox + 2041 )llgmk (9-12)
QﬁGk = (O + Ot = 2010 = 205 )i + Oy (I +m))

9441{ = Q44k11? + QSSkmlf

945k = (Qssi = Qua)im,

Ossi = Oy + O, Iy

[, =cosb,, m, =sind, (9-13)

6, is the angle between the x-axis and the fiber direction 1-axis of the kth layer.
The constitutive relationship of the laminated composite plate can be expressed as:

MR
o, = = =Ce¢ (9-14)
p M B D K PP

0=Cy (9-15)
where N is the membrane force vector of the mid-plane; M is the bending
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moment vector; @ is the transverse shear force vector; A is the extensional
stiffness; B is the bending-extension stiffness; D is the bending stiffness; C; is the
shear stiffness. These matrices can be expressed in the following forms:

N=[N, N, ny]T, M=[M, & M, Mxy]T (9-16)
0=[0, QT 9-17)
All AIZ Alé Bll BIZ Bl6 Dll D12 D16
A=|4, 4, A|, B=|B, B, By|, D=|D, D, Dy
Al 6 A26 Aéé Bl 6 B26 B()() Dl 6 D26 D66
(9-18)
- {CSS cﬂ { kCY, kleng} 9-19)
C LG Cu kk,Cis k5 C,
B2 — 7
i .[h/z Q;dz = k_l Oy (= b))
h2 — 1& = ) ) o
= Lh/ZQi,zdz=5H Ou(h=1) ¢ (i.j=12,6) (9-20)
h2 — | e —
= [,,0,2°d =320 =)
o 52 T o
Gy =1,,0dz= 2.0, (h=he) G.j=45) (9-21)
where #; is the z-coordinate of the upper surface for the kth layer, 4, =—h/2
and h, = h/2, his the thickness of the plate.
The inverse relations of Egs. (9-14) and (9-15) are as follows:
&, =50, (9-22)
r=5.0 (9-23)
where
-1 A B B Se3><6
S =C = (9-24)
’ ’ B D Sh3><6
S =C' (9-25)
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Substitution of Eq. (9-2) into Eq. (9-10) yields:
o, =0, (" +zK) (9-26)
Then, substitution of Egs. (9-14) and (9-24) into the above equation yields:

o, =0,(S, +zS,)0, (9-27)

9.2.2 Locking-free Timoshenko Laminated Composite Beam
Element

As shown in Fig. 9.2, for a Timoshenko laminated composite beam element, the
formulas of deflection w, rotation y and shear strain y for the element are still
given by Egs. (8-99) and (8-100), in which D and C should be replaced by the
following D, and Cy:

- %Z@ ) U~ ) (9-28)

with
(010); = Ouils +2(0psy + 205 )isme= + Oyt (9-29)
lk; =cos(b, —95 ), m = sin(6, —(95) (9-30)

where 6’ is the angle between the x-axis and the beam (see Fig. 9.2). 6, 9 is
the angle between the beam ij and the 1-axis of the kth layer.

C, =L +k§m§)§ ©ssi); (e =) (9-31)

(x5y))

Figure 9.2 The orientation of a Timoshenko beam element 5 in the coordinate
system xOy and the material principal coordinate system O12 of the kth layer
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with

(QSSk) = stklgz- + Q44km§2« (9-32)

E

L. =cosf-, m.=sind. (9-33)
ij ij ij ij

9.3 New Element CTMQ20 for the Analysis of Laminated
Composite Plates

To construct the new laminated composite plate elements by using the generalized
conforming thick-thin plate elements is a new scheme proposed recently. In
references [22] and [23], two new models based on FSDT, TMQ20 and CTMQ?20,
have been successfully developed. They are constructed by adding the bilinear
in-plane displacement field to the formulations of the quadrilateral thick-thin
elements TMQ™* and ARS-Q12*), respectively. This section will introduce the
construction procedure of the element CTMQ20 proposed in [23].

Consider the quadrilateral arbitrary laminated composite plate element shown
in Fig. 9.3. The element nodal displacement vector is:

¢ =la 4 ¢ @]

9-34
qi = [ui vi Wi l//,\'i V/yi ]T (l = 1) 2) 33 4)} ( )

z,w zZ,w

Figure 9.3 A 4-node quadrilateral laminated composite plate element

9.3.1 Interpolation Formulas for the Shear Strain Fields

1. Shear strain along the element sides

According to Eq. (8-99c¢), the transverse shear strain along the tangential direction
(s-direction) of each side can be written as:
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1)
Va = _j[z(wz -w)+(ay,, - bl!//yZ) +(ay,s — blV/y3)]
1
0,
Ve = —d—[2(w3 - W4) + (CZV/XS - bz y3) + (CZl//x4 - bz y4)]
; (9-35)
V3 = _d_3[2(w4 W)+ Gy, — b3 y4) (A bs‘/’yl)]
3
o,
Vsa = _d_[z(wl —-w)+(ay,, - b4‘//y1) +(ay, - b4l//y2 )]

4

where y,,7.,,7, and y, are the shear strains along sidesg , 3__4, E and E,
respectively; d,, db, d; and d, are the lengths of sides 23, 34, 41 and 12,
respectively (refer to Fig. 9.4).

y (xa,y4) 4 Ys2,d2
3 (vas)
Ys3,d3
Ys1,d1
1
(x1,1)
Ysa.da 5
N (x2,y2)
Figure 9.4 The shear strain y,, along each element side and the side length
d(i=1,2,3,4)
b=y~ b=~y b=y,~» b=y~
=XV L=V O5=Ve T 0= T (9-36)
C=X;=X, C=X,—X; C=X—X, C=X,—X
64, D,
P = - 5 ﬂ’, = dlz (l: 1723394) (9_37)
1+124, C,d.

where D and C,; are given by Egs. (9-28) and (9-31), respectively. Note that when
h approaches zero, o; will approach zero. Hence, the transverse shear strains given
by Eq. (9-35) will also approach zero.

Let
Ya=dy, (i=1234) (9-38)
=l e ve vall (9-39)
Then we have
v.=Tq (9-40)
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where

r=ir, r, r, r,\"

00 0 0 0 25, —¢08 b,
. 100 0 0 . 100 0 0 0
I = I, =

0 0 25, -¢6, b, 00 0 0 0

10 0 -25, —¢5, b0, 10 0 25, -¢0, b,

[0 0 26 —¢0, bo | (0 0 0 0 0
. |0 0 =25, -6, b9, . |0 0 28, -cb, bo,
1—'3: 1—'4:

00 0 0 0 0 0 26, —¢6, b,

00 0 0 0 | 00 0 0 0

(9-41)
2. Nodal shear strains y,; and y

The direction cosines of each element side are defined as follows (refer to Fig. 9.5):

. b
cos(s;,,x) =cosf, = 0—4, cos(s;,, ) =sing =——*
d, d,
b
COS(S23,X) = i’ COS(Szpy) =——
d, d,
(9-42)
cos(s,,,X) = & cos(8y,,V) = Y
349 dz B 34> dz
C - b3
cos(s,,,Xx)=cosb, = d—,COS(S4] ,y)=sinf, =——
3 3

With reference to Fig. 9.5, there are two sides, 41 and 12, meeting at the node 1.
The shear strain along 41and 12, y, and y,,, respectively, which are constants,
can be expressed in terms of the nodal shear strain (y,,,y ) according to the
geometric relation as follows: “

34
834

523

n41 3

N
41 s12

a2

920 6
1 X

Figure 9.5 The normal and tangential direction along element sides
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Ve cos(s;,,X)  €0S(8;,, 1) | | 7m cos@ sinf, | |7, (9-43)
Vs co8(84;,X)  €0S(S4,¥) | |7 cost, sind, | |7,

—b,c, +b,c,
dyd,

Note

sin(d, —6,) =siné, cosf, —cos b, sinb, = (9-44)

therefore, Egs. (9-43), (9-42) and (9-38) yield

b, -b :
{yxl } ) 1 { 3 4 :| {7/8*4 } (9_45a)
Va) by —bies|es —o |7

Similarly, for node 2 , node 3 and node 4, we obtain

{m} _ 1 b, ‘blH7:1} (9-45b)
Vo bye, = b, Gy G 7:4
{m}: 1[5 ‘sz7 :2} (9-45¢)
V3 blcz - b201 S 7:1
Va4 _ 1 —bz _bﬂ 7/:3 (9-45d)
Va4 bye; —bic, |6, —¢ 7/5*2
Then we have
=Xy
Vi = Xl (9-46)
V= Yy,

where

7)(1' = [}/xl yxZ 7/X3 yx4]T H }/,Vi = [}/yl yyz yy3 7/,V4]T (9-47)

0 0 _ b4 b3
b, —bc; b, —byc
b 0 0 __ b
X - b,c, —bc, b,c, —bc, (9-482)
) b, b, 0 0
bl CZ b2 Cl bl CZ b2 Cl
0 __ b b, 0
L byc, =bye, by, —byc, J
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i 0 O _ C4 c3
b, —bc; b, —byc
C4 O 0 _ cl
y - b,c, —bc, b,c, — b,
3 c, ¢ 0 0
blcz - bzcl blcz - bzcl
0 R @ 0
i bye,—byec, b, —byc,

3. Interpolation formula for the shear strain fields within the element

The element shear strain fields are assumed as:

Ve =VaN) +7uN; + 73Ny +7,,N;
7y :7y1N10 +7y2N§ +7/y3N30 +7/y4N‘?

where N is the bilinear shape function, i.e.,

i

oL sa-
Ny =7 (=)=m)

N =i(l+§)<1—n>

N =%(1+§)(1+77)

1
N, :Z(l &) 1+1m)
Substitution of Egs. (9-40) and (9-46) into Eq. (9-49) yields
_nlovexrt) g
Y 7, NY T q |

where B is the shear strain matrix of the element,

N’X.I"
Bq — S S .
I NYY.T

Ny =[Ny NN NG

(9-48b)

(9-49)

(9-50)

(9-51)

(9-52)

(9-53)
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9.3.2 Interpolation Formulas for the Rotation Fields

1. The mid-side normal and tangential rotations of each element side

Let node 5, 6, 7 and 8 be the mid-side nodes of the sides 2_3, 3_4, 41 and E,
respectively (refer to Fig. 9.6).

Figure 9.6 The mid-side node of each element side

The normal rotation y, and the tangential rotation y, along side 23 can be

expressed as
b -
v.)s dila b, B

Then, for the node 2 and 3 of the side 23 , We obtain

{V/HZ} =L|:_b1 _Clj|{l//x2}’ {l//;ﬁ} =L|:_b1 _cl:|{Wx3} (9_55)
Vi 3 dl G _bl ¥y Vi 3 d1 ¢ _bl Vs

The variation of the normal rotation y, along each side is assumed to be linear.
Therefore, for node 5, we obtain
1

2d [bl (l//xz + l//x3) + 01(1//},2 + l//y3 )] (9'563)
1

V,s = %[(V/nz )5 +(W,, )g] ==

Similarly, for node 6, 7 and 8, we obtain

1

l//n6 == 2d [b2 (l//x3 + l//x4) + CZ (l//y3 + l//y4 )] (9'56b)
2
1
Vi == W v+ e+l (9-56¢)
3
1
l//nS = _g[bét (l//xl + l//x2) + C4 (l//yl + !//yz )] (9'56d)
4
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The tangential rotation y, on the nodes 5,6,7 and 8 can be determined by
Eq. (8-99b):

3 1
Vs = g(l - 251 )(W3 - Wz) _E(l - 651)[01 ('//xz + ‘//x3) - b1 (l//yZ /% )]
1 1

l//s() =

:; (1_252)("‘}4 _W3)_ 1

2

DeWs+v,)-b, (l//y3 Ll )]

3 1
Vo = g(l —26,)(w; —w,) - ﬁ(l —60,)[e;(Woy +v.) = b (w, + )]
3 3

3 1
Vi = 2d (1=26,)(w, —w) - E(l —60)[e, (W + W) = b, (v, +v,,)]
4

4
(9-57)
2. The rotations y, and y, of the mid-side nodes

For node 5, which is the mid-side node of side 2_3, (wsx, Wsy) can be obtained
from Eq. (9-54) as follows:

Vs :L|:_b1 G jHV/ns} (9-58)
Vis) dil=¢ bW

Similarly, (We., Wey), (W7r, W7,) and (ys,, ¥4,) can be obtained. By coupling these
expressions with Egs. (9-56) and (9-57), we obtain

G —Fa
v "qe (9-59)
v,=Fq
where
~ T
l/f,\' [l//,\'S l//x() l//x7 l//.x8] ) (9_60)
‘//y = [l//yS Vi Wy ¥V y8]
Er:[Fl F‘xZ Fx3 Fx4 ] (9_61)
F =lF, F, F, F,] (9-62)
_ 0 ~
0 0 0

3c 1 3b,c
=0 0 3 (1-26, bl — 1-60. 23(1-26. -
Fxl 2d2 ( 3) 2d2 |: ( ):| 4d2 ( ) (9 633)

2d;

00 3‘:4(1 265,) 1{2 G- 65)} 3bc4(l 265,)
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_ 2 .
00 23;12 (1-26)) 2;2 {bﬁ-%‘(l-@,)} 34bd S (1-25,)
1 1
00 0 0 0
F,= (9-63b)
00 0 0 0
- _
00 ;;42 (1-26,) ﬁ bf—%‘(l—654) 3;’%4(1—254)
L 4 4L i 4 |
[ 3¢ 1| el 1 3bec ]
00 ﬁa—z@) o b ~2(1-65) 4;’1; (1-25)
3c 1] c? 1 3bc
F,=|0 0 2(1 25,) B2—2(1-65,)| =22(1-26,)| (9-63¢c)
Yoadr| 2 ¥ 4d; :
00 0 0 0
0 0 0 0 0 |
0 0 0 0 0 ]
2
00 32; (1-25,) 2;2{ (165 )} Z’d‘? (1-25,)
F,= (9-63d)
4 00 -5 =5 (1-25,) Lbz—ia—w) 35S 1205y
2d; 2;| 7 2 V0 ad: ’
0 0 0 0 0 |
0 0 0 0 0
00 0 0 0
3b 3b,c 1 b2
=0 0 ——(1-206 35(1-26,) —=|ci— 3165 -
F, d}z( 3) 4d}z( ;) Zdj ( 3)} (9-64a)
3b 3b,c 1 b2
00 7H(-26) J2E(1-25) 2d2{c§—?4(1—654)}
L 4 4 4 i
i 3bc 1 ]
00 242 L1-25) S UH1-2) 2d2{ (1 65)}
1
R ’ 0 0 (9-64b)
210 0 0 0 0
3b, 3b,c 1
00 4% 125 1-65
i 2dj 4d2( ) 2d2{ ( )}_
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I 3bc 1 B? ]
0 0 1-25) 20(1-28) —|c—2(1-65
2d2( ) 4d? (=20) 24 {c' 2 ‘)}
3b, 3bc 1
F.=|0 0 1-26, 222 (1-265 2_2(1-60 (9-64c)
3 2d2( ) 4d22( 2) 2d2|: ( )j|
0 0 0 0
. 0 -
0 0 0 0 0 ]
3b, 3b,c 1
0 0 225 1225 1-65
2d§ 4d2( ) 2d2{ ( )}
F,= (9-64d)
35 1Za5) 31""3(1 25) — |- 32(1 65,)
0 0 —
2d2( ’ 2d; 2
0 0 0 0 0 |

3. Interpolation formulas for the rotation fields y, and y, within the element

The rotation fields y; and y;, within the element can be expressed in terms of the
node rotations y4; and v, (i=1, 2,---, 8):

ZN v,
N (9-65)
§
where
N=— ==+ +m)  Ny=2 (=) 1+8)
N, = ‘%“ s OU-m-E+n) N, = %(1 )
(9-66)

N, =—%(1+§)(1+77)(1—§—77) N, =%(l—772)(1—§)

N, =—HA-m+E—n) Ny =10-E)1-1)

Substituting Eq. (9-59) into Eq. (9-65), the element rotation fields y; and y;, can
be expressed by the element nodal displacement vector ¢°.
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9.3.3 Interpolation Formulas for the In-Plane Displacement Fields

of the Mid-Plane

The in-plane displacement fields #° and v" of the mid-plane can be expressed as:

QO
Il
=
=

<O

I
M-

2

=<

where N/ is given by Eq. (9-50).

9.3.4 The In-Plane Strain and Curvature Fields

The in-plane strain (9-4) of the mid-plane can be rewritten as:
g =B

where

B'=[B' B} B B]]

- _
8(]3\71. 0 0 00
X
0
B'=| 0 8;\/,, 0 0 0| (i=1,2,3,4)
v
ON! ©ON! 00 0
| Oy Ox |
o) |2
Ox _ oyl o0&
El i)
oy on

(9-67)

(9-68)

(9-69)

(9-70)

(9-71)

J ! is the Jacobian inverse, and it is the same as that of the bilinear isoparametric

quadrilateral element Q4.

From Egs. (9-5), (9-65) and (9-59), the curvature fields can be rewritten as:

x=—(H,+HF,+H,F)q =By’
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where B, is the bending strain matrix:

B,=[B, B, B, B,] (9-73)
Ho :[Hm Hoz H03 H04 ] (9-74)
0 00 N, 0
ox
H, =0 0 0 0 N, (i=1234) (9-75)
oy
00 0 ON, ON;
L oy Ox |
[ON, N, ON, ON, | 0o 0 0 0
ox oOx oOx  Ox
ONs ON, ON, ON;
H =0 0 0 0 |, Hy=| oy o o o | (9-76ab)
ON; ONg ON; ON ON; ON, ON, ON;
Loy Oy oy oy | L Ox ox ox ox |
where Ni(i=1,2,---,8) is given by Eq. (9-66).
Then, the &, in Eq. (9-14) can be expressed as:
80 BO
E = = ¢ = B ¢ 9'77
) {K B, q 4 9-77)
9.3.5 The Stiffness Matrix of the Element
The element strain energy is:
e _ 1 eT T e 1 eT T e
U= JJBP C,B,ddq +q J jBS CBdAq (9-78)

where A°is the area of the element; C,, and C; are given by Egs. (9-14) and (9-19),
respectively. The element stiffness matrix is

K° = [[BC,B 4+ [[B]CBd4
A A

- .[11 J:BPTCPBP |J|d§d77 * .[11 .[llBSTCSBS

J]d&dn (9-79)
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where |J | is the Jacobian determinant.

A standard 2x2 Gauss integration scheme is found to be sufficient for the
calculation of Eq. (9-79), even though 3 x 3 integration is theoretically necessary.
No spurious mode is presented in the element. Note that this 2 x 2 scheme should
not be confused with the standard reduced integration scheme because both 2 x 2
and 3x3 integration schemes can avoid the shear locking problem and give
proper solutions.

This element is denoted as CTMQ20.

9.3.6 Element Load Vector

The deflection field w is not used during the course of calculating the element
stiffness matrix. But, for calculating the effective load vector, w can be assumed
as follows:

w=N g° (9-80)

w

with

N,=[0 0 N) 0 0{0 O N) 0 0{0 O N; 0 0{0 O N, 0 0]
(9-81)

where N is given in Eq. (9-50). Then, the element equivalent nodal forces due
to a pressure g(x,y) can be given by

fo=[0 0 £, 0 0i00 £, 00{00 £, 0000 £, 00
(9-82)

: — 0 LR - 0 ;
with  f, = L G(x,y)N'dd = j 1 Lq*(cf,n)N[ (J|dedn  (i=1,2,3,4) (9-83)

9.4 The Hybrid-Enhanced Post-Processing Procedure for
Element Stresses

According to the standard procedure of displacement-based elements, the stress
solutions of the plate element can be solved from the stress-strain relations (9-10)
and (9-11). But, the transverse shear stress solutions obtained from Eq. (9-11) are
all constants at each layer of the plate, which neither reflect the actual nonlinear
continuous distributions of the transverse shear stresses, nor satisfy the zero shear
stress conditions on the bounding planes of the plate. When the 3D elasticity
differential equilibrium equations are used to compute the transverse shear stresses,
the procedure for the displacement-based elements is quite complicated, and hard
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to obtain satisfactory results. Reference [26] proposed a simple hybrid-enhanced
post-processing procedure to improve the internal force solutions of the
displacement-based plate elements, and references [22,23] employed this procedure
to evaluate the internal forces and stresses of the laminated composite plate
elements. More accurate results for stresses, especially for the transverse shear
stresses, can be obtained. So the element CTMQ20, which uses this treatment,
possesses the advantages of both the displacement-based and hybrid elements.

9.4.1 The Bending Moment and Shear Force Fields

The bending moment field M can be assumed as follows!***"):
M=P,A, (9-84)
in which
M=[M, M, Mxy]T (9-85)
1 & nép 000 0 0O O O
P,=0 00 0 1 & mnén 0O0O0 O (9-86)
000 0 O0O0O0O 0 1 ¢& 71 ¢én

A=A A4 A A A A A A A Ay A ﬂ'lz]T (9-87)

where (&,77 ) are the isoparametric coordinates of the quadrilateral element; A
(i=1,2,---,12) are 12 unknown parameters.
And, the shear field is assumed to satisfy the homogeneous equilibrium equation,

Qx Mx,x +Mxy,y P ﬂ, 9 88
Q_ Qy - M,\y,x+My,,V o (- )

in which
:{0 Ju Jo Jamtié 00 0 0 0 ju Jn jzﬁ*‘fzzﬁ}
1o 0 o0 0 0 Joy Jo JulltJns 0 Jjy Jo M+ iné
(9-89)

Ji, J12, Jjo1 and jp, are the components of the Jacobian inverse.

9.4.2 The Membrane Force Field of the Mid-Plane

The membrane force field N can be assumed as follows**:
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N=P, (9-90)
in which
100 ay a¢
Py=|0 1 0 bn bl (9-91)
0 0 1 ahn abg
_ 1 — 1
a, =Z(_XI tx,+x-x) b =Z(_Y1 Y+ — )
(9-92)
_ 1 — 1
a,=—(x,—x,+x,+x,) b, :Z(—y1 -+t
Ay = [/113 /114 }*15 /116 /117]T (9-93)
A (i=13,14,---, 17) are 5 unknown parameters.
9.4.3 The Condensation Procedure
Equations (9-14) and (9-15) can be rewritten as:
N P, 0 A
o = — N 3x12 N — PNMA«NM (9_94)
’ M 03><5 PM )'M
ﬂ’N
0= [02><5 PQ] y) = PNQ;,'NM (9-95)
M

By employing the Hellinger-Reissner variational principle, the energy functional
of the laminated composite plate element can be expressed as:

17; == ffo,"5,0,04 - [[@" 5,084+ [[o,"e,da + [[@"yad-1,
A¢ A¢ A° A°

1
= _E NMT ”(PNMT‘SpPNM + PNQTSSPNQ)dA Ay
y:

+ }“NMT II(PNMTBP + PNQTBs)dA q - Weo (9-96)
o

where W, is the work done by external forces.

e

R =0, we obtain:
NM

From the stationary condition
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)”NM = _KMileqqe (9-97)

where

K,=- j j (Py,'S P, +P,'S,P,,)d4

¥
K, = j I(PNMTBP +P,,'B,)d4 (9-98)
o

Substituting Eq. (9-97) into Egs. (9-94) and (9-95), N, M and Q can be obtained.
And, the element stresses of each layer can be obtained by Eq. (9-27).
9.4.4 Recovery of the Transverse Shear Stresses

Ignoring the effects of the body forces, the stresses of the laminated composite
plate should satisfy the following homogeneous equations:

oo, 0t, Ot
+ + =0
Ox oy oz
(9-99)
or, 0do, Ort,
— + + =0
Ox oy oz

For the kth layer of the plate, we obtain
T =7 J:h/z 00, dz =~ J:h/z aé" (S, +zS, )0'de

| _Z;,/z [B1LQ,(S, +28,)0, .+ BL.O,(S, +28,)0, 1dz  (9-100)

in which
L
o=~ » (9-101)
o 0
0o 2= <
oy Ox
— [t o0o0] — Jo o1
Bl = , Bl = (9-102a,b)
00 1 01 0
Opr = _PNM,XK/MilKﬂ,qqe
c,, =Py K, K4 (9-103)
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(, x) and (, y) denote the derivatives with respect to x and y of all components in a
matrix.
Finally, we obtain

— 1
7 =-BLO[(z~h )8, + 2 ~ 1), o,

— = 1
- BLO,[(z-h,_)S, + 5(22 -h.)S,lo,,

k=1 __ 1
=2 BIO,[(h ~h.))S, + O = 1.)S, )0,

i=1

k=1___ 1
- ZBIZQk [(hi - hi—l )Se + E(hiz - hiz—l )Sb ]O-p‘y (9-104)

9.5 Vibration Analysis of Laminated Composite Plates

The in-plane displacement field of the element CTMQ20 can be obtained from
Eq. (9-67):

MO 0 e
{VO}:N q (9-105)
where

N°=[N] N] N} N]] (9-106)

NO_{NI." 0 000

| i=1234 9-107
"lo N0 0 0} ( ) 10D

The rotation field of the element CTMQ20 can be obtained from Egs. (9-59)
and (9-65):

V. e
{ }: N,q (9-108)
v,
where
N,=N,+N, (9-109)

{ooozvloooozv2 0 000N,
p1=

000N, 0
0000 NOOOO N, 000 0 00

0 0 N,
(9-110)

=Z o
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N,F,

Ny =| - (9-111)
N,F,

N,=[N, N, N, N (9-112)

For the deflection field w, the expression (9-80) is not the real deflection field of
the element CTMQ20, which must be derived from the relation (9-6). In order to
avoid complicated derivation, the following element concentrated mass matrix
corresponding to the deflection field w is suggested here:

a

me :_/’fh “ 9-113)
a

a

where p is mass density of the plate; A4 is the area of the element, and

0

0

Then the expression of the element mass matrix m° can be written as:
e _ e e e
m'=m_ +m;+m, (9-114)
where my° is the in-plane mass matrix:

m=ph[ [ (N)N°|7]dédy (9-115)

my is the mass matrix caused by the moment of inertia:
e p h3 ! 1 T
m, :FL [ NN, |J|dgdn (9-116)
When the stacking sequences of a laminated composite plate is symmetrical with
respect to the mid-plane, there will be no coupling existing between the bending
actions and in-plane actions. So, if only the transverse vibration is considered, my°

in Eq. (9-114) can be omitted. Thus, the element mass matrix can be rewritten as:

m’=m/  +m; (9-117)
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After the element stiffness matrix K° and mass matrix m° are obtained, the
vibration analysis of the plate can be performed by the usual procedure, and the
natural frequency @; can be solved by the following generalized characteristic
equation:

(K -0’m)qg=0 (9-118)

where K is the global stiffness matrix; m is the global mass matrix; ¢ is the global
nodal displacement vector.

9.6 Numerical Examples

When dealing with a single layer isotropic plate, the element CTMQ20 will
degenerate into the Mindlin plate element ARS-Q12 presented in reference [25].
Good overall results were obtained for displacements, internal forces and stresses.
The focus of this section is only on the composite plates.

Example 9.1 Simply supported square symmetric cross-ply laminated plate
with 3 (0/90/0) or 9 (0/90/0/90/0/90/0/90/0) layers subjected to a doubly sinusoidal
load.

This example, proposed by Pagano and Hatfield””), is presented in Fig. 9.7.
Each layer is strongly orthotropic and two stacking sequences are studied: ST1
corresponds to 3 layers (0/90/0) whereas ST2 corresponds to 9 layers
(0/90/0/90/0/90/0/90/0). In both cases, the total thickness of all the 0° layers is the

v

e

‘-::-—a\ l
0| W 1
C L // .
) % ST
-
o] B \"}//

[ S P

h
——

/,, -
) A )/' X 1 |
L2 | or2 s J—
GEOMETRY

L=1000; ~=250, 100, 20, 10, 1, 0.1

MATERIAL (orthotropic)

Skins: E|=25.0; E2=140; G12=0.5; G]3=0.5; Gz3=0.2; /l]2=0.25
ST1:0/90/0 symmetric

ST2:0/90/0/90/0/90/0/90/0 symmetric

BOUNDARY CONDITIONS (simply-supported: hard support mode 1)
on AB: u=w=y,=0; on BC: u=y;,=0

on CD: v=¢,=0  ; on DA: v=w=y;,=0

LOADING (doubly sinusoidal)

q=q, sin = sin 2.
L L

Figure 9.7 Square plate with 3 and 9 layers subjected to doubly sinusoidal load
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same as that of all the 90° layers; and those layers having the same orientation
have the same thickness. Three different meshes, i.e., 4x 4, 8x 8 and 16x 16, are
used to model a quadrant of the plate, and five L/t aspect ratios are considered.
The correction factors can be obtained from reference [14] or [15]: &7 =0.5952,
k; =0.7205 for ST1 and k7 =0.689, k; =0.611 for ST2.

For comparing with analytical solutions and solutions in other references,
deflection and stresses are given in the form:

A

4
Deflection: w = Q. with §= L 0=4G, + £, + £, (1 241,,)]

125%hg, h’ (1= gty )
(Note: 163 =0.25 here. It is necessary for the 3D elastic solution, but it is not
needed for FDST)

o - 1
In-plane stresses: (O'X,O'y,‘[xy) = q?(ax,ay , rxy)
0

. 1
Transverse shear stresses: (TXZ,TYZ) = _S (rxz,ryz
0

Some results of the element CTMQ20 obtained together with some other
solutions are presented in Tables 9.1 and 9.2, and the distributions of selective
normal and transverse shear stresses along the thickness obtained by 8 x 8 mesh
are plotted in Figs. 9.8 to 9.15.

Table 9.1 Maximum deflection and stresses in 3-ply (0/90/0) square laminate com-
posite plate (hard simply-supported mode 1) subjected to doubly sinusoidal load

w S, g, z, 7. 7.
S=L/h | Mesh & models (5’5’0) [é’é’iﬁj [ééiﬁ] [OOiﬁ) (0’£’OJ (500]
2°2 2°2772)( 27277 4 T2 2 277
4% 4 4.888 +0.374 +0.674 F0.0330 0.245 | 0.331
CTMQ20 8 x 8 4.856 +0.371 + 0.664 F0.0333 0247 | 0334
4 16x 16 4.848 +0.370 +0.661 T0.0334 0.248 | 0.335
DST 10 x 108% 4.490 +0.518 +0.296 0.202 | 0.422
FSDT 4.845 +0.370 +0.661 T0.0334 0249 | 0319
4x4 1.735 +0.488 + 0.407 F 0.0250 0304 | 0.204
CTMQ20 8 x 8 1.729 +0.484 +0.401 F0.0252 0307 | 0.207
16x 16 1.728 +0.483 +0.399 F 0.0253 0.308 | 0.208
DST 10 x 108% 1.727 +0.549 +0.253 0.213 | 0.409
10 REC56-20 2 x 21"V | 1.445 +0.529 +0.363 F0.0250
REC72-202x 2"} | 1.663 +0.583 + 0.408 F 0.0290
3D elasticity®” 1.709 +0.559 [0.401/—0.403|—0.0275/0.0276 | 0.301 | 0.196
FSDT 1.727 +0.483 +0.399 F 0.0253 0310 | 0.198
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(Continued)
W G, G, z, 7. £,
S=L/h | Mesh & models L L L L  h L L h h L L
[5’5"’] [5?*5) [z’z’izj (O’O’igj (O’E’OJ (E’O’Oj

4% 4 1.031 +0.543 +0.280 F0.0212 0.330 | 0.135

CTMQ20 8 x 8 1.031 +0.538 +£0.277 F0.0214 0335 | 0.142

16x 16 1.031 +0.536 +£0.276 F0.0215 0336 | 0.146

DST 10 x 108% 1.067 +0.494 +0.331 0.160 | 0.436
30 |RECS6-20 2% 219 | 0.993 +0.535 +0.261 F0.0226
REC72-202x 2" | 1.006 +0.537 +0.265 F0.0230

3D elasticity®”) 1.031 +0.539 +0.276 F0.0216 0.337 | 0.141

FSDT 1.031 +0.536 +£0.276 F0.0215 0338 | 0.141

4% 4 1.007 +0.545 +£0.274 F0.0210 0329 | 0.130

CTMQ20 8 x 8 1.008 +0.540 +£0.272 F0.0213 0335 | 0.134

16x 16 1.008 +0.538 +0.271 F0.0213 0337 | 0.140
100 |[REC56-Z02x 2" | 0.956 +0.506 +0.248 F0.0223
REC72-202x 2"V | 0.962 +0.509 +0.249 F0.0225

3D elasticity ! 1.008 +0.539 +0.271 F70.0214 0.339 | 0.139

FSDT 1.008 +0.538 +0.271 F0.0213 0339 | 0.139

4% 4 1.000 +0.545 +0.273 F0.0210 0326 | 0.128

CTMQ20 8 x 8 1.000 +0.540 +£0.270 F0.0212 0330 | 0.129

100 000 16x 16 1.000 +0.539 £0.270 F0.0213 0331 | 0.130

FSDT 1.000 +0.539 +0.269 F0.0213 0339 | 0.138

CLTPY 1.000 +0.539 +0.269 F0.0213 0.339 | 0.138

Table 9.2 Maximum deflection and stresses in 9-ply (0/90/0/90/0/90/0/90/0) square
laminate composite plate (hard simply-supported mode 1) subjected to doubly

sinusoidal load

W &, 5, z, o %,
= LL L L  h L
S=L/h | Mesh & models (E’E’Oj E’E’iaj (é,g,i%j (0,0,;) (O’E’O) %50,0)

4x4 4283 +0.498 +0494 | F0.0214 | 0234 0.243
CTMQ20 8 x 8 4252 +0.493 +0489 | F0.0217 | 0237 0.245
4 16x 16| 4.244 +0.492 +0487 | F0.0217 | 0237 0.246
DST 10 x 108% 4242 + 0.547 +0.419 0.225 0.231
FSDT 4242 +0.491 +0487 | 00217 | 0238 0.245
4x4 1.529 +0.526 + 0.461 F0.0212 | 0.246 0.228
CTMQ20 8 x 8 1.524 +0.521 +0.456 | F0.0214 | 0.249 0.230
16x 16| 1.523 +0.519 +0455 | F0.0214 | 0.249 0.231
10 [DST 10x 108% 1.526 +0.541 +0.425 0.219 0.257
LPL-20538 x 82! ® +0.520 +0458 | F0.0216 | 0.248 0.228
3D elasticity®” 1.512 +0.551 +0477 | F0.0233 | 0.247 0.226
FSDT 1.522 +0.519 +0.454 | F0.0215| 0.250 0.230
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(Continued)
W G, 5, z, o %,
= LL LL  h L
S=L/h | Mesh & models (E’E’Oj (E’E’igj (g,g,i%J (0,0,;) (O’E’O) (%50,0)
4x4 1.021 +0.545 +0438 | F0.0210 | 0251 0213
CTMQ20 8 x 8 1.021 +0.539 +0434 | $0.0212 | 0256 0218
16x 16| 1.021 +0.538 +0433 | $0.0213 | 0257 0.220
50 |DST10x 10B% 1.020 +0.522 + 0.447 0.190 0.263
LPL-204 8x8 ® +0.540 £0434 | $0.0214 | 0256 0.217
3D elasticity®”) 1.021 +0.539 £0433 | $0.0214 | 0258 0.219
FSDT 1.021 +0.538 +0432 | $0.0213 | 0258 0.219
4x4 1.005 +0.545 +0.437 | F0.0209 | 0.249 0.210
CTMQ20 8 x 8 1.005 +0.540 £0433 | F0.0212 | 0254 0.215
100 16x 16| 1.005 +0.539 £0432 | F0.0213 | 0257 0218
LPL-20538 x 82! ©) +0.541 £0433 | F0.0214 | 0257 0.217
3D elasticity*”) 1.005 +0.539 +0.431 F0.0213 | 0.259 0.219
ESDT 1.005 +0.538 £0431 | F0.0213 | 0259 0.219
4x4 1.000 +0.545 +£0.436 | F0.0210 | 0.247 0.207
CTMQ20 8 x 8 1.000 +0.540 £0432 | F0.0212 | 0250 0.210
100 000 16x 16| 1.000 +0.539 £0431 | F0.0213 | 0.250 0.210
FSDT 1.000 +0.539 £0431 | F0.0213 | 0259 0.219
CLTBU 1.000 +0.539 +0.431 F0.0213 | 0.259 0.219

(D Reference [21] pointed out that the computational error of the deflection by the element LPL-204 is big, so the

results were not given.

z/h
— FSDT 0.4
¢ CTMQ20

0.2

Figure 9.8 The distribution of central stress o; along thickness for a square 3-ply
plate (doubly sinusoidal load, L/A = 10, 8 x 8 mesh)

295



Advanced Finite Element Method in Structural Engineering

z/h|
0.4
— FSDT
¢ CTMQ20
0.2r
L 1 1 1 1 1 1 1 1 1 1 1
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
r o,/ qoS?
_01 F

Figure 9.9 The distribution of central stress o;, along thickness for a square 3-ply

plate (doubly sinusoidal load, L/A = 10, 8 x 8 mesh)

— FSDT
04 o CTMQ20
0.2r
K3
—~— 0.0 1 1 1 1 L IY ]
N 0.00 0.05 0.10 0.15 020 025 030 035
I sz/qOS

02

Figure 9.10 The distribution of 7, at (0, L/2) along thickness of a square 3-ply

plate (doubly sinusoidal load, L/4 = 10, 8 x 8 mesh)

— FSDT
o CTMQ20

Figure 9.11 The distribution of z;. at (L/2, 0) along thickness of a square 3-ply

plate (doubly sinusoidal load, L/A = 10, 8 x 8 mesh)
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z/h
0.4

— FSDT
¢ CTMQ20
o DST6x6BY 02

02 04 06
0,/ 4,8

Figure 9.12 The distribution of central stress o, along thickness for a square
9-ply plate (doubly sinusoidal load, L/# = 10, 8 x 8 mesh)

z/h
0.4
— FSDT
¢ CTMQ20 02

0.2 0.4 0.6
O'y/ q¢5?

-0.6

Figure 9.13 The distribution of central stress o, along thickness for a square
9-ply plate (doubly sinusoidal load, L/# = 10, 8 x 8 mesh)

— FESDT
o CTMQ20
o DST6X6P!

0.4

0.2

Figure 9.14 The distribution of 7, at (0, L/2) along thickness of a square 9-ply
plate (doubly sinusoidal load, L/A = 10, 8 x 8 mesh)
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— FSDT
¢ CTMQ20

z/h

Figure 9.15 The distribution of 7;, at (L/2, 0) along thickness of a square 9-ply
plate (doubly sinusoidal load, L/A =10, 8 x 8 mesh)

With regards to the central deflection we and maximum plane stresses o, o;
and 7, the results obtained using the CTMQ20 element are in excellent agreement
with those of the exact FSDT for all span-thickness ratio L/z. No shear locking
happens in the thin plate limit. The results obtained using three different meshes
show rapid convergence for the above-mentioned deflection and stresses. For
transverse shear stresses, the element CTMQ20 can still produces good results,
which the usual displacement-based element cannot do.

It is obvious that the performance of the element CTMQ20 is much better than
those obtained using the quadrilateral hybrid element LPL-208 by Wu et al.*',
the element DST (a discrete shear triangular plate-bending element) by Lardeur et
al.?” REC56-Z0 (56 DOFs per element) and REC72-Z0 (72 DOFs per element)
by Sadek!"!.

Example 9.2 Simply supported (hard support mode II) anti-symmetric
angle-ply square plate with 2 (—45/45) or 8 [(—45/45)4]s layers subjected to
doubly sinusoidal load.

The geometry, the material constants and the loading are the same as those
given in Example 9.1. All the layers have the same thickness. The boundary
conditions (hard simply-supported mode 1II) are:

atx=0andx=L:u=w=y,=0;aty=0and y=L,v=w= y;,=0.

Six different meshes, i.e., 4x 4, 8x 8, 16x 16, 32x 32, 64x 64 and 80 x 80, are
used to model the whole plate and three L/h aspect ratios are considered. For
comparison with the analytical solution in reference [1], the shear correction
factors are taken as: k =k; =5/6. The results are shown in Tables 9.3 and 9.4.
It can be seen that excellent solutions for deflection and in-plane stresses can be
obtained from the element CTMQ20. For the anti-symmetric or unsymmetric
cases, most of the simple displacement-based elements cannot produce good
results for the transverse shear stresses using the equilibrium equation™. Since
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Table 9.3 Maximum deflection and stresses in 2-ply (—45/45) square laminate
composite plate (hard simply-supported mode II') subjected to doubly sinusoidal load

L/h

Model & mesh

w(L/2, L/2) x

o(L/2, L2, hi2)x

7,(0, 0, — h/2)x

2.(0, L/2, hi4)x

100E:1° (LY q0)|  W/(L7q) W I(L*q0) h(Lqo)

4% 4 0.8042 0.2628 0.2291 0.1683

8x8 0.8218 0.2543 0.2349 0.2005

CTMQ20 16x16 0.8267 0.2510 0.2341 0.2107

10 32x32 0.8280 0.2501 0.2337 0.2134
64 x 64 0.8283 0.2499 0.2336 0.2141

80 x 80 0.8283 0.2498 0.2336 0.2142

FSDTH! 0.8284 0.2498 0.2336 0.2143

4x 4 0.6733 0.2501 0.2211 0.1324

8x8 0.6906 0.2523 0.2333 0.1773

CTMQ20 16x16 0.6961 0.2508 0.2339 0.2027

20 32x32 0.6976 0.2501 0.2337 0.2112
64 x 64 0.6980 0.2499 0.2336 0.2136

80 x 80 0.6980 0.2498 0.2336 0.2138

FSDT!! 0.6981 0.2498 0.2336 0.2143

4% 4 0.6399 0.2399 0.2157 0.1049

8x 8 0.6519 0.2474 0.2295 0.1194

CTMQ20 16x16 0.6550 0.2495 0.2328 0.1362

100 32x32 0.6560 0.2499 0.2335 0.1691
64 x 64 0.6563 0.2499 0.2336 0.1980

80 x 80 0.6564 0.2498 0.2336 0.2033

FSDT! 0.6564 0.2498 0.2336 0.2143
Table 9.4 Maximum deflection and stresses in 8-ply [( — 45/45),]; square laminate

composite plate (hard simply-supported mode II) subjected to doubly sinusoidal load

w(L/2, L/2)

ouL/2, L12, h/2)x

7,(0, 0, — h/2)x

(0, L/2, 0) x

L} Model & mesh 00 5130 11240) WA(Lq0) hi(Lgo)
4x 4 0.4063 0.1657 0.1268 0.2131

8x 8 0.4157 0.1507 0.1361 0.2384

CTMQ20 16x16 0.4188 0.1461 0.1379 0.2460

10 32x32 0.4196 0.1449 0.1383 0.2480
64 x 64 0.4198 0.1446 0.1384 0.2485

80 x 80 0.4198 0.1446 0.1384 0.2486

FSDT! 0.4198 0.1445 0.1384 0.2487
4x4 0.2764 0.1575 0.1223 0.1850

8x 8 0.2846 0.1496 0.1353 0.2225

CTMQ20 16x16 0.2881 0.1460 0.1378 0.2408

20 32x32 0.2892 0.1449 0.1383 0.2466
64 x 64 0.2895 0.1446 0.1384 0.2481

80 x 80 0.2895 0.1446 0.1384 0.2483

FSDT! 0.2896 0.1445 0.1384 0.2487

4% 4 0.2440 0.1499 0.1283 0.1674

8x8 0.2463 0.1459 0.1356 0.1791

CTMQ20 16x16 0.2471 0.1451 0.1374 0.1904

100 32x32 0.2476 0.1448 0.1380 02172
64 x 64 0.2478 0.1446 0.1383 0.2380

80 x 80 0.2478 0.1446 0.1383 0.2416

FSDT!! 0.2479 0.1445 0.1384 0.2487
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the hybrid-enhanced post-processing procedure is used by the present element, it
is obvious that good results of transverse shear stresses can be obtained.

Example 9.3 Free vibration analysis of a 3-ply (0/90/0) square plate (hard
simply-supported mode I).

All the layers have the same thickness. Other geometry, the material constants,
the load and the boundary conditions are the same as those given in Example 9.1.
A 16x 16 mesh is used for the whole plate and two span-thickness ratios are
considered. For comparison with the analytical solution in reference [1], the
shear correction factors are taken as: &’ =k, =1. The first seven dimensionless
natural frequencies obtained are listed in Table 9.5. It can be seen that the
element CTMQ20 can provide accurate results.

Table 9.5 The free frequency coefficients @ = w(L’/ h)\/p/ E, for a 3-ply (0/90/0)
square laminate composite plate (hard simply-supported mode [ )

L Mo.de m in que n. in cLT!! FSDT CTMQ20 16 x =
x-direction | y-direction
1 1 15.104 12.527 12.464 (- 0.50%)
1 2 22.421 19.203 18.974 (- 1.19%)
1 3 38.738 31.921 31.377 (- 1.70%)
10 2 1 55.751 32.931 32.641 (- 0.88%)
2 2 59.001 36.362 35.641 (— 1.98%)
1 4 62.526 44.720 43.350 (- 3.06%)
2 3 67.980 47.854 46.722 (—2.36%)
1 1 15.227 15.191 15.142 (- 0.32%)
1 2 22.873 22.827 22.659 (- 0.74%)
1 3 40.283 40.174 39.871 (- 0.75%)
100 2 1 56.874 56.319 56.123 (—0.35%)
2 2 60.891 60.322 59.556 (- 1.27%)
1 4 66.708 66.421 65.939 (- 0.73%)
2 3 71.484 70.764 69.244 (—2.14%)

(D The numbers in parentheses are percentage errors.

Example 9.4 Free vibration analysis of anti-symmetric angle-ply square plates
(hard simply-supported mode II) with 2 (—45/45) and 8 [(— 45/45)4]; layers.

All the layers have the same thickness. Boundary conditions are the same as
those given in Example 9.2. There are two material cases:

Material 1: E;=25.0; E;=1.0; G12=0.5; G13=0.5; G23=0.2; p1,=0.25
Material 2: E1=40.0; E;=1.0; G13=0.6; G;3=0.6; Gp3=0.5; p1,=0.25
A 16x 16 mesh is used for the whole plate, and four span-thickness ratios are

considered. For comparison with the analytical solution in reference [1], the shear
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correction factors are taken as: k =k; =5/6. The results of the first natural
frequency are listed in Table 9.6.

Table 9.6 The first natural frequency coefficients & = (L’ /h)\/p/E, for anti-
symmetric angle-ply square laminate composite plate (hard simply-supported mode 1I)

Material 1 Material 2
L/h 2-ply 8-ply 2-ply 8-ply
(—45/45) [(— 45/45),] (—45/45) [(— 45/45),]

5 CTMQ20 8.457 10.244 10.285 12.842
16x 16 (—0.48%) (—0.40%) (—4.76%) (—0.40%)

FSDTM 8.498 10.285 10.799 12.893

10 CTMQ20 10.860 15.349 13.002 19.242
16x 16 (—0.32%) (—0.25%) (—4.60%) (—0.24%)

FSDTM 10.895 15.388 13.629 19.289

20 CTMQ20 11.908 18.535 14.149 23.237
16x 16 (—0.21%) (-0.11%) (—4.50%) (—0.09%)

FSDTM! 11.933 18.555 14.815 23.259

100 | CTMQ20 12.315 20.049 14.581 25.134
16x 16 (—0.21%) (—0.17%) (—4.54%) (—0.17%)

FSDT!! 12.341 20.084 15.274 25.176

Note: The numbers in parentheses are percentage errors.
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