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Abstract This chapter introduces how to use the generalized conforming
theory to develop the plate element models for the analysis of both thick and
thin plates. In Sects. 8.1 and 8.2, a review of the Reissner-Mindlin (thick)
plate theory is firstly given, and then, a comparison between this theory and
the Kirchhoff (thin) plate theory is presented. In the subsequent sections, the
construction methods for the thick/thin plate elements are firstly summarized,
especially, the shear locking difficulty caused by the traditional scheme
(assuming deflection and rotation fields) is analyzed. Then, three new
schemes which are proposed by the authors and can eliminate shear locking
from the outset are introduced in detail, including the schemes of assuming
rotation and shear strain fields, assuming deflection and shear strain fields,
and introducing the shear strain field into the thin plate elements. The
formulations of four triangular and rectangular element models are also
presented. Numerical examples show that the proposed models exhibit excellent
performance for both thick and thin plates, and no shear locking happens.

Keywords thick plate element, generalized conforming, Reissner-Mindlin
(thick) plate theory, thick/thin beam element, shear locking.

8.1 Summary of the Thick Plate Theory

The thick plates discussed here is restricted to moderately-thick plates. Limitation
will appear if classical thin plate theory is used to analyze such thick plates.

The fundamental equations of the thick plate theory were firstly proposed by
Reissner in the forties of the twentieth century''.
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Compared with the thin plate theory, the main characteristic of the thick plate
theory is that it considers the influences of the transverse shear strain y, and 3.
(hereafter referred to as % and ). So, the thick plate theory is also called the shear
deformation plate bending theory. Furthermore, in dynamics problems, the influences
of rotatory inertia should also be considered'.

In the thick plate theory, the shear strain can be expressed in terms of the
deflection w and the normal slopes ¥, and y;, as

ow ow
= Ve TV (8-1)

Vs Y

in which w, y,, W, are three independent generalized displacements. On the
contrary, in the thin plate theory, since y; and , are assumed to be zero, Eq. (8-1)
will degenerate to be

ow ow
Vi=or W o (8-2)

Only one independent displacement w exists, and both y; and ;, depend on w.
Therefore, the thick plate theory is also called the plate bending theory with three
generalized displacements”’,

Owing to constructional reason, the shear deformation of sandwich plates cannot
be ignored. So, the thick plate theory can be used to calculate the sandwich plate
problems. Furthermore, it is more reasonable to employ the thick plate theory to
analyze the following problems: high-order vibration problem of plates, stress
concentration problem, stress distribution problem near free edges, contact
problem!!.

This section compendiously gives the fundamental equations of the thick plate
theory, including equilibrium equations, geometrical equations, physical equations,
coordinate transformations, boundary conditions, expressions of strain energy
and strain complementary energy. For these fundamental equations of the thick
plate theory, it is necessary to emphatically understand the difference from those

in the thin plate theory and the influence of shear deformation.

8.1.1 Equilibrium Equations

A thick plate in Cartesian coordinates (x, y, z) is shown in Fig. 8.1. The x and y
co-ordinates are in the reference middle surface; z is the co-ordinate through the
thickness 4, and its positive direction is upward.

The load density on the middle surface has three components ¢, m, and m,, in
which g is the load density along the z-axis, and its positive direction is also upward,;
m, 1s the couple load density in the xz-plane, and its positive direction is the same
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Figure 8.1 The coordinates, internal forces and load density components used in
thick plate bending problem

as the rotation from x-axis to z-axis; m, is the couple load density in the yz-plane,
and its positive direction is the same as the rotation from y-axis to z-axis.

In the Cartesian coordinate system, the moderately thick plate has 5 internal force
components: bending moments M, and M,, twisting moment M,, = M,,, transverse
shear forces O, and Q,. And, their positive directions are shown in Fig. 8.1.
These 5 components can form an internal force vector:

S=[M, M, M, O O, '
which is composed of two sub vectors:
M=[M, M, M/, 0=[0, O]

Then, the differential equilibrium equations of the thick plate can be written as

oM,
éW[)‘+ ~—0.-m_=0
Ox oy
oM, oM, 0 0 83)
+ — -m,6 = -
ox oy v
0
%, + 9 +q=0
ox Oy

One characteristic of the thick plate theory which is different from the thin plate
theory is that the number of load densities increases from 1 to 3. Therefore, the
shear forces O, and O, are not only related to the internal moments M,, M, and
M,,, but also related to the loads m, and m,,.

8.1.2 Geometrical Equations
The displacements of the thick plate have 3 independent parameters:

d=[w v, 1 (8-4)
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in which w is the deflection, and its positive direction is upward; v is the normal
rotation in the xz-plane, and its positive direction is from x-axis to z-axis; v, is
the normal rotation in the yz-plane, and its positive direction is from y-axis to
Z-axis.

The strains of the thick plate have 5 parameters:

E =[x, K, 2ny V. ;/y]T (8-5)

where &, &, and 2k, are the curvatures, and their positive values are corresponding
to the deformations caused by positive M,, M, and M,,, respectively. They form a
bending strain vector:

k=[x, &, 2" (8-6)

x y

% (or %) and p (or y.) are shear strains, and their positive values are
corresponding to the deformations caused by positive O, and O,, respectively.
They form a shear strain vector:

y=0r. »1 (8-7)

The geometrical equations between strains and displacements are as follows:

0 0
KK:—al//x, K =— l//y, 2k =-— %.}. (//y
' ox 7 oy Y oy  Ox

(8-8)
_ow_ _ow_
7): ax l//x’ 7)/ ay l//,V
After the elimination of w, ¥, and y;, in Eq. (8-8), we obtain
ok, 2%, _13[% . 6%]
v 2o\ dy o
v v (8-9)

Ox oy 2 0y

oy Ox
Then, by the elimination of j and y in Eq. (8-9), we have

ok, Ok, 10 [57@ 87/yj

2 k. Ok
aayK; +— =2 axai —0 (8-10)

Equations (8-9) and (8-10) are called the compatibility equations of strains.

Another characteristic of the thick plate theory which is different from the thin
plate theory is that the number of displacements increases from 1 to 3. In thin
plate, since ;=0 and % =0, from Eq. (8-8), we have
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o
Vi ox’ vy oy

Here, y, and y, can be derived from w, so they are not independent displacement
parameters.

8.1.3 Physical Equations

The physical equations between internal forces and strains in a thick plate are as
follows:

M, =D(k, + uk,)
M, =D(x, + ux,)

M, =D(-p)x,, (8-11)
0. =Cy,
0,=Cy,

where D and C are the plate bending stiffness and shear stiffness, respectively; u is
the Poisson’s ratio. For an isotropic homogenous thick plate, we have

ER’ _Gh___Eh

p=——"_ ¢ =—=r (8-12)
12(1- %) ko 20+ p)k

where # is the thickness of the plate; £ is the Young’s modulus; coefficient £ =1.2.
For a sandwich plate shown in Fig. 8.2, we have

E, (h+t)*t
D:#
2(1=py)

where / is the thickness of the core layer; ¢ is the thickness of the surface layer;
E; and py are the Young’s modulus and Poisson’s ratio of the surface layer,

, C=G,(h+1) (8-13)

respectively; G, is the shear modulus of the core layer.

||

-~

Figure 8.2 A sandwich plate
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The physical Eq. (8-11) can be expressed in matrix forms as follows

M = Dx (8-14)
0=Cy (8-15)
where

1 0

D=Dlu 1 0 (8-16)
0 1ZH

2

c-c|'?® (8-17)
S lo 1

Another form of the physical equations is

MX—,uMy
Kx=—23 }/x
D(1- %) C
M —uM .
o MM O (8-18)
Y DA-pu?) Y C
20+ w)M,,
Y D(A- )

U

<

ie.,

K= D‘M} (3.19)

y=C"0

where

u 1 0 (8-20)

. 1{1 o}
Cc'=— (8-21)

In a thick plate, the shear stiffness C is a finite value, while C = o is assumed
for the thin plate case.
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8.1.4 Coordinate Transformation

Assume that Oxy represents the original coordinate system, Ox"y' represents the
new coordinate system, and @ is the rotation from x-axis to x'-axis (see Fig. 8.3).

Figure 8.3 Coordinate transformation

Let / =cos@, m=sin@ . Then, the transformation between these two coordinate

systems is
x| | mifx
VI olem 1y

or written as

x'=ILx (8-22)
where
[ m
L= (8-23)
-m |
Since
r'=r

the inverse transformation of Eq. (8-22) is
x=Lx'

The transformations of some quantities are the same as Eq. (8-22), for example,

9 9

o o . Jar| [1 m|la
H-2L-19 e, -

W= ta {—m 1} il

' oy
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N T
4) Q'=L0, e, {g}{_m ﬂ{g} (8-24)

The transformation of moments is similar to the transformation of curvatures:

, . M, M, [1 m[M, Ml -m
(1) M'=LML' ie., =
M, M,| |-m 1|[M, M |m I

¥
’ T - Ky Kx'y' ) m K, ny / —m
Q) &' =LxL,ie., = (8-25)
Ky Ky -m 1 Ky Ky LM !

8.1.5 Boundary Conditions

Assume that #» and s stand for the outer normal and tangent directions at an

arbitrary point on the boundary, respectively. The angle between » and x-axis is 6
(see Fig. 8.4). Let

[=cos@, m=sinf

from Egs. (8-24) and (8-25), we obtain

9 9
on 1 m]|ox
= 8-26
o[|m 1)) (8-26)
os oy
w,| [ 1 mllv,
= (8-27)
Wx __m l i l//y
Q,=10, +mQ,
M, =M, + szy +2ImM (8-28)

M, = (=M, +M)lm+ (> -m*)M,,

Figure 8.4 The normal and tangent on the boundary
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Several typical boundary conditions are given as follows:

wW=w, W,=V,, W, =V, (on fixed edge C))
w=w, w,=w,, M, =M, (on simply-supported (hard) edge C,)
w=w, M, =M,, M,=M, (onsimply-supported (soft)edge C;)

<
Il
<)
Il
S
(&

N
3
s
3

(on free edge C,)
(8-29)

8.1.6 Strain Energy

Firstly, the definitions of the strain energy density U and the strain energy U of
the thick plate are given.

For a given strain vector E (including bending strain x and shear strain y ):

k=[x, x, 2,1

v

y=0r. rI'
the function U(E) can be defined as
UE)=U,(x)+U,(y) (8-30)
where
U, (k)= %K‘TDK' = g[lcf +ic) 4 2uK K+ 2(1- )i ] (8-31)
Us(r)=%7TC7=%(7f +77) (8-32)

U(E) is the strain energy density of the thick plate; Ub (k) is the bending strain
energy density; U, () is the shear strain energy density.

The strain energy U of the thick plate is defined as the functional of the strain
fields E:

U(E) = jjU(E)dxdy = j IGKTDK +%yTCyjdxdy

—”{ [« +K +2uK k, +2(1- ,u)lc N+ —= (;/¥+7/) )}dxdy (8-33)

Two points should be noted:
(1) For arbitrary strain fields E, no matter whether these strain fields satisfy the
strain compatibility Eq. (8-9), the strain energy corresponding to E can be defined.
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If the strain fields E satisfy the strain compatibility Eq. (8-9), and are derived
on the basis of the geometrical Eq. (8-8) from certain displacement fields:

d=[w v, v 1

then, the strain energy can be expressed as the functional of the displacement fields,
> oy, Y G - ow, Y
Ud)= _U D (al/j"] Y +2y6y/" v, J1ou v, +
5 2|\ ox oy ox Oy 2 oy Ox

C|(ow > (ow ’
+El(§_‘/’-‘j +(5—%J ]}dxdy (8-34)

(2) From Egs. (8-31) and (8-32), it can be seen that ljb (x) and ljs (y) are the
positive definite quadric homogeneous functions of (x, &, &) and (k. %),
respectively. According to the properties of the positive definite quadric homo-
geneous function, the following equalities can be obtained:

U, K, + U, K+ v, Kk, =20,
oK, ok, * ok, 7
6U5 7. " aUs 7/) — ZUS (8-35)
07, o7,
oU oU oU oU oU ~
. + K+ V. + y, =2U
ok ok, ' ok, T 0y, oy, "’

Secondly, the physical equations between internal forces and strains can be
expressed in terms of the strain energy density U. For this reason, the derivatives
of U are first obtained as follows:

ou

oU
—=D(x_+ux), —=D(x + ux.), =D(-u)x_,
ox. (x, + piK,) ox, (k, + pKc,) 2ox, 1=k,
& & ' (8-36)
_:Cj/x’ _:Cyv
oy, or, “

From the above equations, it can be seen that the physical Eq. (8-11) can be
expressed in terms of the strain energy density U as follows:

MY:a_U, M!:a_U’ MX’: aU
b Ok, ' 0Ok, Y 20k,
oU o0 h (8-37)
0 == 0=+
o7, o7,
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Finally, the variation of the strain energy is given as:

8U = [[5Udxdy (8-38)
0
ie.,
SU: .l‘J‘ a_USKX +a_U6K’ +8_U6KW +8_U87x +8_U87/r dXdy
5| Ok, ox, ' ok, 7 0y, ay, "’
= j j [M, 8k, + M Sk, +2M 8k +0Q.35y, + 0,5y, 1dxdy (8-39)

The above equation indicates that the variation of the strain energy equals to
the work done by the corresponding internal forces on the variation of strains.

8.1.7 Strain Complementary Energy

Firstly, the definitions of the strain complementary energy density ' and strain
complementary energy ¥ of the thick plate are given.

For a given internal force vector § (including internal moments M and shear
forces Q):

S=[M, M, M, 0. OT

M=[M, M, M, I’ (8-40)
0=[0, 0T
the function ¥(S) can be defined as:
V(8)=V,(M)+V(Q) (8-41)
% e 1 2 2 2
Vu(M)=_M"D"M = =D [M?+M? =2uM M, +2(1+ u)M]
(8-42)
% l iy L 2 2 B
VS(Q)—EQ c Q—ZC(QﬁQy) (8-43)

V(S) is the strain complementary energy density of the thick plate; Vb (M) is
the bending strain complementary energy density; I7S(Q) is the shear strain
complementary energy density.

The strain complementary energy V of the thick plate is defined as the functional
of the internal force fields S
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V(8)= [[V(8)dxdy = | j(lMTDIM + lQTCIQj dxdy
o o\ 2 2

1 2 2 2 1 2 2
= \————[M>+ M2 -2uM M +2(+ )M, 1+—(Q° + Q) pdxd
'g{Z(l—ﬂz)D[ P My m UMM, 2 M T 50 @ Q))} g

(8-44)
Two points should be noted:

(1) For arbitrary internal force fields .S, no matter whether these internal force
fields satisfy the equilibrium differential Eq. (8-3) and boundary conditions under
given loads, the strain complementary energy corresponding to .S can be defined.

(2) From Egs. (8-42) and (8-43), it can be seen that I7b(M ) and I7S(Q) are the
positive definite quadric homogeneous functions of (M., M,, M,,) and (O, O,),
respectively. According to the properties of the positive definite quadric homo-
geneous function, the following equalities can be obtained:

P, M, + Vo gy T M, =2V,

oM, oM, oM, ”

Yo+ Lg - (3-45)
00, 00,

v M, + v M, + v M, + v 0. + v 0,=0

oM, oM, oM, 0, 00,

The derivatives of the strain complementary energy density are given as follows:

& M. -uM, & O,
oM. D(-4)° 0. C
o M -uM, & 0O,
oM, D(-u") 00, C
v 21+ u)

oM, D(-u’) "

(8-46)

By using the above derivative formulae, the physical Eq. (8-18) between internal
forces and strains can be expressed in terms of the strain complementary energy
density V' as follows:

v ov
KX = Aag 7}( =
oM, o0,
K = a_V’ v, = a_V (8—47)
YoaM,T T80,
Zny = a—V
oM,
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Finally, the variation of the strain complementary energy is given as:

SV = jjésr?dxdy
Q0

—jj —ESM V s+ SM. +8—V8Qv+a—V8Q dxdy
oM, oM, " o0, e,

(8-48)
Substitution of Eq. (8-47) into the above equation yields

8V = [[lx 8M, +x,8M, +2x,8M,, +7,80, +7,80, Jdxdy
Q

The above equation indicates that the variation of the strain complementary
energy equals to the work done by the variation of internal forces on the
corresponding strains.

8.2 Comparison of the Theories for Thick Plates and
Thin Plates

According to the contents in the previous section, this section will introduce the
differences between the theories for thick plates and thin plates. Comparisons are
made in fundamental equations and typical numerical examples.

8.2.1 Comparison of Fundamental Equations

1. Notes on the basic assumptions of deformation

In the thin plate theory, the Kirchhoff normal assumption is adopted—The normal
of the mid-surface before deformation will still be the normal of the mid-surface
after deformation.

In the thick plate theory, the Reissner-Mindlin straight-line assumption is
adopted—The normal of the mid-surface before deformation will still be a straight
line after deformation, but generally not the normal of the mid-surface anymore.

One uses the normal assumption while the other uses the straight-line assumption,
this exhibits the essential difference of the two theories.

2. Notes on the shear deformation problem

Since the Kirchhoff normal assumption is adopted in the thin plate theory, the
transverse shear strains y and y, will keep zero during the deformations of the
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thin plates, and then, the normal rotations y; and y;, will keep being equal to the

mid-surface slopes w and @, as shown in Eq. (8-2).
ox oy

The Reissner-Mindlin straight-line assumption is adopted in the thick plate
theory, hence, in general, the normal rotations y4 and y;, of the thick plates will

not keep being equal to the mid-surface slopes ? and Z—W Their differences
X v
are the transverse shear strains y and y, as shown in Eq. (8-1).

The essential differences between these two plate theories are:

(1) Whether the influences of the transverse shear strains are considered or not.

(2) Whether the normal rotations are equal to the mid-surface slopes or not.

From above, we can also conclude that:

(1) For shear stiffness: C= oo is assumed in the thin plate theory while C is a
finite value in the thick plate theory.

(2) For strain energy: in the thick plate theory, strain energy U is the sum of
the bending strain energy U, and the shear strain energy Us; while in the thin
plate theory, U= U, because of U= 0.

That the shear stiffness C is looked upon as infinite, and the shear strain
energy Us is neglected, are the inevitable results of ignoring the influences of
shear deformations in the thin plate theory.

3. Notes on the independent displacements in w, y;, and y,

In the thin plate theory, y; and y;, are equal to the derivatives of w, so they are not
independent displacements. Thus, in the 3 displacements w, y; and y;, only w is
independent.

In the thick plate theory, since two new fields y and ¥, appear, w, ¥ and y;, are 3
independent displacement fields.

Independence or dependence between the displacement fields w and (4, ;) is
another essential difference between these two plate theories.

When constructing a universal displacement-based element for both thick and
thin plates, one main difficulty encountered is how to deal with the dual
requirements of independence and dependence.

Only one independent displacement w is considered for constructing the thin
plate element, while 3 independent displacements w, y; and y;, must be taken
into account for constructing the thick plate element. From this viewpoint, it
seems that the development of a thick plate element is more complicated than
that of a thin plate element. But, if we observe the expressions of strain energy, it
can be seen that the integrands in the strain energy expression (8-34) of the
thick plate element contain only first-order derivatives of w, y; and y, so it
belongs to C’-continuity problem. On the other hand, the integrands in the strain
energy expression of the thin plate element contain second-order derivatives of w,
thus, it belongs to C'-continuity problem. Therefore, the construction of the thick
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plate elements is indeed easier than that of the thin plate element. Anyway, it is
easier to construct elements special for the thick plates, but more difficult to
construct elements special for the thin plates, and much more difficult to develop
universal elements for both thick and thin plates.

4. Notes on the boundary conditions

In the thick plate theory, several typical boundary conditions have been given by
Eq. (8-29), in which each boundary has 3 boundary conditions, i.e.,
On fixed edge C,

wW=w, W, =V, ¥,=V, (8-49a,b,c)
On simply-supported (hard) edge C,

w=w, w,=w, M, =M, (8-50a,b,c)

On simply-supported (soft) edge C,

w=w, M, =M,, M,=M (8-51a,b,c)

n

On free edge C;

Mn = Mn’ Mnx = Mns > Qn = én (8-52a’b’c)

Here, the conditions on the fixed edge are all displacement conditions; conditions
on the free edge are all force conditions; and conditions on the simply-supported
edge are mixed conditions of displacement and force.

In the thin plate theory, since the transverse shear strains are assumed to be zero,
the following assumption

_w

— 8-53
Vi =5 (8-53)

is imposed on the boundary. Thus, the boundary tangent rotation y; is a non-
independent displacement relied on boundary deflection w, thereupon, the number
of DOFs at each point of the boundary will decrease from 3 (w, w;, ¥,) to 2 (w,
¥,), and the number of the boundary conditions will also decrease from 3 to 2.

Firstly, let us consider the fixed edge case. According to the assumption given
in Eq. (8-53), the second boundary condition in Eq. (8-49) can be derived from
the first boundary condition. So, after the elimination of this non-independent
condition, only 2 independent boundary conditions (8-49a,c) remain.

Secondly, let us consider the simply-supported edge case. In the thin plate
theory, there are 2 boundary conditions on the simply-supported edge:
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These are Egs. (8-50a,c), and also Egs. (8-51a,c). In the thick plate theory, there
are 3 boundary conditions on the simply-supported edge, that is to say, one
condition of tangent rotation along the boundary should be supplemented. If the
displacement condition (8-50b) y, =y, is supplemented, then the boundary is
called as hard simply-supported edge; if the force condition (8-51b) M, = M,
is supplemented, then the boundary is called as soft simply-supported edge.
Therefore, in the thick plate theory, there are two types of simply-supported edge:
hard and soft; but in the thin plate theory, only one type exists.

Finally, let us consider the free edge case. In the thin plate theory, the boundary
conditions (8-52) will be replaced by the following two conditions:

On free edge Cs

%=M”@ﬂ+gzﬁ (8-54a,b)
os
i.e., two conditions (b) and (¢) in Eq. (8-52) are replaced by one condition (b) in
Eq. (8-54). Indeed, this is also the inevitable result by introducing the assumption
(8-53). Here, ¥, is the density of the distributed transverse load along the free
edge of the thin plate.

Now, from the viewpoint of virtual work, the boundary conditions on the free
edge in thick and thin plate theories are explained as follows.

In the thick plate theory, there are 3 independent displacements w, ;, and
on the free boundary edge. Assume that the virtual displacements on the free edge
are dw, O, and S, the virtual work done by the boundary forces is

swzjquﬁW,w4

ns

Sy, + 0, owlds (8-55)
On the other hand, the virtual work done by the given loads on the free edge is
W = [ [-M,dy, - M, Sy, +0,5wlds (8-56)

Let W =8W , and since the virtual displacements dw, Sy, and Sy, are 3
independent arbitrary functions, the 3 boundary conditions in Egs. (8-52a,b,c) can
be obtained.

In the thin plate theory, since the assumption in Eq. (8-53) is introduced, there

are only 2 independent virtual displacements ow and Sy, and Sy, = 6§—W The
A)
work done by the boundary force is
odw
W= |-M3dy, - M, —=+0,5w|ds (8-57)
G Os
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By using the formula of integration by parts, we obtain

oM :
5w = | {—M % +(—"“‘+Qj8w}ds—M<8wc3 (8-58)
G n n aS n ns G
in which C; and C; are two ends of the free edge. Since the two ends of the
free edge link with the fixed edge or the simply-supported edge, at C; and C;,
ow =0, and then the above equation can be written as

S

M
SW = L {—Mn&//n J{aa s +an8w}ds (8-59)
On the other hand, the work done by the given loads on the free edge is
SW = j = M3y, +7,3wlds (8-60)

Let 8W =8W , and since 8y, and Sw are 2 arbitrary functions, the 2 boundary
conditions on the free edge of the thin plate can be obtained, as shown in
Eq. (8-54a,b).

The above discussions about the boundary conditions are expounded from the
viewpoint of virtual work. This expatiation method is very natural and evident.

In the thick plate theory, the expression of the boundary virtual work is Eq. (8-55),
where y;,, y; and w are 3 independent generalized displacements; and (M),
(=M,,) and Q, are 3 conjugate (or corresponding) independent generalized forces,
respectively. Thereby, in the thick plate theory, there are 3 independent boundary
conditions, which are generally expressed by

w,=w, or M,=M, (8-61a)
w,=w, or M, =M, (8-61b)
w=w or Q,=0, (8-61¢)

In the thin plate theory, the expression of boundary virtual work is Eq. (8-59),
where y;, and w are 2 independent generalized displacements; and (-M,) and

ns

oM . L .
( p + Q”J are 2 conjugate (or corresponding) independent generalized forces,
s

respectively. Thereby, in the thin plate theory, there are 2 independent boundary
conditions, which are generally expressed by

w, =y, or M, =M, (8-62a)
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_ oM —
w=w o —=+0 =V, (8-62b)
Os
where 5 = is called as the equivalent transverse shear force of the twisting
s
moment M, ; and =+ =V, is called as the resultant transverse shear
A

force.

In the above discussions, the concept that the generalized force P and the
generalized displacement A are conjugate with each other is mentioned. Its
definition can be given as follows.

If the virtual work W done by the generalized force P along the generalized
displacement A4 is equal to the product PA, i.e.,

W =PA (8-63)

then, we say that the generalized displacement A and the generalized force P are
conjugate with each other (or corresponding to each other).

5. Notes on the independent load components and internal force components

Firstly, let us discuss the load components.

In the thick plate theory, since there are 3 independent displacement components
w, ¥, and y;, there should be 3 independent load components g, m, and m,
corresponding to them. So, the expression of virtual work is

W = [[lgdw+mdy, +mdy,1d4 (8-64)
A

From this virtual work expression, it can be seen that 3 load components and 3
displacement components are corresponding to or conjugate with each other.

In the thin plate theory, since there is only one independent transverse
displacement component w, and the rotation components y;, and y;, are both
relied on w, there should be only one independent transverse load component ¢
corresponding to it, and the couple load components m, and m, should be
converted to equivalent transverse load components on d4 with line distributed
transverse load on the boundary ds. So, the expression of virtual work is

8W=” qow+m 66—W+m Bw d4
’ Y ox 7 oy

o
=] g-om o Swdd+ . (m ] +m,m)dwds
. ox Oy odn

(8-65)
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Therefore, after conversion, the surface load ¢ and boundary load ¥, are

. om 8my
—g——x 8-66a
9 =q9-— > ( )
V,=ml+mm (8-66b)

Secondly, let us discuss the internal force components.

In the thick plate theory, there are 5 independent internal force components.
That is to say, besides the bending moments M,, M, and twisting moment A,,, the
transverse shear forces Q. and O, are also independent internal force components.
It can be seen from the equilibrium differential Eq. (8-3) that, since there are
independent couple load components m, and m, existing, O, and O, in the thick
plate theory do not completely rely on M,, M, and M,,, they are independent internal
force components. On the contrary, in the thin plate theory, since m,=m,=0 is
assumed, O, and O, completely rely on M,, M, and M,,, O and Q, will not be
looked upon as independent internal force components. That is to say, there are
only 3 independent internal force components in the thin plate theory.

8.2.2 Comparison of Typical Examples

1. The special case in which the same internal force solution is obtained by both
thin beam theory and thick beam theory in beam and frame analysis

The beam theories can be classified as thin beam theory and thick beam theory.
Their difference is whether the influence of the shear strain is ignored or not.

When these two theories are employed in beam and frame analysis, except the
special case of pure bending state in which the shear strain is zero, the displacement
solutions of the two theories are generally different, but the internal force solutions
may be either same or different. Now, we discuss the case in which the internal
force solutions are the same as each other.

Firstly, if beam and frame are statically determinate structures, the internal force
solutions by the two theories will be the same as each other, but for displacement
solutions, there will be a discrepancy of an additional displacement purely caused
by shear strain, i.c.,

M=M°, 0=0° (8-67)

A=A"+ A(y) (8-68)

where M, O and A4 are the bending moment, shear force and displacement of the
thick beam theory, respectively; M°, 0° and A° are the bending moment, shear
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force and displacement of the thin beam theory, respectively; A(y) is the additional
displacement caused by shear strain.

Secondly, consider the case of the statically indeterminate structures. If the
following examples are considered:

(1) the shear force is statically determinate (Fig. 8.5(a));

(2) the shear force is statically determinate under symmetrical load (Fig. 8.6(a));

(3) the shear force of the non-rigid bar is statically determinate (Fig. 8.7(a),
there is still a rigid bar in the frame, but its shear strain is identically equal to zero,
so it is not necessary to consider whether its shear forces are statically determinate).

=

Figure 8.5 Statically indeterminate beams
(a) A slipping support at the right end; (b) A vertical support at the right end

L 1y i
a E

DO
TR

(2) (b)
Figure 8.6 Statically indeterminate symmetrical beams
(a) Symmetrical load; (b) Unsymmetrical load

It follows that the internal force solutions by the two theories will be the same
as each other.

For comparison, examples which do not belong to the above cases are given in
Figs. 8.5(b), 8.6(b) and 8.7(b).

P P

e e

(a) (b)
Figure 8.7 Statically indeterminate frames

(a) Horizontal beam is a rigid bar; (b) Horizontal beam is not a rigid bar

The above conclusion can be proved as follows.
Assume that the degree of statical indeterminacy for the structure is n. The
structure is analyzed using the force method, and the corresponding statically
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determinate structure is taken as the basic structure. In the » redundant unknown
forces, assume that m forces are nonzero (m < n ), then the bending moment M
and shear force Q can be expressed as

M=M,+Y MX, (8-69a)
i=1

0=0,+ 0.X, (8-69b)

where Mp and Qp are the internal forces caused by loads in the basic structure;
M. and Q. are the internal forces caused by unit redundant force X, =1 in the
basic structure; Xj, X5, -+, X,, are m nonzero redundant unknown forces. Mp, M s
Op, Q are all determined by the equilibrium conditions.

Since the shear forces of each non-rigid bar are assumed to be statically
determinate, for each non-rigid bar, we can set

0.=0 (i=1,2,--,m) (8-70)

The redundant unknown forces Xj, X3, ---, X, can be solved by the fundamental
equations of force method.
For the thick beam theory, we have

Z&X +4, (i=1,2,-,m)
where
-3 gy 5 (02
:ZI%®+ZI%®

in which D and C are the section bending and shearing stiffness, respectively.
For the thin beam theory, we have

DX Ay =0 (i=1,2,,m)
=1

where
5= [F s
MM
Ay =3 [ s
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By using Eq. (8-70), we have

S, =6

ij?

A,=A" (8-71)

Therefore, the redundant unknown forces Xj, Xs,---, X, solved by the two
theories are the same as each other. Substituting these solutions into Eq. (8-69), it
can be seen that the internal force solutions obtained by the two theories are the
same as each other. U

2. The special case in which the same internal force solution is obtained by
both thin plate theory and thick plate theory

The following problems belong to this special case:

(1) Simply-supported polygonal plate;

(2) Circular plate with axisymmetric deformation;

(3) The plate problems in which the shear forces O, and Q, are statically
determinate.

The proofs about the above conclusions can be referred to reference [3].

3. The concentrated load problem

Consider a clamped circular plate (the radius is @) subjected to a concentrated
load P at the center point C.

The displacement solution and the deflection at point C of the thin plate theory
are

2
o Pr r

w = In—+ a’ —r? 8-72a
8D a 16mD ( ) ( )
y Pa
W = 8-72b
¢ 16nD ( )

The displacement solutions and the deflection at point C of the thick plate
theory are

wew' - (8-73a)
2nC  a
0
v, =2 (8-73b)
dr
W, =0 (8-73c)

From the above results, it can be seen that, the deflection at the load point C of
the concentrated load is a finite value by the thin plate theory, but an infinite value
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by the thick plate theory. This distinction is completely caused by the influence
of the shear strain. In fact, the second term at the right side of Eq. (8-73a) is the
additional deflection w() purely caused by shear strain.

P r
w(r)=———In— 8-74
(r) Pyl (8-74)

The above equation can be derived as follows.
Firstly, the shear force Q, is statically determinate, i.e.,

P

0 =—— (8-75)
2nr
The shear strain y, is
@) P
—=r —_ 8-76
"= c T amC (8-76)

Secondly, 7, =0 should be assumed when the additional deflection W caused

¥

by the shear strain is being solved, so we obtain

div P

E_y" e

After integration, we have

W= —ilnr+ C
2nC

where constant C; can be solved by the boundary condition WL:a =0atr=a.

Finally, Eq. (8-74) can be obtained. U
From Egs. (8-75) and (8-76), it can be seen that the values of O, and y at point
C are both infinite, which are corresponding to the result w, =.

4. High-order vibration problem

In the vibration analysis of plate, there are two different points between the thick
and thin plate theories: one is whether the influence of shear deformation is
considered; the other is whether the influence of rotary inertia is considered.

In order to explain the distinction of the second point, the kinetic equations for
the natural vibration problem of the thick plate are given as follows:

oM, oM.,
ox Oy

-0, -&'ply, =0 (8-77a)
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My My o —wrply =0 (8-77b)
+ —— - o= -
ox oy ! Py
00,
29, + 99, +@’ phw=0 (8-77¢)
ox Oy

where o is the natural frequency; p is the density of material; ph is the mass of
the unit area on the mid-surface of the plate; pJ is the rotary inertia. In the thin
plate theory, the influence of rotary inertia is ignored.

In high-order vibrations, the effective length and width of the high-order modes
become smaller, so the influence of rotary inertia and shear deformation will
increase. Thereby, although a plate may belong to the thin plate type, for the
analysis of the high-order vibration of this thin plate, it is more reasonable to
employ the thick plate theory.

5. Stress concentration problem near a circular hole

Consider an infinite plate with a circular hole (the radius is @). At its infinite edge,
the plate is under pure bending state along x-axis, i.e., M, = M, , and other internal
force components are all zero. Now, let us solve the stress concentration coefficient
kg near the circular hole, which is defined as

ke, = —fmax (8-78)

where Mym.x denotes the maximum value of the bending moment M, at the
circular hole boundary.
According to the thin plate theory, we have

ky = S+3u (8-79)
3+u
When the Poisson’s ratio x = % , k) =1.8.
According to the Reissner thick plate theory, we have
s %(1+y)K2 (\/EZ)—KO(\/BZJ
ks, =E+—- (8-80)

21 a a
LU+ K, (\/Eh) +K, (\/ﬁhj

. . 1 .
where Ky and K, are the modified Bessel functions. When p = 3’ the variations
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of kg and k, are plotted in Fig. 8.8 and listed in Table 8.1.

kg curve—thick plate theory
1.98

kg
T
|
1
]
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|
e
|
|
]
]
|
|
]
]
1
]
i
1
|
1
1
]
i
1
|
]
|
1
]
|
]

Lsr kS =1.8—thin plate theory

1.Of

0.5

L R R B I

alh

Figure 8.8 The stress concentration coefticient (u= 1/3)

Table 8.1 The comparison between stress concentration coefficients k, and kg

a’h 0 1 3
Solution of thick plate theory £, 3.00 2.25 1.98
Solution of thin plate theory k§ 1.80 1.80 1.80
k, —k?
Error 2—2 40% 20% 9%
B

It can be seen that, in the stress concentration problems of plate bending, the
influence of the transverse shear strain should not be ignored. The solution of the
thin plate theory kj is always less than the solution of the thick plate theory k.
Therefore, the solution of the thin plate theory is more unsafe. Errors will increase
with the decrease of a/h, and the maximum error is up to 40%.

6. Stress distribution near free edge

As pointed out in the previous sections, for the boundary conditions of the free
edge, the expressions from the two theories are different: the thick plate theory
requires 3 boundary conditions (8-52a,b,c) to be satisfied, but thin plate theory
cannot satisfy them and requires only 2 boundary conditions (8-54a,b) to be
satisfied. Therefore, the solutions on or near the free edge of the two theories are
always discrepant.

In order to understand the discrepancy in the solutions near the free edge of the
two theories, the stress concentration problem near a circular hole mentioned
above is still used to illustrate the problem of this section.

Firstly, according to thin plate theory, solutions of Q°, M", and V, are
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2
Q= 4 Moa—3cos20
3+u r

2 4
M= {—2+(1—y)[“—z—1}—3(1—;1)[%—1}}11120 (8-81)
3+ u r 2 r

1 M()l{z@ —ﬂ)[a—j—lj—3(1 - y)(é—lﬂ cos 20
3+u r r r

It can be seen that at the boundary » = a of the circular hole, only the boundary
condition ¥, =0 is satisfied, while Q° and M, are both nonzero at the boundary.
Secondly, according to the thick plate theory, the solutions of O, and M, are

V:

r

= 0 + )
QV QI‘ 0 QI‘ N } (8-82)
MrH = Mr@ + Mr9
where, when % >>1, we have
- —Jio| =2
0. =—3LMOl e ( h ]00526’
+ U r\r (8-83)
_Jiofr==
b= 2 M, |Ze (”jsin2€
3+u r

It can be seen that at the boundary r =a of the circular hole, both the boundary
conditions O =0 and M, , =0 are satisfied indeed.
Let Qy and ]\;[rg be the differences O, —Q° and M,, — M, of the solutions

from the two theories, respectively. Both Q, and ]\;Irg contain the exponential
()

example, when

term e , which is a rapid attenuation function (refer to Table 8.2). For

r—a

increases from 0 to 1, the function value will decrease

from 1 to 4%. Therefore, the solutions of the two theories are discrepant only
within a very small neighborhood near the free edge. The scale of this neighborhood
belongs to the same magnitude of the thickness / of the plate. Outside the neigh-
borhood, the internal force solutions of the thin plate theory are still suitable.

The solutions of the thick plate theory contain exponential function which will
rapidly decay when they are away from the boundary, and this phenomenon is
called as edge effect. The solutions (8-81) of the thin plate theory do not contain
this type of exponential function, so there is no edge effect phenomenon.
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()
Table 8.2 Exponential function e k
4 ;l = 0 1/4 12 3/4 1 2
e’m[%) 1.0000 0.4538 0.2058 0.0933 0.0424 0.0018

7. Contact problem

Consider the beam contact problem shown in Fig. 8.9\, The left end of the beam
is fixed, and the right free end is subjected to a concentrated load P. Below the
beam, there is a circular rigid foundation (the radius is ;). Under the action of load
P, the left segment of the beam (0 < x < x,) will contact with the rigid foundation,
and the contact length x; will increase with P. This is a contact problem.

d P |- d __‘ P
4 B c 4 B ¢

7”% il
R=P (distributed reaction)

(concentrated reaction)
(a) (b)
Figure 8.9 Contact problem of beam
(a) Solutions of thin beam theory; (b) Solutions of thick beam theory

Firstly, we solve this problem according to the thin beam theory.
In the contact segment 0 < x < x,, the deflection is

2
X

w=-— 8-84
2 (8-84)
From this equation, we obtain
Rotation y = dw_x
dv 7
. D
Bending moment M=——
i (8-85)
Shear force 0= d_M =0
dx
Distributed reaction q= —% =0

Therefore, it can be concluded that the distributed reaction of the contact segment
is zero.

229



Advanced Finite Element Method in Structural Engineering

In the non-contact segment x, < x < d , the bending moment and shear force
can be solved by the equilibrium condition:

M=-P(d-x), Q=P (8-86)

The length x; of the contact segment and the concentrated reaction R can be
solved by the static continuity conditions at the interface point B:

—PM—xQ=—23.n:d—ll (8-87)
4 Pr

R=P (8-88)

Here, another conclusion that there is a concentrated reaction R = P at the interface
point B is obtained.

There is no distributed reaction along the whole contact segment, and only a
concentrated reaction exists at its end, this strange conclusion is formed completely
by ignoring the shear deformation. If this problem is solved according to the
thick beam theory, more reasonable results will be obtained.

Secondly, we solve this problem according to the thick beam theory.

The deflection of the contact segment is still expressed by Eq. (8-84). Since the
influence of the shear strain y is considered in the thick beam theory, the v, M, Q,
¢q in the contact segment are different from those results by the thin beam theory:

_dw o _x_
4 & 7 . 7

dy D dy
M=-D—=-——+D—

dc 5 dx (8-89)
0=Cy
__d0_ 4

dx dx

So, it can be concluded that, there is distributed reaction existing in the contact
segment, and it can be derived from the shear strain.
In order to determine the shear strain y , the equilibrium differential equation

%\/{ = is applied firstly. Substitution of Eq. (8-89) into this equation yields

—~ - 1y=0 (8-90)

C
/”t—\/g (8-91)

where
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The solution of Eq. (8-90) is
y =achAx+ fsh Ax (8-92)

From the boundary condition 1//|x:0 =0 at the left end, we obtain 7/|x:0 =0, a=0,

therefore, we have
y = fshAx (8-93)

Then, the bending moment and shear force of the contact segment can be obtained
as

M= —2+D,B/10h/1x

h

0 =Cpshix

(8-94)

And, the bending moment and shear force of the non-contact segment are still
expressed by Eq. (8-86).
By applying the static continuity conditions at point B:

D +DpAchAx, =—P(d - x,)
n (8-95)
CpshAx, =P
x, and £ can be solved as follows:

P

_ 8-96

d Csh Ax, (8-96)

cth Ax, =—C _Ld-x) (8-97)
Pra DA

When x, is being solved from Eq. (8-97), the trial method can be used.
Finally, the distributed reaction of the contact segment can be obtained as

q=—CpAchAx=— P

shAx,

ch Ax (8-98)

in which the positive direction of ¢ is downward.

So, according to the thick beam theory, there is distributed reaction existing in
the contact segment, but no concentrated reaction. This conclusion is more
reasonable. In contact problem, the influence of the shear strain should not be
ignored.
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8.3 Thick/Thin Beam Element

8.3.1 The Fundamental Formulae of Thick/Thin Beam Element

A Timoshenko thick beam element is shown in Fig. 8.10. The formulae of deflection
w, rotation y and shear strain » are as follows'":

w:m(l—t)+wjt+%(a//i—y/j)Fz—%F(I—Z(?)E (8-99a)
w=y,(1-0)+y,1+3(1-28)TF, (8-99b)
Y=o (8-99¢)
wi W
t= o<_& t :di V’%f =1

s
d

Figure 8.10 Timoshenko thick beam element

where

2
F=;(_Wi +W/‘)_l//i -V,

)

:1+12[5(1 ) z(hjz
“A-p)+2] — -
S1-m2 o (8-100)
2 3
B D2= h D= Eh _ o5y SEh
Cd®  5(1-pyd 12— 2) 6 12+ )
F,=1(1-1)

F, =t(1—1)(1-2¢)

8.3.2 Derivation of the Fundamental Formulae

Assume that the shear strain y, rotation y and deflection w are constant, quadratic
function and cubic function in the beam element, respectively. According to the
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end conditions, let

7 =7
y=y,(1-0)+yt+o(l-1) (8-101)
w=w,(1-0)+wi+ Bdi(1-1)+ Bdi(1-1)(1-21)

7, W, w should satisfy the following equation:

———y=y (8-102)

1 1 1
Bo==W,—v,), Bi=yy—=L, ay==6y,——1 (8-103)
2 2 2
Substitution of Eq. (8-103) into Eq. (8-101) yields
Y =7
1//:1/11.(1—1)+1//].t—6(7/0—%th(l—t) (8-104)

w=w,.(1—t)+wjt+%(t//i —y/j)t(l—t)+d(yo —%th(l—t)(l—zt)

in which y is an internal parameter which can be determined from the condition
of minimum strain energy.
Curvature:

dy 1 1 6y
K=——=E[y/,. -y, +6(}/0 —EFJ(I—Zt)]=K° +7°(1—2t)
K =l ~v, =301 21)]

Bending strain energy:

_Dd L, _Dd o o2 1270 0 367/(? 2
Ub_7 K dz_T 0[(zc) +7K' 1-20+ e (1-2¢)"1d¢
6D
=Uy —— ol =77)
d
in which

o _Dd 1 o,
Ub—TIO(K)dt
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Shear strain energy:

U =—
s 2 }/O
The strain energy:
6Dy, D 1
U=U, +U =U)——2T+—|12+=|y; 8-105
b s b J Zd( /1)70 ( )
From a—U=0,we have:
07,
61
= [ =8I 8-106
LETETY) ( )

Substitution of Eq. (8-106) into Eq. (8-104) yields Eq. (8-99).

8.3.3 The Stiffness Matrix of Thick/Thin Beam Element

The stiffness matrix K° of the thick/thin beam element can be derived from the
element strain energy U:

1
U= Eq"TK"qE (8-107)

Substitution of Eq. (8-106) into Eq. (8-105) yields the expression of the strain
energy as follows:

U=U+AU (8-108)
where U, is the strain energy of the thin beam element, and the strain energy
increment AU s

AU = —%61” (8-109)

The stiffness matrix K¢ of the thick/thin beam element can be written as the
sum of two terms:

K =K" +AK (8-110)
where K" is the stiffness of the thin beam element, and by

U};) _ %quKOeqe
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we have

6 3d -6 3d
_2D|3d 2d° -3d d*

K" 8-111
d|-6 -3d 6 -3d ( )
3d d* -3d 2d’
And, the incremental matrix AK can be determined by
1 eT e
AU =—q° AKq
2
1e.,
4 24 -4 2
2d d* -2d d’
AK = 6D (8-112)

| -4 2d 4 24
2d d* 2d d°

When the thickness-span ratio g decreases gradually, the following limitation

relation can be obtained:

550, AK—>0, K°—> K"

Here, the stiffness matrix K° of the thick/thin beam element automatically
degenerates to be the stiffness matrix K of the thin beam element. Therefore,
no shear locking will happen.

8.4 Review of Displacement-based Thick/Thin Plate
Elements

This section will present a brief review of the construction methods of the
displacement-based thick/thin plate elements.

The construction methods of the displacement-based thick/thin plate elements
are mainly classified into two types: One starts with the thick plate theory, and
uses the procedure of transition from the thick plate element to the thick/thin plate
element, which is simply denoted as thick-to-thin scheme here; the other starts
with the thin plate theory, and uses the procedure of transition from the thin plate
element to the thin/thick plate element, which is simply denoted as thin-to-thick
scheme here.

Further explanations are given as follows.
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8.4.1 Thick-to-Thin Scheme

The element suitable for the thick plates is firstly constructed based on the thick
plate theory; and then, some special treatments are adopted so that the element
will satisfy the requirements of the thin plate theory in the thin plate cases.

When constructing the thick plate element, it can be started with assuming the
displacement and shear strain fields. In the three variable fields, i.e., the deflection
field w, rotation field w and shear strain field y , two of them can be selected to
be interpolated rationally, and then the third one can be derived from Eq. (8-1).
Since there are three combination forms (w, w), (w, y) and (w, y) available,
accordingly, the corresponding three different schemes are presented. Among
these three schemes, the first one which starts with assuming (w, ) is the
traditional scheme of assuming displacements and is often used in literatures, and
the other two are the approaches proposed recently —mixed interpolation schemes
partly of displacement and partly of strain.

(1) Scheme starting with assuming (w, )

For the thick plate case, w and y should be independent variables; when the
plate degenerates to be a thin plate, y should be the derivatives of w and not be
independent variables anymore. Therefore, the rational assumptions of w and
should fulfill the twofold requirements: independence in the thick plate case and
non-independence in the thin plate case. This is the main difficulty encountered
by this scheme.

In fact, some elements constructed by this scheme possess good precision for
the analysis of the thick plates, but an over-stiff performance is obviously exhibited
when analyzing the thin plates, i.e., the computational results of deflections are
much smaller than correct solutions. This is the shear locking phenomenon. The
reason leading to shear locking is that the dual requirements mentioned above are
not satisfied when assuming w and y, consequently, false shear strain will appear
in the thin plate limit state. How to avoid shear locking phenomenon was one of
the problems that attracted continuous attention from academia, and many
modifications and numerical techniques have been proposed by numerous
researchers, such as the reduced integration method"? ], the selective reduced
integration method[6], the substitute shear strain methodm, and so on.

(2) Scheme starting with assuming (y ,¥ )

In order to avoid the difficulty mentioned above caused by assuming (w, ¥ ),
the scheme of assuming (y , ¥ ) can be used to replace it. For a rational assumption
of the shear strain y , the dual requirements, that ¥ should be generally nonzero
in the thick plate case and tend to be zero in the thin plate case, should be still
paid attention to. But then, these dual requirements are much easier to be satisfied,
which provides a new way for eliminating shear locking. Some related research
achievements'*"*" will be introduced in Sect. 8.5.

By the way, the discrete Kirchhoff theory (DKT) elements for the thin plates
indeed belong to a special application of the above scheme.
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(3) Scheme starting with assuming (w, ¥ )
This is another new scheme!'®'"! which can eliminate shear locking, and will
be introduced in Sect. 8.6.

8.4.2 Thin-to-Thick Scheme

The element suitable for the thin plates is firstly constructed based on the thin
plate theory; and then, some special treatments are adopted so that the influences
of shear strain are introduced, thus, the thin plate element is generalized to an
element suitable for both thin and thick plates. The shear strain introduced here
should automatically degenerate to be zero in the thin plate limit state. Hence,
naturally, the elements according to this scheme will not suffer from shear locking
phenomenon.

Some high-quality thin plate elements have already been proposed in literatures.
Starting with these elements, the corresponding thin/thick plate elements can be
constructed by this scheme.

Some related research achievements will be introduced in Sect. 8.7.

By the way, there is another effective method, namely, the Analytical Trial
Function (ATF) method, for constructing the universal elements for both thick
and thin plates!'?. This will be introduced in Chap. 14.

8.5 Generalized Conforming Thick/Thin Plate Elements (1)
—Starting with Assuming (v ,7)

This section will introduce the construction procedure of the thick/thin plate
clements starting with assuming (y ,y )'***°\. The derivation of the triangular
element in reference [4] is quite simple and straightforward, and possesses clear
physical meaning. So, the procedure in [4] will be introduced here. And, the
method of deriving quadrilateral element can be referred to [9].

Main procedure: The functions of rotation and shear strain along each side of
the element are firstly determined using the Timoshenko beam theory; Secondly,
the rotation and shear strain fields in the domain of the element are then determined
using the technique of improved interpolation, and the curvature fields are then
determined from the rotation fields; Finally, the element stiffness matrix is
determined by the curvature and shear strain fields. This new element is denoted
by TMT (Timoshenko-Mindlin Triangular element).

When the thickness becomes small, the thick beam theory will automatically
degenerate to be the thin beam theory, and then the shear strain along each
element side and the interpolation formulas for shear strain in the domain of the
element will all automatically degenerate to be zero. So, the element TMT will
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automatically degenerate to be the thin plate element, no shear locking will
happen.

8.5.1 Interpolation Formulas for the Rotation Fields of the Thick
Plate Element

Consider the triangular thick plate element shown in Fig. 8.11. The element has 3
nodes and 3 engineering DOFs per node. The element nodal displacement vector is:

¢ =m v, v, m vV, ¥V, W V¥, l//y3]T

Figure 8.11 A triangular thick plate element

The interpolation formulas for the element rotation fields can be obtained by the
rotation formulas along each element side.

1. Formulas of normal rotation y;, and tangential rotation y; along each side

The variation of the normal rotation i, along each side is assumed to be linear.

For the three sides (23,31,12), we have

Vs = (ans )2 L, + (V/nzs )s Ly
Vo = W) Ly + (W50, Ly (8-113a)
Voo =W L+ (W), L,

The variation of the tangential rotation ; along each side can be determined by
Eq. (8-99b). Thus,
Wiy =W )y Ly + (Wi03); Ly +3(1-26)) 1L, L,
l//S31 = (l//531 )3 L3 + (I/ISSI)I Ll + 3(1 - 26‘2 )F2L3L1 (8_1 13b)
Voo = W L + (W1y), Ly + 3= 265) 1L L,
where
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(i=1,2,3)

(8-114)

i

1
I :z[z(_v‘}j + Wk) _Ci(l//xj + l//xk) + bi(!//)y' + l//yk)]
b=y,-y ((Jj,k=123)
C :xk—xj

2. Expressions of rotations y; and y;, along each side

By using the relation between (v, ) and (¥4, ), the expression of rotations
and ;, can be obtained as follows:

1 3c

Vi = _;(bll//nB — W) =W oLty L + 71(1 —20)1\L, L,
|

Y =Vl +yL d2 (1-26,)1,L,L, (8-115a)

2

3c
Var =Wl +v,L, +73(1_253)F3L1L2
3

1
YV, =_;(Cll//n23 +thy ;)= l//yZL + l//}s (1 201 \L,L,
1 d,
3b
Vi = l//y3L3 + l//ylLl _d_2(1 —20,)1, L1, (8-115b)
2
3b,
Voo = ‘//ylLl + '//ysz _d_(l =20)15L L,
3

3. Interpolation formulas for element rotation fields y; and y,

The rotation fields y; and y;, within the element can then be obtained by the
interpolation of the expressions (8-115a,b) of y; and w;, on each side, i.e.

3¢
v, =y.L +v,L, +y,L, +71(1 =20)1\L,L,
1

RECT 25)FLL+d (1-28,)T L L,

2 33b (8-116)
v, = V/ylLl + V/ysz + l//y3L3 _71(1 —=26)1'\L,L,
1

3;2 (1-25,)I,L,L, — 3'd3 (1-25)T\LL,

2 3
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It can be seen that, if L;=0, the expressions of element rotations y; and
obtained from the above equation are the same as those expressions of rotations
along each side given in (8-115a,b). That is to say, The interpolation formulas
(8-116) for element rotations are exactly compatible with the formulas (8-115a,b)

for rotations along each side.

8.5.2 The Curvature Fields of the Thick Plate Element

The element curvature fields are

d 0 ow ow |
k=[x, K, ZKX},]T={— g;‘ - g;}’ —[ 5!/)/’X+ ;/C}H

By using the differential formulae:
21y 0,0, 0
ox 24\ 0L oL, oL,

o 1 0 0 0
—=—q—+c,—+¢—
oy 24\ oL oL, oL,

and substituting Eq. (8-116) into Eq. (8-117), we obtain

1 31-26)1"
K, = _a[bll//xl +by,, +by ., +(—l)lcl (b,L; +byL,)

1

G20 b+ 2200 g )
2 3
1 3(1-26)T"
K, = —ﬂ[cll//y1 + &Y, + GV ;3 —fbl (ch3 + Cst)
3(1-268,)T, 31-26,)17

b,(¢;L, +¢,Ly) -

a, a, by(c,L, +¢,L,)]

1
2ny:_a(cll//):l TOY L TGY +b1‘//y1 +bz‘//y2 +b3l//)73 +E +E,+E)

where
E = 3(1_621,&[(6102 —bb,)L; +(c;¢, —byb) L, ]
1
E, = 3(1_2&[@263 C b+ (c6 —biby)L,]
2
E3 = 3(1_2&[(%61 - b3b1 )Lz + (Czcs - b2b3 )L1]
3
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Equation (8-119) can be written as

K:Bbqe (8-121)
where
B, = B! + FAG (8-122)
0b 0 05bH 0 05bH O
1
B) -y 00 ¢ 00 ¢, 00 ¢ (8-123)
0 ¢ b, 0 ¢, b, 0 ¢ b
[ c c c |
—(b,Ly+b,L,) —=(bL +bL) —(bL,+b,L)
dl d2 d3
3 b b b
F =" —d—:z(ch3 +¢L,) —d—zz(cg,1 +¢Ly) —d—}(cle +c,L)| (8-124)
L Ml Mz M3 i
1
M, =?[(clc2 —bb))L, +(c,c, —bb)L, ]
1
1
M, :?[(czc3 -bb)L, +(c,c, —bb,)L,] (8-125)

2

1
M, = ?[(0301 -bb)L, +(c,c; —b,b))L,]

3

1-25, 0 0
A=| 0 1-25, 0 (8-126)
0 0 1-26,

0 0 0 =2 — b 2 —-¢ b
G=|2 —¢, b, 0 0 0 -2 - b (8-127)
2 —¢, b, 2 —¢ b 0 0 0

8.5.3 Interpolation Formulas for Shear Strain Fields of the Thick
Plate Element

1. Shear strain along each element side

The transverse shear strain y, along the tangential direction (s-direction) of each
side is constant. From Eq. (8-99¢), we obtain
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Yoy =00, 75 =61, 7., =01 (8-128)

in which &; and 77; are given by Eq. (8-114).
On the boundary line L;= 0, the transformation relations between shear strain
components (7, , 7,)and (7,,7,) are

-b. —c,
{“} :i{ i Cf} 7—*} (8-129)
7/x L;=0 di ci _bi 7}’ L;=0

Then, y, along each side can be expressed in terms of y, and y, as follows

Y3 =Y s — b|7/y23
Ay bz7/y31 (8-130)
d3Y g =CYan — b37y12

2. Determination of nodal shear strains y; and y,

Firstly, consider node 1. o

There are two sides, 31 and 12, meeting at node 1. According to Eq. (8-130),
the tangential shear strains y ,, and y,,, along these two sides can be expressed
by the shear strains y,, and y, atnode 1, i.e.,

{dﬁ/m}:{cz _bz_{7x1}
ds 512 G _bs_ 7
Then, we obtain
Y :L —b, b, ||d .y, :L__bs b, {dzé‘zrz} (8-131)
Yu) 24|-¢ o ||dsya) 24| - o ||d:6]
Similarly, for nodes 2 and 3, we have

V2 :L —b, b, {d353f3}
V2 24| —¢, ¢ ||d,6,1)

8-132
Vi3 :L _bz bl {d1§1F1 } ( )
V3 24| —¢, ¢ ||d,0,1,
Thus, from Eqgs. (8-131) and (8-132), we obtain
7 1 0 b b |[dor,
Vi :ﬂ b, 0 -=b |3d,0,1, (8-133)
7 -b, b 0 ||d,0,1,
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7 0 -¢ ¢ |[dof,

1
Vr (= 24 6 0 —q|yd,5,1 (8-134)
V3 -6 G 0 |(d;0:0

3. Interpolation formulas for element shear strain fields

The shear strain fields within the element can be obtained in terms of the nodal
shear strains in the following manner

(8-135)

Ve=Vali v 70l + 751,
vy =Vuli 7L+ ,5L,

in which the nodal shear strains are given by Eqs.(8-133) and (8-134). After
substituting these into the above equation, we obtain

51dlrl

y={%‘}=H 5,d,T, (8-136)
. 53d3r3
where
:L bst _szs b1L3 _b3L1 bZLl _ble (8-137)
24\ ¢, L, —c, L, c¢L,-cL, c,L —clL,
Equation (8-136) can also be written as
y=Byg* (8-138)
where
B =HAG (8-139)
o, 0 0
A=0 05, 0
0 0 o

G is given by Eq. (8-127).

4. Expression in Cartesian coordinates for shear strains of the triangular
element

For the triangular element, the shear strains y, and y, are determined by 3 constant
shear strains (7,),,, (7, ), (7,);, along 3 sides, therefore, the general expressions
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of y, and y, can be written as

=y, +
V=N m} (8-140)

Yy =V, T VX

in which 3 parameters y,, 7, and y, are involved. This equation can be proved
as follows.

For side 12, the shear strain (7,),, along the side can be expressed by the shear
strains at the end point (y,,, 7,,) or (7,,, 7,,), as shown in the following Eq. (a)

AV =GV — b37y1 =GV~ b37/y2 (a)
AV =0V — b17/y2 =GV~ b17/y3 (b)
d,Y 5 =CY s — by w3 =6V~ bz7y1 (c)

Equations (b) and (c) can be obtained similarly.
Temporarily assume that y, and y, are the complete linear polynomials:

(d)

V. =Q +0!1x+052y
7y:ﬂ0+ﬂlx+ﬂ2y

in which 6 unknown coefficients are contained. Substitution of Eq. (d) into
Egs. (a), (b), (c) yields

a b b, a 0
Clz bl2 —b¢, b =40 (e)
sz bz2 _bzcz a, + ﬂl 0

Since the determinant of the coefficient matrix at the left side is (24)°, not zero,
S0, we obtain

=0, £,=0, a,=-p ®
From Eq. (d), we have
yx = aO + azy
(€9)
7, =B - azx}

Equation (g) is just the form of Eq. (8-140). QED.
By the way, if H in Eq. (8-137) is expressed in the Cartesian coordinates, the
shear strain formulas (8-136) can be expressed by the form of Eq. (8-140).
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8.5.4 Stiffness Matrix of the Thick Plate

The element stiffness matrix K° is composed of two parts
K'=K°'+K°
where K,° is the bending stiffness matrix:

K, = [[B,'D,B,d4
y:

B, is given by Eq. (8-122), D, is the bending elastic matrix:

1 u 0

3
D =Diu 1 0 |, Eh

001—_,u
2

K ° is the shear stiffness matrix:

K = [[B'DBd
-

B_ is given by Eq. (8-139), D, is the shear elastic matrix:

1 0

D =C
~ {0 1

}, C=§Gh
6

8.5.5 Numerical Examples

D=
12(1- %)

(8-141)

(8-142)

(8-143)

(8-144)

(8-145)

Example 8.1 The central deflection and moment of simply-supported (hard)
square plates with different thickness-span ratios (4/L) subjected to uniform load.

Assume that the side length of the plate is L, £ =0.3. Meshes 4 and B in
Fig. 8.12 are used. The results by the element TMT are given in Tables 8.3 to 8.5.

0 0
@) )

Figure 8.12 Meshes for 1/4 square plate (O is the center of the plate)

(a) Mesh 4 2 x 2; (b) Mesh B2 x 2
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Table 8.3 The central deflection of simply-supported square plates subjected to

. ql’
uniform load ¢
100D

)

Mesh number
2x2 4x4 8x8 16x 16 Analytical
h/L Mesh type

v A 0.4056 0.4065 0.4064 0.4063

10 B 03676 0.3973 0.4041 0.4057 0.4062
A 0.4056 0.4065 0.4064 0.4063

0.001 B 0.3676 0.3973 0.4041 0.4057 0.4062
4 0.4058 0.4066 0.4065 0.4064

0.01 B 0.3677 0.3974 0.4042 0.4059 0.4064
4 0.4255 0.4264 0.4270 0.4272

0.1 B 0.3845 0.4164 0.4244 0.4266 0.4273
4 0.4520 0.4529 0.4534 0.4536

0.15 B 0.4063 0.4414 0.4504 0.4528 0.4536
4 0.4902 0.4905 0.4906 0.4905

0.20 B 0.4370 0.4764 0.4867 0.4895 0.4906
4 0.5398 0.5388 0.5383 0.5380

0.25 B 0.4769 0.5215 0.5334 0.5366 0.5379
4 0.6009 0.5979 0.5966 0.5960

0.30 B 0.5257 0.5767 0.5905 0.5943 0.5956
A 0.6732 0.6679 0.6655 0.6646

0.35 B 0.5835 0.6418 0.6580 0.6624 0.6641

Table 8.4 The central deflection of clamped square plates subjected to uniform

4
load q/{lggD]

Mesh number
2x2 4x4 8x 8 16x 16 Analytical
h/L Mesh type
30 A 0.1547 0.1347 0.1287 0.1271
10 B 0.1214 0.1258 0.1264 0.1265 01265
A 0.1547 0.1347 0.1287 0.1271
0.001 B 0.1214 0.1258 0.1264 0.1265 01265
A 0.1550 0.1350 0.1289 0.1273
0.01 B 0.1216 0.1260 0.1266 0.1267 0.1265
A 0.1766 0.1575 0.1521 0.1509
0.1 B 0.1392 0.1473 0.1495 0.1502 01499
A 0.2039 0.1856 0.1805 0.1792
015 B 0.1617 0.1738 0.1773 0.1784 0.1798

246



Chapter 8 Generalized Conforming Thick Plate Element

(Continued)
Mesh number
2x2 4x4 8x8 16x 16 Analytical
h/L Mesh type
A 0.2423 0.2243 0.2191 0.2177
0.20 B 0.1931 0.2101 0.2152 0.2167 0.2167
A 0.2918 0.2735 0.2680 0.2664
0.25 B 0.2335 0.2561 0.2630 0.2650 0.2675
A 0.3526 0.3333 0.3271 0.3253
0.30 B 0.2827 0.3119 0.3210 0.3236 0.3227
A 0.4246 0.4037 0.3967 0.3945
0.35 B 0.3409 0.3776 0.3890 0.3924 0.3951

Table 8.5 The central

2
uniform load q/ [ qlL

0

J

moment of simply-supported square plates subjected to

Mesh number

2x2 4x4 8x8 16x 16 Analytical
h/L Mesh type

10°%0 A 0.5156 0.4885 0.4811 0.4794
B 0.4837 0.4819 0.4799 0.4792
0.001 A 0.5156 0.4885 0.4811 0.4794
B 0.4837 0.4819 0.4799 0.4792
0.01 A 0.5158 0.4887 0.4813 0.4796
B 0.4836 0.4817 0.4797 0.4790
01 A 0.5296 0.4977 0.4849 0.4806
B 0.4765 0.4775 0.4781 0.4786
A 0.5402 0.5007 0.4854 0.4806

0.15 B 0.4722 0.4766 0.4781 0.4786 04789
020 A 0.5487 0.5023 0.4855 0.4807
B 0.4689 0.4760 0.4780 0.4786
0.25 A 0.5548 0.5032 0.4856 0.4807
B 0.4664 0.4757 0.4780 0.4786
0.30 A 0.5590 0.5038 0.4857 0.4807
B 0.4646 0.4754 0.4780 0.4786
0.35 A 0.5620 0.5041 0.4857 0.4807
B 0.4632 0.4753 0.4780 0.4786

Example 8.2 The central deflection and moment of simply-supported (soft)
and clamped circular plates with different thickness-radius ratios (4/R) subjected
to uniform load.
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Assume that the radius of the circular plate is R, the Young’s modulus £=10.92,
the Poisson’s ratio = 0.3. Meshes A4 and B in Fig. 6.14 are used. The results by
the element TMT are listed in Tables 8.6 to 8.8.

Table 8.6 The central deflection of simply-supported circular plates subjected to

. gR*
uniform load ¢
D

WR Mesh A 24 elements B 96 elements Analytical solution

107%° 0.063 033 (-1.05%) | 0.063 543 (—-0.25%) 0.063 702
0.001 0.063 033 (-1.05%) | 0.063 543 (—-0.25%) 0.063 702
0.01 0.063 039 (—1.05%) | 0.063 549 (-0.25%) 0.063 709

0.1 0.063 689 (—1.13%) | 0.064 226 (—0.29%) 0.064 416
0.15 0.064 540 (—1.18%) | 0.065 109 (—0.31%) 0.065 309
0.20 0.065 754 (-1.21%) | 0.066 353 (-0.31%) 0.066 559
0.25 0.067 330 (-1.23%) | 0.067 956 (—-0.31%) 0.068 166
0.30 0.069 265 (-1.23%) | 0.069 917 (—-0.30%) 0.070 130
0.35 0.071 557 (—-1.24%) | 0.072235(-0.30%) 0.072 452

Table 8.7 The central deflection of clamped circular plates subjected to uniform

4
load ¢ / [qg)

WR Mesh A 24 elements B 96 elements Analytical solution
107 0.015 954 (2.11%) 0.015 722 (0.62%) 0.015 625
0.001 0.015 954 (2.11%) 0.015 723 (0.63%) 0.015 625
0.01 0.015 960 (2.10%) 0.157 29 (0.62%) 0.015 632

0.1 0.016 618 (1.71%) 0.016 408 (0.42%) 0.016 339
0.15 0.017 476 (1.42%) 0.017 292 (0.35%) 0.017 232
0.20 0.018 697 (1.16%) 0.018 537 (0.30%) 0.018 482
0.25 0.020 278 (0.94%) 0.020 141 (0.26%) 0.020 089
0.30 0.022 217 (0.74%) 0.022 102 (0.22%) 0.022 054
0.35 0.024 513 (0.57%) 0.024 420 (0.18%) 0.024 375
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Table 8.8 The central moment of simply-supported circular plates subjected to
uniform load q/(qu)

WR Mesh A 24 elements B 96 elements Analytical solution
107 0.209 51 (1.58%) 0.207 54 (0.63%)
0.001 0.209 51 (1.58%) 0.207 54 (0.63%)
0.01 0.209 52 (1.59%) 0.207 55 (0.63%)
0.1 0.210 11 (1.87%) 0.207 84 (0.77%)
0.15 0.210 52 (2.07%) 0.207 93 (0.81%) 0.206 25
0.20 0.210 82 (2.22%) 0.207 97 (0.83%)
0.25 0.211 04 (2.32%) 0.207 99 (0.84%)
0.30 0.211 19 (2.40%) 0.208 01 (0.85%)
0.35 0.211 30 (2.45%) 0.208 02 (0.86%)

The above numerical examples show that the element TMT possesses good
performance. It has high precision for both deflection and moment, and for both
thick and thin plates. And, no shear locking happens.

The scheme starting with assuming (y , ¥ ) proposed in this section is a
universal method, it can be generalized to construct similar quadrilateral elements!”).
Furthermore, Element DKT, which is formulated by the discrete Kirchhoff theory, is

a special case of the present element TMT.

8.6 Generalized Conforming Thick/Thin Plate Elements (2)
—Starting with Assuming (w, 7)

Schemes starting with assuming (w, ¥ ) for the construction of triangular and
quadrilateral thick/thin plate elements have been proposed in references [10] and
[11], respectively. This section will introduce the construction procedure of the
triangular element TCGC-T9 in [10]. (By the way, another triangular thick/thin
element TSL-T9!"*! based on the SemiLoof scheme will also be introduced in
Sect. 11.5.3).

Main procedure: The variation functions of deflection w and shear strain y,
long each side of the element are firstly determined using the Timoshenko beam
theory. Secondly, the nodal shear strains y,, and y,, and the interpolation formulas
of the shear strain fields y, and y, in the domain of the element are then determined
according to the shear strain y, along each side. Thirdly, assume that the element
deflection w is a polynomial containing 9 unknown coefficients 4. In order to

249



Advanced Finite Element Method in Structural Engineering

determine A, 9 generalized conforming conditions (3 point conforming conditions
for deflections at the corner nodes, average line conforming conditions for
deflections and normal slopes along 3 element sides) are applied. Finally, the
rotation and curvature fields are determined from the deflection and shear strain
fields; and the element stiffness matrix is then determined by the curvature and
shear strain fields. This new element is denoted by TCGC-T9.

When the thickness becomes small, the element TCGC-T9 will automatically
degenerate to be the thin plate element GPL-T9 in reference [14]. So, no shear
locking will happen.

Consider the triangular thick plate element shown in Fig. 8.11. The element
nodal displacement vector is formed by 9 engineering DOFs:

q = v, Vi W, Vo VYV, W Vg Wy}]T

8.6.1 Boundary Displacements of the Element

On the element boundary, the deflection w is assumed according to the thick
beam theory, and the normal slope y, is assumed to be a linear function. For
example, along the element side 12, we have

- 1
wy, =[L, + p,,LL, (L — Ly))]w, + ELle [+ a5 (L — L))y, — b3V/y1)

1
+[L, = p, L Ly (L — Ly)]w, + ELle [=1+ g, (L — L)y, — b3l//y2)

oL L
v, = _d_l(b3l//xl + Cs‘//yl) - d_z(b3'//x2 + cSl//yZ)

3 3

(8-146)
where
M, =1-20, (i=12,3)
o; 1s given by Eq. (8-114).

8.6.2 Shear Strain Fields of the Element

Firstly, the shear strain y, along each side is determined from the thick beam theory;
Then, the shear strains y,; and y,, at the corner node i are determined; finally, the
interpolation formulas for shear strains y and y in the domain of the element
can be obtained. The above derivation procedufe has been given in Sect. 8.5.
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Formulas in Eq. (8-138) are the interpolation formulas of element shear strains.

8.6.3 Deflection Field of the Element

1. Displacements in the domain of the element

The element deflection field is assumed as
w=F,A

where
A=lh A A A A A A K AL
F,=[L L L, LL LL LI
L (L, —lj (L -1 L, (LZ —lj (L,-1) L, (L3 —1j (L, ~1)]
2 2 2

Then, the element rotation fields can be obtained as

2. Introducing generalized conforming conditions

(8-147)

(8-148)

(8-149)

The same line-point conforming scheme as that of the thin plate element GPL-T9

is used:
w,—w, =0
jdi (w—1p)ds =0 (i=12,3)
[, ~w)ds=0
Substitution of Egs. (8-146) and (8-147) into the above equation yields

A=Aq°

(8-150)

(8-151)
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where
[ 0 0 0 O 0 0 0 0 |
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 16‘3 —le 0 —103 lb3 0 0 0
y 2 2 2 2
A= | . | . (8-152)
0 0 0 0 —¢q —-=b 0 ——¢ =}
2 2 2 2
1 1 1 1
0 —56‘2 Ebz 0 0 0 0 —c¢, —=b
L 4, 4, A, ]
_ . : _
—(Hpy + He3) E(czluez = C3hdy3) _E(bZ/’leZ —byut,5)
~ 1 1
A =\ ps =, 5(”202/132 +Cyfl) _5(7”2172/1@2 +byu) (8-153a)

1 1
Hey T3 5(7303ﬂe3 —Cylhyy) _E(rsb#‘w —b,u,,)

1 1
Moz + 1, E(riclluel —CH,;) _E(rlbl/'lel —byut,5)

1 1
A, =~ + 1) E(Czﬂez —CHy) _E(byuea —bu,) (8-153b)

1 1
Hoy —HBH E(”scsﬁ% +C4,) _E(’Ebszues +bu,)

1 1 i
Moy —hHy E(Vlclluel + O H,,) _E(ribl/'lel +bu,,)

1 1
Ay =| p, +1rp, E(rzczluez - M) _E(szzﬂez —bu,) (8-153¢)

1 1
_(luel + /“le2) E(clﬂel _CZIueZ) _E(blluel _bZIueZ)

2 p 2 g 2 p
e L L R L (8-154)
dl dz d3

Substitution of Eq. (8-151) into Eq. (8-147) yields

w= Ngq°
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where

N=[N, N,, N,, N, N

wl wxl wyl wx2 Nl//yZ

N, N, N,

wx3

1 1
Nwi = Li - (/ngj + ll'lem )LI [LI - E) (Lz - 1) + (/’lem - ”_’jll’lej )L/ (L/ - E) (L/ - 1)

+ (luej + Von e )Lm (Lm _%j (Lm - 1)
1
Nl//xi = E

1
+ (r]C]Il'le/ + cmll'lem )L/ (L] _EJ(L/ - 1)

{Li (c,L;—c,L,)+(c,u; —c,u,)L [L,. - %j (L, -1

+(rmcmll'lem - c_j/'lej )Lm (Lm - %j (Lm - 1):|

1 1
N yi = E|:L1 (_me] + b/'Lm) - (b/‘/'lgj - bmll'lem )LI [LI - E) (Lz - 1)

vy

1
- (rjb/'ﬂej + bm:uem )L/ (L/ _Ej (L, - l)

1 . 1A A
=(r,b, 1, —b,1,)L, (Lm —Ej (L, - l)} (i,j,m=1,2,3)

8.6.4 Stiffness Matrix of the Element

1. The element bending strain matrix

The element curvature fields are

Ox Oy oy Ox

Substitution of Eq. (8-149) into the above equation yields

+ J—
Ox o' oy oxoy Oy @ Ox

2 2 a 2 6
{_g%an Fw o1, 3w o 9
X

From Eq. (8-140), we have

0 0
ayx — 0, 7/," — O, ayx + 7/,"
Ox oy oy ox

=0

0 oy, |
2ny]T_|:_al//x _ l//y _(al//x+ l//J)

wy3

T

(8-155)

(8-156)

(8-157)
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So, we obtain

2 2 2.t
x:{—‘gvf —gvf —2;};} =By’ (8-158)
x y X3y

where B, is the element bending strain matrix

B, =[B, B, B,] (8-159)

Bbill BbilZ Bbil3

B, =| B,y Byn By (1=1.2.3) (8-160)
By By By
3
Bb;11 = —m[—bf (ILIej + Heon )(2]41 - 1) + bj2 (lLle - rjﬂe])(ZLJ - 1)
+ by, (14 + 1, 18,,) (2L, = 1)]
3
B, = —m[—c? (#y + 1, )L, = D)+ €5 (1, — 1,44, )L, —1)

+p (ty + 1,10, )2L, = D]

3
Bbi31 = _ﬁ[_bici (/’lej + /’lem )(2Lz - 1) + bjcj (/’lgm - rjﬂej )(2[‘/ - 1)
+b,c,( Ly + T M, )(2L, - 1)]
3
Bb,*lz = _g[bf (Cj:uej “Cullen )(2L1 - 1) + bjz (rjcj,ut,j +Cu e )(2[‘] - 1)
+ b,i (7, Copbhoyy — €14, (2L, = 1) + %b, (b,c, —b,c,)]
3
Bbizz = _@[ciz (cjﬂgj “Cullem )(2L; - 1) + Cjz' (rjcjluej T Cp e, )(2Lj - 1)
+ cj, r.cptl = Ci My, )(2L, -1)]
3
Bbi32 = _m[bici (C/;ugj —Cullen, )(2L1 - 1) + bjcj (r}'cjlue_j +C, M )(ZL/ - 1)
+b,¢,(r,c M, —C 1, )2L, —1)+ %C; (bic, —b,c,)]
3
Bbi13 = _ﬁ[bi2 (bmﬂem - bj/’lej )(2L1 - 1) - bjz (rjbjll’lej + bmﬂem )(2L] - 1)
3
Bbi23 = _87[6,’2 (bmll’lem - bjll'lgj )(2Lz - 1) - C‘/z’ (’ij‘/‘ﬂgf + bm/uem )(2L/ - 1)

2
- Ci (l" b /uem - b_j/'lej )(2Lm - l) + gci (b 'Cm - bmcj )]

m~m J
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3
Bbi33 = _m[bici (bmll'lem - bjll’lej )(2Lz - 1) - b}jc‘/’ (V/b/ﬂej + bm/uem )(2L/ - 1)

1 . I~ A
=By (Bt =yt YL, =D+ 20,6, =b,e)] (o fm=1,2.3)

2. The element shear strain matrix

The element shear strain matrix is given by Eq. (8-139)

Bs :[le BSZ BS3] (8_161)
where

1 [26,(bL,~b,L)28,(b,L~bL,) —¢,8,(bL,~b,L)~¢c,5,(b,L ~bL,)

im

124|268 (e, L— ¢, L)=26,(c,L—cL) —¢,8,(c.L,~c,L)~¢,,(c,L,—c,L,)

b,8,(bL, ~b,L)+b,5,(b,L, ~bL))

m-m

i\, :m
bjgj(ciLm _cmLi)+bm5m(chi _ciLj)j| (l ] " )

(8-162)
3. The element stiffness matrix
The element stiffness matrix is
Kll K12 K13
K=K, K, K, (8-163)
K31 K32 K33
where K, = [[B,'D,B,d4+ [[B D B4 (i,j=123) (8-164)
A° A°
1 0
D =D ;11 0 D =C bo
b /u 1 B s 0 1
0o 0 —*~
2
3 —
po W o_5g_3DU-u)
12— %) 6 h

E is the Young’s modulus; G is the shear modulus.
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8.6.5 Numerical Examples

Example 8.3 The central deflection and moment of simply-supported (hard)
square plates (the side length is L) subjected to uniform load.

Meshes 4 and B in Fig. 8.12 are still adopted, £ =0.3. The results by the

element TCGC-T9 are given in Tables 8.9 to 8.11.

Table 8.9 The central deflection of simply-supported square plates subjected to

4
uniform load q L
100D

Mesh number
2x2 4x4 8x8 16x 16 Analytical
/L Mesh type

A 0.3803 0.4007 0.4050 0.4059

10 B 0.3948 0.4038 0.4057 0.4061 0.4062
A 0.3803 0.4007 0.4050 0.4059

0.001 B 0.3948 0.4038 0.4057 0.4061 0.4062
A 0.3804 0.4008 0.4051 0.4061

0.01 B 0.3950 0.4039 0.4058 0.4062 04064
A 0.3978 0.4183 0.4244 0.4265

01 B 0.4079 0.4194 0.4243 0.4264 04273
A 0.4214 0.4434 0.4506 0.4528

015 B 0.4254 0.4424 0.4500 0.4526 04536
A 0.4562 0.4799 0.4876 0.4897

0-20 B 0.4519 0.4763 0.4862 0.4893 04906
A 0.5025 0.5276 0.5352 0.5372

0.25 B 0.4880 0.5207 0.5328 0.5364 05379
A 0.5606 0.5863 0.5935 0.5952

0-30 B 0.5338 0.5754 0.5899 0.5941 0-5936
A 0.6304 0.6559 0.6624 0.6638

035 B 0.5892 0.6402 0.6573 0.6622 06641

Table 8.10 The central deflection of clamped square plates subjected to uniform

Mesh number
2x2 4x4 8x8 16x 16 Analytical
h/L Mesh type
A 0.1167 0.1241 0.1261 0.1265
-30
10 B 0.0997 0.1192 0.1247 0.1260 0.1265
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(Continued)
Mesh number
2x2 4x4 8x 8 16x 16 Analytical

h/L Mesh type
A 0.1167 0.1241 0.1261 0.1265

0.001 B 0.0997 0.1192 0.1247 0.1260 0.1265
A 0.1169 0.1242 0.1263 0.1266

0.01 B 0.0998 0.1194 0.1249 0.1262 0.1265
A 0.1363 0.1440 0.1477 0.1496

01 B 0.1131 0.1376 0.1462 0.1492 01499

A 0.1604 0.1704 0.1758 0.1779

0-15 B 0.1310 0.1623 0.1737 0.1774 0.1798
A 0.1948 0.2080 0.2144 0.2165

2 21

0-20 B 0.1579 0.1975 0.2115 0.2157 02167
A

0.25 0.2403 0.2565 0.2632 0.2652 02675
B 0.1942 0.2427 0.2593 0.2641
A

030 0.2974 0.3158 0.3224 0.3241 03227
B 0.2401 0.2980 0.3172 0.3226
A

035 0.3662 0.3858 0.3919 0.3933 0.3951
B 0.2956 0.3634 0.3852 0.3914

Table 8.11 The central moment of simply-supported square plates subjected to

2
uniform load ¢ gL
10

Mesh number
2x2 4x4 8x 8 16x 16 Analytical

h/L Mesh type
10 A 0.4928 0.4768 0.4771 0.4781
B 0.5024 0.4878 0.4823 0.4800
0.001 A 0.4928 0.4768 0.4771 0.4781
B 0.5024 0.4878 0.4823 0.4800
0.01 A 0.4932 0.4776 0.4780 0.4789
B 0.5026 0.4880 0.4824 0.4800

01 A 0.5238 0.4986 0.4858 0.4809 04789

B 0.5193 0.4987 0.4867 0.4814
0.15 A 0.5435 0.5048 0.4870 0.4810
B 0.5329 0.5039 0.4877 0.4815
0.20 A 0.5600 0.5090 0.4876 0.4811
B 0.5453 0.5073 0.4882 0.4815
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(Continued)
Mesh number
2x2 4x4 8x8 16x 16 Analytical

h/L Mesh type
025 A 0.5736 0.5118 0.4880 0.4811
' B 0.5557 0.5094 0.4884 0.4815
A 0.5849 0.5138 0.4881 0.4811

0.30 0.4789

B 0.5639 0.5107 0.4885 0.4816
035 A 0.5941 0.5152 0.4883 0.4811
) B 0.5704 0.5116 0.4886 0.4816

Example 8.4 The central deflection and moment of simply-supported (soft)
and clamped circular plates subjected to uniform load.

The two meshes (4 and B) shown in Fig. 6.14 are still adopted. Assume that
E=10.92, u=0.3. The results by the element TCGC-T9 are given in Tables 8.12
to 8.14.

The above numerical examples show that the element TCGC-T9 also possesses
good performance. It has high precision for both deflection and moment, and for
both thick and thin plates. And, no shear locking happens.

By the comparison of the elements TCGC-T9 and TMT, we can conclude that,

(1) The precisions of these two elements belong to the same magnitude.

(2) For relatively thin plates, the element TCGC-T9 is a little better than the
element TMT. This is because for the very thin plate cases, the elements TCGC-T9
and TMT will degenerate to be the thin plate elements GPL-T9 and DKT,
respectively. Note that the element GPL-T9 is a little better than the element DKT.

Table 8.12 The central deflection of simply-supported circular plates subjected to

4
uniform load ¢ / [qRJ
D

WR Mesh A 24 elements B 96 elements Analytical
107% 0.063 818 (0.18%) 0.063 728 (0.04%) 0.063 702
0.001 0.063 818 (0.18%) 0.063 728 (0.04%) 0.063 702
0.01 0.063 821 (0.18%) 0.063 731 (0.03%) 0.063 709

0.1 0.064 242 (-0.27%) 0.064 247 (—0.26%) 0.064 416
0.15 0.064 901 (—0.62%) 0.065 043 (-0.41%) 0.065 309
0.20 0.065 921 (—0.96%) 0.066 222 (-0.51%) 0.066 559
0.25 0.067 315 (—1.25%) 0.067 777 (—0.57%) 0.068 166
0.30 0.069 088 (—1.49%) 0.069 704 (-0.61%) 0.070 130
0.35 0.071 241 (- 1.67%) 0.071 998 (—0.63%) 0.072 452
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Table 8.13 The central deflection of clamped circular plates subjected to uniform

4
load ¢ / [qgj

WR Mesh A 24 elements B 96 elements Analytical
107%° 0.014 515 (=7.10%) 0.015 342 (—1.81%) 0.015 625
0.001 0.014 515 (—7.10%) 0.015 342 (—1.81%) 0.015 625
0.01 0.014 518 (—=7.13%) 0.015 345 (—1.84%) 0.015 632

0.1 0.014 938 (—8.57%) 0.015 861 (—2.93%) 0.016 339
0.15 0.015 595 (—9.50%) 0.016 657 (—3.34%) 0.017 232
0.20 0.016 613 (—10.11%) 0.017 836 (—3.50%) 0.018 482
0.25 0.018 007 (—10.36%) 0.019 392 (-3.47%) 0.020 089
0.30 0.019 782 (—10.30%) 0.021 319 (-3.33%) 0.022 054
0.35 0.021 936 (—10.01%) 0.023 613 (—3.13%) 0.024 375

Table 8.14 The central moment of simply-supported circular plates subjected to
uniform load ¢ / ( gR’ )

WR Mesh A 24 elements B 96 elements Analytical
107! 0.210 28 (1.95%) 0.207 36 (0.54%)
0.001 0.210 28 (1.95%) 0.207 36 (0.54%)
0.01 0.210 29 (1.96%) 0.207 37 (0.54%)
0.1 0.211 40 (2.50%) 0.208 15 (0.92%)
0.15 0.212 42 (2.99%) 0.208 49 (1.09%) 0.206 25
0.20 0.213 35 (3.44%) 0.208 69 (1.18%)
0.25 0.214 11 (3.81%) 0.208 82 (1.25%)
0.30 0.214 70 (4.10%) 0.208 91 (1.29%)
0.35 0.215 16 (4.32%) 0.208 96 (1.31%)

(3) For relatively thick plates, the element TMT is a little better than the
element TCGC-T9. This is because the shear strain fields of these two elements
are the same, only curvature fields are different; the rotation fields of the element
TMT are assumed directly, only first-order differential operation is needed when
we determine the curvature fields by such rotation fields, so the accuracy loss is
relatively less; but in the element TCGC-T9, the deflection field is assumed
directly, second-order differential operation must be performed when we determine
the curvature fields by such deflection field, so the accuracy loss is relatively more.

(4) When we determine the element equivalent nodal load vector due to
transverse distributed load, the element TCGC-T9 is more convenient. This is
because the shape functions for the deflection of the element TCGC-T9 have
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already been given, so the equivalent nodal load vector can be determined from
these shape functions directly; but the deflection field of the element TMT is
undetermined, so, before deriving the element equivalent nodal load vector,
supplementary work, assumption of rational interpolation formula for deflection
field, is needed.

8.7 Generalized Conforming Thin/Thick Plate Elements
—From Thin to Thick Plate Elements

By starting with a thin plate element and introducing shear deformation, the thin
plate element can be generalized to a new thin/thick plate element. Such transition
schemes have been studied in references [15—19].

In 1986, Fricker!"*! proposed a simple method for including shear deformation
in the thin plate elements, but the thick plate element he suggested cannot strictly
pass the thick plate patch test.

Based on the displacement field of the rectangular thin plate element ACM,
reference [16] developed a rectangular thick plate element with 12 DOFs by
introducing additional displacement field and linear shear strain fields. The key
point is that two generalized conforming conditions are adopted: (1) the conforming
conditions for displacements between two adjacent elements; (2) the generalized
conforming conditions between shear strains and displacements. The element
obtained can pass pure bending, pure twisting and constant shear force patch
tests, which provides the first successful experience for the schemes of transition
from thin plate elements to thin / thick plate elements.

In reference [17], the displacement fields of the thick plate element were
decomposed into two parts: displacement fields for the thin plate element and
supplementary displacement fields for the thick plate element. Then, based on the
two thin plate elements LR12-2* and ACM™"| two new thin/thick plate
elements LFR1 and LFR2 were constructed. Now, their construction procedure
will be introduced as follows.

8.7.1 Decomposition of the Displacement Fields of the Rectangular
Thick Plate Element

Consider a rectangular thick plate element shown in Fig. 8.13. Its nodal
displacement vector is composed of 12 DOFs

=W vy v W, Wy W, W W W W Yy, ‘//y4]T
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Figure 8.13 Rectangular thick plate element

The displacement fields in the domain of the element are assumed as

w=w’+w"
0
Vo=l v =ty (8-165)
Eo Y
0 * 0 *
Vi =YY= Y

where w, w;, v, denote the displacements of the thick plate element; w’, !,

c//g denote the displacements of a thin plate element that can be used; and w",

w,, v, denote the supplementary displacements of the thick plate element.
The boundary displacements of the thick plate element are assumed as

W=w +Ww
J, =, + (8-166)
v, =L+,

in which » and s denote the normal and tangential directions of the boundary,
respectively.

8.7.2 Determination of the Supplementary Displacements of the
Thick Plate Element

In order to determine the supplementary displacement fields of the thick plate
element, the transverse shear strain y and the supplementary displacements w",
v, and 7 along each element side are firstly determined from the formulas of
thick/thin beam; then the supplementary displacements w", y; and | in the
domain of the element are determined.

Firstly, from Eq. (8-99c¢), the transverse shear strains along each element side
are as follows:
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)
Va2 = _;l[wl -w,+a(y, +vy,)]

Vs =——[wy —wy+a(y , +y,5)]
g (8-167)
7/}!23 = _?Z[W2 - W3 + b(l//yZ + Wy} )]
52
Ve = _7[W1 -w, +by, +v,,)]
From Eq. (8-100), we obtain
hY nY
o 9
0, = 0, = (8-168)

10 R 10 hjz
—(A=-p)+2| - —(A=p)+2| —
3 (I1=p) (aj 3 (1-p) ( P

h is the thickness of the plate; x is the Poisson’s ratio.

Secondly, the supplementary displacements w*, . and 7, along each element

side are determined. From the fundamental formulas of the thick beam element
(8-99a,b), w" and ¥ can be written as

W= ydt(1- 1)1 - 2t)}

e (8-169)
7. =—6yt(1-1)

Furthermore, i, can be assumed to be zero. Therefore, the supplementary
displacements along 4 boundary lines can be obtained as

. - 1 . 3 s
side 12 WZ—nylzaég(l_é:Z)a V/,x:_zj/xlz(l_‘fz)’ Vly:o

. ~ 1 ~ %k 3 ~ %k
side 23 W' =——y,bry(1 - ), v, = YL e ), =0
1 s (8-170)

side43 W' =—E7x4ga§(1—§2), v, =—57X43(1—§2), w,=0

. - 1 . 3 .
side 14 w=—§}/},14b77(l—772), l//y=_57y14(1—772), v, =0

where §=£, 77=Z.
a b

Finally, the supplementary displacements in the domain of the element are
determined. According to Eq.(8-170), the interpolation formulas for the
supplementary displacement field in the domain of the element can be written as
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W= _%_7’x12 (1__77]"'7@43 (HTUJ_ 5(1_452)

bl (1=¢ +EY]
2_7@14( > j"'?ﬁﬂ( 5 )_77(1 )
_ 3], (l-n /AT

Wx_ 2_7/,‘(12( 2 j+7/x43( 2 j_(l g)

.30 (1=¢ +&Y]
v, = %14( > )"'7}:23[ 2 j_(l n)

(8-171)

It can be seen that, the supplementary displacements in the domain of the element
given in Eq. (8-171) are exactly compatible with the boundary supplementary
displacements given in Eq. (8-170).

Substituting Eq. (8-167) into Eq. (8-171), the supplementary displacements in
the domain of the element can be obtained as:

_ afs , :
W =—?{Zwié(ﬂmn)—aZt/fﬂ(lwn)}é(l—é )

—Q{Zwim(l +68) - bz'//yi(l + 5,-5)} n—n)
’ ' (8-172)

== {Zwé(lm,n) aZwﬂ(lwm}(l )

; = _%|:ZW1771'(1+§i§)_bzl//y‘ri(l+§i§):|(l_772)

8.7.3 Two Thin/Thick Plate Elements

Two new universal elements LFR1 and LFR2 for both thick and thin plates are
constructed based on two high quality thin plate elements (elements LR12-2 and
ACM), respectively. The displacement field w’ of the thin plate element can be
expressed by

4
=Y N, (8-173)
i=1

where

N} =[N] N, N;]
(8-174)

qi:[W; Vi '//yi]T
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For element LFR1

N =%(1+;:§)(1+ n@+EE+nn—E — 1)

a

Ny = =S80+ 6O+ nm =)= gmn=n)p (8-179)

0 __é 22 _i _ g2
N, = 877,-(1+§,-§)(1+77,-77)(1 m) =5 ems(1=¢7)

For element LFR2

N =%(1+;:§)(1+ n@+EE+nn—E — 1)

N =—§§- (A+EE)1+ )1 - &) (8-176)

NG ==+ £+ n =)

By the superposition of the displacement fields of the thin plate element given
in Eq. (8-173) and the supplementary displacement fields of the thick plate
element given in Eq. (8-172), the displacement fields of the thick plate element
can be obtained. Then, the element stiffness matrices for two thin/thick plate
elements can be derived according to the conventional procedure.

The above schemes have been further applied in references [18,19]. Since the
generalized bubble displacement fields are introduced, the accuracy of the
elements is improved, and the elements are insensitive to mesh distortion.

8.7.4 Numerical Examples

Example 8.5 The central deflection of simply-supported and clamped square
plates (the side length is L) subjected to uniform load ¢g. The Poisson’s 4 =0.3.
The results by the elements LFR1 and LFR2 are given in Table 8.15.

It can be seen from Table 8.15 that, from thin plates to thick plates, elements
LFR1 and LFR2 both provide results with high precision, but their derivation
procedures are much simpler than that of the element in [16].

Example 8.6 Examine the convergence of elements LFR1 and LFR2 by
refining the mesh. Tables 8.16 and 8.17 give the results for a thin square plate
(h/L=107) and a thick square plate (/L =0.3) by using different meshes.

From Tables 8.16 and 8.17, it can be seen that, the elements LFR1 and LFR2
both have good convergence; when #2/L =0.001, the elements LFR1 and LFR2
will degenerate to be the thin plate elements LR12-2 and ACM, respectively.
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Table 8.15 The central deflection coefficient of square plates subjected to uniform

4
load gL
100D

WL Simply-supported Clamped
Analytical| LFR1 LFR2 [16] |Analytical| LFR1 LFR2 [16]

107" | 04062 | 0.4062 | 0.4105 | 0.4044 | 0.1265 | 0.1263 | 0.1290 | 0.1290
107 | 0.4062 | 0.4062 | 0.4105 | 0.4044 | 0.1265 | 0.1263 | 0.1290 | 0.1293
1072 | 0.4062 | 0.4062 | 0.4106 | 0.4045 | 0.1265 | 0.1264 | 0.1293 | 0.1293
0.1 0.4273 | 0.4224 | 0.4304 | 0.4242 | 0.1499 | 0.1482 | 0.1522 | 0.1521
0.15 | 0.4536 | 0.4480 | 0.4566 | 0.4502 | 0.1798 | 0.1762 | 0.1802 | 0.1801
0.20 | 0.4906 | 0.4845 | 0.4933 | 0.4869 | 0.2167 | 0.2144 | 0.2183 | 0.2181
0.25 | 0.5379 | 0.5312 | 0.5401 | 0.5336 | 0.2675 | 0.2623 | 0.2661 | 0.2658
0.30 | 0.5956 | 0.5879 | 0.5968 | 0.5902 | 0.3227 | 0.3198 | 0.3235 | 0.3229
035 | 0.6641 | 0.6542 | 0.6631 | 0.6564 | 0.3951 | 0.3866 | 0.3902 | 0.3896

Note: a 10 x 10 mesh is used for the whole plate.

Table 8.16 Results for a thin plate (/2/L =107 ) by different meshes (uniform load)

4 2
Central deflection gL Moment gL
Mesh for 100D 10
whole -
. Simply-supported Clamped
plate | Simply-supported Clamped p(c};ntrzll)) (mi d—in) de)
LFR1 | LFR2 | LFR1 | LFR2 LFR1 LFR2 LFR1 LFR2
2x2 0.3906 | 0.5063 | 0.1480 | 0.1480 | 0.6094 | 0.6602 | —0.3551| —0.3551
4x4 0.4052 | 0.4328 | 0.1243 | 0.1403 | 0.5123 | 0.5217 | —0.4706| —0.4761
8x8 0.4062 | 0.4129 | 0.1261 | 0.1304 | 0.4873 | 0.4892 | —0.5000| —0.5028
16x16 | 0.4062 | 0.4079 | 0.1265 | 0.1275 | 0.4810 | 0.4814 | —0.5096| —0.5104
Analytical 0.4062 0.1265 0.4789 -0.5133
Table 8.17 Results for a thick plate (/#/L = 0.3 ) by different meshes (uniform load)
4 2
Central deflection gL Moment gL
Mesh for 100D 10
whole -
. Simply-supported Clamped
plate Simply-supported Clamped p(gen trI;.II)) (mi d—in) de)
LFR1 LFR2 | LFR1 | LFR2 | LFR1 LFR2 LFR1 LFR2
2x2 0.5648 | 0.7081 | 0.3806 | 0.3806 | 0.8422 | 0.8395 | —0.4089| — 0.4089
4x4 0.5706 | 0.6201 | 0.3207 | 0.3377 | 0.5907 | 0.5739 | —0.4927| —0.4604
8x8 0.5855 | 0.5992 | 0.3194 | 0.3250 | 0.5092 | 0.5031 | —0.4912| —0.4604
16x16 | 0.5906 | 0.5942 | 0.3204 | 0.3219 | 0.4867 | 0.4850 | —0.4748| —0.4546
Analytical 0.5956 0.3227 0.4789 —0.4260
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