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Abstract This chapter discusses the last two groups of the construction
schemes for the generalized conforming thin plate element: perimeter-point
conforming scheme and least-square conforming scheme. Five triangular and
rectangular element models formulated by these schemes are presented in
detail. Numerical examples show that these generalized conforming models
also exhibit excellent performance in the analysis of thin plates. Furthermore,
the generalized conforming element theory is applied to verify or improve
the convergence of two famous non-conforming element models, ACM and
BCIZ, and some valuable conclusions are obtained.
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7.1 Perimeter-Point Conforming Scheme—Elements
LR12-1 and LR12-2

This chapter will take the rectangular generalized conforming elements LR12-1
and LR12-2!"" as the examples to illustrate the procedure for the combination
scheme of perimeter and point conforming conditions. These two elements are
both elements with m=n=12: the number of the element DOFs n= 12, and the
number of the unknown coefficients in the deflection field m=12. The selected
12 conforming conditions include 3 point conforming conditions and 9 perimeter
conforming conditions.
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7.1.1 Element LR12-1

This rectangular thin plate element is also shown in Fig. 6.11. The element nodal
displacement vector ¢° is still composed of w;, v, v, (i=1,2,3,4) at four corner
nodes. And, the element deflection field w is assumed to be an incomplete quartic
polynomial with 12 unknown coefficients, as shown in Egs. (6-22) and (6-23), i.e.,
w=F,A (7-1)
where
2=l A A A A A A A A Ay %J} 02
Fo=Il & n & én o & &n iy &n énl
In order to solve 4, 12 conforming conditions are needed.
Firstly, 3 conforming conditions for the corner nodal deflections can be established:

4
D ow =44+ A+ A)
i=1

2 wid =4y + 2y + Ay (7-3)

ZW;'U; = 4(/13 +ﬁ'8 +}“IO)

Secondly, the perimeter conforming condition (5-2¢) is used, i.e.,

o*w o*w o*w : ~
M —+M —+2M_ —— |d4d= My, +M y —0w)ds (7-4
ﬂ[xaﬁ Vot My | U=, (M7, + M, — Qs (74)
where the weighting functions M,, M, and Q, are the boundary forces (bending
moment, twisting moment and transverse shear force); M,, M, and M,, are the
internal moments within the element domain, which are assumed to satisfy the
homogeneous equilibrium Eq. (5-3), i.e.,

2 oM, oM
0 A/ZI“ +——"+2—>=0
Ox oy oxoy
M. oM,
0 - T @-5)
’ Ox oy
oM, oM,

o ox oy

For the rectangular elements, Eq. (7-4) can be written as

2 2 2
”{M 0 2 M, 0 2 oM, 0 WjdA
AL, Ox oy oxoy
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=a[ (M7, + M7, — 0, — (M7, + M7, — 0, 7),, 14
0 [ (M7, + M7, = 00), (M7, + M7, —0.7),1d7 (7-6)

The following equilibrium internal force fields

(1 & n & 0 0 0 0 O]
M, 000 0 1 &n &n Org
M, 000000001ﬂ‘
Mxy: 1 1 ? (7_7)
0 — 0 =7 00 0 0 Off:
Qx a a ,8
0, 1 1 o
) 000 0 00— —&0
L b b _

are adopted, where i, (5, ---, B are 9 arbitrary parameters.
Since f; is an arbitrary parameter, substituting Eq. (7-7) into Eq. (7-6), the 9
conforming conditions can be obtained as follows

o’w
8

3 ~Wadn

b - -
dA bj (W03 TV 0)dn — I 1(W23 —-wy,)dn

~¥au)ndn

f,

Jj§ “Fad=s]" (V/X23+l//ﬂ4)77d77—— [/ Gy =1y

Jja WdA a.‘- (l//143 y12 )dg (7-8)
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Then, A4, 4s, --+, A1 can be solved in turn from Eq. (7-8) as follows

A4 =§Z'/’xi§
i-1
1 .
Ty= =D wd Zt//u Z%ifﬁf
i=1 i=1 o=
ad
A :gzl//xié?]i
im1
33 as b
A, = —2_0;“’1';77,' +giz:1:l//xi77i +4_0;V/yi§i
b 4
_ggl//yini
b 4
2’9 :_ZWyigini

4 hd
=——Z w, + Zl//xiém +§Zwy,-
i=1 i:] i=1

4 =
A, = __Zwigini +%ZW”]7" +_Zl//'w§i
‘ i=1 i

Z &, —20 > ll//r,n, ——Zwv,é

(7-9)

Substituting the above equation into Eq. (7-3), 4;, A, and A3 can be obtained

4

1$ 2 b
:ZZ_;‘WI _gzl/lné SZIWyini
_3 4 a 2

ZWZ(SI __zl//xi __Z!//yigini

i=1 i=1

3 4
Zw,n, ——ZV/X,SU, ——Z%,

11 i=1

(7-10)

Thus, all the coefficients in 4 have been obtained. Then, the shape functions and

the element stiffness matrix can be derived from them.

7.1.2 Element LR12-2

The construction procedure of this element is basically similar to that of the
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element LR12-1. Only the selected equilibrium internal force fields are different
from Eq. (7-7), and replaced by

=

=

LI XXX
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(7-11)

Following a similar procedure, all the coefficients in A can be obtained, in
which 4y, A3, A3, A4, As, A7, As, Ao, 410 are the same, and still given by Egs. (7-9)
and (7-10); the other three unknown coefficients are as follows

1< a b
/15 ZEZW@’L _gzl//xini _gzl//yié
i1 i1 i1

13 a
j'11 :_gzwié‘ni +§2Wxi77i
i-1 i-1

13 b
/112 = _gzwiéini + gzl//yié:i
i=1 i=1

(7-12)

Example 7.1 Central deflection and central moment of the simply-supported
and the clamped square plates (the side length is L) subjected to uniform load.

The results by the elements LR12-1 and LR12-2 are listed in Tables 7.1 and
7.2. For comparison, the results by the element ACM™ are also given. The
Poisson’s ratio is 0.3.

Table 7.1 The central deflection of square plates subjected to uniform load

Mesh Simply-supported Clamped
(174 plate) | LR12-1 LR12-2 ACM LRI2-1 LR12-2 ACM
i 0.4051 0.4052 0.3939 0.1238 0.1243 0.1403
(-0.3%) | (=0.3%) | (=3.0%) | (-2.0%) | (-1.7%) | (11.0%)
ind 0.406 16 | 0.406 17 0.4033 0.1260 0.1261 0.1304
(=0.02%) | (=0.02%) | (=0.7%) | (-0.4%) | (=0.4%) (4.0%)
gxg 0.40623 | 0.406 23 0.4056 0.12645 | 0.12646 0.1275
(=0.001%) | (=0.001%) | (=0.2%) | (=0.06%) | (~0.05%) | (0.8%)
Analytical 0.406 235(¢L*/100D) 0.126 53(¢L*/100D)
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Table 7.2 The central moment of square plates subjected to uniform load

Mesh Simply-supported Clamped
(1/4 plate) | LR12-1 LR12-2 ACM LRI12-1 LR12-2 ACM
i 0.51245 | 051223 | 052169 | 025523 | 025323 | 027783
(7.0%) (7.0%) (8.9%) (11.4%) (10.5%) (11.3%)
Axd 0.48730 | 0.48732 | 0.48920 | 023689 | 023696 | 0.240 50
(1.8%) (1.8%) (2.2%) (3.4%) (3.4%) (5.0%)
gx8 0.48098 | 0.48098 | 0.48166 | 023109 | 023110 | 023191
(0.4%) (0.4%) (0.6%) (0.8%) (0.8%) (1.2%)
Analytical 0.478 86(qL*/10) 0.229 05(¢L*/10)

7.2 The Application of Perimeter Conforming Conditions
—Verification for the Convergence of the Element ACM

This section will use the perimeter conforming conditions under the constant stress
state to verify the convergence of the non-conforming elements. And, as a typical
example, the convergence of the well-known element ACM™ will be verified.

The element ACM is a non-conforming rectangular thin plate element, which
is constructed by the conventional point conforming scheme, i.e., 12 unknown
coefficients are determined by 12 point conforming conditions about w, ¥, v, at
the corner nodes. It can be seen from the deflection field finally determined that
the deflection w along the element boundary is exactly compatible, while the normal
slope ;ﬂ is not. Though the element ACM belongs to the non-conforming

n
elements, it still exhibits good convergence in applications and has been proved
in theory that it can pass the patch test.

By starting from the generalized conforming theory, this section will verify the
convergence of the element ACM from another point of view. At the same time,
this example can also be used to illustrate one of the applications of the generalized
conforming theory, that is, the generalized conforming theory can be used to
verify or improve the convergence of other non-conforming elements.

7.2.1 Derivation of Element ACM from Symmetry

The rectangular thin plate element ACM, proposed by Adini, Clough and Melosh?),
is a non-conforming element with 12 DOFs. Its element deflection field is assumed
to be an incomplete quartic polynomial, as shown in Egs. (7-1) and (7-2) (i.e.
Egs. (6-22) and (6-23)), which involves 12 unknown coefficients that will be
determined by 12 point conforming conditions about w, y; and v, at the corner
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nodes. Since the solution procedure for the 12 unknown coefficients is quite
complicated, here we will simplify it by using the symmetry (refer to Sect. 6.2).

Firstly, the 12 unknown coefficients and their basis functions in Eq. (7-1) have
already been classified as 4 groups. And, each group contains 3 unknown
COGfﬁCiGHtS, in turn; they are (11, 14, /16); (/12, /17, ﬂg), (13, ig, 110); (/15, /111, 112),
as shown in Eq. (6-28).

Secondly, the 12 point conforming conditions at the corner nodes can be
recombined. They are classified as 4 independent groups, and each group contains
3 equations and 3 unknown coefficients. Thereupon, the original simultaneous
equations with 12 unknowns decompose to be four independent equation groups
each with 3 unknowns, which greatly simplifies the problem. The 4 equation groups
are listed as follows.

(1) Combination conditions belonging to the SS group (3 conditions)

(w=17), = (7-A1)
i=1
4
Z[a—w - %j £=0 (7-A2)
i=1 ax i
S(ow
Ly, | n =0 (7-A3)
e
Substitution of Eq. (7-1) into the above equations yields
1 4
A+ A+ A =ZZWi (7-13a)
i=1
a 4
A, = gz w.é (7-13b)
i=1
b 4
A = gz ) (7-13¢)
i=1

(2) Combination conditions belonging to the SA group (3 conditions)

D (w=),& =0 (7-B1)

S(ow )
Z(g‘ wj =0 (7-B2)
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We can obtain

bty dy =g

4
a
B3k h =43y,
i=1

b
ﬂ@ = gzl//yiéni
i1

(3) Combination conditions belonging to the AS group (3 conditions)

We can obtain

1 4
bt Ayt g =
i=1
ad
ﬂ'x :gzl//xiéni
i=1

b 4
I+ A 43k =230,
i=1

(4) Combination conditions belonging to the AA group (3 conditions)

(W - W)iegﬂ,- =0

i=

(7-B3)

(7-14a)

(7-14b)

(7-14c)

(7-C1)

(7-C2)

(7-C3)

(7-15a)

(7-15b)

(7-15¢)

(7-D1)

(7-D2)

(7-D3)
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We can obtain

4

1
A+ 4, + A, :Zzwigini
im1

ad
ﬂ’s +3A‘11 +/112 :Zzl//xini
i-1

h&
15 +/111 +3/112 :szjyiegi
i=1

(7-16a)

(7-16b)

(7-16¢)

From the above four groups of simultaneous equations with 3 unknowns, the

solutions can be easily obtained:
14 ad b
=— > w —— c—— n.
4; N 8;%,77,
a 4
SRrdeL
4
—§§

P a< bd
2 _gl iégi _ggl/ln _gg%,-fﬁi

1 ad
/17 = _gzwié:i +§2V/x1
i=1 i=1
b
/19 :gzl//yié:inz
3 ’41 4
Z8 =§;wlm ——anén ;wy,-
ad
/18 :gzl//xigi’]i
i=1
A =

) i=1
- §
/111 = _gzwfé:fnf +§Zl//xi77i
i=1 i=1
13 b3
/112 = —gzwffﬂf +§Zl//yi§i
i=1 i=1

2
- 241: Z%,é

(7-17)

Finally, substitution of the above solutions into Eq. (7-1) yields the element
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deflection field and its shape functions:
4
w=Y (Nw,+ Ny, +Nw,) (7-18)
i=1
where the shape functions are
1
M=§ﬂ+é@0+mm@+é§+mn—5—ﬂﬁ

N, = —gé(l +&EHA+nm1-E) (i=1234) (7-19)

N, == Sn (e O+ - 7)

Once the shape functions are obtained, the element stiffness matrix can be
derived following the conventional procedure.

7.2.2 The Fundamental Conforming Conditions for Verifying
Convergence

According to the generalized conforming theory, the fundamental conditions that
ensure convergence are Eq. (4-7) or Eq. (4-8), i.e.,

H =0 (corresponding to constant strain and rigid body displacement states)
(7-20)

The above equation is called the fundamental generalized conforming conditions.

Under the limit state that a mesh is refined by the infinite elements, the element
strain will tend to be constant. For the thin plate bending problem, the element
displacement field in the limit state involves only 6 DOFs, i.e., 3 corresponding
to rigid body displacement modes and 3 corresponding to constant strain states.
Thereby, the fundamental generalized conforming condition (7-20) should be
composed of 6 conforming conditions.

The 3 conditions which the element should satisfy in the rigid body displacement
mode can be selected as

Y=, =0, Yw-w)x =0, Y(w-wy=0  (721)

They denote the 3 combination conditions of the point conforming conditions
about deflections at the corner nodes, where p is the number of the corner nodes.
Besides, they can also be selected as
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i(W—VN\/),- =0, Zj(%”—w) =0, Z[%_Wj =0 (7-22)

They denote the combination point conforming conditions about w, 4 and y;, at
the corner nodes. For the rigid body displacement modes, the above two sets of
equations are equivalent to each other; but for non-rigid body displacement
modes, they are not equivalent anymore.

When an element is under constant strain states, the perimeter conforming
condition (5-2c) should also be satisfied, in which the weighting functions can be
selected according to the constant internal force states. If internal moments are
constants and transverse shear forces are zero, Eq. (5-2¢) will be simplified as:

M, ﬂ Zdd+M, ”—dA+2M H dA Z(M j 7 ds+ M, j i7.ds)=0

(7-23)

If the constant internal force fields are assumed to be those in Eq. (5-24), the
perimeter conforming conditions given in Eq. (5-26) are obtained, i.e.,

Hasz $ ., @y, —Imp,)ds

ﬂ@ Yaa=¢_ (m*, +imp,)ds (7-24)

I aaxg; dA=§_ [2lmyp, + (@ =m’)p, s

The 6 conditions given in Eq. (7-23) or Eq. (7-24) and Eq. (7-21) or Eq. (7-22)
are the fundamental conforming conditions for verifying the convergence of the
non-conforming thin plate elements.

7.2.3 Verification for the Convergence of Element ACM

Now, we use the 6 fundamental conforming conditions to verify the convergence
of the element ACM.

Firstly, the element ACM has already satisfied the 12 point conforming
conditions about w, ;. and y;, at the corner nodes, thereby, Eq. (7-21) or
Eq. (7-22) are satisfied naturally. In fact, the 3 conditions (7-Al), (7-B1) and
(7-C1) selected previously are the same as those expressions in Eq. (7-21); and
another 3 conditions (7-Al), (7-B2) and (7-C3) are the same as those expressions
in Eq. (7-22).
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Secondly, verification for the perimeter conforming conditions (7-24) is performed.
For the rectangular elements, Eq. (7-24) can be written as

”azwdA - b,[,ll(V;m —V,.,dn

2
A° X

.”azw dd=a J.,ll Wy —¥,12)d8 (7-25)

o*w . - Lo .
;[JZ axdy dd=a J:l Wiy —W,)dE +b .|-71 (‘//);23 —Vui ydn

Substituting Egs. (7-1) and (7-2) into w at the left side of the above equations, and

substituting the corresponding interpolation formulae into the boundary rotations
at the right sides, we obtain

Ay == 2 W, (7-26)

1 4
As+ A4, + 4, =Z§ ,M}ié:ini
im1

The above 3 equations are the previous Egs. (7-13b,c) and (7-16a), respectively,
and thereby, have been satisfied.

Since the element ACM has already satisfied the 6 fundamental conforming
conditions, so, the element ACM is convergent. Actually, it is also a generalized
conforming element.

7.3 Super-Basis Perimeter-Point Conforming Scheme —
Verification and Improvement of the Element BCIZ

This section will introduce the construction procedure of the super-basis thin
plate element formulated by the combination scheme of the perimeter and point
conforming conditions. The no. 25 and 26 elements GCII-T9 and LT9 in Table
5.1 belong to this element group. They are both triangular thin plate elements, in
which n=9 and m=12, but the 12 conforming conditions used by them are
different: the element GCII-T9 adopts 9 point conforming conditions and 3
perimeter conforming conditions, while the element LT9 adopts 3 point conforming
conditions and 9 perimeter conforming conditions.
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The conventional scheme that the non-conforming elements usually adopt is:
let m=mn, and only the point conforming conditions at the corner nodes are used.
Such non-conforming elements sometimes are convergent (such as the rectangular
thin plate element ACM), sometimes are not convergent (such as the triangular
thin plate element BCIZ). The super-basis generalized conforming element
scheme is an improved strategy for the non-conforming elements. For example,
the super-basis element GCIII-R12 in Sect. 6.4 is an improvement on the element
ACM (though the element ACM possesses convergence, its accuracy can be
improved further), and the super-basis element GCII-T9 in this section is an
improvement on the element BCIZ (the number of the basis functions in the
element GCII-T9 is more than the number of the element DOFs, thereby, the
shortcoming that the element BCIZ cannot ensure convergence will be eliminated).
In this section, we firstly apply the fundamental conforming conditions of the
generalized conforming element, especially, the 3 perimeter conforming conditions
in Eq. (5-26) under constant stress state, to verify the convergence of the element
BCIZ; then, by employing the concept of the super-basis elements, we make the
perimeter conforming condition (5-26) satisfied, consequently, a new element GC
II-T9 is constructed.

7.3.1 Formulations of Element BCIZ

The triangular thin plate element BCIZ is a famous non-conforming model
proposed in the past™. And, reference [3] is one of the earliest literatures which
pointed out the limitation of the conforming elements and the rationality of the
non-conforming elements.

Before verifying the convergence of the element BCIZ, its formulations are
introduced briefly as follows.

The element BCIZ has 9 DOFs (Fig. 6.1), and the element nodal displacement
vector ¢° is given by Eq. (6-1). The assumed element deflection field w is given
by Egs. (6-2) and (6-3), i.e.,

w= ]”ILI + ﬂsz + ﬂ'slﬁ + 14L1L2 (L] +%L3j + /15L2L3 (Lz +%Llj
1 1
+ AL L | L, +EL2 +ALL| L +5L2
1 1
+ A L,L| L, +§L3 + A LL, | L, +5L1 (7-27)

By applying the 9 point conforming conditions about w, ¥4 and y; at the corner
nodes, we obtain
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w =4
w, =4,
wy =4

1
Va= ﬂ(bﬂll +0,4, + b4, + b, A, + b A,)

1
Vi = ﬂ(blﬂ‘l + bz/lz + bsﬂz + bsﬂs + blﬂ'X)

1 (7-28)
Vi = ﬂ(h’% +b,4, + b3/13 + blﬂ’6 + szy)
1
V= ﬂ(clﬂ‘l + Czﬁ'z + 03/13 + 022'4 + 0327)
1
V= a(clﬂl toh tad tods k)
1
Y, = ﬁ(qﬂl +c, A, + oA + A + e, A)
Then A can be solved
A=w
/12 =W,
A =w
A=w-—wmtay, —b 1
As=w,—wy+ay, —b 2 (7-29)
As=wy—w +op ,—b, v3
A=w-w-oy, + bz‘//y1
A=w—w-cy,+ by,
Ay =wy—w, —cy s +by
The above equation can be rewritten as
A= /Alq”
Substitution of Eq. (7-29) into (7-27) yields
3
w=Ng° =Y (Nw,+N v, +Nv,) (7-30)

i=1

in which the 3 shape functions related to the node 1 are
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N =L+LL+LL-LL-LL,

1 1
N, =c (Lsz + 5L1L2L3j -, [LfLB + ELILQLJ

1 1
N, =-b, (Lsz + ELleLs ) +b, (LfL3 + ELlesz

(7-31)

By the permutation of 1, 2 and 3, the other 6 shape functions can be obtained.

The element curvature field is

82
o’

Kx az

K = K'y =— Py w

0

2K 4

Xy 62
2

Ox0Oy

(7-32)

By using the transformation of second-order derivatives between the Cartesian

coordinate system and the area coordinate system:

62
o
2
;}—2 =lts62
2
) 0
Ox0y
where
Boob b
t—L c c c:
- 44 1 2 3
2bc, 2b,c, 2bsc,
1 P11 -1
s=[0 1 i -1 -1 1
A TS R
62 62 62 i 62 62 82
* o oL oL | oLéL, oL,0L, oLaL,
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Thus, the expressions of the curvatures can be obtained as follows

1
k=——1tsHA (7-37)
A
where
(00 0 2L, 0 0 2L, 0 0 |
0 2L, 0 0 2L,
00 0 0 2L, 0 0 2L,
"""""""""""""""" I T T T
H=[00 0!2L+-L =L, EL3 EL3 2L, +—L, =L,
00 0 lLl 2L2+1L] lL] lL] lL] 2L, +—1L,
2 2 2 2
1 1 1
_0 0 0 ELZ L, 2L3+5L2 2L +—L, =L, EL2 |
(7-38)

where

B=—LsHA (7-40)
A
Finally, the element stiffness matrix can be obtained

K= HBTDBdA (7-41)
2

in which D is the elastic matrix of thin plate.

7.3.2 Verification for the Convergence of the Element BCIZ

According to the generalized conforming element theory, the fundamental
conditions which ensure the convergence of the non-conforming elements are
given by Eq. (7-20). They involve 6 conforming conditions, such as Egs. (7-22)
and (7-23), which should be satisfied when the element is under the rigid body
displacement and constant strain states. Now, we apply these 6 fundamental
conforming conditions to verify the convergence of the element BCIZ.

Firstly, the element BCIZ has already satisfied the 9 point conforming conditions
about w, y; and y; at the corner nodes, thereby, the point conforming conditions
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in Eq. (7-22), which should be satisfied when the element is under rigid body
displacement states, are satisfied naturally.

Secondly, we check the perimeter conforming conditions given in Eq. (7-23)
which should be satisfied when the element is under constant strain states, i.e.,

M’ jj Kxdd = —il( 1//mds +M,, j 7, ) (7-42)

where the 3 constant internal force states are usually assumed to be those in
Eq. (5-24). But, for the triangular element, they would better be assumed as
follows

44
M, = d_lzal
M, 2—1240(2 (7-43)
2
44
M,, _d_zza3

where the arbitrary parameters ¢; (i=1,2,3) are corresponding to the constant
internal force states in which the normal moment of ith side is not zero while the
normal moments of the other two sides are zero. The twisting moment M,,; along
each element side and the internal moments M,, M,, M,, corresponding to this
constant internal force state are as follows

Mnsl = rlal - aZ + a}

M., =a +na, —a, (7-44)

M, =-a +a,+ra

GG —GC GG,
Mx 1 al
M, = Z —b,b, -b,b, —-bb, a, (7-45)
M, 1 1 1 a;
E(bzca +byc,) E(b3cl +bey) E(b|cz +b,¢))

in which r, r, and r; are given by Eq. (6-58). Equation (7-45) can be written as

M=(t")a (7-46)

Now, we substitute the above constant internal force state into Eq. (7-42).
Firstly, the substitution of Egs. (7-46) and (7-37) into the left side of Eq. (7-42)
yields
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o - %a[ ﬂHdAJA

00 0i-1 3 -5;-1 -5 3

—a"~{0 0 0{-5 -1 33 -1 5|2
0003 -5 -1i-5 3 —1]
-1 3 =54, -1 -5 3[4

=—a' %—5 -1 3 |94 +% 3 -1 =544 (7-47)
305 14 -5 3 -4

Secondly, consider the right side of Eq. (7-42). The integrations of rotations along
the boundary line are as follows

d bl ()

0 '//nlds = _E(V/XZ + '//x3) - 5(‘//);2 + Wy})

d b C

0 l//nZdS = _?2(l//x3 + l//xl) - ?z(l//)ﬁ + lr//yl) (7-48)
dy b C

0 l//n3ds:_?3(‘//xl+'//x2)_?3(l//yl +Wy2)

Vods =—wy +w (7-49)

Substitution of Egs. (7-43), (7-44), (7-48) and (7-49) into the right side of Eq. (7-42)
yields

- i(Mm' ! l/7m'ds + Mmi g l/7”.ds)
i=1 0 0

2A4b 2Ac,
:a1[_2wl +(1+I’i)W2 + (1—1’1)W3 +71('//x2 +V/_x3)+71(l//y2 + l//y3)]
1 1
2A4b 24c
+a,[(L=r)w 2w, + (1 +1r)w, +72(!//x3 )+ d22 (Wys + l//yl)]
2 2

24b 2A4c
T [(1 + ’/'S)Wl + (1 - ’”3)W2 - 2W3 + 73(l//x1 + l//x2) + 73(l//y1 + V5o )] (7'50)

3 3

By employing Eq. (7-28), ¢° on the right side of the above equation can be
expressed in terms of A
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- i(Mni jodl '/7nids + Mnsi J.Odi l/7s,-dS)
i=1

0
=a' 1
1
_—5(1—7’3)
0
1
+ _E(1+7})
1

Substituting Egs. (7-47) and (7-51) into the two
eliminating the arbitrary parameters &', we obtain

1
—5(1—71)
0

1

0

1
—E(1+r3)

1
/14
—%(l—rz) A
16
0
1 ]
——(1+r)
2 2
1 A (7-51)
Ay
0

sides of Eq.(7-42), and

1 -3 5](A, 15 3|4
5 1 BRAp+|-3 1 5 |K4
-3 5 1]k 5 -3 1|4
0 -31-7) 6 A 0 6 =31+1) ][4,
= 6 0 -3(1-r) 34 t+| =30 +1) 0 6 A
| —=3(1-7) 6 0 A 6 =3(1+n) 0 A
ie.,
1 3rn -1 |4, -4 0
-1 1 Br <A -4 =10 (7-52)
| 1 A —4 0
If A is expressed in terms of ¢°, we obtain
1 =3r =1 2w, =2w, + (v, +v,,)— b, (l//y1 + c//yz) 0
-1 L 3r 12w, =2wy+ (W, +v5) —h (l//yZ + ‘//ys) =40¢ (7-53)
-3r -1 1 2w, =2w, + (W, ) — b, (1//}_3 + c//yl) 0

Equations (7-52) and (7-53) are the 3 perimeter conforming conditions for verifying

194



Chapter 7 Generalized Conforming Thin Plate Element [l — Perimeter-Point ...

the convergence of the element BCIZ. When the components in the element
DOFs ¢° are 9 arbitrary parameters, Eq.(7-53) is not satisfied. Thereby, the
convergence of the element BCIZ cannot be guaranteed.

7.3.3 Element GCII-T9—an Improvement on the Element BCIZ
The triangular thin plate element GCI[-T9™
BCIZ.

As described above, the reason why the element BCIZ cannot ensure convergence
is that the perimeter conforming condition (7-42) is not satisfied. Therefore, an
improvement scheme is proposed as follows: on the basis of the assumed element
deflection field given by Eq. (7-27), 3 new unknown coefficients and basis functions
are supplemented; and on the basis of the 9 point conforming conditions used, 3
perimeter conforming conditions given in Eq. (7-42) are also supplemented. Since
the condition (7-42) has already been satisfied, the convergence can be ensured.
This element obtained is called GCII-T9.

The construction procedure of the element GCII-T9 is as follows.

The element deflection field is assumed to be composed of two parts:

is an improved model of the element

w=w(BCIZ) + W (7-54)

where w(BCIZ) is the assumed deflection field (7-27) of the element BCIZ with
9 unknown coefficients; w is the additional deflection field with 3 new unknown
coefficients:

W= AL L+ A LL + 2, L L (7-55)
N . . . oW ow
w has the following characteristic: at three corner nodes, w, 6_ and 6_ are all
X v

Zero.

The assumed deflection field in Eq. (7-54) contains 12 unknown coefficients,
while the number of the element DOFs is still 9, so the new element is a
super-basis element.

In order to solve the 12 unknown coefficients, 12 conforming conditions are
needed.

Firstly, 9 point conforming conditions about w, y; and y, at three corner nodes
are used. Because of the characteristic of the additional deflection w mentioned
above, we know that 4,9, A4;; and 4;; will not appear in these conditions. So, the
first 9 unknown coefficients A;, A, ---, A9 can be solved just by these 9
conditions, as shown in Eq. (7-29), and are the same as those in the element BCIZ.

Secondly, the 3 new unknown coefficients A9, 4;; and A;; will be solved by
applying 3 perimeter conforming conditions given in Eq. (7-42). And, the weighting
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functions given in Eq. (7-42) are still the 3 constant internal force states shown in

Eqgs. (7-43) — (7-46).

For the items at the right side of Eq. (7-42), the derivation results are still given

by Egs. (7-50) and (7-51).

For the items at the left side of Eq. (7-42), the items related to the new unknown
coefficients A9, 411, 412 should be supplemented on the basis of Eq. (7-47), i.e.,

=13 =s)(a -1 -5
M [[xdd=-a"|—|-5 -1 3 [{Ap+—| 3 -l
6 6
35 —1|4 -5 3
1020“110
+[0 0 214,
2 0 0](4,

-5
-1

3[4

8
A

(7-56)

Substitution of Egs. (7-56) and (7-51) into the two sides of Eq. (7-42) yields

0 20
0 0 2
2 00

From this relation, we obtain

Ay
2,
2,

Ao
Ay
A

1
-1

_3,/-3

-3
1
-1

-1
—3r,
1

“3r,
1
-1

1
-1

=3r,

-1
=37,
1

/14_2'8
/15_%
/16_/77

j'4_}‘1%
15_29
/16_27

Equation (7-57) can also be expressed in terms of ¢°,

_—(1 +3r)
o
A= 2
Ay
—-(1-3n)
-3
+| -(1+3n)
2
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5(02 —3nc;)
1
5(03 —-¢,)

1
—E(c3 +3r.c,)

1
_E(Cl +3n05)
1
e -3ne)
1
E(Cl —¢3)

| _
_E(bz - 31”31)3)

1
_E(b3 - bz)

1

E(b3 +3nb,)
| _
E(bl + 3’3b3)

1
_5(b3 —31’1b1)

1
_E(bl _b3) |

(7-57)

l//xl
l//yl

l//x 2
l//y 2
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1 1 ]
2 _(Cz_cl) __(bz _bl)
2 2 W
1 1 ’
+ _(1 - 37”1) _E(cz + 37101) E(bz + 3”1b1) Vs (7'58)
1 1 Wy3
—(1+3r) E(Cl -3nc,) _E(bl -3nb,)

After the 12 unknown coefficients are determined, the element deflection field
and its shape functions can then be obtained. All the shape functions are
composed of two parts, for examples, for the node 1, we have

N, =N, +N,, N,=N,+N,, N,=N,+N, (7-59)
where N,, N, N 1 are the parts related to w(BCIZ), and are the same as those
given in Eq. (7-31). Z\A]l , le and Nyl are the parts related to w:

N, =—(1+3m) 212 + 21212 —(1-3n) 21

% 1 272 1 272 1 272

N, = E(Cz =3nc)L L, + 5(63 —c)L L - 5(63 +3n0,) L L (7-60)
Nyl = _%(bz - 31”31)3 )Lf]é - %(b3 - bz )Lng + %(b3 + 3’”2b2 )LgLf

The other 6 shape functions can be obtained by permutation.

After the shape functions are determined, the element stiffness matrix can then
be obtained.

Example 7.2 The central deflection w¢ and central moment M¢ of a square
plate (the side length is L) subjected to uniform load ¢ and central concentrated
load P. The Poisson’s ratio is 0.3. Meshes 4 and B in Fig. 6.2 and mesh C in
Fig. 6.13 are used. The results by the element GCII-T9 are given in Tables 7.3
and 7.4.

In the tables, o= wc/(gL*/100D), f=wc/(PL*10D) and a4 = Myc /(gL*). And,
the numbers in parentheses are the relative errors. From Tables 7.3 and 7.4, two
points can be concluded:

(1) The precision of the element GCII-T9 is very high, is better than the
Discrete Kirchhoff Theory element DKT and the stress hybrid element HSM.

(2) For mesh C, the element BCIZ cannot pass the patch test, and cannot
converge to correct solutions, either; but the computational results of the element
GCII-T9 are convergent under this mesh, even better than those obtained by the
meshes 4 and B.
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Table 7.3 The central deflection and central moment coefficients of a simply-
supported plate (GCII-T9, Mesh 4)

Mesh (1/4 plate) Deﬂeqtion coefficient | Deflection coefficient Moment coefficient
(uniform load) (concentrated load)s (uniform load) e
2x2 0.4119(1.41%) 0.1174(1.18%) 0.0499(4.35%)
4x4 0.4085(0.57%) 0.1167(0.58%) 0.0488(1.88%)
8x8 0.4068(0.15%) 0.1162(0.14%) 0.0480(0.21%)
Analytical 0.4062 0.1160 0.0479

Table 7.4 The central deflection coefficients of simply-supported and clamped
plates by using meshes 4, B and C (GCII-T9, Mesh 8 x 8)

mesh a (uniform load) f (concentrated load)
support Mesh A4 Mesh B Mesh C Mesh A Mesh B Mesh C
0.4068 0.4068 0.4056 0.1162 0.1182 0.1163
(0.15%) (0.15%) | (=0.15%) | (0.14%) (1.9%) (0.28%)

0.1291 0.1274 0.1277 0.5666 0.5812 0.5666
(2.5%) (1.1%) (1.4%) (1.2%) (3.8%) (1.2%)

Simply-supported

Clamped

7.4 Least-Square Scheme—Elements LSGC-R12 and
LSGC-T9

This section will introduce the construction procedure of the thin plate element
formulated by the least-square scheme. The no. 27 and 28 elements LSGC-R12
and LSGC-T9 in Table 5.1 belong to this element group.

7.4.1 Rectangular Element LSGC-R125! — an Improvement on
the Element ACM

Rectangular thin plate element LSGC-R12 is a super-basis element by improving
the element ACM'® using the least-square scheme. The element DOFs are still
the 12 conventional DOFs at the corner nodes. And, the element deflection field
is assumed to be composed of two parts:

w=w(ACM) + W (7-61)

where W(ACM) is the deflection field (7-1) of the element ACM, and contains
12 unknown coefficients A;, Ay, ---, A12; W is the additional deflection field with 2
new unknown coefficients
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W= A =& =1)" + 4,87 ~D(p* 1)’ (7-62)
w possesses the following characteristics:
. oW ow
(1) At 4 corner nodes, w,— and — are all zero;
Ox Oy

~

(2) Along 4 element sides, w identically equals to zero, but o does not
n

equal to zero.

In order to solve the 14 unknown coefficients, 14 conforming conditions are
needed.

Firstly, the 12 point conforming conditions about w, 4 and y at the corner
nodes are applied. According to the characteristic (1) of w, these 12 conditions
do not contain A;3 and A4, thus the 12 unknown coefficients A;, 4, ---, A;» can
just be solved, and are the same as those of the element ACM.

Since the displacement field w of the element ACM is exactly compatible with
the deflection w along the element boundary (but incompatible with the normal
slope 7, along the element boundary), and the value of W along the boundary
identically equals to zero, so the total displacement w=w+ w is also compatible
with the boundary deflection w .

Secondly, the conforming conditions about the normal slope along the element
boundary also need to be considered, and then, they are used to determine the
other residual 2 unknown coefficients A;3 and 4.

According to the least-square method, the following 2 conditions can be obtained:

d ow ow Y
a(ﬁmu[a"'a_w,’,j ds=0
63 JE (7-63)
w
—+—-y, | ds=0
azM‘JSaA‘(an on V’"J
From this equation, we obtain
3 128 Zé:nzl//w
= (7-64)
4 128 Zl:é:nll//}l

After the 14 unknown coefficients are determined, the element deflection field
and its shape functions can be obtained

4
w=> (Nw, + Ny, + Ny, (7-65)

i=1
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where the shape functions are composed of two parts

N,=N, +N,
N,=N,+N,t (i=1234) (7-66)
N,=N,+ N

in which N,, N, and ]Vyl. are the parts related to w, and the same as those given
in Eq. (7-19). N,, N, and ]Vyi are the parts related to W :

N, =0

N, = 128a§nn(n “DE DL (21,234 (7-67)
—@b;-n,«s(é N Ca))

Once the shape functions are obtained, the element stiffness matrix can be derived.

7.4.2 Triangular Element LSGC-T9"! — an Improvement on the
Element BCIZ

Triangular thin plate element LSGC-T9 is a super-basis element by improving
the element BCIZ®! using the least-square scheme. The element DOFs are still
the 9 conventional DOFs at the corner nodes. And, the element deflection field is
assumed to be composed of two parts:

w=w(BCIZ) + W (7-68)

where w (BCIZ) is the deflection field (7-27) of the element BCIZ, and contains
9 unknown coefficients A;, Ay, -+, Ado; W 1is the additional deflection field with 3
new unknown coefficients:

= ﬂmLfL;L3 + //i'llLéLng + ﬂ'lzLiLsz (7-69)

The first 9 unknown coefficients can be solved by the point conforming
conditions about w, w, y;, at the corner nodes, as shown in Eq. (7-29). And, the
residual 3 unknown coefficients 4,9, A4;; and A, can be solved by the following
least-square conditions:

6/1 on
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After the determination of all the unknown coefficients, the shape functions
and element stiffness matrix can then be derived.
Example 7.3 The central deflection and central moment of square plates (the
side length is L) subjected to uniform load ¢ and central concentrated load P. The
Poisson’s ratio = 0.3.
The results by the elements LSGC-R12 and LSGC-T9 are given in Tables 7.5
and 7.6. And, mesh B in Fig. 6.2 and mesh C in Fig. 6.13 are used for triangular

element.
Table 7.5 The central deflection and moment of square plate subjected to uniform load
Clamped Simply-supported
Mesh Rectangular  |Triangular element| Rectangular  |Triangular element
(1/4plate) elements LSGC-T9 elements LSGC-T9
ACM Licl}zc' Mesh B | Mesh C | ACM Llsg’zc' Mesh B | Mesh C
2x2 0.1403 | 0.1222 | 0.1025 | 0.1028 | 0.4328 | 0.3976 | 0.3949 | 0.3918
4x4 0.1332 | 0.1241 | 0.1203 | 0.1212 | 0.4129 | 0.4042 | 0.4036 | 0.4032
" 8x8 0.1275 | 0.1262 | 0.1250 | 0.1252 | 0.4081 | 0.4056 | 0.4063 | 0.4055
Analytical 0.1265(¢L*/100D) 0.4062(¢L*/100D)
2x2 0.2778 | 0.2132 | 0.2030 | 0.1624 | 0.5217 | 0.4442 | 0.4734 | 0.4456
v 4x4 0.2405 | 0.2233 | 0.2240 | 0.2241 | 0.4892 | 0.4689 | 0.4810 | 0.4733
8x8 0.2319 | 0.2275 | 0.2287 | 0.2267 | 0.4817 | 0.4762 | 0.4829 | 0.4754
Analytical 0.2291(qL*/10) 0.4789(qL*/10)

Table 7.6 The central deflection of square plate subjected to central concentrated load

Clamped Simply-supported
Mesh Rectangular Triangular element Rectangular Triangular element
(1/4 plate) elements LSGC-T9 elements LSGC-T9
ACM Lifzc' Mesh B | Mesh C | ACM L;?ZC' Mesh B | Mesh C
2x2 0.6135 | 0.5324 | 0.4327 | 0.4482 | 1.2327 | 1.1243 | 1.0622 | 1.0803
4x4 0.5803 | 0.5516 | 0.5207 | 0.5296 | 1.1829 | 1.1501 | 1.1278 | 1.1326
8x 8 0.5673 | 0.5585 | 0.5494 | 0.5514 | 1.1674 | 1.1570 | 1.1520 | 1.1515
Analytical 0.5612(PL*100D) 1.160(PL*/100D)
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