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Abstract. We consider a multiple buyers/sellers combinatorial reverse auction
problem in which multiple buyers want to acquire items from a set of sellers to
process the task on hand. Each seller owns a set of items to bid for the required
items requested by the buyers. The problem is to determine the winners to mini-
mize the total cost to perform acquire the required items. The main results include:
(1) a problem formulation for the winner determination problem; (2) a solution
methodology based on Lagrangian relaxation; (3) analysis of numerical results
obtained by our algorithms.

1 Introduction

Auctions are popular, distributed and autonomy preserving ways of allocating
items or tasks among multiple agents to maximize revenue or minimize cost.
Combinatorial auctions [1, 3] are beneficial, when complementarities exist
between the items to be auctioned. Allowing bids for bundles of items is the foun-
dation of combinatorial auctions. However, combinatorial auctions have been
notoriously difficult to solve from a computational point of view [4, 8, 10, 11].
Many algorithms have been developed for combinatorial auction [2, 8, 4, 7, 12,
13]. However, in real world, there are usually multiple buyers and sellers involved
in auction. Motivated by the deficiency of the existing methods, we consider a
multiple buyers/sellers combinatorial reverse auction problem (MBSCRA) in
which multiple buyers want to acquire items from a set of sellers. Each buyer
requests a minimum bundle of items that can be provided by a set of bidders.
The problem is to determine the winners to minimize the total cost. The remainder
of this paper is organized as follows. In Section 2, we present the problem
formulation. In Section 3, we propose the solution algorithms. We analyze the
performance of our algorithm in Section 4. We conclude in Section 5.
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2 Multiple Buyers/Sellers Combinatorial Reverse Auction

Fig. 1 illustrates a scenario in which buyers request to purchase three different
bundles of items from the sellers. Suppose there are two buyers and five sellers.
Buyer 1 requests to purchase 2A, 1B and 2C while Buyer 2 requests to purchase
1A and 3B. There are five sellers, Seller 1, Seller 2, Seller 3, Seller 4 and Seller 5,
who place bids. Suppose Seller 1 places the bid: (1A, 1B, 1C, pl1, p21), Seller 2
places the bid: (2A, 1B, 0C, p12, p22), Seller 3 places the bid: (0A, 1B, 2C, p13,
p23), Seller 4 places the bid: (0A, 3B, 0C, p14, p24) and Seller 5 places the bid:

(1A, 2B, 0C, pl5, p25), where p, denotes the prices of the bid placed by

Seller n to Buyer i . We assume that all the bids entered the auction are recorded.
Let’s formulate the multiple buyers/sellers combinatorial reverse auction

(MBSCRA) problem. Let I denote the number of buyers in MBSCRA.

Eachie {1,2,3,...., I} represents a buyer. Let N denote the number of sellers that

place bids in MBSCRA. Eachne {1,2,3....., N} represents a seller. Let K denote the
number of items requested. Let d;;, denote the desired units of the k —th items
requested by Buyerie {1,2,3,....., 1}, where k € {1,2,3,...., K} . In MBSCRA, we use
a vector b, =(q,n19in2> Gin3 »- 9ink » Pin» ) t0 represent the bid submitted by bid-
dern, where g,,, denotes the quantity of the k — ¢ items and p,, denotes the price
of the bundle. Bid b, is an offer to deliver g;,, units of the k — ¢ items a total price
of p,, . We use the variable x;, to indicate the bid placed by bidder n is active

(x;,=1) or inactive ( x;, =0). We formulate the problem as follows.

Multiple Buyers/Sellers Combinatorial Reverse Auction Problem

I N
min Z Z Xin Pin

i=1 n=1

N
SEY Xyl 2 dy forallke {1.2,..K) i€ (1,2,..1}
n=I
1

D xu <1 forallne{12,.,N},x, € {01}
i=1
We form a Lagrangian function by applying Lagrangian relaxation.

L(ﬂ') mlnzz mpm+zzﬂik(dtk (Z mqu))

i=1 n=1 i=l k=1
1

st. . x, <1foralln,x, {01}

i=1

L= ZZ@% +ZL,M)

i=1 k=1
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Fig. 1 Multiple Buyers/Sellers Combinatorial Auction

where Ln( ﬂ’) = min me(pm zﬁ’rkqu)

i=1

stz Xy, 1 forallne {1,2,..,N}, x; € {0,1}

Lagrangian relaxation of constraints decomposes the original problem into a
number of subproblems that can be solved independently. Lanrange multipliers
are determined by solving the dual problem: r;lax L(A).

>0

3 Solution Algorithms

Our algorithms developed based on Lagrangian relaxation consists of three parts:
(1) an algorithm for solving subproblems; (2) a subgradient method for solving the
dual problem; (3) a heuristic algorithm for finding a near-optimal feasible
solution.

(1) An algorithm for solving subproblems: Given Lagrange multiplier 4, the
optimal solution to SS subproblem L,(A)can be solved as follows.

I K
Leti” = arg min ZXM (Pin —Z/iik 4w ) - The optimal solution to L;(A)is
i=1 k=l

0Vie{1,2,...I}\{i"}

K
as follows. x;, = lif i=i"and p., = A q.. <0
k_

K
0if p,. _Zﬂi*kqi*nk >0
k=1
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A subgradient method for solving the dual problem r;lax L(A): Let x' be the op-
>0

timal solution to the subproblems for given Lagrange multipliers Al of iteration [ .

1 _OL(A) | S
We define the subgradient of L(A) as g; = 9 ‘/L-k =d —meqink ,
ik

n=l1
where,ie€ {1,2,..1}and k € {1,2,...,K}. The subgradient method proposed by
Polak 9] is adopted to update A by
I I 1 ep gl 14l . _
2 = At gy if Ay +a Ay 20; where o = ¢ L—L(A)
* 0 otherwise. %(g 0’

0<c<2andLis an estimate of the optimal dual cost. The iteration step

terminates if ' is smaller than a threshold. Polyak proved that this method
has a linear convergence rate and iterative application converges to an optimal
dual solution (x", 1").

A heuristic algorithm for finding a near-optimal, feasible solution based on
the solution of the relaxed problem: The solution (x4 may result in one

type of constraint violation due to relaxation: assignment of the quantity of
items less than the demand of the items. Our heuristic scheme first

N
find K° = {k|k €{L23,....K}, z XinGime <dy }to identify the demand con-

n=l1

straints that have not been satisfied. Let N° ={n|n 6{1,2,3,....,N},x; =0} be

the set of bidders that is not a winner in solution x . To make the set of con-
N
straints K ” satisfied, we first pick k € K ° with k = arg min d;, — z X, Qi -

kek®
n=l1

Select ne N and je{1,2,..,n;} with n=arg min p, and set x, =I.
neN",q;,;>

Then we set N° «— N%\{n}. If the violation of the k -th constraint cannot be

completely resolved, the same procedure repeats. If all the constraints are sat-
isfied after applying the aforementioned procedure, a solution is obtained.

4 Numerical Results

The effectiveness of the solution algorithms can be evaluated based on the duality
gap, which is the difference between primal and dual objective values. That is,

duality gap is defined by f(x")—L(A") . Based on the proposed algorithms for

combinatorial reverse auction, we conduct several examples to illustrate the
validity of our method.
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Table 1 Buyers’ Requirements Table 2 Sellers’ Bids
Iteml [[tem2 [Item3 Iteml [[tem2 [Item3
Buyer 1 2 1 2 Seller 1 1 1 1
Buyer2 |1 3 0 Seller2 2 1 0
Seller3 [0 1 2
Seller4 0 3 0
Seller 5 1 2 0

Example 1: Consider two buyers who will purchase a set of items as specified in
Table 1. Five potential sellers’ bids as shown in Table 2. For this example, we
have/ =2, N=5, K=3,d,,=2d,=Ld;;=2,d, =1,

dy, =3,d,; =0. According to Table 2, we have:
din =911 =L912=912=L9113 =923 =L. 4121 =921 =2, 4120 =4 =1,

G123 =923 =0,9131 = 9231 =0,9130 =403 =1, 4133 = G233 =2, G141 = G241 =0,
G142 = 9242 =3, G143 = G243 = 0. 4151 = Gos1 =1, G150 = Gos2 =2,4153 =253 =0,
Suppose the prices of the bids are: p,; =38, p;, =30, p;3 =30, p;4 =25, p;5s =25,

P21 =35,py =22, pp3 =21, pyy =24, pys =125.

Suppose we initialize the Lagrange multipliers as follows.

A1) =10.0, 4(2) =10.0, A(3) =10.0, A(4) =10.0, A(5) =10.0.

Our algorithm the subgradient algorithm converges to the following solution:

xi; =1, x; =land x; =0 for all the other (i,n ). As the above solution is a feasi-

ble one, the heuristic algorithm needs not be applied. Therefore, x5 =1, x|, =1,

Xy4 =1, X5, =1. The solution x" is also an optimal solution. The duality gap of the

solution is 3.75%. The duality gap is within 5%. This means the solution method-
ology generates near optimal solution.

5 Conclusion

We study multiple buyers/sellers combinatorial reverse auction problem. By
applying Lagrangian relaxation technique, the original optimization can be
decomposed into a number of sellers’ subproblems. Numerical results indicate that
our proposed algorithms yield near optimal solutions for small problems. Our
future research directions are to study the optimality of the near optimal solutions
obtained from our algorithms for large problems and compare our algorithms with
existing methods.
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wan under Grant NSC97-2410-H-324-017-MY3.
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