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Foreword

The technologies of fuzzy systems and fuzzy controllers, in particular, have
been applied with great success to numerous real world applications. The
number of entries in the INSPEC database with keywords “fuzzy model-
ing” and “fuzzy control” dated 1969-2007 is 1,541 and 9,728, respectively. In
spite of the evident progress reported in terms of concepts, algorithmic de-
velopments and engineering practice, there are still a number of challenging
and highly relevant problems. Unfortunately, the existing publications are
rather silent when it comes to reporting comprehensive solutions to them.
The two challenges become particularly apparent and have been triggered by
the growing complexity of the applications. The first evident challenge we
are faced with is the curse of dimensionality. Rule-based systems and fuzzy
rule-based systems are quite affected by this phenomenon especially when
tackling problems of high dimensionality. The second one concerns a way of
constructing fuzzy models which are accurate yet highly interpretable.

The author of the monograph has focused on these two vital problems and
offered an interesting, original and practically relevant insight into their solu-
tions. When dealing with fuzzy modeling, the book focuses on a broad class of
Takagi-Sugeno-Kang (TS) fuzzy models — a highly legitimate choice given a
wealth of literature on these constructs and a great deal of their applications.
Furthermore the TS fuzzy models have been a subject of numerous analytical
studies which have resulted in a series of interesting findings. This situation
stands in a deep contrast with the most studies carried out in the realm of
fuzzy control where analytical methods are not very common.

The analytical methods are beneficial to the better understanding of the
advantages of the technology of fuzzy systems and its usage to the fullest
extent when dealing with real-world problems. The book authored by Jacek
Kluska is an important endeavor along this timely line of the development
of fuzzy systems. While the author relates to an interesting treatise au-
thored by Hao Ying (Fuzzy control and modeling. Analytical foundations and
applications. IEEE Press, New York 2000), the book brings new and very
much attractive ideas and presents important findings. The author not only
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re—visited and cast some Ying’s results in an original fashion but further
developed the Takagi—Sugeno fuzzy systems endowed with polynomial mem-
bership functions.

There are new notions and interesting results. The author introduced the
notions of the generator and the fundamental matrix of the rule-based system
and offered a convenient matrix description of the multiple-input multiple—
output fuzzy system. Next, provided was a clear mathematical relation be-
tween the system of fuzzy rules and the systems described by “classical”
differential or difference equations. The new and important are recurrence
theorems dealing with rule-based systems with generalized classes of mem-
bership functions. It has been shown that those functions play an essential
role in battling the ubiquitous curse of dimensionality.

Through a series of theorems the author established a one-to—one cor-
respondence between the fuzzy systems and their classical counterparts
and provided a detailed solution to many practical problems of substantial
dimensionality.

Numerous examples covered in the text demonstrate the usefulness of the
analytical methods of the fuzzy modeling in application to physical systems.
The book builds a bridge between the highly interpretable fuzzy rule-based
systems, classical control methods based on Boolean logic, multivalued logic
and the conventional control theory, including its classic constructs of PID
controllers.

Owing to the analytical approach the author developed an algebraic theory
of rule-based systems, worked out an effective identification algorithms for
a certain class of nonlinear dynamical systems, and proposed an interesting
new classification system involving a collection of highly interpretable fuzzy
rules.

A truly outstanding feature of this book is a mathematical rigor with which
the author treats the subject matter and presents the reader with carefully
structured ideas and algorithmic pursuits. All in all, the book can be highly
recommended to researchers and practitioners interested in exploiting an-
alytical methods of fuzzy modeling and control, system identification and
diagnostics. Definitely this well-timed volume is a testimony to the rapid
progress and a significant wealth of concepts and applications of Computa-
tional Intelligence.

Witold Pedrycz

Department of Electrical and Computer Engineering
University of Alberta, Edmonton

and

Systems Research Institute,

Polish Academy of Sciences

Warsaw, Poland



Preface

This book does not contain an elementary mathematics of fuzzy systems such
as fuzzy sets, operations on fuzzy sets, Boolean logic, triangular norms (t-
norms), t-conorms, implications, fuzzy relations, fuzzy reasoning methods,
the fuzzy controller architecture, the Mamdani type fuzzy controller, etc.,
because of the flood of papers and books on these topics. It is assumed that
the reader is familiar with the fundamentals of the fuzzy modeling and with
the foundations of Boolean logic and conventional control methods, including
PID control.

This book is focused on mathematical analysis and rigorous design meth-
ods for fuzzy control systems based on Takagi-Sugeno fuzzy models,
sometimes called Takagi-Sugeno-Kang models. We present a rather general
analytical theory of exact fuzzy modeling and control of continuous and
discrete-time dynamical systems. The main attention is paid to usability of
the results for the control and computer engineering community and there-
fore simple and easy for linguistic interpretation knowledge-bases have been
used. The approach is based on the author’s theorems concerning equivalence
between widely used Takagi-Sugeno systems and some class of multivariate
polynomials. It combines the advantages of fuzzy system theory and clas-
sical control theory. Classical control theory can be applied to modeling of
dynamical plants and the controllers. They are all equivalent to the set of
Takagi-Sugeno type fuzzy rules. The approach combines the best of fuzzy and
conventional control theory. It enables linguistic interpretability (also called
transparency) of both the plant model and the controller. In the case of lin-
ear systems and some class of nonlinear systems, the engineer can in many
cases directly apply well-known classical tools from the control theory both
for analysis, and the design of the closed-loop fuzzy control systems.

The main objective of this book is to establish comprehensive and unified
analytical foundations for fuzzy modeling using Takagi-Sugeno rule scheme
and their applications for fuzzy control, identification of some class of non-
linear dynamical processes and classification problem solver design. After an
excellent book of Ying [207], this is probably the second book which attempts
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to rigorously show that the fuzzy control is not a collection of applications
without a solid theory. We pay special attention to the use of precise language
to introduce the definitions and concepts, and to prove the conclusions.

Intended Readership of the Book

This self-contained textbook is intended for anyone who is interested in ana-
lytical aspects of fuzzy modeling and control applying the widely used Takagi-
Sugeno rule scheme and wants to know precisely their connections with the
classical counterparts. It is a self-study book for engineering professionals in
diverse technical fields and industries, especially those in the fields of con-
trol and computer science. It aims at an audience of graduate and Ph.D.
students as well. We assume that the reader has elementary background cor-
responding to an introductory course in automatic control, linear algebra and
fundamentals of switching theory and logic design.

After reading Chapters 2 and 4, it can be studied in many ways, according
to the particular interests of the reader. The book can be used together with
the books on fundamentals of the control theory, artificial neural networks
and other methods on machine learning. If a practicing engineer wants to
apply the results of this book quickly, then the proofs of the lemmas and
theorems may be skipped.

Originality of the Book

This book is focused on the rigorous mathematical methods of fuzzy model-
ing and control systems design based on the widely used Takagi-Sugeno rule
scheme (TS for short), but it is not intended as a collection of existing results
on fuzzy systems or fuzzy control. We present a new analytical theory of ex-
act fuzzy modeling of continuous and discrete-time dynamical systems and
logic systems which can be applied to solve the control, identification and
classification problems encountered in practice. Therefore rather simple and
highly interpretable knowledge-bases are used, putting a particular emphasis
on the matrix calculus, symbolic calculus and recurrence. The approach is
based on the author’s theorems concerning equivalence between the Takagi-
Sugeno systems and some class of multivariate polynomials, which combines
the advantages of fuzzy system theory and classical control theory. Among
others, it enables linguistic interpretability of the plant models and the con-
trollers. Using the results developed in this book, the engineer can in many
cases directly apply well-known tools from the conventional control theory
(e.g. PID control) or binary logic design theory (e.g. combinational or sequen-
tial circuits), both to the analysis and design of the linear and some class of
nonlinear closed-loop fuzzy control systems.

Several notions and results are new in this book, which are unavailable in
any other book. To them belong the notions of the generator and the fun-
damental matrix of the TS system, the matrix description of the multiple-
input-multiple-output (MIMO) TS system and new results on recurrence for
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the rule-based systems involving the first- and the second-order polynomials
as the membership functions of fuzzy sets defined for the input variables.
The book contains the proofs of the results in order to maintain a rigor-
ous approach. Many examples included in the text illustrate usefulness of
the analytical methods of the fuzzy modeling to many physical systems.
The results obtained in this book are compared with other ones to show
the advantages of the proposed procedures.

The material contained in this book is oriented towards the algorithms
that are practically useful. We use analytical and systematic approach to the
synthesis and analysis of the models. Thanks to this, a comparison of the
methods developed in this book with the methods obtained by other authors
is straightforward. Symbolic quantities are mainly used to ensure the gener-
ality of outcomes. Seldom, if ever, will numerical data be taken, to increase
transparency of the examples. The book contains many examples concerning
exact fuzzy modeling and control of real systems. We show theoretically and
by examples that the fuzzy rule-based systems with the linear membership
functions deserve a special attention not only from the theoretical point of
view, but also they should be attractive for practitioners. The analytical re-
sults reinforce our belief that many successful applications of the fuzzy control
cannot be a matter of chance.

Overview of the Book

The book consists of seven chapters. Chapter 2 provides the notion of the
generator and the fundamental matrix of the rule-based system which are
crucial for the book. One of the theorems establishes an exact relationship
between the collection of fuzzy rules and a class of functions to which they are
equivalent. It plays a crucial role in the modeling of many physical systems
by using highly interpretable fuzzy rules. We show that the considered fuzzy
rule-based system is nothing else but a part of the well-known Kolmogorov-
Gabor polynomial. We prove that by formulating the consequents of the fuzzy
rules which should express a given function, the only information needed by
an expert is the values of this function in all vertices of the hypercuboid. In
this chapter we introduce a compact matrix description of the set of fuzzy
rules. The rule-based systems which use the linear membership functions of
fuzzy sets for input variables are called the P1-TS systems. They are highly
interpretable and therefore they are important from the engineering point
of view. Finally, we consider an equivalence problem of the rule-bases in the
context of the matarules taking into account that in reality the rule-bases
can be noncomplete and/or contradictory ones.

Motivated by the “curse of dimensionality problem” of the fuzzy rule-based
systems, Chapter 3 provides several results to make a calculation of the crisp
system output feasible. We give some features of the fundamental matrix and
its inverse. Thanks to one of theorems, the fundamental matrix inverse can
be found recursively using multiplication operations only, instead of using
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classical inversion procedures. One of the main advantages of this chapter
is providing a recursive procedure to solve the problem of “How to obtain
the function performed by the rule-based system containing a large number
of rules”. To the best of the author’s knowledge this problem has not been
solved in the literature as yet. We show that thanks to the recursion, the
curse of dimensionality problem can be substantially reduced. The compu-
tational architecture of the recursion can be viewed as a feedforward neural
network. As an example of application of the recursion, the rule-based system
with 6 inputs was considered. However, it is not a big problem to consider a
P1-TS system with about 10 inputs. Next we show that the P1-TS systems
can be used for the exact modeling of the nonlinear continuous or discrete-
time dynamical systems, where the inputs of the fuzzy rule-based system are
more abstract quantities and the outputs refer to the system structure. Such
approach coincides in many respects with the one described in [184, where
the system inputs can contain known premise variables that are not func-
tions of the control input, but they may be functions of the state variables,
external disturbances and/or time. For every input variable we assume two
complementary membership functions that cannot be monotonic or linear.
The advantages of our approach are exemplified. For the inverted pendulum
system we obtain a better result than in other works. By using recurrence we
can easily check validity of other models of nonlinear systems in the P1-TS
form, e.g. a translational oscillator with an eccentric rotational proof mass
actuator, a vehicle with triple trailers and many other dynamical systems
discussed in the literature. In this chapter we show that application of the
Taylor series expansion can be very attractive in practice. In one example
we use 4th-degree Taylor polynomials for a good approximation of nonlinear
functions at the equilibrium point of the dynamical system. The result is
much better than the one obtained by the linearization of differential equa-
tions around the equilibrium. By using the Taylor series expansion we obtain
a small number of highly interpretable fuzzy rules. Finally, we give the best
evaluation for the lower and upper bound of the function, to which the rule-
based P1-TS system is equivalent.

In order to obtain a richer class of functions to which the fuzzy rule-based
system is equivalent, in Chapter 4 we use polynomials of the degree higher
than one, as the membership functions of fuzzy sets. A special attention is
paid to the TS systems which use the second degree polynomials. We show
that it is not possible to obtain any second degree polynomial function, to
which a TS rule-based system is equivalent, on the assumption that only
two complementary membership functions as the second degree polynomi-
als are defined for the input variables. However, three quadratic membership
functions suffice to model every second degree polynomial function. For the
zero-order TS system, we define for every input variable the set of three
highly interpretable normalized membership functions as the second degree
polynomials. The TS systems that use such fuzzy sets we call P2-TS sys-
tems. Such systems are thoroughly investigated. One of theorems says that
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the crisp output of the MISO P2-T'S system in the vertex of the hypercuboid
is exactly the same as the appropriate conclusion of the fuzzy rule contained
in the rule-base. For the P2-TS systems both the generator and the funda-
mental matrix are defined. The fundamental matrix and its inverse are very
important for the considered systems, since they enable one to establish an
exact relationship between the consequents of the “If-then” rules and the
parameters that define the crisp function, to which the rule-based system
is equivalent. Therefore the procedures of how to compute the fundamental
matrix and its inverse are given. The examples show that P2-TS systems
have highly interpretable rule-bases when we use individual fuzzy rules or
the metarules. The curse of dimensionality problem is much more serious
for the P2-TS systems than the one for the P1-TS systems. Therefore, we
develope the recursive procedures for the computation of both the inverse
of the fundamental matrix and the crisp output of the P2-TS systems. The
theorems say that we do not need to inverse large matrices to obtain the
crisp output of the P2-TS systems. As a result of these theorems, the curse
of dimensionality in P2-TS systems is substantially weakened. The results of
this chapter can be easily generalized for the MIMO case. After this chapter
we are able to thoroughly generalize the results for the T'S systems with the
membership functions that are polynomials of the degree d > 3. However, we
should realize that the number of complete and noncontradictory rules will
rapidly grow and the analysis will become more and more complicated. Both
P1- and P2-TS systems are able to model a large class of real nonlinear pro-
cesses. Therefore, if it is not necessary, we should not complicate our models
in the engineering practice.

Chapter 5 mainly focuses on the P1-TS systems as the simplest and the
most transparent among fuzzy rule-based systems with polynomial member-
ship functions. In order to show that there are quite a lot of applications of
P1-TS systems, many examples of exact modeling of conventional systems
are given, especially in relation to nonlinear dynamical processes modeling
and control. The P1-TS systems with two and more inputs are comprehen-
sively investigated in the subsequent sections of Chapter 5, considering in-
terpretability issue. It is exemplified that by using a multi-valued logic for
highly nonlinear dynamical process, one can design an acceptable control
algorithm expressed by the P1-TS system fuzzy rules. We show a connec-
tion between P1-TS systems and classical combinational logic systems. The
fuzzy rule-based systems with inputs and outputs from the unity intervals are
discussed in the context of generalized operators such as triangular norms,
t-conorms, implications, etc. In this way, an unavoidable connection between
fuzzy rule-based systems and Boolean algebra becomes apparent. We exem-
plify that the theory of P1-TS systems can be used to transform some control
algorithms, formerly obtained with the use of Boolean logic, into the fuzzy
domain. The highly interpretable rule-bases are constructed for the systems
with three and more inputs not only for abstract processes, but also for real
dynamical plants, e.g. a NARX model, fuzzy J-K flip-flop, Euler equations for
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a rigid body, Chen’s attractor, the human immunodeficiency virus, magnetic
suspension system, low order atmospheric circulation process and induction
motor. The theory of P1-TS systems is also used for optimal analytical de-
sign of the well-known PID controller, working in the closed-loop control
system for some class of the linear and nonlinear second order plants. Such a
controller in the form of P1-TS system is optimal with respect to typical re-
quirements for automatic control systems. After studying analytical results it
is clear why the fuzzy PID controller as a P1-TS system can be better than
the conventional PID algorithm. Next, we show that using our systematic
approach, the so called “controller with variable gains” introduced by Ying
[205], [206] can be easily obtained. In the last sections of Chapter 5 exact
modeling of single input dynamical systems is investigated. Similarly as in
the preceding sections we assume that nonlinear dynamical system is a col-
lection of linear dynamical subprocesses. However, in contrast to the previous
approach, where the inference was concerned with the structure parameters
represented by matrices describing local linear models, the nonlinear model
of the whole system is now inferred according to the original Takagi-Sugeno
inference method. Based on this inference, we identify the class of dynamical
systems to which the rule-based system is equivalent. Theoretical results are
exemplified by exact fuzzy modeling of the van de Vusse reaction and Rdssler
chaotic system. Next we describe the architecture of the P1-TS system as the
fuzzy model of conventional MIMO linear dynamical system. In Section 5.8
we show that the idea of TS systems with two linear membership functions
of fuzzy sets can be easily extended to the systems with triangular fuzzy
partition. The triangular membership functions can be substituted by other
nonlinear membership functions which have the same support and the same
monotonicity intervals. As a practical example of using the systems with tri-
angular fuzzy partition, we present a sensor-based navigation system for a
mobile robot. Chapter 5 ends with supplementary results for P1-TS systems.
The outcomes concern the necessary and sufficient condition of linearity for
such rule-based systems, the first-order P1-TS systems and the zero-order
systems with contradictory rule-base. In the last section we show that the
system without contradictions is a special case of the rule-based system with
contradictions. For such systems we introduce a generalized fundamental ma-
trix of the P1-TS, which can be easily extended to the P2-TS systems.

In Chapter 6 we investigate the identification problem of multilinear dy-
namical systems from observation data. Based on analytical results concern-
ing exact fuzzy modeling of multilinear dynamical systems which provide
necessary and sufficient conditions for transformation of fuzzy rules into crisp
model, we prove the theorem on existence of the solution in the form of the
P1-TS system. To get a solution we propose to use a batch procedure or re-
cursive least squares method. The methodology preserves the interpretability
of the fuzzy models, which is a key property of the considered rule-based sys-
tems and can be applied to continuous or discrete-time multilinear systems.



Preface XIII

The proposed computation method can be viewed as a supervised learning
algorithm for the adaptive linear neural network.

Chapter 7 provides a method for obtaining a set of highly interpretable
“If-then” rules for the P1-TS system as an optimal (in the sense of a good
generalization ability) binary classification problem solver. We use the results
developed in the previous sections, especially related to modeling of the rule-
based system from the input-output data, and the contradictory rules. The
idea of constructing the classifier involves the theory of generators, funda-
mental matrices and support vector machines.

The bibliography at the end of the book lists the publications cited in the
text as well as other relevant items that are not cited. Given a vast amount
of papers and books, it is inevitable that the bibliography is still incomplete.

Of course, it is impossible to cover the entire spectrum of topic areas in
one volume. A connection between the highly interpretable fuzzy “If-then”
rules and some methods of artificial intelligence such as neural networks or
kernel-based methods, was only signalled in this volume. Many of the results
contained in this book establish a good starting point for stability and ro-
bustness analysis of fuzzy control systems and developing new learning and
adaptation tools for intelligent control and diagnostic systems, which could
be included in the future edition.

Jacek Kluska
Department of Computer and Control Engineering
Rzeszow University of Technology
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Chapter 1
Introduction

Systems can be represented by mathematical models of many different forms,
such as algebraic equations, differential or integral equations, finite state ma-
chines, Petri nets, rules, etc. They are used particularly in the natural sciences
and engineering disciplines such as physics, biology, electrical and computer
engineering, in the social sciences such as economics or sociology. Engineers,
computer scientists, physicists and economists use mathematical models most
extensively. A mathematical model should be a representation of the essential
aspects of an existing system (or a system to be constructed). This model
should express the knowledge of that system in usable form [45].

Fuzzy systems theory enables us to utilize qualitative, linguistic informa-
tion about a system to construct a mathematical model for it [I32]. For
many real-life systems, which are highly complex and inherently nonlinear,
conventional approaches to modeling are not easy to apply, whereas the fuzzy
approach might be a very helpful alternative. The modeling framework con-
sidered in this book is based on the models which describe relationships
between variables by means of fuzzy “If-then” rules. Such models have one of
two general structures: Mamdani or Takagi-Sugeno (TS). The difference be-
tween them is the construction of the rule consequents. In the former one, the
consequents are linguistic (fuzzy sets), whereas the latter one employs crisp
functions (or simply constants). Our considerations will be restricted to the
Takagi-Sugeno models with the simplest fuzzy sets for the input variables.

Fuzzy models can be seen as rule-based systems suitable for formalizing
the knowledge of experts. At the same time they are flexible mathematical
structures which can represent complex nonlinear mappings. They integrate
the logical processing of information with function approximation. Rule-based
systems are not restricted to areas requiring human expertise and knowledge;
they can be obtained from empirical data, as well. Methods for construct-
ing fuzzy models from input-output data should not be limited to the best
approximation of the data set only, but also and more importantly, to ex-
tract knowledge from training data in the form of the fuzzy rules. The rules
should be easily understood and interpreted (see e.g. [12]). However, the

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 1-B
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2 1 Introduction

interpretability of fuzzy systems has not received much attention in the field
of fuzzy modeling until now.

Fuzzy control is easy to learn and easy to apply, since it is close to hu-
man intuition. For this reason, it has been successfully applied to a variety
of industrial processes and consumer products such as chemical reactors, ce-
ment kilns, vacuum cleaners, washing machines, autofocusing cameras, air
conditioners, robots, voice-controlled robot helicopters, elevator systems and
so on. However, we still need efficient analytical analysis and design methods
to enable our deep understanding of fuzzy systems in the context of conven-
tional modeling methods and control tools. Furthermore, we need systematic
and unified approaches to design highly interpretable fuzzy models for the
dynamical plants, the fuzzy controllers and other systems which are used
in the engineering practice. Unfortunately, despite much research, such ap-
proaches seem to be only beginning to emerge. The main difficulty in the
mathematical analysis of fuzzy models is that they are inherently nonlinear
and, therefore, classical control theory with its emphasis on linear systems is
difficult to apply or cannot be applied at all.

It should be added that the existing fuzzy models in the form of fuzzy “If-
then” rules are not free from drawbacks. The curse of dimensionality problem
of the rule-based systems is one of them. What is more, the fuzzy systems are
mostly treated as magic black boxes with little analytical understanding and
explanation [206]. Furthermore, there are no analytical results concerning
quality of the closed-loop fuzzy control systems; practically all 'proofs’ from
the field of fuzzy control have been made by simulations, which is not always
accepted by the scientific community. Finally, engineers need sufficiently clear
and well justified methods for modeling and control which can be directly
applied in practice. Such opinion and the above mentioned questions were
the main motivation for writing this book.



Chapter 2

MISO Takagi-Sugeno Fuzzy System
with Linear Membership Functions

Although we will be especially interested in Takagi-Sugeno models [I80] called
TS models for short which use linear or polynomial membership functions,
we begin our considerations with the single-input and single-output system
(SISO TS) which uses nonlinear membership functions. The problem involves
determining the fuzzy rules which exactly model a nonlinear function belong-
ing to some class of functions.

2.1 Perfect Approximation of Nonlinear Functions
Using the Simplest Takagi-Sugeno Model

Below we will consider the problem of perfect approximation of nonlinear
functions using the simplest Takagi-Sugeno model in the context of inter-
pretability of fuzzy sets.

Suppose the input variable of a TS system is z € [—a, ] and its output is
S as shown in Fig. 211

Fig. 2.1 Single-input-
single-output TS system SISO S
defined by the rules (21 2 €[-a,f] TS system

We assume that o + 8 # 0. By N and P we denote two fuzzy sets which
will be identified both with their linguistic labels and membership functions:
N (z) and P (z), respectively. Thus, N, P : [—«, 3] — [0,1]. The TS system
is defined by two fuzzy rules

Ry : If 2z is N, then S = ¢y,
(2.1)

Ry : If z is P, then S = go.

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 3
springerlink.com © Springer-Verlag Berlin Heidelberg 2009



4 2 MISO Takagi-Sugeno Fuzzy System with Linear Membership Functions

The natural requirements concerning the fuzzy sets are as follows

1. N (z) is a continuous, nonincreasing function of z,
2. N(—a)=1and N (8) =0,
3. P(z)=1—N(2).

Observe that P is a continuous, increasing function of z which satisfies bound-
ary conditions: P () = 1 and P (—«a) = 0. Continuity, monotonicity and
preservation of boundary conditions ensure a clear linguistic interpretation
of both membership functions.

Suppose some continuous and monotonic function f(z) : [—a, 5] — R is
given. The problem is “How to obtain membership functions for the fuzzy
rule-based TS system, such that its output is exactly the same, i.e. S (z) =
f () for any z € [—a, 3]?” First of all the following conditions

q1 = f (_a)7 q2 = f (ﬂ)’ (22)
@)
NE = F o S ry (23)

must be satisfied, since the output of the TS system is computed as follows
[180]

_aiN(2) +@P(2) _ —a
S(z) = N () + P (2) = f(z2), for ze€[-a,p]. (2.4)

Example 2.1. The model ([ZJ)) exactly approximates the following mono-
tonic and continuous function (see Fig. 2.2)

COS z

= — 5 2.5
1) z+m/4 (2:5)
Fig. 2.2 Plot of the
monotonic function (23] -1

which can be exactly
expressed by a TS system
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Fig. 2.3 Plot of the
membership function
N(z) defined by (2.6]) and
its complement P(z) =
1—N(z)

This is true if, and only if the membership function N (z) from the class of
functions defined above is given by the function shown in Fig. 23]

N(z)=- f(z), for ze {—g,g} . (2.6)

Monotonicity of the membership functions of fuzzy sets is an important
requirement. The question arises whether this requirement can be substi-
tuted by a local or global sector nonlinearity condition as suggested in
[184] (p. 10)?

Example 2.2. Let us consider the function depicted in Fig. 24
f(z)=2z(sinz+2), for ze€[-1,5]. (2.7)

This function is a sector bounded nonlinearity. It is clear that for z € [—1, 5]
the equation

z(sinz 4+ 2) — 5sinb — 10

N(z)= 2.8
(2) sinl —5sinb — 12 (28)
Fig. 2.4 Plot of a sector : T : :
bounded function (Z7]) ; : fz)
which cannot be exactly 6r
expressed by a single TS
system . 457 : 5
3 ? ?
15}
z 2
=1 1 2 3 4 5
- =15t :
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Fig. 2.5 Plot of the
function (Z.8)

must be satisfied, but the condition N (z) € [0, 1] is not true for all z € [—1, 5].
Therefore N (z) cannot be viewed as a membership function of some fuzzy
set defined on the universe of discourse [—1, 5], (see Fig. 2ZH). Of course, the
function ([27) can be exactly expressed in the form of three rule-based TS
systems, where every system is designed in the monotonicity region of the
original function f (z) (see FiglZ4]).

Monotonicity of the membership functions of fuzzy sets is very important
requirement from the interpretability point of view.

Example 2.3. For the continuous, smooth and highly nonlinear function
f(z)=e€" — (" — n°)sin® (57z/2) exp (—sin® (972)), =z €[0,1], (2.9)

one can find the fuzzy rules in the form of (Z1]) and the fuzzy sets, such that
S (z) = f(z) for z € [0,1]. The consequents of the fuzzy rules are constants
q1 = €™, qgo = m° and the membership functions of fuzzy sets N and P satisty
the boundary conditions (P (0) =0, P(1) =1, N(0) =1 and N (1) = 0).
The membership functions are as follows (see Fig. 20)

N(z)=1-P(z), P(z)=sin’(5mz/2)exp (—sin*(97r2)), =z€[0,1].
(2.10)
Even though the output S of the TS system is exactly the same as the
function (23] for all points from the universe of discourse and the membership
functions satisfy the boundary conditions, the fuzzy sets are not easy for
interpretation.

In the fuzzy modeling we should rather avoid nonmonotonic membership
functions. Similar investigation to the one in the above section can be made
for exact modeling of nonlinear systems with many input variables. Some
ideas on this subject are included in [I84], where however, there is no sys-
tematic procedure for converting a general nonlinear system to the TS form,
even for nonlinear systems with nonlinearities that are polynomials of input
variables [31].
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Fig. 2.6 Plot of the 1
membership function

N(z) defined by @.10)
0.75

0.5

0.25

2.2 Assumptions and Linguistic Interpretation of
Linear Membership Functions

We will mainly use linear membership functions for input variables. They
are conceptually the simplest, have a clear interpretation and play a crucial
role in many applications in the fuzzy modeling and control. We will show
further on mathematically and by examples that they are sufficient for mod-
eling complex highly nonlinear static or dynamic, continuous or discrete-time
systems.

Let us consider a multiple-input and single-output rule-based system
(MISO system for short) with input variables 21, za, ..., zn. For every
input zp € [—ag, k] we require that there is no interval degenerated to
a single point, i.e. we assume o + O # 0 for & = 1,2,...,n, through-
out the book. For any zi, we define two fuzzy sets with linear membership
functions Ni (zi), and Py (zx), where Py is an algebraic complement to N

(see Fig. [Z71)

Bk — 2k
Ni (21) = , 2.11
()= (21)
P}c (Z}g)=1—]\/v}c(zk)7 k=1,27...,n. (2.12)
Fig. 2.7 Linear mem- A1
bership functions of two
fuzzy sets N(z)
P(z)
z
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A
1
N = negative big
P = not negative big 2
0
A
N P |1
N = not negative small
P = negative small 2
—« 0=0
N = negative P = positive
z
\
1| N P
N = positive small
P = not positive small .
—a=0 I6]
A
1
N = positive big
P = not positive big ; ;
0 —« 164

Fig. 2.8 Examples of linguistic interpretation of the fuzzy sets N = N(z) and
P = P(z) for z € [—a, (]

It should be noted that using some linear transformation, the intervals
[—ak, Bx] could be replaced by different “standardized intervals”. The unity
interval [0, 1] or symmetric around zero interval [—1,1] and many others be-
long to them. Such substitution would greatly simplify all mathematical de-
scriptions and proofs. However, we will mainly use intervals [—ayg, 5] further
on, because for them it is possible to distinguish five cases, in which the terms
Ny, and Py, have different linguistic interpretations (see Fig. 2.8]):

1. If —ay < Bk < 0, then Ny can be interpreted as negative big, and Py - not
negative big,
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2. If —ay, < B = 0, then Nj can be interpreted as not negative small, and

Py, - negative small,

If ax =~ B > 0, then Ng can be interpreted as negative, and Py - positive,

4. If 0 = —ap < B, then N can be interpreted as positive small, and Py, -
as not positive small,

5. If 0 < —ay, < B, then Nj can be interpreted as positive big, and Py - as
not positive big.

e

Obviously, depending on the context or specific application, the linguistic
terms can be substituted by more suitable, adequate for the considered prob-
lem. For example the term positive can be replaced by positive small or posi-
tive big. We will use symbolic intervals [—ag, O;], where —ay, < 3. Thanks to
this our analytical results will be more general than those obtained in other
works, e.g. [168], [207].
Observe that for the functions ([ZIT))-(212) the inequalities

WNe o ana s,

dzk dzk
are satisfied, since ay + O, > 0 for £ = 1,...,n. Therefore the symbol Ny
refers to the membership function with negative slope and analogously P
refers to the function with positive slope.

2.3 Compact Description of the MISO TS System

In order to allow the numbering of fuzzy rules by natural numbers, and to
give more compact descriptions, we introduce a convenient indexing. Let us
consider a MISO TS system with the inputs z1, ..., 2z, and the output S (see
Fig. 29). This system is defined by 2" rules in the form of implications

Fig. 2.9 The inputs and
the output of MISO TS 21 € [an, i '
system 22 € [~az, o] — MISO .
TS system
Zn € [_an,/Bn] —

If Py, i), then S =qq, . i) (2.13)
where (iy,...,in) € {0,1}" and each antecedent Py, ; y of an implication
is the statement of the form

Py, iy = “z1is A;; and ... and 2, is A;,”, (2.14)
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and

o N}ﬁ for ikZO o
AZ’C_{P,C, for i —1° F=L..n (2.15)

If it is not stated differently, we assume that the consequents q;, .. ;,) of the
rules in ([ZI3) do not depend on the input variables, i.e. we will consider
a zero-order Takagi-Sugeno model [180]. In more general TS systems, the
consequents are polynomials of the first or higher order or more complicated
functions of input variables.

The rule-based system (2I3))-(ZI0) we will call P1-TS system to empha-
size that membership functions of fuzzy sets for input variables are polyno-
mials of the first order.

Now we introduce indexing which allows the ordering of the fuzzy rules.
For any n-tuple of indices (i1, ...,4,) € {0,1}" we define the corresponding
index v, which is formally a function of the sequence of indices (i1, . .., in):

v=1+Y 2" % ivef{0,1},  k=1,...,n (2.16)
k=1

Any v from the set {1,2,...,2"} corresponds to only one antecedent of the
fuzzy “If-then” rule. When the bijection (ZI6) holds we will simply write
v s (i1, .. in), e.g. 182 < (1,0,1,1,0,1,0,1).

The rules (2I3)) can be rewritten as

If P,, then S = ¢, (2.17)

where v < (i1,...,4,). For the inputs z,..., z,, the output is S and it is
defined by the formula [180)

Zi:l Guhy (21, -+, 2n)

S(z1,...,2n) = n
(=1 ) Sy (21, 20)

: (2.18)

where
hv (2’1, ey Zn) = T (Azl (Zl) geeey Ain (Z"))'u 5 (219)

the operator T denotes an algebraic t-norm: T (z,y) = xy [202], the indices
v and (41,...,4,) are in the one-to-one correspondence (2.I6), and A;, () are
membership functions of the fuzzy sets, i.e. 4;, € {Ny, Py} for iy, € {0,1} and
k=1,...,n.The value h, can be interpreted as a degree of fulfilment (or degree
of firing level) of the vth rule by the given inputs 21, . . ., z,,. One can check that

2" n
D o (21, z) = [ (Vi (20) + Pi(20)) (2.20)

i=1

and therefore, if the complementary property (212) is satisfied, then (2.I8])

reduces to
2’71

S=> quhy (21, 20) . (2.21)
v=1
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The function h, (z1,...,2,) can be viewed as a normalized membership
function of many variables or as a fuzzy relation.
The set
D" =[—a1,01] X ... X [—an, Bn], (2.22)

where x denotes the Cartesian product, we will call a hypercuboid. Its vertices
are the vectors

Yo = [1s s mml” € {=a1, B1} X ... X {—an, B}, (2.23)

where v < (i1,...,i,) € {0,1}", and they can be ordered according to (2.10))
as shown in Fig. 210 The length Ly of the interval [—ay, B;] and the volume
Vi of the hypercuboid D* are defined by
Ly =oap+ 06, k=1,2,...n, (2.24)
k
Vi = Hi:1 L;, k=1,2,..,n. (2.25)

They will be helpful in the future for the interpretation of some results.

Z3

5 i
21

Y6 8

71 V3

Y2 Y4

Fig. 2.10 Vertices of the hypercuboid D" for n = 3

2.4 Crisp Output of the Zero-Order MISO P1-TS
System

In this section we prove the main theorem concerning modeling of systems
using the Takagi-Sugeno rule scheme, which uses two complementary linear
membership functions for each input variable.

Theorem 2.4. Define for the vector variable z = [z1, .. ., zn}T, the following
multilinear function fo: D™ — R,

fo (Z) = Z 9P17P27---7Pn,zflzg2 e Zgn ’ (2'26)

(p1,p2,---,pn)€{0,1}"
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where 2™ coefficients 0.0, 610...0, G01...0, ---, 011...1, are real numbers. For
every function of the type (2.28) there exists a zero-order MISO P1-TS system
such that S (z) = fo(z) for all z € D™ and

(i) the inputs of the system are components of z € D™ and the output is S
(see Fig.[2.9),

(i) two linear membership functions defined by (211)-(212) are assigned to
each component of the vector z,

(i11) the system is defined by 2™ fuzzy rules in the form of (213)-(213).

One can find all consequents q1, q2, ..., qgan of the fuzzy rules by solving 2™
linear equations. For a nonzero volume of the hypercuboid D™, the unique
solution always exists.

Proof. First we identify the class of functions performed by the TS system.
The t-norm in (2I8) is an algebraic product and any function h, in 219) is
a product of the first order polynomials. Thus,

S = Z Z H azk2k+bzk)Q(zl, in)

=1 11=1k=1
where a;, , b, and q(, . ;) are real numbers. This means that S (z) is a
multilinear function which can be written in the form of (2.26)).
Now assume that some function fy in the form of ([Z26]) is given. Our goal
is to express all consequents of the rules for the fixed in advance collection

of coefficients 6yg...0, 010...0, f01...05 ---, 011...1- The function fy is the scalar

product fo (z) = 687g (z), where
0= [900”,0, 910,”0, 9()1,”()7 ceny 9P1~~~Pn7 ceey 911,”1}71 S R2n7 (227)
g(z)=[1,..., (2P 2tn), (21 z0)] (2.28)

with p, € {0,1} for k = 1,...,n. For a given z, the vector g (z) we will call
a generator. It is continuous nonlinear mapping, which transforms the points
z € D" into 2"-dimensional space, whereas the function fy is a linear function
with respect to parameters 0oo..0, 010...05 001...05 -3 Opyporpny> -+ -5 O11..1
The generator g = g(z1,29,...,2,) contains 2" components of the form
“Ziy Ziy - - - 23, being elements of the polynomial “(1+ z1) X -+ x (14 z,)”
written in the expanded additive form, when substituting in the monomials
of this polynomial all coefficients by “1”.

The equation fy (21,...,2,) = 0Tg (#1,...,2n) must be satisfied for all
points in the hypercuboid D", especially in its vertices. Thus, the following
2™ linear equations

0"g (v,) = qu, v=1,2,...,2", (2.29)

must be satisfied, or equivalently
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qa=0"0, Q@=[g(v1), - 8(V2n)]pn gn> (2.30)
where the consequents of the rules constitute the vector q = [q1, .- ., q2n]7.
Thus,

9Tg (71) fo (1)
0"g (vyn) fo(van)

The equations ([2:30)-(231) formulate necessary conditions, under which the
system of fuzzy rules is equivalent to (Z20). Now we prove that they are suf-
ficient as well. Sufficiency requires that the 2™ x 2™ matrix €2 containing the
columns g (—ay, —a,...,—ay), ..., €(081,02,...,0,) is a nonsingular one.
Observe that the output S of the TS system with n inputs z1, 22, ..., 2, can
be defined by the following rule base, which is equivalent to [ZI3)-(2I5):

Ry :If z1 is Ny and 29 is Ny and ... and z, is N,, then S = ¢,
Ry : If z1 is P, and 25 is Ny and ... and z, is N,, then S = ¢,
R3 :If 21 is Ny and 25 is P, and ... and z, is N, then S = g3,
Ry :If z1is Py and z5 is P, and ... and z, is N, then S = qq,

Ron : If z1 is Py and 29 is P, and ... and z, is P,, then S = gan.

(2.32)
The matrix € we will call the fundamental matriz throughout the book. It
contains as elements the values of the generator g in such vertices of the hy-
percuboid D" that exactly correspond to the labels used in the antecedents of
the rules. This means that “—ay” in g corresponds to Ni, and “0x” in g cor-
responds to Py, where Ny and/or Py are used in the antecedent of the rule.
The vector q = [¢1, gz, - - - ,qgn]T contains successive consequents of the rules.
Thus, both the order of vertices 7, used for computing €2, and the order
of elements of q are strictly defined. Now we prove inductively that €2 is
nonsingular if, and only if ap + O # 0 for £k = 1,2,...,n. In the case of
n input variables, the generator g and the matrix 2 will have a subscript,
ie. g =g, and Q = Q,,. Formally, we define an artificial generator gy = 1
and the corresponding artificial matrix €y = 1. First, consider the case with
n = 1. The rule base structure is as follows

(2.33)

Ry : If z1 is Ny, then S = ¢,
Ry : If z1 is Py, then S = ¢o,

and the corresponding generator g; = g; (21) is given by

1
g = lzliz] - [21] : (2.34)
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The fundamental matrix €7 is a concatenation of 2 columns g;. It is
generated as follows

1 1
Q= [g1(—a1),g1(A)] = [—01 ﬁl] . (2.35)

For n = 2 the rule-base structure is the following

Ry : If z1 is N7 and 25 is Na, then S = ¢y,
Ry : If z1 is P; and z5 is Na, then S = ¢2,

R3 : If z1 is N1 and 25 is P, then S = g3, (2.36)
Ry : If z1 is P, and 23 is Py, then S = qu,
and the corresponding generator go = g» (21, 22) is given by
1
g1 21
g — . 2.37
m-| 8- 2 (2.37)
Z1%2
The fundamental matrix €25 is a concatenation of 4 columns
Qs = [g2 (—a1, —a2) 82 (b1, —a2), g2 (—a1, f2) , 82 (b1, f2)]
1 1 1 1
-1 B —oq B (2.38)
| e —az B B2 | ’
arag —agfB —a1Bs B2
For n = 3 the rule base structure is
Ry : If z1 is N7 and z3 is Ny and z3 is N3, then S = ¢,
Ry : If z1 is P; and 2z is Ny and z3 is N3, then S = g2,
R3 : If z1 is N7 and 25 is P; and z3 is N3, then S = g3,
R, :If z1 is P, and 25 is P, and z3 is N3, then S = qq, ( )
2.39

Rs : If z1 is N1 and z5 is Ny and z3 is P3, then S = g5,
Rg : If z1 is P; and z3 is Ny and z3 is P3, then S = gg,
Ry : If z1 is Ny and 29 is P» and z3 is P3, then S = ¢y,
Rg : If z1 is P, and 25 is P, and z3 is P3, then S = gg,

and the corresponding generator gs = g3 (21, 22, 23) is given by
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SR
21
2z

_ 82| _ | *1%2

g3 (21, 22,23) = [ngz} = oy . (2.40)

Z123

2223

| 212223 |

The fundamental matrix €3 is a concatenation of 23 = 8 columns g3z and is
generated as

93 = [g3 (_011, —Q, —013) , 83 (ﬂh —Q2, —Oég) , 83 (_ala ﬂ27 —Oég) 5
g3 (01, B2, —a3), g3 (—oq,—a2,03), g3 (61, —az, [3),
g3 (—a1, B2, 83), 83 (B, P2, 03)]

_1—a1 — Q2 10 —Q3 Q103 Qai3 —1 (a3
1 B1 —ag —agf —az —fraz aeaz  asfhias
1—ar f[2—ai1fs —az3 araz —azfe arasfe
_ |1 Bt B2 PP —a3z —fraz —azfy —frasfs (2.41)

1 —a; —az ajap B3 —a1f83 —aofls  aragfB3 | ’
1 B1 —ag —agfB1 B3 Bifs —aof3 —aofB153
1—ay fo—aife B3 —a1f83 (283 —a1B203
|1 B B2 PP Bz BiBs B2Bs B1B20s ]

and so forth. In general,

1T

go=1, Qp =1,
8k 1 gk+1
= = ® eR , k=0,1,2,...,n—1,
Bt {Zk+1gk:| |:2k+1:| 8k "
(2.42)

where the symbol “®” denotes the Kronecker product (see Appendix [Al or
[43], [83]). One can easily check that

Qp Qp

—p12%  Bre12%

2k+1x2k+1

Qk+1: ®Q]4;GR 3

1 1
N [_ak+1 Br+1
(2.43)
for k=10,1,2,...,n — 1. From (ABal) given in Appendix [A] we immediately
obtain .
det Q41 = (ﬂk—&-l + Oék+1)2 (det Qk)z .

Taking into account €29 = 1 already defined, we obtain

n

det @, =[] (8i + )

i=1

2n—1 2n—1

= (Vn)
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Thus, det 2, # 0 if, and only if the volume of the heperrectangle D" in
the space R™ is not zero or, equivalently, for every input variable zy, (k =
1,2,...,n), the interval [—ay, Bi] is not degenerated to a single point. Finally,
from (230) we obtain the vector of coefficients of the function (Z:20)

0=(Q") 'q (2.44)

Thus, the crisp output of the P1-TS system is given by

—1
S(z)=g" (2)(Q7) a=/fo(z). (2.45)
This ends the proof of Theorem 241 O

Remark 2.5. The components of the vector € in ([2.26) depend on 2™ + 2n
parameters, i.e. on 2" coefficients ¢, and 2n boundaries of intervals [—ay, i,
(k=1,2,...,n).

Remark 2.6. Suppose the hypercuboid D™ C R"™ is established. The
function

H Tk2k + Sk) (2.46)

where 7y, s are real numbers, is a special case of the function (226]) for
n > 2, since it contains 2n parameters r and sx, whereas the function (226])
contains 2" coefficients 0oo...0, 610...0, Oo1...05 s O11...1.

As a conclusion of Theorem [2.4] whose interpretation is important, we obtain

Corollary 2.7. Suppose a function f : D™ — R is known and it belongs to
the class of functions (Z26). In other words f(z) = fo(z), where z € D"
for some collection of coefficients of the vector @ as in (2.27). A necessary
and sufficient condition under which the considered TS system is equivalent
to f(z) for any z € D™, is as follows

@ = f(v,), for v=1,2,...,2". (2.47)

This means that by formulating the consequents of the fuzzy rules,
the only information needed by an expert are values of the function
f in all vertices of the hypercuboid D".

What is more, Theorem [2.4] says that we can always obtain an equivalent TS
system to the given function (2:20)).

2.5 Completeness and Noncontradiction in Rule-Based
Systems Defined by Metarules

The rule-base is usually assumed to have the form of ([2.32]). Such system con-
tains complete and noncontradictory rules [92]. The system of “If-then” fuzzy
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rules will be called complete if every rule contains all possible antecedents in
its “If” part, which results in 2" rules as in (213)- 2TI3). The system of rules
is a contradictory one if there are at least two rules which have the same an-
tecedent but different consequents. By such definitions, the system (232)) is
both complete and noncontradictory. The same notions can be defined in the
fuzzy sense, i.e. the rules can be viewed as complete or noncontradictory to
some degree. However, we will consider them as bivalent notions, i.e. the sys-
tems of rules will be treated as complete (contradictory) or not, throughout
the book.

When the number of inputs is large, we can use the metarules, i.e. the
rules which are equivalent to some subset of the rules, where each single
rule is in the form of (ZI3)-(2IH). Most frequently we have to do with the
metarule if some “If-then” rule in its “If” part contains the word ANY}, (or
ANY without a subscript). By the term ANY}; we mean any label from the
bivalent set {Ny, Pr}, (k =1,...,n). Sometimes the set of the rules may be
generated by a metarule for other reasons.

Remark 2.8. The fragments “z; is ANY” in the antecedents of the rules
will be sometimes omitted. For example, we can simplify the fuzzy rule “If
z1 is N1 and z5 is ANY5, then S = ¢1” into the shorter one “If z1 is Ny, then
S = q1”-

Example 2.9. Let us consider three P1-TS systems with two inputs and one
output, which are equivalently presented in Tables 21l a) — ¢).

a) The system of rules is defined by (236]) and shown in Table 2l a). It is
complete and noncontradictory. This case is simple and does not need a
comment.

b) The system of rules:

Ry : If z1 is N7 and z5 is Ny, then S = ¢,
Ry : If z1 is P; and z5 is N3, then S = ¢,
Ry : If z1 is Py and 23 is Py, then S = g,
is shown in Table 2] b). Observe that there is no consequent for the

antecedent “z; is N7 and 2o is P»”. This system is noncomplete and non-
contradictory.

Table 2.1 Look-up-tables for the P1-TS system from Example 220t a) Complete
and noncontradictory rules, b) Noncomplete and noncontradictory rules, ¢) Non-
complete and contradictory rules

a) b) c)

Z1, 22 — Z1, 22 — Z1, 22 —

| N P | N P | N2 P
N1 ¢ g3 Nt ¢ — N ¢ q1,q3

Prog @ Pi g q P ¢ -
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¢) The system of rules:

Ry : If z1 is Ny, then S = ¢,
Ry : If z1 is P, and 25 is Na, then S = ¢,
R3 : If z1 is N1 and 25 is Py, then S = g3,

is equivalent to (see Remark 28]

R} : If 21 is Ny and 29 is Na, then S = ¢,
R :1f z1 is Ny and z3 is Py, then S = ¢4,
Ry : If z1 is Py and z5 is Na, then S = g9,
R3 : If z1 is Ny and 25 is P, then S = g3.

Although there are four single rules, there is no consequent for the an-
tecedent “z1 is P; and 25 is P»”. For q1 # g3, the metarule RY contradicts
(more or less) the rule Rs. Thus, this system is both contradictory and
noncomplete.

The above example shows that detection of completeness or noncontradiction
in the rule-base is a very simple task if we use the look-up tables.

2.6 Matrix Description of the MIMO Fuzzy
Rule-Based System

In this section we generalize the concept of MISO fuzzy rule-based systems
into the multiple-input and multiple-output (MIMO) systems. In the systems
with many outputs there are no cross-feedback loops. Therefore the procedure
of computing a single output is the same as for the MISO TS systems.

Our goal in this section is to develop yet another compact and convenient
description of the rule-based system, i.e. the model in the matriz form. Let
us consider a TS system with the inputs z1, ..., 2z, and the outputs Sy, ...,
Sm, as shown in Fig. ZT1l By a MIMO P1-TS system we mean the system
with m > 2 outputs, in which the membership functions of fuzzy sets for all
inputs are linear as defined in (ZI1))-(212). Such a system is described by
the following 2" fuzzy rules:

Fig. 2.11 The inputs 21 € [—on,B1] — — S
and the outputs of a L+ S
MIMO TS system given 2 €[z, )] MIMO ’
in the matrix form (2Z.48])- . TS system
EZ53)

Zn € [_aruﬁn] - Sm
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Ry :If 21 is Ny and 29 is Ny and ... and z, is N,,
then Sl = q1,1; ey Sm = q1,m;

R, :1f z1is A;, and z3 is A;, and ... and z, is 4, ,
then Sl = qu,1y -+ Sm = Qu,m,

Ron : If z1 is Py and 29 is P, and ... and z, is P,,
then Sl =q2n,1, - Sm = q2n m,

where A;, € {Ng, Py}, (k=1,2,...,n and i, € {0,1}), as defined in ZI5).
Equivalently, this system can be described by the following single “If-then”
rule in the matriz form

If [z1,...,2n) is M, then [Si,...,S,] is Q, (2.48)
where we assume that

e the antecedents matriz M contains the labels of fuzzy sets and has 2™ rows
and n columns

Nl Nn—l Nn

M = Ail e Ain—l Ain ’ (2'49)
Pl Pnfl Pn

where (Ai“. . ~,Ain_17Ai") (S {Nl,Pl} X ... X {Nn—laPn—l} X {N'IL7P7L}7

e the consequents matriz Q contains m columns, and every column q; cor-
responds to the output S; of the rule-based system

Q1 Qo qim

q2,1 - QQ,j o q2m n
Q:[qla"'7qja"'7qm]: . . : . . eRz ><m.

qom.1 v Q2",j o Qonm

(2.50)
For such systems we formulate the following

Theorem 2.10. Suppose the MIMO P1-TS system with the inputs constitut-
ing the vector [z1,. .., zn]T =z € D" and the outputs Si,..., Sy, is defined
by 2" fuzzy “If-then” rules or equivalently — by a single rule in the matriz

form (243)-(2250). The row vector of crisp outputs S (z) = [S1, ..., Sm] can
be computed by the formula

Sz =¢"(z) Q") Q (2.51)
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where the consequents matrix

Q=q7e, (2.52)
and
©=1[0y,...,0,] c R*"*™
60, = [0,00..0,0;10..0:0501...0,,0511.1]" €RZ, j=1,...,m. (2.53)
Every column 0 is assigned to a single system output S;, (j =1,...,m). The

successive components of the generator g (z) are in accordance with the rows
of the antecedents matriz M defined by (2.49). The fundamental matriz @ of
the system is a concatenation of 2™ columns which are values of the generator
g for the vertices of the hypercuboid D™, where every vertex corresponds to
the appropriate antecedent of the rule.

Proof. The proof is straightforward and will be omitted, since the procedure
for computing every output S; applies in the same manner as in the proof of
Theorem 224l The formal proof of Theorem comes down to substituting
the vector of consequents of the rules q by the matrix Q in the equations

243) and 230). O

2.7 Equivalence Problem in the Rule-Based Systems

The problem of equivalence between the systems of fuzzy “If-then” rules is
important especially when one compares the outcomes obtained by various
experts or designers, and the number of inputs is greater than two. In the
systems with n inputs, there are 2" fuzzy rules. Thus, the number of ways of
ordering “If” parts is (2")! and the number of generators and fundamental
matrices is (2")! as well. For example, for n = 2 we have (22)! = 24, but for
n = 3 there are 40 320 possibilities of writing the rules. The systems of rules
can be equivalent or not.

We call two rule-based systems equivalent if, and only if, their crisp outputs
are the same for the same inputs from the universe of discourse D". In order
to avoid mistakes in computations, which may occur especially for systems
with n > 3 inputs, the designer must know exactly the relationship between
the fuzzy “If-then” rules containing antecedents and consequents, and their
algebraic counterparts in the form of generators, fundamental matrices, and
consequents of the rules. We will show that the relationship between elements
of generators and the particular consequents of the rules plays a key role; they
must correspond to each other.
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More precisely, our goal is to explain why the results formulated by The-
orems 2.4 and 2I0] are valid independently of the order of fuzzy “If-then”
rules. Without loss of generality we consider two MISO systems, which are
defined by two pairs of matrices describing antecedents and consequents of
the rules: (M[1]7Q[1]) and (M[Q], Q[Q])7 respectively. The systems differ from
each other in two rows, namely, the rth row in matrices M[;; and Qq) is the
same as the sth row of Mg and Q[g), respectively, and vice-versa:

m; q1 m; q1
m, qr mg qs
My =| Qu=|: |, Myg= s Q=1 ¢ |,
mg qs m, qr
_m2n 1 _q2n 1 mon 1 L gon i
where my, ..., mon € {N1,P1} X --- x {N,, P}, and ¢1, ..., ¢on € R.

From the proof of Theorem 2.4 (equations ([Z.29)-(23T))), we immediately
obtain that the outputs of such systems are the same. Of course, the above
systems have different generators

9o 9o
2t Zyte ezl
81 (217...7Zn): s g[2] (zlv'”vzn): ’
L g2 L 92»
where the powers r1, ..., r, and s, ..., s, are from the set {0, 1}. The power

rg or s is 0, if kth element of the row m,. contains the label Ni, or 1, if kth
element of the row m, contains the label P;. Consequently, the fundamental
matrices ;) and €2y are different, according to their own generators. In
spite of this, the above systems of rules are equivalent, i.e. they generate the
same output, which can be expressed using formerly proved Theorems 241
and 2.T0l We omit the formal proof, because it is a simple consequence of
Theorem 2.4l Instead of this let us consider an example.

Example 2.11. Consider two rule bases for the systems with n = 3 inputs
and m = 1 output, using the matrix description of the rules. Let the generator
of the first system gi) (21, 22, 23) be the same as in (Z40). Thus,



22 2 MISO Takagi-Sugeno Fuzzy System with Linear Membership Functions

_Nl N2 Ng_ q1 1
P, Ny N3 q2 2
Ny P, N3 qs3 29
| Pi1 P, N3 | | =1z
Mu=|n N, p | Q=1 | 80 (21,22, 23) = Wl (2.54)
Py Ny Ps g6 2123
N1 Py Ps qr7 2023
_P1 Py P3_ | 48 | | 12223 |

and the corresponding fundamental matrix is given by (Z41]). The second sys-
tem differs from the first one in the replacement of the 4th row in the matrix
M) with the 5th one, i.e. we replace the row (Py, P2, N3) for (Ny, N2, )
and vice-versa. Thus,

[ N1 Ny N3 75l 1
P Ny N3 q2 z1
N1 P> N3 q3 22
My = ]]\3[11 11\3[22 J]\sz , Q= gi , 8l (21,22, 23) = Zf; (2.55)
P, Ny P 46 2123
Ny P, P qr 2223
| P P> P | | g8 ] | 212223 |

By generating the fundamental matrix for the second system we take the
following concatenation of the columns

Q) = [gy (—u, —a2, —a3) , g9 (B1, —a2, —a3) , g9y (—au, B2, —az),
2] (o, —a2, B3) , g2y (B1, B2, —3) , 8l (B1, —az2, B3),

8[2]
g[2] (_alaﬂ27ﬁ3) ) 8[2] (ﬂlaﬂ27ﬁ3)]

—1 —Q] —OQ2 —(Q3 109 103 Q203 —Oélazag_ T
1 p1 —az —a3z —azf —fraz  azaz  asfias
1 -0y B2 —az —a1fs araz —azfe oyazfBs
_|1—a1 —az P35 oarop —onfs —aofls  araefs (2.56)
1 p1 B2 —az [i1f2 —Praz —azfe —frazfe | ’
1 p1—az B3 —axf (i3 —aefs —a2133

1—ay fpo Pz —oifBa —a1f3  [2fs —01B203
L1 51 B2 Bs Bif2 BifBs BBz BiB20s |

As one can see ;) # €2py. From the logical point of view both systems
describe the same mapping D? — R, but we want to prove this using formerly
formulated theorems. From (Z51) we have S (z) = QT2 1g (z) and therefore

Sy (2) = QL en) (2),  Sp (2) = QiR g (2).- (2.57)
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After computing Q[E]l and Q[;]l, one can easily check that using equations

259), @41), @55) and @I0) for Qpy, 2, and g (2), (1 = 1,2), we

obtain
S[l] (Z) = S[Q] (Z),

for all z € D3. Thus, both systems of rules describe exactly the same system,
indeed. ad

In this way we can apply the results of Theorems [2.4] and 2.10) independently
of the order of “If-then” rules provided that every element “z}*--- 2" zin”
of the generator corresponds both to the appropriate sequence of labels

(Ail,...7Ain71,Ain) € {Nl,Pl} X ... X {Nn,1,Pn,1} X {.Z\/vn,.Pn}7

which occurs in the antecedent of the rule, and to the appropriate element
¢» in the consequents vector q.

An extension of the above result for MIMO systems is straightforward and
will be omitted.

2.8 Summary

The simplest TS system with one input and output and two fuzzy sets for
the input variable is capable of expressing exactly any nonlinear, continuous
and monotonic function of one variable. The system of fuzzy rules of such TS
system has clear linguistic interpretation. If the TS system approximates a
nonmonotonic function, the fuzzy sets may be very difficult for interpretation,
even if they satisfy boundary conditions. Therefore in the fuzzy modeling we
should rather avoid nonmonotonic membership functions.

By proving Theorem [2.4] we established an exact relationship between the
P1-TS systems and a class of functions to which they are equivalent. It plays
a crucial role in modeling, synthesis and analysis of many physical systems
by using highly interpretable fuzzy rules. The notion of the generator and
the fundamental matriz of the rule-based system belong to the most impor-
tant ones, both for the theory and applications. We showed that the P1-TS
system is nothing else than a multi-linear (or multi-affine) polynomial as
stated in (Z20). It is worth adding that every Boolean (or switching) func-
tion {0,1}" — {0,1} has a unique representation as a multi-linear polyno-
mial. Such representation has been originally introduced by Zhegalkin [219]
and was called canonical polynomial form of a Boolean function and plays
an important role in many applications [6], [46], [48], [I18].

The question arises: “What is the class of polynomials of the form (Z26)?7”
We can say informally that two multivariate polynomials are structurally the
same if they differ in nonzero coefficients. Thus, the number of structurally
different functions of n variables performed by the considered TS systems
is 22", Observe that ([ZZ6)) is a part of the well-known Kolmogorov-Gabor
polynomial (KGP for short) [49], [68]. More precisely, a zero-order TS model
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with two linear membership functions is equivalent to the KGP minus all the
1

components of the type z;" - - -z} - - - 2. with the powers max {m,l,...,r} >2
for n > 1. This observation seems to be worthy of discussion. The output
of the zero-order TS system with n inputs will be denoted by S and the
Kolmogorov-Gabor polynomial by KGP,,. We will say that two polynomials
p1 (z) and ps (z) are equally powerful and write p; = po, if they are the same
with the exception of nonzero coefficients, e.g. 14221 —|—z1222 =34+52 —42%22.
Furthermore, we will say that p; (z) is more powerful then py (z), and write
p1(z) D p2(z), if all monomials from ps (z) are included in p; (z) and at
least one monomial (with nonzero coefficient) is included in p; (z), but not
in pg(z), eg. 1+ 221 + 2120 + 22 D 3+ 521 + 2122. One can prove that
KGP,, D S for all n > 1. For example, in the case of the system with n = 4
variables, the KGP has exactly 70 coefficients that uniquely define KG Py,
whereas a zero-order TS system has 16 coefficients only. A different situation
occurs when we allow the rules in which the consequents are polynomials or
the membership functions of fuzzy sets are polynomials of the degree n > 1.

One of the most important interpretations of Theorem 4] says that by
formulating the consequents of the fuzzy rules which should express a given
function f, the only information needed by an expert are the values of this
function in all vertices of the hypercuboid D™.

We introduced a compact matrix description of the MIMO P1-TS model.
Observe that we can always set up a sequence of the antecedents of the rules
e.g. by ordering the vertices of the hypercuboid D™ as shown in Section
In such case we can obtain an unambiguous model of the rule-based system
in the matrix form (Z48) by establishing only the matrix of consequents of
the rules. This fact can be used for the preservation of the computer memory
needed to store the expert knowledge about the process modeled by a TS
model.

Finally, we considered an equivalence problem of the rule-bases in the
context of the matarules taking into account that in reality the rule-bases
can be noncomplete and/or contradictory ones. The theorems proved in this
chapter are valid independently of the sequences of the rules of a T'S model.



Chapter 3

Recursion in TS Systems with Two
Fuzzy Sets for Every Input

The fuzzy rule-based systems exhibit the “curse of dimensionality” [14], be-
cause they grow exponentially with the number of inputs. By adding an extra
dimension to the input space we observe a twofold increase in the number of
fuzzy “If-then” rules in the MISO P1-T'S system and a rapid increase in the vol-
ume occupied by the matrices and vectors which represent this system. Namely,
in the case of MISO P1-TS systems with n inputs, the dimension of the gen-
erator is 2", the fundamental matrix contains 4™ elements and the number of
parameters of the function to which this system is equivalent, is 2™.

One of the main questions in this chapter is to consider how the prob-
lem of computing the crisp output of the P1-TS system can be reduced to
smaller problems of the same type, and how the solutions to these smaller
problems can be used to construct a solution for the original one. In other
words we want to develop a recursive procedure to solve the problem of “How
to obtain the function performed by the P1-TS system containing a large
number of rules?” To the best of the author’s knowledge this problem has
not been solved in the literature as yet. We will show that thanks to recur-
sion, the problem of the curse of dimensionality in the rule-based systems
can be substantially reduced.

3.1 Some Features of the Fundamental Matrix and Its
Inverse

The fundamental matrix is important for P1-TS systems analysis and syn-
thesis and therefore we show some of its features. In many cases we should
compute its inverse (as in Example [ZT1]) and therefore we give some results
concerning this problem. As presented before, the subscripts in the matrix or
vector name will be used to indicate the number of system inputs, if necessary.

Theorem 3.1. Let us consider a P1-TS system with inputs z1, z2, ..., Zk,
(1 <k < mn). One can compute recursively the inverse of the fundamental
matriz Qi as follows

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 25
springerlink.com (© Springer-Verlag Berlin Heidelberg 2009
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Q =1,
1| Brr —1
-1 -1 _ _
Q= Lyy1 [ak+1 1] @ k=0,1,2,...,n—1, (3.1)

where Ly, = ay + B is the interval length and ® is the Kronecker product.

Proof. According to (Z43) from Section 24 and (A4) from Appendix [Al we

obtain
-1
o 1 Brpr —1
Q= ®Q _ "
k1 <[—ak+1 Br+1 ’f) hi1 + Bt [a,ﬂ_l 1 k
for k=0,1,2,...,n — 1. This ends the proof of Theorem 311 0

Thanks to the above result, the computation of the inverse of the fundamen-
tal matrix does not need classical matrix inversion procedures. The matrix
inverse can be found recursively using multiplication operations only.

There are many interesting features of the fundamental matrix and its
inverse. To them belongs the matrix orthogonality. A matrix A € R"™*™

containing the nonzero rows al, ..., al is thought to be orthogonal, if the
scalar product al'a; = 0 fori # 4, (i,j = 1,...,m). If, additionally, the scalar
product is al'a; = 1 for i = 1,...,m, then we call the matrix A orthonormal
one.

Remark 3.2. Let us consider a P1-TS system with inputs z1, z2, ..., 2zn,
where zj, € [—ay, O] for k=1,...,n.

1. The following equality

2 Br+1 — kg1

Q1 Q=
k1 2 2
* Br+1 — k1 gy + By

® Q.5 (3.2)

is satisfied for £k =0,1,2,...,n — 1.
2. The fundamental matrix € has orthogonal rows if, and only if 5 = « for
k=1,...,n.

Proof is given in Appendix [C.1]

Remark 3.3. For a P1-TS system with the inputs z1, z2, ..., 2z,, where
2z € [—ag,ax] for k = 1,...,n, the inverse of the fundamental matrix is
given by

Q! =27"0TA 2 (3.3)

where A,;2 = A,;'A,;! and the diagonal matrix A,, is given by a simple
recurrence
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Ao =1,

1 0
A = ® Ak, k=0,1,2,...,n—1. 3.4
k+1 {0 et ] k n (3.4)
Proof of this Remark is given in Appendix Thus, the rows of the funda-
mental matrix are orthogonal if, and only if the universe of discourse of the
rule-based system is a special hypercuboid: D™ = [—a1,a1] X ... X [—an, aq],
(ap >0for k=1,...,n).

Remark 3.4. For P1-TS system with inputs 21, 29, ..., 2,, where z €
[-1,1] for K =1,...,n, the inverse of the fundamental matrix is given by
Qt=27qT . (3.5)

Proof of Remark B4 is a simple consequence of the equations (B.3))-(B.4),
since A,, is the unity matrix for all n. Thus, the formula X)) is valid for
P1-TS systems, in which the universe of discourse is the hypercube D" =
[—1,1]". Tt is extremely simple and enables one to compute the inverse of the
fundamental matrix by using its transpose, which is divided by the volume
of the hypercube [—1,1]".

3.2 Theorem on Recursion for P1-TS Systems

We begin our considerations with a simple example.

Example 3.5. The problem lies in obtaining the simplest function S (z) =
¢ = const from the fuzzy rules which define a P1-T'S system. From the logical
point of view it is clear that one metarule in the form

If 21 is ANY and 25 is ANY and ... and z, is ANY, then S = ¢,
is an adequate model. Our goal is to prove that S (z) = ¢ for all z € D™.

Proof. (by induction). The above metarule is equivalent to the set of 2™
complete and noncontradictory fuzzy “If-then” rules, which contain the con-
sequent “c” in every “then” part. For the MISO P1-TS system with n-inputs
constituting the vector z = [z1,.. ., zn}T, let us denote by S, (z) its output,
and by g, (z) and €, - its generator and fundamental matrix, respectively.
From (Z75]) we have

S, (z) =adlQ g, (), an=1c,..., C]T =ceR?. (3.6)
For n = 1, the input 21 € [—ay, (1], and there are two fuzzy rules: “If z; is

Ny, then S; = ¢” and “If 27 is Py, then S = ¢”, the generator g1 (21) is given
by (Z34), and the fundamental matrix by ([2353)). Thus,
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51(21)2[0,0][ L 1}1{1} —c

—Qg ﬂl 21

Assume that (B0 is true for n, i.e. S, (z) = c. For the system with the inputs

which constitute the vector [z, zp41]", from (Z42)-(243) and Theorem 3]
we obtain

Sn+1 (Z7 Zn+1) = [CT7 CT] Q;j—lgn-‘rl (Za ZTL+1)
/BnJrlQ:Ll _Qil

n

Ozn_HQ;l Q-1

n

T T 1

s eni18n (2)

gn (z)]

_ [cTﬂnHQ;l 4T QL 0] gn (2)
Ln+1 Zn+18n (Z)

=c'Q g, (2) =S, (z) =c.

This ends the proof that the crisp system output is S (z) = ¢ for all z € D™.
O

In the above example one can see that coefficients of the function in (Z20])
constitute the vector 8 = [c,0, ... 7O]T. The output of the rule-based system
does not depend on inputs and this fact logically follows from the knowledge
expressed by the rules.

3.2.1 Rule-Base Decomposition

The former computing methods to evaluate the crisp output of the P1-TS
systems in a general case seem to be not very convenient. Therefore we aspire
to give a more suitable algorithm to compute the system output.

Without loss of generality we will consider P1-TS system with one out-
put. Suppose a MISO P1-TS system with n inputs constituting the vector
z = [z,.. .7zn]T € D", (n=2,3,...) is given by 2™ complete and noncon-
tradictory fuzzy rules as in (2.32)). Observe that one can always decompose
this system into the following two subsystems:

Ry: If P; and z, is N, then S = ¢,

RQn—l . If Pzn—l and Zn is Nrn/7 then S = qon—1,

(3.7)
Ron—1,1 : If Py and 2, is P,, then S = gan-1,1,
Ron : If Pyn-1 and z, is P,, then S = gon,
where P1, Pa, ..., Pan—1 are “If” parts of the P1-TS system with (n — 1)

inputs [z1, 22, ..., zn_l]T e D"l (n=2,3,..), ie.
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R} : If 27 is Ny and ... and z,_1 is N,,_1, then S = ¢,
- ~ -
P1

Ry, . : £f z1is Py and ... and z,_1 is Pn_i’ then S = gon-1.
~
,Pznfl

For the sake of simplicity we assume the following notation for the P1-TS
systems:

e S(z | qp) is system output S by the input variables z1, ..., 2, as compo-
nents of the vector z € D™ provided that the consequents of the rules ¢,
.., gon are components of the vector qp,.
e g, (z) is the generator and €2, is the fundamental matrix of the system
by the input vector z € D".

Thus, we can rewrite (Z.45]) as follows

S(z | an) =gl (z) (25) " qn (3.9)

which will be used further on.

3.2.2 Crisp Output Calculation for P1-TS System
Using Recursion

Now we prove the following

Theorem 3.6. For any natural n > 2 the recursive formula that enables
one to compute the crisp output of any P1-TS system with the inputs z1 €
[—a1,B1], -, zn € [—an, Bn], is as follows

Sn (217...7271 | q17...,q2n) = Nn (Zn) Sn,1 (21,...,Zn,1 | ql,...,qzn—l)

+ Pn (Zn) Snfl (217 ceeyRn—1 ‘ Gon—141,- .- 7QQ") )
(3.10)

where

o Sp(z1,---y2n | q1,--.,q2n) is the crisp output of the P1-TS system de-
scribed by the fuzzy rules [3.7), with input variables (z1,...,2,) € D™ and
the consequents of the rules constituting the vector [q1,- -+ ,qan]",

e N, (z,) and P, (zy,) are membership functions for the input variable z, €
[_anw@n] deﬁned by M)'M);

o Sn_1(21,---,2n—1 | @1,.-.,q2n—1) is the crisp output of the P1-TS system
described by the fuzzy rules [3.8), with the inputs (21,...,2,_1) € D"71
and the consequents of the rules constituting the vector [q1,- - - 7an_l}T,
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o Sn_1(21,---,2n—1 | @@n-141,-..,G2n) is the crisp output of the P1-TS sys-
tem described by the fuzzy rules (I8), with input variables (z1,...,2n—1) €
n—1 o . T
D™ 1 replacing its consequents with [gan-141, ..., qan]

Proof. Forn = 1 the system is defined by the rules (2:33)) and the membership
functions of fuzzy sets for the input z; are as in (ZI1))-2I2) by & = 1. Thus,
the system output is the following

B1— =1 z1 4+ o

. 3.11
C¥1+ﬁ1q1 a1+51q2 (3:-11)

Si(z1 | q1,q2) =
For n = 2 the system is defined by the rules (236) and the membership
functions for the input 23 are Na (22) = (a2 + 52)71 (B2 — z2) and Ps (23) =
1 — N3 (22). Thus, from BI0) and BII) we obtain

So (21,22 | q1,92,43,qa) = N2 (22) S1 (21 | q1,q2) + P2 (22) S1 (21 | g3, qa)
=0y + 0121 + 0220 + 032122,
where
a12q2 + B1P2q1 + arasqs + 20143
(a2 + B2) (a1 + B1)
6, — B2q2 + a2q4 — P2q1 — @2q3
(a2 + B2) (a1 + B1)
—a1q2 — B1q1 + a1qs + Bigs
(a2 + B2) (a1 + B1)
05 = G —q2—q3+q .
(a2 + B2) (a1 + B1)

One can check that the same result is obtained using the formula (273, i.e.

0o =

)

9

0 =

9

—1

1 1 1 1 1
— — z
So (21, 22) = [ql q2 43 Q4] _a; _ﬂoléz ﬂ; g; z; )
aray —agfB —a1B2 152 2122

and this completes the proof for n = 2.
Now assume that (BI0) is correct for n. From Theorem Bl the equations
B3) and [242)), the system output can be expressed as follows

Sn(z | dn) = qrj;ﬂr_zlgn (2)

G2t -

—1 —1
anﬂn—l Qn—l

9

l gn—1 (zlv-nvznfl)

Zn8n—1 (217 .- wznfl)

where al' = [q1,- -+ ,qon—1], and bT = [ggn-1,1, -, q2n]. Next we obtain
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1 gn-1(21,--+,2n-1)
S — T bT , bT_ T Q—l
o (z | an) I [a” B, + b, a'] Q.1 n@nt (215 s 2nt)
(/Bn - Zn) aTngilgnfl (zlv ey anl)
an + B
+ (an + Zn) bTQy_Lilgn—l (Zla sy Zn—l)
an + Bn
But
a’ g1 (21, 2nm1) = Snt1 (214 ooy Znet | Qs e ey Gant),
and
bTQ;ilgn_l (Zl, e Zn—l) =S5,_1 (2’1, ey Zn—1 | qon—141,- -, qzn) .
Thus,
— Z
Sn (Z ‘ qn) = aﬂ: _’_ﬁzsn—l (2’1, ceeyZn—1 | qiy--- 7QQ"*1)
op + 2z
a: +ﬂzsn71 (Zl7 ey Rn—1 ‘ Qon—141,.. .,qgn)
= Nn (Zn) Sn,1 (21, o | | qly .-, q2n—l)
+ Pn (Zn) Sn—l (217 N | ‘ Qon—141,-.. 7q2n) . (312)
This completes the proof of Theorem O

The above result is important especially for the rule-based systems with three
or more inputs. We do not need to inverse large matrices to obtain the crisp
system output; the curse of dimensionality in such systems is going to dis-
appear. A generalization of (BI0) for MIMO systems is straightforward and
will be omitted.

3.3 Recursion in More General TS Systems with Two
Fuzzy Sets for Every Input

Theorem has been proved using conception of the fundamental matrix
for P1-TS systems, since this matrix is important for many applications.
However, we will show below that the same theorem is valid for more general
class of fuzzy rule-based TS systems, i.e. the systems with two fuzzy sets for
every input, where no more assumptions on membership functions such as
linearity or monotonicity are necessary. Our goal in this section is to prove
the following generalization of Theorem

Theorem 3.7. Theorem [3.8 is valid for any TS system described by the
fuzzy rules (377), with the inputs z1 € [—on,B1], ..., Zn € [—am, Bl
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where for any input zx there are assigned two fuzzy sets with the normal-
ized membership functions, i.e. Ny : [—ag, O] — [0,1] and Py : [—ay, Br] —
[0,1] and Ng(zx) + Px(2x) = 1 for k = 1, ..., n. This means that if
Sn(z1,---,2n | @1,---,q2n) denotes the crisp output of the TS system with
the consequents of the rules constituting the vector [q1,- - ,qgn]T, then for
any natural n > 2 the recursive formula that enables one to compute the
crisp system output is the same as (310).

Proof. For n =1 the system is defined by the rules (233). Thus, the system
output is the following

Ny (z1) Py (z1)

Si(z g q2) = Ni(z1)+ P ()8 v (z1) + Pr (1)

=N (21)Q1 + P (21)QQ. (313)

As one can see we used the fact that the membership functions are normal-
ized. For n = 2 we have

S (21,22 | 1,92,43,q4) = N1 (21) N2 (22) 1 /D2 + P1 (21) N2 (22) g2/ D2
+ Ny (21) P2 (#22) g3/ D2+ P1 (z1) P2 (22) 4/ D2
= Nz (22) (N1 (21) 1 + P21 (21) 2) / D2
+ Py (22) (N1 (21) g3 + P1 (21) qa) / D2
= Np (22) S1 (21 | q1,q2) + P2 (22) S1 (21 | @3, q4),

since Dy = Hi:l (Nk (21) + Pi (21)) = 1. Thus, for n = 2 the theorem is
true. Let us use simplified notation: Ny = Ny (zx), Px = Px (zx) and Sk41
instead of Skt1(21,...,2k+1 | ¢1,---,qor+1). For n = k 4+ 1 > 3 we obtain
(see the rule-base decomposition ([B7]))

Sk+1 = (N1 N2 ... Nk Ngy1qi /D1 + PiNa ... N Niya1qa /Dy

+ ...+ P1P2 PPN Pka+1QQk/Dk+1)
+ (N1N2 ... NpPry1qor1/Dii1 + PiNy ... N Prg1Gok 2/ Dt

+...+PP... PkPk+1q2k'+1 /Dk+1)
= Npt1 (NiNo .. .Nyq1 + ...+ P1Ps... Pegor) /Diyq
+ Py (N1N2 R qu2k+1 + ...+ PP .. PkQQk+1) /Dk+1, (3.14)

where the denominator Dyq1 = Hfill (N; (z;) + P; (%)) = 1. Knowing that
Dy =1for k=1,2,... we have

Sk (21,...,Zk ‘ Q17...,QQR) = N1Ns...Ngq1 + PiNs...Ngqo
+ ...+ PiPs...Pyqor (315)



3.3 Recursion in More General TS Systems with Two Fuzzy Sets 33

and

Sk (21, 2k ‘ ok 1y .- ,Qok+1) = N1No .. .Nigor i1+ PiNa ... Nipgorio
4+ ...+ PiPs... Pyqor+1 . (316)

Using the above equation to ([3I4) we finally obtain

Sk+1 (Zl7 ey Rk41 | qi1, . .- ,q2k+1) = Nk+1Sk (Zl, ceey Rk ‘ qi, - .- 7q21c)
+ Pry1Sk (215 -5 2 | ok 41, - - okt )
(3.17)
This finishes the proof of Theorem [3.7 O

The above Theorem can be used for large rule-bases, where the membership
functions of fuzzy sets cannot be linear or monotonic. According to (BIT)
it can be graphically interpreted as shown in Fig. Bl In the case of the
TS system with n inputs, the architecture can be viewed as n-layer neural
network [58], [87] with linear activation functions f for all neurons, where
f (input) = input. In the layer number k, the network contains exactly the
same neurons S and every neuron has two inputs and the same weights,
namely Ny (zx) and Py (z;) for k=1,... n.

A generalization of the Theorem 3.7 for MIMO systems is straightforward
and will be omitted. Instead of the formal proof, the MIMO case will be
exemplified further on. A computational architecture of the recursion (317
for MIMO systems can be easily drawn analogously to the one of Fig. Bl as
well.

Example 3.8. Let us consider a P1-TS system with 6 inputs and one output.
The generator is given by

g4
2584

g6 (21,22723724,25726) = )
2684

252684

where g4 (21, 22, 23, 24) is given by (BI3) in Appendix [Bl After calculations
we obtain

6 ::[1,2172272122,237212372223,212223,2472124,2224,2122247
23R4y Z1R3Z4, R22324, Z1 222324, R5y 2125, Z225, 12225, Z3%5,
212325, 22325, Z1222325, ZAR5, R1Z4%5, R2RARE, 21222425,

RZ3RARE, R1R3RARE, R2ZIRARE , R1R2R3R425, 26, 2126, 2226,

12226, 2326, R12326, 222326, 1222326, 2426, K124%6, 222426,
1727426, Z3R4%6, 1232426, 22232426, £1222324%6, 2526,

212526, 222526, Z12225%6, 232526, £1232526, 22232526,
2122232526, R4Z5%6, Z1R4R526, Z2242526, Z122242526,
ZMMM&%%%%%JM%MW&%@%%%%F
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g p—Ni(z

)
@ Na(z2)
)
a3 [0 Nl(zl) oz ) N3(z3)
)

P3 (Zg)

@ Na(z4)
: @ Py (22)
)

q2 [ Pl(Zl

qa [} Pl(Zl

¢ 0—Ni(=

)
@ Na(z2)
)

gs [1 P1(Z1

qr N1z

qs [ Pl(Zl

qo O—N1(z1

)
(5) (e
qio0 [ P1(Z1)

1) @ Na(z3) Py (24)
O
)

q12 [} P1(Z1

Ps(z3)

q11 [} Ni(z

q13 [} Ni(z1

)
@ Na(z2)

)

q15 [ Nl(zl) @
@ Py (22)

)

Fig. 3.1 Graphic interpretation of Theorems and [37] for a TS system with
n = 4 inputs and the output S = Si (21, 22, 23, 24|q1, - - -, q16)

q14 [} P1(Z1

16 [J Pyi(z

The look-up-table for this system in a general case is given in Table 31l The
rows and columns of this table are described by elements of the sets { Ny, Py } x
{NQ,PQ} X {Ng,Pg} and {N47P4} X {N57P5} X {N67P6}, respectively (the
subscript k in Ny and Py was neglected for short). The consequents ¢, of
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Table 3.1 Look-up-table for the P1-TS system with n

general case

212223 \
!
NNN
NNP
NPP
NPN
PPN
PPP
PNP
PNN

Z425%6

NNN
q1
qs
q7
q3
q4
qs
(5]
q2

N
NNP NPP
q33 qa9
q37 qs53
q39 qs5
q35 gs51
q36 g52
q40 qs56
q38 qs54
q34 q50

NPN
q7
g21
q23
q19
420
q24
q22
q18

PPN
q25
q29
g31
qz7
q28
q32
430

q26

35

= 6 input variables in

PPP
qs7
ge1
ge3
q59
q60
qe4
ge2
q58

PNP PNN
ga1 q9
gas q13
qar q15
qa3 q11
q44 q12
qas qi6
q4a6 q14
42 q10

the rules containing antecedents A;, A;, A;, Aiy Ais Aig € x5 {N;, P;} have

indices v < (i1, .

My If
My : If
Ms : If
My If
Ms : If
Mg : If
My : If
Mg : If

.., ig) according to (Z.IG]).
Suppose an expert formulated the following 8 metarules:

z1 is Ny and z3 is P53 and z4 is Ny, then S = a,
z3 is P3 and z4 is Py and zg is Ng, then S = b,

z1 is Py and z9 is N and z4 is Ny and z5 is N5, then S = ¢,

Z1 is N1 and zZ3 is Ng, then S = 0,
z4 is Py and zg is Pg, then S = 0,

Z1 is P1 and zZ4 is N4 and zZ5 is P57 then S = 0,
Z1 is P1 and z3 is N3 and zZ4 is P4 and Z6 is Nﬁ, then S = 0,
z1 is Py and z5 is Py and z4 is Ny, then S =0,

which generate 64 fuzzy “If-then” rules. The rows and columns of Table B.1]
are described by the Gray code [85], [I58], [115]. Owing to this we can easily
explain and interpret all metarules. For example, the metarules My, Ms and
M3 are graphically shown in Tables[3.2] B.3]and B4l respectively. Analogously,
we can justify the remaining metarules - they all have a clear interpretation.

One can check, that the system of rules is complete and a noncontradic-
tory one. According to the generator gg and the metarules, we obtain the

consecutive elements of the vector q (see (Z30)), as follows:

¢ =0,
qs =0,
qi5 =,
g22 = 0,
q20 = b,
q36 = 0,

q2 = ¢,
q9 =0,
qi6 = b,
q23 = a,
q30 = b,
q37 = a,

q3 =0,
q10 = 0,
q17 =0,
g2a = 0,
q31 = b,
q3s = ¢,

q4 = 07
qi11 =0,
q18 = 0,
q25 = 0,
q32 = b,
q39 = a,

g5 = a,
qi12 = 0,
q19 = 0,
q26 = 0,
q33 = 0,
qa0 = 0,

g6 = C,
q13 =,
q20 = 0,
qo27 = 07
q34 = C,
qa1 = 0,

qr = a,
qia = b,
q21 = a,
q2s = 0,
q35 = 0,

qs2 =0,
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g3 =0, qu=0, @u5=0, qus=0, qur=0, qus=0, qo=0,
g50=0, ¢1=0, ¢2=0, gs3=a, ¢gu=0, ¢s5=a, gs6=0,
g57=0, ¢s=0, ¢Go=0, go=0, ¢g1=0, ¢g2=0, ge3=0,
q64 =0,

Table 3.2 Graphical explanation of the metarule M; from Example [3.8]

212223 \  Z4Z5%6 —

l NNN NNP NPP NPN PPN
NNN 0 0 0 0
NNP
NPP
NPN
PPN
PPP
PNP
PNN

o
o
"U
"U
=
o
=
=

O 0 O O O e 9
QO 0 O O O 9 Q2
O O O O O 8 8
O O O O O & 2
O o0 O O T oo
O O O O O o o o
O O O O O o o o
O o0 O O oo

Table 3.3 Graphical explanation of the metarule My from Example [3.8]

212223 \  ZaZszg —

l NNN NNP  NPP NPN PPN PPP PNP PNN
NNN 0 0 0 0 0 0
NNP a a a b 0 0 b
NPP a a a a b 0 0 b
NPN 0 0 0 0 0 0 0 0
PPN 0 0 0 0 0 0 0 0
PPP 0 0 0 0 b 0 0 b
PNP c c 0 0 b 0 0 b
PNN c c 0 0 0 0 0 0

Table 3.4 Graphical explanation of the metarule M3 from Example [3.8]

212223 \  Z425%6 —

! NNN NNP  NPP
NNN 0
NNP
NPP
NPN
PPN
PPP
PNP
PNN

5
=
3
3
3
2

o o0 O O O 8 & O
o o0 O O O a @

O O O O o 8 & O
O O O O o 8 & O
o o0 O O oo O
O O O O o o o o
O O O O o o o o
O o O O o> O
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Using Theorem together with its nomenclature we have Sy (21 | q1, ¢2)
as in (BII)) and next, after recursive computations, we obtain

B2 — 22 Qg + 22
So (21,22 | 1,92,43,q4) = S1(z1 | q1,q2) + S1 (21 | @3,q4)
G122 = s e+ P 2 e wa
B3 — 23
S3(21,22,23 | q1,...,q8) = So (21,22 | 1,942,493, G4
Crmmzs L) = 2 2 80, | )
a3 + 23
52 21,22 | 45,96,497,48) ,
as + O ( | )
Ba— 24
Sa(z1,--520 | @1y qu6) = S3(21,22,23 | q1,---,qs8
( | = s
a4+ 24
S3(21,%2,23 | qo,-..,q16),
NP CTCTER P
Bs — z5
Ss (215,25 | q1y. .., q32) = Sa(z1,.. 24 | @1y, Q16
( | )= | )
as + 25
Si(z1,...,2 et ,
as + Bs 1 (21 24 | qur L q32)
B6 — 26
Se (215-++,26 | q1,---,q64) = S5 (215-+,25 | qu, ..., q32
( | )= | )
g + 26
S5 (21,...,2 et .
a6+ Be 5 (21 y25 | 33 . 64)

Now assume that all inputs z;, are from the unity interval [0, 1], i.e. g, = 0
and [ =1 for k=1,...,6. Thus, the crisp output of the system is given by

S (21, 22, 23, 24, 25, 26) = a (1 — 21) 23 (1 — 24) + bz3zg (1 — 26)
+cz1 (1 — 2’2) (1 — Z4) (1 — 2’5) . (318)

This result is intuitively clear, because the first part of the sum (BI8) cor-
responds to the metarule My, the second one — to the metarule M, and the
third one — to the metarule Mj3. Furthermore, for a = b = ¢ = 1 we have to do
with a system, which processes information expressed in multi-valued logic,
since z € [0,1]°. The form of S in (BIX) resembles the sum of implicants of
Boolean function [115]. The terms “(1 — 21) 25 (1 — 24)”, “2324 (1 — 26)” and
“21 (1 — 22) (1 — 2z4) (1 — 25)” may be regarded as the generalized implicants

of the function S : [0,1]° — [0, 1].

Example 3.9. Suppose the same system as in Example 3.8 is given, with
the exception that the inputs are from various intervals. Let us take a3 = 5,
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fr=-3a0=3,02=2,03=2,08=0, a4 =0, 81 =4, a5 =1, 35 = 3,
ag = —2, and (g = 6, i.e. the input vector of the P1-TS system is from the
hypercuboid

[21, 22, 23, 24, 25, 2] € [=5,—=3] x [=3,2] x [=2,0] x [0,4] x [~1,3] x [2,6].

One can check that the system of metarules from Example 3.8 is equivalent
to the following function of six variables

b
+ 39 (6 —26) (23 +2) 24

(3—2’5) (4—24) (2—2’2) (2’1 +5)

@ 2+ 3) (25 +2) (24— 4)

S(Z17227Z33Z47Z5?Z6) = ].6

L ©
160
The power of Theorems and 3.7 one can see for the systems with 10

or more inputs; many of the problems similar to those of Example 3.8 or
can be solved using our theorems on recursion and symbolic computations.

3.4 MIMO TS Systems with Inference Concerning the
Structure Parameters

In this section we will consider a Takagi-Sugeno fuzzy model for nonlinear
continuous or discrete-time dynamical systems, proposed in [I80], comprehen-
sively investigated in textbook [I84] and elaborated in many contemporary
papers, especially with regard to stability of control systems [91], [125], [149],
[193]. By using such approach, a complex nonlinear system can be repre-
sented by a set of fuzzy rules of which the consequent parts are linear state
equations representing the local models. The complex nonlinear model of the
whole system can then be described (inferred) as a weighted sum of these
linear state equations. It is widely accepted as a powerful modeling tool. Ac-
cording to the classification of fuzzy systems given in [I78], the considered
rule-base models belong to the Type III fuzzy systems. Their applications to
various kinds of nonlinear systems can be found e.g. in [90], [I81], [182], [19€].
Based on the TS fuzzy model of a plant, a parallel distributed compensation
(PDC) technique to design fuzzy logic controller has been proposed in [184].

e The inputs. The inputs of the MIMO TS system which should model
a nonlinear dynamical system, are quantities z (¢) constituting the vec-
tor z (t) = [z, (t),...,2 (t)]" € D", (see Fig. BJ). The vector z (t) con-
tains known premise variables that are not functions of the control in-
put u(t) = [u1 (), ..., um (¢)]", but they may be functions of the state
variables, external disturbances and/or time. For every variable zj we as-
sign two complementary membership functions Ny (zx) and Py (zk), i.e.
Ny (zi) + Py (21) = 1, that cannot be monotonic or linear for k = 1,...,7.
At any time ¢ the vector z(t) belongs to some vth region of a fuzzy
partition.
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z1 € [—041,51] >
MIMO ~ H= A B
TS system ~|C D
Zr € [_arwﬁrl >
Fig. 3.2 TS system with the inputs zi,...,2, and the inference concerning the

structure parameters

e The outputs. We assume that a local model of the nonlinear system can
be described in a vth region by the state-space equation in the standard
matrix form

sx(t)=At)x(t)+B({)u(t), x(0)eX CR",
v(#) = CHxE)+DHult), t>0, (3.19)
where
x (t) - for a continuos case, t > 0,
sx (1) = x(t+1) - for a discrete case, t =0,1,2,...,

the matrices are A (t) : Ry — R™" B(t) : Ry — R™™, (m < n),
C(t): Ry — R>™ D(t): Ry — RX™ (I <m)and Ry = [0,00). The
vectors x (t), u(t), and y (¢) are contained in some hypercuboids (2.22))
for ¢ > 0. Without loss of generality we will consider a continuous-time
systems and for the sake of simplicity, the time variable ¢ will be sometimes
omitted. The local linear model is unambiguously defined by the block
matrix H, which contains four submatrices

. v=1,...,2", (3.20)

where 2" is the number of fuzzy rules. Thus, we define the matrix H as the
output q of the MIMO TS rule-based system (see Fig.[3.2)). Both the inputs
and outputs of the TS system have more abstract meaning in comparison
with the ones defined in the previous sections.

e The fuzzy rules. The following 2" fuzzy rules are given

Ry :If 2, is Ny and 23 is Np and ... and z, is N, then q; = H; [ﬂ ,
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Ry :If 21 is Py and 25 is Ny and ... and 2, is N,., then qo = Ho i‘l ,
Ry :If 21 is Ny and 25 is Py and ... and 2, is N, then q3 = Hj ﬁ ,
Ry :If z1is Py and 25 is P, and ... and z, is N,., then q4 = Hy E ,

Ror : If z1 is Py and 22 is P> and ... and z, is P, then qor = Hor [i] .
(3.21)

By the above assumptions the inferred model of the system is as follows

r

it o] (8]

N _ Zi;lhv(zl,...,zr)Av(t) ziy
ot h Yo (21,
(3.22)

y Zi v(zl7~-~azr)cv(t)

where
hy (21,00, 20) = Ay (21) X oo X Ay (20), ved{l,2,...,2"}, (3.23)

the index v corresponds to only one antecedent of the fuzzy “If-then” rule,
ie. v < (i1,...,14.) according to the bijection ([ZI0)), when replacing n by 7.
The symbol A;, = Ny foriy =0and A;, = P forix =1, (k=1,...,r). The
inferred matrix H of the whole system is a convex combination of matrices

given in (B.20)

A(z) B(z)

Clw) Dig| Ml =1

(3.24)

2’(‘
H:Zhv(z17...7zr)Hv:
v=1

Remark 3.10. In the simplest case, even if all premise variables are defined
as the state variables (z = x) and all matrices A, B, C and D are constant,
the model ([B.22)) defines a nonlinear dynamical system.

Remark 3.11. Knowing the assumptions and the way of fuzzy reasoning,
we can write the fuzzy rules in a more readable format:

If z is P,, then {;{} =H, [X] , (3.25)

where P, is the premise of the rule. The vector [%,y]” contains at least the
velocity of state vector, i.e. we can be or not interested in modeling of the

output y. If the vector y is not defined, the matrices C and D are empty.
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Now our goal is to apply Theorem B Let us define the output vector
Sk (Hy,...,Hyx) of the TS system with the inputs 21,..., 2k, in which the
consequents of the rules are defined by matrices Hy, ..., Hor. We know that
Sk (Hy,...,Hyx) denotes the TS system output vector g. On the other hand,
for £k =1 we have

S1 (Hi,Hs) = N1 (z1) a1 + Pi (21) Q2

— (N (21) Hi + Py (21) H) m . (3.26)

From Theorem [B.7 for r > 2 we obtain

Sr (Hl7 ey Hzr) = Nr (Zr) Sr—l (Hl, oo 7H2r—1)
+ Pq« (Zr) ST‘—l (H27‘_1+13 . 7HQT) . (327)

This equation has the same graphic interpretation as formerly shown in
Fig. B when substituting the consequents of the rules ¢, by the vectors
T 77T
H, [X ,u ]
Below we give some examples of modeling nonlinear systems.

Example 3.12. Consider the nonlinear differential equations of motion for
the cart-pendulum mechanical system, well-known in the literature as the
inverted pendulum of Fig. (see e.g. [89], [92], [I84]). The pivot of the

Pendulum

Cart c1 -« u -«

® © -
Ve e e
Mg

\

Fig. 3.3 Inverted pendulum on a cart

pendulum is mounted on a cart that can move in a horizontal direction.
The cart is driven by a motor that exerts a horizontal force w (t) on the
cart [N]. The system variables are: z; (t) - the pendulum angle from vertical
[rad], 22 (t) = 271 (t) - the pendulum angular velocity [rad/s|, x5 (¢) - the
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cart position [m] and x4 (t) = &3 (¢) is the cart velocity [m /s]. The system
constants are: M - the mass of the cart [kg], m - the mass of the pendulum
[kg], I - the distance from the center of gravity to the pivot [m], I - the
moment of inertia of the pendulum [kgm?], ¢; - the friction coefficient of
the clasp [kgm? /s] and cy is the friction coefficient of the cart [N's/m].
Writing horizontal and vertical Newton’s laws at the center of gravity of the
pendulum, the torque equation and horizontal Newton’s law for the cart,

yields (see Fig. B3)

d2
M 2 (3 +1sinzy) = H,

d2
M (lcosx1) =V —myg,

s (3.28)

I &t = Vlisinz; — Hlcosxz| — c1x2,

d
M ;4 =u—H — coxy.

Let us introduce the following system constants

M M 1
m:g(L+m>, fy = Q+ ), kg =

l - ml? m ml’
I 1 I kik
ky=1(1+ . ks =ksky = 1+ . kg=
ml? m ml? g

Taking into account the differential equations ([328) and the above system
constants and eliminating V' and H, we obtain

1 = T2,
kisinzy — kowa — 23 sin (z1) cos z1 + caksry cos x1 — uks cos
T =
ke — cos? x; ’
T3 = T4,
. (—g sinxy + Clk‘gl‘z) cosTy + kg (.73% sin (331) — coksxs + uk‘g)
T4 = .

ke — cos? xq
(3.29)

To ensure controllability of the system we assume as in [I84] that z; (t) €
[z, 2f'], where 0 < zff < 7/2. The angular velocity is bounded, i.e.
o (t) € [—a#!, 28 ]. Let us define new variables z1, 2o, z3 and 24 as follows

sin

21 = € [—a1, B1], (3.30)
x1
1
= — 31
2= ot © [—a, B2, (3.31)
cos T
z23 ! S [—Ozg, ﬂg] s (332)

ke — cos? x1
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24 = X9 8InTy € [—0&4,ﬁ4} s (333)
where
‘o H
—ap =100 S0, =1, (3.34)
Ty
Looso, = 1 5o (3.35)
— o = = .
> ke — cos? zH ’ 2T ke —1 ’
H
COS 7 1
= >0, - = s, 3.36
s ke — cos? zil & ke —1 Pz (3-36)
—ay = —zf sinaf <0, By = zf sinzf > 0. (3.37)

One can check that the system (3:29) is equivalent to

i 0 1 0 0 0 o

ig o k12122 —kQZQ — 2324 0 62k323 — k323 $2

is | 0 0 0 1 0 x?’ ’

a'v4 —gr1%3 Clk‘323 + k‘42’22’4 0 — Cgk‘522 ]{}522 ;
(3.38)

Our goal is to obtain the TS rule-based system of the inverted pendulum in
the following form

If [21,2’2,23,2’4} is [Ail Aiz Ai3 Au] y

i 0 100 07]|™
o Gro G20 0 Qaw G0 | | 22
M )v 7’0 k] 9
then B is 0 001 0 xs |,
. Ty
T4 T1w 2,0 0 T4 75,0 v

where (Ai17Ai2,Ai37Ai4) S {Nl,Pl} X ... X {N4,P4}. Thus, the inputs of
the P1-TS system are z1, 22, 23 and z4 as the points of the hypercuboid
D*, whereas the outputs of this system are the velocities of the state vec-
tor, i.e. @1, &2, &3 and Z4. The membership functions of fuzzy sets are
Ny (Zk) = (ozk +ﬂk)_1 (ﬂk — Zk) and P (Zk) =1—-N; (Zk), where «, and
By are given by B34)-B31) for k = 1,2, 3,4. We can evaluate the vertices of
the hypercuboid D* for I = mi?/3 and M > m. Independently of the values
of the system constants, the inequalities z1 (x1) > 22 (1) > 23 (21) hold for
z1 (t) € [—2f, 2], (0 < 2{/ < 7/2) as shown in Fig. Bl and the following
relations

0<—a3<—aa<Bz=0F<—-a <pf =1, oy = B4 >0,
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Fig. 3.4 Plot of the functions z1, z2 and z3 defined in Z30)-B32) by I = mi*/3
and M/m =5/4

are satisfied. Thus, we can interpret the fuzzy sets as follows: N means that
2y, is not large and Py that zy is large (in its range) for k = 1,2, 3, whereas
N4 means negative value of z4, and Py - positive one.

Of course, it is possible to find all elements of the matrix containing the
consequents of the rules, but we can simplify the problem, i.e. we will find
¢i,» and 7;,. According to the above format of the rule, in order to find g¢; ,
and r; , we should take into account the second and the fourth row of the
matrix ([B.38), correspondingly. For the generator g for n = 4 (see (BI%) in
Appendix [B]), we define the following matrices that define the functions of
the inputs z1, 22, z3 and z4 of the TS system, respectively:

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 —k‘g 0 0 0 0 0 0 —02]4}5 k‘5
kk 0 0 0 0 0 0 0 0 0
0 0 0 k302 —kg 0 Clk3 0 0 0
0 0 0 0 0 —g 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
® =10 0 0 o 0 » O = 0 0 0 0 o |’
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 ks O 0 0
0 0 0 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
| 0 0 0 0 0 | . 0 0 0 0 0

where the columns of the matrix ®, correspond to the conclusions q; o, . ..,
g5,v, and the columns of @, correspond to the conclusions r; , ..., 75,,. For
the fundamental matrix (BI16)-(B-20) given in Appendix [B] we obtain
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Q, = QT@q =
and
Qr = QT@r =

Let

—gonas

—gonas

ajosky
—azf1ky
—ay Pk
B1 B2k
ok
_OQﬂlkl
—aq B2k
B182k1
ajosky
—azf1ky
—a1 P2k
B1 B2k
ajosky
—azf1ky
—a1 P2k
B1B2k1

[ —gaias

gBias

go B3

—39B103

go B3

—3gB103

—ganag

9Bz
go 3

—39B103

go 33

agagky — azcerks

agagky — azcerks
—Baasky — azcrks

gbras —Pacuaks — azcrks
kg + PBscrks

azauky + PB3crks

Bsciks — Bacuaky

Bsciks — Bacaky

—apfB4ks — azcrks

gbraz —azfBsks — azcrks
B284k4 — azcrks

B284k4 — azcrks

Bsc1ks — aofBaky

Bsc1ks — aofBaky

B2k + B3ciks

Bofaks + B3ciks

| 96103

ko — a3y
anks — azay
—azay — Baks
—azay — Baks
ayfB3 + azks
ayfB3 + azks
a4B3 — Baka
a4B3 — Baka
a3fy + azks
a3fy + azks
az By — Baka
az By — B2k
anky — (B304
anky — (B304
—B3834 — Bk
— B384 — Paks

O O O O O OO OO OO oo o o oo

O O O O O O O O O o o o o o oo

—azceks  asks
—azceks  asks
—agcoks asks
—ageaks  asks
Bscaks —PBsks
Bscaks —PBsks
Bscaks —PBsks
Bscaks —PBsks
—azceks  asks
—azeoks  asks
—agcoks asks
—ageaks  asks
Bscaks —PBsks
Bscaks —PBsks
Bscaks —PBsks
Bscaks —PBsks

acoks —agks
acoks —agks

—Pac2ks  B2ks
—Bacoks  Boks
agcoks —anks
agcaks —agks
—Bacoks  Boks
—Bacoks  Boks
agcaks —azks
aocoks —asks
—Bacoks  Boks
—Bacoks  Boks
agcaks —agks
agcaks —agks

—Bacoks  [Boks

—Pacoks  Baks |

45
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H;

H,

Hs =

H, =

H;

H; =

H;s =

Hy

Hy =
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0 1 0 0 0
a1a2k1 CkaQ — (304 0 - OZ362]€3 OZ3/€3
0 0 0 1 0 ’
—goi1ag 042044]414 — 0&361]4:3 0 0&202]415 — 042]415
0 1 0 0 0
— azB1ky ks — azay 0 —ascoks  asks
0 0 0 1 0 ’
gbraz  agsouky —azciks 0 ascaks — azks
0 1 0 0 0
— a1 Bk —agay — Boka 0 —asc2ks  aszks
0 0 0 1 0 ’
—goraz  — PBoagky —azciks 0 — Bacoks  Poks
0 1 0 0 0
B1B2k1 —azay — Boka 0 —asceks  asks
0 0 0 1 0 ’
gBias  — Baayky —azciks 0 — Bacaks  Baks
0 1 0 0 0
arank; agfl3 +agky 0 Pscaksy  —fBsks
0 0 0 1 0 ’
ga1fs  agagky + PB3ciks 0 agcks  — anks
0 1 0 0 0
— azB1ky a4f33 +azks 0 Bgcaks  —fBsks
0 0 0 1 0 ’
—9B1Ps  ooasky + PBzciks 0 agcoks  — agks
0 1 0 0 0
— a1 8ok agf33 — Beka 0 [3c2ks  — B3k3
0 0 0 1 0 ’
goifs  Baciks — Baosky 0 — Pacgks  Poks
0 1 0 0 0
B1B2k1 aygfts — Baka 0 fB3coks  — B3k3
0 0 0 1 0 ’
—9b183 Paciks — Bocsky 0 — Pacoks  Poks
0 1 0 0 0
ayank a3fy + azks 0 —ascoks  asks
0 0 0 1 0 ’
—gonaz  — aofsks —azciks 0 agcaks — azks
0 1 0 0 0
—agfik: a3 s + ks 0 —oazeoks  aszks
0 0 0 1 0 ’

gBias —agfuks —azciks 0 aocoks — aoks
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0 1 0 0 0
Hoo— | — aq B2k a3fly — Bako 0 —aszcoks asks
e 0 0 0 1 0o |’
—garaz  PBofaky —azciks 0 — Bacoks  Boks
0 1 0 0 0
Hoo — | BBkt asfa—Poke 0 —azeaks  asks
12 0 0 0 1 0o |’
gbias  Bofaks —aszciks 0 — Pocoks  Baks
0 1 0 0 0
Ho.— | @2kt azky—B50s 0 [Bscaks  —fsks
15 0 0 0 1 0 '
goifBs  Paciks —azBsks 0 agcrks  — asks
0 1 0 0 0
Hoo— | — azB1ky agko — 3381 0 Bacoks —[B3ks
- 0 0 0 1 0 ’
—gb1Bs  Bzciks —aofiks 0 aocoks — agks
0 1 0 0 0
Hi. — | —bekr  =P30s—DBoks 0 [zcoks  — O3k
15 0 0 0 1 0 ’
ga1fB3  Bofaks+ Bsciks 0 — Bocoks  Boks
0 1 0 0 0
Hov — B1B2ky  —P3Bs — B2k 0 PBzcoks  — B3k
167 0 0 0 1 0 ’

—9b183 [ofaks + PBzciks 0 — Pacoks  Boks

and let us denote x = [z1, T2, 73, ac4]T. Thus, the system of fuzzy rules which
is equivalent to the model (3:29) is as follows

Ry: 1f [21, 2, 23, z4] is [ N1 Na N3 Ny |, then x = Hy ||,

RQZ If [21,22723,24] is [Pl N2 N3 ]\/v4]7 then x = H2

Rg: If [21,22723,24] is [Nl P2 N3 ]\/v4]7 then x = H3

Ry: If [2’1,22,2’3,24] is [Pl P> N3 N4], then x = Hy

Rs5: If [2’1,22,2’3,24] is [N1 Ny Ps ]\/v4]7 then x = Hj

R6: If [21,22723,24] is [Pl N2 P3 N4], then x = H6

B X2 Mo SN oe oo oMo

R7: If [21,22723,24] is [Nl P2 P3 N4], then x = H7
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Rg: If [2’1,22,2’3,24] is [Pl Py, Ps .Z\/v4]7 then x = Hg l:X:| R

Ryg: If [21, 22, 23, 24] is [ N1 No N3 Py |, then x = Hy [

u
X
u

9

[ —

Rio: If [21, 22, 23, 24] is [ PL N2 N3 P, |, then x = Hyg z )
Ry1: If (21, 22, 23, 24] is [ N1 P2 N3 P4 ], then x = Hy; z ,
Rya: If [21, 22, 23, 24] 18 [Pl P, Ns P4], then X = Hio z )
Rys: 1 [21, 22, 73, 24] is [Ny Na Ps Py], then % = Hys ’; :
Rig: If [21, 29, 23, 24] is [Pl Ny Py P4], then x = Hyy4 :j )
Ris: If [21, 22, 23, 24] is [ N1 P> P3 Py], then X = Hy; z ,
Rig: If [21, 22, 23, 24] is [ PL P2 P3 Py ], then x = Hyg z

Now we will apply Theorem [B7 on recurrence according to the equation
B27). For the formerly defined membership functions Ny (z;) and Py (2x),
(k=1,2,3,4), first we compute

S (Hi,Hs) = N1 (z1) Hi + Py (21) H

S: (H3, Hy) =

S: (Hs, Hg)

0 1 0 0 0
—0&2]41121 042]4:2 — (304 0 —0&362]4:3 043]413
0 0 0 1 0

gaszy 042044]414—04301]4130 0&262]455 —a2k5

Ni(z1)Hs + P (21) Hy

0 1 0 0 0
Boki1z1  —oagay — Poka 0 —ascaks asks
0 0 0 1 0

| gasz1 —faauky — azerks 0 —Pacoks Boks |

Ny (z1)Hs + Py (21) Hg

0 1 0 0 0
—pk1z1 oufs 4+ agks 0 B3caks —fBsks
0 0 0 1 0

| —9B3z1 asauky + B3ciks 0 azcoks —asks |
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S (H7,Hg) = N1 (21) Hy + Py (21) Hg

0 1 0 0 0 il
Bokiz1 oufs — Boka 0 Bscoks —[sks m2
- 0 0 0o 1 0 x?’ ’
—gPB3z1 PB3ciks — Bacaky 0 —Pacoks Paks u4
S1 (Hg,Hi0) = N1 (21) Ho + P (21) Hio
0 1 0 0 0 il
o —anki21 Oé3ﬂ4 + ks 0 —Oégcgk‘g 043]{}3 $2
- 0 0 0 1 0 m3 '
gaszr  —aafBaks — agciks 0 aacoks —aaks ;
S1 (Hi1,Hi2) = N1 (21) Hi1 + P (21) Hio
0 1 0 0 0 il
| Bokiz1 azBa — Poks 0 —aszcoks asks xQ
- 0 0 0 1 0 x?) ’
gazzr Pafaks — asciks 0 —Bacaks Boks u4
S1 (Hiz,Hig) = N1 (z1) Hizs + Py (1) Hig
0 1 0 0 0 il
—opk121 owoky — B3Bs 0 Bscoks —PBsks 3;2
- 0 0 0 1 0 953 ’
—gB3z1 Bzciks — aofaks 0 ancoks —anks u4
S1 (His,Hig) = N1 (21) His + P1 (21) His
0 1 0 0 0 il
_ | Bekizi —P3Bs— Paka O [Bacoks —Qsks xz
0 0 0 1 0 m3
—gB321 Pofaka + Baciks 0 —Pacaks Boks ;
Next
So (Hy,...,Hy) = No(22) S1 (Hi,Ha) + P> (22) S1 (Hs, Hy)
0 1 0 0 0 il
o k12122 —Q30y — kQZQ 0 —OZ362]€3 Ckgkg $2
- 0 0 0 1 0 x?’ ’
4

gaszzy —(1301]4}3 — 0&4]4,‘42’2 0 —Cgk‘522 k522
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S, (Hs, ...

Sz (Ho, ...

Sy (His, ...

and

Ss (Hy, ..

Ss (H, ..

3 Recursion in TS Systems with Two Fuzzy Sets for Every Input

s Hg) = N3 (22) S1 (Hs,H) + P2 (22) S1 (H7, Hg)

0 1 0 0 0 il
| kizmiz aufB3 —koza 0 B3caks —[3ks3 3;2
- 0 0 0 1 0 x?’ ’
—gPBsz1 B3c1ks — ouukazo 0 —caksza kszo u4
Hig) = Na(22)S1 (Hg,Hyg) + P> (22) S1 (Hy1, Hyo)
0 1 0 0 0 il
| kizize a3fBa—koza 0 —ascaks asks xz
- 0 0 0 1 0 m3 ’
gosz1 Pakazo — asciks 0 —cokszo kszo u4
yHig) = Na (22) S1 (Hisz, Hia) + P> (22) S1 (His, Hig)
0 1 0 0 0 il
| kiziza B384 — kozo 0 Bscaks —fBsks :r2
- 0 0 0 1 0 ;' ’
4

—gPB3z1 B3ciks + Bakaza 0 —cokszo kszo

.,Hg) = N3 (2’3) SQ (Hl, .. .,H4) + P3 (Zg) SQ (Hg;7 .. .7H8)

0 1 0 0 0 o
o ]4112’12’2 423 — kQZQ 0 CngZg —k‘32’3 2
1 o 0 0 1 0 f’ ’

—gz123 C1k3zz — aukyza 0 —coksza kszo

. Hig) = N3 (23)Sa (Hy,...,Hi2) + P3(23) So (His, ..., Hig)

0 1 0 0 0 il
| kizize —fBazz —koza 0 cokszzz —kzzg m2
- 0 0 0 1 0 333

4

—gz123 Bakazo + c1kszz 0 —coksza kszo

Finally we obtain

Sy (Hy, ..

. Hlﬁ) = N4 (2’4) Sg (Hl, ceey Hg) + P4 (24) Sg (Hg7 .. .7H16)

0 1 0 0 0 il

o ]4112122 —k‘QZQ — 2324 0 CQk‘ng —ngg 2
I 0 0 1 0 ?
4

—gz123 c1k3zz + kazoza 0 —coksza kszo
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The result is the same as formerly obtained, i.e. the fuzzy rules for the P1-TS
system describe the inverted pendulum (329). The above model consists of
16 fuzzy rules.

Example 3.13. Consider the inverted pendulum from Example[3:121 On the
basis of the above approach we can consider a two-dimensional system by ne-
glecting the motion of the cart and the linear translation friction coeflicient co.
To ensure controllability of the system we assume x; (f) € [—xfl i ], where
0 < 2§ < 7/2. The angular velocity is bounded i.e. x5 (t) € [—a#, 24 ]. Let

us define new input variables for the P1-TS system: wi, wo and w3 as follows

1 sin g €l bl 1 sinzf 1
Wy = 2122 = —a =
! 122 e —cos?xy a1 Lo ke —cos?zfl xHl Tk —1]"
(3.39)
kz + .7;2 sin 2$1
=k = € [—as, ba], 3.40
wa 222 + 2324 kg — cos2 2, [—as, bs)] ( )
k3 cos x1 k3 cos ac{{ ks
— k — E p— ’b = 5 . 3.4].
ws 343 ke — cos? z; [—as, bs] |:k6 —cos? kg — 1 (3.41)

The rough values of as and by can be easily evaluated, but in order to obtain
the smallest interval for wo, we should compute them numerically taking into
account the maximal angular velocity 24’ and the system constants (c;, m,
M and [). In general ag # b2 as shown in Fig. The membership functions

Do = 1.2547 oo :

oN— —0.7865 = —as

Fig. 3.5 Plot of the function wy for zo = 2 =5, ¢ = 0.05, m = 0.8, M =1 and
1=0.5, i.e. wp = (0.5625 + 2.5sin 2z1) / (3 — cos” x1)

of fuzzy sets are N (wy) and Py (wg) = 1 — Ni (wg) by wi € [—ag, by] for
k =1,2,3. From the first two differential equations by co = 0 we obtain

[fl}z{ 0 1 O} i; . (3.42)

T k1w —wz —ws u
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Our goal is to obtain a TS model of the inverted pendulum in the form of
fuzzy rules

. Z1
. ‘ ‘ ‘ T 0 1 0
If [wy,we,ws] is [A“ Ay A13] , then [352] = Lh,v . qS,v:| o |,

where (AZ‘UAQ, Az3) S {Nl, Pl} X {NQ, Pz} X {Ng, Pg} In accordance with
the equations [3:42]) and the generator g = g (w1, we, w3) for n = 3 we define
the following matrix of coeflicients

|OO

—
o O OO
1

cocoocococo T o
I
_

OO O OO
O O O

Thus, from [252) and [241)) the consequents matrix is computed as

[—a1ki as a3
biky a2 as
—arks —bz a3

T bik1 —bs a3
Q=2'6= —airky ag —bs
bik1 az —b3

—arky —by —bs

bik1 —by —b3

The exact model of the 2-dimensional inverted pendulum by c; = 0 we can
write in the compact form

_Nl N2 Ng_ _—alkl as as

P1 N2 N3 blkl ag as
N1 P2 N3 —alkl —bz as I

. P1 P2 Ng @1 blkl —b2 as
If [wyi,we,ws] is N, N, P , then [352] = | Zaiky s —bs To
P1 N2 Pg blkl as —b3 v

N1 P2 P3 —alkl —bz —bg

| P P, P3| | biky —by —by |

Let us observe that there are many ways in which we can choose the
artificial variables as the inputs for the TS system. For example the first two
equations in ([3:229) by co = 0 can be written as
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i 0o10]|™
i |~ |2 2 23 T2
2 1 22 w

sinzy 1 ,sin(2x)

where

L _
2 = I 4 2 I
te ke — cos? x

6 1

X9 sin (221)

ko + 4
c2 =~ ke — cos2
6 COS“ X1
ks cos x1
zZ3 = —

ke —cosZ xy

The next steps for computing the conclusions of the fuzzy rules are the same
as before.

As one can see, only 8 fuzzy rules for the P1-T'S system are sufficient to obtain
an exact model of the angular motion of the pendulum in the two-dimensional
case.

Example 3.14. From the practical point of view an approximation model
may be quite sufficient. The pendulum nonlinearities are simple because the
nonlinear functions depend on one variable x1. Below we propose to consider
a truncated Taylor series expansion of the second and fourth equation in
B29) with respect to the state variable x1, about the point x; = 0, up
to some number of terms, say 4. The 4th-degree Taylor polynomials should
guarantee a sufficiently high accuracy; otherwise we should take the Taylor
polynomials of the higher degree. Thus,

. X1
Ty
i 2
Gl =H |3, (3.43)
i3
i T
4 u
where the matrix H is given by
0 1 0 0 0
| hor(wi)  hoa(wi,w2) 0 hog(wi) hos (wr)
H-= . . o . . (3.44)
hai (w1)  haz (w1, w2) 0 hagg (wi)  has (wr)

We use two new artificial variables w; = 27 and wy = x122. The elements of
the matrix H are as follows

ha1 (wl) =aiwy + b1 + 0] (‘Tzll) R



54 3 Recursion in TS Systems with Two Fuzzy Sets for Every Input

hos (w1, w2) = ho + hiwy + hows + hywiwa + O (21)
hog (w1) = aswy + by + O (x‘ll) ,
hos (w1) = azwy + bs + O (27) ,
hat (w1) = aqwy + by + O (27) ,

haz (w1, w2) = ro 4+ riwy + raws + rswiws + O (z7)
hag (w1) = aswy + bs + O (21) ,
has (w1) = agwy + bg + O (27) ,

and the constants are

a1 = —ak; (a + 1/6) , by =aky, as= —acsks (2& + 1) /2, by = acoks,

a3 =aks (2a+1)/2, b3 =—aks, as=ag(a+2/3), by= —ag,

a5 = a202k3k4, bs = —a62k3k4, ag = —a2k3k4, bﬁ = ak3k4,

and a = 1/ (k¢ — 1). Observe that all elements of the matrix H are functions
of variables w; and ws of the form (2:26) and therefore the system (3.43) can
be exactly modeled by a P1-TS rule-based system. Our goal is to obtain the
TS rule-based system of the inverted pendulum in the following form

i 0 100 0 ;l
. 2
. T2 | _ | 910 @20 0 Gaw g5,
If [wlva] 18 [A'Ll Al‘z] ’ then ig - O'u Ov 0 1'0 Ov i3 ’
T4 1w 72,0 0 T40 5,0 u4

where (A;;, Ai,) € {N1,Pi} x {Na, P,}. The inputs of the P1-TS system
are w, and wo as the points of the rectangle D2, whereas the outputs of
this system are the velocities of the state vector, i.e. &1, @2, 3 and &4. The
membership functions of fuzzy sets are Ng (wy) = (ag +ﬂk)_1 (B — wg)
and Py (wg) = 1 — Ni (wg), where ay and B, (kK = 1,2), can be easily
obtained

wy € [—a1, 1] = [O, (x{{)ﬂ , Wy € [—ag,fa] = [—xflxg,m{[xg] .

The values ¥ and x# are the maximal angle and its maximal speed, re-
spectively. Thus, we obtain highly interpretable membership functions of the
fuzzy sets
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1 wWo 1 T1T2
N. = (1- = (1- .
=3 (=00) =2 (=)
According to the format of the rules, in order to find ¢;, and r;, we should
take into account the second and the fourth row of the matrix ([B.44]), cor-
respondingly. For the generator g given by (Z37) we define the follow-

ing matrices that define the functions of the inputs w; and ws of the TS
system

by hg 0 by b3 by 70 0 bs bs

_ ar hi1 0 as a3 - as ™ 0 a4 ae

0, = 0 hy O 0 0O |’ e = 0 o 0 0 O
0 h3 0 0 O 0 s 0 0 O

From ([Z38) we have Q, = 270, and Q, = 27O, Thus,

b1 — 1aq h() — O[lhl - a2h2 + a1a2h3 0 b2 — (149 b3 — (1as3

Q, = by + Biar ho+ Bihy — ashy — apBihy 0 by + Braz bz + Pras
4 by —ara1 ho —aihy + B2ho —a182hs 0 by — aras bz —aas |’

b1 + Brar ho + Brhy + Baho + B1B2hs 0 ba + Braz b3 + Pras

b4 — (14 To — Q1T1 — QT2 + 10973 0 b5 — (1Q4 bﬁ — 10
by + Pras 1o+ Bir1 — agre —agbirs 0 bs 4 Bias be + Bias
by —aray o —a1r1 + fPors —arfors 0 bs —aras bg — aag
by + Brag To + Pir1 + Bare + B1far3 0 bs + Bras be + PBrag

Finally, the system of rules that models exactly the system (343]) by the
given matrix H is as follows

r. - T
Ty
@ T2
Ry If [wy,wa] is [Ny N2], then jf =H; |z3]|,
:'c3 T4
. 4_ u-
r. _acl_
ol e
Ry If [wi,ws] is [Py N2, then x? =H, |z3|,
.3 Tq
T4
r. T _.731_
e
Ry If [wy,ws] is [Ny P2 ], then 9.:2 =H; |z3|,
.3 T4
T4
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. I
2
Ry: If [wi,ws] is [Py P»], then jf =H, |z3|,
.3 g
T4
U
where
0 1 0 0 0
H, — bl — X1a1 ho — a1h1 — Oézhg + Ozlaghg 0 bz — X149 bg — (1a3
1= 0 0 0 1 0
b4 — Q14 T — Q1T1 — QT2 + Q10973 0 bs — X1Q4 bﬁ — (10¢
0 1 0 0 0
H, — bi + Bia1 ho + Bih1 — agha —axBihs 0 ba + Biaz bs + Bras
2 0 0 0 1 0
by + fras ro+ fir1 — aora —afirs 0 bs + Bras be + Bias
0 1 0 0 0
H. — by —aja; hg —aihy + B2hy — a1 ffohs 0 by —ajay bs —ajag
3 0 0 0 1 0
by —aiay rog —oqri 4+ Poro —a1fors 0 bs —oias bg — aqas
0 1 0 0 0
H, — b1 + Brar ho + Bihy + Beho + B1B2hs 0 by + Braz bs + Pras
4 0 0 0 1 0
by + fras ro+ P11 + PBore + B1Bars 0 bs + fraa bs + Pras

Assume as in [184] a large value of x| say x¥ = 887/180 [deg]. In order to
have a good interpretation of real situations which are modeled by the rule-
based system we should observe that the subsets of the arguments (z1, z2) €
D2, for which the functions used in the premises of the rules are maximal,
are as follows

e the premise function N1 N> takes its maximal value (16/27) at (z1,z2) €
{(a1'/3, —2f), (—a{'/3,24") },

e the premise function P; Ny takes its maximal value (1) at (z1,z2) €
{ (=t '), (21", —23)

e the premise function N1 P, takes its maximal value (16/27) at (z1,22) €
{(1{1/37 x?) ) (_x{i/& _xéq) }7

e the premise function P} P, takes its maximal value (1) at (z1,z2) €

{(f'22), (ol =) }.

Thus, the premises of the rules R; — R4 can be substituted by the above
description of situations.

In the above example we used 4th-degree Taylor polynomials for approx-
imation of nonlinear functions at the equilibrium point of the dynamical
system. One can check that the above result is much better than the one
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obtained by the linearization of differential equations around the equilib-
rium. Thanks to the Taylor series expansion we obtained a small number of
highly interpretable fuzzy rules.

3.5 Boundedness of P1-TS Systems

In this section we evaluate the lower and upper bound of the function (2:26])
to which the rule-based P1-TS system is equivalent.

Theorem 3.15. The crisp output S of every MISO PI1-TS system with in-
puts zy, € [—ag, Bk] for k = 1,...,n, defined by “If-then” rules (Z:33) with
consequents of the rules q,, v=1,2,...,2" is bounded. The lower and upper
bounds are independent of boundaries of the intervals —ay or By, and they
are given by

min {CI17(]27 B qQ”} < S < max {qlquu B qQ"} . (345)
The above assessment cannot be improved.

Proof. According to Theorem B.6l for n = 1, by any arbitrarily chosen z;
from the interval [—aq, (1], the system output is the convex combination of
q1 and ¢a, as expressed by (BI1)). Thus,

min{q1,q2} < S (21| ¢1,¢2) = Mqi + (1 — A1) g2 < max {q1,¢2}

holds, since Ay = (a1 4 1) " (81 — z1) € [0,1] for every z, € [y, $1]. Sup-
pose that the theorem is true for the system with input variables z1, ..., z,—1
and the output S,_1. This means that S, _; in BI0) both by parameters
qi,--.,qan-1, and by parameters gan-141,...,¢2n, as a function of indepen-
dent variables z1, ..., z, is bounded as follows

min {q1,...,gon-1}<Sn_1 (21, -, 2n-1 | q1,---,qan—1) <max{q1,...,qon-1},
(3.46)
and

min {gan-141,...,q2n} < Sn1 (215,201 | Gan-141,-..,Gan)
< max {ggn-141,...,G2n}. (3.47)

But
min {min{q1,...,qen—1},min{gon-141,...,¢2n }} = min{q1,...,qan },
and

max {max {q1,...,qan—1},max{gan-1,1,...,¢2n } } = max{q1,...,qan}.

Thus,
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min{qy,...,qn} < Sn_1(21,-.+,2n-1) <max{q,...,qan}.

According to (3I0) by any arbitrarily chosen input vector [z1, ..., z,]" € D,
the system output S =S (21,...,2n | ¢1,-..,¢2n) is the convex combination
of Sn—l (2’17. ey Zp—1 | q1y. .-, q2n—1) and Sn—l (217. ey Zp—1 ‘ Gon—141,. .- 7qgn),
which both are bounded by min {qi, ..., 2~} and max{qi, ..., qn }:

min{Ql?"'aQQ"}SSzAnSn—l (217"'7277.—1 ‘ q17~-~7q2”*1)
+(1—>\n) Sn—l (217...72’”_1 ‘ q2n—1+17...7q2n)
<max{q,...,qn},

since Ay = (an + Bn) " (Bn — 2n) € [0,1] for 2, € [—au,, 3n]. Finally, observe
that for every consequent ¢, of the rule, there exists a vertex in the hyper-
cuboid D™ such, that the output S = ¢, (see the Proof of Theorem 2.7)).
Thus, both the lower, and upper bounds in ([345) cannot be improved. This
ends the proof of Theorem O

3.6 Summary

Thanks to Theorem [3.1] the computation of the inverse of the fundamental
matrix does not need classical matrix inversion procedures; the matrix inverse
can be found recursively using multiplication operations only. Some features
of the fundamental matrix and its inverse were given as well.

The decomposition of the rule-base of the P1-TS system that uses two
complementary fuzzy sets for every input, was helpful in developing the re-
cursive procedure. Thanks to Theorem and its generalization the curse
of dimensionality problem in the rule-based systems can be substantially re-
duced. Recursive procedure can be used for rather large rule-bases, even if the
membership functions of fuzzy sets are not linear or monotonic. The mem-
bership functions were assumed to be complementary, but this requirement
is not very restrictive, since in practice the membership functions can always
be normalized. In the case of the P1-TS system with n-iputs, the computa-
tional architecture of the recursion seems to be simple and can be viewed as
a feedforward n-layer neural network. As an example of application of the
recursion, the rule-based system with 6 inputs was considered. It is not a big
problem to consider a P1-TS system with about 10 inputs; such examples
require only more space to write equations.

It was shown that P1-TS systems can be used for the exact modeling
of the nonlinear continuous or discrete-time dynamical systems, where the
inputs of the fuzzy rule-based system are more abstract quantities and the
outputs refer to the system structure. The system inputs can contain known
premise variables that are not functions of the control input, but they may be
functions of the state variables, external disturbances and/or time. For every
input variable we assumed two complementary membership functions that
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cannot be monotonic or linear. For inverted pendulum system we obtained
better results than in other works; e.g. only 8 fuzzy rules (instead of 16) for
the P1-TS system turned out to be sufficient to model exactly the angular
motion of the pendulum in the two-dimensional case. However, with the above
approach there are many ways in which the artificial variables as the TS
system inputs can be defined. Another disadvantage of the above approach
which coincides in many respects with the one described in [184] is that the
fuzzy rules are not simple for interpretation. By using recurrence we can easily
check validity of other models of nonlinear systems in the P1-TS form, e.g.
a translational oscillator with an eccentric rotational proof mass actuator,
a vehicle with triple trailers described in [I84] and many other dynamical
systems.

We showed that application of the Taylor series expansion can be very
attractive in practice. In one example we used 4th-degree Taylor polynomials
for a good approximation of nonlinear functions at the equilibrium point of
the dynamical system. The result is much better than the one obtained by the
linearization of differential equations around the equilibrium. By using the
Taylor series expansion we obtained a small number of highly interpretable
fuzzy rules.

Finally we found the best evaluation for the lower and upper bound of the
function, to which the rule-based P1-TS system is equivalent.



Chapter 4

Fuzzy Rule-Based Systems with
Polynomial Membership Functions

In order to obtain a richer class of functions to which the fuzzy rule-based sys-
tem is equivalent, one can use nonlinear membership functions of fuzzy sets,
to which polynomials of the second or higher degree belong. Such polynomi-
als are defined by three or more parameters. It would appear that by using
nonlinear membership functions, one can get a sufficiently large class of func-
tions, to which the rule-based system is equivalent. However, if we increase
the complexity of membership functions of fuzzy sets only, while preserving
the number of fuzzy sets assigned for the input variables, our intuition about
richness of the class of functions performed by the rule-based system can fail
us. The number of fuzzy sets is important, since it determines the number of
consequents of the rules; thus, it constrains the class of functions performed
by the zero-order TS rule-based systems. This fact will be shown further on.

The consequents of “If-then” rules can be defined as functions depend-
ing on input variables, e.g. they can be polynomials. However, if it is not
stated differently, we will consider the zero-order rule-based systems. A spe-
cial attention will be paid to the TS systems which use the second degree
polynomials as the membership functions of fuzzy sets. First we will show
that it is not possible to obtain any second degree polynomial function, to
which a TS rule-based system is equivalent, on the assumption that only two
complementary membership functions as the second degree polynomials are
defined for the input variables for this system. We prove however, that three
quadratic membership functions suffice to model every second degree polyno-
mial function. For such membership functions the natural requirements that
guarantee a clear interpretability of fuzzy sets will be defined as well. The
TS systems that use as a basis three normalized second degree polynomial
membership functions, called P2-TS systems, will be thoroughly investigated.
Similarly to the fuzzy rule-based systems with linear membership functions,
we will define both a generator and a fundamental matrix for the P2-TS
systems. The features of the fundamental matrix for such systems and its
inverse will be given.

The curse of dimensionality problem is more serious for the P2-T'S systems
than the one for the P1-TS systems. Therefore we will develop the recursive
procedures for the computation of the inverse of the fundamental matrix and
for the crisp output of the P2-TS systems.

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 61
springerlink.com © Springer-Verlag Berlin Heidelberg 2009
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4.1 TS Systems with Two Polynomial Membership
Functions for Every Input

Below we prove the following

Remark 4.1. Suppose the inputs of a zero-order TS system are zp €
[—ak, Bk], (k = 1,2,...,n), and every input has assigned two complemen-
tary membership functions, say N (zr) and Py (zr) = 1 — Ng (z). If all
membership functions are polynomials of the degree d, then

(1) the crisp output f (z1,...,2y,) of this system is the following multivariate
polynomial
f(zlv°"7zn) = Z aplwwpnzflzgz “.Zan? (4]‘)

P1,--Pn€4{0,1,2,...,d}"

where 0, ... p. €R,
(2) every multilinear function of type (&I, can be exactly expressed by the
fuzzy “If-then” rules if, and only if the degree of polynomials is d = 1,
(3) not every nonlinear function of type (LI can be unambiguously ex-
pressed by the fuzzy “If-then” rules, when the degree d > 1.

Proof.
(1) First observe that the system output S is a linear combination of 2™
n
polynomials in the form “J] (ad)kz,‘j + ... Far ke + ao,k)”. Thus, the
k=1

output S is in the form ([@I]), indeed.
(2) For two fuzzy sets for every input (Nj and Py), there are 2" consequents
of the rules, which are free design parameters. The polynomial of degree d
is described by (d + 1) parameters. Thus, the number of functions (1],
which are structurally different one from another, is (d 4+ 1)", and it is
equal to the number of different consequents of the rules if, and only if
(d+1)" = 2. In this case we apply Theorem 2.4l
(3) Ford > 2 wehave (d + 1)" > 2™. Thus, not every nonlinear function (&)
can be exactly expressed by TS system; this finishes the proof of
Remark [Tl O
Let us consider an example which is of twofold goal. Firstly, we will give an
additional proof of Remark E.T] for the second degree polynomial (d = 2).
Secondly, we will show that by using some nonlinear bijection for the crisp
input x of the TS system with two linear membership functions, we can
obtain its nonlinear output S (z), (see Fig. E1)). Of course, the use of such
bijection is not necessary to prove Remark (.11

Example 4.2. Let us consider the zero-order TS system with the input x and
the output S, as shown in Fig. 4.1l We define a nonlinear mapping between
the original input € [—a, 8] and an ancillary variable z € [—a, (], in the
form of the second order polynomial
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z € [—a,f] Bijection ? € [, 8] TS S =5(z)
g 2 " system g

Fig. 4.1 SISO TS system from Example [£2]

(z + ) (z = B)

z(z)=x+m ot B

, (4.2)

where m is a parameter - see Fig. 2 We assume that 0 # |m| < 1, since
2 is a bijection z : [—«, 8] — [—a, 0] if, and only if |m| < 1, and we omit
the trivial case z = x. If the membership functions are linear:

NG =(a+8)""(B-2), Pz)=1-N(z),

then from two fuzzy rules:

Ry :If z is N, then S = q1,
Ry : If 2 is P, then S = o,

we obtain the system output

g_ N (2)+aP(2)
N (2)+ P(2)
_(@-—q)z+ag+6n +m(Q2_QI)($+a)($_ﬁ).

a+p (a+ B)?

Fig. 4.2 The bijection
(#2) with parameter
m = m;: mp = —1,
mo = —0.5, ms3 = 0.5
and mg4 =1
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It can be equivalently written as
S (z) = A2® + Bx + C,

where

Q@2 —q

(a+8)"
(a+B+m(a—=p))(e2—aq)

(a+5)°
@B (a+ B+ ma)+ g (af —maf +a?)
(a+5)°

Thus, independently of the consequents of the rules (¢; and g2), the sys-
tem output is restricted to the following class of functions as second degree
polynomials

B =

)

C

S(m)zAx2+(a;ﬁ+a—ﬂ>Ax+C’, x € [—a,p], (4.4)
where A,C € R, by 1 > |m| # 0. This means that there are “many”, but
not all second degree polynomials, which can be exactly represented by the
rule-based system. For example, by the fixed interval [—q, 3], we are not
able to formulate such two fuzzy rules, that the rule-based system would be
equivalent to the following polynomial

f@)= A+ A(a—B)a+C,  zel-a, (4.5)

where A,C € R. This is because there is no m such that 0 # |m| < 1 and

<a +5 +a-— 5) A = (a— ) A for any real o, § and A. In other words,
m

the function ([£3) is not from the class of functions defined by (@4]). This

example shows by contradiction that the second part of Remark [Tl is true.

The zero-order rule-based TS systems in which the membership functions of
input variables are polynomials of the degree d will be called Pd-TS systems.
A special attention will be paid to P2-TS systems further on.

4.2 The Normalized Membership Functions for P2-TS
Systems

From the preceding section we know that it is not possible to obtain any
second degree polynomial by using the TS systems, in which only two com-
plementary membership functions as second degree polynomials are defined.
However, we will prove further on that three membership functions as the
second degree polynomials suffice to model any second degree polynomial
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function. Such membership functions defining the fuzzy sets for input vari-
ables will be defined below.

In the interval [—a, 5] we define three membership functions of fuzzy sets,
say N (z2), Z(z) and P (z), which are the second degree polynomials and
satisfy the following additional conditions:

1. N : [-o, 8] — [0,1] is a monotonic function with negative slope, i.e.
dN (z) /dz < 0 for z € [—a, (], which satisfies two boundary conditions:

a) N(—a)=
b) N (8) = 0.

2. P : [-a,0] — [0,1] is the monotonic function with positive slope, i.e.
dP (z) /dz > 0 for z € [—a, ], symmetric to the function N with respect
to the interval centre o € [—a, 3]:

L

—a+
= . 4.6
, (4.6)
3. Z : [-a,p] — [0,1] is the function which reaches zero slope in o, i.e.
dZ (o) /dz = 0.
4. The functions N, Z and P satisfy the normalization condition
N()+Z(2)+P(2) =1, Vzel-a,0]. (4.7)

One can prove that the functions N, Z and P meeting the above needs can
be expressed as follows

(@+B-A(z+a))(6-2)

N (z) = , 4.8
(2) (at By (4.8)
(B—2)(z+a)

Z(z) =2\ , 4.9
(2) (a+ﬂ)2 (4.9)
P(Z):(aﬁ-ﬂ#—/\(z—ﬂz))(z%-a)’ (4.10)

(a+0)

where the parameter \ satisfies the condition
0<AL 1. (4.11)

We do not allow A = 0, since in such case Z (z) = 0 for all z, and there would be
two nonzero membership functions only: N (z) and P (z). In other words, by
A = 0, the class of rule-based systems reduces to the formerly considered P1-TS
systems. Figures 3] and 4] show plots of functions ({8)-(I0) for different
values of parameter A\. Observe that IV and P are normal fuzzy sets but Z is
not normal. The cores of the fuzzy sets N, Z and P are three characteristic
points of the universe of discourse: “—a”, “o” and “G”, respectively.
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Fig. 4.3 The basis of \
normalized second degree :
polynomial membership
functions by the maximal
value of parameter A,

(=1

z
Fig. 4.4 The basis of
normalized second degree
polynomial membership
functions by parameter
A=0.5
N

The membership functions N, Z and P have a clear linguistic interpreta-
tion in any case of boundaries “—a” and “3” as real numbers:

1. If —a < 8 < 0, then N can be interpreted as negative big, Z - negative
medium and P - negative small,

2. If —a < =0, then N can be interpreted as negative, Z - negative small
and P - negative zero,

3. If —a < 0 < B, then N can be interpreted as negative, Z - zero and P -
positive,

4. If 0 = —a < B, then N can be interpreted as positive zero, Z - positive
small and P - positive,

5. If 0 < —a < B, then N can be interpreted as positive small, Z - positive
medium and P - positive big.

As discussed in Section 222 the linguistic terms can be substituted by others
depending on the context or specific application.

The rule-based TS systems with the above membership functions we will
call P2-TS systems for short.

4.3 SISO P2-TS System

Now we will consider P2-TS system with single input z € [—a, ] and single
output S. The rule-base structure is as follows
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Ry :If zis N, then S = qq,
Ry :If zis Z, then S = q, (4.12)
R3 : If z is P, then S = ¢o.

The system output as a function of the input variable z is given by
S(E)=N@Ew+ZE)a+P()e=[N(2).Z(z),P()]q,  (413)

where q = [qo, q1, qg]T, and N, Z and P are defined in ({8))-[@I0). By s we
denote the vector containing values of system output in the cores of the fuzzy
sets IV, Z and P, respectively

s=[S(~a),S(a),S(B)".
It can be expressed equivalently by
s = Rq, (4.14)

where the matrix R contains the membership degrees in the cores of the fuzzy
sets

N(-a) Z(—a) P(—a) 1 0 0
R=| N(o) Z(o) Po) | =[(2=N/4 N2 (2—-X)/4
N(@) Z(B) P@) 0 0 1
(4.15)

Observe that S (—a) = go and S () = g2. However, the consequent of the
fuzzy rule Ry in [@I2)) is q1, but

2—\ A 2— A\
Qo+ q1+ 7@ # q1,

— 4 =

and there is no such A € (0, 1] for which ¢} would be equal to ¢;. The maximal
influence of the rule consequent ¢; for the crisp output ¢} one obtains for
maximal value of the parameter A\. Therefore we prefer to use A = 1.

Corollary 4.3. The crisp output of the SISO P2-TS system is exactly the
same as the consequent of the rule, if the input is either “—a” or “B7. The
interpretation of the fuzzy rules Ry and Rs given by ([{.12) for the P2-TS
system is straightforward and analogous to the P1-TS systems.

Similar considerations concerning P2-TS systems with many inputs will be
given further on (see Theorem T and Example ET3)).
Now we introduce a generator for the SISO P2-TS system

gx)=1|%]. (4.16)
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According to Remark 1] the function f (z) to which the rule-based system
[#I2) is equivalent, has the form

fz)=g"(2)6, (4.17)

where @ = [0, 61,05)". The equality S(z) = f(z) must be satisfied for
z € [—a, ], particularly for all three characteristic points from the set
{-a,0,8} C [-«,[]. Thus,

f(=a) gT (—a) to
s=|f(o) |=|g" (o) 01| =r"e
f(B) g’ (8) 02

must be satisfied, where the matrix I is the concatenation of the values of
the generator (€I in the points “—a”, “o”, and “3”, respectively, i.e.

r=[g(-a),g(0),g(3).

Thus, we obtain the exact relationship between consequents q of the rules
(EI2) and parameters 0 of the function (@IT) as follows

Rq=1I76.
Thus,
q=R7'r'e =0%e, (4.18)
where the fundamental matriz for the SISO P2-TS system is defined by

1 1 1
Q=-r®R"H = |- o B, (419)
o (a4 0% /2-(a+p)"/(2)) B

where 0 < A < 1. The inverse of € always exists and is given by

Q*lZRTlﬂfl
B4aB(l-X) —a(l=XN-=8(1+) A
_ 1 2203 e DN
2
@+0)" |02 LaB(1-N) a(l+4N+8(1=A) A
(4.20)

All equations are valid for any parameter value A from the interval (0,1].
Assuming A = 1 and adding the index “1” for matrices in the case of SISO
P2-TS system (n = 1), we obtain

e the matrix (LI5) of membership degrees in the points from the set
{—Oé,O', ﬂ}
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1 0 0
R, = |1/4 1/2 1/4]. (4.21)
0 0 1

e the fundamental matrix of the SISO P2-TS system

1 1 1
Q=] o1 B, (4.22)
of  —af B7

e and the inverse of the fundamental matrix

) Br =260 1
201 4or =2 . (4.23)

2
(al + ﬂl) a% 201 1

Q=

The above formulas will be useful further on.

4.4 P2-TS System with Two and More Inputs

In this section we will investigate P2-TS systems with the inputs z1, ..., z,.
For such systems, in order to define three membership functions Ny, Zx and
Py, as the functions of variables zx, (k = 1, 2, ..., n), we can choose individual
parameter values A1, Ao, ..., A, for the particular inputs. The membership
functions take the following general form

(ak + B — M (2 + ) (Br — 2k)

Ni (2x) = , (4.24)
(ak + Be)?
Zi (z1) = 2, P~ #) (o ) (4.25)
(ax + Br)
P (21) = (ag + Br + Ak (21 — Br)) (21 + o) (4.26)
(an + Br)? ’
where A\, € (0,1], (k =1, ..., n). If there are no contraindications, we prefer

to assume in practice the same value A\, = 1 for all variables (see Section [1.3])
— this corresponds to membership functions shown in Fig.

Let M,, be a crisp set of 3" characteristic points for the P2-TS system as
n-dimensional vectors

M, ={—a1,01,01} x {—ag,02,02} X ... X {—an,0n,0,} C D". (4.27)
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Fig. 4.5 The ordered 23
set M, for n = 3 with
two depicted elements.
The first one (v = 1)
corresponds to the vector
(—a1, —az2, —as) and the v =27
last one (v = 27) - to the
vector (ﬁ1 5 ﬁg, ﬁd)

Z1

The set of characteristic points for P2-TS system includes all vertices of
the hypercuboid D™. We order M,, as follows. For every n-dimensional vec-
tor (v1,...,7) as an element of the set M, (see Fig. O] we define the
corresponding index v according to the following bijection

v=1+)» 37'p, (4.28)
i=1
where
0 < Yi = —Q;
pi=< 1 & v =o0; , i=1,...,n. (4.29)
2 & Yi = ﬂz

Thus, every element of the set M,, unambiguously corresponds to some index.
For (v4,...,7,) € My, and (v{,...,v") € M,, we define an ordering relation
“<” as follows

(Vi) =< (Vo) & Uyl oyt < Uyt (4.30)

o Forn=1wehavev_, =1<v, =2 < vg =3 and therefore —a < o < .
e For n = 2 the inequalities between indices are
Vear—as = 1 < Vg ,—a0 =2 <V —as =3 < V—qay,00 =4 < Vg,,00 =0 <
UBy,02 = 6 < V—ay,B2 = < Voy,B2 = 8 < UBy,B2 = 9.
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Thus, the members of My are ordered as follows
(—a1, —ag) < (01, —az) < (1, —a2) < (—a1,02) < (01,02) < (B1,02) <
(—a1, B2) < (01, B2) < (b1, B2).
e For the ordered set M3 we have
(—a1, —ag, —az) < (01, —az, —a3) < (b1, —a2, —a3) < (—a1,02, —a3) <
(01,02, —az) < (B1,02, —a3) < (—a1, B2, —a3) < (01, B2, —a3) <
(B1, B2, a3) < (—ai, OZ2,03) < (o1, —az2,03) < (B, —az,03) <
( «1,02,0 3) =< (0’1,0’2,0’3) (ﬂ1,0'270'3) =< (—Oél,ﬂg,()'g) =<
(01, B2,03) < (B, B2,03) < (—a1, —az, B3) < (01, —az, B3) <
(B1, —a2, B3) < (—a1,02,83) < (01,02, 83) < (B1,02,03) <
(— ) <

o1, B2, B3) < (01, B2, B3) < (B, P2, B3).

The process of ordering the set M, is simple and unambiguous for any number
of system inputs.

Finally, for the MISO P2-TS system with the inputs 21, ..., 2z let us
introduce a generator

go =1,
gk (zlv' . °7Zk) et1
gk+1(zl7"'7zk+l): Zk+1gk(zlv"'7zk) GRS ) k:Oa172a"'7n_1a
z,%_Hgk (z1,+ -+, 2K)

which is of great importance for such systems.

4.4.1 Rule-Base Structure for
Two-Inputs-One-Output P2-TS System

For n = 2 the rule-base structure is as follows

Ry : If z1 is N7 and 29 is Ns, then S = qqo,
Ry : If z1 is Z; and 2z is N, then S = ¢,
R3 : If z1 is P; and z3 is Na, then S = ¢g0,
Ry : If z1 is N7 and 29 is Zs, then S = qo1,
Ry : If z1 is Z7 and 25 is Z5, then S = ¢11, (4.32)
Rg : If z1 is P; and z3 is Zs, then S = g9,
R7:If z1 is N1 and 25 is P, then S = qqo,
Rg : If z1 is Z7 and zo is P», then S = ¢,
Ry : If z1 is P, and z5 is P», then S = 90,

and, in accordance with ([@3T), the generator is given by
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g1 (1) 2 2 2 2 2.21T
g2 (21, 22) = | 2281 (21) | = [1,Zl,2172272122’2122’227212272122] - (4.33)
2581 (21)
The crisp output of the system can be expressed as a scalar product of two
vectors

S (z1,22) = [N1Na, Z1No, Py Ny, N1 Zo, Z1 Zo, Py Z2, N1 Po, Z1 P2, P, P5] q,
(4.34)

where Nk = Nk (Zk)7 Zk = Zk (Zk) and Pk = Pk (Zk) for k = 1,2 are the
membership functions defined by ([@24)-(@.20), and the vector q consists of
the conclusions of the rules ([Z32])

q= [%07 410,920, 901, 411, 921, 902, 412, QQz}T . (4-35)

On the other hand, according to Remark 1] we have

S(z) =g; ()0, z€D?

1" and g (z) is given by

where @ = [0o0, 010,020, 001,011,021, 602,012, 022

&33).

4.4.2 Rule-Base Structure for
Three-Inputs-One-Output P2-TS System

For n = 3 the rule base consists of 27 rules. Its abbreviated structure is as

follows
Ry : If z1 is N7 and 25 is No and z3 is N3, then S = ggoo,
Ry : If z1 is Z1 and z5 is Ny and z3 is N3, then S = g100,
R3 : If z1 is P; and 25 is Np and z3 is N3, then S = goqp,
Ry : If z1 is Ny and 25 is Z5 and z3 is N3, then S = qg10,
Rs : If z1 is Z1 and z5 is Z5 and z3 is N3, then S = ¢110,
Rg : If z1 is P; and 29 is Z5 and z3 is N3, then S = go219,
Ry : If z1 is N7 and 25 is P> and z3 is N3, then S = ggoo,
Rg : If 21 is Z; and 23 is P, and z3 is N3, then S = ¢q20,
Rg : If z1 is P; and 25 is P, and z3 is N3, then S = g9,
Rig : If z1 is N7 and z5 is Ny and z3 is Z3, then S = ggo1,

R27 cIf Al is P1 and z92 is P2 and z3 is Pg, then S = q222,

and the generator
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g2 (21, 22)
g3 (21,22, 23) = | 2382 (21, 22)
2
2382 (21, 22)
2 2 2 2 2.2
= [1aZlaZ17ZQaleQaZ1Z2aZ272122721Z27
2 2
Z37le372123722233Z1Z2Z3721Z2Z37
2 2 2.2 2 2 2.2 2
Z9R3,R1R9%3,21R9R3,%3,%1%3,R1%3,R2%3,

2 2 2 .22 22 22T
212223, 217025, 2525, F125 25, 21 2825 . (4.36)

The output of a three-input P2-TS system can be expressed and computed
in the same way as for a two-input system - this is rather a simple task, but
the equations are large for the number of inputs n > 3. For MISO P2-TS
systems with n > 3 inputs we prefer to use the methods based on recurrence,
which will be presented in the next sections.

4.5 The Fundamental Matrix for MISO P2-TS System

Similarly to SISO P2-TS systems, for the MISO P2-TS systems, the same
equations as in ([£I])) hold, namely

q=R'r'e =070, (4.37)
where

e the vector q contains the consequents of the “If-then” rules,
e 0 is the vector of parameters of the crisp function (1)) to which the MISO
P2-TS system is equivalent,
e the meaning of matrices R and I is the same as in Section 3] after some
generalization for MISO systems,
e the matrix
Q=-r®r")" (4.38)

we will call the fundamental matriz for P2-TS system.

Both € and its inverse are important, since they enable one to establish an
exact relationship between the consequents q of the “If-then” rules and the
parameters 0 of the crisp function (4], to which the rule-based system is
equivalent. Therefore our goal in this section is to give a procedure of how to
compute the fundamental matrix and its inverse in the general case.
First we prove the following

Lemma 4.4. For the MISO P2-TS system with the inputs [z1,.. .,zk}T
D, we define the matriz

S

Fk = [gk (_ala-"a_ak)7"' , 8k (ﬂlaﬂ27"'76k)]7 (439)
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for k=1,2,...,n, where the values of the generator g, defined in ({.31]) are
computed for the subsequent elements of the totally ordered set My, defined by
(Z-27). The matricz I'y, can be computed recursively as follows

Iry= ]-7
1 1 1
Ipi1= | —Qk+1 Okt Br+1 | ® Iy, (4.40)
ai—i—l 0']%+1 ﬁl%—i—l

fork=0,1,2,...,;n—1.

Proof. From (@39) by g1 (z1) = g(2) defined in (£I6]) we obtain

1 1 1
ri=[gi(-),gi(o1),g(B)] =] o A
af of fF
On the other hand from (@40) for k£ = 0 we have
1 1 1
Ir, = —aq -1 o1-1 ﬁ1~1

(—a1)®-1 o2-1 p2-1

Thus, for k£ = 0 the recurrence ([@A0) is true.
For k > 1 let us rewrite the equation ([@39)), taking into account ([3T])

Fk+1 - [gk+1 (_ala"'ﬂ_akv_ak+1)7 oy k41 (ﬂlv"'vﬂkvﬁkﬂ*l)]
gk(_ala"w—ak) gk (ﬂ17"'76k)
— —o18k (—ar, .. —aw) | oo | Berigr (Br, -, Br)
(—oni1)’ gr (o, ..., —a) Bei 18k (B1,-- - Bk)

(4.41)

For example
F2 - [alaaQaa37blab27b3aC17C2ac3 )

where the column vectors a;, b; and c; are
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g1 (—a1)] [ g1(o1)] g1 (51)
by = | 0281 (—a1) | | by = | 0281 (01) | | bs = | 0281 (B1) | ,
| o3g1 (—a1) | 0381 (01) o381 (61)
[ g1 (—a1)] [ g1(01)] g1 (61)
ci= | Pegi(—a1) |, co=|0Begi(o1)|, c3=|Begi(B1)],
_ﬂ%gl (—oa) | _ﬂ%gl (1) | B3g1 (61)
what results in
r1 1 1 1 1 1 1 1 1 7
—a1 01 B —a1 g1 B —a1 g1 B
of o B of o pI of o B
—ay —ay —az 03 o2 02 B2 B2 [
I'y=| aiaz —o1as —efh —102 0102 (102 —a1ffa 0182 12 ||
—atag —0lag —agfll afoy ofos (Pox aiBs 0By [ifs
a5 a3 a3 o3 03 03 3 503
—a103 0105 a3f —ai03 0103 fios —aifs o185 Bi3
ajad ofa3 o3ff ajoi ofod Biol aif3 oif3 Bi63

or equivalently
1 1 1

s = —Q2 gy e R I'.
2
(—az) o5 B3
One can observe that in the general case, because of the generator structure
(#3T) and the sequence of the characteristic points from the set My, the

structure of the matrix I'yy is as follows
Iy
(a) The first 3% columns of I'y;; constitute the submatrix | —®k+1I%
(—ak+1)2 I’y

Iy

(b) The next 3% columns of I'yy; constitute the submatrix | ok+11'k

O—I%-HF k

Iy

(c) The last 3* columns of I'yy; constitute the submatrix | Bk+11 'k

ﬁ§+1fk

This finishes the proof of Lemma [£.4] O
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Lemma 4.5. For the MISO P2-TS system with the inputs z1, ..., zx, let us
denote by sy the vector of its outputs in the consecutive points of the ordered
set My, defined by ([4-27), and the vector qi containing the consequents of the
rules

[ S (—a1,—az, —as, ..., —ay) q000...

0
S (o1, —ag, —ag, ..., —oy) q100...0
S (81, —ao, —as, ..., —oy) 4200...0
S(—ay,00,—a3,...,—oy) qo10...0
S (01,02, —as,...,—ay) q110...0
sp=| SBro2,—as,....,—ax) | Qi = | 4210...0 (4.42)
S (—a, P2, —as, ..., —oy) q020...0
S (o1, P2, —asz, ..., —ay) q120...0
S (81, P2, —asz, ..., —ag) 4220...0
S(ﬂhﬂ?aﬂl%'-'aﬂk) _ | 4222...2 |
There exists a matrix Ry € R3"%3" sych that
S = quk, (443)
and Ry can be recursively computed as follows
Ro=1,
1 0 0
Ripp1= | (2= Mt1) /4 Met1/2 0 (2= Xes1) /4| @ Ry, (4.44)
0 0 1

for k=0,1,2,...,n — 1, where A\, € (0,1] is the parameter of membership

functions (£.24)-{4-20)).

Proof. Let us consider the system with one input z; € [—ay, f1]. From the
results in Section [£3] we have

S (—a1) Ni(—a1) Zi(—a1) Pi(—oa) | |ao
S(o1) | =Riai = | Ni(o1) Zy (01) Py (o) q1
S (1) Ni(B1)  Zi(B1) Pi(Bh) 0
Thus,
1 0 0
Ri=|2-M)/4 M/2 (2-M)/4|®]1,
0 0 1

i.e. the result is the same as in ({44).
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For the system with two inputs the equality so = Roqs holds, where

S (—aq, —a2) qoo

S (o1, —a2) q10

S (B, —az) 420

S (—aq,02) Ro 11 Ro 12 Roj13 qo1

So = S (01,02) , Ro=|R221 Rop2 Roo3 |, aqx=|qu|,

S (B1,02) Ro31 Ro 32 Ro33 go1

S (—au, f2) qo2

S (o1, B2) 712

| S(61,62) | | Go2 |
and

Ni(—aq) Na(—2) Zi(—oq) Na(—a2) Pi(—a1) Na(—a2)
Ro11= | Ni(o1)Na(—a2) Zi(01) N2(—a2) Pi(01) N2 (—az)
Ni(B1) N2 (—a2)  Z1(B1) N2 (—a2)  Pi(B1) N2 (—az)
=Ry N2 (—az),
N1 (—Oq) Z2 (—ag) Zl (—Oq) Z2 (—ag) P1 (—Oq) Z2 (—ag)]
Roi2= | Ni(o1)Za(~a2) Zi(01) Z2(~a2) Pi(01) Z2(—a2)
Ni(Br) Z2 (—a2)  Z1 (1) Z2(—a2)  P1(B1) Z2 (—a2)
=R Z3(-a2),
Ni(~a1) Py (—a2) Zy(—a1) Py(—a2) Pi(—a1) P (—oa)}
Roi3=| Ni(o1) 2 (~a2) Zi(01) Pa(—a2) Pi(o1) P2(—a2)
Ny (B1) Pa(—a2)  Z1(B1) Pa(—a2)  Pi(B1) Pa(—a2)
=Ry P (-a2),
Ny (—a1) Ny (02) Z1(—a1) No(02) Pi(—a1) Nz (o2)
Ro21 = | Ni(01)N2(02) Zi(o1)Na(o2)  Pi(01) Na(02)
Ni(B1) N2 (02)  Z1(B1) N2(o2) P (B1) N2 (02)
= R1 . N2 (0’2) ,
N1 (—Ozl)ZQ (0’2) Z1 (—a1)22 (0'2) P1 (—a1)22 (0'2)
Rao2o = | Ni(01)Za(02) Zi(01) Z2(02) Pi(01)Z2(02)
Ni(B1) Z2(02)  Z1(B1) Z2(02)  Pi(B1) Z2(02)

:Rl 'ZQ (0'2),
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N1 (—al)Pg (0’2) Z1 (—al)Pg (0’2) P1 (—Oq) P2 (0’2)
Rao3 = | Ni(o1) P2(02) Zi(o1) Pa(02) Pi(01) P2 (02)
Ni(B1) Py (02)  Z1(B1) P2(02)  Pi(B1) P2 (02)
= R1 . P2 (0'2) 5
Ni(—a1) N2 (B2) Zi(—a1) N2 (B2) Pr(—a1) N2 (B2)
Rozi = | Ni(o1)N2(B2)  Zi(01) N2(B2)  Pi(01) N2 (B2)
Ni(B1) N2 (B2)  Z1(B1) N2(B2)  Pr(B1) N2 (fB2)
=Ri- N2 (f2),
Ni(=a1) Z2(B2) Z1(—on) Z2(B2) Pr(—aq) Z2(B2)
Rose = | Ni(o1)Z2(B2) Zi(01) Z2(B2)  Pi(01) Z2(B2)
N1 (1) Z2(B2)  Z1(B1) Z2(B2) P (B1) Z2(B2)
=R1- 22 (B2),
and
Ni(=a1) P2 (B2) Z1(—a1) P2 (B2) Pi(—a1) P2 (B2)
Ross = | Ni(o1) 2 (B2) Zi(o1)P2(B2)  Pr(o1) P2 (B2)
Ni(B1) P2 (B2)  Z1(B1) P2 (B2)  Pi(B1) P2 (B2)

=R; P2 (f2).

In a more compact form we can write

Ny (—a2) Zs(—az) P (—a2)
Ny (02)  Zy(02) Pa(o2)
No(B2)  Z2(B2) Pa(fe)

R, = ® Ri.

The same procedure must be applied for the construction of the matrix Ry
in (@43]), remembering the order of the set Mj. Finally, we conclude that the
following recurrence

Niyi1 (—agt1) Zit1 (—okt1) Prg1 (—ags1)
Rip1 = | Net1(0kt1)  Zikt1(ok+1)  Pet1(ok+1) | @ Ry
Nit1 (Bre+1)  Zr+1 (Br+1)  Prt1 (Bk+1)

holds for every natural k. After computing the membership degrees according
to ([{24)-([26) we obtain the recursive formula ([@44). This ends the proof
of Lemma O
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Observe that for Ay = Ay = ... =\, = 1 we have
1 0 0
Rer1=|1/4 1/2 1/4| ® Ry, k=0,1,2,...,n—1.
0 0 1

For example

(1 0 0
R,=|1/4 1/2 1/4| @Ry
0o 0 1
1 0o o0 0 0 0 0 0 0 ]
1/4 1/2 14 0 0 0 0 0 0
o 0 1 0 0 0 0 0 0
/4 0 0 1/2 0 0 1/4 0 0
=|1/16 1/8 1/16 1/8 1/4 1/8 1/16 1/8 1/16
o 0 1/4 0 0 1/2 0 0 1/4
o 0o o0 o0 0 0 1 0 0
o 0 0 0 0 0 1/4 1/2 1/4
0o 0o o0 o0 ©0 0 0 0 1 |

The matrix R3 contains 3% x 33 = 729 elements and because of its large size
it will not be presented here.
Now we prove the following

Theorem 4.6. The fundamental matriz of the MISO P2-TS system with the
inputs [z1, . . ., zk]T € D* and the membership functions of fuzzy sets for the
inputs defined by (£.24))-(4-26), can be computed recursively as follows

Qy =1,
1 1 1
Q= o Kl P (4.45)
k= 1 ai + 8 2 k—1, .
N R S
2 Ak
fork=1,...,n, where A\, € (0,1] is the parameter of membership functions.

Proof. From ([@38) for MISO P2-TS system with the inputs [z1,.. ., 2]’ €
D* we have

Q=T (R (4.46)



80 4 Fuzzy Rule-Based Systems with Polynomial Membership Functions

Next we apply Lemma [£4] and Lemma

Q= (Ar®IL_1) ((Bk ® Rk—l)_1>T’

where according to ([40) and ([@44) the matrices Ay and By are

1 1 1 1 0 0
Ay=|—-ar or Bk, Br=|(2-M\)/4 /2 (2—X)/4
oF  op B} 0 0 1

From (A4) and (AR given in Appendix [Al we obtain
T
((Bk ® R,H)*l) —®B;'erY) =B o ®Y)"
Thus,
Q= (Ar e M) (B o (®R2)" = (A (B7)" ) o (Do (RL))

One can check that

1 1 1
T —ay o Br
Ar(BY) = 2
1 o+ 0
N R L
2 Ak
Now we apply the Kronecker product property (A3]) from Appendix [A}
1 1 1
—Q Ok ﬁk _ T
B e | @ (TR
g 9 Qg + ﬂk: - >\k ﬂk;

(4.47)
According to (£Z6) the equality I'y_q (R,Z_ll)T = Q_1 holds. Thus, the
equation (£47) is the same as ({45) and this finishes the proof of

Theorem 0
For A\ = Ao = ... =\, =1 we obtain a much simpler recurrence
Qy =1,
1 1 1
Q= | ~u ok Br | @ Qp_q, k=1,...,n, (4.48)
ai —Bra, ﬂ;%

which we prefer to use in practice.
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Fig. 4.6 Contour lines of the function (€Z9)

Example 4.7. Our goal is to obtain the fuzzy rules for P2-TS system which
exactly model the following nonlinear function

f(21,20) = 22223 + 22220 — 2125 + 22 — Bzy29 + 325 — 421 + 620 (4.49)

for (21,22) € D? = [—12.8040,16.2860] x [—6.8844,5.2029]. Three contour
lines of the above function as the set of points

U {(z1,22) € D?: f(z1,22) = c}

ce{-3.3, 5, 100}

are shown in Fig. We assume that the first input z; of the TS sys-
tem has assigned the fuzzy sets N, Z; and P;, whereas the second one -
the fuzzy sets Na, Zs and P». The membership functions are defined by
[#29)-(@20), with the parameters A\; = A2 = 1, and boundaries of the
intervals a; = 12.8040, 5, = 16.2860, as = 6.8844, and (2 = 5.2029.
The cores of fuzzy sets Z; and Zy are o7 = 1.7410 and o5 = —0.8407,
respectively. Observe that the function ([@Z9) can be written equivalently
as

f (Z17 22) = ang (Z17 22) = [Oa _4a 17 6a _5a 27 3a _1a 2] 22 (Zla Z2) 5
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where the generator gs (21, 22) is given by (£33). Taking from (@22) the
fundamental matrix €, for one-input P2-TS system, we compute the funda-
mental matrix g for two-inputs P2-TS system, according to Theorem
(for Ay = Ay = 1). After computations we obtain

(1 —og a? —ay a1y —adam ak  —aja3 a?a3
1 o1 —a1fh —ag —o102 aqefh o3 o103 —aio3f

1 B 0% —az —afh —aafff a3 a3f a3t
l—a1  af o0z —a1op  ajos —apfa aroofh —ofazfs

Q= |1 o1—aipr o2 0102 —a1Bio2 —fe —o10202 cva2fifs | |

1 b B3 o2 Prioa Bioy —aofs —aaf1fz —a2fi B2
l—ar o fo—aify aife (5 —aiff a3

1 o1 —oafi B2 0162 —0uBif2 53 0133 —a113
1 A BT B2 1P B3 B2 65 B153 B3

(4.50)

and numerically

[1-12.80 163.94 —6.884 88.15 —1128.6 47.39 —606.85 7770.0 ]
1 1.74 —208.53 —6.884 —11.99 1435.6 47.39 82.515 —9883.1
1 16.29 265.23 —6.884 —112.1 —1826.0 47.39 771.87 12571.
1-12.80 163.94 —0.841 10.76 —137.83 —35.82 458.62 —5872.2

QF=|1 1.74 —208.53 —0.841 —1.464 175.31 —35.82 —62.361 7469.2
1 16.29 265.23 —0.841 —13.69 —222.98 —35.82 —583.35 —9500.4
1-12.80 163.94 5.203 —66.62 852.98 27.07 —346.61 4437.9
1 1.74 —208.53 5.203 9.058 —1084.9 27.07 47.129 —5644.8

|1 16.29 265.23 5.203 84.73 1380.0 27.07 440.86 7179.9 ]|

For the P2-TS systems we have
-1
So =gl (21,20) () @2 = f (21, 22) = 0" g2 (21, 22) .
Thus, the vector of conclusions of the fuzzy rules is given by
Q=070

= [13764.9420, — 17032.2043, 21579.2316, — 12429.8971, 15030.6206,
— 18707.3075, 11589.1320, — 13655.0266, 16567.7977)T.

Finally, the system of fuzzy rules for the 2-iputs-1-output P2-TS system is
as follows
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Ry : If z1 is N7 and z is N, then S = 13764.9420,
Ry : If 21 is Z7 and z5 is Na, then S = —17032.2043,
R3: If z1 is P; and 29 is No, then S = 21579.2316,
Ry : If z1 is N7 and 2o is Z5, then S = —12429.8971,
Rs : If 21 is Z7 and 25 is Z3, then S = 15030.6206, (4.51)
Rg : If z1 is P; and 23 is Zs, then S = —18707.3075,
Ry : If z1 is N1 and zo is P», then S = 11589.1320,
Rg : If z1 is Z1 and z5 is P», then S = —13655.0266,
Rg : If z1 is P; and 23 is P, then S = 16567.7977.

One can check that the above rule-based system exactly models the function

([@49), since the expression gl (z) (Qgﬂ)fl q2 results in the same polynomial
as in ([#49) for all points z from the rectangle D?.

Example 4.8. Let us consider the system of fuzzy rules (@151 for 2-inputs-
one-output P2-TS system from Example 771 Assume the same data a; =
12.8040, 51 = 16.2860, g = 6.8844, B2 = 5.2029, Ay = A2 = 1 and the
consequents of the rules (@51 gog = 13764.9420, g10 = —17032.2043, g2 =
21579.2316, qo1 = —12429.8971, g11 = 15030.6206, g21 = —18707.3075, go2 =
11589.1320, q12 = —13655.0266 and goo = 16567.7977. From (4.24))-(@.28)
and (£34)-[{30) we obtain the system output S = S3 (21,22 | qoo, - - -, q22)
which can be expressed by

S = N2 (22) (N1 (21) qoo + Z1 (21) 1o + P1 (21) ¢20)
+ Z5 (22) (N1 (21) go1 + Z1 (1) i1 + P1 (21) ¢21)
+ P (22) (N1 (21) qo2 + Z1 (21) 2 + P1 (21) q22) -

The above expression gives the same function as in ([@49) exact to numerical
errors.

4.6 Recursion in MISO P2-TS Systems

In order to obtain the crisp output of a MISO P2-TS system, we need to ob-
tain an inverse of the fundamental matrix. Our first goal is to give a procedure
for computing this inverse. We prove the following

Theorem 4.9. Let Q¢ =1 and 2, be the fundamental matriz of the P2-TS
system with n inputs, (n > 1). The inverse of the fundamental matriz can be
computed as follows
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Bn (Ln — anAn)  —Lp+ (an — Bn) M An
Q! = 1> 205, Bn A 40pAn 2\ | @ Q1
"N an (Ln—Burn) Ln+ (an—Bn) A An
(4.52)
where L, = a, + B.

Proof. Taking into account Theorem G the Kronecker product property
(A4) from Appendix[A] the equalities o, = (—a, + Bn) /2 and Ly, = o+ Oy,
we have

-1

1 1 1
Q 1 —0p On ﬂn Q
= & n—1
" 2 1 2 2 (an + ﬂn)z 2
( Oén) 2 (an + ﬂn >\n n
Thus,
1 ﬁn (Ln - an/\n) —L, + (an - ﬂn) An An
Q;l = L2 2anﬁn>\n 2 (/B’ﬂ - an) —2An ® Q;.il

The last matrix is the same as in ([@52), because 2\, (B, — @) = 4o, \p.

This finishes the proof of Theorem O
For A\ = Ao = ... =\, =1 we obtain a much simpler recurrence
Qy =1,
1 /672L - 2ﬁn 1
Q! = 12 |200fn don 2| @ Q' n=12,..., (4.53)
n a? 2ap, 1

which can be used in practice.

4.6.1 Rule-Base Decomposition

Without loss of generality we will consider a zero-order TS system with one
output. The inputs are components of the vector z = [zq,. .., zn]T eD" (n=
2,3,...). We assume that three polynomial membership functions Ny (zg),
Zy, (z1) and Py (zx) defined by (E24))-(20]), are assigned for every input zj,
(k=1,...,n).
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The complete and noncontradictory rule-base is defined by the following
3" “If-then” fuzzy rules:

Ry :If z; is Ny and 23 is Np and ... and z, is N, then S =qo0.....0,0,
Ry :If 2y is Z; and 23 is Ny and ... and z, is Ny, then S =qi0,..0,0,
R3 :If 21 is P, and 23 is N> and ... and z, is Ny, then § = ¢2.0,....0,0,
Ry :If 2z is Ny and 22 is Z3 and ... and z, is Ny, then S = qo,1,....0,0

Rgn If Z1 is Pl and z92 is P2 and ... and Zn is Pn, then S = 42,2,...,2,2-
(4.54)

One can decompose this system into the following three subsystems:
R, : If Py and 2z, is N, then S = qo,... 0,0,

Rgn-1: If Pgn-1 and z, is Ny, then S = q2,. 2.0,

R3n—1+1 If 7)1 and Zn is Zn, then S = qo,...,0,1,
: (4.55)
R2.3n—1 If Pgn—l and Zn is Zn, then S = q2,...,2,1,

R2.3n—1+1 If Pl and Zn is Pn, then S = qo,...,0,2,

Ran : If P3n—1 and z, is P, then S =qa,.. 2,2,

where P1, Pa, ..., P3a—1 are “If” parts in the system with (n — 1) inputs
[21, .. zn1]” € D™ (n=2,3,...):

Rll . If Z1 is N1 and ... and Zn—1 is Nn—l, then S = q0,0,...,0,
~ ~ -
P1

: (4.56)
oot Ifz1is Pyand ... and 2,1 is P, 1, then S = qao . ».
S ~ I

Pan—1

The decomposition (L5H) of the original P2-TS system ([@54) will be used
for proving the most important recurrence for such systems.
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4.6.2 Crisp Output Calculation for P2-TS System
Using Recursion

Now we prove the following

Theorem 4.10. (on recursion in systems with membership functions
as second degree polynomials) The recursive formula that enables one to
compute the crisp output for any P2-TS system with inputs z1 € [—aq, 1],
oy Zn € [—am, Bn], for n=2,3,..., is as follows

S (2 | go,...00,---592,...2,2) = Np (2n) Sn=1(Zn-1 | 90,....0,0,- -+ 92,...,2,0)
+ Zn (Zn) Sn—l (Zn—l ‘ qo0,...,0,15 - - - 7‘]2,...,2,1)
+ P, (2n) Sn—1(Zn-1 | qo,....02:---+G2,...2,2) ,

(4.57)
where
_ T n—1 | Zn—1 n .
© 7z, 1 = [21,...,2n-1] € D and z = { ] € D™ are the input
n
vectors,

e S,(z] q,.00---,02,.22) is the crisp output of the system ({.57]) with
input vector z € D™ and the consequents of the rules constituting the vector

T
[CIO,...,O,O,-~-,(J2,...,2,2] s
o N, (zpn), Zn (2n) and P, (z,) are membership functions for the input z, €

[—oun, Bn] defined by ([{-24)-(4-20),

o Sn—1(Zn-1]Go,...00,---,G2,..20) is the crisp output of the first subsystem
in [.50) with input vector z,—1 € D" and the consequents of the rules
constituting the vector [qo,....0,0- - - 7QQ’”,)2’O}T,

© Sn—1(Zn-1]4o,.01,---,G2,..21) is the crisp output of the second subsys-
tem in [{.53]) with input vector z,_1 € D" and the consequents of the
rules constituting the vector [qo,... 0.1, -- 7(]27___7271],11,

o Sn—1(Zn-1]Go,...02,---,G2,. 22) 1 the crisp output of the third subsystem
in [.50) with input vector z,—1 € D" and the consequents of the rules
constituting the vector [qOV___70727 .. 7(]27___7272}71

Proof. We will use notation of Theorem The rules for SISO P2-TS
system are given by ([£I2)). According to [II3]) the system output is as follows
S1 (Zl ‘ a,b, C) =N (Zl) a+ 7 (2’1) b+ P, (2’1) C
=[N1(21), Z1 (1), Pi (21)] [0, b, ]
First we prove theorem for n = 2. The rules for P2-TS system are given

by (#32), where the consequents of the fuzzy rules constitute the vector

T )
q = [q00, 910, 920, 901, G11, G21, Go2, 12, 22| . According to @ET) and (@33
the system output is as follows
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Sa (21,22 | Qoos - - - q22) = Na(22) S1 (21 | 900, 9105 920)
+ Z5 (22) S1 (21 | qo1,q11,921)
+ P> (22) S1 (21 | 902, q12, 922)

= N2 (22) [N1(21), 21 (21), P1 (21)] [QO07CI107CI20}T
+ Z5 (22) [N1 (1), Z1 (1), P1 (20)] [q01, 11, g21) "
+ Py (20) [N1(21), Z1 (21) , Pr (21)] [q02 @12 go2] "

The last formula gives the same result as the scalar product ([@34)). This
implies that Theorem FI0 is true for P2-TS systems with n = 2 inputs.

The output of the MISO P2-TS system defined by the rules (£54]), can be
expressed as follows

Sy =80(2| qo,...005 -+ 2,..22) = 4’2, g (2), (4.58)

where qf = [go0,....0,0,---+q2,...,2,2] is the vector of consequents of the rules
#E5), €, is the fundamental matrix, and g, (z) is the generator of the
system with n-inputs 21, ..., z,. Taking into account (58], the Kronecker
product properties (A4]) and (A2d) from Appendix [Al the equalities o, =
(—an + Bn) /2 and L, = ay, + Br, we obtain

1 1 1
—Qp On ﬂn
S, =ql 2 ® Q1 g (z)
n 1 n n
(-0 (ai+ﬁ%— (ant ) ) g2
[ 1 1 177!
—Qp On ﬂn
T —1
=4q, 1 (an + 3 )2 @R, | &n(2)
(—am)? (ai o= 5z
2 An
T ﬂn (Ln - Oén/\n) (an - ﬂn) /\n - Ln /\n

According to the definition (Z31]) of the generator for P2-T'S system, we have

Br (L — anAn) Q;il ((an = Bn) An — Ln) Q;ll Ann;il
S, = ‘zg 200 B A 0 W (Bp —an) Q7L =22,
gn—1 (217 cee sy Rn— )
X Zn8n—1 (217...7271,1)
-1)

2
Zn8n—1 (zlv ceeyRn

1

1
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Let us denote
T T .T
qz = [a 7b ,C ] ’
where a, b, and ¢ correspond to the three consecutive parts of the conclusions
in the decomposed system (53], i.e.

qo,...,0,0 qo,...,0,1 qo,...,0,2

q2,...,2,0 q2,...,2,1 q2,...,2,2

According to [58)) for the MISO P2-TS system with the inputs z,-1 €
D™ 1, the crisp outputs S,,_1 can be expressed as follows

Sp1(Zn-1140,..0,0, -+ 42,...2,0) = [40,...0,0- - »G2,...2.0) 2, 2 18n—1 (Zn—1)
=a’'Q g, 1 (20 1), (4.59)
Sp1(Zn-11 40,01, -++42,..2.1) = 40,015+ -->q2,..2.1) 2 18n—1 (Zn—1)
- bTQy_Lilgn—l (Zn—l) ) (460)
Sn—1(Zn—1| 40,02+ G2,...2.2) = [0,...0,2s- -+ G2,...2.2] X 181 (Zn—1)
= CTQ;ilgn_l (Zn—l) . (461)
Thus,

5z qu) = )+ (Lot (20 = ) )

X aTﬂr_Lilgn—l (Zn—1)
_ _ 2
n 20, BnAn + 2, (Bn — @) 20 — 20027 b7
L
Ly

Q;ilgnfl (anl )

+
X CTQ;ilgn_l (Zn—l) .
Taking into consideration (L24)-({@.28]) we obtain
Shn (Z ‘ qn) =N, (zn) aTQ;ilgnfl (znfl)
+ Zn (20) DT 1801 (Z01)
+ P (2n) CTQr_Lilgnfl (Zn-1)-

Finally, according to equations ({.59)-(£61) we obtain (£57) and this ends
the proof of Theorem .10 a
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The above theorem is important, because it says that we do not need to
inverse large matrices to obtain the crisp output of the P2-TS systems. As
a result of this theorem the curse of dimensionality in P2-TS systems is
going to disappear. A generalization of Theorem 10 for MIMO systems is
straightforward and will be omitted.

Now we generalize Corollary 3] for MISO P2-TS systems.

Theorem 4.11. The crisp output of the MISO P2-TS system in the vertex
of the hypercuboid D" is exactly the same as the appropriate conclusion of
the fuzzy rule contained in the rule-base.

Proof. The crisp output of the MISO P2-TS system with the input vector
z = [z,.. .,zn}T, for which consequents of the rules constitute the vector
A=1090,...0r s Tprrpms- s qg,m’g]T7 can be expressed as follows

S(z|q)= Z Ap1,....pn HApk (2) (4.62)

(p1;---,pn)€{0,1,2}" k=1

where gp,... p, is a consequent of the fuzzy rule and A, (zx) is the mem-
bership degree to which input z; belongs to Ap,. The name of the mem-
bership function A,, in (@G62) depends on the index pr € {0,1,2} as
follows

N for pr =0
Ay =< Zy for pp=1 , k=1,...,n. (4.63)
P, for pp, =2

If the input vector is a fixed vertex -, of the hypercuboid D", i.e.

Z ="y = [717”'7771}71 € {_ahﬂl} X ... X {_anaﬂn}a

then the equation ([@62) reduces to

Sy | @) = > e | [ A () (4.64)
k=1

(plw";Pn)e{O)Q}n

n
since HAPk' (k) = 0 by v € {—au, B} if among indices at least one index

k=1
pr=1,(k=1,...,n). This follows from (£G3) and (£2E). In the summation

LD if v, = —ag, then pp =0, and if v; = B, then pp, =2, (k=1,...,n),

but in both cases HAPk (vk) = 1 according to [£24) and (#26). Finally,
k=1

taking into account the bijection (28]) we obtain the complete proof of

Theorem 1] 0
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It should be noticed that we are able to choose the consequents of the rules
so that, the crisp output of a given P2-TS system will be exactly the same
as the appropriate conclusions of its fuzzy rules, not only in 2™ vertices of
the hypercuboid D™, but also in all 3" characteristic points of the set M,
defined in (L2T). However, the class of crisp functions to which such P2-TS
system is equivalent becomes much simpler than expected for systems with
membership functions as the second degree polynomials.

Example 4.12. Let us consider the P2-TS system with 2 inputs 2; €
[—a1,01] and 29 € [—ag, f2] with quadratic membership functions of fuzzy
sets as in ([@24)-(20) by \r € (0,1], (k = 1,2). If this system is defined by
the following fuzzy rules:

Ry : If z1 is Ny and z5 is Na, then S = qqo,
Ry : If 21 is Z; and 23 is Ny, then S = q10 = (qoo + g20) /2,
R3 : If z1 is P} and 29 is No, then S = ¢o,
Ry : If 21 is Ny and 23 is Za, then S = go1 = (qoo + qo2) /2,
Ry : If z1 is Zq and 29 is Zs, then S = 11 = (qo0 + o2 + g20 + g22) /4,
R : If z1 is Py and 29 is Zo, then S = g21 = (g20 + q22) /2,
R7 : If z1 is Ny and 29 is Py, then S = g,
Rg : If z1 is Zy and z3 is P, then S = ¢12 = (o2 + ¢22) /2,
Rg : If z1 is P; and 25 is P, then S = g9,
then
(i) The crisp output of this system as a function of the inputs S (z1, 22)
takes the same values in all points of the set My = {—ay,01,01} X

{—aa,09,02}, as appear in the appropriate conclusions of the fuzzy
rules, i.e.

S (—a1, —a2) = qoo, S (o1, —a2) = qio, S (81, —a2) = qo0,

S (—a1,02) = qo1, S (o1,02) = qu1, S (f1,02) = go1,
S (—a1, 2) = qoz, S (o1, 32) = q12, S (81, 32) = qo2,

where o, = (—a + Ok) /2, k= 1,2.
(i) The crisp output of this system is equivalent to a simple bilinear function

S (z1,22) = 6o + 6121 + 222 + 01221 29,
where
0o = (a1 + 1)~ (a2 + B2) " (00512 + qo202Br + gaoci B2 + gasaiaa)

01 = (a1 + B1) " (2 + B2) " (g2082 — qo2c2 — qoofz + qaaca) ,
f2 = (o1 + 1) " (a2 + B2) "' (qoab1 — gaoa1 — qoofi + gaoen1)
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bro = (a1 + 51) " (2 + B2) " (qoo — Goz2 — G20 + q22) -

Taking into account e.g. the equation (£34) the proof of the above facts
is simple and will be omitted.

Example 4.13. Let us consider a P2-TS system with four inputs which con-
stitute the vector z = |21, 22, 23,24]] € D*, where D% is the hypercube
-1, 1}4. The output of the system is S. For every input z; we assume three

membership functions of fuzzy sets: Ni, Zi and Py, defined by (£.24)-([Z20])
with the parameter A\ = 1 for k& = 1,2,3,4. The system is defined by the
following metarules and ordinary rules:

My : If z9 is Ny and 23 is N3 and z4 is Ny, then S =1,

My : If 29 is Z5 and z3 is N3 and z4 is Ny, then S = 2,

Ms : If z9 is P, and z3 is N3 and z4 is Ny, then S = 3,

My . If z1 is N1 and 29 is Ny and 23 is Z3 and z4 is Ny, then S = 4,

My : If z1 is Zy and 29 is Ny and z3 is Z3 and z4 is Ny, then S = 5,

Mg : If z1 is P; and 25 is No and z3 is Z3 and z4 is N4, then S = 6,

M7 . If z9is Z5 and z3 is Z3 and z4 is Ny, then S =7,

Mg : If z9 is P> and z3 is Z3 and z4 is Ny, then S =8,

My : If 23 is P3 and z4 is Ny, then S =9,

Mg : If z5 is Ny and z3 is N3 and z4 is Zy4, then S = —1,

Myq : If 25 is Z5 and z3 is N3 and z4 is Z4, then S = —2,

Mo : If 25 is Py and z3 is N3 and z4 is Z4, then S = —3,

Mz : If z1 is N1 and z5 is Ny and z3 is Z3 and z4 is Z4, then S = —4,

My : If z1 is Z7 and 2z is Ny and z3 is Z3 and z4 is Z4, then S = —5,

Mys : If z1 is Py and 29 is No and z3 is Z3 and z4 is Z4, then S = —6,

Mg : If 29 is Z5 and z3 is Z3 and z4 is Zy4, then S = —7,

M7 : If 25 is Py and z3 is Z3 and z4 is Z4, then S = —8,

Mg : If z3 is P3 and z4 is Z4, then S = —9,

Mg : If 23 is N3 and z4 is Py, then S =1,

Mo : If 25 is (Z3 or Ps) and z4 is Py, then S = 0,

We assume that the fragment “ z3 is (Z3 or Ps)” in the “If” part of the
metarule My is equivalent to “z3 is not N3” and generates two metarules.
The above 20 metarules are equivalent to 81 complete and noncontra-
dictory fuzzy rules with consequents given symbolically in Table 1] and
numerically in Table
Formally the system output S = Sy (21, 22, 23, 24 | Q0000; - - -  ¢2222). Ac-
cording to Theorem a general form of the crisp system output is given

by @ED) for n =4, i.e.
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Table 4.1 Look-up-table for the P2-TS system with n = 4 input variables in the
general case

2122 \ 2324 —

l N3Ny Z3Ny P3Ny N3Zy ZzZs P3Zy N3Py Z3Py P3Py
N1iN2 qoooo  Qooio  Qoo20  Qoooi  Qooil  Goo21  Gooo2 o012 Goo22
Z1N2  qio00 gio10 Q1020  qioo1  QGioil  Gi021  Gi002  Gio12  ¢1022
P1N2  g2000 G2010 Q2020  g2001  G2011  §2021  §2002  §2012 (2022
N1Z2 qoioo  Qoito  Qoi20  Qolor  Qoill  Qoi21  Qolo2  Qoil2  go122
Z1Z2 quioo  qiiio Q1120 Giiol  Qii1l Qii21 Qiio2  qii12 Q1122
P1Z2 @100 ge110 Q2120 Q2101 Q2111 @2121 Q2102 Q2112 ¢2122
N1P2> qo200 Qo210 Qo220 Qo201 Qo211 Qo221 Qo202 Qo212 0222
Z1P2  qi200 @210 qi220 @200 qi211 Q1221 Q1202 Q1212 Q1222

P1P2 42200 42210 42220 2201 2211 2221 42202 2212 2222

Table 4.2 Look-up-table for the P2-TS system from Example ET3]

2122 \ 2324 —

l N3Ny Z3Ns P3Ny N3Zy Z3Z4 PsZy N3Py Z3Py P3Py
NiNo 1 4 9 —1 —4 -9 1 0 0
Z1No 1 5 9 —1 -5 -9 1 0 0
PiNo 1 6 9 —1 —6 -9 1 0 0
N1Zo 2 7 9 —2 -7 -9 1 0 0
AV 2 7 9 —2 -7 -9 1 0 0
P75 2 7 9 —2 -7 -9 1 0 0
NP> 3 8 9 -3 -8 -9 1 0 0
Z1 P2 3 8 9 -3 -8 -9 1 0 0
PPy 3 8 9 -3 -8 -9 1 0 0

S = Ny (24) S3 (21, 22, 23 | q0000, 410005 420005 - - - » 402205 41220, §2220)

+ Z4 (24) S3 (21, 22, 23 | qooo1, 410015 420015 - - - » G0221, 1221, §2221)
+ Py (24) S3 (21, 22, 23 | Qo002+ 41002, 42002 - - - » Q0222 q1222, G2222) ;  (4.65)

where for S5 = S5 (21, 22, 23 | G000, - - -  222) We have
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S3 = N3 (23) S2 (21, 22 | G000, 4100, 42005 90105 41105 4210, 90205 §1205 G220)
+ Z3 (23) S2 (21, 22 \ qoo1, 4101, G201, 011, G111, 211, G021, q121, 4221)
+ P53 (23) S2 (21, 22 | qoo2, q102, G202, G012, 112, G212, G022, G122, G222)
(4.66)
S2 (21,22 | Qo0 10, 920, G015 q11, 921, G2, 12, 922) = N2 (22) S1 (21 | qoo 410, G20)
+Z3 (22) S1 (21 | o1, q11,G21)
+ P (22) S1 (21 | q02, (12, G22) ,

(4.67)
Si(z1 | o, q1,02) = N1 (21) qo + Z1 (21) @1 + P21 (21) g (4.68)
Assume that the membership functions of the fuzzy sets are
1—z)? 1— 22 14 2;)2
Ni (21) = ( 4k) v Tk (2k) = 9 M. Pi(z) = ( 4 ¢ ;

for ap = B =1 and Ny =1, (k =1,2,3,4). After computations we obtain

1 1 47 1 1 3 1,

S = 32zlz§ — 42’2 — 23 — 16Z4 — 322'12% — 3221 + 322'122 + 82’223
L3, L9 7 Ll T
477 16Z2Z4 QT g T 307t gy
149 1 3 13 1 1
g9 T 3978 T 3B~ WA T g0~ mn
1 3
+ 82223 — 22224 — 22324 + 32232522 1621ZQZ§ — 16z1zQz§
— 1 z1z§Z4 —+ 1 212324 — 3222322 —+ 1zQz§Z4 —+ 212523%
16 16 8 4 32
3 3 3 1 1 1
+ 32z1z§z§ — 3221,2%22 — 8222%22 — 16Z§Z§Z4+ 8212224 + 4222324
3 47
+ 1621222323 —+ 16212§Z§Z4 — 322125,2??@% - 821222%24 - 32

If we consider the output S as a function of four independent variables, i.e.
S = S (21, 22, 23, 24), we have

S(-1,-1,-1,-1)=1, S(1,-1,-1,-1)=1, S(-1,1,-1,—1) = 3,
S(1,1,-1,-1)=3, S(-1,-1,1,-1)=9, §(1,-1,1,—-1) =9,
S(-1,1,1,-1)=9, S(1,1,1 —1) =9, S(-1,-1,-1,1)=1
S(1,-1,-1,1)=1, S(-1 1)=1, S(1,1,-1,1) =

S(-1,-1,1,1) =0, (1, ~1,1 1)_0, S(-1,1,1,1)=0, S(1,1,1,1) = 0.

This means that in all 2" points from the set x}7_, {—ax, O}, (n = 4),
the values of the output of the P2-TS system are exactly the same as the
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Table 4.3 The metarules M1, M2, M3 and all fuzzy rules (M1&M2& M3& R1) for
the first system in Example .14 in the form of look-up-tables

2122 \ 23 — 2122 \ 23 — 2122 \ 23 — 2122 \ 23 —

Il N3 Z3Ps3 Il N3 Z3P3 l N3 Z3P3 ' N3 Z;3Ps
NiN2 0 0 O NiNo 0 0 O NiNs 0 % O NiN2 0 0 O
Z1N2 *x % ZiN2 0 0 O Z1iN2 0 x 0 ZiN2 0 0 O
PiN2 0 0 O PiN2 0 0 O PiN2 0 % O PiN2 0 0 O
Ni1Z2 0 0 O Ni1Zs x * x Ni1Z2 0 % O NiZ2 0 0 O
Z1Zo x % % Z1Z9 x % % Z1Z2 0 % 0 Z1Z2 0 a O
PiZy 0 0 0 PiZy x % x PiZs 0 % 0 PiZy 0 0 0
NP> 0 0 O NP> 0 0 O NiPs 0 % O NP2 0 0 O
Z1Pas x x % Z1iP2 0 0 O Z1P2 0 x 0 ZiP2 0 0 O
PP, 0 0 O PP, 0 0 O PPy 0 % O PP, 0 0 O

M, M, M all rules

appropriate conclusions of the fuzzy rules (see Table 2]). However, the value
S (21, 22, 23, 24) in the other points (21, 22, 23, z4) from the set M,, defined
by E27) for n = 4, does not satisfy this condition, e.g. S (—1,-1,0,—1) =
4.5 # 4. The result confirms the correctness of Theorem 1]

Example 4.14. Let us consider two simple P2-TS systems with 3 inputs
zk € |—au, Bk] and quadratic membership functions (L24)-(24), for k =
1,2, 3. The first system is given by three metarules M;-Mj3 and one rule R;:

My : If z; is not Z1, then S =0,
Mo : If z5 is not Zs, then S =0,
Ms : If z3 is not Z3, then S =0,
Ry : If z1 is Z1 and 23 is Z5 and z3 is Z3, then S = a,

and the second one by three metarules M{-M} and one rule Rj:

M . If z; is not Ny, then S’ =0,
MY . If z5 is not N, then S’ =0,
My If z3 is not N3, then §' =0,
R} : If 21 is Ny and 29 is Ny and z3 is N3, then S’ = b.

The meaning of all logical operators “and”, “or”, “not” used in the “If” parts
of the metarules is natural and explained by the look-up-tables (see Tables 3]
and [L4)). They describe the metarules and all the fuzzy rules. Zero in a table
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Table 4.4 The metarules My, M3, Mj and all fuzzy rules (M;&M3s& M5&R}) for
the first system in Example .14l in the form of look-up-tables

z122 \ 23 — 2122 \ 23 — 2122 \ 23 — z122 \ 23 —

I N3 Zs3 Ps I N3 Z3P3 l N3 Z3Ps3 Il N3 Zs3 Ps
NiN2 *x % x NiN2 *x x x NiN2 = 0 0 NiNo b 0 0
Zi1N2 0 0 O Z1No x % % ZiN2 x 0 0 ZiN2 0 0 O
PiN2 0 0 O PiNo % *x PiN2 = 0 O PiN2 0 0 O
N1Zo *x % % Ni1Z> 0 0 O NiZs = 0 O N«Z2 0 0 O
Z1Z2 0 0 0 Z1Z2 0 0 O Z1Z2 x 0 0 Z1Z2 0 0 0
PiZ> 0 0 O PiZo 0 0 O Pi1Zs x 0 0 PiZo 0 0 O
NiPy x % NiP2 0 0 O NP2 * 0 O NP2 0 0 O
ZiP2 0 0 O Z1iP2 0 0 O Z1P2 x 0 0 ZiP2 0 0 O
PP, 0 0 O PP, 0 0 O PPy x 0 O PP, 0 0 O

M M} M; all rules

denotes the consequent “0” expressed by some metarule and a star denotes
any number (including 0). Observe that the metarules define a complete and
noncontradictory system of rules.

One can check that the crisp output of the first system is given by

3

3
S (z1,22,23) = Sakl_[ (an +/6k 1;[1 (Br — 2z1) (21 + ) -

The sign of S is the same as the sign of the consequent of the rule R;.

Furthermore, S = 0 if there is some k € {1,2,3} for which z; = —ay or
k= DB-
The crisp output of the second system is given by
TN T Bi + o (1= M)
S’ (21,22,23) = b e — 2k) ( — zk) )
H 1 (ax + Br) kl;[l Ak

The sign of the crisp output S’ in the second system is the same as the sign of
1

b, since \ (ﬂk + ag (1 — )\k)) — 2z >0 and (ﬂk — Zk) >0 for 2z € [—ak,ﬂk],
k

k = 1,2,3. Furthermore, S’ = 0 for all points where 21 = 31 or zo = 32 or
z3 = [33.

As one can see, the interpretation of the fuzzy rules in both P2-TS sys-
tems is natural and simple. The crisp functions S (21, 22, z3) and S’ (21, 22, 23)
intuitively correspond to the systems of rules in any case.
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4.7 Recursion in More General TS Systems with Three
Fuzzy Sets for Every Input

Theorem FI0 has been proved using the idea of the fundamental matrix
for P2-TS systems, since this matrix is important for many applications.
However, we will show below that the same theorem is valid for a more general
class of the fuzzy rule-based TS systems, i.e. the systems with three fuzzy
sets for every input, where the assumptions 1, 2 and 3 for the membership
functions from Section are not necessary. We will prove the following
generalization of Theorem

Theorem 4.15. Theorem [{.10 is valid for any TS system described by the
fuzzy rules (4.04), with the inputs z1 € [—a1, 1], ..., 2n € [—Qn, Br], where
for any input zy there are assigned three fuzzy sets with the normalized mem-
bership functions, i.e. Ny : [—ag, OBk — [0,1], Zk : [—aw, Bk] — [0,1], and
Py : [—Oz;“ﬁk} — [0, 1] and Ny (Zk) + Zy, (Zk) + P (Z;c) =1fork=1, ..,
n. This means that if Sy, (z | qo,...0,0,---,92,... 2,2) denotes the crisp output of
the system ({.54]) with input vector z € D™ and the consequents of the rules
constituting the vector [qo,....0,05- - - qg,m’g)g]T, then for any natural n > 2 the
recursive formula that enables one to compute the crisp system output is the

same as ([£.07).

Proof. For n =1 the system is defined by the rules (12)). Thus, the system
output is as follows

B N1 (21) o Zi(z1)
Sila | g0, 01,42) = Ni(z1)+Z1(z1)+ Pi(z1) Ni(z1)+Z1(z1) + Pi(#1)
Py (21) g2

* Ni(z1) + Z1 (z1) + Pr (z1) (4.69)

Tt is the same as in ({68) since the normalization condition ([T is satisfied.
Let us use a simplified notation: Ny (2;) = Ng, Z (2x) = Zr and Py (2x) =
Py. For n =2, due to the rule-base [{.32) we have

Sa (21,22 | q00, - - -+ q22) = N1Nagoo/D2 + Z1Nagio/ D2 + P1Nagao /D2
+ N1Z2qo1/ D2 + Z1Z2q11/ D2 + P1Z2g21/ Do
+ N1P2qoz2/ D2 + Z1P2qi2/ Do + Py Pagaz/ Do.

But Dy = [T{_; (Ni (2k) + Zk (21) + Py (2x)) = 1. Thus,

Sa (21,22 | 900, - - -, q22) = Na (N1goo + Z1g10 + P1g20)
+ Z> (N1go1 + Z1qi1 + Piga1)
+ P> (Nigo2 + Z1qi2 + Pig22)

and S is the same as in [f67), i.e. for n = 2 the Theorem FTH is true.
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According to the rule-base decomposition [@BH) for n = k+1 > 3 we
obtain
Sk+1 = Nig1 (NiN2... Nrgoo,...00+ .-+ PiPa... Prgo,.. 20) /D1
+ Zky1 (N1N2 ... Npqoo,...0n+ ...+ PiPa ... Prgoo,.. . 2.1) /D1
+ Pit1 (NiN2 ... Nigoo,. 02+ ...+ PiPs... Pygoa,  22)/Dyi1,

where the denominator Dy = [[F (N (1) + Zi (2i) + Pi (1)) = 1.

i=1
Knowing that Dy =1 for £ =1,2,... we have
Skt1 (Zh+1 | 90,...,0,05 - - 42,....2,2) = Ne415k (2& | 90,...,0,0, - - -, G2,...,2,0)
+ Zk+15k (Zk | 90,....015-+-,G2,...21)
+ Pot1Sk (21 | 90,025 -5 G2,....2.2)

where
Sk (Zk | 90,0,....0,0,---5922,....2,2) = NiNa...Nigoo,...0,0
+ Z1Na...Niqip,...,0,0
+ PiN>...Nig2p,...0,0
+... .+ PP Prgao,.. 22,

Rt

Sk (Zk | q0,0,...,0,15 - - - 7q2’2)”.’2)1) =NiNs... quo,O,...,O,l
+ ZiN2...Npgio,. . 01
+ PiNy...Nkgap,..0,1
+.o PP Pigeo,.. 21,

Sk (Zk | q0,0,...,0,25 - - - 7q2’2)”.’2)2) = NiNa...Niqoo,....0,2
+ ZiNa...Npqip,. .02
+ PiNy...Nrg2o,..02
+...+PP... qu2,2,...,2,2 .

Thus,
Sk+1 (Zk+1 | 90,...,0,05- -5 G2,...22) = Nk+1Sk (Z& | 90,...,0,05- -+, G2,...2,0)
+ Zk415k (Zk | 90,....015-+-,G2,...21)
+ Pot15k (21 | 9o,....0,2, - -5 G2,....2.2) -
This finishes the proof of Theorem [4.15 a

The above Theorem can be used for rather large rule-bases. For n = 3 inputs,
taking into account (G0]), it can be graphically interpreted as shown in
Fig. 7 In the case of the TS system with n inputs, the architecture can
be viewed as n-layer neural network with linear activation functions f for all
neurons, where f (input) = input. In the layer number k, (k= 1,...,n), the
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qooo [}%

q100 |

Z1 (21)
g200 []4' Na(z2)

1(21
qoto Ni(z1)
Q0 3 ey s, Z2(22)
q210 Pi(z)
qdo20 Nl(zl)

N3(23)

F—
q120 Zi(21)

G220 [

q222 [] P (21)

Fig. 4.7 Graphic interpretation of Theorem H.TI5] for a TS system with n = 3

inputs and the output S = S5 (21, 22, 23|q000, - - - , 222)

network contains exactly the same neurons Sj and every neuron has three
inputs and the same weights, namely Ny, (2), Zk (2) and Py (2k).
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A generalization of the Theorem [£T15 for MIMO systems is straightforward
and will be omitted. A computational architecture of the recursion for MIMO

P2-TS systems as a generalization of (@L57) can be easily drawn, similarly to
the one of Fig. @1 as well.

4.8 Summary

We considered the TS systems which use the second degree polynomials as the
membership functions of fuzzy sets for the inputs. It was shown that it is not
possible to obtain any second degree polynomial function, to which a TS rule-
based system is equivalent, on the assumption that only two complementary
membership functions as the second degree polynomials are defined for the
input variables. However, three quadratic membership functions suffice to
model every second degree polynomial function.

For the considered zero-order TS system, we defined for every input variable
the set of three highly interpretable normalized membership functions as the
second degree polynomials (N, Z and P). They contain one free design param-
eter. The TS systems that use such fuzzy sets were called P2-TS systems and
they were thoroughly investigated. One of theorems says that the crisp output
of the MISO P2-T'S system in the vertex of the hypercuboid D" is exactly the
same as the appropriate conclusion of the fuzzy rule contained in the rule-base.

For the P2-TS systems both the generator and the fundamental matrix
were defined. The fundamental matrix and its inverse are important, since
they enable one to establish an exact relationship between the consequents
of the “If-then” rules and the parameters that define the crisp function, to
which the rule-based system is equivalent. Therefore, the procedure of how
to compute the fundamental matrix and its inverse was given.

Examples show that P2-TS systems have highly interpretable
rule-bases when we use individual fuzzy rules or the metarules.

The P2-TS system with n-inputs, which normally contains a complete and
noncontradictory set of fuzzy rules, consists of 3" individual fuzzy rules. Thus,
the curse of dimensionality problem is much more serious for the P2-TS systems
than the one for the P1-TS systems. Therefore, we developed the recursive pro-
cedures for the computation of both the inverse of the fundamental matrix and
the crisp output of the P2-TS systems. Theorem [£10] and its generalization
say that we do not need to inverse large matrices to obtain the crisp output of
the P2-TS systems. As a result of these theorems, the curse of dimensionality in
P2-TS systems was substantially weakened. Although we considered the MISO
systems, all the results can be easily generalized for the MIMO case.

After this chapter we are able to thoroughly generalize the results for
the TS systems with the membership functions that are polynomials of the
degree d > 3. However, we should realize that the number of complete and
noncontradictory rules will rapidly grow and the analysis will become more
and more complicated. Both P1- and P2-TS systems are able to model a large
class of real nonlinear processes. Therefore, if it is not necessary, we should
not complicate our models in the engineering practice.



Chapter 5

Comprehensive Study
and Applications of P1-TS Systems

This chapter focuses mainly on the PI1-TS systems introduced in
Chapter 2 as the simplest and most transparent among fuzzy rule-based sys-
tems with polynomial membership functions. They are highly interpretable
and therefore they seem to be particularly important from the engineering
point of view. In order to show that there are quite a lot of applications of
P1-TS systems, many examples of exact modeling of conventional systems
will be given, especially in relation to nonlinear dynamical processes model-
ing and control. We prefer to use the analytical and systematic approach to
the synthesis and analysis of the models. Thanks to such approach the com-
parison of the methods developed in this book with others will be facilitated.
Symbolic quantities will be mainly used to ensure the generality of outcomes.
Seldom, if ever, will numerical data be taken, to increase transparency of the
examples.

The P1-TS systems with two and more inputs will be comprehensively
investigated in subsequent sections, considering interpretability issue. It will
be exemplified that by using a multi-valued logic for highly nonlinear dy-
namical process, one can design an acceptable control algorithm expressed
by the P1-TS system fuzzy rules. In this way a connection between P1-TS
systems and classical combinational logic systems will be established. Next,
the fuzzy rule-based systems with inputs and outputs from the unity intervals
will be discussed in the context of generalized operators such as triangular
norms (t-norms), t-conorms, implications, etc. The connection between fuzzy
rule-based systems and Boolean algebra will become apparent. The highly
interpretable rule-bases will be constructed for systems with three and more
inputs not only for abstract processes, but also for real dynamical plants, e.g.
a NARX model, fuzzy J-K flip-flop, Euler equations for a rigid body, Chen’s
attractor, the human immunodeficiency virus, magnetic suspension system,
low order atmospheric circulation process and induction motor. We will ex-
emplify that the theory of P1-TS systems can be used to transform some
complicated control algorithms, formerly obtained with the use of Boolean
logic, into the fuzzy domain.

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 101.
springerlink.com © Springer-Verlag Berlin Heidelberg 2009
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The theory of P1-TS systems will also be used for analytical design of an
optimal PID controller, working in the closed-loop control system containing
a (linear and nonlinear) second order plant. Such the controller in the form
of P1-TS system will be optimal with respect to typical requirements for
automatic control systems. Next, we will show that using our systematic
approach, the so called “controller with variable gains” introduced by Ying
[205], [206] can be easily obtained.

In the last sections, exact modeling of single input dynamical systems will
be investigated. Similarly as in Section 34l it will be assumed that nonlinear
dynamical system is a collection of linear dynamical subprocesses. However,
in Section B4 the inference was concerned with the structure parameters
represented by matrices describing local linear models. In contrast to that
approach, the nonlinear model of the whole system will be inferred according
to the original Takagi-Sugeno inference method. Based on this inference, the
class of dynamical systems to which the rule-based system is equivalent will
be identified. Finally, conclusions about modeling of nonlinear dynamical
systems with the use of P1-TS ones, and theorem concerning equivalence
between MIMO linear dynamical systems described by state space equations
and P1-TS systems will be formulated.

Because we will mainly investigate P1-TS systems, references will often be
made to the outcomes of Chapter

5.1 P1-TS Systems with Two Inputs

5.1.1 General Case

Consider the P1-TS fuzzy system with two inputs z; € [—ai, (1] and
zo € [—ag,f2], and the output S (see Chapter [). The fuzzy rules (236
have the consequents constituting the vector q = [q1, g2, g3, q4]T and can be
equivalently written in Table 2.1l The generator and the fundamental matrix
are given by (237) and ([237), respectively. According to Theorem [24] and
the equation (Z45) we have

-1
S(z1,22) = g7 (21,22) (QF) @ =60 + 01021 + Oo122 + O112122,  (5.1)

N~
(7]
where in general, the components of the vector 8 are explicitly given by

(181 + qea1) B2 + (g301 + qaor) az

v, , (5.2)

oo =

_ (22— q1) B2+ (g1 — g3) 2

" , (5.3)
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Table 5.1 Look-up- 21 Z22 =7

table for the P1-TS fuzzy I N2 P

system from Example [5.1] M ¢ ¢

Pi ¢ @

B —q1)B1+ (g2 —q2)
0o = ( ) ( ) ) (5.4)
Vs
q1—q2—q3+qa

011 = (5.5)

‘/2 )
where Vo = (a1 + 81) (g + 32) is the area of the rectangle D?. The same
result we obtain using Theorem on recursion.

Example 5.1. Assume that the rules are given in Table [5.Jl They say that
system output is independent of the second input. This fact can be expressed
by two metarules:

Ry : If 21 is Ny, then S = ¢,
R2 : If Z1 is F)l7 then SZQQ.

From (G.I) we obtain

+ g -
S(thz):(hﬂl LA R .

a1+ B a1+ B
i.e. S = S (z1), indeed. The above result confirms the facts expressed by the
rules.

5.1.2 A Simple Controller Design for a Milk of Lime
Blending Tank

As an introduction to the next section let us consider a milk of lime blending
tank (MLBT), whose objective is to produce a uniform flow of milk of lime
(calcium hydroxide) [I35]. The system can be described as a stirred tank (see
Fig. b)), where a suspension of lime is mixed with water to decrease the
dissolution density. The aim of the control system is to keep the density at
the output at prescribed values despite the disturbances. The level of liquid
in the tank is maintained within a specified range to avoid flow obstruction
due to the high density of the dissolution. The mathematical model of the
MLBT comprises two nonlinear state space equations corresponding to mass
balances [190]:

(1—az)(p1— xl)u . (l—am)mn
(1—ap1)axs 1772 ars

1 ( \/962 — bp2 )
mu1 + N2uz — 13 us |,
a 1—oax

T =1m Uz ,

T
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Fig. 5.1 Milk of lime U1 U2
blending tank >< ><
Milk of lime Water
v \

Mixture v

where u1, usz, us are input signals to manipulate the valves, x; is the concentra-
tion of the mixture at the output [1/kg], z2 - the level of liquid in the tank [m],
p1 - the concentration of input lime suspension, ps - the back pressure and b is a
constant (b = 1). The parameters n; = 5, 72 = 3.6 and n3 = 9.285 are the valve
constants, a = 10 [m?] - the tank area and o = 0.573 relates the concentration
of the lime solution to the density of dry lime. Finally, the output variables are
the specific gravity of the mixture at the output, y1 = 1/ (1 — ax1) and the
level of liquid, y2 = z2. Because of one-to-one mapping between z; and y; we
assume that z; are measurable state variables.

We assume that the control signal constraints are u; € [uF,uff] =
[0.25,0.95], and the nominal positions of the valves in the steady state are
u; = uY = 0.5 for i = 1,2, 3. Furthermore, the output valve signal is assumed
to be constant ug (t) = uJ. The steady state is given by the controls u{, u3
and uj as follows

20 = b € [~au, B1] = [0.01,0.275281] , (5.7)

(mud +n2ud)’

0
2, 0,0 nuy >
UsUs | 1+
N3n2uUUs ( "72“8 (1 . ap1)

x5y = pa + € [~az, Bs] = [0.1,0.682669).
(5.8)

Our goal is to obtain two control signals u; (t) and wus (¢) that stabilize the
equilibrium point (29, 29) = (0.180538,0.474573).
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Table 5.2 Control actions for the the milk of lime blending tank

Concentration Mixture level Valve position Valve position
1 ) Ui U2
N- 1 N: 2 u{l uf
P 1 N. 2 ’uf uér{
N- 1 P2 u{l UQL
P 1 P2 uf u%

Observe that for the above process, a very simple system of the control
rules may be obtained using Boolean logic, as described in Table It says
that the valve delivering milk is opened, if the concentration x; is low, and
it is closed if x7 is high. Analogously, the valve delivering water is opened,
if the mixture level x5 is low, and it is closed if xo is high. Switching (or
binary) control signal u; (t) € {uf,uf'} can be easily obtained according to
the Table as follows (see Fig. [B.2)):

ul iff oz (t) > a9, i=1,2

7

By simulations one can check that the closed-loop system by the switch-
ing control signal (.9 is stable. However, such strategy which is based
on Boolean logic has an essential drawback, since there is a huge num-
ber of on/off switchings. To avoid this phenomenon, first of all we assume
that the “on/off” valves controlling the plant will be replaced by the ana-
log servo-valves. Next, we define the control signals according to the same
rules as in Table [5.2] but implementing a smooth (linear) control as shown
in Fig.

uy (21, 22) = uy (21) = uf + ki (21 — 29), (5.10)

(a)

zL 20 1
Fig. 5.2 (a) - u;(x;) as a switching control function, (b) - u;(x;) as a linear state
feedback
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up (w1, w2) = ug (x2) = ud + ko (w2 — 29) . (5.11)

From the interpretation of the rules in Table it follows that the gains k;
and ky are negative. For simplicity we assume that (u/’ —u) / (2? — 2}) =
(u? —ul) / (¥ — 20) and we choose k; = — (uff —u) / (29 — af), for i =
1,2. Thus, k1 = —2.59259 and ks = —1.16667.

The fuzzy metarules for the P1-TS system performing a controller function
that stabilizes the plant described by (5.6) in the equilibrium point (z,29),
can be simply formulated as follows

Ry : If 2y is Ny, then uy = ufl,
Ry : If 1 is Py, then uy = ulL,

R : If x5 is Na, then ug = ull,

Ry : If 29 is Py, then ug = u¥.

where N7 and P; denote “low” and “high” concentration of the mixture,
whereas Ny and P, - “low” and “high” level of liquid in the tank, respec-
tively. The membership functions of fuzzy sets N; (z;) and P; (z;) are given
by @II)-(2I2), assuming the intervals for x; as in (@1)-(E.8) for i = 1,2.
The above example shows that for a highly nonlinear dynamical process,
in some cases one can obtain an acceptable control algorithm expressed by
the fuzzy rules for the P1-TS system, by using a multi-valued (fuzzy) logic.
The method of the controller design that works according to multi-valued
logic is simple and clear, especially if we analyze the fuzzy rules for the

0.01 0.145 0.28
0.8
x2 0.45
0.1
z1

Fig. 5.3 Phase plane of the milk of lime blending tank described by (5.6]), when
the control signals are linear state feedback (GI0)- (G-I
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P1-TS system. The design method is almost the same as the heuristic design
procedure for the combinational logic system that functions as a controller
in the closed-loop. Such methods are widely known and used in practice for
switching control algorithms synthesis, that are implemented in embedded
hardware devices or software components e.g. for programmable logic con-
trollers (PLCs) as the real-time direct digital control systems.

5.1.3 P1-TS Systems with Inputs and Outputs from
the Unity Interval

The intervals for the input and output variables of the rule-based system can
be always transformed (normalized) into the unity interval [0, 1], which can
make the interpretation of variables very clear in many cases. For example,
every control action u; € [ul,uff] can be written in the form u; = uf +
A (uff —ul), where A € [0,1]. For the controller designed in Section
this means that the ith valve is opened in the 100\ per cent.

The rule-based P1-TS systems in which both the inputs and outputs take
the values from the interval [0,1] are special class of systems. We will call
them “logical systems”, since

e the labels of fuzzy sets Ny are interpreted as almost false or near zero, and
e the labels of fuzzy sets Py are interpreted as almost true or near one.

Such systems process information expressed in continuous, multi-valued logic
and they are interesting from the practical point of view. Observe that logical
interpretation coincides with the formerly obtained algebraic results. Accord-
ing to Theorem B.I5] if the conclusions g, of “If-then” rules take the values
from the unity interval [0, 1], then the output of the MISO P1-TS system
belongs to the same interval:

0<S(z) <1, Vzel0,1]", (5.12)

since min{q1,q2,...,q2n} =0 and max{q1,q2,...,qan} = 1.

The look-up-tables, which are equivalent to “If-then” rules or metarules
can be viewed as generalized Karnaugh maps. Such maps were developed for
minimization of Boolean functions f : {0,1}" — {0,1} [85], [9], [19], [115].
Karnaugh maps enable one simple and natural logical interpretation of the
function f to which a given P1-TS system is equivalent - in all vertices of
the unity hypercube [0,1]". A rough interpretation of f is also possible and
proves useful in the points situated near these vertices, i.e. in such points of
the unity hypercube which have a small entropy [110].

By convention we will assign “0” to the labels N and “1” to Pg. In order to
convert the look-up-tables into “classical” Karnaugh maps, we should order
the labels describing antecedents of rules so that they will be described by
the Gray code (see e.g. Example B8] [158].
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Assume the inputs z; and 29 of the P1-TS system to be from the unity
square and the consequents of the rules are allowed to be either 0, or 1. For all
(21,22) € [0, 1]2 let us denote the operations in multi-valued logic as follows:

e three basic operations:

— strong negation (or complement)
n(zl) =1- Z1 , (513)

— t-norm (generalized AND): t(z1, 2z2),
— t-conorm (generalized OR): s (21, z2),

e and additionally:

— implication function: i(z1, z2),
— equivalence function: e (z1, 22).

Let us denote by S¢,¢.¢5¢. the output of the P1-TS system in which the
consequents of the fuzzy rules are binary vectors

q= g1, 0] €{0,1}". (5.14)

From (B.1)) we obtain
-1
Sqrq2asa1 = gT (21,22) (QT) q
=q (1 =21 — 22+ 2122) + q2 (21 — 2122) + 3 (22 — 2122) + Quz122.
(5.15)

According to (5I4]) there are exactly 16 functions of two variables, which can
be viewed as the multi-valued logic functions:

1— 2y =n(2) negation of 2o
1— 294 2129 =1(22, 21) implication
1— 2120 =n(t(z1,22)) negation of t-norm
1 constant one

13. S1100 (21, 22
14. S1101 (21, 22
15. S1110 (21, 22
16. 51111 21,22

1. Soooo (21,22) = constant zero
2. Sooo1 (21, 22) = 2122 = t(21, 22) t-norm
3. Soo10 (21, 22) = 22 — z122 = n(i(22,21)) negation of implication
4. Soo11 (21, 22) = 22 variable 2y
5. So100 (21,22) = 21 — 2122 = n (i (21, 22)) negation of implication
6. Sot01 (21, 22) = 21 variable z;
7. So110 (21,22) = 21 + 22 — 22120 = n (e (21,22))  negation of equivalence
8. So111 (21, 22) = 21 + 22 — 2122 = 6 (%1, 22) t-conorm
9. S1000(21,22) =1 — 21 — 20+ 2120 =n(s(21,22)) negation of t-conorm
10. Sigo1 (Zl, 2) =1—21—29+2z120=c¢ (2’1, 22) equivalence
11. Si010(21,22) =1 — 21 =n(z1) negation of variable z;
12, S1011(#1,22) =1 — 21 + 2129 = i (21, 22) implication

(21,22) =

(21, 22)

(21, 22)

(21,22) =
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Observe that the function
t (21, 22) = 2122 (516)
is a special case of the t-norm, called probabilistic t-norm,
5(21722) =21+ 29 — 2129 (517)
is a special case of the t-conorm, called probabilistic t-conorm, and
1(2’1, 2’2) =1—29+ 2129 (518)
is a special case of the implication function, known as Reichenbach’s impli-
cation [38].
Based on strong negation, t-norm and t-conorm one can easily define a
fuzzy algebra. However, we omit this problem and make some remarks instead.
It is well known that e.g. de Morgan’s laws are satisfied in the fuzzy algebra.

One can check that for the above basic operations (5.13), (516) and (G.17),
the following equations

n(t(n (Zl) 711(22))) =21+ 2y — 2129 = 5(21722),

U(S (n (Zl) ,n (2’2))) = 2129 = f(Zl, 2’2) s

are satisfied for every point (1, z3) from the square [0,1]*. This means that
(t,5) is n-dual pair of operators [38]. Not all features hold, that are known
from Boolean algebra. For example

t(z,n(2)=2(1-2)>0 for z€(0,1), (5.19)
s(z,n(z)=1—-2(1-2)<1 for z€(0,1). (5.20)

This means that the Aristotelean noncontradiction law and excluded middle
law do not hold. Therefore, for example the equivalence function in Boolean
logic satisfies

e(z1,22) = t(i(z1,22),1(22,21)), for ze€{0,1},
but in the case of our operators
¢ (Zla ZQ) = t(l (Zla Z2) 71(227 Zl)) - t(t (Zl7n (21)) ’ t('227n (22))) )

for 21, z2 € [0,1]. The additional term t (t (z1,n(21)) ,t(22,n(22))) € [0,1/16];
it is zero in the vertices of the square [0, 1}2 only, and takes the value 1/16
for z4 = zo = 1/2. Similarly, the absorption law in Boolean logic

5(217f(21,22)) = 21, VZhZQ S {0, ].},

holds, but in our system
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5(21,1(21,22)) =21 +f(f(21711(21)),22)7 v21,22 S [071} .

Obviously, all above operations are exactly the same as well-known classical
. . . 2
binary ones, in the vertices of the square [0,1]".
We discussed the P1-TS logical systems with only two variables in order to
have a connection with Boolean algebra. The same systems with more than
two inputs will be applied for modeling real systems further on.

5.2 P1-TS Fuzzy Systems with Three Inputs

5.2.1 General Case

Consider the P1-TS fuzzy system with three inputs 2z, € [—ay, k] for k =
1,2,3 and the output S (see Chapter B). The fuzzy rules are given in
Table[53l The generator and the fundamental matrix are given by (2.40]) and
(24T]), respectively. According to Theorem [2:4] and equation (Z45) we have

—1
S (Zla 22, 23) = gT (Zla 22, 23) (QT) [qh q2,43,44,45, 46,47, Q8]T
- ~ 4
7]
= Z Oijnziz 2k (5.21)

(i,4,k)€{0,1}°

where the coefficients 6;;;, of the vector 8 that correspond to the generator
g (21, 22, 23) are given explicitly as follows

(181 + qear) B2 + (g351 + qaarr)

9 =
000 Vi B3
+ gsx 1)«
n (gs81 + gsv1) B2 + (g761 + gsa1) 2 s (5.22)
Vs
G282 — q182 — q3a2 + quo G682 — q5B2 — qraz + qgoa
0100 = B + asg
Vs Vs
(5.23)
q361 — qea1 — q181 + qaon q781 — ge01 — g5531 + gsou
Bo10 = B3 + asg
Vs Vs
(5.24)
Table 5.3 Look-up- 21,22 \ 23 —
table for the P1-TS fuzzy 1 Ns Py
system with n = 3 inputs NiN> @ s
- a general case N1 P @ .

PP qa gs
P1 N> G2 ge
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9110:CI1—CI2‘;SQS+CI4ﬂ3+Q5—Q6‘%Q7+q8a3 7 (5.25)

Do = (a5 — Q1)ﬁ1‘2(% - Q2)C¥1ﬂ2+ (g7 — Q3)ﬂ1‘2(q8 —qa) o 0s . (5.26)
Bi01 = (@1 — a2 — g5 + q6) ﬁz‘tg(% —q4—qr+qs) 2 ’ (5.27)

fo11 = (@1 — a3 — g5+ q7) ﬁl‘—g(% — Q14— g6+ qs) a1 ’ (5.28)

0111 — —q1+Gq2+q3 — Q4V;|- g5 — g6 — q7 + g8 ’ (5.29)

and V3 = (a1 + f1) (g + B2) (a3 + B3) is the volume of the cuboid D3.

5.2.2 Exzamples of Highly Interpretable P1-TS
Systems with Three Inputs

Several examples will be given further on, but we begin with a simple theo-
retical one. As usual, the symbols will be used to preserve the generality of
the results.

Example 5.2. Consider the following complete and noncontradictory system
of fuzzy metarules:
My : If z1 is Ny, then S = p,
My : If 21 is Py and 23 is N3, then S = g, (5.30)
Ms : If z1 is P, and z3 is P3, then S =r.
Equivalently, it corresponds to eight fuzzy rules given in Table[5.4l According

to the rules, the system output S does not depend on the second input
variable. This is especially clear, if we view the look-up-table as (generalized)

Table 5.4 a) Look-up-table of the TS fuzzy system from Example b) Descrip-
tion of the same table using binary Gray code

a) b)

21,22 \ 23 — 21,22 \ 23 —

! N3 Ps ! 0 1
N1N> p p 00 p p
N1 P p p 01 p p
PP q r 11 q T
Py N» q r 10 q T
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Karnaugh map as shown in Table[5.4]b. Conclusions of the rules are: g1 = p,

©=q¢49¢G=pqu=qqg=p g ="T,q =pand gs =r.
Our goal is to check whether the logical interpretation of the rules coincides
with the crisp system output. From (5:22)-([529) we obtain

S (21, 22, 23) = oo + O10021 + Bo0123 + 1012123,

where
Booo = (a1 + 1) " (s + B3) " (pBras + pBiBs + qar Bz + raras),
B100 = (a1 + 1) (a3 + B3) "' (483 — pBs — pas + ras)
o10 = 0,
110 = 0,
foo1 = (a1 +B1) " (s + B3) " (r — q) v,
fr01 = (a3 +B3) (a1 +51) " (r—q),
fo11 = 0,
0111 = 0.

This means that independently of all constants: p, q, r, a1, ag, as, 51, B2,
and s, the output of the considered P1-TS system does not depend on the
input zs, indeed. The result agrees with our expectation.

1

Example 5.3. Suppose we need to obtain the rules for the P1-TS system
with the inputs [z1, 22, 23]T € D3, which is equivalent to the following multi-
variate polynomial

fo(z1,22,23) = 2122 (1 — 23), 2k € [—ak, Br], k=1,2,3. (5.31)

The function (B31)) is a special case of (2:20) with 8 = [0,0,0, 1,0,0,0, —l]T.
Taking into account Q given by (241]) and the equation ([2.44)), for the given
0 we obtain

@ agaq (ag + 1)
[ip) —frag (a3 +1)
q3 —faon (a3 + 1)
qa B2 (a3 + 1)
ol = Q%o = aarr (1 — B) (5.32)
96 Praz (B3 — 1)
q7 By (B3 — 1)
qs B201 (1 — [33)

The system of 8 fuzzy rules is the same as in ([Z39) or Table with the
consequents of the rules (532). For example if [z, 22, 23] € [1,2] x [3,4] x
[0, 1], then knowing the function (531 we can immediately write the system,
which consists of four individual rules and one metarule:
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Ry : If z1 is about 1 and z5 is about 3 and z3 is about 0, then S = 3,
Ry : If z1 is about 2 and z5 is about 3 and z3 is about 0, then S = 6,
R3 : If z; is about 1 and z, is about 4 and z3 is about 0, then S = 4,
Ry : If z; is about 2 and z, is about 4 and z3 is about 0, then S =8
M : If z3 is about 1, then S = 0.

The above rules result from (532) by oy = —1, f1 = 2, ag = —3, B2 = 4,
a3z = 0 and B3 = 1. Observe that they all have a clear interpretation for any
location of the cuboid D? in the space R3.

Example 5.4. Consider the discrete-time NARX model (Nonlinear AutoRe-
gressive with the eXtra input) considered in [208§]

y(k+1)=co+cry (k) +coy(k —1) +csu(k) +cay (k) y (k — 1)

sy () (k) + coy (k= 1) u () + ery () y (6 — D u (k) (5.33)
in which y (k), y(k—1) € [=L1, L1] and u (k) € [—La, La]. Our goal is to
show that this system can be easily modeled using P1-TS system.

The inputs and the output of the P1-TS system which should exactly
model the difference equation ([5.33) are shown in Fig. 54 In order to make
a simple comparison with the result of [208] we define the vector 8 = ¢ =
[co, 1, €2, C4, €3, C5, C, C7}T. The fuzzy rules are given by Table 5.5l The result
in [208] is as follows

-4 7l o111 1 1117 ron
Co Vl
. 8 8 8 8 8 8 8 8|}
! 1 A AL A=A —AL A=A 2
c2 DD VIS Vi VERP VD VI Vi ¥ I
3 D D T T T VP Ve v I I
¢ D T TIr T I VD VD W I L
e YIRS VIR VIS VIS VIS VIS VIR VI O I
% VIS VIS VIR VIRD VIS VIR VIR VI I L4
I R [ VS VNS WS VD WD VD W v I A
z1 = y(k)
zo =y(k—1) P1-TS system »S=yk+1)
z3 = u(k)

Fig. 5.4 NARX model from [208] (p. 112-114) considered in Example [5.4]
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Table 5.5 Look-up- 21,22 \ 23 —

table for the TS fuzzy N P

system from Example ! 3 3

B4 N1N> Vi 74
N1 P Ve Vi
PP Vs vi
PN Vi Vs

On the other hand, according to Tables and the vector of conclusions
of the rules is q = [V§, V), V4, V4, V/, V4, V5’7V1’]T. For the system generator

[240) and according to (B33)) we have

T T
S=cg(z)= [00701702704703705,06,67] [1,Zl,2272122723,2123722237212223] .

From (Z41) by ar = Bx = L1 for k = 1,2 and a3 = 83 = Lo we obtain the
following fundamental matrix

1 1 1 1 1 1 1 1
—Ly Ly —Lq Ly —Lq L4 L1 Iy
-1 -1 L1 L1 -4 —14 L1 I,
O- L2 —-L? -IL? L? L2 —-L? -1? L3
—Ly —Lo —Ly —1Lo Lo Lo Ly Lo
1Ly —L1Ly LiLy —LiLy —L1Lys LiLy —L1Ls L1L>
LiLy LiLy —LiLy —L1Lo —L1Ly —L1Ly L1Ly L1Ls
| —I3L, 3L, [L3L,—L3L, L3Ly —L3Ly —L3Ly [3Ly
(5.34)
Let us take the notations
1 1 1 1 1
YTRLy P 8Lyt 7P 8Lt T 8LyLy’ TP 8L2L,
(5.35)

Now we obtain the coefficients of the vector 8 for the consequents of the rules
given in Table[@.5l According to (Z44) the vector of coefficients of the system

output is S = 87 g (z), where

0" =q" Q7! = [0y, 01,09,04,05, 05,06, 0]

= [V8/7 V4/’ V6/7 V2/’ V7/7 VSI’ V5/7 Vll] 9_1’

where © is given by (5.34). Equivalently by using notation (5.35) we obtain
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I I
01 N VD VD VI VI VIR VIR Vb Vi I I 74
02 S VI VIO VEEND VRN SR VRN VI VI I I 74
Ou] 1 A —ds—X3 A3 A —ds A3 s |V
03 S VIR VRN VENID PIID VD VD PRID Y I I 74
05 VRS VD VIEES VRS VD VIS VID Vil I I 21
06 PVEED VRN YRS G VI VI VI VIl I I 74
| 07 ] s A5 A5 =X A5 <5 —Xs A | LW

This means that the results obtained using the theory of P1-TS systems and in
[208] are the same. Next observe that the NARX model becomes a linear ARX
one without offset if, and only if, the conclusions of the rules are as follows

V4 0 —Licy — Lica — Lacs
vy c1 Lici — Lico — Lacs
Ve c2 —Lici + Lica — Locs
q- | _qr 0 _ Lici + Lica — Lacs 7
\%4 c3 —Licy — Licy + Lacs
vy 0 Lici — Lico + Lacs
| 0 —Lici + Lica + Locs
VY ] 10 ] | Lici + Licg + Locs |

and the above result agrees with the one obtained in [208], as well. The only
difference follows from the notation and sequence of the rules, but this is of
no importance, as was shown in Section 2.7 It should be stressed that our
approach that uses matrices is a very simple and systematic one.

Recently, a great deal of research and development has been directed toward
designing and implementation of the “fuzzy computer” components [7], [26],
[84], [120]. There are various types of fuzzy logic circuits. The most simple are
combinational logic systems based on fuzzy gates. More complicated are fuzzy
sequential circuits, to which belong various types of fuzzy flip-flops, that are
useful in many applications, e.g. in hardware implementation of fuzzy Petri
nets [60], [55], [56], [102], [104], [105], [106].

Example 5.5. Let us consider a fuzzy J-K flip-flop which was originally de-
veloped in [60]. It is known that for its synthesis one can use various t-norms
and s-norms. All proposed fuzzy flip-flops are the generalized form of the or-
dinary (binary) J-K flip-flop [9], with the symbol shown in Fig. a. Their
fuzzy truth-tables are different but they include the binary truth-table of the
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- J Q > J(t) >
P1-TS
> CK K(t) » - Qt+1)
system
- K Q - Q) >
a) b)

Fig. 5.5 a) Symbol of a J-K flip-flop. b) P1-TS system as a fuzzy J-K flip-flop
which works according to the discrete-time state equation (5.37).

Table 5.6 Truth table of the conventional JK flip-flop

J(t) K (1) Q) Q(t+1)
0 0 0 0
1 0 0 1
0 1 0 0
1 1 0 1
0 0 1 1
1 0 1 1
0 1 1 0
1 1 1 0

conventional J-K flip-flop. A conventional J-K flip-flop is a system operating
in the domain of two-valued logic. It is used to memorize a single bit of infor-
mation and can be unambiguously described as shown in Table Assume
that both the flip-flop inputs, and its present state constitute three inputs
for the P1-T'S system, whereas the next flip-flop state @ (¢ + 1) is the P1-TS
system output

a=Jt), m=Kt), u=Q), S=Q(t+1).

We allow the signals to take not only values from the bivalent set {0,1},
but from the whole interval [0, 1]. Thus, [—«;, 8;] = [0,1] for ¢ = 1,2,3 and
therefore @ (¢ + 1) € [0,1]. According to Table 5.6 we formulate the following
system of fuzzy rules in the matrix form

[ N1 N3 N3 I
Py Ny N3
N1 P, N3
If  [z1,20,23] s ]1\3[11 ]1?[22 ];;3 , then S s

P, N, P

N1 P, Ps
L P P, P

(5.36)

OO, R HR,ROR~RO
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The vector containing the consequents of the rules is the same as the last
column in Table According to Theorem [2.10 and taking a generator

g (21, 22, z3) from (Z40), we have

~
|
1

T -

r 1 7 11111111 0

21 01 01 01 0 1 1

29 00 1 1 0 0 1 1 0

| oz 00010001 1

QU+l =1 " 0000T1T1T1°1 1

2123 00 0 0 0 1 0 1 1

2923 00 00 O0O0T11 0

| 2iz025] \L 0 000 O0O0OT] 0]

Thus,
Qt+1)=2+ 23 — 2123 — 2223
=J)(1-Q®)+(1-K(@1)Q({®)

=J({t)Q )+ K (H)Q (1), t=0,1,2,... (5.37)

In [60] the same result was obtained in an entirely different way, where (5.37])
was called the fundamental equation of an algebraic fuzzy flip-flop. In the
cited work, based on this equation, both discrete-mode and continuous-mode
circuits have been presented.

Example 5.6. Consider the rule-based system with the inputs wy (¢), we (t)
and ws (t) which are components of the angular velocity vector w along the
principal axes and w is a point of the cube D3 = [—wmax,wmax]?’, where
wmax 18 a maximal angular velocity. Every input wy has assigned two linear
membership functions of fuzzy sets Ny (wg) and Py (wg) = 1 — N (wg) for
k = 1,2,3. Thus, N is interpreted as negative and Pj as positive angular
velocity wy about kth axis. The outputs of the TS system are torques that
measure the tendency of a force to rotate the object about particular axes
Sl = ch'ul (t), SQ = JQC‘UQ (t) and Sg = ngg (t), where Jl, J2 and Jg are
the principal moments of inertia. Suppose that the system consists of the
following 8 fuzzy rules

[Ny Ny N3] [ Ay By O]
P1 Na N3 Ay By Gy
Nl P2 NS AQ Bl CQ
If [wl,wz,wg} is Pl P2 N3 ,then [51752,53] is A2 32 Cl y (538)
Ny Ny P Ay By Cy
Py Ny P3 Ay By Cy
Nl P2 PS A1 BQ CQ

_P1 P2 P3 _A1 B1 C1_
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where
A = w?nax (Jo — J3) + uq, As = —w?nax (J2 — J3) + uq, (5.39)
By =W, (Js — J1) + ug, By = —w?,, (Js — J1) + us, (5.40)
Cy = wfnax (J1 — J2) + us, Cy = —w?nax (J1 — J2) + us, (5.41)

and up = wuyg (t) are the relative torque inputs applied about the principal
axes, which are assumed to be crisp signals. Therefore they are considered
to be parameters but not the system inputs. The rules are clear and can be
written in the form of metarules. For example, two of them say that the torque
S1 = A; if the remaining angular speeds wo and w3 are at the same time either
negative or positive. The torque S = A, if the remaining angular speeds we
and w3 are in opposition to each other, i.e. the pair (wq, w3) is either NoPs or
P> N3. The conclusions A; and Ay do not depend on the angular velocity wy.
We can analyze all the rules in a similar way. The remaining facts concerning
the torques Si can be explained according to the fuzzy rules.

The problem is “What does an exact conventional model of this system
look like?” In order to give an answer to this question we compute the vector
of system outputs

S = g7 (wn (1) wa () ,ws (1) (27) ' Q

for n = 3, by the matrix Q of the consequents of the rules given in (538]). The
generator g for the input variables w1, we and ws can be obtained from ([2.40)
and the inverse of the fundamental matrix for ax = Br = wmax, (k =1,2,3),is
given by (BT in Appendix[Bl We immediately obtain the following equation

S1 (Jo — J3) wows + w1
S| = (J3 - Jl) wiws + Usg
S3 (J1 = J2) wiws + us

This means that the considered rule-based P1-TS system is equivalent to

Jl 00 c'ul 0 w3 —Ww2 Jl 00 w1 U1
0J 0 wy | = |—w3 0 w 0Jx 0 wa | + | uz | . (5.42)
00 J3 d)g W2 —Wq 0 00 Jg w3 us

In other words the fuzzy rules of the P1-TS system in (5.38) are equivalent
to the Euler equations for a rigid body, e.g. a rotating rigid spacecraft [89],
1111, [153].

Example 5.7. Consider the chaotic system investigated in [121], [220], de-
veloped by Chen [23]. In the original form the system is described by the
following three nonlinear differential equations
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dzx

21 =x(t > - S, =
1 ( ) 1 dt
Chen’s attractor p
wm=yt) > as MIMO > Sy = di’

P1-TS system

dz

z3 = z(t > » Sy =
3 ( ) 3 dt

Fig. 5.6 The inputs and the outputs of the MIMO P1-TS system modeling the
Chen’s attractor from Example [5.7]

t=a(y—2x),
§=(c—a)x—zz+cy, (5.43)

z=uxy — bz,

where the constants area = 35,b = 3, and ¢ = 28. We will show that this system
can be exactly described by the zero-order P1-TS system in which the inputs
arez; = z (t) € [—a1,f1], 22 = y (t) € [—az, 2], and z5 = z(t) € [—as, O3],
and the outputs are S; = 1 (t), Sz = ¢ (t) and S3 = Z (t), as shown in Fig.

For system generator (2:40) the equations (543) can be equivalently writ-
ten as

177 [o o0 o]
—a c—a O
Y a c 0
4,9, 2] = xzy 8 8 _lb — g7 (1,y,2)©. (5.44)
Tz 0 -1 0
Yz 0 0 0
lzyz| | O 0 0 |

According to the formula (Z52) for the MIMO P1-TS systems, the funda-
mental matrix ([Z41]) and (5.44) we obtain

alag —ag) ag(a—c—az)—cas bas + ajas ]

—a(az+ 1) Bi(c—a+as)—ca baz — az3

a(or +B2) ai(a—c—as)+ch baz — a1 32

T a(Be—B1) Pi(c—a+asz)+ch bas + 5152
Q=0"6= alar —az) ay(a—c+ FB3) —cas ajas — b3
—a(ae+p1) Bi(c—a—pP3)—caz — (b33 + azfh)

a(ar +P2) ar(a—c+P3)+cl —(bf3+ aifa)

a(f2—B1) Bi(c—a—Ps)+ch B1B2 — bBs

(5.45)
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The column vectors of this matrix are the conclusions of the fuzzy rules, as-
signed to the outputs S1, S2 and Ss, respectively. Thus, for all points (x, y, z) of
the cuboid D? the considered chaotic system (5.43) is equivalent to the P1-TS
system defined by 8 fuzzy rules, or equivalently - by one rule in the matrix form

If [2,9,2] is M, then [#,5,4] is Q, (5.46)

where the antecedents matrix is the same as in (£.38) and the consequents ma-
trix is given by (B.45]). All consequents of the fuzzy rules are real numbers de-
pending on the constants a, b, ¢ and constraints for the variables z, y and z.

Example 5.8. Several models of virus dynamics can be found in literature
[198], [29]. Let us consider the human immunodeficiency virus (HIV) infection
and the elementary modeling of the immune system when it is subject to
HIV infection. First we show the derivation of one of the simplest traditional
models concerning the viral infection dynamics, next we obtain the same
model in the form of P1-TS system.

A) Conventional model in the form of differential equations [198], [29].

The immune system is mainly based on the so-called CD4 cells and the CD8
cells. The CDA4 cells act as markers, they mark and identify the undesirable
agents as viruses, bacteria, etc. The CDS8 cells act as killers. However the
CD8 cells kill only agents that have been marked beforehand by some CD4
cell. A virus attacks the basis of the immune system by infecting CD4 cells.
Infected CD4 cells act as host cells and they produce new virions. An el-
ementary model may be derived as follows. Let us denote by T (¢), I ()
and V (t) the population of healthy cells (hepatocytes susceptible to infec-
tion), infected cells, and free viruses, respectively. Assume that new CD4
cells T (t) are produced at a constant rate A, die at per capita rate d, and
become infected at a rate proportional (with constant k) to both the virus
concentration V' (t) and cell concentration T ():

T()=XA—dT (t) - kV (£) T (t). (5.47)

Infected liver cells (hepatocytes) are assumed to die at constant rate §
per cell and are produced at the above mentioned rate kV () T (t):

I(t)y=—=6I(t)+EV ()T (). (5.48)

Upon infection, hepatocytes produce the virus at rate p per infected cell,
and the virus is cleared at rate ¢ per virion:

V(t)=—pI(t)—cV(t). (5.49)

B) The model in the form of P1-TS system.
Assume that the P1-TS system has three inputs z; = T (¢), 22 = I (t) and
z3 = V (t) and three outputs Sy = T (t), Sy = I (t) and S5 = V (t). The
input vector is a point of the cuboid D3 = [0, 31] x [0, 32] x [0, B33]. Every
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input has assigned two membership functions of fuzzy sets; Py (zx) =
21/ Bk and N (zx) = 1 — 21/ for k = 1,2, 3. Thus, Ny denotes small (or
near zero) and Py - big (or almost mazimal). For the output vector S =
(T t),1(t),V (t)), according to the equations (5.47)- (5:49) we formulate
the following system of fuzzy rules in the matrix form:

If [T,I,V] is M, then S is Q,

where the antecedents matrix M is the same as in (0.38) and the conse-
quents matrix

r A 0 0 T
A —dpBy 0 0
A =02 —pBa
A—dp =032 —pP2
Q= A 0 —efs
A —B1(d+kfs) k(183 —cfs
A =02 — (cfB3 + pph)
| A= B1(d+kBs)  kp1Bs — 6P —(cBs+pfa) |

Observe that both fuzzy sets and all fuzzy rules can be easily interpreted.
For example the first two fuzzy rules say that, if the number of infected cells
(I) and free viruses (V') is small, then independently of the healthy cells pop-
ulation size (T), both I and V are constant (their derivatives are zero).

5.3 Examples of P1-TS Systems with Four and More
Inputs

General formulas for the P1-TS systems with four and more inputs are not
difficult to obtain by using symbolic computations using the appropriate soft-
ware, e.g. Maple, Mathematica, MuPAD, etc. [30]. However, all matrices be-
come huge and take up a lot of space. Therefore, instead of the general case
we will consider several examples. Let us begin with a simple one.

Example 5.9. The P1-TS system with four inputs z; € [—ay, Bk] = [0,],
(b >0), for k =1,2,3,4 and one output 5, is given by the following metarules:

My : If z; is P; and 25 is No and z4 is Ny, then S = k,
Moy : If z1 is N7 and 2z is P> and z4 is Py, then S =k,
Ms . If 23 is P3, then S =k,

My : otherwise S = 0.

Our goal is to compute the crisp system output and explain the results.
The above metarules we rewrite in Table B.7] where g1, ..., q1s denote the
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Table 5.7 Look-up-table for the P1-TS fuzzy system considered in Example (.9

21,22 \ 23,24 —

! N3Ny N3Py P3Py P3Ny
NiN2 ¢ =0 @=0 qs=k g¢g=k
NPy g3=0 qu=k qs=k qr=k
PP, gu=0 q2=0 qeé=k qgs=k
PiN: qg2=k qo=0 qu=k qg=k

subsequent consequent of the rules. Next, for n = 4 we compute the funda-
mental matrix, according to (BI18)-(B20) given in Appendix [Bl

111 1111111111111
0bO0b0bObLODbLODbLO Db O Db
00bb00DbbLOODbbH OO b b
00 0b 00006000000 0 b
0000b bbb O0O000Db b b b
00000b 006000000 00
000000000000 0008

Q_|0000000b0000000¢

=100000000Db bbb bbb D
000000 0O0O0Ub 00 00b 008
000000O0O0O0O0UbBb 0 0008
000000O0O0O0OO 00000
000000O0O0O0O0O0 0 b 000
000000O0O0OOO0O0O0UDV 0
0000000O0OOO0O0GO0O0 b
0000000O0O0OOOGO0O0O0 b

From Table 5.7, we read the successive conclusions of the rules
a=1[0,k0,0,k k k k,0,0FkO0, k k k k.
According to equation (2.44]) we obtain
6 = b2 [0,b°k, 0, —bk, bk, —bk, 0, k, 0, —bk, bk, 0,0, k, —kyo]T,
and for the generator (B.I5) given in Appendix [Bl the system output is

S (21,22, 23, 24) = 07 g (21, 22, 23, 24)
k
= b3 (Zl (23 — b) (2’4 — b) + b223 + 22 (Zl — 2’4) (2’3 — b)) .

(5.50)

For b = k = 1 we have to do with the P1-TS fuzzy system, which models a
function defined in the multi-valued logic
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Table 5.8 Look-up-table for the P1-TS fuzzy system as Karnaugh map

z1, 22 \ 23,24 —

l 00 01 11 10
00 0 0 1 1
01 0 1 1 1
11 0 0 1 1
10 1 0 1 1

S(z1,20,23,24) =23+ 21 (23 — 1) (24 — 1) + 22 (23 — 1) (21 — z4)  (5.51)

and Table[5.7] can be viewed as the generalized Karnaugh map (see Table[.8)).
One can check that the function (B5I) takes the following values in the
vertices of the hypercube [0,1]":

5(0,0,0,0)=0, S(0,0,0,1)=0, S(0,0,1,0)=1, S§(0,0,1,1)=1,
5(0,1,0,0)=0, S(0,1,0,1)=1, S(0,1,1,0)=1, S(0,1,1,1)=1,
$(1,0,0,0)=1, S(1,0,0,1)=0, S(1,0,1,0)=1, S(1,0,1,1)=1,
$(1,1,0,0)=0, S(1,1,0,1)=0, S(1,1,1,0)=1, S(1,1,1,1)=1.

Thus, the above values correspond with the ones given in Table 5.8l Now the
interpretation of the metarules, individual rules, and the function to which
the P1-TS system is equivalent are extremely simple.

In some cases of the nonlinear systems, it is desirable to transform the original
system variables into other ones. To exemplify this idea let us consider a
magnetic suspension system.

Example 5.10. Magnetic suspension systems (see Fig. 0.1 are a familiar
setup that is receiving increasing attention in applications where it is essen-
tial to reduce friction force caused by mechanical contact. Such systems are
commonly encountered in high-speed trains and magnetic bearings, as well
as in gyroscopes and accelerometers. The conventional model in the form of
differential equations derived e.g. in [89], [134] is as follows

3'31 =2 ,
. k A2
T2 =9 — T2 — HEs 2
m 2m (1 + paq) (5.52)
1 A
ig = T s —Rxg + HT2%3 2 +ov].
A (14 pa)

The state variables are z; > 0 - the vertical (downward) position of the
ball optically measured [200] from a reference point [m], zo = &1 [m/s] is
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Fig. 5.7 Magnetic suspension system

the ball speed and z3 is the electric current of the electromagnet [A]. The
system constants are g - the acceleration due to gravity [m / SQ], m - the
mass of the ball [kg], k - the viscous friction coeflicient [N/ (m/s)] and R -
the series resistance of the circuit [2]. The quantities 4 [1/m] and A [H] are
positive constants such that the inductance of the electromagnet depends on
the position x; of the ball as follows

A

L(z1) = .

(5.53)

The control signal w (t) is the voltage. We assume real restrictions on the
original system variables. The vertical position of the ball 0 < :ElL <z (t) <
zil where z1 (t) = 0 if the ball is next to the coil, the ball speed —zi <
72 (t) < 24 and the current in the electric circuit —af < 23 (t) < 2&. In
order to obtain a P1-TS system let us define new state variables

wr (t) xy (t)
wy (t) | = x2 (1) ) v t>0. (5.54)
w3 (1) z3 () / (L4 pa ()

Thus, w3 (¢) is the electric current related to the ball position. Observe that
the transformation (.54)) is one-to-one. Thus, knowing the signals w; (¢),
ws (t) and w3 (), we immediately obtain the solution x1 (), z2 (t) and x3 ()
of the original system (5.52) and vice-versa. Suppose we change the variables
according to (5.54). Thus,

W = 1 = T2 = wo,
and

m 2m

koo ows Tk M,
m 2m \ 1+ uz; -9 2 3
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Taking into account the third variable from (B.54]) we have

. ig (]. + /LT1) — ‘Tg,u,‘fl
wg = 2 .
(1 + pay)

According to the third equation of (552)) we obtain

oy — 1 (1+ pxq) Rest AUT2T3 tu) - T3T2
(14 pxy) A 1+ Wl)z 1+ uw1)2
1
= (=Rzs + u).

From the equality xs = (1 + px1)ws we finally obtain the system of the
differential equations

w1 Wy
k AL
Wy | = g— wy— wi , (5.55)
w —Rw —R wiw —|—u
3 A 3 )\N 1W3 A

which is equivalent to the original one (5.52)).

One can express the system (5.53]) by 27 highly interpretable fuzzy rules
for the P2-TS system with the inputs wq, we and ws. In order to reduce the
number of rules, we will show that the same system can be exactly described
by the zero-order P1-TS system with four inputs and three outputs. The
inputs and the outputs of the P1-TS system we define as shown in Fig. B.&

t) €
t) € [~az, B2], where ag = By = 2 >0,
& [as, Bs), by —as =—af'/ (1 + k) and Sy =aff ] (1 + b,
o 2z = w3 (t) € [—ay, Ba], where ay = 0 and By = 28/ (1 + LL‘T{‘)27
o S1 =y (t), So =1 (t) and Sz = w3 (t).

o 2z =w [—a1, £1], where a1 < 0 and By = z¥,

(
(

o z3=w; ()

® 22 = W2

z1 = wi(t) > S = ds;l
Z9 = W2 (t) >
P1-TS system Sy = dwa
zZ3 = W3 (t) > dt
d
Z4 = ﬂ)g(t) > »Ss = ZZIZS

Fig. 5.8 Inputs and outputs of the P1-TS as a model of the magnetic suspension
system
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We assume that the control action u is viewed as a crisp function and no
fuzzy sets are assigned to u. The system generator g (21, 22, 23, 24) 1S given

by (BI8) in Appendix Bl Thus,

T 2 2
g (w17w27w3,w3) = [1, w1, w2, wiwz, w3, W W3, WaW3, W1 W2W3, W3,

2 2 2 3 3 3 3
w1wgz, W2wWs, W1W2wW3, W3, W1W3, W2Ws3, W1 W2W3|.

For such generator the equations (5.55]) can be equivalently written as

Wy
’lj]g = @Tg (wl, wz,w;g,w%) y (556)
w3
where

00 1 0 0 0 00 0 0000000

k A
e@r'—-|90 — 0 O 0 00 - o 0000000
" m R Ry 2m
)\0 0 0 N T 00 0 0000000

(5.57)

For n = 4 the fundamental matrix € is given by (BI6)-(B.20) in Appendix
Bl According to the formula (252) and the matrix of function coefficients
(BE5T), we immediately obtain the matrix Q of the consequents of the fuzzy
rules, containing three column vectors as the conclusions of the fuzzy rules,
assigned to the outputs S1-S3. By a3 = a4 = 0 we obtain the following
system of fuzzy rules

[ N1 Ny N3 Ny | [—as B C4
Py N2 N3 Ny —ap By
N1 Py N3 Ny B2 By C1
Py P, N3 Ny B2 Ba Cy
Ny Ny P3 Ny —ag By C3
Py Ny P3 Ny —ag By Cy
Ny P, P3 Ny B2 B C3

If [21, 29, 23, 24] 18 ]1\2 ]1\2 ]1;2 ]]\ii , then [wy, w9, W3] is —gi gi g;l ,
Py Ny N3 Py —ap By Cy
Ny P, N3 Py B2 By Cy
Py P, N3 Py B2 Bs Cy
Ny Ny P3 Py —ao B3 C3
P Ny P3 Py —ap B3 Cy
N P, P Py B2 By C3
| P Py P3 Py | | B2 B4 Cy

(5.58)
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where " %
By = Fo2tom g, ThRrem (5.59)
m m
2k 2gm — A —2k 2gm — A
By = 2keat2gm = by p 2K+ 2gm = Ay (5.60)
2m 2m
Cl _ U+RO£3’ 02 _ U+RO¢3+RMﬂ10&3’ (561)
A A
C3 = b _)\Rﬁ37 Cy= u = Rbs ; R’uﬂlﬁg- (5.62)

Thus, the consequents of the fuzzy rules depend on the system constants g,
m, k, R, the crisp control action v = u (t) and the location of the hypercuboid
D* in the space R*.

As one can see, the magnetic suspension system described by the differen-
tial equations (5.52) with original variables (z1, z2, 23) is equivalent to (B.53)
by new variables (wy, wa, ws) associated with the original ones by (5.54]). This
highly nonlinear system is exactly modeled by the P1-TS system defined by
16 fuzzy rules.

Example 5.11. Taking into account Example [5.10 we will show that we can
simplify the modeling process by combining various models. First of all, it
is not necessary to model the first equation of (b0 at all, since it is too
simple. The second equation of (58] can be modeled by P2-TS system with
two inputs we and wsg, since it has a very simple interpretation. The third
equation of (.58 can be modeled by P1-TS system with two inputs w; and
ws, because it has a very simple interpretation and a low number of fuzzy
rules (see Fig. .9).

For the input variables ws and w3 the membership functions of fuzzy sets are
Ni (wg), Z, (wg) and Py, (wy,), given by (@24)-([E26]), with o, = (—ag + Bk) /2
for k = 2, 3, assuming some parameters A\ for the quadratic membership func-
tions, say Ao = A3 = 1. According to ([£33) we have the generator

T
g2 (’lUQ,'lUg) = [1771/2;10%;103;w2w3,w§w3aw§aw2wnggw§] ’ (563)
. dw;
w1 Identit, - 5 =
y 1 dt
dwz
w2 »  P2-TS system > So =
dt
dw3
w3 » PI1-TS system - S3 = dt

Fig. 5.9 The architecture of the rule-based system from Example 5.1T]
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and on the basis of (£50) after changing the names of the boundaries of
intervals from (aq, e, 81, B2) into (ag, as, B2, f3), we obtain the fundamental
matrix for the P2-TS system

Tl —ao a% —a3 Qg —a%ag a% —agag a%a%'
1 09 —aofls —a3 —0o2a3 a3 o 0203 —a203fs
1 B B3 —as —asfB  —asfs o3 a3 o33
1 —ar a3 o3 —as03 ajos —asfs  asasfs —a3asfs
Ql = |1 o2 —aofs 03 0903 —agfB203 —a3fB3 — o20303 20332083
1 B B3 o3 (203 B3o3 —asfBs —asfBafls —asf3fs
1 —ay o3 Pz —azfs o303 33 —aaf33 o333
1 o9 —afe B3 02083 —aafB203 53 0283 —asfBe33
1 B2 B3 B3 Pafs B33 B3 B2/53 353

(5.64)
For the output variable w5, the vector of the function coefficients is given by

k A r

0= g, — ) 07 07 07 07 - ’u7 Oa 0
m 2m

For the given Q5 and 0, according to ([£37)) we obtain the conclusions of the

fuzzy rules; q = Q1. Finally, we obtain the following system of rules for the

P2-TS subsystem

Ny N, | [ g+ kao/m — Apad/ (2m) |
Z1 No g — koa/m — Aua3/ (2m)
Py Ny g — kBa/m — Aua3/ (2m)
N1 Zy g+ kag/m + Auas B3/ (2m)
If [wo,w3] is | Z1 Z2 |, then [ug] = | g — koa/m + Auazfs/ (2m) | |
Py Zy g — kB2/m + Ao Ps/ (2m)
Ny P, g+ kas/m — AuB3/ (2m)
Zy Py g — koa/m — \uf3/ (2m)
Py P g — kBa/m — \uB3/ (2m)

that exactly models the second equation of (B.53]). The values ay, and 5y, for k =
2,3 are the same as in Example A model building for the third equation
in (558)) in the form of the P1-TS system is simple and will be skipped.

In the next sections we will consider examples of modeling more complicated
dynamical systems.
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5.3.1 Low Order Atmospheric Circulation Model

Consider a low order atmospheric circulation model described in [122], [I74]
in the form of the following three nonlinear differential equations

&= —ax —y> — 22 +adF,
y=-y+tay—brz+G, (5.65)
z=—z+bxy+ xz,

where x represents the strength of the globally averaged westerly current, and
y, z are the strength of the cosine and sine phases of a chain of superposed
waves. The unit of the variable ¢ is equal to the damping time of the waves,
estimated to be five days. The terms in F' and G represent thermal forcing
terms, and the parameter b stands for the strength of the advection of the
waves by the westerly current. Here, F'; G are treated as control parameters,
with a =1/4 and b = 4 [I74].

We will show that this system can be exactly described by the zero-
order 5-input and 3-output P1-TS system, in which the inputs are z; =
z(t) € [~ai, B, 22 = y(t) € [~az, B, 23 = y*(t) € [~as,0], by
—a3 = min {03,063}, B3 = max{a, 65}, za = z € [, B4, and 25 =
2?2 € [~as, B5), where —as = min {3, 37}, 85 = max {a3, 7 }. Additionally
we add two controls u; = aF and us = G. There are three outputs of the
system: S = & (t), So = y (t) and S3 = 2 (t) as shown in Fig.

The generator for the P1-TS system with n = 5 inputs is as follows

g (21, 22, 23, 24, 25) = [17 R1, %2, %172, 23, 123, 2223, K1R22%3, 24, 2124, 2274,
R1R2274,R3%4, R123%4, R2R23%4, Z1R223%4, 25, Z1%5,
2225, 212225, 2325, 212325, 222325, 21222325, Z4Z5,
Z1RARE, R2RARE, Z12224R5, R3RAZE, Z12324%5,
22232425, 2122232475

(5.66)

Thus, the equations (B.63]) can be equivalently written as
T
y = ®Tg ($79a927272’2) ) (567)
z

21 = x(t) > - S = dx

2 = y(t) Athmospheric dt

2 = >
B 2(t) circulation model S — dy
== t as MIMO > Tt
21 =2(1) P1-TS system dz
2
Zszz(t) > >53:dt

Fig. 5.10 The inputs and the outputs of the MIMO P1-TS system modeling the
athmospheric circulation
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up—a 00-1000 0 0000000-100---0
=|uz 0-11 0000 0-b000000 000---0
0 0 0b 0000-1 1000000 000---0

(5.68)

The fundamental matrix contains 1024 elements and can be obtained using

recursion (Z43)):

Qy Qy

c R32x32
—asQy P58 ’

Q; =

(5.69)

where Q4 is given by (BI0)-(B20) in Appendix[Bl According to the formula
for MIMO P1-TS systems (252), the fundamental matrix for n = 5 and
(5.68) we obtain the matrix

where

Qa:

Q=

Q.
Qs
Q.

T Qa
Q=20 Q.|
Qy
Qq
Qn

Qi=

[u1 + as + as + aaq, us + as + ajas — bajay, aq + ayoy + bayas ]
uy + a3 +as —aby, ug +az — B +bBray, ag — Broy — basfy
uy + a3 + a5 +aag, uz — B2 — a1 — bajoy, ag+ ajay — baiBr
Lu1 + a3 +as —ab, uz — B2+ B1f2 + bBroy, ay — Brog + bB1P2 |

[u1 — B3 4+ a5 + acr, uz + a2 + a1og — bago, o + cnay + baae T
up — B3+ as —af, uz + ax — B + bfras, oy — frog — bao
up — fB3 + as + aai, uz — B2 — a1 — banoy, oy + oy — by 5o

Luy — B3 + a5 —aBi, us — P2+ B1B2 + bBroy, oy — Prag +bB13s |

(5.70)

(5.71)

(5.72)

Uy + ag + as + ao, Uz + og + araz + bai fBa, =4 — @184 + baras
ur + a3 + a5 —af, us + oo — aofi — bB1Ba, —Ba + P14 — bao S
ur + s + as +aaq, up — PBo — a1 B2 + boBa, —fs — a1 s — b1 B2
ur +az +as —afy, uz — fo + G182 — bB1Bs, —Ba+ B84+ bB152

(5.73)

ur — B3 + as + aoq, ug + oo + ooy + b Ba, —fs — a1 fBa + baiorg
ur — B3 +as —apf, ug + oy — B — bB1Bs, —Ba+ 184 — basfr
up — B3 + as + aa, uz — B2 —aqfBa + bo B, —B4 — 1By — b1 B2
uy — B +as —afy, ug — Po+ F12 — bB1Bs, —Ba+ B1Bs+ bB1B2

(5.74)
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uy + az — f5 + aaq, us + as + aran — bagay, aq + ajay + bajas |

w1+ a3 —B5 —apf, us +az — aofy +bfray, oy — Brag — basfB
Q.

ur + s — Bs + ao, uz — fo — o1 — barou, o + iy — by B2

ur +az — Bs —af, uz — P2+ P1f2 + bfirou, as — Prag + bB1f2 |

(5.75)

u1 — B3 — Bs + aaq, us + as + ajas — bajay, ag + ajoay + balaz_

Q ur — fB3 — fBs — af, uz + oz — agf +bfray, g — Prag — bazfy
! ur — B3 — Bs +ao, us — B2 — a1fB2 — baray, au + aroy — bai Be
ur — B3 — Bs — a1, ug — B2+ S1f2 + bfiau, as — Pray + bB1S: |

(5.76)

[y + a3 — B5 + aar, us + s + aqas + b Ba, —fB1 — a1 + baqas |
uy + a3 — Bs —afy, uz +oas —azfB — 08184, —Bs+ P11 — bazf
ur +ag — Bs5 + aaq, ug — B2 — a1fB2 + ba1fBa, —fa —a1fs —baifa |’
| u1 + a3 — B5 —af, ug — B2+ 12 — bB1Bs, —Ba+ B1Bs + bB152 |
(5.77)

Qg:

[u1 — Bs — Bs5 + aar, uz + az + aras + ban s, —f4 — a1 81 + boae T
Qu=|"“~ Ps — PBs — aPr, uz + az — azfy — bB1fs, —P4+ P11 — baaf
ur — B3 — Bs +aaq, us — P — a1fB2 + ba1 By, —B4 — 184 — bar B2
Lur — B3 — Bs — afr, ug — B2+ P12 — bB1Ps, —Ba + B1Bs + bB1 52 |
(5.78)

The above submatrices contain three column vectors as the conclusions
of the fuzzy rules, assigned to the outputs Sy, Sz and S3, respectively. Thus,
the considered system ([B.63)) is equivalent to the P1-TS one defined by 32
fuzzy rules in the matrix form

If [z,y,9%22%] is M, then [i,5,%] is Q, (5.79)

where the antecedents matrix M containing the labels of the fuzzy sets has
the following structure

N1 Ny N3 Ny Nj

Py Ny N3 Ny Ns

N1 P, N3 Ny Nj
M= |p P, Ny Ny N5 , (5.80)

Py Py Py Py P51, .
and the consequents matrix is given by (G70)-(E78). All consequents of
the fuzzy rules are real numbers depending on the given constants a, b,

the control parameters F and G, and “—«y” and “G¢”, (k = 1,...,5), as
stated above.
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5.3.2 Induction Motor Model

Using the theory of P1-TS systems we can exactly model some class of highly
nonlinear fifth-order dynamical systems. Consider the following continuous-
time model of an induction motor developed in [I33], which includes both
electrical and mechanical dynamics under the assumption of linear magnetic
circuits

dia MR, npM M2R, + L2R,\ . 1

d;;b = _a%j\gr wira + Uj\girg Yro — (MQ};TL;FL?RS) ish + 023 Usp
e = g+ [ M

dgtrb = npwihrq — f: Yry + f: Mig ,

Cj;: = ZPL]\f (Yraish — Yriisa) — ZZL ;

where the subscripts s and r stand for stator and rotor, (a,b) denote the
components of a vector with respect to a fixed stator reference frame. The
meanings of the symbols are as follows:

is - stator current [A],

s - stator flux linkage [Wh],

ir - rotor current [A],

ug - stator voltage input to the machine [V],

¥, - rotor flux linkage, (e.g. 1.3 [Wb]) rated,

R, - stator resistance, (e.g. 0.18 [Q]),

R, - rotor resistance, (e.g. 0.15 []),

M - mutual inductance, (e.g. 0.068 [H]),

L, - stator inductance, (e.g. 0.0699 [H]),

L, - rotor inductance, (e.g. 0.0699 [H]),

n, - number of pole pairs of the induction machine, (e.g. n, = 1),
w - the angular speed of the rotor, (e.g. 220 [rad /s]) rated,
Ty, - load torque, (e.g. 70 [Nm]) rated,

J - rotor inertia, (e.g. 0.0586 [kgm?]).

After substituting the constants

R, 1 M? M Ry | R.M?

= K: =
L, T LyL2’ oL,L,’ oL, oL,z PP
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we can write the continuous-time state equations

le

G - A (t) + Il“izg (t) + pK zy (t) 25 (t) + 025 Usa (£)

d; — 2o () — pK 25 (£) 23 (£) + 7{( () + Uis iy (8

T R A= g a0 - b ()20 6.81)
d;;; _ é‘f 2 () — Tl 2a () + prs (8) 25 ()

d; = %{ (23 (1) 22 (t) — 24 (t) 21 () — CZL

or using Fuler discretization of step size h, the discrete-time state equations,
as in [I7], [I09)

21 (k+1) = 21 (k)+h (—721 (k) + 1{(23 (k) + pK 24 () 25 (k) + (k)) :

. oL,
oo (k4 1) = 2 ()1 <_m (k) — pK 25 (k) 23 (k) + 1{( aalk)+ " L<k>) ,

M

Zg(]{}—Fl):Zg(k)—Fh(T

()= g 20 ()= ()24 () |

s (h41) =24 (k) +h @@2 (k) + ps (k) 25 () — ;TZ4 (k)) ,

2 (k+ 1) = 25 () + b <§f (23 (k) 22 () — 24 (k) 1 () — TJL) .
The state equations of the induction motor in the continuous or discrete-time
form, can be exactly modeled by the MIMO P1-TS rule-based system with
the outputs Sy, ..., Ss5. For the continuous model they are the derivatives of
state variables (see Fig. B.1TI)

 disa
Todt’

digp

drq
dt - 51

dt -’ Todt

i dw

S1 So Ss S5 = g

The inputs of the P1-TS system include both all five state variables
isa (t) = 21 (t) € [a1, B1], isp (1) = 22 (1) € [z, Ba],

Vra (t) = 23 (t) € [~az, B3], ¥ (1) = 24 (t) € [, 4],
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21 = isa >~ - S = dj;ta
22 = 1sb >~ disp
= Yra - MIMO ~ 2=y
24 = rp P1-TS system .S, — dra
%5 =W - (induction motor) dj)trb
(w1) = SR
dw
) - g

Fig. 5.11 MIMO zero-order P1-TS system as an exact continuous-time model of
an induction motor

w(t) =2 (t) € [~as, 5],

and, additionally, two control signals
uy (t) = (0Ls) M usa (t),  ua(t) = (0Ls) us (2).

In such case the number of rules would be 128. We can substantially reduce
the number of rules by reducing the inputs into the state variables, because
the state derivatives of the current (velocities of iy, and i, respectively)
depend linearly on the control signals u; and wus. Thus, formally u; and us
are not considered as variables of the “If” parts of the fuzzy rules, but as the
parameters - in contrast to the variables z1, ..., 25, (Fig. BIT]).

As a result we will consider 2° = 32 fuzzy rules. In order to avoid mistakes
we can write down the successive vertices of the hypercuboid D?:

00000 = Y1 —ai, —Qg, —Q3, —04, —Q5),

@

Y0000 = Y2 = (B1, —a2, —a3, —ay, —as),
Yo1000 = V3 = (=1, B2, —a3, —a4, —as),
Y11000 = Y4 = (B1, B2, —a3, —ay4, —as),

(
(
(
(
Yooi00 = V5 = (—a1, —az, 3, —au, —as)
(
(
(
(

&

|
e
w
=
@

|
o)
i

|
o)
E‘J

Y10100 = V6 =
Yo1100 = Y7 = (—au, B2, B3, —u, —as),
Y1100 = Vs = (B1, B2, B3, —au4, —as),
Yooo10 = Yo = (—ou, —a2, —az, B1, —as) ,
B1, —a, —as, B, —Oés) s
Yo1010 = Y11 —ai, B2, —as, Bu, —as),

Y10010 = Y10 = (
(

V11010 = Y12 = (B1, B2, —a3, B4, —as),
(
(

—a1, —Q, ﬂ37 ﬂ47 —055) )

B, —az, B3, Ba, —a5)

Yooi10 = V13

Y10110 = Y14
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Yo1110 = Y15 = (—a1, B2, B3, Ba, —as5)
Y1110 = Y16 = (B1, B2, B3, Ba, —5)
—Qp, —Q2, —Q3, —0y4, ﬂf)) )

ﬂla —Q2, —Q3, —0647ﬂ5) )

(
(
Yoooo1 = Y17 = (
V10001 = V1 = (
Yot001 = Y19 = (—a1, B2, —asz, —au, B5),
V11001 = Y20 = (B, B2, —az, —au, f5)
Yooto1 = Va1 = (—a1, —az, B3, —au, B5) ,
Y0101 = Y22 = (81, —2, B3, —au, Bs)
Yot101 = Ya3 = (—a1, B2, B3, —au, f5) ,
V11101 = Yaa = (B1, B2, B3, —au, Bs)
(=1, —ag, —as, B4, f5)
Y10011 = Ya6 = (B1, —az2, —as, B, B5) ,
Yoto11 = Yo7 = (—au1, B2, —as, B, B5) ,
V11011 = Yas = (B, B2, —as, B4, 85) 5
Yoo111 = Va9 = (—au, —az, B3, 54, Bs)
V10111 = Y30 = (B1, —2, B3, B4, Bs) ,
Yor111 = Y31 = (—aa, B2, B3, B4, Bs) ,
Y1111 = Y2 = (B, B2, 83, 84, B5) -

According to ([Z48)-(250) the system of rules has the following form

Yooo11 = V25 =

If [21, 22,23, 24, 25] is M, then [51, 527 53, 547 55] is (.Q7 (582)

where the antecedents matrix is the same as in (B.80) and the consequents
matrix Q contains 5 columns, where every column q; corresponds to the
output S; of the rule-based system

q1,1 91,2 91,3 q14 Q15
q2,1 922 42,3 424 Q25
3,1 43,2 Q43,3 (434 Q35
Q:[Q17Q27Q3aQ4aQS]: 4,1 G422 Qqa3 Qa4 Q45

q32,1 432,2 432,3 432,4 432.5

According to Theorem ZT0l the matrix of crisp outputs S (z) = [S1,.. ., Ss]

can be computed by the formula S (z) = g* (z) (QT)fl Q, where the system
generator g (z) is given by (B.60) and Q by ([Z52). The fundamental matrix
Q for n = 5 can be computed recursively according to (5:69). The matrix
©® contains 5 columns. Each column is associated with the appropriate crisp
system output S; as follows
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O = [01702703704705] S R32X57

0; = [05,00000, 95,10000, 05,0100, - - o,9j,11111]T € R*¥, j=1,...,5, (5.83)
where
1 1 K
eT = as -
1 [O'Lsu‘(t)’ s O'LS’O7 Tra07070a0a0a 070707070a0a

07 07 07 07 07 07 07 07 pK7 07 07 07 07 07 07 0]7

1 K
07 = . -
2 =1, ws(t),0,-7,0,0,0,0,0, ~.0,0,0,0,0,0,0,

S T

0,0,0,0,—pk,0,0,0,0,0,0,0,0,0,0, 0],

M 1
0,0, — 0,0,0,0,0,0,0,0,0,0,0
TT77’TT’7777”’777’

0,0,0,0,0,0,0,0,—p, 0,0,0,0,0,0, 0],

0?’: = [07

M 1
GZ:[0707T70’0’0’0707_1—170’0’0’0707070’

07 07 07 07 p7 07 07 07 07 07 07 07 07 07 07 0]7

T, M M
Og:[_fvoaoaoaovov ?L 70707_§L

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0].

,0,0,0,0,0,0,

Finally, we give a simple procedure of how to compute the consequents of the
fuzzy “If-then” rules as elements g; ; of the matrix Q:

qz,]:gT(71)0?7 Z:17a327 j:17a5

According to the antecedents matrix (0.80) we have the first three rules as
follows:

Ry : If z1 is Ny and 2z is Ny and 23 is N3 and z4 is N4 and z5 is N5, then

d’isa disb dwT’a
dt = B{g (Y00000 ) dt = Ggg (Y00000) dt = ng (700000 )
dwrb dw .

dt = BZg (Y00000 ) dt 95Tg (700000)>

Ry : If z1 is P} and z9 is No and z3 is N3 and z4 is N4 and z5 is N5, then

d’isa disb dwT’a
dt =612 (Y10000)s dt =052 (Y10000)s dt =032 (Y10000)s

dwrb

dw
dt = OZg (Y10000)>

dt = 95Tg (710000)5
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R3 : If z1 is N7 and 29 is P> and z3 is N3 and z4 is N4 and z5 is N5, then
d’isa disb dwT’a

dt = B{g (Y01000) dt = Ogg (Y01000) dt = ng (Y01000)>
Ay dw
dt = OZg (Y01000) dt = 95Tg (Y01000)5

and the last rule:

R3o : If z1 is Py and z is P and z3 is P3 and z4 is Py and z5 is Ps, then

disg digy dYra

dt = B{g (Y11111) dt = Hgg (Y11111) dt = ng (Y11111)
drp dw

dt = BIg (Y11111) dt = ng (Y11111)-

The method of modeling the motor as a discrete-time system is the same.

5.3.83 Acclimatization Chamber Model

In the paper [77] a condition-sequence control circuit was described. It is
based on Boolean algebra algorithms to solve the complex logical prob-
lem existing in temperature-humidity environmental control procedures. The
control algorithm for a grafted seedling acclimatization chamber was imple-
mented on programmable logic controller (PLC), where the values of both
input and output process variables were from the binary set {0,1}. The in-
puts are time-dependent state-variables produced by the sensors that deliver
the binary state concerning indoor and outdoor temperature and humidity
and the plant light. The control signals are binary as well, designed for the ac-
tuator subsystems, i.e. air conditioner (Y1), free cooling (Y2), humidifier (Y3)
and heater (Y;). Based on Boolean logic methods and using a psychrometric
chart of cooling, dehumidifying, heating and humidifying control processes in
a grafted seedlings acclimatization chamber, the following control strategies
were derived in [77]:

Y1 =21 2o (34 24) - (x5 + 6) - (x7 + 23) (5.84)
Yo =21 %9 T3 T4 T5- T Ty - Ty (5.85)
Ys = (v1 + @2) - @3- x4 - (w5 + x6) - (x7 + T5) (5.86)
Yi=x1 - (z7+25) - (A+B+C), (5.87)

where

A:$4'$6'($2+$3'1‘9), B=$2'$3'(1‘5—|—1‘6), C=ux3 24 25" Tg-
(5.88)
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The operations “(-)”, “” and “4+” mean Boolean “not”, “and” and “or
respectively.

Unlike the approach used in [(7], where the appropriate conditions for the
state variables have to be either true or false, (z € {0,1}), we can say that
the same conditions can be satisfied to some degree, which is the number from
the interval [0, 1] (see [55], [56]). The decisions Yj can be true to a certain
degree, as well. Thus, we want to extend the control algorithm (5.84)-(E.88)
into the fuzzy domain. To do this, according to the results from Section T3]
we assume that

e the inputs z; € {0,1} are replaced by z; € [0,1] as the inputs for the
P1-TS system, (k=1,...,9),

e the outputs of the P1-TS system are Y7, Y5, Y3 and Yj,

e the Boolean operations “(.)”, “” and “+” we replace by “n” - the strong
negation (513)), “t” - the probabilistic t-norm (5.I6]) and “s” - the proba-
bilistic t-conorm (B.I7T), respectively.

Wpa??

Finally we express Boolean functions (0.84)-(5.8]) by the following ones

Yi=t(z1,n(22),5(n(23),n(2)),8(n(2),n(2)),5(n(27) ,n(28)))
=21 (1 - 22) (]. — 2324) (1 - 2526) (1 - 2728) 5 (589)
6)

Yo =t(n(z1),n(22),n(z),n(24),n(25),n (2 ), (28))

n (27
=1 —21)(1—22)(1—23)(1—24) (1 —25) (1 —26) (1 —27) (1 - 28),
(5.90)
Yz =1t(s(n(z1),n(22)),n(23),24,5(n(25),n(2)),5(n(27),n(2s)))
= (]. — 2122) (1 — Zg) Z4 (1 - 2526) (1 - 2728) 5 (591)

Yy =t(n(z1),s(n(z7),n(2s)),s (4, B,C))
—(1—2)(1—228) (A+ B+C — AB— AC — BC + ABC), (5.92)

where
A=t(n(z4),n(26),5 (22,t(23,n(29))))
= (1—22) (22—2’3 (1—29)) (1—24) (1—2’6), (593)
B =t(z2,n(23),5(n(25),n(26))) = 22 (1 — 23) (1 — 2526) , (5.94)
C=t(z3,n(z4),n(25),2) =23 (1 — 24) (1 — 25) 2. (5.95)

If we apply binary sensors, the inputs are z;, € {0,1} and the P1-TS system
works exactly as a binary controller which produces the outputs Yi,...,Ys €
{0, 1}. By replacing the sensors into the input interfaces containing analog or
k-bits digital sensors, (k > 2) delivering the signals z;, € [0, 1], the controller
works smoothly as a multidimensional “fuzzy switching system”. Since for the
P1-TS system the conclusions of the rules are from the set {0, 1}, according
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to the assessment (5.12)), the outputs Y; are from the interval [0, 1] for j =
1,2, 3, 4. Therefore in the case of the fuzzy switching system, the plant should
be equipped with actuators handling analog signals.

The fuzzy metarules can be easily obtained. For example the equations
(BER9)- (910 generate the following metarules

My : If z1 is Py and 25 is Ny and (23 is N3 or z4 is Ny)
and (z5 is N5 or zg is Ng) and (27 is N7 or zg is Ng), then Y7 is 1,
otherwise Y7 is 0.
My : If z1 is Ny and 2z is No and z3 is N3 and z4 is N4 and z5 is Nj
and zg is Ng and 27 is N7 and zg is Ng, then Y5 is 1,
otherwise Y5 is 0.
Ms: If (21 is Ny or zo is Na) and z3 is N3 and z4 is Py and z5 is N5
and (z5 is N5 or zg is Ng) and (27 is N7 or zg is Ng), then Y3 is 1,
otherwise Y3 is 0.
The membership functions of fuzzy sets Ni (zx) and Py (zr) have a clear
interpretation. For example, if formerly assumed zg = 1 (or 9 = 0) modeled
the situation “the light is on” (or “the light is off”), then for the P1-TS system
“29 is Py” (or “zg is Ny”) models the situation “the plant light is powerful”
(or “the plant light is not powerful”).

5.4 Optimal Fuzzy Control System Design for Second
Order Plant

In this section we will consider a PID control system that behaves optimally
in some sense. First, we obtain a highly interpretable P1-TS system, exactly
modeling conventional PID controller. Next, we will show how to obtain a
fuzzy PID controller as the rule-based system satisfying typical engineering
requirements formulated for the closed-loop control system.

5.4.1 Highly Interpretable Fuzzy Rules for PID
Controller

It is well known that a conventional PID controller is a special kind of the so
called PID fuzzy controller (PID-FC for short [95]). Assume that the control
action at the instant ¢ is u (¢). By € (¢f) we denote the control error, as the
difference between the reference signal w (t) and the plant output y (t), as
shown in Fig.

et)=w(t)—y(t). (5.96)

The rule-based P1-TS system has three inputs: z; = €(t), 22 = €(t) and
z3 = € (t), where € (t) is the speed of the error and & (¢) - its acceleration [92].
The P1-TS system output S is the derivative of the control action « (¢). It is
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2 PI-TS 11» fdt u Dynamical Ig

o> d/dt system plant

> d?/dt? =,
-~
PID controller

Fig. 5.12 Closed-loop PID control system

apparent that both the error and its derivatives are from intervals containing
zero. Therefore we make the next assumption

2k € [_almﬂk]a k:1a273a
where

ay =1 =suplé(t)], ag=pP2=suple(t)], az=pF3=-suplé(t)|.
>0 >0 >0
(5.97)

For the stable closed-lop control system, the cuboid D? includes all trajecto-
ries (¢ (t),e(t), € (t)) for t > 0. The fuzzy sets for the input variables zj, that
are used in the antecedents of the fuzzy rules are N and Py for k = 1,2, 3.
The label Ni denotes a negative value of kth input variable and Py, - a positive
one (see Fig. 28 in Section 22).

Suppose that at every moment ¢ > 0, the P1-TS system output is the
following linear combination of the inputs

S = kpz1 + T, ' 22 + Tyzs.

It follows that

wt) =ke®+ g [ e ar+ 7% (0). (5.98)

This means that the P1-TS system together with the integral block produces
the same signal as a conventional, continuous-time proportional-integral-
derivative (PID) controller. In order to obtain the fuzzy rules for the P1-TS
system, we define the following vector of coefficients

0 = [0,k,,1/T;,0,T4,0,0,0]" . (5.99)

From (230), 241)) and (2.99) we immediately obtain the consequents of the
fuzzy rules
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q1 [1 -1 —ap s —az a1 apas —ajooos 0
qo 1 b1 —ag —anf —as —fiag asas  afios kp
q3 1—a1 fo—ai1fy —as arog —asfs arosfo 1/T;
G| |1 B B2 (if2 —az —firas —azfBs —fiozBa 0
g | |1—on —a2 o [z —aifls —aefs  arasfs Ty
6 1 B —ag —azB1 B3 [183 —aofl3 —azB103 0
q7 1—ar fo—a1f2 B3 —aufls (283 —a1f203 0
| gs | |1 B B BB B3 BBz B3 BifBBs]| | 0 |

—Q1] —Q2 —Q3

fr —az —as
—a1 P2 —ag ky

_| B Brmasiiyr | (5.100)

—o1 —ay (3 T

ﬁl —Q2 ﬂ:& d

—ar f2 P
B B2 Bs]
Thus, every consequent of the vth fuzzy rule (v =1,...,8) is a scalar product

of the vector containing adjustable parameters (kp,1/T;,Ty) and vth vertex
~, of the cuboid D3. In other words we obtain the system of fuzzy rules for
the P1-TS system, that defines a differentiated output of the conventional
PID controller, which consists of 8 fuzzy rules given in Table B9, where ay
and [ are given by (B97). As one can see, the fuzzy rules are extremely
simple for interpretation.

5.4.2 Optimal PID Fuzzy Controller for Linear
Second Order Plant

Let us consider the control system shown in Fig. 512l containing the dyna-
mical oscillatory plant

d®y (t) dy (t)

dt? o ety @) =kou(t),  y(0)=uyo, §(0) = o, (5.101)

+ 2£(,<J0

Table 5.9 Look-up-table for the P1-TS fuzzy system which produces the derivative
of conventional PID controller output

e(t),e() \ @) —

! N3 P
N1 N, —kpar — T tan — Tyas —kpor — T tan + Tufs
N1 P —kpar + T, ' Ba — Taas —kpar + T, ' Bo + TafBs
PP kpBi + T, B2 — Taass kpBi + T, B + Tufs

P N> kpﬂl — Ti_laz — Tyos k‘pﬂl — Ti_laz =+ Tdﬁg,
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where kg, & and wg are known parameters, with kg > 0,0 < ¢ < 1 and wy > 0.
The reference signal is Heaviside step function

_Jwg for t>0
w(t)—{ 0 for t<0° (5.102)

Our goal is to design such a rule-based PID controller that guarantees a
nonoscillatory step response

y (t) = wo + (yo —wo) e, (5.103)

of the closed-loop system with zero initial conditions, where A > 0 is the
preset parameter. Thus, in the feedback system, the plant output should be
governed by the differential equation

dy (t)

(O =X ). y(0) = .

The control error is defined as € (t) = w (¢t) — y (¢). The step response (L.103)
has three important features:

e there are no oscillations in the closed-loop system,

e there is no steady state error (¢ (00) = 0), and

e the plant output y reaches the set-point wp as quickly as required (by
choosing a sufficiently large parameter \).

In such sense the controller that guarantees the step response (B.103)) is con-
sidered to be optimal.

We require that at any instant ¢ in the closed-loop system, the following
relation between the system output y and the control error

t
)\/5 ) dT + o, (5.104)
0

must be satisfied. One can check that by zero initial conditions, the equation

(EI04) holds, if

de (t)
dt

ko

t
+ 28w e (t +w0>\/ ) dr = kokpe (t)+ /s dT+kond e(®)
0

A dt

T;

is satisfied. From the last equation we obtain optimal - in the sense expressed
above, the gain parameters for the PID controller

]ﬂ; 2)\£W0/k0
Ty | = | Mwg/ko | . (5.105)
T M ko
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According to Table[5.9] the system of highly interpretable fuzzy rules for the
P1-TS system that defines the optimal PID controller (£.98), consists of the
following fuzzy rules:

Ry : If € is negative and ¢ is negative and € is negative,
then o = —20&1){000/]4:0 — 0&2)\&0(2)/]4:() - 043)\/]4:0,

Ry : If € is positive and ¢ is negative and € is negative,
then 7 = 2ﬁ1>\§(,{)0/l€0 - ag)\wg/ko - Ckg)\/ko,

Rs : If € is negative and ¢ is positive and € is negative,
then @ = —2&1){&)0/]% + ,62)\&)8/]% — ag)\/ko,

Ry : If € is positive and ¢ is positive and € is negative,
then o = 2ﬁ1)\§(d0/k0 + ﬂz/\wg/ko - 043/\/]410,

Rs : If € is negative and ¢ is negative and € is positive,
then o = —20&1){000/]4:0 - 0&2)\&0(2)/]45() + ﬂ3>\/k‘o,

Rg : If € is positive and ¢ is negative and € is positive,
then @ = 2ﬁ1>\§(,{)0/l€0 - ag)\wg/ko + ,63)\/]607

Ry : If € is negative and ¢ is positive and € is positive,
then o = —2a1)\§wo/ko + ﬂz)wug/k‘o + ﬂ3>\/k‘o,

Rg : If ¢ is positive and ¢ is positive and £ is positive,
then @ = 281 \wo/ko + B2 wi/ko + B3N/ ko,

Thus, the conclusions of the optimal fuzzy rules depend on maximal values of
the control error, its speed and the acceleration, the values ay and 0y given
by (597, the plant parameters kg, £ and wp, and one design parameter .
The above result demonstrates the ability to design an optimal fuzzy logic
controller, which satisfies typical engineering requirements when controlling
a linear second order plant. The resulting closed-loop system is free of oscilla-
tions, has no steady state error and its step response is as quick as required.

5.4.3 PD-Like Optimal Controller for Nonlinear
Second Order Plant

Let us consider the closed-loop system shown in Fig. (.13 that contains the
following nonlinear dynamical plant

GO)+ag )y () +0oy(t) +cy(t) =kou(t),  y(0)=uyo, §(0)= 1o,
(5.106)
where a > 0, b > 0, ¢ > 0 and kg > 0 are known constants.
We assume that the P1-TS system functions as a controller and produces
the output
u (t) = ke (t) + kae (t) + kse (¢) £ (¢), (5.107)
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w + e=2z
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» second-order ° >
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Nonlinear fuzzy controller
Fig. 5.13 Closed-loop nonlinear PD-like fuzzy control system

where k1, k2 and ks are the controller gains, € (f) = w (t) —y (¢) is the control
error, € (t) is its derivative, and w (¢) is at least twice differentiable step-like
reference signal, which will be defined further on. Our goal is to design such
a rule-based controller for which

e the closed-loop system is free of oscillations,

e the response of the feedback system for the step-like reference signal is
sufficiently quick, and

e the steady state error is sufficiently small.

If the above conditions are satisfied, we will call the controller an optimal
one. We show how to design such a controller in the form of a P1-TS system.

According to (BI06) the control error in the closed-loop system satisfies
the following nonlinear, nonstationary differential equation

E)+ (koks —a)eWe(®)+2p () e(®)+r () e(t) = f (), (5.108)
where

f@)=w(t)+aw (t)w(t) +bw (t) + cw (t), (5.109)

2p (t) =b+ koks + aw (t), (5110)

r(t) = ¢+ kok1 + aw (1) . (5.111)

Let us choose the controller gains

ks = 112
3 kov (5 )
—aw () — b+ 2
by = ko (1) = O )ko +2po. (5.113)
—aai _ 2
b=k ()= OV (#) —etro (5.114)
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where k3 is a constant, ks and k; vary in time and py > 0 is a new design
parameter. In such case the error ¢ (t) satisfies the following linear stationary
differential equation

E)+2p0e(t) +p2c ) =f(t), €(0)=¢c0, £(0)=¢5.  (5.115)
Thus, the P1-TS system ensures linearization of the nonlinear plant and the
control error is of the form

t
e (t) = (14 pot) e Poleg 4 te Pty + /go (t—7) f (7)dr, (5.116)

0
where f (t) is an external signal (5.109) and go (t) = te~P°t. For the step-like
functions w (t), the steady-state error e (00) depends on the parameter pg

and can be made arbitrarily small. To show this, let us take an example of
the reference signal

2

t2
) e M, m > 0. (5.117)

where m > 0. With a sufficiently large m, the reference signal w (t) approxi-
mates the step function (B.102)), as needed. According to (B117) and (B.109)
we have
1
) =cwy— 4w(2)t2m3a (m*t? + 2mt + 2) e 2™

+ wo <;m2 (bm—c—|—amwo —m2) 2 +m (m2 —c)t—c) et

For w (t) given by (EI17), the solution (EIIG]) is of the form

5 (t) = CU;O + (hl + hzt) e Pot 1 (hg + hat + h5t2) e~mt
Py
+ (he + hrt + hst® + hot® + hyot*) e, (5.118)
where the coefficients h1, ...,h19 depend on initial conditions ¢y and €9 and

the constants a, b, ¢, m, wy and po. Thus, the error ¢ (¢) vanishes without
oscillations to the steady-state value

CWo

: 5.119
Py (5.119)

g (00) =

and its decay rate depends only on the given parameter m and a free design
parameter py. Thus, we can choose the appropriate controller gains k; that
guarantee the formerly formulated requirements for the feedback system.

If the value of the steady-state error is the most important requirement
and the quotient
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is given, we propose first to choose the parameter

C
Po = y 5.120
. \/77 (5.120)

and next, the controller gains k1, k2 and k3, according to (BI12)-(EI14).

Now we show how to build the P1-TS system as a controller that satisfies
the above formulated requirements. The input signals of the P1-TS system
are z1 (t) = e (t) € [—a1, 1] and 22 (t) = € (t) € [—aq, B2], where

ay = (1 =suple (t)], as = B2 = sup|e (t)], (5.121)
>0 t>0

by € (t) as in (LII8). Thus, the linear membership functions of fuzzy sets are
Ni (z) and Py (z), (k= 1,2), where:

e N; and P; denote negative and positive control error,
e N> and P; - negative and positive speed of the control error, respectively.

According to (5.I07), the output of the rule-based system is u (t)= 67 g (21, z2),
where 0 = [0, k1, ko, kg]T and system generator g is given by (2.31). The con-
sequents of the fuzzy rules constitute the vector [g1, ¢2, g3, q4]T. For the funda-
mental matrix of the system (2:38)), from (Z30) we obtain the consequents of
the fuzzy rules

q1 —k1oq — kaag + ksag o
©| _qrg— k161 — kaoa — k3o
q3 —kiay + kafSa — k3o B2
Ga k161 + ko2 + k3512
According to (BI13)-(E114) and (EI20) we obtain
1

<—a1b (t) —c+ ;) (5.122)

o () = klo <—aw ) —b+2\/0) . (5.123)

Finally, the system of highly interpretable fuzzy rules for the optimal P1-TS
system as a controller for the nonlinear plant (5.I06]) by the reference input
w (t) is as follows

Ry : If the control error is negative and its speed is negative,
then the control action u (t) = —k1 () an — k2 (t) a2 + ksaqag,
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Ry : If the control error is positive and its speed is negative,
then the control action u (¢) = ky (t) 81 — k2 (t) aa — ksawf1,

R3 : If the control error is negative and its speed is positive,
then the control action u (t) = —k1 (t) aq + ka2 (t) B2 — ksaq S,

Ry : If the control error is positive and its speed is positive,
then the control action u (t) = ki (t) f1 + ka (t) B2 + k331 5a.

Below we exemplify numerically the design procedure, taking into account
the above and simplified consequents of the rules.

Example 5.12. Suppose the control design requirement for the steady-
state error in the closed-loop system is 7 = 0.04. The nonlinear plant is
described by

g)+29 @)y () +39 () +y (t) = u(t)

and the reference signal w (t) = 1— (1 + 10t + 50t2) e 1% Thus,a =2, b = 3,
c=1,ky=1,wy =1 and m = 10. We assume that all trajectories of the
system are contained in the rectangle

(e (t),€(t)) € D* = [-5,5] x [~15,15].

Our task is to obtain the fuzzy control rules for an optimal P1-TS system.

From (B.IT2) we obtain k3 = 2. According to (B122)-(2123)), the nonsta-

tionary gains are
ky () = 24 — 1000210,

ko (t) =5+ 2e 1% (10t + 506> + 1) .

Thus, the optimal fuzzy rules for the P1-TS system are as follows (see

Fig. 514 and B.10):

Ry : If the control error is negative and its speed is negative, then
u (t) = uy (t) = 5000t2e =10 — 30e 10" (10t + 50¢% + 1) — 45,

Ry : If the control error is positive and its speed is negative, then
u (t) = ug (t) = —5000t2e =10 — 30e~10¢ (10t + 502 + 1) — 105,

R3 : If the control error is negative and its speed is positive, then
u (t) = ug (t) = 5000t2e 1% + 30e 10 (10t + 50¢% + 1) — 195,

Ry : If the control error is positive and its speed is positive, then
u(t) = uy (t) = 30e™ 1% (10t + 50¢2 + 1) — 5000t%e 10 4 345.

Observe that the control signal u (¢) is positive for ¢t > 0, if both the control
error, and its speed are positive; otherwise w () < 0. Although the main
design goal was achieved, we can try to take much simpler, i.e. constant
conclusions of the rules, since the reference input w in the steady-state is
constant. In other words we substitute the conclusion u, of the rule R, for
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Fig. 5.14 Consequents of the rules R;-R3 from Example
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Fig. 5.15 Consequent of the rule R4 from Example

limy—, o0 uy, (t) for v = 1,2, 3, 4. The resulting quasi-optimal fuzzy rules are as
follows:

R/ : If the control error is negative and its speed is negative,

then u = —45,

R, : If the control error is positive and its speed is negative,
then u = —105,

R : If the control error is negative and its speed is positive,
then u = —195,

R} : If the control error is positive and its speed is positive,
then v = 345.

Fig.BI6shows the error plots for initial conditions (gg, £9) = (4,5) € D? for two
systems of fuzzy rules: Ry - R4 and R - R). As one can see, in order to obtain
the required closed-loop system behavior, we can simply choose the constant
coefficients. The fuzzy rules obtained in this way are quasi-optimal but simple.

5.5 P1-TS System as Controller with Variable Gains

In this section we prove the next useful fact.

Corollary 5.13. Consider two functions: fi : D™ — R and the polynomial
fo given by (Z28) with known coefficients Op, . p., (p1,...,pn) € {0,1}".
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k1 and kg vary in time
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Fig. 5.16 Plots of the control error for the nonstationary and constant consequents
of the fuzzy rules considered in Example [5.12]

Suppose the output of a P1-TS system is S, its inputs are z1, ..., z, and this
system is defined by 2™ rules (Z13)-(213), in which the consequents of the
rules are q, = kyf1(z) for k, € R, v € {1,2,...,2"} as in (210). Then

o The PI1-TS system is equivalent to the function fo(z) - f1(z) for all
z € D". For the given function fi(z) and coefficients k,, one can
find all consequents of the fuzzy rules, according to (247), t.e. q =

[fo(71) -+ fo (van)]"

o [For the given vector q of the consequents of the fuzzy rules, the function
to which the P1-TS system is equivalent, is given by

S(z) = g" (2) (7)) kfi (), (5.124)

where g (z) is the generator (2.28), Q is the fundamental matriz (2.30),
and the coefficients k,, constitute the vector k = [k1, ka, ..., kgn]T.

Proof. According to (22I]), the output of the P1-TS system is S(z) =
23:1 hyqy, where g, = k, f1 (z). Thus, there exists a collection of real coef-

ficients a;, and b;, for i, € {1,2} and k =1,...,n such, that

2 2 n
S=3" N T @iz +bi) by, 1 (2) = fo (2) - fi (2)

in=1 i1=1k=1

where fo(z) is the same function as in ([226). We omit the rest of the
proof, since from this point it is practically the same as the proof of
Theorem [Z41 O

Example 5.14. Consider the P1-TS system being a special case of the one
of Corollary[5.13] in which f; (z) = a’'z with a € R™ by n = 3. Such a system
was considered in [205] and [206]. The set of 8 fuzzy rules is as follows
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Ry : If z1 is N1 and 29 is N and z3 is N3, then S = kge,
Ry : If z1 is N1 and 25 is Ns and z3 is Ps, then S = krc,
Rs: If z1 is Ny and 29 is P> and z3 is N3, then S = kg,
Ry : If z1 is N1 and 25 is P, and 23 is Ps, then S = ksc,
Rs: If z1 is Py and z9 is Ny and z3 is N3, then S = kyc,
Rg : If z1 is P; and 25 is No and 23 is Ps, then S = k3¢,
R;: If z1is P, and 29 is P» and z3 is N3, then S = kac,
Rg: If 21 is P, and 29 is P and 23 is Ps, then S = ¢ = k;a”z,

where the inputs of the P1-TS system are z, € [—ay, Sk, k = 1,2,3, the
output is S and the coefficients k; are constant for ¢ = 1,...,8. The fuzzy
system performs a function of the controller in the closed-loop. This can be
easily achieved by the appropriate interpretation of the inputs zx: they are
state variables at instant ¢, and the output S is the control action (or its
derivative, as in Section B.AT]). Such a system was developed by Ying [206]
in another way and was called the controller with variable gains. According

to (5124)) we obtain
S(z) =g’ (z) (QT)_l hiia’z = w (z)a’ z,
- ~ -
w(z)
where the constant vectors are h = [k87k77k6,k57k47k3,k271}T and aT =

[a1,az,as). The scalar function w (z) = g (z) (QT)_l hk; determines vari-
able gains of the controller. Its role is clear, since S (z) = w (z)a’z. The
generator g (z) is known, and therefore we are interested in computing the
constant vector b = [by, by, ..., bs]" = (QT)_1 hk; so that w(z) = g7 (z) b
holds. After computations we obtain a general form of all components of the
vector b as follows

_ 14+ kolds + kzAo + kadads + ks A1 + ke A1 A3 + kz A1 o + kg A1 a3
- (T+A)(14+X2) (14 A3)

1+ kods + ksda + kgdods — ks — ke Az — kv Ao — ksAa s
a1 (T4+ A1) (T4 X2) (14 A3)

b — 14 kodg — k3 + ks A1 — kadg — k7 A1 + ke A1 A3 — kg A1 )3 2
° as (14 A1) (1+X2) (1+X3) b

1 —ka+k3da — kgdo + ksA1 — ke A1 + kv A1 A2 — ksAi 2
B as (1+ A1) (14 A2) (14 A3)

_ 14+ kods — k3 — kg A3 — ks — keA3 + k7 + kg3
N araz (T4 A1) (14 X2) (1+ X3)

_ 1 — ko 4+ k3o — kgdo — ks + kg — k7o + kgho
a oras (1+ A1) (14 X2) (1+ As)

bl k17

b2 = klv

b4 k17

b5 kla

b6 klu
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1=k — k3 +ka+ksA — keA1 — krA1 + ks
agas (14 A1) (14 X2) (1+ X3)
_ 1—ko —ks+ ks — ks + kg + k7 — kg
arasag (14 A1) (14 A2) (14 A3)
where A\, = Oi/ag for k = 1,2,3. One can check that in the special case,

when the constants are k1 = 1, ap = O = L for k = 1,2,3, we obtain
A1 = Ay = A3 = 1, i.e. the same outcome as in [206].

b7 kla

bg 1

5.6 Exact Modeling of Single-Input Dynamical Systems

Our goal in this section is to model a single-input nonlinear dynamical system
x(t) = £f(x(t),u(t)), where x is the state vector, u is the scalar control
input, (x € R™, u € R) and f is the vector function containing multivariate
polynomials of the state vector components x; = z; (t) and v = u (t). We
want to express equivalently the differential equations in the form of the
P1-TS system shown in Fig. B.T7l Assume that the rules are

Rj: Ifzy is Xy and ... and z, is X, then X = Ajyx +bju, (5.125)

where X; € {N;,P;}, (i = 1,...,n,j = 1,...,2"), A(;) is a local state
matrix and b(;) is a local control vector from the jth region. Observe that
the input u () is not contained in the premises of the rules. Thus, we consider
a collection of 2" linear dynamical local models with the matrices

T
al,) a11,(j) ** O1n,(j) b1,)

Ay =1 + | =1 + "+ |, be=| 1 |, i=1L...,2"
a, () An1,(j) ** " Gnn,(5) bn, ()

(5.126)
The rules (L.125) are a special case of those investigated in Section [3.4] where
the inference was concerned with the structure parameters represented by
matrices describing the local models. Therefore the nonlinear model of the
whole system was inferred as a weighted sum of linear state equations. In

zZ1 = xl(t) > > Sl = :i‘l (t)

Single-input
dynamical system
Zn = Zn(t) > as P1-TS system

(u(t))  ~» - S, =iy (1)

Fig. 5.17 The inputs and the outputs of the P1-TS system defined by the fuzzy

rules (B.127)
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contrast to that approach, in this section we return to the original Takagi-
Sugeno inference method.

In every jth region we have a separate fuzzy rule with the following
consequent

. T X . n
xizaiy(j)x—kbi’(j)u:Mi{u], j=1,...,2™

For all regions and the i-th system output S = @; we define the following
vector of the consequents of the rules

T
q1,i az‘T,(1) bi, (1)
q2,i a; bi,(2)

a=| . |=] "™ m:Mm i=1,...n.
q2mi aj (5ny bi(2m)

This means that every consequent of the rule refers to the same system output
Z;. From the theory of P1-TS systems it follows that the crisp system output in-
ferred from the rule-base is S = 8%'g (z1, ..., x,), where 6 is a 2"-dimensional
vector of coefficients and g (x1, . .. , ) is the system generator. Using the orig-
inal Takagi-Sugeno inference method, the inferred model for &; is given by

T; = qlTﬂflg (X) = [XT7 u] MlTﬂilg (X) s (5127)
where
M7T = | () Ai(2) 7 & 2m) ; 5.128
C L) big) o biemy (5:125)
for i =1,...,n. Thus, for all state variables we can write
M{
% = [xTvu] & []—7 ) ]-] Q_lg(x)a (5129)

where ® is the Kronecker symbol.

Theorem 5.15. Suppose we model a dynamical system x = f (x,u), where
x € R", u € R and the components of £ belong to a subclass of Kolmogorov-
Gabor polynomials, by using P1-TS system with linear membership functions
(211)-(213) for the state variables z;, (i = 1,...,n) and 2™ fuzzy rules in

the form (2123).

1. Such P1-TS system is equivalent to the nonlinear dynamical system
x =Wg, (x), (5.130)

where W € R dimeu(®) gnd g, (x) is a modified generator defined by
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gu(x)=F : 7 (5.131)
s 0| 5]

where g,y (x) is vth component of the generator g (x), (v=1,...,2"), and
F (h) is the operator which removes the repeated elements of the vector h,
e.g. F ([h1, ha, h1, h3]) = [h1, ha, hs]. The elements of the matriz W depend
on boundaries “—c;”, “B;”, (i =1,...,n), the elements of Ay and b;,
(G=1,...,2").

2. The length of the generator g, (x) is equal to

dimg, (x) =2""' (n+4) - 1. (5.132)

Proof. Observe that the components of the generator g, (x) are summands
contained in the polynomial

(imk + u) ﬁ (1+xg), (5.133)
k=1

k=1

written in the expanded additive form, when substituting in the monomials
of the polynomial (B.I33) all coefficients by “1”. The rest of the first part of
the thesis of the theorem follows immediately from the rules (5125).

Now we prove the formula (5I32). The length of g, (x), denoted by
dimg, (x), is for n = 1 equal to dimgy (X)|4;,xo1 = 4. One can check
that the following recurrence

dim gu (%) dimxep1 = 2" + 1+ 2dimgu ()i xr
holds. Thus, for dimx = n we obtain dimg, (x) = 2" (n+4) — 1. O

Example 5.16. The generator (5.I31]) with n = 2 state variables is given by

_ 2 2 2 2 T
gu (21,22) = | @1, T2, U, TT, 122, UT1, T3, UT2, T{T2, T1T5, UL T2 | ,

(5.134)
and for n = 3 state variables
gu (21, 22,23) = [ 1, T, T3, U, 47, T1T2, T123, UT1, T3, TaT3, UT2,
.73?332, .73133%, T1T2T3,UT1T2, .I‘g, urs, .73?333, xlax%,
Ur1x3, $§$3, $2$§7 UT2T3, $?$2$37 $1$g$3,
xlxgxg,uxlxgxg ]T. (5.135)

The length of g, (x) grows faster than dim g (x) as shown in Table
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Table 5.10 Lengths of the generators g (x) and gy (x) for the dynamical P1-TS
fuzzy system with n state variables

n = dim (x) dim g (x) dim g, (x)
1 2 4
2 4 11
3 8 27
4 16 63
5 32 143
6 64 319
7 128 703
8 256 1535
9 512 3327
10 1024 7167

Example 5.17. Let us consider a two-dimensional nonlinear dynamical sys-
tem modeled by 4 fuzzy rules:

R1 If I is N1 and T2 is NQ,

then 9{31 _ _a11,(1) a12,(1) T + bl,(l) u,
| L2 | | @21,(1) A22,(1) ] [ T2 ] _bz,(1)_
Ry : If z1 is P; and x5 is Na,
then |*1| = | M11.(2) 412,(2) | | T1 + b1,(2) u,
| L2 | | @21,(2) A22,(2) ] [ T2 ] _bz,(z)_
R3 : If z1 is N7 and z9 is Ps,
then @‘1 — | M) t2e) | (T bi,(3) u,
| T2 | | @21,(3) A22,(3) | [ T2 ] _52,(3)_
Ry : If 21 is Py and x5 is Ps,
then {31 _ | @11,(4) @12,(4) Z1 + bl,(4) w.
| T2 | | @21,(4) Q22,(4) | [ T2 ] _52,(4)_
From the equations (B.127)-(E128) we obtain
a11,(1) @11,(2) A11,(3) @11,(4) 1
iy = [@1 w2 u] | G12,1) G12,(2) G12,(3) G12,(0) | Q7 il ) (5.136)
2

biay bie) bie) i 2125
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A21,(1) A21,(2) A21,(3) @21,(4) 1
To = [:m To u] a2,(1) G22,(2) G22,(3) G22,(4) | Q7! 2 , (5.137)
ba1) b22) b23) b2 w12

where the fundamental matrix € is the same as in (Z38). For g, (21, z2)
given by (B.I34)) we obtain the following inferred model

a hi1 ho1 hs1 hig his + haz haa hog has hia hog haa ( )
o | T | kun ka1 ka1 Eig Kkis + koo kaz kog kas kia kag Kag | 8% VPD 2
(5.138)
where k;; and h;; can be computed from
[hi11 hiz his hig . a11,(1) G11,(2) @11,(3) 011,(4) [ B1B2 —P2 —P1 1]
ha1 ha2 has has | = a12,(1) G12,(2) G12,(3) Q12,(4) afy fFr—an -1 ,
Vs azfB —ae [ —1
| hi31 hsa hag hag by bre bue) YL@ || gy as oy 1
i (5.139)
_kll k12 k13 k14 1 a21’(1) a21’(2) a21)(3) a21’(4) [ /BlﬁQ _/62 _/81 ]-_
ko1 ko2 kas ko | = 22 (1) (22,(2) G22,(3) G22,(4) afe Pz —ar —1 ,
Va azf —az P —1
| k31 ka2 kss ksa oy D22 b2.3) b2 || ajan an oy 1

(5.140)
by Va = (a1 + 1) (a2 + ().

Theorem 5.18. The P1-TS system given by the rules (2123) defines a linear
dynamical system if, and only if all local matrices are the same.

Proof. (Sufficiency) Let us consider a variable z; for an arbitrarily given
index 7. From assumption we have A ;) = ... = Agny = A and b(y) = b(y) =
= b(Qn) =b. Thus,

b= [x"Tu]MIQ g (x), M = {‘;}? o ‘;‘%‘] € ROFDX2"

and we obtain

M7 — [ZZ 8 8] c R(+1)x2"

The columns of W with numbers j = n + 1,n+2,...,2" 1 (n+4) — 1 are
zero. We conclude that &; inferred from the fuzzy rules (E125)) is as follows

1
Z1
;= [XTai+biU, 0, - 7()] ) :a?x—kbiu.

T1X2...Tp
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The result is valid for any ¢ € {1,...,n}. This ends the proof of sufficiency.
(Necessity) The necessary condition one can easily prove constructing a coun-
terexample for say n = 2. O

Example 5.19. Consider the set of differential equations describing the van
de Vusse reaction with the following kinetic reaction scheme:

Ak R
Ak p,

which is carried out in an isothermal, continuously mixed reactor (CSTR)
25], [35]
dCy
dt

dCp F
— k104 — ks2Cp —
o =ki0a—kCp — | Cp |

where C'4 and Cp are concentrations of the components A and B, respec-
tively, F'(t) = w(t) is the process input and Cp (t) = y(t) is the process
output. Our goal is to obtain the fuzzy rules for P1-TS system which ex-
actly models the reactor. For the sake of simplicity we can take the nu-
merical parameters: ky = 50 [h™'], k2 = 100 [h™'], k3 = 10 [1/ (molh)],
Cay = 10 [mol/1] and V = 1 [l]. The nominal operation conditions are
Cy = 3.0 [mol/l], Cp = 1.12 [mol /1] and F = 34.3 [I/h]. The inputs
of the P1-TS system are concentrations z1 = Ca € [—a, (1] = [0,6] and
T = CB = [—Oéz,ﬁg] = [0,22]
The differential equations (5.I41]) may be rewritten as follows

F
= —k1C4x — kgci + v (CAf — CA) ,
(5.141)

1 = —ki1z1 — k3x? + ciu — couxy
1 171 3T] +C1 2UT] } (5.142)

@2 = k1$1 - k2$2 — CoZ2U

where ¢; = Cay/V = 10 [mol/I’] and ¢ = 1/V = 1 [1/1]. According to
(BEI3])-(E140) we can write the above differential equations in the following
form

T 2 2 2 2 T
[. }=W[xl,xmu,xhxlxz,umlwg,umm%w,xlxz,umlxz] ,

wo| R 00 cv —ky 0 —c2 O 0000

o ki —ka O 0 0 0 0 —cc 0 0 O]
From (5139)-(5.140) we get the matrices containing coefficients of local linear
models
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a a a a Cklkg—kl 0 c1 + aico T
11,(1) @11,(2) @11,(3) G11,(4) ki — Biks 0 ¢ — Bica
A12,(1) @12,(2) A12,(3) @12,(4) ks — ki 0 ¢+ oncs| (5.143)
b b b b
1’(1) 1)(2) 1)(3) 17(4) _kl _ ﬂ1k3 O c1 — ﬂlCQ
A21,(1) A21,(2) A21,(3) A21,(4) k1 k1 k1 k1
Ao (1) A22,(2) A22,(3) G22,a) | = | —k2 —ke —ky ko | . (5.144)
ba,(1) ba2,2) b2,3) b2 o caa — a2 —caf

Finally we obtain the following system of fuzzy rules for the P1-TS system
which exactly models the van de Vusse reactor (G.141):

R1 If I is N1 and i) is NQ, then
_il- -—]4114—]413041 0 ] xl_ _Cl +02041-
ig ] L ]{}1 —k‘g ] Xro ] L Co (X9

Ry : If z1 is P; and x5 is No, then

T —k1—ks3fr O x1 c1 — e
T k1 —ka | |22 Co0r2

Rs : If z1 is N7 and z9 is Ps, then

il_ _—]4114—]413041 0 ] xl_ _Cl +02041_
a| | k1 —ko| (22| | —c2f2

R4 : Ifxl is P1 and i) is PQ, then

Ey| _ | —ki—ksfr O 2N cafh u

To k1 —ka | | T2 —c2f32
Example [5.19 is simple, but for a bigger dimension of the state space, the
course of dimensionality problem becomes more vexatious for the P1-TS sys-
tems that use the modified generator g, than for those which use the gen-

erator g. This is evident from Table B.I0l Fortunately, we can use recursion
for computation.

Remark 5.20. Theorems and B (on recursion) are valid when we use
the original Takagi-Sugeno method of reasoning for the P1-TS systems with
the fuzzy rules in the form of (B.125]).

Proof. The proof can be constructed analogously to that of Theorem 3.7
and will be omitted. O

Example 5.21. The Rossler system was considered in [74] in the form of
differential equations
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T1 = —x2 + 3,
T =21 +axs , (5.145)
T3 = bx1 — cx3 +x123 + U.

The system was modeled by 2 fuzzy metarules as follows

il 0-1-1 T 0
My :If x1i8 Ny, then |22 | = |1 a O o | + |0 | u,
ig b 0—-d T3 1
a'vl 0-1-1 X1 0
My : If x1is Py, then |22 | = |1 a 0 zo | + [0 ] w.
ig b 0 d I3 1

Our goal is to show in two ways that the above system of rules defines the

model (5I45).

1. Assuming the inputs of the dynamical P1-TS system to be z1 € [—ay, 81] =
[c—d,c+d], T2 € [—ag, [2] and x5 € [—ag, B3] and the outputs Sy = @y,
for k =1,2,3, from (EI29) we have

i M{
Ty | = ([#1 2223 u]®[111]) M7 Qg (z1,22,23), (5.146)
I3 MZ

where

0 0000 0 O0 O
-1-1-1-1-1-1-1-1

T __

Ml_ -1-1-1-1-1-1-1-1}" (5'147)
0000000 0
11111111

T_aaaaaaaa

Mo=1 09000000 0| (5.148)
00000000
bb b bbb bob

+ | oooo0oo0o0 00

My =1 g d-d d—d d—d d|° (5.149)
11111111

the generator g and the fundamental matrix € are given in (Z40) and

@410), respectively. According to (B.140) and (5.I147)-(EI49) we obtain
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. —T9o — I3
I
i | = o1+ az . (5.150)
T3 bri + @ =M dzrs + d r1x3 + U
a1 + B oy + By

After substitutions —a; = ¢ — d and 3, = ¢ + d we conclude that the
metarules M; and My define exactly the Rossler system (5145, indeed.
It is worth noting that the result (EI50) does not depend on s, B2, as
or (3. This fact agrees with the metarules.

2. Now we will use the recursion in accordance with Remark For the
linear membership functions of fuzzy sets it can be expressed as follows

Sn (X ‘ q17...,q2n) = Nn (azn) Sn,1 ($17...75En,1 | ql,...7q2n—1)
+Pn (xn)Sn—l (xlw"axn—l | q2”*1+17"'aq2")a

where x = (z1,...,,) is the state vector and the membership functions
are Ny, (2) = (Bn — @n) / (o + Bp), and Py, (zn) = (o + 20) / (o + Bn).
For the given metarules M; and M, we establish the following vectors con-
stituting conclusions for each individual fuzzy rule

[0—-1-10] il
dqi=q3=qs=9qr=| 1 a 00 xQ ,
b 0—-d 1 3
L i
[0-1-1 0] il
P=qu=qgs=9qgs=| 1 a 00 x2
b 0 d1] s

Using the original Takagi-Sugeno reasoning method, from Theorem [3.6] for
a1 = 43, q2 = g4 and knowing that No (z2) + P2 (z2) = 1 we immediately
obtain

So (r1, 22 | q1,92,93,d4) = 51 (21 | q1,q2).
Forq; = qs5,92 = q6,93 = qr and q4 = gg by N3 (z3) + P53 (73) = 1 we get

Ss (z1,22,23 | Q1,...,498) = S2 (T1,22 | Q1,d2,93,94) = S1 (21 | q1,92) .

This means that the inferred model can be written as

. T L1
—1-1 —1-1

21 na [0 2] e [0 0] [

s I O T A I o e Y N

(5.151)

The above equations are the same as (5.I50).
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As one can see, recurrence simplifies the derivation of the conventional
model of a process for a given system of fuzzy rules.

5.7 Exact Modeling of MIMO Linear Dynamical
Systems

Let us consider a MIMO P1-TS system that models a MIMO linear dynamical
system. The inputs and the outputs of the MIMO P1-TS system are shown
in Fig. B.I8 where x1,...,z, are the state variables, u1,...,u,, are control
actions and y1,...,y; are the outputs of a modeled linear dynamical system.

According to the theory of P1-TS systems we can formulate the following

Remark 5.22. Suppose the fuzzy sets for all inputs of a MIMO P1-TS sys-
tem shown in Fig. are linear as was defined in (2I1)-(2I2) in Section
22 and both state variables and control actions are contained in the premises
of the rules. Such a rule-based system is an exact model of

_ PL_p Prtm
$X (t) - Z eplypzy---ypn-FlelZZrz U Zn+tn )
(p1,p2,--,pn) €£0, 137 F™
zp€{zp,unt, k€{l,...,n+m}
(5.152)
_ pL_p Prtm
y (t) - Z £p17P27---7Pn+mZ11222 e Zn+tn )
(p1,p2,--,pn)€{0, 137 F™
zp€{zk,ur}, k€{l,...,n+m}
where
X (t) - for a continuos case, t > 0,
sx (1) = .
(t) x(t+1) - for a discrete case, t =0,1,2,...,

and the coefficients 6.y and &(.) are real numbers.

Without loss of generality we will investigate the continuous models. A special
case of (BI52) is the linear dynamical system written in the standard form

x1 € [—041,51] > - T

Tn € [_anyﬁn] . > . > Zi‘n
P1-TS system

u1 € [~ant1, Bng1] > -1

Um € [_an+m7ﬁn+m] > . > Y

Fig. 5.18 The inputs and the outputs of MIMO P1-TS system which exactly
models the dynamical system (E153))
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(5.153)
yt)=Ct)x(t)+D{t)u(t), t=0,

xt)=A@®)x(t)+B{#)u(t), x(0) ED”,}

where A (t) : Ry — R™ " is the state matrix, B (¢) : Ry — R™*™ is the input
matrix, (m < n), C(t) : Ry — R™™ is the output matrix and D (¢) : R, —
R!™ is the feedthrough (or feedforward) matrix, (I < n, Ry = [0,00)). The
vectors x, u, and y are from the hypercuboids: x (t) € D", u(t) € D™ and
y (t) € D! for t > 0.

Our goal is to show a simple and effective method of how to obtain an
exact model of the linear dynamical system (EI53) in the form of MIMO
P1-TS system.

Theorem 5.23. Let us define the MIMO P1-TS system shown in Fig. [5.13,
for which the following conditions are satisfied:

1. The inputs are x € [—ay, Bk, (k = 1,...,n) and ur € [—antk, Bntkl,
(k =1,...,m) and two linear fuzzy sets for every input are defined by
E10)-Z12).

2. The outputs are T (), (k=1,...,n) and yx (t), (k=1,...,1).

3. The TS system is defined by 2™ fuzzy rules and each single rule is of
the form:

Ry: Ifxy is Ay and ... and z, is A, and uy is Api1
and ... and Uy, 1S Aptm,
then (tl =quv,, -+ xn =Aqu,n; Y1 = Qun+1; -+ Yl = Qun+l,

where A; are the labels of the fuzzy sets, (A; € {N;, P}, i=1,....,n+m).
Such a rule-based system is an exact model of the linear dynamical system
(2153), if and only if the consequents of the fuzzy rules are computed accord-
ing to the following equations

&= qui ="~ r;, for i=1,...,n,

Yi = Qunti = ’yzrmﬂ', for i=1,...,1,

Y, €T, (5.154)
where T™™ s the set of vertices of the hypercuboid D™*™ and r1,..., Ty

are the row vectors given by

r
(5.155)

T4l
Equivalently, the same consequents can be expressed in the matriz form
A(t) B(t)

T vT1 = LT
YL e o

. ov=1,...,2mm (5.156)
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P1-TS system
T2 - considered in )

Example (.24

[ > -y

Fig. 5.19 A zero-order TS system as an exact model of a linear second-order
dynamical system

where [)’(T7yT]v = [&1,...,&n,Y1,-.., Y1), i the output vector of the P1-TS

system in the case of the vth fuzzy rule. The matric L = [y1,..., Yontm] 1S
a part of the fundamental matriz Q of the system. It is constructed based on
the generator g (T1, ..., TnyUly- .y Um)-

Proof. The inputs of the MIMO P1-TS system are components of the vector
Z=T1,...,Tp,u1,..., um]T € D™ By applying the generator g (z) to the
MIMO P1-TS system, the rest of the proof is straightforward. O

Example 5.24. Consider the following MIMO P1-TS system with the inputs
(see Fig. E.19)

o 1 € [—ay, Bk and the fuzzy sets for zy, are Ny, (z1) and Py, (z1), (k =1,2),
e u € [—ag, O3], and the fuzzy sets for u are N3 (u) and Ps (u).

The outputs are &1 (t), @2 (t) and y (). According to Theorem [5.23 for the
generator

T
g (z1,22,u) = [1, 21, T2, T1T2, U, UT1, UT2, UT1T2]
we immediately obtain the following system of 8 fuzzy rules:

Ry : If 1 is N1 and x5 is Ny and w is N3, then
i1 = [—an, —ag, —az] [a1 (t) a2 (t) , b1 (1)),
iy = [, —an, —as] [aiz (t) , ags (£) , b ()],
y=[—a1,—ay, —as][e1 (), c2 (1), d (1)),

Ry : If z1 is P; and x5 is No and u is N3, then
i1 = [B1, —o2, —as] [ar1 (t) , az1 (), b1 ()],
By = [B1, —02, —ass] [ar2 (t) , az2 () , b2 ()],
y = [, —az, —as] [e1 () e (t) . d (1)),
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Rs:

R4:

R5:

Rg :

R :

Rs :

Equivalently the same rules can be written in the matrix form

If [z1, 22,u] is

If ©1 is N1 and x5 is P and u is N3, then
@1 = [—a1, Ba, —as] [an (t) @21 (1) b1 ()],
By = [—ai1, B2, —as] [ar2 (t) a2z (1) b2 ()],
y = [—on, Ba, —as][e1 (1), c2 (1), d (1)] ",

If z1 is P; and x5 is P> and u is N3, then
i1 = [B1, B2y —a] [ar1 (1), a1 (£) b1 (1),
&2 = [B1, B2y —a] [ar2 (1) , ass () ,ba (1),
y = [B1, B2, —as] [e1 (8) ,e2 (), d ()],

If z1 is N1 and x5 is Ny and u is P3, then
@1 = [—a1, —ao, Bs] [an (t),az1 (1) b1 ()],
iy = [~an, —ag, B3] [ar2 (1), as2 (1), b2 (1)),
y = [—on,—ag, Bl [e1 (1), e2 (1), d ()],

If z1 is P; and x5 is Ny and w is Ps, then
1 = [B1, —az, B3] [a11 (t) a1 (£) b1 (1),
i = [B1, —az, B3] [ar2 (t) , as (£) b2 (1),
y=[B1,—az, Bs] [e1 (t) 2 (£) ,d (1)),

If z1 is N1 and x5 is P» and u is Ps, then
i1 = [—au, B, B3] [ar1 (1), a1 (£) 01 (1),
i = [—au, B, B] [arz (1)  aza () , b (8)] ",
y=[—a1, 82, 8] [e1 (1) 2 (), A (1)] ",

If 21 is P; and x5 is P» and u is Ps, then
i1 = [B1, B2, Bs) [ann (t) a2 (t) b1 (1)),

@2 = [B1, B2, B3] [ar2 (t) a2z (1) b2 (1)] ",

y =61, B2, Bs][ex (1), ea (1), d ()] .

[ N1 Ny N3 |
Py N3 N3
N1 P, N3
P P, N3
Ny Ny P |’
Py Ny Ps
N P P

| P P2 P |

163
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—Q] —Qp —Q3
B —az —as
—oy P2 —az

ﬂl ﬂ2 —a3 a1 (t) ai12 (t) C1 Et)

then [#1, Z2,y] is

—a1 —as (3 by (t) ba(t) d(t)

ﬁl —Q2 ﬂ:&
-y B2 B3
B B2 B3

The above rules exactly model the second-order dynamical system
.i‘l (t) o all (t) a2 (t) X1 (t) bl (t)
L;«Q (t)] = [m (t) az (t)} [mQ (t)} + [bQ (t)} u(®),
v0=[a) 0] [20]+a0uo.

with an initial condition [z1 (0),z2 (0)]" € D2.

The method of obtaining the fuzzy rules for the given MIMO linear dynami-
cal system described by the differential equations is systematic and extremely
simple. The resulting rule-based system can be viewed as an alternative de-
scription substituting the differential equations. The same can be said about
nonlinear dynamical systems described by (5.152)).

5.8 Strong Triangular Fuzzy Partition

A very popular method used for fuzzy modeling is the so called strong trian-
gular fuzzy partition for input variables. Assume that there are Jj fuzzy sets
for the input variable z; which make a strong fuzzy partition of the interval
[mg.1, Mk, g, ] into (Ji — 1) subintervals

(M1, Mg, = M1, mi,2) U M2, my 3] U U (Mg g, —1, Mg, g, ]

as shown in Fig. For every zj, from the universe of discourse [my 1, Mk, 7, |,
there are either exactly two fuzzy sets with nonzero memberships, or exactly
one fuzzy set with full membership. Thus, the whole rule-based system is
equivalent to [];_, (Jix — 1) distinct P1-TS subsystems T'S;, . ;.. (jx = 1,
ooy (Jk—=1), k=1, ... ,n). Using the P1-TS system notation, the bound-
aries of the subsequent subintervals for the input zj are

My = —Okj, Mpjr1 = Bkj = —Qjtl, Jj=12,...,(Jr—1).

Since the membership grades are maximal at the points my,;, the antecedents
of the fuzzy rules do refer approximately to these points. Observe that the
systems with strong triangular partition do not require a special theory, since
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A
Mg 1 Mro2 M3 1 Mg g, 1 My,
Zk
>
mg1 mg,2 mg.3 mk,J,—1 M, g,
N~ 7 NN N Ve
1 2 Ji—2 J—1

Fig. 5.20 Strong triangular partition

their contribution lies only in a smaller number of the fuzzy rules, in com-
parison with the P1-TS systems considered till now.

Let us assume that a strong fuzzy partition is applied to a zero-order TS
system with n inputs containing the complete and noncontradictory fuzzy
rules. By nasrn we denote the minimal number of fuzzy rules, and by nrrqg
- the number of required fuzzy rules that have to be considered using the
theory of P1-TS system. The relationship between the numbers nyrn and
nreq is as follows

NMIN = H Jy <nrpq =2" H (Jr = 1), (5.157)
k=1 k=1

where n > 1 and min {J1,...,J,} > 2. Assuming additionally that the num-
ber of fuzzy sets is the same for every input, i.e. Jy = J for k =1,...,n, the
pairs of numbers narn/nreg are illustrated in Table G111

Below we will exemplify that for systems with a strong triangular fuzzy
partition it would be advisable to use the results obtained for P1-TS

Table 5.11 Minimal number of individual fuzzy rules against required
numin/nreq for the TS systems with a strong triangular fuzzy partition

J=2 J=3 J=4 J=5
n=2 4/4 9/16 16/36 25/64
n=3 8/8 27/64 64/216 125/512
n=4  16/16 81/256 256/1 296 625/4 096
n=>5  32/32 243/1024  1024/7776  3125/32768

n=6  64/64 729/4096  4096/46 656 15625/262 144
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Bl Bz BS
> 22
b1 b2 bd
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TS1,1 TS1,2
Ao a2
TSz,l TS2,2
As as
A\
zZ1

Fig. 5.21 Triangular fuzzy partition for the TS system from Example
systems. The first example will be abstract, but the second one will refer
to the practical design of a simple navigation system for a mobile robot.

Example 5.25. Consider a TS system with the inputs z; and z3, where for
each zj three triangular fuzzy sets are assigned. For the sake of simplicity the
membership functions and boundaries of intervals are denoted by (see Fig.

B.21))
Ml)j (Zl) = A]‘ (21) s Mg’j (22) = Bj (22) 5 ml’j = aj, mz)j = bj7 j = ].72,3.

The output of the whole TS system is as follows (Fig. B.21)):

S11 (#1,22) for (z1,22) € [a1,as] X [b1, ba]

S1.2 (21, 22) for  (z1,22) € [a1,a2] X [b2, bs]
S(2022) =Y 6, (21,2)  for  (21,2) € [ag.as] X [brsb]

S22 (%1, 22) for (z1,22) € [aa,as] X [ba, bs]

where S; i, (21, z2) is the output of the subsystem T'S;j, (i,k = 1,2). The
system of fuzzy rules is given in Table
Formally, the crisp output of the (i, k)th P1-TS subsystem is given by

Sik(z) =008 (z) =, g(z), k=12,

where g is the generator, 6; j is the vector of coefficients, q; i is the vector
of the consequents of the rules, and €Q; ; is the fundamental matrix of the
(i, k)th subsystem. For the sake of simplicity we ignore indices (i, k). Thus,
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Table 5.12 Look-up-table for the TS fuzzy system from Example
Bi (z2) Ba(z2) Bz(22)

A1 (z1) q1 qa qr
As (z1) q2 qs qs
As (z1) q3 g6 qo

Table 5.13 Subintervals and consequents of the rules of the P1-TS subsystems
from Example

P1-TS subsystem

Parameters TSL1 TSLQ TSQ,l TSQ72
[al»ﬁl] [_al»aQ] [_alan] [_a27a3] [_aQ»aii]
[CYZ,BQ] [—bl,bQ] [—bz,bg] [—bl,bz] [—bz,bg]

q qa 72 qs |
q4a q7 qs qs
qi,k q1,1= qi,2= q2,1= q2,2=
q2 qs q3 g6
g5 g8 g6 q9 |
oo 1 1 1 1 17
010 Z1 —Qq —Qq ﬂl ﬂl
0= , z) = , Q=
Oo1 &(2) 22 —a B2 —oy [
11 2122 arae —aifl — b PP |

Taking the parameters from Table [5.13] we immediately obtain the output of
the first subsystem

S1,1 = 0o + 01021 + o122 + 0112122,

where
Ooo — —a1bag2 + azbzq1 + a1bi1gs — azb1q4
(a2 —a1) (b2 — b1) ’
010 — b1 (g4 — q5) + b2 (q2 — (h)’
(a2 —a1) (bz — b1)
By = (g2 — g5) + a2 (g2 — q1)
(a2 —a1) (b2 —b1) ~
0, — G —q2—q1+ g5
11

(a2 —a1) (b2 — b1)
For the sake of simplicity let us take

(al,ag,ag) = (—a,O,a), (bl,bg,bg) = (—b,O,b). (5158)
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The outcome is as follows

CI5—CI2Z G —q2—q1+ g5

S (21,22) = g5 + G =, , 2t ab 2129, (5.159)
- - — g5 — a7 +

Sig(z1,22) = g5+ 1 oy g BB, BT B GTE, L, (5.160)
a b ab
- - — g5 — g5 +

Son(z1,20) = g5+ 0 P g BT P, BTB BT, L, (5161
a b ab
- - — g6 — g5 +

So(z1,20) = g5+ 0 P g B, BTET BTG, L, (5.162)

b ab

The result is the same as in [5I], when substituting symbols for numbers.
One can check that for every point (z1,22) € [—a,a] x [—b,b] the functions
BEI59)-(EI162) are the same, and the whole rule-based system is equivalent
to the polynomial
B-A C—-A A-B-C+D
5(21,22):A+ 21 + 29 +
a b ab
if the consequents of the rules from Table are g1 =4A—-2B - 2C + D,
q2 :2A—C, q3 :2B—D, q4 :214—37 qds :A, qd6 :B7 Q7:2C—D,
gs = C and g9 = D, for any constants A, B, C, D, and nonzero a and b.

21%2,

Thus, by taking into account all P1-TS subsystems as in Example with
the use of the methods described in the previous sections, we can easily
analyze the whole rule-based system.

A practical application of the TS systems with the strong triangular par-
tition will be exemplified below.

Example 5.26. A navigation system for a mobile robot usually combines
obstacle avoidance and goal-seeking behaviors [T1]. It can be designed using
various approaches like artificial neural networks, genetic algorithms, poten-
tial field methods, fuzzy logic or fuzzy-neural systems [11], [16], [47], [I70],
[197], [199].

Let us consider a simple mobile robot, like Khepera manufactured by K-
Team [142], working in an unknown environment. The robot is equipped
with two wheels moved by two independent motors coupled with gears and
infra-red (IR) proximity sensors, placed as shown in Fig. Our goal is
to show how to design a simple but efficient sensor-based navigation system
for this robot. Based on expert experience and fuzzy logic we will design
two independent P1-TS systems as the most important components of the
navigation system. In contrast to existing approaches based on fuzzy logic
for mobile robot control system design, our method will result in delivering
explicit formulas for a fuzzy navigation system.

We assume that the wheels do not skid or float. The robot’s kinematics is
described by the following differential equations
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T

Fig. 5.22 Schematic diagram of a two-wheeled robot for the motion control (® -
IR sensor)

: 1

0= 9R (up —uy), (5.163)
. 1
T=, (uy + ug) cosb, (5.164)
1 .
y= (uyr + ) sin 6, (5.165)

where x and y are the position of the mobile robot on the ground, 6 is the
attitude of the robot, R is the displacement from the center of the robot
to the center of the wheel, u; and w, are control actions for the left- and
right-wheeled motor, respectively. In the above equations (u, + ;) /2 is the
translational (tangential) velocity of the robot and (u, — ;) / (2R) is its an-
gular velocity.

Obstacle avoidance is one of the most important tasks that the mobile
robot should perform independently of the other tasks such as goal-seeking,
transporting objects, etc. The control algorithm has to prevent damage to the
robot when it moves in an unknown environment. When a robot navigates
in an uncertain environment towards the goal position, the two behaviors
usually are in conflict with each to other. The navigator should combine
obstacle avoidance and goal-seeking behaviors. To do this, we propose to
design the behaviors independently and combine them by a soft switching
function according to the situation around the robot. The architecture of
the navigation system is shown in Fig. Every wheel is moved by a DC
motor coupled with a gear. We assume that DC motors are controlled by PID
controllers working at the lowest control level. The inputs of the controllers
are signals . as the number of pulses per second for two wheels; u; € [-C, C]
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Fig. 5.23 Navigation system for the mobile robot from Fig. [5.22]

for the left wheel and u, € [—C,C] for the right wheel, where C is the
maximal value of pulses per second. Thus, the value of u(.)y = C corresponds
to the maximal forward wheel speed, whereas u(.y = —C' corresponds to the
maximal backward wheel speed.
Now we will investigate the obstacle avoidance mode. The sensors x1,
.., xg are placed around the robot and positioned as shown in Fig.
Every sensor embeds an infra-red emitter and receiver and is coupled with
an A/D converter contained in the interface A. It delivers information z; €
{0,1,2,...,a}, (i =1,...,6), about the distance between the robot and an
obstacle, where a = 2% — 1, if k-bit A/D converter is used. The signal z;
is a decreasing function of the distance between an obstacle and the robot.
The maximal value xz; = a indicates the most dangerous situation, whereas
xz; = 0 says that there is no “visible” obstacle in the selected direction. In
order to reduce the number of rules we define the following three variables
for the P1-TS 4 system (see Figs. and [£.23)):

z1 = max (1, 22), (5.166)
2o = max (5, T¢) , (5.167)
z3 = max (3, 24), (5.168)

The fuzzy sets for the input variables z1, 2o and z3 for the P1-TS,4 system
have the following meanings (see Fig. in the case [—a, 8] = [0, a]):

Nj - there is no obstacle on the right-hand side,
Py - there is an obstacle on the right-hand side,
Ny - there is no obstacle on the left-hand side,
P; - there is an obstacle on the left-hand side,
N3 - there is no obstacle on the front,

Ps5 - there is an obstacle on the front.
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Table 5.14 Look-up-table for the P1-TS4 fuzzy system for the robot working in
the obstacle avoidance mode (A)

Rule z1 (right) z2 (left) z3 (front) Decision (uf‘,uf)
Ry N No N3 go ahead (c,0)
Ry Py No N3 turn left (-C,0)
R N Py N3 turn right (c,-0)
Ry Py Py N3 go ahead (c,0)
Rs N N> Py turn left (-C,0)
Rs Py N> Py turn left (-C,0)
R7 N P, Py turn right (Cc,-0)
Rs Py P, Py turn left (-C,0)

By formulating the fuzzy rules for the obstacle avoidance mode, which
should be performed by the P1-TS 4 system, the following decisions can be
taken: “go ahead” or “turn left” or “turn right”. Since every wheel is moved
by a low-level controller, every decision corresponds to the control action as
a vector containing two components (ui',u/t) € {~C,C}” as the number
of pulses per second for the left and right wheel, respectively. The P1-TS 4
system has three inputs z; € [0,a] (right), z2 € [0,a] (left) and z3 € [0,q]
(front) and two outputs u;* € [-C,C] and u2 € [-C, C].

The fuzzy rules are given in Table 514l They are defined intuitively and
seem to be rather obvious. For example the rule Ry says that “If there is an
obstacle on the right-hand side and no obstacle on the left-hand side and no
obstacle on the front, then turn left”. By [—ag, k] = [0,q] for k = 1,2,3,
according to (5.21))-(E.29) we immediately obtain the following control actions:

A C

up = (a3 —2a%2 — 2a223 + 2az129 + 2az123 + 2az923 — 42’12'22'3) ,
a
(5.169)
C
ul = o2 (a® — 2az; + 22122) , (5.170)

with z1, 22 and z3 given by (G160)-(E.16]).

Now let us consider the goal seeking mode. For the P1-TS¢s rule-based
system responsible for correct robot behavior in the goal seeking mode, we
define two inputs z4 and zs. The variable z4 € [—m, 7] is the angle between
the line perpendicular to the robot axle and a distance line between the robot
and the goal point, whereas z5 € [0, D] is the distance between the robot and
the goal point (zq,yc). The fuzzy sets for the inputs z4 and z5 have the
following meanings (see Fig. [5.24):

A; - the angle z4 is negative,
A, - the angle z4 is near zero,
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Fig. 5.24 Triangular partition for the P1-TSg system responsible for the goal-
seeking mode

Ajs - the angle z4 is positive,
Bi - the distance z5 is small,
Bs - the distance z5 is big.

The fuzzy rules for the P1-TSq system are given in Table They are as
transparent as the ones of the obstacle avoidance mode. The rule Ry says
that “If the angle z4 is near zero and the distance z5 is small, then the
robot should go ahead slowly”. This can be achieved by a sufficiently small
coefficient n € (0,1), say n = 0.05. After the partition of the input domain
[-m, 7] x [0, D] as in Fig. [5.24] we obtain two P1-TS subsystems. Without
going into details, according to (E.I)- (0] by taking the appropriate values
for ax, B, (k =1,2) and ¢,, (v =1,2,3,4), we obtain the following control
actions for every point (z4, 2z5) € [—m, 7] x [0, D]

Table 5.15 Look-up-table for the P1-TSq fuzzy system for the robot working in
the goal seeking mode (G)

Rule z4 (angle) z5 (distance) Decision (uf , uf)
Ry Ay B turn left (-C,0)
R As By go ahead slowly (nC,nC)
Rs As B turn right (c,-0)
Ry Ay B> turn left (-c,0)
Rs As By go ahead (c,0)
R As By turn right (c,-C)
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G za—nlzal  1-n L—n

= — 171
Uy C’(n—!— - + D 25 <D |24] 25 | , (5.171)
a_ _zAnlal  1-n  1-n
u, —C(n . + D 5~ .p |24] 25 | , (5.172)

for the navigation system working in the goal seeking mode. By substituting

24:9—arctan(zz:z> s 25 = \/($G—x>2+(yG_y)27 (5173)

one obtains explicitly the control signals uf and u& as nonlinear feedback
depending on the robot position.

Finally, the two behaviors will be combined. When the mobile robot navi-
gates in an unknown environment, one of these behaviors must be selected at
each action step in order to accomplish its goal. Once the rule bases for the
P1-TS systems are gathered, the two behaviors can be combined as follows

w=pui +(L=p)uf,  ur=pul +(1-p)uy, (5.174)

where the coefficient p € [0, 1] is a constant or p = max (21, ...,%¢) /a.

A series of simulations and experiments was successfully performed using
a small Khepera robot [I42] to check the effectiveness of the proposed naviga-
tion system, under various obstacle configuration, start and goal positions of
the robot, initial heading angles, and by choosing various design parameters

—100 0 100 200 300 400 500
500 : . 500

400 400
300 300

¥y 200 200
100 100

0 0

~100 2 ¢ : ~100

—100 0 100 200 300 400 500

Fig. 5.25 Trajectory of the mobile robot from Example
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p and 7. Fig. shows an example of the mobile robot trajectory for some
configuration of the obstacles for R = 26 [mm], C = 10 [1 /sec|, n = 0.05,
D = 500 [mm], p = 0.5, the initial robot position (0 (0),z(0),y(0)) =
(—0.67,0,0) and the goal position (zg,ys) = (450,450). As one can see,
the mobile robot located at start position “Start” arrives at the goal position
“Goal” without colliding with obstacles.

With the proposed navigation strategy, the robot arrives at the given goal
position without colliding with obstacles. Observe that explicitly obtained
control actions are simple for simulations. What is more, they enable an easy
implementation of the navigation strategies in small inexpensive embedded
digital systems. The proposed method can be viewed as an initial step in
developing further improvements of the navigation system by learning and
adaptation.

In the next two sections we will present simple but useful results concerning
linearity of the P1-TS systems and the relationship between the first-order
and the zero-order P1-TS systems.

5.9 Linearity Condition for P1-TS Systems

Below we give the necessary and sufficient linearity condition for the P1-TS
systems.

Corollary 5.27. Let f be a linear function
f(z) =rTz, r=1[rg,... ,rn}T eER", z=]lz,.. .,zn}T e D". (5.175)

There exists a P1-TS system with the input vector z and the output S, such
that S (z) = f(z) for all z € D™, if and only if the consequents of the fuzzy
rules constitute the following vector q = [¢1, . . ., qgn]T

q=L"r, L=[y,...,vm], Y, €I, v=1,...,2", (5.176)

where I'™ is the set of vertices of the hypercuboid D™. Equivalently

n

Qv = Q(ir,....in) = Z (i (o + Br) — o) T, (5.177)
=1

by v < (i1,...,in) € {0,1}" according to the bijection (Z10).

Proof is given in Appendix

An advantage of the above condition is that linearity of a P1-TS system
can be immediately recognized by a designer without using a generator or a
fundamental matrix.
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5.10 The First-Order P1-TS Systems

The first-order TS system is able to perform more complex functions than
the zero-order one, since the consequents of the fuzzy rules depend on in-
put variables. We will show that based on results obtained for the zero-
order P1-TS system, one can easily obtain new results for the first-order
system.

Corollary 5.28. Consider the first order P1-TS system with the input vector
z € D", in which the consequents q, of the fuzzy rules depend linearly on the
mputs:

Gv = qv,0 + [%,1;%,27' o a%,n} z, fO?” v = 1727' . .7277,. (5178)

1. Every such a rule-based system is equivalent to the following multivariate
polynomial

-1 1
fr(z)=g"(z) (") Q M \ (5.179)
where the matriz Q contains the coefficients ¢, 5, (v = 1,2,...,2", j =

0,1,2,...,n) as in [(5.178)

q1,0 91,1 412 - qin
42,0 421 G22 - Qq2n

Q=1 . S s (5.180)
g2n,0 27,1 q2n 2 - Qon

and  is the fundamental matrix corresponding to the generator g.
2. For the given multivariate polynomial function given by (5.179) there exist
infinitely many first-order P1-TS systems performing this function.

Proof. The subsequent equations (BI78) can be rewritten in the matrix
form

According to the proof of Theorem [24] the crisp system output is S (z) =

gT (2) (QT)fl q = fr(z). This ends the proof of the first part of Corollary
The second part we prove by a counterexample. Consider a first-order
P1-TS system with two inputs zx € [—ay, 8] for & = 1,2, for which Q is

given by (Z.38)). Let
fr(z) =10+ riz1 +reza + 132122 + 7“42% + r5z§ + r6z1222 + r7zlz§. (5.181)

If the consequents of the rules for this system are
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T a b 1
r —a T4 C
=7
a (Z) ro — b d Ts5 zl ’
r3s—c—d T T7 2

then such rule-based system is equivalent to the function fr (z) in (EIST]) for
any values a, b, ¢ and d. This ends the proof of the second part of Corollary
0.2 ]

Example 5.29. The system of rules from Example (.14l which define the
controller with variable gains, can be viewed as a special case of the first-
order P1-TS system. We will consider it again in the context of Corollary
One can choose the system generator in many ways. Let us define the
following one

g(z) =[1, 21, 22, 23, z122, 2123, 2223, 212223]T, (5.182)

which corresponds to the sequence of rules Ry, Rs, R3, Ro, R7, Rg, R4, Rg
formulated in Example 514l Thus, the vector of consequents of the rules is
as follows

0 ay ]ﬁ kg a2k1 ]ﬂg agkl kg

0 a1k1k4 a2k1k4 a3k1k4

0 a1k1k6 a2k1k6 a3k1k6 1

0 a1k1k7 a2k1k7 a3k1k7 Z1
a (Z) - 0 ay ]ﬁ kz a2k1 kQ agkl kz zZ9

0 ay ]ﬁ kg a2k1 ]ﬂ3 agkl kg zZ3

0 Cllk‘lks a2k1k5 a3k1k5

L 0 alkl a2k1 agkl

For the generator (B.I82), assuming B = Apay for & = 1,2,3 as in Exam-
ple B.14] we compute the fundamental matrix Q. According to (5I80) after
computations we obtain the function (B.I79) as follows

0 a1b1 a2b1 a3b1
0 aiby ashs a3b2
0 a1b3 agbg a3b3 1

T 0 a1b4 a2b4 a3b4 zZ1

S (Z) -8 (Z) 0 a1b5 a2b5 a3b5 z9 (5183)
0 albg a2b6 agbﬁ zZ3
0 a1b7 agb7 a3b7
L 0 albs agbg agbs ]

One can check that all coefficients b1, bs, .

.., bg contained in the matrix Q

given in (B.I83)) are exactly the same as formerly obtained in Example .14

Corollary B.28 can be helpful for the design and analysis of the first-order
P1-TS systems. From the designer point of view it seems to be interesting to
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realize that for a given crisp function from the class of allowable functions
(BEITY), the process of the fuzzy rules derivation for the first-order P1-TS
system can lead to infinitely many solutions.

5.11 Zero-Order TS System with Contradictory
Rule-Base

There are several reasons why a fuzzy expert system is not “certain”. It may
contain contradictory rules in the rule-base. According to Section two
rules are contradictory to each other if their consequents are different for the
same antecedent. In such a system the rules are of the form

IfPU, theDS:dv = Qv + €y,
If P,, then S = qu+1 = Gu+1 + €v+1,

If PIH then S = q~v+k = Qutk T €vtk,
Gi # q4;, for i#j, (5.184)

for v € {1,...,2"} and ¢, is viewed as an “error”. The problem is how
to obtain the components 6y, 8;, 0; j, ..., 01,2,... n of the vector @ for the TS
system (Z20)). Because no additional information on the preferences of values
Gy 1s given, we assume that the consequents of the rules are contaminated
by noise with zero mean and some variance o2. Now, instead of ([Z.29) and
([230), we obtain m boundary conditions

S(v1) = 0'g (Y1) =¢ =q +e,

S (7m) = BTg ('Ym) = Gm = @m t €m, 2" < m.

Using a vector notation q = [q1,. .., (jm]T and € = [eg,..., em]T we have the
same equations but in the matrix form
e=070-q,

Ql =[g(v1) - 8(vm) gy, - (5.185)

The matrix €. defined by (G.I83) will be called a generalized fundamental
matriz of the P1-TS system. Next, we can easily find such a vector 8 that

minimizes the sum of squared errors €’ e

6= argmin {e’e} = (QZQe)f1 olq. (5.186)
Ocr>"
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The unique solution always exists independently of the number of contradic-
tory rules, since
rank 2, = dim 6.

The system without contradictions is a special case of the rule-based system
with contradictions, because of the linguistic interpretation of the fuzzy rules
and the problem solution. Observe that we obtain 8 = 0, if there are no
contradictions in the rules. This fact seems to be intuitively obvious. However,
the vice-versa is not true. To prove this, suppose there are two contradictory
rules

Ry : If P,, then S = q, + ¢,

Ry : If P, then S = g, — ¢,

and we compute 6 according to (5.I86). Next, consider the noncontradictory
system of rules, in which the corresponding rule is

R:1If P,, then S =g, ,

and 0 is computed according to ([Z30). One can prove that 6 = 0 holds in
this case, i.e. both rule-base systems generate the same output.

It should be added that the proposed approach is not unique. Since the
consequents in (B.I84) may be viewed as intervals, we can obtain another
solution, where the vector 8 will contain intervals as its components. However,
this interesting problem will not be considered in this book.

Example 5.30. Let us consider a two-input-one-output P1-TS system given
by the fuzzy rules

Ry : If z1 is Ny and 29 is No, then S = ¢y,
Ry : If z1 is N7 and 29 is No, then S = ¢o,
R3 : If z1 is N7 and 25 is P», then S = ¢s,
Ry : If z1 is N7 and 25 is P», then S = ¢y,
Ry : If z1 is P; and z9 is No, then S = ¢s,
Rg : If z1 is P, and 29 is P, then S = gg,

where the rules Ry and Ro, as well as R3 and R4 are contradictory ones by
G1 # G2 and G3 # ds. One can check that

1 — X7 — (g Q109

1 — Q1 — Qg 109

of |1 —a B —aif
¢ 1 - B2 —aif

1 B —az —axf

1 B B2 B132

For the given ¢* = [G1, G2, - - -, ds), the estimated vector 0 is
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BBz — B2 — B 1
BBz — B2 — B 1

AT 1 ~T axfly — oo B —1
2 (a1 + f1) (az + B2) 4 azfly  — o B —1
20&1ﬂ2 Qﬂg — 2(11 — 2

201 ap 200 201 2

Observe that for noncontradictory rules, when
QG =@=q, @3=4=q, §5=43 J6=qa,

the result (5.I86) reduces to (Z30) and § = 6.

5.12 Summary

The controller synthesis for a milk of lime blending tank considered in Section
B.1.2] suggests that in some cases of highly nonlinear dynamical processes
(stable and with one equilibrium point) one can derive a simple and attractive
control algorithm expressed by the fuzzy rules for the P1-TS system. By using
continuous multi-valued logic we obtained “soft switching” control signals,
as opposed to “hard switching” ones that are typical when Boolean logic
is applied. There is an observable connection between the heuristic design
methods that use conventional (Boolean) logic and the methods that use
fuzzy logic. The method of fuzzy rules synthesis for the P1-TS system as a
controller is simple and clear. It resembles a heuristic design procedure for a
combinational logic system synthesis. The last one is widely used in practice
for switching control algorithms designs, intended for the embedded hardware
devices or software components for real-time direct digital control systems,
e.g. programmable logic controllers (PLCs).

In Section B.1.3] we considered a special class of P1-TS systems, in which
input vectors are points from the unity hypercube [0,1]". They were called
“logical” systems, since according to Theorem BI85 the output vectors take
values from the unity hypercube, as well. Logical systems process information
expressed in continuous multi-valued logic. Their look-up-tables describing
“If-then” rules or metarules can be viewed as generalized Karnaugh maps. In
the vertices of the unity hypercube the Karnaugh maps enable us to interpret
the function to which a given P1-TS system is equivalent. This interpretation
coincides with formerly obtained algebraic results. We derived all functions of
two variables on the assumption that the consequents of the rules take binary
values. Among others the probabilistic t-norm and t-conorm, Reichenbach’s
implication and the other functions expressed in the continuous multi-valued
logic were obtained.
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In Section we considered highly interpretable rule-bases for systems
with three and more inputs for both abstract processes and real dynamical
plants. It was shown that by using a systematic approach and matrix com-
putations, the fuzzy rules for discrete-time NARX model considered in [208]
and fuzzy J-K flip-flop developed in [60] can be easily obtained. In Exam-
ple we proved equivalence between fuzzy rules and Euler equations for a
rigid body. Next, the fuzzy rules for nonlinear dynamical processes such as
Chen’s attractor, human immunodeficiency virus, magnetic suspension sys-
tem, low order atmospheric circulation process and induction motor, were
derived using symbolic computations. The number of similar models could
be substantially increased. General formulas for the P1-TS systems with four
and more inputs are not difficult to obtain by using the appropriate software
specializing in symbolic computations, e.g. Maple, Mathematica, MuPAD,
etc. It was exemplified that thanks to recursive procedures described in the
previous sections, the curse of dimensionality problem in the rule-based sys-
tems can be substantially reduced. In all cases we should try to obtain a
small number of rules. To do this, both P1-TS and P2-TS systems can be
used in some cases. Sometimes it is desirable to transform original variables
into other ones by using a nonlinear mapping, as was shown in Example [5.10l

In Section [£.3.] a low order atmospheric circulation model described in
literature was considered as P1-TS system with five inputs. Next, we showed
that P1-TS system can exactly model the induction motor as a highly non-
linear dynamical fifth-order system. Example in Section [(.3.3] shows that
some complicated functions describing e.g. the control algorithms, earlier ob-
tained by using Boolean logic methods, can be immediately transformed into
the fuzzy domain by applying generalized operators (t-norms, t-conorms and
strong negation). The fuzzy rules obtained in this way, have a clear logical
interpretation.

In Section 5.4 theory of P1-TS systems was used for the analytical design
of the PID controller working in the closed-loop control system for some class
of (linear and nonlinear) second order plant. The controller as P1-TS system
works “optimally” with respect to typical requirements formulated for auto-
matic control systems (the closed-loop system is free of oscillations, has no
steady state error and its step response is as quick as required). In Section
a PD-like rule-based controller was derived for a nonlinear second or-
der plant. The fuzzy controller behaves optimally for a given reference input.
The consequents of the fuzzy rules are time-dependent functions. In this way
we showed that the “optimal” fuzzy controller in the closed-loop containing
a second order dynamical plant can be analytically obtained. Good perfor-
mance of the fuzzy control system is independent of the particular values of
the parameters of the plant.

In Section we showed that the “controller with variable gains” in-
troduced by Ying [205], [206], can be immediately obtained using the facts
concerning P1-T'S systems.
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In Section we established an exact relationship between the P1-TS sys-
tems and some class of multiaffine dynamical systems, in which the derivatives
of state variable are from a subclass of Kolmogorov-Gabor polynomials. The
antecedents of the fuzzy rules are concerned with the state variables and the
consequents are state derivatives depending linearly on the state variables
and the control signal. In contrast to Section [3:4] original Takagi-Sugeno
inference method for the P1-TS system was used. Theoretical results were
exemplified by exact fuzzy modeling of the van de Vusse reaction and Rdssler
chaotic system. In Remark the class of single-input dynamical systems,
which can be perfectly modeled by P1-TS systems was formally defined. The
proposed method can be easily extended to MIMO systems.

Section [5.7] describes the architecture of the P1-TS system as the fuzzy
model of conventional MIMO linear dynamical system.

In Section 5.8 we showed that the idea of TS systems with two linear mem-
bership functions of fuzzy sets can be easily extended to the systems with
triangular fuzzy partition. It should be added that the triangular member-
ship functions can be substituted by other nonlinear membership functions
which are similar to the triangular ones, i.e. they have the same support and
the same monotonicity intervals. For such more general systems one can use
formerly obtained results on recursion. As a practical example of using the
systems with triangular fuzzy partition, a sensor-based navigation system for
a mobile robot was presented. The proposed navigator consists of obstacle
avoidance and goal seeking behaviors. These are independently designed to
accommodate complex environments and combined by the behavior selector
in the form of soft switching function. Although the design process of the nav-
igator was based on expert knowledge, the proposed method can be viewed as
an initial step in developing further improvements of the navigation system
by learning and adaptation.

This chapter ends with supplementary results for P1-TS systems. The
outcomes concern with the necessary and sufficient condition of linearity for
such rule-based systems (Section [5.9), the first-order P1-TS systems (Section
(.10) and the zero-order systems with contradictory rule-base (Section [B1T]).
The advantage of the linearity condition is that linearity of the rule-base
can be immediately recognized by a designer without using a generator or a
fundamental matrix. Corollary[5.28 can be helpful for the design and analysis
of the first-order P1-TS systems. From the designer point of view it seems
to be interesting to realize that for a given crisp function from the class of
allowable functions, the process of the fuzzy rules derivation for the first-order
P1-TS system can lead to infinitely many solutions.

In the last section we showed that the system without contradictions is
a special case of the rule-based system with contradictions, because of the
linguistic interpretation of the fuzzy rules and the problem solution. We intro-
duced a generalized fundamental matrix of the P1-TS system which reduces
to the formerly considered fundamental matrix, if the system of the rules is
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a noncontradictory one. The generalized fundamental matrix can be easily
extended to the P2-TS systems, as well.

The above chapter contains many examples concerning exact fuzzy model-
ing and control of real systems. In this way it was shown that P1-TS systems
deserve a special attention not only from the theoretical point of view, but
also they should be attractive for practitioners. The results are analytical and
therefore cannot be questioned; they reinforce our belief that many success-
ful applications of the fuzzy rule-based systems (especially fuzzy controllers)
cannot be a matter of chance.



Chapter 6

Modeling of Multilinear Dynamical
Systems from Experimental Data

Since the introduction of fuzzy sets by Zadeh in 1965 [210], many re-
searchers have shown interest in applying this theory to system identification,
which is an essential part of any control system design. Rapid develop-
ment of intelligent control methodologies such as artificial neural networks,
fuzzy logic theory, and rule-based expert systems, have provided alterna-
tive tools to tackle the problem of system identification [203]. A large num-
ber of fuzzy identification techniques have been developed using neural
networks, genetic algorithms, clustering techniques, Kalman filtering and
other methods, including ad hoc ones [112]. Consequently, fuzzy identifi-
cation has become a very important area in fuzzy system theory [I80].
The main approaches to fuzzy identification are based on linguistic fuzzy
modeling, fuzzy relational equation modeling and Takagi-Sugeno modeling
[13]. In this chapter we present a new effective method of modeling contin-
uous multilinear dynamical systems using the Takagi-Sugeno fuzzy expert
system.

Most of the current fuzzy identification is carried out in discrete-time do-
main in contrast to continuous-time domain. Continuous-time models are
often desired for the control system design, since the designers prefer if
the parameters identified in the model have a direct relationship with the
physical and chemical parameters of the plant. Thus, the need for a fuzzy
model expressed in the continuous time domain arises [203]. In this chap-
ter we will start with a continuous-time model of a dynamical system.
However, for the numerical computing we will convert this model into the
discrete-time form.

6.1 Problem Statement

Let us consider a multilinear dynamical system described by the following
differential equations of variables z1 (t), ..., zy (), (¢t > 0), with n2™ real
coeflicients

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 183
springerlink.com © Springer-Verlag Berlin Heidelberg 2009
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le
=ap + Z?:l a;izi + Z;L,jzl Qi j2iZj + F Q12 02122 Zn
dt 1<j
dZQ n n
=bo+ Y g bizi + D ij=1bijzizi + -+ bia. w2122 20,
dt 1<j
dzn n n
= ho + Zi:l hizi + ij=1 hijzizj + -+ hia . nz122- 2n .
dt 1<j
(6.1)
Assume that the trajectory of this system is known at the time instants ¢1,
ta, ..., tx+1. The available data can be gathered as shown in Table [6.11
Table 6.1 Learning data for the multilinear dynamical system (G.1))
Time instant 21 22 . Zn
t1 z1 (t1) za (t1) xx zn (t1)
t2 z1 (t2) za (t2) xx zn (t2)
tr41 21 (tk+1) 22 (tr+1) e zn (LK +1)

Our goal is to develop an identification algorithm such that for the given
data set of samples, one obtains a MIMO P1-TS system which optimally
models the dynamical system (G.I]). As an optimization criterion we assume a
standard quality index in the form of sum of squared errors for every variable
z; that comes from the approximation of the derivatives and a measurement
noise. To reduce the influence of these disturbances, the number of samples
must be sufficiently large.

6.2 Problem Solution

The set of equations (G.1)) is equivalent to

dz; n
dZtJ:gT(zl,...,zn)ej, 0, cR¥, j=1,2..n, (6.2)
where g (z1,...,2,) is the generator of some P1-TS system with the input

vector [z1, ..., 2] € D™ and the output vector [dzy/dt, .. .,dz,/dt]" . Using
the data from Table [6.1] we will show that (G.I) can be well approximated by
the fuzzy rules.

Theorem 6.1. After using a batch procedure one obtains the P1-TS system,
that models equations (61]) optimally in the sense of minimal sum of squared
errors for every input variable z;, (j = 1,...,n) that is equivalent to the
following set of differential equations



6.2 Problem Solution 185

de T ~ .
g 8 (215+-+520) 05, ji=12,...,n. (6.3)

The batch procedure is given by

o~

aj:Gil[gtla"'agtK}dja j:1727"'7n7 (64)
where G is a matriz assumed to be nonsingular

K

G =) g8l R, (6.5)
k=1

and

o the vectors gy, are values of the rule-based system generator in the points
z (tr) of the trajectory, i.e.

g, =8 (21 (L) s yzn (tr)), k=1,2,....K, (6.6)

o the components of the vector d; are approximations of the derivatives for
the variable z;, which are computed in the subsequent time-intervals [t1,ts],

[t27t3], ey and [tK7tK+1}
i dj (t])tQ) T Iz (tQ) —Zj (tl)
to — 11
d; (ta.t3) zj (t3) — zj (t2)
d; (tx.trs) zj (tr41) — 25 (tK)
L L tk+1 —tK
(6.7)

Proof. Consider the P1-TS system which models the nonlinear dynamical
system (G with inputs z; € [—a1, (1], ..., 2n € [—am, (], and outputs
Sy =dz/dt, ..., S, = dz,/dt. The fundamental matrix Q can be obtained
approximately from the data, since

= — i t 5 = t 5 k' — 1’ ceay Tl
Ok te{trlr,l.lfl,tK} “k ( ) P te{gl,?ftx} “k ( ) "
(6.8)

Thus, in reality € is not exactly known, since the data come from observation

(measurements). If the matrix ©® contains coefficients of the crisp model, i.e.

® =[60,...,0,], then according to Theorem equation ® = (QT)fl Q

holds. In the ideal case of fuzzy modeling described in the previous sections
(when © and Q are given precisely), we have
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d zZ1 (t)

W =T (21 (t),... 2 (1)) ~£QT)_1(%. (6.9)

zn (1) \@’
where the matrix Q contains the consequents of the rules. Equivalently (G.9)
can be written as

dz; (t)

o =wl(t)q; , j=1,...,n, Vt>0, (6.10)

where q; is jth column of Q, and
wl () =g (z21(t), ..., 20 (1) (7)™, Vi>o. (6.11)
The derivative of the continuous signal z; (t) can be approximated as

dzj (tr) _ zj (tke1) — 25 (t)

i (Tk, t 6.12
» oyt T (trs tht1) s (6.12)

where €; (tx,tr+1) is an error. The left-hand side of (6.12]) can be modeled
exactly by the P1-TS system, whereas the Euler approximation of the deriv-
ative can be obtained from observation data. In the case of an “ideal” data
set, if there is no measurement noise or disturbances, no quantization errors,
etc., €; vanishes by the vanishing sampling period

lim ¢ (tg,tht1) =0, j=1,...,n. (6.13)

t41—tk

For real experimental data, even though the sampling period is very small,
the above condition is satisfied only in the sense of mean value, since the
numbers z; (t;) come from measurements. On the other hand from (G.I0)
and ([G.12) for ¢ = t;, we have

€j (tka tk-l-l) = WT (tk) q; — dj (tka tk-l-l) ; (614)

where d; (t,try1) is defined in (67).
We should minimize the sum of squared errors with respect to every j-th
input of the P1-TS system

K
2 2
By =3¢ (tntrg) = Il = [|[Way; —dy*, (6.15)
k=1
where
w (t1) g/,
w=| = |=|: @) WerH, (6.16)
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and K-dimensional vector d; is given by (6.7). Thus, we should find such a
vector of the rules consequents q; = qj for which the sum of squared errors
(E15) is minimal
Y=arg min E; .
b gquRK !
One can find a necessary condition for E; to be minimal by setting the
gradient of F;, with respect to q;, to zero vector

Vq, el = —2W7Td; + 2WTWq, =0 .

In the least-squares sense, the optimal vector of consequents of the fuzzy rules
results from the normal equation WTij = Wde, ie.

qi=WTd;, (6.17)

where in general W+ = (WTW)f1 W7 is the Moore-Penrose generalized
inverse (pseudoinverse) [I5], which always exists. It is assumed that the ma-
trix WT'W is a nonsingular one. Let us continue the transformation of the
equation ([G.I7T), by taking into account the form of the matrix W defined in

(6.16):

T T

—1
gt » gl » gt »
q; = () (@) (@) dj

where g, = g (21 (tr),...,2n (tx)) and (K + 1) is the number of samples.
After elementary matrix calculations we obtain

-1

K

q;:QT (thkgz;> [gtlv"'7gtk]dj7 J=1L...n,
k=1

Observe that g, g! = g, ® g, for any k is (2" x 2") matrix as the outer

product of the vector g, with itself. The inverse of G = sz:l gt gg; exists,
since the matrix W?'W is nonsingular.
The j-th output of the rule-based system is S; = dz;/dt and the equation

S; =gl (z1,...,2n) (QT)_1 q; follows from the fuzzy rules. On the other

o~

hand, S; = g7 (21,...,2,) - 6; from the fact that this system is equivalent
to a multilinear function of variables z1, ..., z,. Substituting q; by q; we
obtain a P1-TS system which is equivalent to

~k

dz; -1
d;:gT(z17...7zn)(QT) qj:gT(zh...,zn)Bj.
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In the case when the P1-TS system would ideally approximate the dynamical
system described by (6.1]), the vector 6; = (QT)fl q;. This means that the
best approximation vector 6; is given by

K -1
6 = (o7) " g = (zgtkgz;) o g ]ds
k=1

This ends the proof of Theorem O

From the given data set which is usually obtained from observation (mea-
surements) of an unknown multilinear dynamical system, one can find the
best model in the form of fuzzy rules. The data are almost always corrupted
with noise, quantization and the approximation method of the derivatives
calculus. The unique minimal sum of error squares can be easily determined

by qj from (6.17)
By (a4)) = (d; - Wa)" (d; - Waj) =d] (d; - Wa)).  (6.18)
From (G.I8) without noise we obtain
. -1
Ej (@) = d] (1-W (W'W) ' W) d; =0.

The procedure given by Theorem uses all the data at once and there-
fore can be called a batch (off-line, explicit, one-shot) method. With respect
to computing time, the critical part of this procedure is the inversion of the
symmetric matrix G in (63]), since it is of the same dimensions as the fun-
damental matrix.

6.3 Analytical Solution for Dynamical Systems with
Two Variables

In this section we will show an analytical solution to the identification prob-
lem for the following dynamical system

& (t) = 6o + 012 (t) + 02y (t) + 37 (1) y

(t)
3 (1) = 9o + Y (t) + Ooy (t) + I3z (¢) y (¢ (6.19)

), t=ti> 0.}
The system trajectory (z (tx),y (tx)) = (v, yx) for k = 1,2,... K + 1 is
assumed to be known as a result of observations. For the sake of simplicity
we take a constant sampling period; tg41 —tx, =T, (k=1,2,... K +1). The
result will be given in the form of Theorem.

Theorem 6.2. The inputs and outputs of the P1-TS system are [z (t) ,y (t)]T
€ D? and [1 (1) ,y (t)]T, respectively. For any collection of coefficients 0; and
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9, (i = 0,1,2,3), the above system is optimally modeled (in the sense of
minimal squared sum of errors) by the following fuzzy rules

N1 Ny
[ la),y) is | 2] then [3(),5(0)] is Q" (6.20)
9 Nl P2 7 ) *
P P
where the matrix of consequents
1 — Q1 — Qg 109
~ 1 fi —ar —af | 5«
_ e, 6.21
Q 1 - B2 — a1 (6:21)
1 b B2 B152

with the boundaries of the rectangle D? given by [6.8) for 21 (t) = xx and
29 (tk) = yk, (k = 1,2). The matriz containing approzimate coefficients of
the right-hand sides of (6.19)

©* =G 'E, (6.22)
by
K Zszl Lk ZkK:1 Yk Zszl TEYk |
Zf:l Tk Zf:l 3 Zf:l TkYk Zf:l TE Y
“= Zszl Yk Zszl TkYk Zszl yl% Zszl wky}‘i o (623)
Zf:l TkYk ZkK:1 T Y Zf:l Ty ZkK:1 LY
and
TK+1 — 21 YK+1 — Y1
) Shcy (@rer —wR)wk Yopey (k1 — yk) o
E= T ZkK:1 (The1 — k) Yk ZkK:I (Yk+1 — Yk) Yk (6.24)

Zf:l (Thy1 — Tk) TRYK

K
> ket (Yrr1 — Uk) Tryk

The number of samples must be K > 2™ = 4.

Proof. According to Theorem .10 for the fundamental matrix 2 for n = 2
the equation (G.2I) holds, since Q* = Q7@O*. According to equations
E0)-(@.8) from Theorem and the generator g (z,y) = [1,z,y,zy]" one
obtains
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<,
G = k 1, z, yi, T ,
; | [ @k Yk Tuyi]
TrYk
i.e. G is the same as in ([6.23). From (@4) and ([€71) we have
1 1 ... 1 (v2 —x1) /T (y2 =) /T
E— T1 X2 - TK (3 —x2) /T (ys —y2) /T
I B R - R 17 : : ’
T1Y1 T2Y2 -+ TKYK ($K+1 — mK) /T (yK+1 — yK) /T
and it is the same as in ([6.24]). Checking that det G = 0 for K < 3 is left to
the reader. This ends the proof of Theorem O

Now we consider numerical examples.

Example 6.3. The dynamical system (6.19) is described by
(6.25)

For initial conditions (x (0),y(0)) = (—1,—2) and time interval [0,5], the
data come from the solution of (6.28) shown in Fig. The differential
equations were integrated by the ode45 solver from Matlab, which uses the
(explicit) fourth order Runge-Kutta-Fehlberg method with 10713 relative er-
ror tolerance (RelTol) and the same absolute error tolerance (AbsTol). Since

y(2)

Fig. 6.1 Solution of the differential equations (625])
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the integration step size (41 — tx) in Matlab solver is not constant, we take
into account general formulas from Theorem In this example the errors
result from simple Euler approximation of the derivatives, numerical solu-
tion of the differential equations and rounding off the numerical outcomes.
If [z (¢),y ®)]" and [@(t), 9 (t)]" are inputs and outputs of the zero-order
P1-TS system, respectively, then equations (G.25]) are modeled by the fuzzy
rules

N1 Ny

If [z,y] is ;11 ];22 , then [ (t),y(¢)] is Q.
P Py

From the data describing the system trajectory we obtain (see Fig. [6.1)):

ap=— min x(t) =1.6219, B1= max xz(t)=0.92133,
te{t1,..,tx} te{t1,...,tx}

as =— min y(¢) = 2.0000, B2= max y(t)=5.5372.
te{t1,...,tx} te{t1,....tx}

For the data obtained numerically by K = 5928, according to (6.H) the
outcomes are as follows

5928.0 —636.15 3600.90 —1281.52
—636.15 4097.58 —1281.52 1308.30
3600.90 —1281.52 24896.30 —9583.47 | ’

—1281.52 1308.30 —9583.47 13048.38

G:

and the matrix (:j*, that is very close to the true matrix ®, since

0.0001 0.0019

& — —0.0015 —6.0005
0.9995 —2.0033 | °

—0.0010 —3.9993

@:

O R OO

0
—6
-2
—4

Finally, we obtain the matrix of consequents of the rules Q, that is very close
to the true matrix Q:

~1.9997  0.7678 —2.0000  0.7562

. ora. | —1.9984  5.8494 ora | —2.0000 5.8427

Q=20 =1 55150 3455830 T O | 55372 345801
5.5280 —37.0220 5.5372 —37.0087

as well. The relative approximation error

wosli-ol
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is very small; g = 0.0023952 since large data set was used and only numerical
errors were taken into account.

The relative approximation error tends to zero by increasing the cardinality
of data sets and decreasing the lengths of intervals [t1,ts], [t2,3], ..., and
[tr,tr+1]. A small approximation error can be obtained for more complicated
dynamical systems. As the next numerical example we will consider again the
Chen’s attractor discussed in Section

Example 6.4. Let us consider the Chen’s attractor from Example (7] de-
scribed by three multilinear differential equations (5:43)) subjected to distur-
bances:

t=a(y—x)+&,
y=(c—a)r—2z+cy+&, (6.27)
Z=xy — bz + &3,

where a = 35, b =3, ¢ = 28 and

&1 () = 0.2sin(2¢ sin (4 sin (5t))), (6.28)
&2 (t) = 0.1 cos(5t cos (3 cos (2t))), (6.29)
&3 (t) = 2sin(6t cos (2sin (3t))). (6.30)

The above system without disturbances has been already described by the
zero-order P1-TS system (5.46) with the inputs [z (¢),y(t),z (#)]" € D3
and the outputs [# (t),4 (), (¢)]". The data describing system trajectory

come from the solution of (6.217) by nonzero signals & (¢) as in (628)-(E30).
The first disturbance is shown in Fig. To integrate the equations, the

ode45 solver from Matlab was used with relative error tolerance 10~1° and
the absolute error tolerance 10713, The integration step size varied from
5.7-1079 to 1073 with the mean value 4.1-10~%. The plots of the solution by
the initial conditions (z (0),y (0),z(0)) = (0,—10,1) and the time interval
[0,4] are shown in Figs. 6.3 and The number of samples used for

0 &1(t)
y | ”

0 0 1 U i t
o LD

Fig. 6.2 Disturbance & described by (6.28)
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computations was K = 9753. The location of the cuboid D? following from
the data set is determined by (see Figs. [6.3] and [6.5]):

- = te{trlr}.i.r.{tK} x (t) = —33.3629, B = te{trfl,%.}ftx} x (t) = 24.7308,
—g = te{trlr}.i.r.{tK}y (t) = —40.8660, B2 = te{trfl,%.}ftK}y (t) = 36.8520,
—az = te{tl},l.i.l.l,tK} z (t) = 0.9987, B3 = te{gl,?i(t;(} z (t) = 68.6232.
30
20
10
0 t
—10
—20
—30

Fig. 6.3 Solution z(t) of differential equations ([6.27)): A - without disturbances, B
- including disturbances &x(t) given by (6.28))-(6.30)

40
30
20
10

0
—10

—20

—30

—40

Fig. 6.4 Solution y(t) of differential equations ([627)): A - without disturbances, B
- including disturbances & (t) given by (6.28)-(6.30)
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70
60 2(t)
50
40 A
30
20

:

t
00 1 2 3 4

Fig. 6.5 Solution z(¢) of differential equations ([627)): A - without disturbances, B
- including disturbances & (t) given by (6.28)-(6.30)

The resulting matrices are as follows

0.1069 —0.1185 —0.3446 ] 00 0
—34.9591 —7.0005 0.0142 -35-7 0
34.9984 28.0296 —0.0167 35 28 0
&+ — | —0-0004 0.0025 1.0061 © — 0 0 1
—0.0025 0.0017 —3.0017 |’ 0 0-3|"
—0.0021 —0.9996 —0.0001 0-1 0
—0.0006 —0.0031 0.0006 0 0 0
| 0.0000 0.0000 —0.0001 | | 0 0 0]
and
[ —264.25 —875.18 1368.4 [ —262.61 —877.39 1360.4]
—2294.3 —1345.8 —1019.0 —2295.9 —1342.1 —1013.6
2456.7 1296.5 —1241.3 2457.5 1298.7 —1232.5
~, | 424.85 837.18 913.26 | 424.24 834.04 908.38
Q= —258.02 1388.8 1154.8 Q= —262.61 1378.8 1157.5
—2296.4 —3008.8 —1217.0 —2295.9 —3014.5 —1216.5
2459.8 3544.2 —1434.2 2457.5 3554.9 —1435.4
| 419.68 —842.17  705.44 | | 424.24 —838.36  705.51 |

Thus, both the matrix ©* is close to ®, and Q* is close to Q. The global
relative error ([G:26]) in the presence of disturbances is 6@ = 0.11576 and it is
about two times bigger than the one obtained without disturbances.
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6.4 Estimation of P1-TS Model by Recursive Least
Squares

For applications, if there is a need to process measurements as soon as they
become available, one can use a recursive (on-line, implicit, iterative, sequen-
tial) procedures. The so called recursive least squares (RLS) procedure is very
attractive in practice and well-known in the literature. Below we will adopt
it to our problem.

We assume that the available data for every variable z; contain K mea-
sured data pairs

Wj:{(thj’l),...7(WK7dj’K)}CRQn X R, j=1...,n, (631)

where the vectors wj, = w (fi) are computed according to (6I6) and d; =
d;j (tg,tks1) as defined in (G7). Instead of the sum of squared errors defined
in (GI5) we assume a slightly modified (more general) criterion

K
E] (A) = ZAK_,C?? (tkatk-i-l)? .] = 1a27"'an7 (632)

k=1

where A is called the forgetting factor, (0 < A < 1) and the error ¢; for the
variable z; is given by (6I4). As one can see, the forgetting factor operates
as a weight which diminishes for the more observed data.

By the new criterion ([632]), the pseudocode of the RLS algorithm which
minimizes F; (\) is as follows.

First we should establish the forgetting factor A; a good rule of thumb is
A € [0.92,0.99], [87].
For all variables j=1,2,...,n perform the following steps:
Initialize the vector q; and the matrix P

qj,0 =0, Py = polanxon

where py is a very large number, say po 6{108,109,...,1015}.

For all samples k=1,2,...,K perform the following steps:
For the data wyg, dj’k and the given vector qjk-—1
calculate the error

€ = Wi Q-1 — djk - (6.33)
Find the Kalman gain vector

Pp_iwy

h, = .
r A+ wWiPp_ 1wy

(6.34)

Calculate the updated vector
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qdjk = dj,k—1 — €5,xhg (6.35)
and the inverse correlation matrix
1
N
end of calculating q; for the variable z;.
end.

Pk = Pk—l - th{Pk—l) 5 (636)

The proof of the algorithm is given in Appendix [C.4l In the above proce-
dure both the Kalman gain vector, and the inverse correlation matrices have
a local meaning, since they are computed for separate variables z;.

According to the RLS algorithm, starting from an initial matrix Py, the
matrix Py can be calculated in a recursive manner avoiding any matrix inver-
sion. As the forgetting factor A\ approaches 1, the memory of the procedure
tends to be a perfect one equaling all past measurements with more recent
ones. If there are no significant changes in the process parameters (the process
is known to be stationary), working with A = 1 will result in good estimates
[87], [I88]. In a nonstationary environment, with changing system dynamics,
the influence of past observations will be reduced and A will be smaller than
1. In this way, the present measurements have a stronger influence on the
consequents estimates than the past one.

6.5 Summary

Based on analytical results concerning exact fuzzy modeling of multilinear dy-
namical systems which provide necessary and sufficient conditions for trans-
formation of fuzzy rules into crisp model, the identification problem from
observation data was stated and solved. The theorem on existence of the so-
lution in the form of the P1-TS system was proved. For such system, both
the batch procedure and a recursive one, were described in detail. The com-
putations can be performed on-line using RLS method described in Section
[6-4, where there is no need to have the whole data set before beginning the
estimation process. Examples of identification for two- and three-dimensional
nonlinear dynamical systems were given.
The advantages of the proposed approach can be summarized as follows.

e The methodology preserves the interpretability of the fuzzy models, which
is a key property of the Pd-TS systems.

e The algorithm applies to P2-TS systems described in Chapter Hl since
P2-TS systems are based on the same theory, involving generators and
fundamental matrices.

e The continuous dynamical models have been converted into the discrete-
time form. Thus, the method automatically applies to discrete-time mul-
tilinear systems, as well.



6.5 Summary 197

The proposed method can be viewed as a supervised learning algorithm
for the adaptive linear neural network (see e.g. [58]), in which the conse-
quents of the rules are interpreted as the weights of neurons. For the learning
process of such network, we should take the training data set defined in
(63T)). This means that many of the well-known learning procedures devel-
oped for the neural networks can be applied to solve the identification problem
stated in this section, including both feedforward and recurrent (e.g. Hopfield)
networks.



Chapter 7

Binary Classification Using P1-TS
Rule Scheme

Most supervised learning algorithms are either regression or classification
procedures, depending on whether the desired system output is real-valued
or binary-valued. Such algorithms belong to important techniques in machine
learning, computational intelligence and data mining [137], [201]. Classifica-
tion systems (classifiers for short) are used for solving the problems which
arise in many fields including pattern recognition, vision analysis and other
decision making purposes.

Classifiers must often be created from data, because there is not enough
expert knowledge to determine their parameters completely. They take as
inputs a set of cases (n-dimensional vectors), each belonging to one of a small
number of classes. System output must accurately predict the class to which
a new case belongs. The smallest reasonable number of classes is two. In such
systems, called binary classifiers, one class contains “negative” elements and
the other - “positive” elements. Binary classification task is a basic one. It
can be extended to the problem that involves more than two classes. In an
m-class problem this can be done by repeatedly using one of the classes as a
positive class, and the rest as the negative classes. In other words an m-class
problem can be converted into m two-class problems in which one class is
separated from the remaining classes. Such a method is known as the one-
against-all method. It is worth adding that this simple scheme among many
sophisticated methods used for multiclass classification problems is hard to
beat [162], [163].

Classification problems have been widely studied in the literature, includ-
ing theoretical and practical aspects of machine learning and data mining,
such as empirical risk minimization, reqularization, generalization ability, ro-
bustness (stability), problem solving by large data sets, ete. [1], [34], [57], [76],
[126], [137], [148], [154], [156], [I57], [167], [189], [201]. Many approaches have
been proposed to the automatic generation of the rules from numerical data
for classification problems. They involve heuristic procedures, artificial neu-
ral networks, evolutionary algorithms, nearest neighbor method, support vector
machines, clustering methods, classification trees, Fisher discriminants, and

J. Kluska: Analytical Methods in Fuzzy Modeling and Control, STUDFUZZ 241, pp. 199«@.
springerlink.com © Springer-Verlag Berlin Heidelberg 2009
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other approaches which more or less involve fuzzy logic, such as fuzzy support
vector machines, neuro-fuzzy techniques, flexible neuro-fuzzy systems, fuzzy
nearest neighbor method, and so forth [2], [3], [24], [32], [44], [61], [62], [63],
[65], [66], [67], [69], [88], [13], [L16], [119], [127], [138], [141], [144], [145],
[146], [159], [165], [166], [171], [172], [L73], [204], [218]. The generation of the
rules from numerical data for classification problems can also be done by
soft-computing methods involving fuzzy logic, such as fuzzy support vector
machines, neuro-fuzzy techniques, fuzzy nearest neighbor method and other
methods. Usually, the classifiers obtained by the soft-computing techniques
are represented by the fuzzy “If-then” prediction rules. Such classifiers are
especially suitable, because they do not have some of the drawbacks of crisp
rule based classifiers.

The rules discovered by the classifiers can be evaluated according to sev-
eral criteria, such as the degree of confidence in the prediction, classification
accuracy rate on unknown-class instances and interpretability. The last two
criteria are of major importance in fuzzy classification systems. The rules
should be highly interpretable, since the user of the classifier should be able
to understand the rules, especially in such areas as medical or technical di-
agnostics [73], [145].

Our goal in this chapter is to show that the theory of Pd-TS systems de-
veloped in this book can be helpful to obtain very simple classifiers in the
form of highly interpretable fuzzy rule-based systems. Namely, we propose a
conception of obtaining a set of the rules of the P1-TS system as a binary
classification problem solver. We do not attempt to modify the membership
functions of the Pd-TS system, as this might degrade the interpretability of
the fuzzy rules. Furthermore, we do not aspire to prove the novel classifier
to be a good large-scale-problem-solver or the best classifier among a huge
number of solutions proposed in the literature. The answer to the question
of “how good is P1-TS (or P2-TS) system as a classifier, in comparison to
other classifiers” requires a separate comprehensive study and it is not in-
tended in this book. Thus, the result of this chapter should be taken with
a grain of salt. We will use the results developed in previous sections, es-
pecially those from Chapter [ related to modeling of the rule-based system
from the input-output data, and the results from Section [B.I1] referring to
contradictory rules.

7.1 Problem Description

Assume that the available original learning data consist of the following input-
output pairs (training patterns)

{(z1,¢1),(z2,¢2),...,(20,cQ)} = Z x {—1,1} C R"™ x {—1,1}, (7.1)
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where
1", i=1,...,Q, (Q=>2"). (7.2)

In reality we expect the cardinality of the data set to be much greater than
2™ where n is the dimension of the original space containing the data points.
Every vector z; € Z is identified with either the first class, denoted by “—17,
or with the second class denoted by “1”.

The smallest nonempty hypercuboid D™ O Z is determined by

z; = [21,17 <oy Zin

—op = min {zik},  Be= ax {zint,  k=1....n.  (73)
Next we define the fuzzy sets Ny and Py, (kK =1,2,...,n) as in I1)-(Z12).
The fuzzy set N we interpret as near “—ay” and Py - as near “8i”. For the
given data set we want to find the system of fuzzy rules for a P1-TS system,
which behaves like a classifier. To do this we start with considering the MISO
P1-TS system with n inputs z1, 22, ..., z, and the output S, described by
the following @ fuzzy rules

Ry :If z1 is Ny and 2z is Ny and ... and z, is N,,
then z belongs to the class ¢q,

R, :1f z1is A;, and z3 is A;, and ... and z, is 4, ,
then z belongs to the class ¢,,

Rg :If 21 is Py and 2 is P» and ... and zj, is Py,
then z belongs to the class cg,

where A;, € {Nk, P}, (k=1,2,...,n and iy € {0,1} as defined in (ZI))
and ¢, is the label denoting one of two classes; ¢, € {—1, 1}. The consequents
of the rules are clear, since every vth rule refers to individual vth point from
the data set ([CI). The antecedents of the rules have a simple interpretation
as well, since we can easily evaluate the degree to which the particular an-
tecedent matches the point z, from the data set Z. However, the fuzzy rules
Ri, ..., Rg do not seem to be suitable for modeling a classifier, especially
when the data set (ZJ]) contains a large number of elements, in relation to
the number of vertices of the hypercuboid D" (see Corollary 27 in Section
24). Namely, for large data sets we are not sure that every fuzzy rule reflects
correctly the individual membership of every point z € Z to the appropriate
class, since many points z can be far from vertices of the hypercuboid D",
i.e. they have a large entropy [110].

In order to guarantee interpretability of the rules, our main goal is to
find “the best” fuzzy rule-based system as a classifier, by preserving the
antecedents of the rules which are characteristic for P1-TS systems.
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7.2 The Fuzzy Rules with Proximity Degrees

The rules of the classifier should approximate the input-output data pairs. In
general the rules do not concern an explicitly given system described by con-
ventional mathematical equations. From the fuzzy rules point of view, every
input vector z belongs to the class ¢, = —1 or ¢, = 1 in some degree. To define
this formally, let us consider the distance p between a point z = (21,...,2,) €
R™ and some (temporarily fixed) point zg = (20,1, .-, 20.n) € R™. The main
attention we will pay to the Minkowski distance of order p (p-norm distance)

n l/p
p(z,20) = (Z |2; — z07i|p> , 1<p<oc. (7.4)

i=1

The p-norm distances by p = 1 (1-norm or Manhattan distance) or p =
2 (2-norm or Euclidean distance), or infinity norm (Chebyshev distance;
p(2z,20) = max;=1,..n |2z — 20, for p = o0) are commonly used in many
fields. The triangle inequality for the distance measure p does not hold for
p <1 [143).

We can use the other distance measures [40], e.g. Mahalanobis distance

p(z,20) = \/(z - ZO)TK—1 (z — zo), (7.5)

where K is the covariance matrix. If K is diagonal, then the resulting function
is the normalized Euclidean distance, which is the same as (Z4)) by rescaling
the components. i.e. by substituting z; and zg; by k;z; and k;z04, (k; > 0),
respectively. For K =T the distance (T3] reduces to (Z4) by p = 2.

In order to measure the proximity degree u of the point z to zg we will use
a radial function, i.e. such continuous function that decreases monotonically
with the distance p. We propose to consider radial functions of the form

T

w(z,z0) =a ", w= (p(z;zo)) , a>1, r>0, o>0. (7.6)
By the power » = 1 and the constant ¢ = exp (1), the above radial
function is

w(z,2z0) =exp(—p(z,20) /o), o> 0. (7.7)

The other radial functions can be taken into account, as well, e.g.
w(z.z0) =(1+p(z.20) ",  b>0. (7.8)

The proximity degree p as a function of two variables y : D™ x D™ — (0,1]
can be viewed as a membership function of the fuzzy set interpreted as “the
point z is approximately the same as zy”. Observe that u (z,20) > 0 for any
z and zg.
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The TS system should approximate the classification system. Thus, the
conclusions of the rules can be only close, but not exactly equal to the desired
values from the binary set {—1,1}. According to Corollary 271 and the proof
of Theorem 2.4 we can fuzzify the consequents of the rules Ri, ..., Rg by
introducing the “similarity degrees” (certainty degrees or confidence factors)
for every rule. Suppose zg = zj is a fixed vector from the set Z defined in
(). In every rule R, we replace its consequent by “the output S is ¢, with
similarity degree y(z,2,)”, since p(z,2,) = 1 if, and only if z = z,. Thus,
we formulate the following artificial system of @ > 2" fuzzy rules for the
subsequent input vectors zi, ..., zg from the data set, which are followed
by the confidence degrees

R} :If 21 is Ny and 29 is Ny and ... and z, is N,
then S is ¢; with similarity degree u(z,21),

R I 2 is Ail and z3 is A;, and ... and z, is A
then S is ¢, with similarity degree u(z, z,),

in>

R’Q (I 2 s P1 and 29 is P> and ... and z, is P,,
then S is cg with similarity degree u(z,2q),

where (c1,...,cq) € {—1,1}Q. In general, the system Rf, ..., R is not
certain, since it includes contradictory rules in the sense of definition in
Sections and [B. 171 The sources of uncertainty of the rules come from the
modeling method and measurements. Furthermore, the system R, ..., R’Q
can be viewed as the well-known Mamdani type fuzzy expert system [123],
since the consequents of the rules can be considered as fuzzy sets. However,
in order to avoid the defuzzification procedure used for Mamdani type rule-
bases, we consistently remain at the Takagi-Sugeno type systems with the
similarity degrees.

7.3 Binary Classifier Equation

For the considered MISO P1-TS system we can write the following equations

S(z1) =0"g(z1) =c1- p(z1,21) + €1,

S(zq) = 0"g(2q) = cq - 1 (2q,2q) + €q,

where €, is an error, g (zy) is the value of the P1-TS system generator in
the point zy, 0 is the vector of coefficients of the same system and @ > 2".
In order to involve the similarity degrees of the fuzzy rules we extend the
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above equations. Since every consequent of the rule depends on z, the vector
0 depends on z, as well. Let z be any fixed vector z from D™. Thus,

0" (z)g(z1) =c1-p(z,21) + e (2),

0" (z) g (2q) = cq - 1 (z,2q) + €q (2) .

By the vector notation

a(z) =[ap(zz),...,cuz29)l", €(z)=[a(2),....cq ()", (7.9)
we have the same equations in the matrix form

€(z) =W'0(z) —q(z),
wT = (g(z1) ... g(zQ)]anQ . (7.10)

As one can see, the matrix W resembles the generalized fundamental matrix

Q. of P1-TS system, formerly defined by (5.I8H) in Section [EITl Now for the

given vector z € D™ we can find such a vector 6 (z) that minimizes the sum

of squared errors | € (z)]|?

0 (z) = argmin {e"e} = (WTW)_1 WTq(z) . (7.11)
Ocr2"

In general W+ = (WTW)f1 WT is the pseudoinverse of the matrix W. For
the sake of simplicity we assume that the matrix W7 W is nonsingular. In the
simplest case, when Q = 2™ and the data set is such that W is nonsingular,
the solution is

0(z) =W q(z). (7.12)
The output of the P1-TS system approximated by the data is given by

S(z)=g"(z)-0(z). (7.13)

In this way we obtained the output of the rule-based system, which is a
regressive model for the given data set (Z1J). Let

(7.14)

. {—1<:>m§0
sign (z) =

lex>0.

For the vector 8 (z) given by (ZI), the generator g (z) of the P1-TS system
and the vector of consequents of the rules q(z) defined by (Z9), we define
the classifier as follows

class (z) = sign (gT (z)- 0 (z)) , VzeD". (7.15)
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Note that the classifier is not defined for the points outside the hypercuboid
D™. Below we justify the outcome.

Suppose there exist the parameters p = pg of the norm (T4, a = ag, r = 1o
and o = o0 of the radial function (6] (or b = by of the radial function (7)),
such that the equation R

&” ()0 (2) = 0, (7.16)

has a solution, where g(z) is given by (ZI)) and g (z) is the P1-TS system
generator. Then the manifold (ZI6) divides all points from the data set Z
into two disjoint subsets

Zy ={z € Z : class (z) = —1}, (7.17)

and
Zy ={z € Z: class(z) = 1}, (7.18)

where class (z) is given by (ZIH), such that
21U Zy = Z. (7.19)

According to Theorem [315 the output of the P1-TS system is a function
S: D™ — [-1,1], since min {—1,1} = —1 and max {—1,1} = 1. The output
S is a continuous function of z at any point from the hypercuboid D™ and
reaches both extrema —1 and 1. The point 0 belongs to [—1,1], so that in
practice it is possible to find (rather numerically) such parameters p = py,
a=ag, r=rgand o = oy (or b = by), that the equation (ZI8) holds, i.e.
the manifold (hypersurface) ([CI6) is a nonempty subset in D™. This decision
surface partitions D™ into two sets, one for each class. It classifies all the
points on one side of the decision boundary as belonging to the class “—1”
(when gT (z) - 8 (z) < 0) and all those on the other side as belonging to the
class “17, (when g7 (z) - 8 (z) > 0).

Observe that if we substitute the similarity degrees by 1 for every fuzzy
rule, then it may happen that the problem has a solution for some data sets.
In this case the P1-TS system output is S (z) = g (z)-0, i.e. S is a multilinear
function of z1, ..., z,. Thus, we can say that the problem is “multilinearly
separable by a regression model”. Of course, this does not mean that the data
are multilinearly separable at all, since we did not use a general approach to
find the multilinear function as a decision boundary, namely we did use the
P1-TS model.

Example 7.1. Assume that the available original data set consists of @
input-output pairs on the plane

{(Bi] 7CI> ([zg] m)} =Zx{-1,1} CR? x {~1,1}, (7.20)

From (ZI0) and (CI1) we immediately obtain
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1 r

Q 23:1 Lk Zszl Yk Zszl TrYk ] 23:1 Ak
R Zg:l Lk Zg:l a3 Zszl TrYk ZkQ:1 LYk Zszl LkAk
o= ZkQ:1 Yk ZkQ:1 TkYk ZkQ:1 yi ZkQ:1 TiYi ZkQ:1 ykdr |
S Tk ey TR Yoy TRYE Doy TRy S TRy
i S (7.21)

where Q > 4, qi = qi (z) are components of the vector q(z) in (C9) and of
course 6 = 0 (z).

Example 7.2. Let us consider numerical data and use the outcome of Ex-
ample [[Jl The population consists of @) = 20 people; 10 women (labeled by
“—17) and 10 men (labeled by “1”). For kth person we assign two attributes

which constitute 20 vectors z, = [z, yx]” € D2, where zy, is the height [m]
and yy, is the weight [kg], (k=1,...,20):

1 = 1.75, Y1 = 85, C1 = —1, Ty = 1.82, Yo = 83, Cy = 1,

r3 = 1.61, y3 =64, c3 = —1, x4 =187, y4 =89, ¢4 =1,

x5 = 1.70, y5 =62, c5 = —1, xe = 1.94, y6 =95, ¢ =1,

x7 = 1.60, y7 =55, ¢z = —1, xg =1.72, ys =73, cg =1,

x9 = 1.69, yg =69, cg = —1, z10 = 1.88, 510 =99, c10 = 1,

x11 = 1.71, y11 =63, c11 = —1, x12 = 1.92, y12 =90, c12 =1,
x13 = 1.75, y13 = 60, c13 = —1, x14 = 2.00, y14 =95, c14 =1,
z15 = 1.74, y15 =70, c15 = —1, z16 = 1.68, y16 = 75, c16 = 1,
x17 = 1.68, y17 =55, c17 = —1, x18 = 1.71, y18 =71, c18 =1,
219 = 1.62, y19 = 51, ¢19 = —1, To0 = 1.85, y20 =75, co0 = 1.

One can check that the data are not linearly separable, i.e. there are no
constants wy, w1, we for which the straight line w4+ wyx +w2y = 0 separates
the data (see Fig. [1]). According to (T3] the rectangle D? is given by

D? =[1.60,2.00] x [51,99]. (7.22)
Assume temporarily that the consequents of the rules do not depend on the
location of the points from D? i.e. ¢y € {—1,1} for k =1,...,Q. In this case

the set of points satisfying equation ([.I0) which “attempts” (unsuccessfully)
to separate the two classes is nonempty

C={(w,y) e D*: 0 g(z,y) = o}, (7.23)
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Fig. 7.1 The curve 1.60 1.70 1.80 1.90  2.00
CZ3): 7.9919z + 99 * * ! 99
0.17777y — 0.078455xy — A A
16.896 = 0 for the data

set from Example 87 s 4 L g7

obtained for consequents
of the rules ¢, from the
binary set {—1,1}

where 8 is computed according to ([C2T)). This set is a curve shown in Fig. [[11
Observe that C' does not separate the given data set into two classes. This
is a typical situation, since in practice the data are not “easily separable”
in the original n-dimensional space. Thus, the consequents of the rules must
depend on the input vector z, since otherwise the antecedents of the rules
of the P1-TS system together with the binary consequents of the rules, may
be incapable of solving the data separation problem in the original space
containing the data set.

Let us choose the parameter p = 1 for the Minkowski distance measure
([T4)) and o = 20 for the radial function (7). Fig. (a) shows two regions
Z1 and Zg defined by (ZI7) and ([ZI8)), respectively.

Fig. (b) shows the classifier surface. In the same way we can take
another radial function, say (). In this case one can numerically check
that by choosing the appropriate parameters of the distance measure p and
similarity degree i, the results are comparable.

As an introduction to the next section we will consider an “ex-or” type
problem of linearly nonseparable data, which cannot be solved by a single
perceptron.

Example 7.3. The data set consists of four points

W)= () () ()

where a1 < as and b; < by as shown in Fig.

According to (Z3)) the rectangle D? = [a1, as] x [b1, bo], since —a; = ay,
B1 = az, —ap = by and (B2 = by. Let us take the Minkowski distance of order
p and the radial function (7)) by some parameter o. In this simple case we
can immediately write the fuzzy rules that model the binary classifier



208 7 Binary Classification Using P1-TS Rule Scheme

= Zs
1.60 1.70 1.80 1.90 2.00
99 see, A 99
saeses A
g7 L 4 87
0000000 L ]
s A
VTS fm b A ™
sttt |
63 :833333::?3:::::33::::3::33:3333:::3% 63
51 51
1.60 1.70 1.80 1.90 2.00 x
T

(a) (b)

Fig. 7.2 (a) - The data set from Example[l.2] and its partition: e’ - women and ’A’
- men. The subsets Z; and Z2 obtained by the parameters p = 1 for the Minkowski
distance measure (4) and o = 20 for the radial function (7)), (b) - decision
surface of the classifier by the same parameters.
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Fig. 7.3 (a) - The data set from Example [[3] (b) - decision surfice for a1 = 3,
a2 =9, by =2, ba = 6, the Minkowski distance parameter p = 2 and o = 0.6 of the

function (Z.1).

Ry : If z is near a; and y is near by, then S = ¢y
Ry : If x is near as and y is near by, then S = cous
Rs3 : If z is near a; and y is near bo, then S = c3us

Ry : If x is near as and y is near by, then S = cquy

where
C1 = —1, Co = 1, C3 = 1, Cq = —1 (724)
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and
1 —eXp( (Jz —a1|” + |y — ba]") 1/p/a)
H2 —eXp( (Jz = aol” + ly — b1]") 1/p/a)
U3 —eXp( (Jz — a1’ + |y — ba2|") l/p/a)
4 —exp( (I = az|” + |y = b2|") /p/U)
As QQ = n, we have
1 al b1 a1b1
T | 1az by ab
W=a" = 1a1b2a1b2 ’
1 an bz agbz
and according to (Z.12)
C1H1 (xay)
6 w1 |c2m(@y)
csps (7,Yy)
capa (2,9)

After algebraic calculations for ¢y, given in (T224]) we obtain

T
—p1a2ba — poa1bs — pizasby — paarby 1

S (z,y) = 1 p1ba + paba + p3by + paby x
’ %4 H1a2 + p2a1 + p3az + flaay y |’
—H1 — 2 — 3 — Ha xy

where V' = (b1 — b2) (a1 — a2). Below we prove that the set of separating
points for which the equation ([Z23)) holds, is given by

C’:{(x,y)EDz: x=agory=hy}, (7.25)

where
ao:(a1 +a2) /2, bo:(b1+b2)/2.

One can check that

S (ao,y) = Yur — yp2 + yps — ypa — pabe + 2z — pisby + /~L4b17

2 (b2 — b1)
S (2, by) = TH1 + Tl — TU3 — Thy — 102 — f2a1 + U302 + 407
7o 2(0,2 —a1) ’

Next we obtain

pr (@,y) = p2 (z,y) & v =ao, and ps(z,y) = pa (2,y) &z = ao.
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Thus,
S(ao,y) =0, V.

Analogously for y = by we obtain S (x, by) = 0 for every z. For the Minkowski
distance and radial function (8] we obtain the same result.

The existence of the separating manifold (two perpendicular straight lines
as shown in Fig. (a)) has been proved for any p and o, (1 < p < oo and
0 < 0 < 00). Finally, the classifier equation class (x,y) = sign S (x, y) can be
written as

class (z, ) = —lerz<a &y<byorz>ay & y>b

Y= leor>a&y<byorz<ay & y>by

We obtained highly interpretable fuzzy rules of the classifier for the smallest
allowable cardinality of the input-output data set.

7.4 P1-TS System with Similarity Degrees as Optimal
Binary Classifier

So far we have not considered the problem of how to obtain the best classifier
parameters. Our goal in this section is to get the system of fuzzy rules for
the binary classifier which preserves high interpretability of the fuzzy rules
characteristic for P1-TS system and simultaneously has the best generaliza-
tion ability in the class of the considered systems. In other words, we want
to obtain an “optimal” binary classifier containing 2™ fuzzy rules, where n is
the dimension of the input data vectors.

In order to improve generalization ability of the classifier, it would be de-
sirable to normalize the data set (I]) before beginning the whole procedure,
especially when so called “outliers” are included in the data set. There are
many normalization methods, which has been well described in the literature
and therefore this simple technical problem will not be discussed in this book.

For the construction of the classifier we take into account some class (a
crisp set) of parametrized functions that measure the similarity degree of vec-
tors. Without loss of generality assume that we take the parameter p of the
p-norm (Z4) and parameters a, r and o of the radial function (Z8). By P
we denote the set of parameters for which the manifold (ZI6]) is a nonempty
subset in D™. By P* we denote a nonempty subset of Py which contains op-
timal parameters of the classifier by some optimization criterion. Usually we
require from the classifier to guarantee the best generalization ability. In such
case one obtains numerically the set P* by using the well-known crossvalida-
tion method. Without going into details concerning crossvalidation, suppose
from ((CI1]) we obtained the vector

0o (z) = (WTW) ' WTq" (2), (7.26)
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where q* (z) is the vector of consequents of the fuzzy rules obtained for the
optimal parameters from the set P*. This means that the classifier (TI3)) is
optimal in the sense of the best generalization ability.

Now we are able to construct a rule-based system containing only 2™ fuzzy
rules instead of ) rules. According to Theorem 24l if € is the vector of
crisp function coefficients ([2:26]) and € is the fundamental matrix of the P1-
TS system with 2™ fuzzy rules, then the vector of the rules consequents is
q = Q70. 1t is known that the vector by the confidence factors y (z, zx) = 1
for every fuzzy rule defines the P1-TS system as some multilinear function of
z. Thus, by 6 = 08¢ (z) obtained in (T.26]) we get the following vector of the
rules consequents

q (z) = Q7 (W'W) " WTq" (z) | (7.27)

which models the best classifier containing 2™ fuzzy rules. Finally, the system
of fuzzy rules for the P1-TS system as an optimal classifier is as follows

R : If z; is Ny and 23 is N3 and ... and z, is N,, then S = g} (z),

R : If 21 is A;, and 29 is A;, and ... and z, is A;,, then S = @ (z),

in>

Rj.: If 21 is Py and 29 is Py and ... and z, is P,, then S = G (z),

where A;, € {Np, Pc}, (k = 1,2,...,n, i € {0,1}), as defined in (2I0).
For the above rules, the values of “—a4” and “B;” are given by (Z3). The
consequents of the rules are not constant. They are weighted sums of the
radial functions

Q
g (2) =) Gop' (z,2,), Jj=1,..,2" v=1,...,Q, (7.28)
v=1

where p* (z,z,) is the radial function defined for the optimal parameters from
the set P* and &1, &2, ..., &, are real coefficients for jth consequent of
the rule. The new rule-based system in which the consequents of the rules are
weighted sums of radial functions we will call P1-TS system with similarity
degrees. It performs the function of the optimal binary classifier.

Example 7.4. Let us consider the data from Example again. Suppose
the Minkowski distance measure (4] and the radial function (Z.6]) were
chosen and the optimal parameters of these functions were (numerically)
obtained as

p=p*, a=da", r=r*", oc=o". (7.29)
At this moment the details concerning the method of obtaining the param-
eters (.29 are not interesting for us. We assume only that for the above
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parameters the crossvalidation error as an optimization index is the smallest
one. For the data zy, yx and ¢ from Example [[2] the consequents of the
rules ([T26]) are explicitly given by

q: ((E, y) = Ck:u’* (‘Tv Y, Tk, yk) ) (730)
where
b ) = (@), w2 T )
and 1/
* * p
o @) = (Jo— ol +ly—ul”) (7.32)

for k =1,...,20. According to (T27) and (T.22) the optimal fuzzy rules are
as follows
R} - If © is about 1.60 and y is about 51, then S = @7 (x,y)
R; - If z is about 2.00 and y is about 51, then S = @5 (z,y),
Rj - If © is about 1.60 and y is about 99, then S = @3 (x,y)
R} : If x is about 2.00 and y is about 99, then S = @} (x,y)

The optimal consequents of the fuzzy rules are given by

[ (2.9)] S a (2,y)
% (v,y) e S awdp (z,y)
=7 (WI'w , 7.33
Zfé( ('7;’ y) ( ) Zgzl yqu (‘f, y) ( )
ai (z,y) Y9 arynd (,y)
where
12.843 —7.2001 —0.15511 0.08598
T oo —1 | —45.515  28.531  0.40853 —0.26553
Qf (Wiw) - = —6.7087 2.1571 0.20709 —0.09460 | ’

10.865 —6.2357 —0.15643 0.08823

and the components of the optimal consequents vector are ¢ = ¢j (z,y) as
defined in (T30)-(732)). Since there are 2" Q) = 80 coefficients ¢; , in equation
([C28), we will write &;, only for j € {1,2,20}, for every consequent of the
rule v =1,2,3,4:

&1 =-0152, &.o=-0.14717, .. & 20 = —0.18071,

€21 = —0.35829, a0 =0.20845, ... &z20 = 1.0648,
€31 =059713, &2 =0.11542, ... &390 = —0.31207,
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€11 =—0.21981, &0 =—0.13964, .. &40 = —0.16138.
Thus, the optimal rules are as follows

Ry : If x is about 1.60 and y is about 51,

then S = —0.152a=%* — 0.14717a""2 4 ... — 0.18071a~ w20
R5 : If x is about 2.00 and y is about 51,

then S = —0.35829a~"1 + 0.20845a~ %2 + ... 4+ 1.0648a w20
Rj : If x is about 1.60 and y is about 99,

then S = 0.59713a~"** 4+ 0.11542a~"*> 4 ... — 0.31207a~ "2
R} : If z is about 2.00 and y is about 99,

then S = —0.21981a~"* — 0.13964a~"2 + ... — 0.16138a 20

where ,
wy = (lz =z’ +ly —wl”)"? Jo,  k=1,...,20.

This completes the description of the P1-TS system with similarity degrees,
which performs the function of the best binary classifier, provided that all
the parameters a = a*, p = p*, r = r* and ¢ = ¢* are chosen so that they
guarantee the smallest crossvalidation error.

7.5 The Regularization Algorithm and Support Vector
Machines

A disadvantage of the proposed method is a large number of terms involved in
the consequents of the rules. Therefore, before beginning the whole procedure,
we can reduce the cardinality of the data set by using the method based on
the support vector classification [I89], mentioned in the introduction to this
chapter. We very briefly characterize this method, since it is well described
in the literature.

Most developments concerning classification start from a geometric view-
point emphasizing separating hyperplanes and margin. However, there exist
other interesting developments that use the idea of regularization [44), [157],
[162], [I67]. From this point of view the solution of the classification problem
is as follows.

First, for the given data set {(zg,cx):k=1,...,Q} = Z x {-1,1} C
R™ x {—1,1} as in (), we choose a symmetric, positive definite function
K (x,y), continuous on Z x Z, called a kernel function. A kernel K (x,y) is
positive definite if Zzg‘:l hih; K (x;,%;) > 0 for any natural n and a choice
of x1, ..., X, € Z and hy, ..., hy, € R™. An example of such kernel is the
Gaussian function

K(xy) =exp (= [x=yl* /o), 0>0. (xy)eZxZ (731

where ||x||* = 22 + ... 4 22.
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Next we set a weighted sum of the kernel functions

Q
f(2) =" arK (z,2), (7.35)
k=1

where the coefficients a; must be found by solving a quadratic programming
problem which will be stated later. The classifier function is

class (z) = sign (f (z)) . (7.36)

The above algorithm was compactly derived in [I57] from regularization the-
ory point of view, as the problem of finding

feH

Q
min{éZV(Ck,f(zk))vL/\llflli} : (7.37)
k=1

where V (cx, f (2z1)) is a loss function

V (ck, f(z)) = max (0,1 — cx f (2z)) (7.38)

indicating the penalty we pay for guessing f(z;) when the true value is
¢k. The norm || f||; in (C37) is the norm in a Reproducing Kernel Hilbert
Space H, defined by a kernel function K, and A is a regularization parameter
quantifying our willingness to trade off accuracy of classification for a function
with a small norm in the space H. The function V in (Z.38)) is often referred to
as the hinge loss function. If ¢x f (z) is at least 1, we pay no penalty for point
k. If e f (zr) < 1, we pay a penalty linear in the amount by which we fail to
satisfy the constraint. The quantity ¢ f (zx) is also known as the margin. The
classical SVM algorithm as developed by Vapnik at al. [33], [I89] uses the
hinge loss. Without going into details, one can convert the problem ([:37])-
([T38)) into the so called “primal” and “dual” convex quadratic programming
(QP) problems, which both have optimal solutions. The SVM dual problem
is substantially easier to solve than the primal (see e.g. [162]), namely

1
%%%{—2TTHT+(71+...+TQ)}, ™ =[n,...,1], (7.39)

subject to the constraints

ati+ ... +cgrg =0, (7.40)

0<m<C, k=1,...,0Q, (7.41)

where C' is some positive constant, and the matrix H is defined by its elements
located in ith row and jth column
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H = {ci¢;K (z;,2;)} €RYQ ¢y,...,cq€{-1,1}, z,...,2¢9 € Z.

(7.42)
Finally, the coefficients of the classification function (Z35) are ap = cx7x,
(k=1,...,Q), where every 7 is an optimal solution of the quadratic problem

([T39)-([C41). The input data vectors z; for which 7 is different from zero
are called support vectors (SVs). If we denote

SV ={k:m, >0, z € Z}, (7.43)

then the solution (35 is given by

f2)=> ankK(z2). (7.44)

keSV

As one can see, the support vectors are critical for the solution of the clas-
sification problem. In practice, very often the number of support vectors is
much smaller than @. Thus, there is a big chance to reduce the cardinality
of the training data set.

Two things are notable:

1. The Gaussian kernel function (334) is the same as the similarity degree
u(x,y) in (C1), with p being Euclidean distance by the parameter r = 2.
Although our approach in Section resembles rather regression than
classification, it is worth noticing that the regularization method described
briefly above for the classification, leads to the same solution as for the
regression. For the solution of the regression problem (where ¢j are real
numbers), only the loss function V' in (T38)) is changed for V (cx, f (z)) =
(ck — f (z))?, (see [I57] for the details).

2. The final solution of the classification problem for the Gaussian function
(T34) must be obtained for the smallest generalization error. This error
depends on two parameters: o in the Gaussian function (Z34) and C in
the constraints (T-41]). Thus, the method of reducing the data set by the
solution of quadratic programming problem (Z39) with the constraints
(T40)- ([C4T) must be repeated many times to get the best solution for the
parameters 0 = ¢* and C = C*.

7.6 Summary

In this chapter we proposed the method of construction of a highly inter-
pretable rule-based system as an optimal binary classifier. The advantages of
the presented approach can be summarized as follows:

e The P1-TS fuzzy expert system as an optimal classifier contains highly
interpretable fuzzy rules, with the simplest polynomial fuzzy sets for the
inputs.
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e FEven though we used P1-TS systems, the whole procedure of constructing
the classifier can be easily extended to P2-T'S systems, since they are based
on theory of generators and fundamental matrices.

A disadvantage of the method is a large number of terms involved in the
consequents of the rules. Therefore for a large cardinality of the data set, we
can reduce the number of data by finding the support vectors. However, if the
number of support vectors is still large, we can try to substitute the conse-
quents of the rules by some simpler functions of the input vector components.
This can be done by using some approximation method which guarantees a
sufficiently good generalization ability of the classifier. The result will depend
on the data set. If the problem is multilinearly separable by the regressive
model, then we obtain a simple solution, since the consequents vector is con-
stant.



Appendix A
Kronecker Product of Matrices

This appendix is a brief description of the Kronecker product of matrices and
its properties. For a detailed treatment the reader is referred to [43], [54], [83].

Definition A.1. Let A = {a;;} and B = {by;} be matrices, A € R"*" and
B € R™*™, Then the Kronecker product of A and B, denoted by A ® B, is
the block matrix
Cl11B alnB
A®B= oo, e R, (A1)
a,1B - ann,B

The Kronecker product is also known as the direct product or the tensor
product.

1. The Kronecker product “®” is a bilinear operator. If k is a scalar, and A,
B and C' are square matrices, such that B and C are of the same order,
then

A®B+C)=A®B+A®C, (A.2a)
B+C) A=BRA+CRA, (A.2D)
k(A®B)=(kA)®B = A® (kB). (A.2¢)

2. If A, B, C, D are square matrices such that the products AC and BD
exist, then (A ® B) (C ® D) exists and

(A®B)(C®D)=AC®BD. (A.3)
3. If A and B are invertible matrices, then
(AB) '=A'@B" (A.4)

4. If A and B are square matrices, then for the transpose (A”) we have
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(AoB)" = AT @ B”. (A.5)

5. Let A and B be square matrices of orders n and m, respectively. If

{X\i | i=1,...,n} are eigenvalues of A and {p; | j =1,...,m} are eigen-

values of B, then {A\;jp; |[i=1,...,n, j=1,...,m} are eigenvalues of
A ® B. Also,

det (A ® B) = (det A)™(det B)", (A.6a)

rank (A ® B) = rank A rank B, (A.6D)

trace (A ® B) = trace A trace B. (A.6¢)



Appendix B

Generators and Fundamental Matrices
for P1-TS Systems

This appendix contains the relationship between the ordered set containing
vertices of the hypercuboid D™ = [—ay, £1] X ... X [—an, 8], the generators
and fundamental matrices for the P1-TS systems with n = 1,2, 3,4 inputs
21,...,24. They are helpful for the fuzzy rules transformation into the crisp
function and vice-versa.

B.1 Formulas for n =1
B.1.1 Vertices of the Interval D' = [—a, 3]

Y1 = —a1, Yo = Pi-

B.1.2 Generator

g1(z1) = { ' } : (B.1)

Z1

B.1.3 Fundamental Matrixz and Its Inverse

e General case

Q=

—aq B Vilar 1

11 1
‘|7 9;1:

o _1] : (B.2)

for Vi = a3 + (1 > 0.
e Unity interval D! = [0,1]

Q=

11 o, 11
S T
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e Interval symmetrical around zero D! = [—aq, 1]

11 -1 1 |o1—1 B4
—ay aq |’ L oag | 1|7 (B.4)

B.2 Formulas for n = 2

B.2.1 Vertices of the Rectangle
D? = [—ou, B1] X [—a, B2],

Y1 = (—011, —042), Yo = (ﬂh —062)7 Y3 = (_ahﬁQ)a Y4 = (ﬂhﬁQ)'

B.2.2 Generator

g2 (Z1722) = [1,21,2272122]T. (B5)

B.2.3 Fundamental Matrixz and Its Inverse

e General case

1 1 1 1 B1fB2 —B2 =B 1

Q, — —a /. —a1 B g1 1 a1y B2 —ar —1
—ay  —Q B2 P2|’ 2 Vo | a2 —az fB1 =1 |’

arag —anf —a1 B 152 ajae az a1
(B6)

where Vo = (a1 + 1) (a2 + 32) > 0.
e Unity square D? = [0, 1]?

1 1 1 1 1-1-1 1
0101 . 0 1 0-1
=101 1" 7|00 11 (B.7)
00 01 0 0 0 1
e Rectangle symmetrical around zero D? = [—ay, a1] X [—aa, az)
1 1 1 1 ajag —az —ap 1
—aq o —ap o 1 oy g —op —1
Q= , Q=
—Q2 Q2 Qg Q2 dojan | arog —ap  ap —1
10y —1 0 —1 g (V10 10y (9 (651 1

(B:3)
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B.3 Formulas for n = 3

B.3.1 Vertices of the Cuboid

D3 = [—ai, B1] X [—aa, B2] X [—as, (5]
Y1 = (—041, —Q2, —043), Yo = (ﬂla —Qg, —043), Y3 = (_alaﬂ27 —043)7
Ya = (61, B2, —a3), Ts = (—a1, —ag, B3), Y6 = (81, —az, B3),

Yr = (—a1;52753)7 Ys = (51;52753)-
B.3.2 Generator

g3 (21, 22, 23) = [1721722,2122,2372123,2223,212223]T~ (B.9)

B.3.3 Fundamental Matrix and Its Inverse

e General case

- 9T
1 —Q] —Qp (10 —3 Q103 Qo3 —(X1003

1 B —az —aef —a3z —fraz  azaz  azfias
1 —a1 B2 —a1fr —az ajaz —azfa  ajazfB
1 B B2 Bif2 —az —frag —azfa —BiazB
1 —a1 —az ajay B3 —a1f3 —aefls  arazfs
1 B —az —aef1 B3 Bif3 —aefls —aef133
1—a1 B2 —a1fla B3 —a1ffs  [2ffs —a1233
1 B B2 Bif2 B3 BifBs B2fs  [15203

Q=

9

(B.10)

B1B2Bs —B2fs —f1fBs Pz =12 B2 B —1
ai1fB203  Be2fs —a1f3 —fB3 —a1fB2 —B2 a1 1
a1 —azf3 (183 —B3 —asf az =01 1
-1 — 1 | caaefs B3 a1z B3 —araz —az —ag —1 (B.11)

5 W | frasfe —asfe —fras az fife —f2 =P 1] ’
ajazfBe  azfe —araz —az  aiffe B2 —ap —1
azfriaz —azaz fraz —az axfB —az 1 —1

10 Qa3 a1 Q3 10y Qg 1

where V3 = (Oq + ,31) (OZQ + ﬁQ) (ag + ﬁ?,) > 0.
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e Unity cube D3 =[0,1°

rl 1 1 1 1 1 1 1n-4 rl—-1-1 1-1 1 1-17
01010101 01 0-1 0-1 0 1
00110011 0 0 1-1 0 0-1 1
00010001 710001000—1
B=100001 111 =|00001-1-1 1}
000 O0O0T1O01 0 000 0 1 0-1
000 O0O0O0T11 0 00 0 0 0 1-1
L0000 00 0 1] 10 0 0 0 0 0 0 T}
(B.12)
e Cuboid symmetrical around zero D3 = [—a1, a1] X [—ag, as] X [—as, as]
(1 —ay —as 100 —a3 Qi3 Qo3 —oqozgozg_ r
1 o1 —as —ayag —ag3 —jg oz ol
1 -1 a9 —ayag —a3 i3 —oioiy iy ioQig
1 a1 as ajas —ag —aiaz —aeas —Qoas
2 = 1 —a1 —as o a3 —ai3 —Qais Qi1 QiaQs ’ (B.13)
1 o1 —as —avyas a3 Qrog3 —ioi3 —Qrp ol
1 —01 oy —ayas a3 —ajag3  oi3 —Qrp ol
1 a1 as ajas a3 oz asay  aiaoas
_Oé10éQOé3 —Qoy —1Q3 Q3 —Q Qg Qo —1]
a0y oy —Q Qg3 —Oi3 —QiQg —Qy 1
aiory —iolg Q1 Qi3 —ig —iQry Qg —ap 1
1 | 1oz agas ooy a3 —aqag —og —agp —1
Q' = . (B.14)
vy | Q1003 —Qoo3 —ap3 3 Qi —oip —ap 1
a1y oy —Q Qi3 —Qi3 iy Qg —p —1
oy —iolg Q1 Qi3 —ig iy —Qg o —1
oy oy Qi3 i3 iy g o 1

where vz = 8aj .

B.4 Formulas for n = 4

B.4.1

Vertices of the Hypercuboid
D* = [_0419 /61] X.eoo X [_a4a/64]

Y1 = (—011, —Qi2, —Q3, —044), Yo = (ﬂla —Qg, —(3, —064)7
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V3 = (—a1, B2, —az, —a4), ¥4 = (b1, B2, —a3, —a4),
Vs = (—au, —ag, B3, —au), v6 = (B1, —az, B, —aa),
Y7 = (—a1, B2, B3, —au), vs = (61, B2, B3, —au),

Yo = (a1, —az, —as, Ba), Y10 = (61, —az, —as, Ba),

B.4.2 Generator

(1, 21, 22, 2122, 23, 2123, 2223, 212223, 24, 2124,

84 (21, 22,23, 74) = 2024, 212274, 2374, 212374, 222374, 1722324)- (B.15)
B.4.3 Fundamental Matrix and Its Inverse
e General case
Q4=[A,B,C,D], (B.16)
where
[ 1 1 1 1]
- B —a B
—Q2 —a2 B2 B2
Qoo —azh —ai B152
—aQsg —Qs —Qs3 —as
a3 —fras ajag —fiag
03 Qs —a3fy  —azfh
—ai0p03 azBiaz arazfe —fraszfa
A= e e e Cad | (B.17)
a10y —Bray Q104 —Bray
6216 7) €516 % —B204 — P20y
—aiay azBray aifaay =1 P20y
[e%:1e %1 [e%:1e %1 Q304 [e%:1e %1
—a30y Brazay  —ajazoay  Prazog
—pa30y  —Q0304 azfBeay  azfaoy
ajagazay —agfBiazay —arazfBeay BrasBray
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1 1 1 1
—ay B —ay B
—ap —ag B2 B2

ajay  —azxfi —a1f B152
B3 B3 B3 B3

—ai13 B1Bs  —a1fBs B133
—af3 —afs B283 B33
aragf3 —aof183 —oy P33 B1P233

B = e e Sl (B.18)
10y —Bray [e5Re % —Bray
a0y azay —faay —facuy
—aanay  afray arfeas —fifray
—oufls —aufls —auf3 —0uy 33
aragfB3 —PragfBs aragff3 —PragBs
azoufls agaufls —BeaufBs  —Paauf3

—aroayfs asfraafs arfoayfs —F1 P03

1 1 1 1
—aq B —oq I3}
—ag - B2 B2
ajag —azf —a1f B152
—as —as —as —as
ajaz  —fhas a1 —phras
aza azaz  —azf —azf32

C— —arogaz  agfiaz arazfBe —frazBe (B.19)
Ba Ba Ba Ba|’ '

-0y B1Bs  —aifa B184
—fs  —ofa B284 B284
araofy —agf1Bys —a1Bafs B1B204

—a3fs  —a3fs —asfs —a3f4
arasfs —frasfs onasBy —frasfs
avasfs  aoasfs —asfafs —asfBafa

—ajaasfs azBiasfs ooz Bafs —Biros B4
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1 1 1 1]
—Qq B —Qq B
) —az B2 B2
ajog —azf —a1 B152
B3 B3 B3 B3
—a1 33 B103 —a13 B103
—af33 —af33 B23 B203
D_ ajaofl3  —aefiffs —aifefs 16283
B Ba B B
—a1 4 81054 —a1f B104
—anf —anf P24 P24
ajafBy —efiBs —a1fefBs 16204
B304 B354 B354 B354
—ai133084 B1B3Bs  —au1fB3fs 1834
—a230s  —a2B30 B2B38s  B2B304
1023384 —a231 8384 —a1 828384 81328304

_ 1
941: W[P’Q]’

where Vy = (a1 + £1) (a2 + B2) (as + B3) (g + B4) > 0 and

[ 816208384 —B208361 —B10304
1320381 P2f381 —a1B304
218301 —aafB3Bs 18304
ajafB384  a2B36s  a1P304
BrazBefs —azfefBs —Brazb
arazfafBs azfB2fs —arasfy
agfazfBy —asazfy Braszfy
ajapazfy azazfy arazfy
B1P20483 —PacafB3 —PraufB3
a1Ba0uf3  Peauf3 —a1auf3
azfraafB3 —aoaufls  BraufBs
ajaoaufls azoufls g3
Brazfeay —azfaay —Prazay

1030 Q2304 10304

B384 —B1P2Bs  B2fa
—B384 —a1B201s —B254
—B381 —aaB1fBs 2By

B384 —aranfBy —azfs

azBs 515201 —B264
—azfs 18201 (264
—azfs  a281fs —azb

asfs aaefs asfy
asfs —fr1facs Pacy
—aufls —a1aay —facy
—ufls —agfiay ey
a4ff3 —raz0y —aooy

azay  Pifaoy —faay

041043ﬂ20£4 a3ﬂ2a4 —Q1 3y — 30y a1ﬂ2a4 ﬂ2a4
azfrazoy —agazay  Brazay —azay aefhiog —aooy

30y 100y 0y

B154
a1/
—B1054
—a1 B4
—154
—a1f
5104
a1
Bray
[e5Re %
—Braa
—Q Qg
—fray
—QQy
Bray
[e5Re %

225

(B.20)

(B.21)

—baT
Ba
Ba

—f
2

—fa

—fa
2

—ay
Qy
Qg

—ay
Qy

—ay

—oy

(B.22)
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[ — 3182084

—a23164

a1 B2

a1

—ﬂ1ﬂ26¥4

—aafBiou

Oélﬂ2044

(a5 DI 7N

B2Bs  B1Bs —Bs —P1P2P3 (203
—010284 —B2B1 184 B1 —a1B2083 —B=203
azfy —B1fs Ba —efi1fBs  afs
—aqaefly —azfs —a1B4 =B —anaefls —azf3

B1P2Bs —P2fs —B1fBs  P1 —SrazBa aszfa
B2Bs —a1Bs —B4 —ara3fa —a3f
af1Bs —aofs Bifs —PBs —azfhias  azas
a2y 1By Ba —aranaz —asas
Boay  Prag —ay  B15283 —B2033
—a1foay —foay a1y oy ar1fB2083  B203
azay —fPrag oy anfifls —aof3
—1e0y —Qo0y —aioy —0y  a1anf3 asfs

B1Peay —Poay —fraq  ay  Prazfz —azfe
oy —aray —ag  crazfBe  azfB
azfiay —azay  frag —aq azfBiaz —asas

oy a10g (67} 10903 Q203

e Unity hypercube D* = [0,1]"

Q4

0101010101010101
0011001100110011
0001000100010001
0000111100001111
0000010100000101
0000001100000011
0000000100000001
0000000011111111
0000000001010101
0000000000110011
0000000000010001
0000000000001111
0000000000000101
0000000000000011

[1111111111111111]7

0000000000000001

B1PBs —03s |
a1l B3
—B1Bs B
—a13 =03
Pras —ag
a1tz Qa3
—baz  as
—aias —og
—B1B3 B
—a103 —f3
B1Bs —Ps
aifs B3
—bias  as
—a103 —ag
Braz —as
a1tz Qa3

(B.23)

(B.24)
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(1-1-1 1-1 1 1-1-1 1 1-1 1-1-1 1
01 0-1 0-1 01 0-1 0 1 0 1 0-1
00 1-1 00-1100-1100 1-1
0o 0o o1 00 0-1 00 0-1 0001
0000 T1-1-11000 0-1 1 1-1
0o 0o o001 0.1 00 0 0 0-1 01
0000O0O0T1-1000000-11
Q_1_000000010000000—1
£ 7100000000 1-1-1 1-1 1 1-1
0o 0o o000 O0OO0OO0OT1O0-1 0-1 01
00 00O0O0DO0O0O0UO01-10 0-11
0o 0 00 00 O0OO0OO0OOUOT1TO0O0O0-1
00000O0O0O0OO0O0O0 1-1-11
0o 0 00 00 0 O0OOOOTO0OO0OT1 0-1
000 0O0O0DO0O0O0DO0O0O0O00 1-1
|0 6 00000 0O0O0O0OOCO0OO0O0 1
(B.25)
e Hypercube symmetrical around zero D* = [—aq, o] X ... X [—au, 4]
O, =[A,B,C,D], (B.26)
where
[ 1 1 1 1]
—Q aq —Q aq
—Qg — Q2 (69 (65)
109 — Q109 — Q109 a0
—Q3 —Q3 —Q3 —a3
o103 —Q103 103 —Q103
[6510%] Qo3 — Q203 —Q203
— Q10203 10903 10203 — Q103
A= 7 (B.27)
—Qy —Qy —Qy —Qy
10y — Q104 10y — Q104
Q204 0y — Q204 — Q204
— 1oy 10y A1y —OQ1 20y
Q304 304 304 Q304
— Q130 130y — Q130 130y
— Qo230 — Qo230 Qo3 0y Q2030
Q10203004 — (19304 — (1 Q30 (X1 (X304
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1 1 1 1

—aq aq —aq aq

—Qn —Qig () (%)

a1 —Q —Q a2 Q12

a3 3 a3 ag

—a a3 a1a3 —a a3 103

—Qag —Qi2(rg (€518 %] (€518 %]

Q123 —QQiay —Q1Qa3 [€5Ye5:1e%:]
B= 7 (B.28)

—Qy —0y —Qy —Qy

104 — Q10 104 — 10y

Q204 20y — Q204 — Q2014

— Q10 (a5 I8 7] 100y — Q10

—Q304 — Q304 —Q304 —Q304

10304 —O1 304 1304 — Q10304

Q2030 Qoigg —Oia(i30ly — Q2304

—Q03g 13y 123 vy — 123y

1 1 1 1

—Q] [e%1 —Q aq

—Q2 —Q2 (65) (65)

a1 — Q19 — Q109 19

—Q3 —Q3 —Q3 —Q3

Q103 — Q103 Q103 —Q103

Qo3 [6510%] —Q203 —Q203

— Q1003 10903 10903 — Q1003
C= : (B.29)

oy Yy Oy %

— Q104 10y — Q104 104

— Q2014 — Q204 o0y o0y

100y —1 kg — 10y 1004

—Q304 — Q304 —Q304 —Q304

1030y —O1 304 1304 — Q130

Q2030 Qoizgg —Oia0i30y — Q20304

— 1003004 (X130 (X1 230y — (X1 N2 (X304
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1 1 1 1

—Qq [e%1 —Q aq

—Qg —Qn Q2 (&%)

109 — Q19 — Q19 a1

e% a3 a3 e%

—Q103 103 — Q103 Q103

—Q203 — Q203 [05)]0%:] (65 )0 %]

10903 — Q10203 — Q10203 1003
D= . (B.30)

Qy Oy Qy Qg

— Q104 10y — Q104 104

— 20y — 0y [e Y6 7N (g

1 a0g — 1oy — 1oy 100

Q30 Q30 Q30 304

— Q10304 1304 — Q10300 1304

— Q20304 — Q20304 Qo304 Q2304

_OZ1OZQOZ3C¥4 — 10030y — (X1 (i (X304 a1a2a3a4_

) 1

2, [P, Q] (B.31)

160410420430[4

where

Q1Qo0i30ly —O0i30l4 —Qi i3ty 30y —QpQip0ly Q0 Qg
Q1Qo0i30ly Q0304 —Oi i3ty — O30y —QQip0ly —Q20yy 1y

10030y — 230y 1 (Xg30ly — O3y — 1ty Qigig — 010y
10030y Qaizrg Qi1 Xgly i3y — 1Oty —Qigiy — 01Oy
10203004 — O30y — (X1 (X304 304 100y —Ola(ly — 10y
102304 Qo304 —i1 i3y — Q30 100 oy —X1 (g
Q1pa3try —Qa3ry 3y —Qi3yy 1Oy —Qplry 110y
10030y Qlaizrg Qi1 Xgly Qigyg Q1 Oi0ly Qigly 10y
10203004 — O304 — (X1 (X304 Q304 —O1 04 [e Y6 7) 10g
102304 Qo0i30ly — X130y — O30y — 1 iply — Qi 0ly 10g
Q1a3ry —Qa3ry 3y —Q3yy —Q1Qily plvqy — @10y
a3ty Qa3ry 3y 30y —Q1Q20y —Qply —Q1 0y
10203004 — O30y — (X1 (X304 304 100y —Ola(ly — 10y
Qppa3try  Qa030g —@130y —Q30y 10y ey —Q10y

QG203 —Q2030yy O30y —Q30g Oty —Q0y 10y

102304 Qo304 1304 304 100 [6 Y6 7N 10g
(B.32)
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_—OZ4 —Q10pxg (o3 103 —Q3 109 —Qlg —Q] ].-
Qg — 1093 — Qo (X3 103 Qa3 19 g —O1 —1
gy —1 003 Q20i3 —(1 (3 Qa3 a1y —Q9 a1 —1
—0y — 10l —Qigxg — 13 — Q3 10y Qg (1 1
gy —1igis (pQdg 13 —(g —Q\1vg Qg (1 -1
—0y4 — 10903 — QX3 103 a3 —(10ig —Q9 a1 1
—04 —1 003 Q203 —(1 (3 a3 —(10g g —O1 1
g —1 i3 —Oipxg — X1l —(g —(\1vg — Qg — Q1 -1
Q - —Qy 10903 —o(X3 —(X1Q3 a3 —(10g (6%} a1 -1 (B33)
(7] 10003 Q203 —(1 (k3 —Q3 —1g — Q2 a1 1
g 1Oz —Qp(dg 103 —(g —\1vg Qg —Q 1
—Qy 10z (a3 a1y (g —(\1ig —Qlg —Q -1
(7] Q10903 —o(X3 — (13 (0% 1y —g —Q1 1
— QY 10003 Q203 —(1(x3 —Q3 a1 g —O1 —1
—Qy Q1003 —Qp(d3 103 —Q3 10y —Qlg (1 -1

g Q1O (g a1y Q3 10y Qg (7 1

For n > 5 it is preferred to generate formulas recurrently using symbolic
computations on a computer.



Appendix C

Proofs of Theorems, Remarks and
Algorithms

C.1 Proof of Remark

Proof. First we prove ([3.2)).

(1)

From ([2:43), (A5) and (A3]) we have

Qe f = ! ! ® Qy, ' :
* —0pr1 Brtt —pt1 Brt1

T
® Qk)

1 1 o 1 11" o
T\ | kg1 Brtr © Lk —Qg41 Pyt © 8k
2 Br+1 — kg1
= Q.07 C.1
[ﬁkﬂ — g1 0y + B @ St (1)

for £ = 0,1,2,...,n — 1. This ends the proof of the first part of
Remark [3:21

Now we prove the orthogonality condition: By = ay for k = 1,...,n.
According to the equation (C) we see that [];_, (8x — ax) is the el-
ement in the first row and the last column of the matrix Qk+1Q{+1,
(k=0,1,2,...,n — 1). By using recurrence we conclude that the neces-
sary condition under which the rows of the matrix 2 = €2,, are orthogonal
is

(Bi — ;) =0

k
=1

?

for k =1,2,...,n, where n is the number of system inputs.
Now we prove the sufficient condition. In this case Sx = a; holds for
k=1,...,n. According to (CII)
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1

0 o ® Q.97 E=0,1,2,...,n—1.
k+1

Q1 =2 [

holds. Using the above recurrency we obtain that 8; = ay is a sufficient
condition for orthogonality of 2. This ends the proof of the second part of
Remark[3.2l 0O

C.2 Proof of Remark

Proof. Let us take the following notation

10 1 0
Al: 0 (651 ®1: 0 a7 ’
. 100 0
B Cloar 0 0
A=y @M= 1000, 0 |7
00 00&10&2
100 0 0 0 0 0
0y 0 0 0 0O 0 0
. 00as; 0 0 0O 0 0
B 100 0aa0 0 0 0
A3_[0 as|®22= 1000 0 as 0 0 o0 |
000 0 0oajas 0 0
000 0 0 0 asas 0
_00 0 0 0 0 0 alagag_

and so forth. This means that the recurrence (34 holds. By induction we
obtain
0,07 =21A2,

2,07 = 22A2,

Q.07 =28A2  for  k=1,...,n.

Thus, we can neglect the subscripts, i.e. 2, = @ and A, = A and simply
write
QQ7 =2"A%,

Taking into account popular features of matrix calculus such, as (AB)T =

BTAT, (AB)_1 =B 'A! and cA = Ac for A,B € R™*™ and ¢ € R,
after simple transformations we obtain
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T

A" (A7) =2"L

Taking into account symmetry of A we obtain
n n T
(272a7'@) (27247'2) -1
This means that
n —1 n T
(2* > A—ln) - (2*2 A—ln) ,
or equivalently
Q'A22 =QTA 1272,

and finally
Q1=27QTA2.

This ends the proof of RemarkB3l 0O

C.3 Proof of Corollary

Proof. First we prove (B.I70). Let us define the generator by

n T
g= |1, z1, 22, ..., Zn—1, Zn, Z1%2, 2123, ... , sz ,
i=1

and the corresponding fundamental matrix by @ = [g () ... g (¥2n)]. The
linear mapping f in (G.175) is a special case of the function f given by (Z28),
where the vector 0 is of the form: @ = [0,71,72,...,74,0,..., O]T. After filling
the matrix Q for the above generator with the vectors v, € I'"™, from (Z30)
we obtain

l_al_an**
q= . 0,
1 681 ... Bn *--- %
where 8 = [0,7r1,72,...,72,0,... 7O]T and the symbols “+” are nonzero ele-
ments depending on «; and 3;. Thus,

047 0---07 [0
073’0...0 r
a=|. . .. .| |° =1
095 0---0] |
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This ends the proof of (B.I70).
On the other hand, according to ([Z247) we have S = f if and only if the
consequents of the rules are ¢, = f(v,) = rlv, for every v = 1,...,2".

Thus,

Qv = iy, ia,... in) — I‘T’YU )
where v < (i1,...,4,) as in (ZI0). Now, if we take into account (Z23)), the
result in (BI77) is clear. Both (5I77) and (EI70]) for the consequents of the

rules are the necessary and sufficient conditions which guarantee linearity of
the P1-TS system. This ends the proof of Corollary[(.27] O

C.4 Proof of RLS Algorithm from Section

Proof. Without loss of generality we assume a new simplified notation in
which the index j will be neglected, since all computations should be per-
formed for all inputs. For simplicity we will take a notation as shown in
Table [C1]

Table C.1 Simplified notation for the proof of the algorithm from Section

Old notation Number of equation Simplified notation
w (tx) ©11) Wi

dj (tkstet1) ©1D) dy,

€ (tes tit1) ©14) €k

The gradient of ([6.32]) with respect to q must be zero vector

K
VaE; (A) =2 Z \E—Fk (qu —di) Wi = 0. (C.2)
k=1

The vector of the consequents q that satisfies the equation (C2)), we will
denote by qg, since it is computed for the given K data pairs from the
available set ([G.3I]). The normal equations are as follows

K K
Z /\Kﬁkdkwk = Z N~k (wkwf) ‘qK , (03)
k=1 k=1
~ ~ PR ~ -
rg RK

or equivalently
ax = Ry'rk , (C.4)
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where
K-1
re =AY N w4 dew = Arg oy 4 dewi (C.5)
k=1
K-1
R =)\ Z )\Kflfkwkw{ +wWiwi = ARy 1+ WKW . (C.6)
k=1

Now we consider the Sherman-Morrison-Woodbury matrix identity [L61]
1 _
(A+XiBX]) =A'-ATX (B +XIATIX)) ' XFAT, (C)

which holds for matrices A, B, X; and X5, where the first two are non-
singular. From (CA)-(CT) by A = A\Rg_1, X; = X3 = wg, B =1 we
obtain

1
A

1 1

-1
1

R = Ry — Ryl wi (Hw?&AR;élw) Wi Rl

~ rd

~

hx

By assuming Rz' = Pg (the inverse correlation matrix), the last equation
can be written as

1
Px =

/\ (PK—l — hKW£PK_1) 5 (C8)

where
Prx_1wg

hg (C.9)

- A+ W%PK_le ’
and hg is called the Kalman gain vector. From (C4]) and (CH) we have

qx = Prxrgx = A\Pgrx_1 +dxPrwgk . (C].O)
From (C9) we obtain

Prx 1wk = Ahg + hpgwhPr wi .

After multiplying (C8) by wg we get

1
PKWK = \ (PK,1WK — hKW£PK,1WK) .
Thus,

1
Prwg = \ ()\hK + hKW%;PK_le - hKWQPK_le) = hg. (C.ll)
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From (C8) we have AP = Px_1 — hxwkPx_;. Let us multiply this
equation by rx_; and add dgPrwg = dxhgi. We obtain

)\PKI‘Kfl + thK = PK,1I'K,1 - hKW£PK,1I'K71 + thK- (C].2)

Taking into account (CI0), (CI2) and (CIIl), we obtain the consequents

vector

ax = \Pxrx_1 +dxPrwr =P _ir 1 —hgwkPr rx_1 +dxhg.
(C.13)
According to ([C4) the equation Px_irx_1 = qx—1 holds. Finally, from

([CI3) we get

K = 4qK-1 — hKW}}QKq +drxhg . (C.14)

In the RLS algorithm we take k instead of K because of the data inflow.
Taking into account the notation from Table we conclude that:

e the vector (CH) is the same as the Kalman gain vector in (6.34)),
e the equation (C.I4) is equivalent to two equations: (6.33]) and (G.35).

This completes the proof of RLS algorithm from Section 6.4l a
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