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Abstract. The problem of effective hardware implementation of parametric op-
erations of fuzzy systems is studied in this paper. The methods of generation of 
parametric classes of fuzzy conjunctions and disjunctions by means of intro-
duced generators and basic operations are considered. Several types of genera-
tors of parametric fuzzy operations simple for hardware implementation are 
proposed. Examples of hardware implementation of proposed parametric opera-
tions are presented. 
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1   Introduction 

Hardware implementation of fuzzy systems plays an important role in many industrial 
applications of fuzzy logic based intelligent systems in control systems, signal proc-
essing, pattern recognition, expert systems, decision making  etc [1-3]. To provide a 
flexibility of fuzzy systems in modeling real processes it is important to implement 
families of parametric fuzzy logic operations that can be tuned to obtain better simula-
tion results of fuzzy system [4-6]. On-board and real-time applications of fuzzy sys-
tems require faster processing speed of fuzzy hardware. To achieve these goals it is 
desirable to propose fuzzy parametric operations that can be effectively implemented 
in hardware. In [7], a new method of generation of parametric family of fuzzy con-
junctions that have simple hardware implementation was proposed and FPGA digital 
implementation of new parametric conjunctions using Xilinx tools was considered.  

In this paper we propose a new approach to generation of parametric families of 
fuzzy conjunctions simple for hardware implementation. This approach is based on 
the use of simple parametric generators together with min-max, Lukasiewicz and 
drastic t-norms and t-conorms [8-9] that have effective digital implementation. Sev-
eral simple parametric classes of generators are proposed and examples of parametric 
conjunctions generated by means of these generators and basic t-norms and t-norms 
are considered. The proposed approach is based on the results of papers [4-6] where 
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the methods of generation of parametric classes of fuzzy operations simple for tuning 
in fuzzy systems were introduced. But most of parametric operations proposed in [4-
6] use product operations or exponential functions that do not admit efficient hard-
ware implementation. In this paper we introduce new parametric families of fuzzy 
operations that have efficient digital hardware implementation.  

The paper has the following structure. Section 2 gives the basic definitions of fuzzy 
conjunction and disjunction operations and considers the methods of generation of 
these operations. In Section 3 a digital representation of fuzzy operations is consid-
ered and several simple parametric families of generators of fuzzy conjunctions are 
proposed. The methods of a hardware implementation of proposed parametric opera-
tions are considered in Section 4. In Conclusions we discuss obtained results and 
future directions of research. 

2   Basic Definitions 

In binary logic, the set of true values contains only two elements L = {0,1}, the nega-
tion ¬, conjunction ∧  and disjunction ∨  operations are defined as follows:  

¬0 = 1,           ¬1 = 0, (1) 

0∧0 = 0, 1∧0 = 0, 0∧1 = 0,      1∧1 = 1, (2) 

0∨0 =  0,     1∨0 = 1, 0∨1 = 1, 1∨1 = 1. (3) 

In fuzzy logic, the set of true values (called membership values) usually contains 
continuum number of elements L= [0,1] and negation, conjunction and disjunction 
operations are defined as functions N:L → L, T:L×L → L and S:L×L → L. Generali-
zation of properties of this operations (1)-(3) on the set L= [0,1] can be done by dif-
ferent ways [10-12, 6, 5, 8,13].  

Fuzzy involutive negation is defined by the following axioms:  

N(0)= 1,          N(1) = 0, (4) 

N(x) ≥ N(y),       if  x  ≤   y,                (antimonotonicity) (5) 

N(N(x)) =x.             (6) 

Generally fuzzy negation is defined by (4)-(5). Most popular fuzzy conjunction and 
disjunction functions are called t-norms and t-conorms [8] and defined by commuta-
tivity, associativity and (7)-(9) axioms: 

T(x,1) = x,       T(1,y) = y,                       (boundary conditions) (7) 

S(x,0) = x,       S(0,y) = y,                       (boundary conditions) (8) 

T(x,y) ≤ T(u,v),    S(x,y) ≤ S(u,v),    if  x  ≤  u, y  ≤  v.     (monotonicity) (9) 
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As it was pointed out in [4-6] associativity and commutativity are very useful prop-
erties of these operations in mathematical models of fuzzy logic but in industrial ap-
plications of fuzzy systems these properties do not play important role. For this reason 
fuzzy conjunction and disjunction can be defined only by axioms (7)-(9). Another 
reason for such definition of these operations is that due to associativity parametric t-
norms and t-conorms usually have complicated forms for tuning in fuzzy systems and 
for hardware implementation.  

From (7)-(9) it follows: 

T(x,0) = 0,  T(0,y) = 0,  (10) 

S(x,1) = 1,  S(1,y) = 1, (11) 

and, hence, the properties (2)-(3) are fulfilled in points {0,1} for fuzzy conjunctions 
and disjunctions defined by (7)-(9).  

Consider the following three pairs of simplest t-norms and t-conorms:  

TM(x,y) = min{x,y},   (minimum),          SM(x,y) = max{x,y},   (maximum), (12) 

TL(x,y)= max{x+y –1, 0},    SL(x,y)= min{x+y, 1},          (Lukasiewicz), (13) 
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These three pairs of conjunction and disjunction operations will be considered as 
basic conjunction and disjunction operations. These operations have efficient hard-
ware implementation [7] and they will be used further for generation of new paramet-
ric classes of conjunction and disjunction operations. Note that the product t-norm 
TP(x,y) = x⋅ y, and the probabilistic sum SP(x,y) = x + y - x⋅y have less effective digital 
hardware implementation than basic operations (12)-(15) due to presence of product 
operation in their definition [7].  

Pairs of t-norms and t-conorms considered above can be obtained one from another 
by means of negation N(x)= 1 - x  as follows: 

S(x,y) = N(T(N(x),N(y))),                                  T(x,y) = N(S(N(x),N(y))). (16) 

If N is an involution then these relations also can be used for obtaining from a given 
fuzzy conjunction T (or disjunction S) corresponding disjunction S (conjunction T). In 
this case the obtained pair of fuzzy conjunction and disjunction operations together 
with involution N will constitute a De Morgan triple (N,T,S). Further we will consider 
the methods of generation of fuzzy conjunctions. Fuzzy disjunctions can be obtained 
from them by means of (16).  

It can be shown [5] that fuzzy conjunctions and disjunctions satisfy the following 
inequalities: 

TD(x,y) ≤ T(x,y) ≤ TM(x,y) ≤  SM(x,y) ≤ S(x,y) ≤ SD(x,y), (17) 
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so, min, max and drastic operations define the borders for fuzzy conjunctions and 
disjunctions.  

Several methods of generation of simple parametric fuzzy operations suitable for 
tuning in fuzzy systems have been proposed in [4-6]. These methods are based on the 
formula: 

T(x,y)= T2(T1(x,y),S(x,y)), (18) 

where T2 and T1 are conjunctions and S is a pseudo-disjunction. Recall that pseudo-
conjunctions T and pseudo-disjunctions S are defined in [5] as functions satisfying 
(9)-(11), respectively. Suppose h,g1,g2:L→L are non-decreasing functions called gen-
erators. Pseudo-disjunction S can de generated as follows: 

S(x,y)= S1(g1(x),g2(y)), (19) 

S(x,y)= g1(S1(x,y)), (20) 

S(x,y)= S2(S1(x,y),h(y)), (21) 

where g1 and g2 satisfy conditions: g1(1)= g2(1)= 1. As pseudo-disjunctions S in (18) 
one can use basic disjunctions or pseudo-disjunctions obtained from basic disjunc-
tions by recursive application of (18)-(21). Several classes of parametric conjunctions 
simple for tuning in fuzzy systems were proposed in [4-6] but most of them have not 
efficient hardware implementation because they are based on product operation or 
exponential function.  

In the present paper we study the problem of construction of wide class of fuzzy pa-
rametric conjunction and disjunction operations with effective hardware implementa-
tion. We propose several classes of generators simple for hardware implementation. 
These generators together with basic conjunctions and disjunctions can be used to gen-
erate parametric classes of fuzzy conjunctions with effective hardware implementation.  

3   Digital Generators of Fuzzy Operations 

Suppose it is used m bits in digital representation of membership values. Then differ-
ent membership values can be represented by 2m numbers from the set LD= {0,1,2,…, 
2m-1}. Denote the maximal membership value I = 2m-1. This value will represent the 
full membership corresponding to the value 1 in a traditional set of membership  
values L= [0,1]. All definitions and properties of fuzzy operations (1)-(21) from the 
previous section can be transformed into the digital case by replacing the set of mem-
bership values L= [0,1] by LD= {0,1,2,…, 2m-1} and maximal membership value 1 by 
I. Also in definition of drastic product and sum in (14), (15) we need to replace inter-
vals [0,1) and (0,1] by the sets {0,1,2, …  ,2m-2} and {1,2,…, 2m-1}, respectively. For 
graphical representation of digital generators and fuzzy operations we will use below 
m= 4 bits, with the following set of digital membership values LD={0,1,2,…,14,15} 
and maximal membership value I= 15.  
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We need to use in (19)-(21) generators that have effective hardware implementa-
tion. For this reason we propose the simplest generators depending on one parameter 
p. We suppose that parameter p can change from 0 till I. Suppose 0.5(-) and 0.5(+) 

denote digital representations of the membership value 0.5. They are defined as fol-
lows: 0.5(-) =   2m-1-1, 0.5(+) = 2m-1. For example, for m= 4 bits we have I = 2m-1= 15, 
0.5(-) = 7 and 0.5(+) = 8. We  propose the following simplest generators that have 
efficient hardware implementation: 
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Fig.1. shows these generators in digital representation with 4 bits for parameter 
value p = 3 corresponding to value 0.2 in interval [0,1] of true values.  

Fig.2 contains an example of parametric fuzzy conjunction obtained by (18) and 
(19) by means of basic fuzzy conjunctions and disjunction operations: T1= minimum, 
T2= Lukasiewicz conjunction, S1= maximum, and with generators: g1= p-diag, g2= 0I-
step. The value of the parameters p in generator p-diag is equal to 0.2 in [0,1] scale of 
true values. For digital representation with 4 bits and I = 15 it corresponds to value  
p= 3. Parameter p in generator g2= 0I-step equals to 0.7 in [0,1] scale or 11 in 4 bits 
representation. 

Fig. 3 contains an example of parametric fuzzy conjunction obtained by (18)  
and (20) by means of generator 0I-diag and basic fuzzy conjunctions and disjunction  
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Fig. 1. Generators with parameter p= 3 in digital representation with 4 bits 
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Fig. 2. Example of parametric fuzzy conjunction obtained by (18) and (19). On the left it is 
shown a shape of conjunction function with digital representation with 4 bits and on the right it 
is presented the same shape as a mesh figure. 

operations: T1= Lukasiewicz conjunction, T2= drastic conjunction, S= maximum. The 
value of the parameter p in generator 0I-diag is equal to 0.2 in [0,1] scale of true val-
ues or 3 in 4 bits representation.  

Fig. 4 contains an example of parametric fuzzy conjunction obtained by (18) and 
(21) by means of generator h= bound-dif-sum and basic fuzzy conjunctions and dis-
junction operations: T1= minimum, T2= Lukasiewicz conjunction, S1= maximum, S2= 
drastic disjunction. The shape of obtained fuzzy conjunction corresponds to the value 
of the parameter p in generator bound-dif-sum equal to 0.4 in [0,1] scale of true val-
ues and 6 in digital representation with 4 bits. 
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Fig. 3. Example of parametric fuzzy conjunction obtained by (18) and (20) 
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Fig. 4. Example of parametric fuzzy conjunction obtained by (18) and (21) 

4   Digital Hardware Implementation of Parametric Fuzzy 
Operations 

In this section we introduce basic functions that can be used for generation and hard-
ware implementation of generators and basic fuzzy conjunctions and disjunctions 
considered in previous sections. To apply (18)-(21) we need to use functions that have  
 

 
Fig. 5. Hardware implementation of maximum operation 



 Generators of Fuzzy Operations for Hardware Implementation of Fuzzy Systems 717 

 
Fig. 6. Hardware implementation of minimum operation 

 
Fig. 7. Hardware implementation of bounded sum operation 

 

Fig. 8. Hardware implementation of bounded difference operation 

effective digital hardware implementation. These functions we can obtain as a super-
position of the following basic functions which have effective digital hardware  
implementation: constant, identity, minimum, maximum, bounded sum: F(x,y)= 
min(I,x+y),   and bounded difference: F(x,y)= max(0,x-y).  Also comparison opera-
tions can be used as basic functions in superposition of considered above functions. It 
is clear that the basic conjunctions and disjunctions (12)-(15) and introduced genera-
tors (22)-(27) can be considered as compositions of these basic functions. The circuits 
corresponding to basic functions are realized using Xilinx tools for FPGA design. 
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Basic logical gates, comparator, adder and subtractor [14-16] are used to construct the 
circuits. The circuit of 8-bits digital hardware implementation of the main basic func-
tions are shown in Fig. 5-8. These circuits can be used as bricks in construction of 
generators and fuzzy conjunction and disjunction operations considered in this paper. 

5   Conclusions 

The main contribution of the paper is the following. The problem of effective digital 
hardware implementation of fuzzy systems with parametric conjunction and disjunc-
tion operations is formulated and its solution is outlined. Most of known parametric 
fuzzy conjunction and disjunction operations have not effective hardware implemen-
tation because they use product, division, exponentiation or other operations that have 
not effective hardware implementation. For example, minimum and maximum are 
simple comparisons between two values, which on digital circuitry is easy to imple-
ment, but a product is much more complex because of the following reasons [15,16]: 

1. It requires at least n-1 iterations on a sequential multiplier with n bits. 
2. For the case of a combinatorial array circuit n-1 levels of adders are required for 

each pair of n bits used for input length. 
3. Shifting operation can be realized minimizing time and resources but only for 

multiplying a number by a power of two.  

A proposed new approach is based on the use of simple generators that can be 
composed with simple fuzzy conjunction and disjunction operations. Several classes 
of such parametric generators are proposed and examples of parametric fuzzy con-
junctions obtained by means of these generators are presented. Further, the basic 
functions that can be used in construction of generators and basic conjunction and 
disjunction functions are considered. The circuits defining digital hardware imple-
mentation of these functions are presented. These circuits can be used as bricks in 
hardware implementation of generators and fuzzy conjunctions and disjunctions. The 
obtained results can be extended in several directions. First, the proposed approach 
can be extended on generation of parametric t-norms and t-conorms that have effi-
cient digital hardware implementation. Second, obtained results can be used in digital 
hardware implementation of inference and aggregation operations in fuzzy systems 
with parametric conjunctions and disjunctions. Hardware implementation of such 
systems will extend possibilities of design of flexible on-board and real-time fuzzy 
systems that can be used as components of applied intelligent systems in control, 
pattern recognition and decision making.  
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