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Abstract. A systematic study to the passive gaits of the passive dynamic walker 
with knees is presented in the paper. The motion models are derived firstly and 
normalized for numerical simulation. A time based limit cycle is employed to 
represent the hybrid dynamics of periodic passive dynamic walking. The 
evaluation of gait descriptors under variations of parameters of the robot is 
studied based on the Poincaré first return map which captures the periodic dy-
namics of passive gaits. The stability property is analyzed and the effect of 
knees is discussed. The research of the paper is much helpful to the study of 
passive dynamic walkers with complex structures, the theoretical analysis and 
control strategy design. 
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1   Introduction 

Passive dynamic walking is a new research field initiated by T.McGeer in 1990’s [1], 
with the aim to gain high efficiency and natural gaits in biped walking by exploring 
the natural dynamics of two legged-machines. After first passive dynamic walker 
made by T.McGeer, many researchers have performed studies from theoretic studies 
of passive dynamic walking model and development of prototypes of passive biped 
walkers [2], [3], [4], [5]. The simple four-legged two dimensional passive walkers are 
successfully are developed. Among the different passive dynamic models, the com-
pass gait model is the most commonly used model and A.Goswami presented a sys-
tematic study about this model [6], [7]. But the compass-like biped model has the 
problem of ‘foot-scuffing’, which can be avoided by some special design. But the 
introducing of knees can give the walker a more anthropomorphic look and it turns 
out, avoiding the foot scuffing problem [8], [9]. 

Passive walkers have been implemented with great success some groups [10]. But 
compared with the successful experiments, the researches of theoretical models are a 
little lagged, because of the complexity of passive dynamic models. Vanessa F. Hsu 
Chen [11] built a kneed passive gait model without torso and developed a correspond-
ing walking machine. The exploring of passive dynamic walking can greatly enhance 
the mechanism design and control method design of efficient biped robot [12], [13]. 

The passive dynamic walkers with knees can also perform stable passive gaits and 
some kneed models with or without a torso are studied. Like the compass gait biped, 
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the kneed model has the similar dynamics. A deep understanding of kneed passive 
walker will be a valuable aid for the construction of passive biped mechanism. In this 
paper, the kneed passive model is deeply studied to gain some insight to kneed pas-
sive walking. The motion model is derived using the Lagrange formula and numeri-
cally simulated by a Matlab program. In order to explore the kernel properties of the 
passive dynamic walking, the kneed model is scaled, of which the result is that the 
walking dynamics is independent of the specific leg lengths and masses. The energy 
balance and specific curve of kinetic and potential energy are analyzed. The evalua-
tion of gait descriptors under slope angle variation is studied, as wall as when the 
other structure parameters vary.  

2   The Passive Dynamic Walking Model with Knees 

2.1   Model of Passive Gait on a Slope 

The diagram of the kneed passive dynamic walkers and the physical parameters are 
shown in Fig.1. All the masses of the different parts are assumed to be point masses, 
mt for the thigh and ms for the shank. A point mass mH at hip are used to represent the 
upper body. Two legs of the robot are the same, with the same length L and the same 
mass distribution L = lt + ls , where lt  is the length of the upper leg and ls  is that of the 
lower leg. ls = a1 + b1 , where a1 is the distance from the center of mass of shank to the 
end point of the leg. lt = a2 + b2 , where a2 is the distance from the center of mass of 
thigh to the knee point. In this paper, the model assumption used is the similar to that 
in [11]. The motion model is re-derived and some mistakes in [11] are corrected. 

The stable gait of the kneed passive gait is a combination of the continuous dynam-
ics in swing stages and the discrete transition in the collision stages. However, there 
are four different stages, as is shown in the Fig. 2 including two continuous swing 
stages and two collision stages, different from that of the compass gait. 

In stage 1 (Fig. 2.a), the system is governed by its unlocked knee dynamics. In 
stage 2 (Fig. 2.b), the swing legs comes to the straight out position and knee-strike 
occurs. The knee-strike is assumed to be an instantaneous 

2 2 2 2 2 2( ) ( )x f x g x u= +  and 

the angular momentum is preserved for the entire system about the stance foot and for 
the swing leg about the hip. In stage 3 (Fig. 2.c), the robot is constrained to be a dou-
ble-link pendulum, and the dynamics is similar to that of the compass-like biped ro-
bot. In stage 4 (Fig. 2.d), the swing leg collides with the ground and two legs swamp 
their roles. The heel-strike is also modeled as an instantaneous collision too, and the 
angular momentum is conserved for the entire system about the colliding foot and for 
the stance leg before impact about the hip. 

The model of the kneed walker walking on an inclined plane is a hybrid dynamic 
system, which can be described by the hybrid automation shown in Fig. 3 [14], [15]. 
There are two locations and two transitions, 

1 1 1 1 1( ) ( )x f x g x u= + , 2 2 2 2 2 2( ) ( )x f x g x u= + . (1) 

The first model is the three-link pendulum dynamics in the unlocked-knee swing 
phase and the second one is the governing equation of the locked-knees swing phase. 
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For the two swing stages, the governing equations can be derived by the Lagrange 
formula, 

( ) ( , ) ( ) ( )M C g B uθ θ θ θ θ θ θ+ + = , (2) 

where [ ]
1 2 3

Tθ θ θ θ=     , with 
1θ ,

2θ , 3θ being the angles of stance leg, the thigh and 

the shank of the swing leg with the vertical (counterclockwise positive). 
The states transitions in two collision stages can be modeled as algebraic equa-

tions, which can be constructed by the angular momentum conservation laws. 

2 1 1
( )x x+ −= Δ  and

1 2 2
( )x x+ −= Δ are the transition equations of knee-strike and heel-

strike respectively. 
1 1
( ) 0xϕ = and

2 2
( ) 0xϕ =  are the super-plane of knee-strike and 

heel-strike respectively, acting as the guards of collision events and states transition. 

 

Fig. 1. The kneed passive dynamic walker 

 
(a) Stage 1 (b) Stage 2 (c) Stage 3 (d) Stage 4 

Fig. 2. A period of the stable passive gait 

1 1 1 1 1 1( ) ( )x f x g x u= + 2 2 2 2 2 2( ) ( )x f x g x u= +

1 1( ) 0xϕ =

2 2( ) 0xϕ =

2 1 1( )x x+ −= Δ

1 2 2( )x x+ −= Δ  

Fig. 3. Dimension-variant hybrid automation of the stable passive gait 
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2.2   Simulation of the Kneed Passive Dynamic Walker 

In the dynamic model of the kneed biped robot, there are eight or more physical pa-
rameters making it hard to find the internal principle of kneed passive dynamic walk-
ing and the relations between the parameter and gait property. In our research, the 
kneed model is normalized. As a result, the dynamics of the passive gait is independ-
ent of the specific mass and length parameters of the model, such as L, lt , ls , mH, mt, 
ms, a1, b1, a2, b2. The scaling of the model is done by dividing two sides of the motion 
model by mH and L. The main parameters appearing in the motion model become, 
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μ = , H
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By setting L=1 and mH=1, the model is normalized and main parameters are calcu-
lated as 

s sH Hm mμ= ,   t tH Hm mμ= ,   s sl Lβ= ,   (1 )t sl Lβ= − ,    1 slsa Lβ β=  

1 (1 )ls sb Lβ β= − ,   2 (1 )lt sa Lβ β= − ,   2 (1 )(1 )lt sb Lβ β= − − . 
(4) 

The dynamics of a stable passive gait can be represented by a limit cycle on the 
phase plane. A limit cycle is a figure of one state and it’s time derivative, but limit 
cycle is a phase plot independent of time. That is to say, the time evaluation of the 
trajectory is disabled. In order to present the time measurement of the trajectory, the 
time based limit cycle is used. The so called time based limit cycle is constructed by 
appointing areas with different width to different parts of the limit cycle, shown as the 
grey area along limit cycle in Fig. 4. The different parts of the grey area represent the 
time consumed by the corresponding section of phase trajectory with unit length. 
Wider the area is, more time the phase trajectory of unit length consumes.  

The time based limit cycle is only a relative qualitative description of the time 
evaluation of the trajectory. From the figure, it can be seen that the states with most 
large velocity sustain longer time, just opposite to the intuitive understanding of the 
passive gaits. 

There is no external torque applied on the biped during swing stages except gravity 
force, so the mechanical energy is conserved, shown as the level lines in Fig. 6. The 
down-jumps correspond to the two discrete events of knee-strike and heel-strike, 
where the smaller down-jump is the energy loss for the knee-strike and the larger 
down-jump is the energy loss for the heel-strike. Fig. 7 and Fig. 8 show the evalua-
tions of kinetic energy and potential energy respectively. The changing trends of the 
two trajectories are opposite to each other, proving the conservation of mechanical 
energy during the continuous motion stages.  

Large amount of knowledge can be gained from a kinetic energy vs. potential en-
ergy plot as shown in Fig. 5. The energy trajectory of a full gait cycle starts from 
point A and follows the trajectory ABCDEF. As a result of the mechanical energy 
conversation in the two swing stage, the energy trajectories of swing stages are 
straight lines making a 135° angle with the kinetic energy axis, where ABC is the 
energy trajectory for the knee-unlocked three-link swing stage and DE for the knee-
locked double-link swing stage. Point C is the point where knee-strike occurs, where 
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the kinetic energy loss is shown by the horizontal line segment CD in the diagram. At 
point E, the swing leg collides with the ground and the kinetic energy loss is repre-
sented by the level line EF. Total loss of potential energy is given by the line segment 
AF. For a stable passive limit cycle, the total loss of potential energy is exactly the 
total loss of kinetic energy, then it is clear that AF=CD+EF. 

  

Fig. 4. The time based limit cycle Fig. 5. Kinetic vs. potential energy plot 

 
 

 

Fig. 6. Mechanical energy Fig. 7. Kinetic energy Fig. 8. Potential energy 

Table 1. Physical parameters used in the simulation experiments 

Parameters φ  sHμ  
tHμ  

sβ  lsβ  ltβ  
value 3  0.05 1 0.5 0.75 0.5 

But it should be noted that for the robot with some specific physical parameters, 
point B will approach point C or become one single point, meaning that the knee-
strike occurs before the swing thigh move forward to the largest angle. The physical 
parameters used in the simulation are listed in table 1. 

3   Numerical Experiments of Nonlinear Kneed-Biped Model 

A small change in parameter will result in small changes in the robot's gait and the 
gait descriptors. In this section, the characteristics of the steady limit cycles under  
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parameter variations are studied. The plots show the evaluation of gait descriptors as a 
function of physical parameters when the robot parameters vary. A gait descriptor is 
an observed value that can’t be directly changed, but can be indirectly influenced by 
the physical parameters.  

The gait descriptors studied includes the angular velocity of stance leg at the beginning 
of a step

 

0
1θ 
, stride time or the gait periodT , time of knee-strike

kT in a period (scaled 

byT ), the half inter-leg angle 
kα  at knee-strike and 

hα at heel-strike, the mechanical 

energy E , and the ratio of energy loss
kEΔ  at knee-strike and 

hEΔ at heel-strike (both 

scaled by E ) and the average progress speed v . The scaled model is used in simula-
tion experiments, since that the dynamics is independent of the specific values of 
physical parameters. The scaled parameters used are the mass ratio of the upper leg to 
the lower leg, the mass ratio of the leg to the hip and the length ratio of the upper leg 
to the lower leg, which are defined as 
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(5) 

where tsμ  is the mass ratio of the upper leg to the lower leg, 
Hstμ −  is the mass ratio of 

the leg to the lower leg and tsβ  is the length ratio of thigh and shank. Then, other 

main parameters are calculated as, (while it is assumed mH=mt+ms) 
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(6) 

3.1   Influence of the Slope Angle 

The Evaluation of gait descriptors under variation of slope angles are shown in Fig. 9 
and the different limit cycles are shown in Fig. 10. In simulation, it is found that the 
kneed biped model can present gaits for different scale of slope angle, approximately 
from 2.07。 to 7.7。 , contrast to that of the compass-like biped, which is approximately 
from 0.2。 to 5.19。 . The angle region of passive gait for the two biped robots is of the 
same size. As the slope angle become longer, period-doubling bifurcation occurs in 
the gaits of the kneed biped and can be studied by means of the Poincaré first return 
map. As a consequence of the period-doubling bifurcation, the symmetric limit cycle 
becomes asymmetric 2-periodic gait with a shorter and longer step. On further in-
creasing the slope angle, the robot gait may experience further period-doubling, giv-
ing rise to 4-period and 8-period limit cycle. The sequence of period-doubling is 
called a period doubling cascade which leads to chaotic gaits finally. 

It is confirmed that the introducing of knees to the passive biped model has a great 
effect to the dynamics of the robot. One of the most different characteristics is the gait 
period T, which is smaller than that of the compass-like biped. This can be interpreted 
as that the free rotation of the lower leg increases the equivalent inertia of the swing 
leg. The passive gait for the kneed-biped has a bigger half inter-leg angle α and more 
larger mechanical energy. 
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(a) initial angular velocity of 

stance leg 
(b) Step period (c) knee-strike time 

(scaled by step period) 

   
(d) Hip angle at knee-strike (e) Mechanical energy (f) Average speed 

Fig. 9. Evaluation of gait descriptors under variation of slope angles; (Energy loss at knee-
strike and heel-strike are scaled by the mechanical energy of three-link dynamics) 

  

Fig. 10. Limit cycles under slopes with 
different angles 

Fig. 11. Limit cycles under different physical 
parameter ts

μ  

3.2   Influence of the Mass Distribution 

The mass distribution can change the passive gait of the kneed biped. The mass ratio 
of the leg to the hip

Hstμ − and the upper leg to the lower leg tsμ are selected. Fig. 11 

shows the different limit cycles when tsμ increases from 0.27 to 50 and the time 

evaluations of the gait descriptors are shown in Fig. 12. For different tsμ , the time of 

knee-strike is effected significantly. When tsμ very small, knee-strike occurs shortly 

after the step period begins. 
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When tsμ very small, knee-strike occurs until shortly before the step period begins. 

So, the limit cycles can be seen much different from each other. And the gait descrip-
tors tend to a single value as the tsμ becoming larger. 

Fig. 13 shows the time evaluations of the gait descriptors when (mt+ms)/ mH in-
creases from 0.0001 to 100 and the different limit cycles are shown in Fig. 14. The  
 

 

  
(a) Step period and scaled 

knee-strike time 
(b) Hip angle at knee-
strike and heel-strike 

(c) Average speed 

Fig. 12. Evaluation of gait descriptors under variation of physical parameter tsμ  

  
(a) Step period and scaled 

knee-strike time 
(b) Hip angle at knee-strike 

and heel-strike 
(c) Average speed 

Fig. 13. Evaluation of gait descriptors under variation of parameter 
Hstμ −  

 

  

Fig. 14. Limit cycles under different physical 
parameter 

Hstμ −  
Fig. 15. Limit cycles under different physical 
parameter tsβ  
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value of (mt+ms)/ mH can effect the time of knee-strike, but less significantly. How-
ever, the limit cycles under different (mt+ms)/ mH change a lot, too. 

3.3   Influence of the Length Distribution 

Fig. 15 shows the different limit cycles when the length ratio of the upper leg to the 
lower leg lt /ls increases from 0.27 to 50 and the evaluation of the gait descriptors is 
shown in Fig. 16. For different tsβ , much different limit cycles can be obtained. When 

the value of is too small or too large, knee-strike can’t be explicitly found.  
The changes of gait descriptors in above figures are summarized as Table 2. It 

should be noted that in the simulation work, the ‘foot-scuffing’ is neglected. And no 
bifurcation and chaotic gait is found when the physical parameters vary in a large 
region. 

 

   
(a) Step period and 

scaled knee-strike time 
(b) Hip angle at knee-

strike and heel-strike 
(c) Average speed 

Fig. 16. Evaluation of gait descriptors under variation of physical parameter tsβ  

Table 2.  Evaluation of gait descriptors when the scaled physical parameters vary 

Gait descriptors 
 

0
1θ 
 T  kT  

kα  
hα  E  

kEΔ hEΔ  v  
φ ↗ ↘ ↗ ↘ ↗ ↗ ↗ ↗ ↗ ↗ 

tsμ =mt /ms↗ ↗ ↘ ↗ ↗ ↘ ↗ ↗ ↘ ↗ 
st Hμ − =(mt+ms)/ mH↗ ↗ ↘ ↘ ↗ ↘ ↗ ↗ ↘ ↘ 

ts
β =lt/ls↗ ↗ ↗ ↘ ↘ ↗ ↘ ↘ ↗ ↘ 

4   Conclusions and Future Work 

In this paper, a deep research of passive dynamics of the kneed-biped is presented,  
in order to give more insight to the passive dynamic walking of biped robot with 
knees. The energy evaluation in a step period is analyzed. It is revealed that the free 
rotating knee decreases the actuation of thigh to shank and brings some new dynamic  
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characteristics to the passive gait. The limit cycle under different physical parameters 
are studied by simulation experiments. The work of the paper is helpful to the theo-
retical analysis and control strategy design of passive walker. The gait cycle of pas-
sive gait is a period dynamics and new criterion of stability should be developed and 
new control method based on passive dynamic walking should be studied in future 
work. 
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