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Extended Abstract 

An imprecise probability distribution is an instance of second-order uncer-
tainty, that is, uncertainty about uncertainty, or uncertainty2 for short. 
Another instance is an imprecise possibility distribution. Computation with 
imprecise probabilities is not an academic exercise – it is a bridge to reali-
ty. In the real world, imprecise probabilities are the norm rather than ex-
ception. In large measure, real-world probabilities are perceptions of like-
lihood. Perceptions are intrinsically imprecise, reflecting the bounded 
ability of human sensory organs, and ultimately the brain, to resolve detail 
and store information. Imprecision of perceptions is passed on to perceived 
probabilities. This is why real-world probabilities are, for the most part, 
imprecise. 
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What is important to note is that in applications of probability theory in 
such fields as risk assessment, forecasting, planning, assessment of cau-
sality and fault diagnosis, it is a common practice to ignore imprecision of 
probabilities. The problem with this practice is that it leads to results 
whose validity is in doubt. This underscores the need for approaches in 
which imprecise probabilities are treated as imprecise probabilities rather 
than as precise probabilities. 

Peter Walley’s seminal work “Statistical Reasoning with Imprecise 
Probabilities,” published in l99l, sparked a rapid growth of interest in im-
precise probabilities. Today, we see a substantive literature, conferences, 
workshops and summer schools. An exposition of mainstream approaches 
to imprecise probabilities may be found in the 2002 special issue of the 
Journal of Statistical Planning and Inference (JSPI), edited by Jean-Marc 
Bernard. My paper “A perception-based theory of probabilistic rea-
soning with imprecise probabilities” (Zadeh 2002), is contained in this 
issue but is not a part of the mainstream. A mathematically rigorous treat-
ment of elicitation of imprecise probabilities may be found in “A behav-
ioural model for vague probability assessments,” by Gert de Cooman 
(2005). 

The approach which is outlined in the following is rooted in my l975 
paper “The concept of a linguistic variable and its application to ap-
proximate reasoning” (Zadeh 1975), but in spirit it is close to my 2002 
JSPI paper (Zadeh 2002). The approach is a radical departure from the 
mainstream. Its principal distinguishing features are: (a) imprecise proba-
bilities are dealt with not in isolation, as in the mainstream approaches, but 
in an environment of imprecision of events, relations and constraints; (b) 
imprecise probabilities are assumed to be described in a natural language. 
This assumption is consistent with the fact that a natural language is basi-
cally a system for describing perceptions. 

The capability to compute with information described in a natural lan-
guage opens the door to consideration of problems which are not well-
posed mathematically. Following are very simple examples of such prob-
lems. 

1. X is a real-valued random variable. What is known about X is: (a) 
usually X is much larger than approximately a; and (b) usually X is 
much smaller than approximately b, with a < b. What is the expected 
value of X? 

2. X is a real-valued random variable. What is known is that Prob(X is 
small) is low; Prob(X is medium) is high; and Prob(X is large) is low. 
What is the expected value of X? 
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3. A box contains approximately twenty balls of various sizes. Most are 
small. There are many more small balls than large balls. What is the 
probability that a ball drawn at random is neither large nor small? 

4. I am checking-in for my flight. I ask the ticket agent: What is the 
probability that my flight will be delayed. He tells me: Usually most 
flights leave on time. Rarely most flights are delayed. How should I 
use this information to assess the probability that my flight may be 
delayed? 

To compute with information described in natural language we employ the 
formalism of Computing with Words (CW) (Zadeh l999) or, more general-
ly, NL-Computation (Zadeh 2006). The formalism of Computing with 
Words, in application to computation with information described in a natu-
ral language, involves two basic steps: (a) precisiation of meaning of prop-
ositions expressed in natural language; and (b) computation with preci-
siated propositions. Precisiation of meaning is achieved through the use of 
generalized-constraint-based semantics, or GCS for short. The concept of a 
generalized constraint is the centerpiece of GCS. Importantly, generalized 
constraints, in contrast to standard constraints, have elasticity. What this 
implies is that in GCS everything is or is allowed to be graduated, that is, 
be a matter of degree. Furthermore, in GCS everything is or is allowed to 
be granulated. Granulation involves partitioning of an object into granules, 
with a granule being a clump of elements drawn together by indistin-
guishability, equivalence, similarity, proximity or functionality. 

A generalized constraint is an expression of the form X isr R, where X is 
the constrained variable, R is the constraining relation and r is an indexical 
variable which defines the modality of the constraint, that is, its semantics. 
The principal modalities are: possibilistic (r = blank), probabilistic (r = p), 
veristic (r = v), usuality (r = u) and group (r = g). The primary constraints 
are possibilistic, probabilistic and veristic. The standard constraints are bi-
valent possibilistic, probabilistic and bivalent veristic. In large measure, 
scientific theories are based on standard constraints. 

Generalized constraints may be combined, projected, qualified, propa-
gated and counterpropagated. The set of all generalized constraints, to-
gether with the rules which govern generation of generalized constraints 
from other generalized constraints, constitute the Generalized Constraint 
Language (GCL). Actually, GCL is more than a language—it is a language 
system. A language has descriptive capability. A language system has de-
scriptive capability as well as deductive capability. GCL has both capabili-
ties. 

The concept of a generalized constraint plays a key role in GCS. Specif-
ically, it serves two major functions. First, as a means of representing the 
meaning of a proposition, p, as a generalized constraint; and second, 
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through representation of p as a generalized constraint it serves as a means 
of dealing with p as an object of computation. It should be noted that 
representing the meaning of p as a generalized constraint is equivalent to 
precisiation of p through translation into GCL. In this sense, GCL plays 
the role of a meaning precisiation language. More importantly, GCL pro-
vides a basis for computation with information described in a natural lan-
guage. This is the province of CW or, more generally, NL-Computation. 

A concept which plays an important role in computation with informa-
tion described in a natural language is that of a granular value. Specifical-
ly, let X be a variable taking values in a space U. A granular value of X, *u, 
is defined by a proposition, p, or more generally by a system of proposi-
tions drawn from a natural language. Assume that the meaning of p is pre-
cisiated by representing it as a generalized constraint, GC(p). GC(p) may 
be viewed as a definition of the granular value, *u. For example, granular 
values of probability may be defined as approximately 0.l, ..., approx-
imately 0.9, approximately l. A granular variable is a variable which takes 
granular values. For example, young, middle-aged and old are granular 
values of the granular variable Age. The probability distribution in Exam-
ple 2 is an instance of a granular probability distribution. In effect, compu-
tation with imprecise probability distributions may be viewed as an in-
stance of computation with granular probability distributions. 

In the CW-based approach to computation with imprecise probabilities, 
computation with imprecise probabilities reduces to computation with ge-
neralized constraints. What is used for this purpose is the machinery of 
GCL. More specifically, computation is carried out through the use of 
rules which govern propagation and counterpropagation of generalized 
constraints. The principal rule is the extension principle (Zadeh l965, 
l975). In its general form, the extension principle is a computational sche-
ma which relates to the following problem. Assume that Y is a given func-
tion of X, Y = g(X). Let *g and *X be granular values of g and X, respec-
tively. Compute *g(*X). 

In most computations involving imprecise probabilities what is suffi-
cient is a special form of the extension principle which relates to possibi-
listic constraints. More specifically, assume that f is a given function and 
f(X) is constrained by a possibility distribution, A. Assume that g is a given 
function, g(X). The problem is to compute the possibility distribution of 
g(X) given the possibility distribution of f(X). In this case, the extension 
principle reduces the solution of the problem in question to the solution of 
a variational problem (Zadeh 2006). 

In summary, the CW-based approach to computation with imprecise 
probabilities opens the door to computation with probabilities, events, rela-
tions and constraints which are described in a natural language. Progres-
sion from computation with precise probabilities, precise events, precise 
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relations and precise constraints to computation with imprecise probabili-
ties, imprecise events, imprecise relations and imprecise constraints is an 
important step forward – a step which has the potential for a significant 
enhancement of the role of natural languages in human-centric fields such 
as economics, decision analysis, operations research, law and medicine, 
among others. 

References 

de Cooman G (2005) A behavioural model for vague probability assessments. 
Fuzzy Sets and Systems 154(3): 305–358 

Zadeh LA (1965) Fuzzy Sets. Information and Control 8: 338–353 
Zadeh LA (1975) The Concept of a Linguistic Variable and its Applications to 

Approximate Reasoning—I. Information Sciences 8: 199–249 
Zadeh LA (1999) From Computing with Numbers to Computing with Words—

From Manipulation of Measurements to Manipulation of Perceptions. IEEE 
Transactions on Circuits and Systems—I: Fundamental Theory and Applica-
tions 45(1): 105–119 

Zadeh LA (2002) Toward a perception-based theory of probabilistic reasoning 
with imprecise probabilities. Journal of Statistical Planning and Inference 105: 
233–264 

Zadeh LA (2006) Generalized theory of uncertainty (GTU) —principal concepts 
and ideas. Computational Statistics & Data Analysis 51(1): 15–46 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


