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Projectile Penetration into Semi-infinite
Target

12.1 Introduction

A lot of research work has been conducted on impact and penetration anal-
ysis. The penetration studies include various lab and field tests, analytical
derivations and numerical simulations. Early works were mainly experimen-
tal studies. In the last three decades, analytical and numerical tools have
been used increasingly as a substitute for costly experiments. The critical is-
sue in an analytical penetration model is to formulate properly the resultant
penetration resistance force applied on the missile by the target medium.
The most well-known resistance function is based on the so-called dynamic
cavity expansion theory. The theory was pioneered by Bishop et al. (1945),
who developed the equations for the quasi-static expansion of cylindrical
and spherical cavities and estimated forces on conical nose punches pushed
slowly into metal targets. Later Hill (1950) and Hopkins (1960) derived and
discussed the dynamic and spherically symmetric cavity-expansion equations
for an incompressible target material.

The cavity expansion theory was further developed by Luk and Forrestal
(1987), Forrestal and Tzou (1997), and Mastilovic and Krajcinovic (1999) to
model the penetration of projectiles through soil, porous rock, ceramic and
concrete targets. An overview on projectile penetration into geological targets
was given by Heuze (1990). Li QM (2005) summarized the recent progress in
the penetration mechanics of a hard missile and extended Forrestal’s concrete
penetration model to missiles of general nose shapes.

By comparison with the analytical results derived from the cylindrical and
spherical cavity expansion theories, it is found that the cylindrical assump-
tion gives closer results to test data for low and medium velocity impacts.
Tresca criterion and Huber-von Mises criterion were often used for penetra-
tion problems of metallic targets, and the Mohr-Coulomb strength theory
was used for penetration problems of geomaterials (Longcope and Forrestal,
1983). The selection of failure criteria is of great importance (Zukas et al.,
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1982). To reflect the strength difference effect and the effect of failure criteria,
the unified strength theory (Yu, 1992; 2004) has been adopted in penetration
analysis for both metallic and geological targets (Li and Yu, 2000; Li, 2001;
Wei and Yu, 2002; Wei, 2002; Wang et al., 2004; 2005).

The present chapter firstly presents the spatial axisymmetric form of the
unified strength theory as the failure condition of target materials in Section
12.2. The governing differential equations for concrete targets are summarized
in Section 12.3. The cylindrical cavity expansion model is then applied to
incompressible and compressible materials in Sections 12.4. Explicit forms
of the pressure on the cavity expansion surface and the cavity expansion
velocity are derived in Section 12.5. Section 12.6 gives the resistance force
on different nose shapes of the projectile, which is simplified as a rigid body.
The penetration depth of the projectile is obtained and compared with test
results available in the published literature in Section 12.7.

12.2 Spatial Axisymmetric Form of Unified Strength
Theory

There are four stress components o,., 09, 0, and 7., in a spatial axisymmetric
problem. The other components, namely, 7.9 and 7y, are zero. According to
the spatial axisymmetric unified characteristics line theory (Yu et al., 2001),
the stress oo can be expressed as

o9 =03+m (Ul —503 — 03> , (12.1)

where m is a parameter and 0 < m < 2. When m=0 and m =2, Eq.(12.1) is
the Haar-von Karman complete plastic condition. If we define

o1+ 03 01— 03

P: R:
2 2

(12.2)

then

o1=P+R, oa=P+(m—1)R, 03=P—R. (12.3)
The non-zero stress components of an axisymmetric problem can be ex-
pressed as
o, =P+ Rcos20, 0, =P — Rcos20,

. (12.4)
Tr» = Rsin20, o9g = P+ (m — 1)R,

where 6 is the angle between the directions of the maximum principal stress
and axis r.
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Since m—1 < sin g, that is 0o < P— Rsin g, the unified strength theory
(UST) has an expression with respect to the internal friction angle ¢ and
cohesion CY,

1 —sin g
(14 b)(1 +singg)

2C cos
Feo 0 COS o

(b02 + 0'3) = . )
_ 1+ singo (12.5a)
sin

2

1
when oy < 5(01 +o03) + (01— 03),

1—sing 2C cos g

- 03=

1+singp > 7 1+ sin Yo (12.5b)
sin ¢ ’

/

= m(al +b0'2) —

(0’1 +U3) +

when o9 > (o1 —03).

N |

Then, there is

3 2(1 4 b)sin g 2(1 4 b)Cy cos ¢
2(14+b) + mb(singg — 1) 2(1+b) +mb(singg — 1)

R= (12.6)

The above equation can be rewritten as (Yu et al., 1997; 2001)

R = —Psin ouni + Cuni €OS Puni, (12.7)

where the unified strength parameters Cy,; and ¢y, were proposed and de-
rived by Yu et al. in 1997 and 2001. These two parameters are referred as
the unified cohesion and unified internal friction angle corresponding to the
UST respectively. Their relations to the material constants Cy and g can be
written as (Yu et al., 1997; 2001)

2(1 + b) sin g

i uni — . y 12.8

S Punt = 90 1) + mb(singo — 1) (12:8)

o - 2(1 4+ b)Cy cos g o1 (12.9)
T 2(14b) + mb(singpg — 1) €oS @uni '

Denoting compressive stress as P, Eq.(12.7) can be expressed as (Yu et
al., 1997; 2001)
R = Psin pyn; + Clyni COS @yni. (12.10)

12.3 Fundamental Equations for Concrete Targets

12.3.1 Conservation Equations

In cylindrical coordinates, the conservation equations of momentum and mass
for the target materials can be expressed as



264 12 Projectile Penetration into Semi-infinite Target

vy 1% (12.11)

= (12.12)

where v is the radial velocity of a particle in the target material and v is
positive if it is in the outward direction.

12.3.2 Relation between Pressure and Bulk Strain

If the material is compressive, the relation between pressure and bulk strain
can be expressed as

P=Kn=K1-"2), (12.13)

p

where 7 is the bulk strain, K is the bulk modulus, P is the hydrostatic
pressure and can be written as

1
P= §(0T+09—|—0z). (12.14)

For the problem of cavity expansions, the relation among stresses is

o, =v (o, +0p) in elastic zone, (12.15a)
1 . .
0 =35 (o0, +0p) in plastic zone. (12.15b)

Egs.(12.15a) and (12.15b) are applied respectively for the elastic zone and
plastic zone when material is compressible, while only Eq. (12.15b) is used
when material is incompressible.

12.3.3 Failure Criterion Expressed by o, and oy

The UST is used as the failure condition for the target material in this chap-
ter. According to the axisymmetric stress state of the target material im-
pacted and penetrated by a long rod, Eq.(12.10) has another form of

Or — 09 = Auniar + Bunia (1216)

where

2 Sin Puni o 2C’uni COs Puni

Auni = i =
uni . 9 uni . .
1 + sin pyni 1 4+ sin puni
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12.3.4 Interface Conditions

The target medium can be divided into four zones during the cavity expan-
sion, i.e., a plastic zone, a radial cracked zone, an elastic zone and an undis-
turbed zone. At the two interfaces between the plastic and radial cracked
zones, radial cracked and elastic zones, the Hugoniot jump conditions are
valid. According to the conservation of mass and momentum across the in-
terface, there are

[p(v—cs)] =0, (12.17)
[or 4+ pv(v —cy)] =0, (12.18)

where the expression [G] = Gt — G~ stands for the magnitude of the discon-
tinuity of the square-bracketed variable across the wave front (interface) that
propagates with an interface velocity of c¢;. The above equations can also be
rewritten as

p1(v1 —cg) = pa(v2 — ¢y), (12.19)

09 — 01 :pl(CJ—Ul)(UQ_'Ul). (1220)

12.4 Cylindrical Cavity Expansion Analysis

A cylindrical symmetric cavity expands with velocity v,. from an initial radius
of zero when the target is impacted and penetrated by a long rod (Fig.12.1).
In Fig.12.2, c is the interface velocity between the plastic and radial cracked
zones; 1 is the interface velocity between the radial cracked and elastic zones;
cq 1s the elastic dilatation velocity. The stress in the plastic zone (vt < r < ct)
has reached the yield surface of the unified strength theory. Because geoma-
terials are always very weak in tension, radial cracks adjacent to the plastic
zone are often observed in a penetration process for targets made of geoma-
terials. The formation and the magnitude of the area for a cracked zone or
a damaged zone depend on the circumferential tensile stress. If the circum-
ferential stress exceeds the tensile strength of the target material, a radial
cracked zone forms. The range of the radial cracked zone can be represented
by ¢t < r < cit. The elastic zone is in the range of c1t < r < ¢4t; and the
undisturbed zone is in the range of r > ¢4t. Defining a dimensionless variable
of £ = r/ct, the four different zones can be categorized in Fig.12.3.



266 12 Projectile Penetration into Semi-infinite Target

Fig. 12.1. Penetration by a long rod

Elastic zone

Radically-cracked zone
Plastic zone

Cavity surface

Fig. 12.2. Different zones of target material

12.4.1 Elastic Zone (c1t <7 < cgt, 51/B <€ <1/a)

In the elastic zone, the target materials satisfy the linear stress-strain rela-
tions. According to the generalized Hooke’s law,

FE ou u

O s [(1 Vgt ”T] : (12.21)
E ou U

%= Aoy {”ar - ”%] ’ (12:22)

where E and v are the modulus of elasticity and Poisson’s ratio; u is the radial
displacement. The normal stresses are positive in compression for convenient
formulation.

The conservation equation of momentum can be expressed as
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Fig. 12.3. Dimensionless expression of the four zones
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non-distributed

elastic

cavity
1 ct el r
Fig. 12.4. Dimensionless expression of the three zones
do, o0, — 0y ov ov
=—p| = — . 12.23
or * r r < ot v 67’) ( )
Substituting Eqgs.(12.21) and (12.22) into Eq.(12.23), we obtain
Pu  10u wu 1 d%u
—t-—-"==5— 12.24
a2 ror 2 A de?’ ( )
where ¢4 is the elastic wave velocity in the semi-infinite medium and
E(l — 1/0)
Cq = . 12.25
\/(1 +v0)(1 = 210)po ( )
(12.26)

Defining
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Eq.(12.24) can be rewritten as

d?z lda 1

1—?) S+ -— - =u= 12.2
( aé)d§2+§d£ §2u 0, (12.27)
where a = ¢/cy.
Defining
do
then
j—z =ap+ azF,
ol (12.29)
U
9042 F 2,
ae? tatey

Eq.(12.27) can be simplified into a first-order differential equation with
reference to Eq.(12.29). Integrating Eq.(12.27), we obtain

_ af 1++/1—-0a282 /1-a2¢2
=A —1 — -B 12.30
“ af+ o of 20 ’ ( )
where A and B are integration constants that can be determined by consid-

ering the following boundary conditions:

u(§ = é) =0, (12.31)
oo(§ = %) = —01, (12.32)

where Eq.(12.31) indicates that the radial displacement is zero at the interface
of the elastic and undistributed zones; Eq.(12.32) indicates that the circum-
ferential stress reaches the tensile strength at the interface of the elastic and
radial crack zones.

With reference to Eq.(12.30) and Eq.(12.31),

A=0. (12.33)

The displacement distribution in the elastic zone is then derived as

_ %ln1+¢1—a2§2_¢1—a252 B

=% o T (12.34)
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From Eq.(12.34),

i |a, 14+4/1-a282 /1-—a282
—=|=1 — -B 12.35
¢ [2 . af 202 ’ (12.35)
o a 1++/1-0a22 /1-a2¢2
gu_ 19y . B. 12.
o€ [2 . al * 20062 (12.36)
Defining
Or _ g _ oz
6}:?, 09:}97 gt = Et, (1237)

the dimensionless circumferential stress and radial stress in the elastic zone
can be derived from Eqgs.(12.21) and (12.22),

[ — 272 _ — 272 |
Go = — 3 glnlJr\/l o? (1-2v)/1— a2 ‘B, (12.38)
1+v |2 af 2062
[ /T _ 2¢2 _ /T — 222 |
gy — 0 |a Vet A= WVIZ el g, g
1+v |2 af 2062

The integration constant B can be obtained from Eq.(12.32) with refer-
ence to Eq.(12.38),

-1
_ltv a1+ 1—a2(81/B8)?  (1-2v)\/1—a2(3/B)°

O | —1In —

3 7|2 a (B1/B) 20(81/8)°
(12.40)
Defining a dimensionless radial velocity as
&) =", (12.41)
c

Eq.(12.34) yields

ag

At the interface of elastic-radial cracked zones, i.e., £ = 81/, the radial
stress, the circumferential stress and the velocity in the elastic zone are

(&) = [—Vlo‘zﬂ . B. (12.42)
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3 |a, 1+ 1-a2(8/8)°  (1-2v)\/1—0a2(1/B)

T T |2t a(B1/P) i 20 (81/0)° ’
(12.43)
3 la 141-02(3/8)"  (-2)1-02(5/8)° |
ST P a(f/B) 20 (1/8)° ’
(12.44)
| 1= (ByB)
ne) = |~ G5 -B. (12.45)

12.4.2 Interface of Elastic-cracked Zones (r = c1t, £ = 31/8)

Defining at the interface the dimensionless radial stress and radial velocity in
the cracked zone as G,9 and vy, respectively, with reference to the Hugoniot

jump condition,
p1 <171 - %) = p2 (172 - %) ) (12.46)

_ _ 1 Br N\,
Or9 = 0,1 + &52 ( — 1/1> (D — 1), (12.47)
Po B
where p; and ps are the density of materials in the elastic and crack zones
respectively.
According to the pressure-bulk strain relation, in the elastic zone,

(1+v)o, _g (2—v)os _ K (1 _ p/f) _ (12.48)

Since the circumferential stress is zero in the cracked zone, the above
equation can be rewritten as

1+v Po
r=K[(1-——. 12.49
37 ( p) (12:49)

At the interface, the circumferential stress in the elastic zone reaches the
tensile strength, which implies

Go1 = —01. (12.50)

Substituting the above equation into Eq.(12.48), the radial stress in the
elastic zone near to the interface can be expressed as
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_ 2—V7 3 £0
M=+ ——(1-22). 12.51
Tr1 1+y0t+1+y< ) (12.51)

From Eq.(12.49), the radial stress in the cracked zone near to the interface
can be derived as

Gro = —> <1—”°). (12.52)

P2
Substituting Eq.(12.51) into Eq.(12.47),

3(61 — B ) (B — Bin)
3—(1+v)(Gr —ar)

Org = 0r1+

(12.53)

Putting the expression of p; and ps from Egs.(12.51) and (12.52) into
Eq.(12.46),

3— 67‘2(1 + V)
3— (7,1 —d¢)(1+v)

pre = fi + (B — Br). (12.54)

12.4.3 Radial Cracked Zone (ct < r < c1t, 1 < € < 81/8)

When the circumferential stress reaches the tensile strength, the radial cracks
occur. Once the radial cracks occur, oy diminishes immediately to zero. The
conservation equations of mass and momentum can be expressed as

v v 1dp

4y = 12.55
or + r pdt’ ( )
do, o, ov ov
— =—p| = — . 12.
or * r p<8t+yar> (12.56)
According to the pressure-bulk strain relation,
1
p=—1tV, — K (1 - po) = K. (12.57)
3 p
Putting Eq.(12.57) into Eqgs.(12.55) and (12.56) respectively,
o v 1+v do,
— = 12.58
8r+r 3K(1—mn) dt’ ( )
do, o, 00 ov ov
— == — — . 12.59
8r+r 1—n 8t+V8r ( )

Because the bulk strain is very small, there is 1 — 7 ~ 1. The above
equations can be rewritten as
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dv v 1+v gdﬁr
= T
dv
d¢’

&
da, o,

Or _ 2
€ te =t

Integrating Eq.(12.60), we obtain

67‘(5) = _% + D2a

N D 1+
l/(f)z—ﬁ—;g—ﬁ—Tth

(12.60)

(12.61)

(12.62)

where D and D are the integration constants that can be determined with

application of boundary conditions.

At the interface of the cracked and plastic zones (r = ct, £ = 1), defining
radial stress and radial velocity in the cracked zone 7,3 and /3, respectively,

the boundary conditions can be expressed as

r=ct(§=p51/8),
v(€ = p1/B) = .

From Eqgs.(12.61) and (12.63),

B,

—Dyi+ Dy = )
1+ Do 1— 4,

(12.63)

(12.64)

(12.65)

The radial stress and the radial velocity in the cracked zone adjacent to
the interface of the cracked and elastic zones (r = ¢1t, & = (1/8) can be

expressed as

the integration constants D, Dy can then be expressed as

D — 361(r2 + 51872)
L BB +y) -3

D, — BE(1+ v)a,e + 36160,
2T B0+ v) -3

(12.66)

(12.67)

(12.68)

(12.69)
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Putting Eqgs.(12.68) and (12.69) into Eq.(12.65),

B 351(0r2+ BiBa) | Bi(1+v)ane + 36167,
1—A BBl +v) -3 ZA+v)—3

(12.70)

The velocity in the cracked zone adjacent to the cracked-elastic zones
interface can be written as

po = _ L BEA+ 1) +366:17 | Bi(1+1)(0r2 + BBi72)
TR P4y -3 BB +v) 3]

(12.71)

12.4.4 Interface of the Plastic and Cracked Zones (r = ct, £ = 1)

Defining 7,4 and 74 the radial stress and velocity, respectively, in the plastic
zone adjacent to the interface, with reference to the Hugoniot jump condition,

pa (Vs —1) = p3 (3 —1), (12.72)
Gy = G + %52 (1 - 3) (54 — 73) , (12.73)

where p4 and p3 are the density in the plastic and cracked zones adjacent to
the interface respectively.
From Eq.(12.63),

Buni
1- Auni ’
According to the pressure-bulk strain relation, the following expression
can be obtained:

(12.74)

Or3 =

1 B ni
(1 - 2) R (12.75)

Putting Eq.(12.75) into Eq.(12.73),

3(1 = Aui) B2 (1 — 3) (g — D
Bra = Gy + JB" (1= 7s) (71 = 75) (12.76)
3(1 - Auni) - (1 + V)Buni
Based on the unified strength theory, the material in the plastic zone
satisfies

Gy — 06 = Auni0r + Buni, (12.77)

where
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A= 2sin Puni - 2C’uni COS Puni
T Fsinggn 1+singun;

Cuni and @yy; are the unified internal friction angle and unified cohesion,
respectively, corresponding to the unified strength theory and they have the
form of

2(1+b)sinpg

N Quni = s—————— 12.78
s 24 b+ bsingg ( )
2(14+b 1
Cons = LT D)o O30 : (12.79)
24b+bsinpy  COS Puni
At the interface, Eq.(12.77) can be rewritten as
Or4 — 09y = Aunia'r4 + Buni~ (1280)
According to the pressure-bulk strain relation,
L N
—(Opa +0ps) =1 ——. (12.81)
2 P4
From the above equations it derives
2p0
= - 12.82
P 2-— (2 - Auni)a-rél + Buni ( )
Putting Eq.(12.82) into Eq.(12.72), then there is
2 Buni vg —1 2_14uni7r vy —1
2p0 2po
From Eqgs.(12.83) and (12.76), we can get
2 Buni
Gos = iy + 122 2 (5 — 1) |1 — 222 F Bun) | (12.84)
Po 2po

where

204
2/)(2) - p§62(1 - 173)2<2 - Auni) '

n =



12.4 Cylindrical Cavity Expansion Analysis 275
12.4.5 Plastic Zone (vt <7 <ct, § <E€<1)

The mass and momentum equations in Eqs.(12.55) and (12.56) are still valid
in the plastic zone. The boundary stress and velocity conditions in the plastic
zone can be expressed as

r=upt, 7(§=20)=4, (12.85)
r=ct, { g’(ég:l;):ﬂjf“’ (12.86)

According to the pressure-bulk strain relation,

(o) + 0g) = 2K <1 - ”0) = 2K (12.87)
P4

The material in the plastic zone satisfies the unified strength theory,

o, —og = Ao, + By. (12.88)
From Eqs.(12.87) and (12.88),
(2— Ao, — By
—y

Putting Eqgs.(12.87) and (12.88) into the mass and momentum conserva-
tion equations, the following differential equations can be derived,

(12.89)

v v 2— A do, do,
Tl (22 12.
ar 7 2K(177)(8t +U8r)’ (12.90)
do, Aio,.+ By 00 ov ov
=— — — . 12.91
87’+ r 1—n 8t+V8r (12.91)
The dimensionless expressions of the above equations are
dv v 2 — Auni _, dor
—t-=—(—-V)—, 12.92
e a0 ¢ (12:92)
dar Aunia—r + Buni ﬁQ — dv
— = E—D)—. 12.93
Eqgs.(12.92) and (12.93) can be rewritten as
% 2(1 — 1% — pv 1— Auniir Buni
Ao, _ 20 =) [0 = 97) + (= n)(Awi0r + Bu)] 10

d¢ €2 — Auni) (B — B7)* — 2(1 — n)?] ’
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d¢ €[(2 — Auni) (B — BP)? — 2(1 — n)?]
(12.95)

Eqgs.(12.94) and (12.95) can be solved using the Runge-Kutta method.
Defining y; = &, and y» = 7, the boundary conditions can be written as
y1(0) = 7,4 and y2(0) = v4. When the stress and velocity in the plastic zone
are deduced, Egs.(12.94) and (12.95) can be expressed in the form

yll = f(§7y173/2)7 y1(0) = Op4,
{ yIQ = g(&’ Y1, 92)7 y2(0) 94. (1296)

The integral domain borders the plastic-cracked zones interface (§ = 1)
and the cavity surface (£ = ¢). According to the boundary conditions, when
& =1 —nAE, yo, = &,. The radial stress and velocity at the cavity surface
can be obtained when § = &, and y1(n) = 7,.(9).

The detailed procedures for solving the differential equations are given as
follows:

Step 1. Substituting Eqs.(12.43), (12.45), (12.53), and (12.54) into Eq.
(12.70), the relation between 1 and g is deduced.

Step 2. Assuming an initial value for 31, 3 can be calculated with reference
to the relations between (3; and 3 deduced in Step 1.

Step 3. 7,1 and U are calculated from Eqs.(12.43) and (12.45) with ref-
erence to 81 and . Putting 5,4 and 7y into Egs.(12.53), (12.54), (12.68),
(12.69), and (12.71), &, and 9, the integration constants D; and Da, and
3 are determined. Putting the above quantities into Eqgs.(12.74) and (12.75),
or3 and ps are obtained.

Step 4. Substituting &3, p3, and 73 into Egs.(12.84) and (12.83), 7,4 and
vy are determined.

Step 5. Based on boundary conditions, the differential equation in Eq.(12.
96) is solved from & = 1 to £ = . The stress and velocity distribution in the
plastic zone is then calculated. With application of the boundary conditions,
the radial stress and the expansion velocity are obtained.

When the bulk strain is zero, i.e., n = 0, and p; = po (i = 1,...,4), the
solutions for incompressible materials can be deduced from Egs.(12.21) to
(12.96). If the interface velocities ¢ and ¢y are the same, the radial cracked
zone disappears and there are only plastic, elastic, and undisturbed zones in
the materials.

12.5 Cavity Expansion Pressure and Velocity
With application of the concrete parameters given by Forrestal (1997), i.e.,

bulk modulus K of 6.7 GPa, compressive strength Y of 130 MPa, elastic
modulus F of 11.3 GPa, Poisson’s ratio v of 0.22, tensile strength o, = 13
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MPa, density py = 2260 kg/m3, according to the derived equations based
on the cylindrical cavity expansion theory, the material is considered to be
incompressible or compressible. The response of the target can be elastic-
plastic or elastic-crack-plastic, respectively.

12.5.1 Incompressible Material

Fig.12.5 illustrates the relation between the radial stress at the cavity surface
and the cavity expansion velocity for the elastic-plastic response of the target.
From Fig.12.5, the radial stress increases with increasing cavity expansion
velocity, the radial stress and the unified strength theory parameter b.

T T T T T
0.5 F incompressible(elastic-plastic) A
—_— h=0 A 4
- =h=1.0 e 1
T ]
]
]
{J 1 1 1 1 1
0 0.05 0.10 0.15 0.20 0.25 0.30

v/c

Fig. 12.5. Radial stress versus cavity expansion velocity (incompressible material,
elastic-plastic response)

Figs.12.6 and 12.7 plot the curves of the plastic-crack interface velocity
c and the elastic-crack interface velocity ¢; versus the cavity expansion ve-
locity v, for incompressible material for b = 1.0 and b = 0, respectively. It
is shown that for a given velocity v,., ¢ is higher than ¢. When b = 1.0 and
v,/ (Y/po)'/? = 0.82, the curves of ¢; and ¢ intersect, i.e., the cracked zone
vanishes at this cavity expansion velocity and there are only elastic and plas-
tic zones in the material. When b = 0 and v, /(Y/p)*/? = 0.7, the curves of ¢;
and ¢ also intersect, the response of material shifts from elastic-crack-plastic
to elastic-plastic. The current solution with b = 0 conforms to the result re-
ported by Forrestal (1997), who applied the spherical cavity expansion theory
and discovered that the cracked zone disappears when v,./(Y/pg)'/? = 0.71.

Fig.12.8 illustrates schematically the relation between the radial stress in
the cavity surface and the cavity expansion velocity for incompressible mate-
rials under elastic-crack-plastic response for b = 0 and b = 1.0, respectively.
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Fig. 12.7. Cavity expansion velocity versus interface velocity (incompressible ma-
terial, elastic-crack-plastic response, b = 0)

The radial stress for b = 1.0 is higher than that for b = 0. The radial stress
increases with increasing cavity expansion velocity. The quasi-static cavity
expansion pressure is the radial stress at the cavity surface when v, = 0.
Compared with the results given by Forrestal (1997) which are based on
the spherical cavity expansion theory, the radial stress derived based on the
cylindrical cavity expansion theory is smaller when the impact velocity is
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relatively low. However, it is higher when the impact velocity is relatively
high. It agrees with the statements by Forrestal (1997).

Fig.12.9 compares the radial stresses between the elastic-plastic response
and the elastic-crack-plastic response for incompressible material. From Fig.
12.9, the stress is higher for the elastic-plastic response when the velocity
is lower. When the velocity increases, the stress of the elastic-crack-plastic
response gradually transfers to that of elastic-plastic response. Finally, the
curves of the two responses intersect.
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Fig. 12.8. Radial stress at cavity surface versus cavity expansion velocity (incom-
pressible material, elastic-crack-plastic response)

Fig.12.10 shows the curves of elastic-crack interface velocity c¢; versus
plastic-crack interface velocity ¢ during the cavity expansion. The curves are
different for different parameter b. Fig.12.11 plots the curves of the cavity
expansion velocity v, versus the plastic-crack interface velocity ¢ for incom-
pressible material. Fig.12.12 plots the curves of the radial stress versus the
radius for incompressible material under the elastic-crack-plastic response.
Fig.12.12 shows that the stress at the cavity surface is the highest and re-
duces gradually with the increasing radius.

12.5.2 Compressible Material

Figs.12.13 and 12.14 compare the cavity expansion stress of compressible ma-
terials with that of incompressible materials under elastic-plastic response for
b = 0 (Single-shear theory) and b = 1.0 (Twin-shear theory) respectively. It
is seen that for a given cavity expansion velocity, the cavity expansion surface
pressure of incompressible materials is much higher than that of compressible
materials.



280 12 Projectile Penetration into Semi-infinite Target
0.6 . . T . .

0.5 | b=1.0
elastic-plastic
—-—c¢lastic-cracked-plastic

o /K

() i 1 " ] i i ] i
0 0.05 0.10 0.15 020 0.25 030

‘I"‘rfr’l-.

Fig. 12.9. Comparison of radial stress for elastic-plastic and elastic-crack-plastic
responses (incompressible material)

0.8}

0.6 1

cle

0 0.2 0.4 0.6 0.8

¢lc,

Fig. 12.10. Curves of ¢; versus c for incompressible material

Fig.12.15 illustrate the curves of cavity expansion velocity v, versus the
plastic-crack interface velocity c¢. From Fig.12.15, for a given v,, ¢ is the
highest when b = 0, while it is the lowest when b = 1.0. Fig.12.16 plots
the relations between the cavity expansion velocity, plastic-crack interface
velocity ¢ and plastic-crack interface velocity ¢; for compressible materials
with b = 0.5. Similar to the incompressible materials, for a given v, the
elastic-crack interface velocity c; is higher than the plastic-crack interface
velocity ¢, where f(&, y1, y2) and g(&, y1, y2) correspond with Eqgs.(12.94)
and (12.95). The curves of ¢; and ¢ intersect at the point when v,./(Y/po)'/? =
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1.05, where the cracked zone disappears and the response of the material is

elastic-plastic.

Figs.12.17 and 12.18 compare the cavity expansion pressures between the
elastic-plastic and elastic-crack-plastic responses for compressible materials
for b = 1.0 (Twin-shear theory), b = 0.5 (Median theory) and b = 0 (Single-

shear theory), respectively.

From Figs.12.17, 12.18, and 12.19, the cavity expansion pressure for
elastic-crack-plastic response is lower when the expansion velocity is lower.
With the increase of the cavity expansion velocity, the cracked zone disap-
pears and the response of the target becomes elastic-plastic.
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For compressible materials the curves of the cavity expansion pressure
versus cavity expansion velocity can be expressed as a quadric parabola,

2
o, )K = Ay + By (?) : (12.97)

P

where v, is the cavity expansion velocity; A is the quasi-static cavity expan-
sion pressure.
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Fig. 12.16. Cavity expansion velocity versus interface velocity (compressible ma-
terials, b = 0.5)

The coefficients in Eq.(12.97) are listed in Table 12.1 for the elastic-
plastic and elastic-crack-plastic responses, respectively, with different unified
strength theory parameter b.
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elastic-crack-plastic responses (compressible materials, b = 0.5)

12.6 Penetration Resistance Analysis

The capabilities of penetration and destruction of a long rod projectile are
much higher than those of the old-style armor-piercing projectile since the
long rods have a higher length-diameter ratio. The long rod projectiles can
be divided into straight-shank type and cone-shank type. According to the
shape of warhead the long rod can be categorized into a spherical, ogive, and
conical warhead nose, respectively, as shown in Fig.12.20.
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Fig. 12.19. Comparison of cavity expansion velocities between elastic-plastic and
elastic-crack-plastic responses (compressible materials, b = 0)

Table 12.1. Curve fitting of cavity expansion pressure for compressible materials

under elastic-plastic response

Response Material strength Aq B1
parameter b
1.0 0.044 1.80
Elastic-plastic 0.5 0.045 1.83
0.0 0.046 1.87
1.0 0.029 2.90
Elastic-crack-plastic 0.5 0.030 3.02
0.0 0.031 3.10

Because a long rod impacts and penetrates a target with an impact ve-
locity Vy and a penetration velocity V., the coordination zOz of the target
is established as shown in Fig.12.21. The origin is the impacting point of
the long rod, the positive z axial is downwards vertically, and the z axial
is horizontal. The resistance on the long rod includes the resistance on the
warhead and that on the surface of the shank. The resistance on the shank
surface is very small and can be omitted because the velocity of the impact

and penetration is low (Jones et al., 1993; Bless et al., 1987).

The tractions that resist the penetration are the normal force F},, and the
tangential force F;. The resistance is analyzed in the following context for
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Fig. 12.22. Resistance on the long rod

the ogive-nose projectile. The resistances for other nose shape projectiles can
be similarly derived.

For an ogive-nose projectile as shown in Fig.12.20(b) with radius of s,
central angle of 6y,

0 = sin~! <S - a) . (12.98)

S
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The normal force on the tiny surface of the warhead is

dF, = 22 {sin@ - <5 — “)} o,do. (12.99)
S

The tangential force on the tiny surface of the warhead is
5[ . s—a
dF; = 2ms” |sinf — — wno-do, (12.100)

where o, is the principal stress on the warhead, which is also the radial
stress on the cavity surface using the cavity expansion theory. p is the friction
coefficient. The value of i1 depends on the penetration depth, velocity and the
material properties of the rod and the target. Its linear experiential formula
is proposed by Bowden and Tabor (1966),

Hds ‘/Z 2 Vda
r= s — (12.101)
s Vi

where Vj is the critical penetration velocity which can be obtained by trial-
and-error; s and pg are friction parameters of the targets, which are related
to the penetration velocity. For the geomaterials, there are V; = 300 m/s,
ps = 0.5, g = 0.08 (Bowden and Tabor, 1966).

The radial stress can be written as

2
0,)K = A, + By (’:) . (12.102)
P

The relation between the cavity expansion velocity and the penetration
velocity is

V. =V, cos#, (12.103)

where 6 is the angle between the surface normal and the rod axial directions.
Putting Eq.(12.103) into Eq.(12.102),

L cos 0\
o,/K = Ay + B, <V o8 ) . (12.104)
Cp
The total resistance on the warhead is
2 2 . s—a .
F, =2rs sinf — (cos O + psin )| o.do. (12.105)
6o s

Integrating Eq.(12.102) with reference to Eq.(12.105),
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F., = a, + B,V2, (12.106)

where

oy = ma? KA 1+ 4pp? ()2 — 0p) — p(20 — 1)(4p — 1)Y2],  (12.107)

S b /2 - 00)

p(2 — 1) (69 + 49 — 1) (49 — 1)1/2
244)2

B =ma’pBy
(12.108)

The resistance on rods of other shapes can also be deduced similarly with
the replacement of different geometry shape functions based on the shapes
of the nose of the rod.

12.7 Analysis and Verification of Penetration Depth

Assuming a long rod is non-deformable during the penetration, with reference
to the Newton’s second law,

dV, dv,
mpﬂ = mpvzg = —Fz = —(as —|— /BS‘/ZZ), (12109)

where s and 35 are the shape parameters of the nose; m,, is the mass of the
rod.

Integrating Eq.(12.109) with reference to the initial and final conditions,
the penetration depth can be deduced,

T = 0 1y {1 + (12.110)

20,

The parameters for the target material in Section 12.5 are also applied
for the current problem. The parameters used for the long rod are m,=1.6
kg, s=91.5 mm, a=15.25 mm.

Based on the results of the cavity expansion pressure for compressible
materials in Section 12.5, the final penetration depth can be derived for the
target material impacted by an ovate straight long rod with a velocity of 300
sim 1100 m/s. The analytical results from the current penetration model
agree very well with the test data (Forrestal et al., 1996) when the initial
velocity is low.

Bs Voz]

Qs
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The penetration depths are illustrated schematically in Fig.12.23 for the
friction parameters p = 0.1 and g = 0.2 respectively. From Fig.12.23 the fric-
tion parameter has great influence on the penetration depth. The penetration
depth for ;1 = 0.1 is closer to the test results (Forrestal et al., 1996).

(3]
I

T T T * T

h=1.0
2.0 —0==y=0)1 b
— 1 =(),2

*  test data (Forrestal et al.,1996) ]
LSE =

penetration depth(m)

(] : 1 i 1 i 1 i 1 i
200 400 600 800 1.000 1,200

impact velocity(m/s)

Fig. 12.23. Comparison of penetration depths

Fig.12.24 shows the influence of rod mass on the penetration depth. It is
seen that the heavier the rod, the greater the penetration capability.
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Fig. 12.24. Influence of the rod mass on the penetration depth

The penetration depths are solved for the ovate and spherical warheads
with the same shank diameter as that for the ogive-nose projectile as shown
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Fig.12.25. Tt can be seen that the ovate-warhead rod can penetrate deeper
than the spherical warhead rod.
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Fig. 12.25. Influence of different shapes of warhead on penetration depth

12.8 Summary

Based on the cylindrical cavity-expansion theory, the unified strength theory
is applied as the failure condition for penetration analysis. The cavity ex-
pansion pressure is deduced from the elastic-plastic and elastic-crack-plastic
responses for incompressible and compressible materials. Assuming the long
rods are rigid during the penetration, the penetration depths of rods are ob-
tained and are compared with the test results. The following conclusions are
derived:

(1) Tt is convenient to use the unified strength theory for penetration
problems.

(2) When the cavity expansion velocity is low, the target response is
elastic-crack-plastic. When the cavity expansion velocity increases to a certain
value, the cracked zone disappears and the target responds elastic-plastically.
It agrees with the results reported by Forrestal (1997).

(3) The cavity expansion pressure and the penetration depth are different
when the different parameter b is used, which represents a different failure
criterion. The penetration depth is higher for b = 0 than that for b = 1.
The current solutions agree well with test results in the published literature
for low impact velocity cases (Forrestal et al., 1996). However, the predicted
penetration depth is smaller than that in the test results when the impact
velocity is larger than 1000 m/s.
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(4) For a given shape and dimension, the higher the rod mass or the
density of the rod material, the deeper the penetration. This may be the
underlying reason why those high-density metals are used as warheads for
modern weapons.

(5) The shape of a warhead has a significant influence on the penetration
depth. When the shank diameter is the same, the ovate-warhead rod can
penetrate deeper than the spherical warhead.
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