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Abstract. This work centers on the real-time trajectory planning for
the cooperative control of two aerial munitions that are attacking a
ground target in a planar setting. Sensor information from each muni-
tion is assumed available, and the individual target-location estimates are
fused in a weighted least squares solution. The variance of this combined
estimate is used to define a cost function. The problem is posed to design
munition trajectories that minimize this cost function. This chapter de-
scribes the solution of the problem by a dynamic-programming method.
The dynamic-programming method establishes a set of grid points for
each munition to traverse based on the initial position of the munition
relative to the target. The method determines the optimal path along
those points to minimize the value of the cost function and consequently
decrease the value of uncertainty in the estimate of the target location.
The method is validated by comparison to known solutions computed by
a variational method for sample solutions. Numerical solutions are pre-
sented along with computational run times to indicate that this method
proves effective in trajectory design and target location estimation.

1 Introduction

Research is in progress on the cooperative control of air armaments designed
to detect, identify, and attack ground targets with minimal operator oversight.
One class of this type of armament is wide-area search munitions, which can
be deployed in an area of unknown targets. Current development is focused on
the possibilities of enhancing munition capabilities through cooperative control.
Important work exists in the literature on the two related problems of cooper-
ative search [IJ2I3] and the design of optimal trajectories for single observers
[4516I7/89IT0]. The problem of planning optimal trajectories for cooperative ob-
servers has been studied using collocation [ITJT2]. The problem of cooperative
attack was previously investigated using variational methods [I3]. This chapter
presents a method to drastically reduce the computational expense of the pre-
viously implemented variational methods by use of the dynamic-programming
(DP) method. This problem of designing an attack trajectory that enhances
the ability to estimate the target location will be referred to as simultaneous
localization and planning (SLAP).
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The methods presented in this chapter will be illustrated for a planar problem
with two munitions and one stationary target. In the following section, models
for the munition motion and sensor performance are presented. Next, the SLAP
trajectory design is posed as a DP problem. The cost-sensitivity to grid resolution
is then investigated. Finally, the performance of a target-location estimation
algorithm is evaluated along the SLAP trajectories and compared to alternative
trajectories.

2 Problem Definition

A scenario will be considered with the two-dimensional plane populated by two
munitions and a single fixed target. The state of each munition is given by its
position in two dimensional space, 1 = [z ¥1]" and T2 = [z2 y2]T. A constant-
speed kinematic model is used to describe the motion of the munitions. The
heading angles of the munitions are 1, and 15, and the speed of each munition
is v. Here, the heading angles are treated as control variables.

T1 = vcosYy ; Lo = vV COS Yo
71 = vsin Yy : o = vSin o (1)

A variable-speed model could be used; however the additional control variables
would increase the complexity of the problem and was not considered here. The
two velocities were chosen to be equal for the sake of simplicity. Additionally, each
munition is considered to carry a sensor that is capable of measuring the target
location in the x —y plane. To design trajectories that improve the estimation of
the target location, a model of the sensor measurements and their uncertainties is
needed. The target has a position described by 7 = [x7 yr|". The measurement
of the target location by each munition, Z; = [Z71 gr1]" and 22 = [F12 12|,
is modeled as shown in Equation (@]).

Zr1 =7 + we,1(0,04.1) ; Tro =7 + Wy 2(0,04,2)

gra =yr +wy1(0,04.1) ; gr2 = yr + wy 2(0,0y,2) (3)

The measurement errors from each munition are assumed to be independent of
the errors from the other munition. The x and y measurement errors from each
individual munition, w, ; and w, ;, however, are treated as correlated Gaussian
random variables with zero mean and standard deviations of 0., ; and o, ;, where
i € {1,2}. These uncertainties will drive the trajectory design, and they can be
selected to model particular sensors.

The error in the target-location measurements from an individual munition is
treated as following a zero-mean jointly-Gaussian distribution that is uncorre-
lated in the down-range and cross-range directions, relative to the true target and
munition locations. The errors in these directions, wq ;(0,04q,:) and w. (0, 0c),
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(xi ,y,-)

Fig. 1. Measurement of the target by the ith munition and the associated error prob-
ability ellipse

can therefore be treated as independent Gaussian random variables. The stan-
dard deviations in the down-range and cross-range directions are modeled as
functions of the range from the munition to the target.

0d,i = 0.].7‘i N Oc,i = 0.017’i (4)

These coefficients do not correspond to specifications of any particular sensor,
but model a sensor that is more accurate when close to the target and more
accurate in the transverse direction than in the radial direction. The uncertainty
in the measurement of the target location by the i¢th munition is illustrated in
Figure [0

From the down-range and cross-range variables, the errors and the covariance
matrix in the z and y coordinates can be found.

Wy | COS 01 sin 01 Wd,i (5)
wy,| | —sinb; cosb; | | we;

2 ) . Qin A 2 C_dinf.
p— [am 0123171] _ { cos 0; sm@z} |:O'd)l 0 } {cos@l sm@l} (6)

. o . . 2 3 . .
Oay,i Oy sin 6; cos 6; 0 o7;] [sin 0; cosb;

Here, 0; is the bearing angle of the target relative to the ¢th munition. The range
and bearing angle for each target-munition pair are computed as shown below.

T = \/(HJT — )’ + (yr —wi)? (7)

; — tan-! (yT - %‘) (8)

T — &4

The measurements provided by both munitions can be fused into a single
instantaneous estimate of the target location. This is done using a weighted least-
squares estimator (WLSE) [14/T5]. The measurements of the target location from
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each munition are grouped into a measurement vector Z = [Fr1 §r1 1.2 1.2] -
This produces a linear measurement model in terms of the target location.

z=Hxr+w 9)

T

T
; W= [We,1 Wy,1 W2 Wy2] (10)

=[]

0101

Here, w is the vector of measurement errors. The covariance of this error vector
is given by arranging the covariances from each munition.

R= {1;1 122} (11)

The instantaneous WLSE of the target location and the associated covariance
reduce to the following.

2
P — |:U$ UzQy] — (Pl_l _’_P2—1)*1 (12)
Ozy O
The covariance P models the uncertainty in the combined target-location es-
timate based on the positioning of the two munitions relative to the target.
The task of designing trajectories for the munitions in order to enhance the
estimation performance can now be posed as the following optimal control prob-
lem. Consider the state vector = [r1 y; o2 y2]". The heading angles of the
munitions can be organized into a control vector u = [¢); ¥s]T. The state vec-
tor evolves according to the state equation found by grouping Equation (@),
& = f(u) = [f] f7]7. For boundary conditions, the initial positions of the mu-
nitions will be considered a given, and the final position of munition 1 is required
to be the target location, z1(tr) = xr and y1(tr) = yr. The final position of
munition 2 is free.

The goal will be to find the trajectories that minimize the following cost
function, which is based on the WLSE covariance.

tp
J = / (o2 + 0'5) dt (13)
0

The variances of each target location are functions of the states describing the
munition configuration. Clearly, this cost function emphasizes the uncertainty
over the entire trajectory. Alternative cost functions could be defined using other
metrics of the covariance matrix, but these were not investigated here.

3 Dynamic-Programming Approach

The above nonconvex problem has previously been solved using a variational
method [13]. Although these solutions demonstrated that significant improve-
ments in the target-location estimate could be achieved, the method was too
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Fig. 2. Example of (a) path grids and (b) DAG where n = 64 and m = 168 and all
edges are directed from left to right
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computationally expensive for implementation. This section describes a solu-
tion of the problem by dynamic programming (DP), with the goal of reducing
computational expense.

Whereas variational methods consider a continuous range of heading angles at
any instant in time, the approach considered here only allows a discrete number
of possible headings at discrete instants in time. Admissible trajectories were
selected considering Equation (). The trajectories were limited to two possible
heading angles at each decision instant. In between decision points, the trajec-
tories follow constant headings. This discretization generates a grid of possible
trajectories, as illustrated in Figure [ (a). This grid of physical points through
which the munitions may travel is referred to as the path grid. It is noteworthy
that the candidate paths are based on the simple vehicle model in Equation (2));
however, the path planning generated from this model could be applied to a
higher-order system.

The path grids were laid out for each munition and were structured such
that they were symmetric about a reference line from the initial state to the
target location. The expansion of this grid is variable about the reference line
by an angle, a. Because the results of the variational method showed that the
munitions tended to approach the target at orthogonal headings, the path grid
was of variable width to allow for outward sweeps. The degree of expansion was
determined based on the initial positions of the munitions relative to the target.

The nodes were organized into subsets of nodes that could be reached in a
given amount of time. Consequently, the time increment between layers was also
assumed constant between each layer. This time increment is calculated from
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the initial range of the munition that will strike the target, which is assumed to
always be the closer of the two munitions. The same time step is used for both
munitions in order to preserve synchronized motion of the munitions.

This algorithm implements the Bellman-Ford model for trajectory optimiza-
tion through dynamic programming in Fortran 77 [16]. Once a cost function is
defined and a cost corresponding to each possible set of paths for each muni-
tion is calculated according to Equation ([3)), the combinatorial possibilities of
physical node locations for the two munitions were used to form the vertices of
a directed acyclic graph (DAG) with n vertices and m edges. Each vertex repre-
sents a particular location for each munition at a particular instant in time, and
each edge corresponds to the cost value associated with the munitions traveling
to those particular locations. The graph is directed and acyclic because the paths
must follow the flow of time.

The vertices are arranged into subsets, where each subset represents a partic-
ular instant in time. Once the cost along each edge of the DAG is computed, the
algorithm marches backward in time from the last layer of vertices to the first
vertex to determine the lowest possible cost and the path that produces it. At
each subset, the optimal path is computed by comparing the costs to proceed
forward. That path and cost are then stored and the algorithm works backwards
to the preceding subset, continuing this process until it reaches the initial vertex.
The DAG associated with the path grid in Figure[2 (a) is shown in Figure[2 (b).
Solutions for this type of graph can be computed in O(m) time.

Example trajectories produced by the DP method are shown in Figures [3
and M using n = 64 and m = 168. The DP trajectories are also compared to
trajectories computed from the variational method. A third order curve fit was
used to obtain the smooth trajectories from the grid points of the path grids.
The trends of the DP trajectories capture those of the variational method. This
is also evidenced by a minor increase in the final cost of approximately 7.75% in
each problem, as shown in Table[Ill When paired with a computational run-time
of 0.1 sec on a 2GHz PC for the DP method, and the advantage of deterministic
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Fig. 3. Problem 1 SLAP trajectories from variational (a) and DP (b) methods
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Fig. 4. Problem 2 SLAP trajectories from variational (a) and DP (b) methods

Table 1. Cost for sample SLAP trajectories

Problem DP Method Cost DP Method Cost Variational Method Cost

1 1.7181 % 10* 1.7209 = 10* 1.59 % 10*
2 2.0317 % 10* 2.0318 % 10* 1.89 % 10*

run time, these cost values confirm the effectiveness of this method to the SLAP
problem.

4 Cost Sensitivity to Grid Resolution

In implementing the DP method, the resolution of the path grids and the re-
sulting DAG must be selected. In order to determine an appropriate resolution,
the sensitivity of the cost to grid resolution was investigated. A lower resolution
DAG with n = 27 and m = 70 was created. The resulting increase in perfor-
mance cost was less than 1%, as shown in Table [l This low sensitivity to grid
resolution did not motivate the investigation of resolutions greater than n = 64.

5 Estimation Performance

The impact of the trajectories on the target-location estimation can now be
evaluated. Although the trajectories were designed using a cost function based
on the variances from a continuous WLSE algorithm, the estimation performance
will be evaluated using a recursive weighted least squares estimation (RWLSE)
algorithm with discrete measurement updates. The estimates computed using
the DP trajectories are compared to estimates using the variational method and
following trajectories from the initial conditions straight to the target location
(STT trajectory). In each case, noisy measurements were simulated using the
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measurement model in Equation (). The measurements were generated by use
of the RANDN command in MATLAB to generate a normal distribution of
random numbers.

The munition sensors were assumed to collect measurements of the target
location at a rate of 10 Hz. The RWLSE algorithm operated as follows to deter-
mine the estimate and the uncertainty at the kth time step [T4JT5]. The current
estimate is computed as follows.

K,=P, H (HP, \H' +R)" (14)
o) =&\ + K (2, - Ha(D)) (15)

The current covariance matrix is computed as shown.

o2, oy _ _ -1
Po= | ok T < (p  E R (6)
Ozy,k Uy,k

To compare the estimation performance along the different trajectories, the size
of the one-sigma uncertainty ellipsoid in the target-location estimate can be used
as a metric. At the kth time step, this is given by the product of 7 with the square
root of the product of the eigenvalues of Py. In particular, the ellipsoid size at
two seconds prior to impact ((tp — 2)seconds) will be highlighted. Although ¢p
is different for each trajectory, at this point in time munition 1 is roughly 600 ft
from the target.

Using the initial condition of x1(0) = 0ft, y1(0) = —2000ft, x2(0) = 100 ft,
and y2(0) = —2000 ft, two munitions on STT trajectories correspond to a one-
sigma uncertainty ellipse with an area of 39.7ft* at (tp — 2)sec, with tp =
6.67, sec. When the two munitions follow the SLAP trajectories obtained through
the variational and DP methods shown in Figure 3] however, the area is reduced
as shown in Table[2l The error histories for a sample simulation with noisy mea-
surements and three-sigma error bounds (£30, 1 and £30, ;) generated by the
RWLSE algorithm are shown in Figure [l Figure[El(a) shows the errors in the x
and y estimates of the target location using the variational method trajectories.
Figure Bl(b) show the errors using the DP trajectories. Both trajectories give
similar, relatively good performance in estimating the target location, however
the DP trajectory has slightly slower convergence. This highlights the differ-
ence between the uncertainty ellipse area as a performance metric and the cost
function used in generating the paths.

Table 2. Area of one-sigma uncertainty ellipse

Problem STT Variational Method DP Method
1 39.7 ft2 9.1 ft2 24.5 ft?
2 40.8 ft2 9.3 ft2 23.5 ft2
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Fig. 5. Estimation errors using (a) Variational Method and (b) DP trajectories with
22(0) = 100 ft, and y2(0) = —2000 ft
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Fig. 6. Estimation errors using (a) Variational Method and (b) DP trajectories with
22(0) = 0ft, and y2(0) = 2000 ft

Moving munition 2 to the initial condition z(0) = 0ft, and y2(0) = 2000 ft
corresponds to an uncertainty ellipse with an area of 9.3 ft? for the variational
method trajectories. With a mesh expansion angle of 7 /4, the resulting uncer-
tainty ellipse area was 23.5 ft? for the DP trajectories. For these initial conditions,
the error histories for a sample simulation with noisy measurements and three-
sigma error bounds generated by the RWLSE algorithm are shown in Figure [Gl

6 Conclusions

Careful trajectory design can have a significant impact on target-location es-
timation. In this work, the DP approach was used to demonstrate that SLAP
trajectories are practical for real-time implementation. The advantage of this
approach is that discretization in both time and spatial coordinates results in
a DAG on which the corresponding problem can be solved in a deterministic
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amount of computation. This allows grid resolution to be selected based on the
available computational resources and desired performance.

More accurate target-location estimation could allow more accurate strike
capability or the ability to attack the targets that are difficult to detect. Further
work is needed to demonstrate the impact of these estimation enhancements on
guidance and control performance. In future implementations, heuristic methods
may be developed based on insight gained from solutions of the optimal control
problem. Additionally, an algorithm could be developed to allow for an adaptive
mesh expansion angle. The DP approach will still be a useful development tool
to cheaply investigate various solutions.
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