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Abstract. An optical method for modulo operations has been proposed. This 
method utilizes phase modulation of light wave. This method can be applied to 
modulo multiplication which is an important operation in an algorithm for 
prime factorization. Optical parallel processing based on the method is imple-
mented with a Michelson interferometer. This report shows that this method is 
effective in prime factorization. Especially, we study on suitability between 
large scale data processing for the prime factorization and the proposed method. 
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1   Introduction 

As is well known, optical signals have various advantaged features for information 
processing. Broad bandwidth and huge capability for data storage are mentioned as 
examples of such features. Also, spatial parallelism is one of the promising character-
istics in optical information processing. 

Recently, some optical methods for problems requiring exponential computa-
tional costs with electronic processing have been proposed. In Ref. [1], a method 
for the Hamiltonian path problem is reported. This method utilizes delay of the rays. 
Also, two solutions for the traveling salesman problem have been developed. One is 
based on white light interferometry with fiber optics [2]. In the other methods, a set 
of network is represented as a binary matrix and the output is obtained by a matrix 
vector multiplication [3]. The multiplication process is realized with a joint trans-
form correlator. 

In such a situation, we have proposed an optical method for parallel modulo opera-
tions [4]. One of the advantaged features of the proposed method is based on spatial 
parallelism of light. This method gives wave fields corresponding to results of modulo 
operation by modulating phase of light wave. Moreover, this method is applied to 
modulo multiplication.  Massive data processing for modulo multiplication is impor-
tant in an algorithm for prime factorization [5]. The proposed method has been veri-
fied to be useful for prime factorization.  
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In this report, the principle of the method is described. And, some advantaged fea-
tures of the system are discussed. 

2   Modulo Operation with Optical Phase Modulation 

In the factoring algorithm reported in Ref. [5], two prime numbers of a target integer 
are obtained with the period of modulo exponentiation as described in Eq. (1).  

 

f (x) = ax mod N                                                     (1) 
 

In this equation, N shows a target integer (N=pq). And a is an integer selected in pre-
processing. Here, a should be satisfied with inequality (2) and Eq. (3), respectively. 
 

1 < a < N                                                            (2) 
 

gcd(a,N) =1                                                     (3) 
 

In Eq. (3), gcd (a, N) indicates the greatest common devisor between a and N. In case 
that the period of f (x) is an odd number, p and q are given by the following two equa-
tions. 
 

p = gcd(ar / 2 −1, N)                                                (4) 
 

q = gcd(ar / 2 +1, N)                                                 (5) 
 

In the algorithm, f (x) is derived in accordance with the Shonhage-Strassen algo-
rithm [7]. Note that modulo exponentiation is derived with sequence of modulo mul-
tiplication represented as Eq. (6). 

 
g(x) = yx modN                                            (6) 

 
Let us consider a sinusoidal wave defined as Eq. (7). 
 

U(φ) = cos 2πφ( )                                            (7) 
 

In Eq. (7), by setting φ = yx/N, Eq. (7) is modified as shown in Eq. (8). 
 

U(φ) = cos 2π yx
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Eq. (3) shows that wave fields corresponding to remainder are obtained by simple 
phase modulation. 

3   Optical Hardware and Improved Solutions 

3.1   Basic Architecture for Optical Implementation  

An optical system for parallel processing based on the above scheme can be con-
structed with a Michelson interferometer as described in Fig. 1. In the system, the 
mirror put at one optical arm is tilted to generate desired interference signals. A tilt 
angle to execute parallel processing shown in Eq. (7) is given by Eq. (8).  

 

θ = 1

2
sin−1 yλ

DN
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⎞ 
⎠ 
⎟                                                     (8) 

 
In this equation, λ and D show wavelength of the light source and pixel pitch of PD 
array, respectively. Interference signals are observed with photodetector array. Opti-
cal path difference between pixels is (yλ/N). In accordance with procedure reported in 
Ref. [4], prime factorization is executed with the optical system and post processing. 
We have developed and demonstrated an optical system based on the architecture 
described in Fig. 1.  

3.2   Previous Works  

In the first prototype reported in Ref. [4], 640 points of g(x) can be achieved in paral-
lel. The performance of parallel processing directly depends on the array size of de-
tectors. It has been shown that proposed method is able to give correct period of f (x) 
with post processing even though noise signals are included in measured interference 
signals. 

 

Fig. 1. Schematic diagram of an optical parallel processor for modulo operations 
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A method for two-dimensional parallel processing has been reported as improve-
ment of the proposed method [6]. In the two-dimensional parallel system, both mir-
rors in the interferometer are controlled. One is rotated at θ-direction. And, the other 
is turned at α-direction. Interference patterns are generated and measured with two 
dimensional array of photo sensors. Note that this architecture is suitable for an area 
sensor. Fig. 2 shows a photograph of the constructed system. This system can achieve 
1344x1024 points of parallel operations. It is shown that two dimensional processing 
is useful to improve processing performance dramatically. 

 

Fig. 2. Photograph of the experimental system for two dimensional parallel processing 

 

Fig. 3. Numerical analysis for auto correlation of modulo exponentiation obtained by the im-
proved method with Eq. (9). (a)~(d) show those in case of  m=1, 2, 4, 32, respectively. 
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Another method has been proposed. This method improves processing perform-
ance without change of device. In the method θ is set as described in Eq. (9). 

  

θ = 1
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Here, m must be a natural number. Therefore, this method can achieve m times of 
parallel processing in comparison with the first system described in Fig. 1. Fig. 3 
shows an example of the improved method. There are results of numerical analysis. 
Horizontal and vertical axes show x and auto correlation of f (x), respectively. In this 
case, N and a are 1643 and 300 respectively. From the graphs, it is confirmed that 
correct period (=780) is derived in case of m≦32. 

On the other hands, noise robustness of an optical system described in Fig. 1 is es-
timated [9]. In an interferometer, misalignment and noise components are unavoid-
able. Therefore, error tolerance of the optical system is important for estimation of the 
proposed method. As results of estimations, we show that the proposed method has 
high robustness against noise signals.  

4   Discussion about Spatial Parallelism and Suitability of 
     Mathematical Property 

In Ref. [4], we discuss on characteristics of the optical system shown in Fig. 1. Only 
single emitter and single modulator are required to construct the system. Note that 
two modulators are used for two dimensional parallel processing. The reason of the 
characteristics is described. In our method, plane wave corresponds to input state-
ments for parallel processing. That means that input datum can be generated optically 
and passively. Almost of conventional optical parallel processors requires huge num-
bers of emitters. Therefore, our method seems to be effective for practical use. More-
over, the improved method using Eq. (9) executes modulo operations with fewer 
photodetectors. By use of the improved method, large scale information processing 
can be implemented at less device costs. 

In the studied prime factorization, also, desired prime factors can be derived even 
though measured optical signals have noise components caused by misalignment. The 
reason of that is described. In our scheme, period of f (x) is obtained with the optical 
system and post signal processing. One of the reasons of the feature, mathematical 
property is mentioned. f (x) is known to be periodical function. And the period is an 
integer. By use of these characteristics, results obtained by the optical system can be 
compensated in the post processing. Therefore, it may be permitted that results of 
optical processing have slight errors. Suitability between required exactness in the 
target signal processing and accuracy of optical hardware is considered to be impor-
tant to develop a practical optical system utilizing spatial parallelism. 

5   Summary 

We have reported an optical method for parallel processing. This method is based on 
optical interference and is effective in prime factorization. Reasons of the effectiveness of 
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the method have been discussed. In the discussion, we especially focus on the spatial 
parallelism of optical processing and suitability between mathematical characteristics and 
optical operations. 

However, we have not yet developed a solution to execute prime factorization in 
polynomial time costs. To construct the solution is final goal of our research and a 
challenging issue. 
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