4 The three—body problem and the
Lagrangian solutions

The solution of the two—body problem is provided by Kepler’s laws, which state
that for negative energies a point—mass moves on an ellipse whose focus coincides
with the other point-mass. As shown by Poincaré [149], the dynamics becomes
extremely complicated when you add the gravitational influence of a third body.
In Section 4.1 we shall focus on a particular three-body problem, known as the
restricted three—body problem, where it is assumed that the mass of one of the
three bodies is so small that its influence on the others can be neglected (see,
e.g., [21,44,94,131,163,169]). As a consequence the primaries move on Keplerian
ellipses around their common barycenter; a simplified model consists in assuming
that the primaries move on circular orbits and that the motion takes place on
the same plane. Action—angle Delaunay variables are introduced for the restricted
three-body problem and the expansion of the perturbing function is provided.

In the framework of the planar, circular, restricted three-body problem we derive
the special solutions found by Lagrange, which are given by stationary points in the
synodic reference frame (Section 4.2). The existence and stability of such solutions
is also discussed in the framework of a model in which the primaries move on elliptic
orbits (Section 4.3) as well as in the context of the elliptic, unrestricted three—body
problem (Section 4.4).

4.1 The restricted three-body problem

Let Py, P2, P3 be three bodies with masses mi, ma, ms, respectively; throughout
this section the three bodies are assumed to be point—masses. In the restricted
problem one takes mo much smaller than my and mgs, so that P> does not affect
the motion of P; and P3. As a consequence we can assume that the motion of Py
and Pj3, to which we refer as the primaries, is Keplerian. Concerning the motion
of Py around the primaries, the region where the attraction of P; or that of P3 is
dominant is called the sphere of influence; an estimate of such a domain is provided
in Appendix B.

4.1.1 The planar, circular, restricted three—body problem

The simplest non—trivial three-body model assumes that P; and P35 move on a cir-
cular orbit around the common barycenter and that the motion of the three bodies
takes place on the same plane. We refer to such a model as the planar, circular,
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restricted three—body problem. In an inertial reference frame whose origin coincides
with the barycenter of the three bodies, let { n 13 o 3 5 € R? be the corresponding
coordinates. From Newton’s gravitational law one obtains that the motion of P;
and P is described by the equations

g, ma(E, —§) ma(§; —§€,)
e R
d’¢, _ 7gm1(§2—§1) 7gm3(§2 —&)
d? &, — &P &, =&

Next we consider a (heliocentric) reference frame with origin coinciding with P;
let 7y = &, —§1, rg = {, — &, be the relative positions with ps = |r5], p3 = [rg].
Then, one obtains

d*ry  G(my+ma)ry  Gmars  Gmg(rg —ry)

a2 3 o3 ry — o3

Setting u = G(my + ms) and € = Gmg, one has

dry pry _ _ OR
dt? p ory

where the function R takes the form

. 1
R =225 _ . (4.1)
P3 rg — 1ol

Notice that for € = 0 the dynamics reduces to the two—body problem of the motion
of Py around P;. For this reason we shall refer to € as the perturbing parameter
and to R as the perturbing function of the Keplerian motion. Recalling (3.36) we
can write the three-body Hamiltonian as

2
Ho(Lo, Go, 4o, 90) = —2#? +eR(Lo, Go, 4o go) » (4.2)
0
where R is given by (4.1) and the functions r,, rs must be expressed in terms
of the Delaunay variables. Since the motion of P3 around P; is circular, normal-
izing the time so that the angular velocity of Ps is equal to one, one obtains
rs = (pscost, pssint). Denoting by ¢ the longitude of Py and using ry - 15 =
pap3 cos(¥ — t), one obtains |ry — ry| = \/p2 + p3 — 2papz cos(V — t). As a conse-
quence, the perturbing function takes the form

p2 cos(d —t) 1

R = - .
P V03 + p3 — 2paps cos( — 1)

(4.3)

We immediately remark that R depends upon the difference ¢ — ¢; being ¥ =
go + f, one obtains that R depends on the difference gy — t. Therefore we perform
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the canonical change of variables from the Delaunay coordinates (Lo, Gy, 4o, go)
introduced in Chapter 3 to a new set of variables (L, G, ¢, g) defined as

6:60, L:LOa
g:go_t7 G:GO

The transformed Hamiltonian takes the form

2

H(Lvagvg) = _2/1‘? -G
o p2eos(g+f) €
03 VP34 P2 —2papscos(g+ f)

where po, f are intended to be expressed in terms of the mean anomaly.

4.1.2 Expansion of the perturbing function

The perturbing function (4.3) can be written in terms of the Delaunay variables.
Here we compute explicitly the first few coefficients of its Fourier—Taylor series
expansion and we refer to Appendix C (see also [61,67,68]) for general formulae
valid at any order.

Let us introduce the Legendre polynomials P;(x) defined through the recursive
relations

Po(z) = 1
Pi(z) = =
Pji1(z) (2 + l)Pj(f—)fl—JPjﬂx)

forany j > 1.

Apart from a constant factor, the second term in (4.3) becomes

1 > peosto -y (2

1
VP3 + p2 — 2paps cos(V — t) ©ps = p3

from which we obtain

1 & J

R=——Y Pj(cos(9 — 1)) (”2) . (4.4)
P3 = P3

The inversion of Kepler’s equation (3.24) up to the second order in the eccentricity

yields
2

u=~{+esinl + % sin(20) + O(e?) .

Using (3.23) one obtains

f=4L4+2esinl + Ze2 sin 20 + O(e?) ,
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so that 5
19—t:g+£+2esin£+1e2sin2€+0(e3) . (4.5)

In a similar way, from ps = a(1 — e cosu) one obtains:
Ly L o 3
p2=a 1—|—§e —ecosﬁ—ie cos2l | +0(e?) . (4.6)

Recall that the ecccentricity is a function of the Delaunay variables through the
relation e = /1 . The powers (%)j for j = 2,3,... admit the following

expansions:

;::\E

3 1
= 14+ §e2 — 2ecosl — 562 cos 20 + O(e®)

o3

3
) = 1+43e? —3ecosl + O(e®)
) = 1+5e? —4ecosl +e*cos20 + O(e?)

Q\S

(%)
(
(
(

a\b

)

From (4.4), one gets:
R = —- [Pa(cos( — 1)) (22)%(:)% + P3(cos(¥ — 1)) (22)°(;%)°

P3 Pr3

+Py(cos(V — 1)) () ()" + Ps(cos(¥ — 1)) (2)°()°]+... .

Casting together (4.5), (4.6) and normalizing the unit of length so that p3 = 1, one
obtains the expansion
R = RQQ(L, G) + Rlo(L, G) cosl + Rn(L, G) COS(€ + g)
+ R12(L,G)cos(f+ 2g) + Raa(L, G) cos(2¢ + 2g)
+ Rs2(L, G) cos(3¢ + 2g) + Rs3(L, G) cos(3¢ + 3g)

1
1 —5ecosl + e? <25 + ;Cos%) +0() ... .

+ Rya(L,G)cos(4€ + 4g) + Rss5(L, G) cos(5¢ + 59) + ... , (4.7)
where the coefficients R;; are given by the following expressions:
L* 9 3 Le 9
Roo = LY+ Ze? ) +... =——(1+L*)+...
00 4<+16 +2€‘)+ , Rio 2(+8 +
3 ) Lt
Ry = —218(14204) 4+ ..., Rip= —S(9+5L% +...
8 8 4
Lt 5 3
Ryy = ——(3+-L* : Rzp = —=L'e+...
22 1 ( + 1 )+ ) 32 1 e+
R33 = 58 1+ 7L4 R ———LS
8 16 ’ T 6
63
Rss = — L4 (48)

128
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4.1.3 The planar, elliptic, restricted three—body problem

If we assume that Pz orbits around P; on an elliptic orbit with eccentricity €', the
corresponding motion is described by a Hamiltonian function with three degrees of
freedom; if ¢ denotes the longitude of P3 and ¥ is the conjugated action variable,
the Hamiltonian of the elliptic case is given by

H(L’G’qj7£7g7/(/)): +W+€R(L3Gaevngve/) )

212

where R(L, G, ¥, g,v;€e") depends parametrically on ¢ and, in normalized units, &
is the primaries mass-ratio. Up to constants, the first few Fourier coefficients of
the series expansion of the perturbing function are the following:

R(L,G,t,g,¢) =
LY(5 9 , 3G 3,\ uef. 9.,
36 5.4 Lt 4
7§L 1+§L cos(€+g*1/))+ze(9+5L )cos(l +2g — 24))

4
L <3 + ZL4> cos(2¢ +2g — 2¢) — ZL% cos(3¢ + 2g — 2v)

4

7§L6 <1 + 7L4) cos(3¢ +3g — 3¢) — 2—2L8 cos(4¢ + 4g — 49))

8 16

63 3 45
———L"cos —5¢) — L Z¢/ + — L% ) cos

198 cos(bl + bg — 59) (46 + sl cos(¢)

21 45
-r* (86/ + 326’L4> cos(20 + 2g — 31)

-r* < - %e' + 352e'L4) cos(20+2g — ) + ...

4.1.4 The inclined, circular, restricted three—body problem

We assume that the motion of P3 around P; is circular, but we let the planes of
the orbits of Py and Ps have a non—zero mutual inclination 4. Using the spatial
Delaunay variables (L, G, H, ¥, g, h) introduced in Chapter 3, denoting with v the
longitude of P3, the Hamiltonian function takes the form:

1

H(L,G,H,E,g,h,d)) = 72L2

*H+5R(L7G7H7€7gvhvw) )

where, setting v = ,/% — %, up to constants the first few terms of the Fourier
expansion of the perturbing function are given by
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1 3 9 3
LG H =L S+ e+ L Oy
R(L,G,H,{,g,h,) <4+ge 5 27)

3 3, 5 4
—-—=7"+ =L 204+ 2g+2h —2
(4 27 16 )cos(ﬁ q h w)

1 , 9 3 3,
( 2e—|—3ve 166L>cos(€) (4e 2ve)cos(3£+2g+2h 20)

- ( - Ze + 2726 - ieL4> cos(f +2g + 2h — 2¢)) — g,yz cos(2¢ + 2g)

—272 cos(2h — 2¢)) — g’erCOS(?% +29)

9 3
—|—§'72e cos(l + 2g) + 5’726 cos(l 4+ 2h — 2¢)
3, 63 15 4
+§’y ecos({ —2h +2¢) — L 3 + 6—4L cos({ +g+h—1)

5 35
(2 20 7476 _
(8 + 198 L )L cos(3¢ 4 3g + 3h — 3¢)

f§L8cos(4é+4g+4hf4¢) _ %LlOCOS(5€+5g+5hf5¢)+_”

4.2 The circular, restricted Lagrangian solutions

In the framework of the restricted, planar, circular three-body problem, Euler
and Lagrange proved that in a rotating reference frame the equations of motion
admit the existence of equilibrium solutions, known as the collinear and triangular
equilibrium points. A concrete example is provided by the Trojan and Greek groups
of asteroids, which (approximately) form an equilateral triangle with Jupiter and
the Sun.

The mathematical derivation of such equilibrium solutions is the following. Con-
sider a sidereal reference frame (O, €, n, (), where O coincides with the barycenter
of the three bodies, the £ axis lies along the direction joining the bodies with masses
my and mg at time ¢ = 0, i is orthogonal to ¢ and belongs to the orbital plane,
while ¢ is perpendicular to the orbital plane. Let (&,7:,¢;), ¢ = 1,3, be the coordi-
nates of the primaries P; and P3. We normalize the units of measure so that the
distance between the primaries is unity and that G(m + mg3) = 1. Without loss of
generality we assume that m; > mg and let

ms3

. my +ms

so that u; = Gmy = 1 — 71, us = Gmsz = . The equations of motion of Py with
coordinates (&, 7, () can be written as
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S Tk §—¢
H1 3

"7:/’41 3 +/J/3 3

ry r3
E =t (49)

where r; and r3 denote the distances from the primaries:

o= V(& =2+ (m -2+ (G -2,
rs = /(&= &2+ (3 —n)?+ (G — ()2

Let us introduce a synodic reference frame (O, z,y, z), rotating with the angular
velocity n of the primaries, where n has been normalized to one, due to the choice
of the units of measure. Let us fix the axes so that the coordinates of the primaries
become (x1,y1,21) = (—ps,0,0), (z3,y3,23) = (11,0,0). The link between the
synodic and the sidereal reference frames is

& = cos(t)x —sin(t)y
n = sin(t)z + cos(t)y
¢ =z, (4.10)
while the distances of Ps from the primaries are now given by
=Vt tyi+22, rs=(r— )Pty + 2 (4.11)

Computing the second derivative of (4.10) with respect to time and inserting the
result in (4.9) one obtains the equations of motion in the synodic frame:

oU
i oy — U
v Y ox
i = U
Yy = By
oU
P = — 4.12
i 0z’ ( )
where the function U is defined as
1
U=Uz,y,2) == +y2)+ 22+ 12 (4.13)
2 1 T3

Multiplying (4.12) by %, ¢, 2 and adding the results, one obtains:

ou ou ou .
xx+yy+zz—6—m+a—yy+8f (4.14)
notice that the left—hand 81de of (4.14) is equal to 53( + 92 + %?), while the
right-hand side is equal to 2. Therefore, integrating with respect to time one gets

PP+ =20—-0Cy, (4.15)
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where C is a constant of integration, called the Jacobi integral. Using (4.13) one

obtains
OJ:x2+y2+2%+2?—(a§2+y‘2+22). (4.16)
1 3
Notice that (4.15) implies 2U — C; > 0. The curves of zero velocity are defined
through the expression C'; = 2U; such a relation defines a boundary, called Hill’s
surface, which separates regions where motion is allowed or forbidden. An example

of Hill’s region is given in Figure 4.1.

Fig. 4.1. The triangular and collinear equilibrium points with an example of Hill’s sur-
faces.

Let us now turn to the determination of the position of the equilibrium points
in the planar case with z = 0 [142], since we assumed that the motion of the three
bodies takes place on the same plane. Recalling (4.11) and using p; + u3 = 1 one
has:

pry + psry = 2® +y? + paps

Inserting such an expression in U one has

2 2
U=m <T21+Tll> + U3 <T2‘3+rlg) —%M1M3~
The equilibrium points are the solutions of the system obtained imposing that the
partial derivatives of (4.13) with respect to z and y are zero:
U _ oV On | U ory
ox Oory Oz Ors Ox
= ,u1<7‘1 _12>x+,u3 +M3<7’3—12>m_u1 =0
rs 1 T3 r3
oU _ 0U O OV O
dy Ory Oy Ors Oy

1 1
— M1<T1—2>y+ﬂ3<7"3—742)y:0- (4.17)
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A solution of (4.17) is obtained by solving the equations

r-—=0, rs—— =0,
1 T3

from which one obtains r; = r3 = 1, namely
(@+ps)® +y?=1, (@ —m)*+y*=1.

Solving these equations, one finds the equilibrium solutions

1 V3 1 V3
<2_M3a2) ) (2—M37—2> )
which correspond to the triangular Lagrangian solutions, usually denoted as L4
and L5 (see Figure 4.1).

Other solutions are obtained observing that y = 0 solves the second of (4.17);
in particular, there exist three collinear equilibrium solutions usually denoted as
L1, Lo, L3, where L, is located between the primaries, while Ly and Lg are outside
the primaries. We derive in detail the location of L;; the same procedure can be
straightforwardly extended to Ly and Ls.

At Ly we have y = 0 and r; = x+u3, r3 = —x + p1, so that ry +rg = 1;

moreover, % = 8T3 = 1. Replacing in $= = 0, one obtains

1 1
“1<1‘T3‘<1—7~3>2>‘“3(T3‘@> -

from which one gets

3 3 17T3+
31 (1+7'3+7'3)(177’3)3 '

Define a = (£2-)1/3; developing « in Taylor series, one finds
3p1

53 4

1
T3+81 3+

1
o =13+ T3+3

3
Inverting such relation, for example using the Lagrange inversion method [142], one
has

1, 14 23,

ry=a— ol —ga - cra +... (4.18)

Since 73 represents the distance along the z—axis from the body with mass mg3, the
solution (4.18) provides the location of the equilibrium point L; as a function of the
mass ratio a. Similar computations can be performed for Ly such that r; = x4 us
and rg = r—py with r;—rg = 1, and for L3 such that r; = —x—pus and r3 = —x+p
with rg —r1 = 1.

To give a concrete example, in the Moon—Earth system the location of the
equilibrium points is the following: L, lies at 3.26 - 10° km from the Earth, Lo is
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at 4.49-10° km, L is about 3.82-10% km from the Earth, while L4 and Ly are the
triangular positions at 3.84 - 10° km, being located on the Moon’s orbit.

We conclude with a discussion on the linear stability of the equilibrium positions
(see [142]). Let us denote by (z¢, y¢) one of the five stationary solutions (L1, ..., Ls);
let (8z,6,) be a small displacement from the equilibrium and let (z,y) = (z¢ +
dz,Ye + 0y). Let us insert such coordinates in (4.12) and expand the derivatives of
U in a neighborhood of the equilibrium solution. Using the notation

U, = 02U (4, ye) 7 U,y = 02U (x4, ye) 7
0x? 0x0y

_ U (4, y0)

Uyy ayz ?

the equations for the variations (05, d,) can be written as

by b

o | 8y
N Rl I I

by Oy

where

0 0 1 0
1 o o0 01
A= Upz Upy 0 2
Usy Uyy =2 0

The eigenvalues of A are the solutions of the secular equation det(A — Aly) = 0
(where I is the 4 x 4 identity matrix), namely

M4 (4= Upy — Uy )N’ + (UgaUyy — UZ,) =0

This equation admits four roots:

[N

1 1
Ma = 5 (Un Uy = ) = 510~ Uno = Up)? = AUl ~ U2)1

1
2

N = N =

1
Agg = i[Q(Um + Uy —4)+

)

K%ﬂ@—%ﬁ—ﬂ%wm—ﬁﬂﬂ

The equilibrium solution is stable, if the eigenvalues are purely imaginary.

For the collinear equilibrium position Li, one has y, = 0, 1 = xy + us,
r3 = —xy + p1; defining M = % + %, the characteristic equation becomes
1 3

M4 @2-MMN+1+M-2M*)=0.

Therefore the product of the four eigenvalues amounts to 1 + M — 2M?, with the
constraints \; = —Ag, A3 = —M\4. The eigenvalues are purely imaginary provided
that A2 = A3 < 0 and A3 = \? < 0, which imply that 1 + M — 2M? > 0, namely
—% < M < 1. These inequalities would guarantee the stability of the equilibrium
point; however, computing M at the collinear point L; one finds that M > 1. In
fact, in the case of L; we know that ry < 1 and r3 < 1, so that M > p; + ps = 1.
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We conclude that the collinear point L is unstable for any value of the masses.
The same conclusion holds for Lo and Ls.

Concerning the triangular equilibrium positions one has z, = % — U3, Yo = :I:@,
ry = rg = 1. Computing the derivatives of U at the equilibria, one obtains

3V3

9

3

Upa =
rx 47

The eigenvalues become

j:\/_1_ \/1—27(1—%)#3
\/§ 9

VT i
7 .

The eigenvalues are purely imaginary provided

A2 =

A3 g =

1—27(1 — pz)ps > 0 ; (4.19)

recalling that we assumed my > mg, so that gy > us with pq + pu3 = 1, taking into
account the inequality (4.19) one obtains

27 — /621
py < ———— ~0.0385 . (4.20)
54
In conclusion, if the masses verify (4.20), then the triangular equilibrium solutions

are linearly stable.

4.3 The elliptic, restricted Lagrangian solutions

Consider the planar motion of a body Pa(z, y) of mass uso in the gravitational field of
two primaries, Py (z1,y1) and Ps(x3,y3) with masses 1 and p3, which are assumed
to move on elliptic orbits around their common center of mass O; let f denote the
true anomaly of the common ellipse and let r = f&;‘i; be the distance between
P; and Ps. In an inertial barycentric reference frame, the cartesian equations of

the motion of Py are given by

T = —
r3 r3
. Hl(y - yl) ﬂB(y - y3)
Yy = - ’1“3 - 7‘3 )
1 3

where 11 = \/(z — 21)2+ (y — y1)%, 13 = /(z — 23)% + (y — y3)2; the above equa-
tions are associated to the Lagrangian function

. 1., u s
Ll gzy,m f) = 5@ +57) + =+ 7=,
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where the coordinates of the primaries, (x1,y1) and (x3,y3), depend upon r and f
in the following way:

T = —pgreosf 23 = pureos f |

Y1 = —pgrsinf, ys = parsin f .

Next we move to a barycentric reference frame (O,€,n) rotating with variable
angular velocity, such that at each instant of time the rotation angle is equal to f
with f = T%, h being the angular momentum and having assumed G(mq +ms) = 1.
The transformation equations are given by

x = Ecosf—msin f
y = Esinf+mncosf .

Thus, the primaries oscillate on the £—axis and have coordinates

51 = —H37T, 53:#'17"3
m =0, n3 =0.

The new Lagrangian function takes the form:
- 1. . 1 : .o
LE & r f) = (€ +0%) + 5 +n")f* + (& — & f+ To+ T2

The transformation to the so—called rotating—pulsating coordinates (X,Y") is
achieved through the further change of variables:

& =rX
n=rY;

the primaries are now in a fixed position with coordinates (X,Y7) = (—pus,0),
(X3,Y3) = (p1,0) and the Lagrangian function takes the form

[

LX)V, X,Y,r, f) = —(X2+V2) +ri(XX + YY)

2
-2 h2
X2+v?)(1+ 2 h(XY - YX s .
AT+ )<+2+22+( )7"7"1 'S
Finally, we change the time taking the true anomaly as independent variable
through the transformation

dt = Erz df .

Denoting by X' = Q and Y/ = dY , the new Lagrangian function is given by

1 H1 | B
LY, XY or f) = S (X2 +Y )+ XY~ YX’+W(X2+Y2) h2( e ;”).

T3
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The corresponding equations of motion take a form similar to that of the circular
case (see (4.12)), being

X" -2y = Qx
V" 42X = Qy, (4.21)
where we define Q = Q(X,Y, f) as
1 1 pio ops 1
Q=—— |(X24+V)+ L B, =
1+ecosf 2( * )+r1+r3+2'ulu3

and Qx, 0y denote the derivatives with respect to X, Y, respectively. Let €y be
defined through the relation

Qo= (1+ecos [ .

The equivalent of the Jacobi integral is obtained from (4.21) multiplying the first
equation by X’ and the second by Y’; adding the results one obtains:

dx\?  [dv\?
— — ) =2 [ (QxdX +QydY) . 4.22
() +(F) =2 @xaxranan (422
Let us write the derivative of 2 with respect to the true anomaly as

esin f
Qp = ( Qo .

1+ ecos f)?
Then, (4.22) becomes:

(5) (5 - 2fm-om

B Qo sin f _
= 20 26/(1+ecosf)2df Ce,

where C, is a constant which reduces to the Jacobi integral in the circular case
e=0.
The stationary solutions of (4.21) are given by

o0 o0
ax 0 oy "
or equivalently by
2 _, 2 _
ox ay

which imply that the solutions of the elliptic problem coincide with those of the
circular case. In particular, the triangular solutions are located at (% — 3, :l:@),
which pulsate as the coordinates. In order to analyze the stability, one starts by
introducing a displacement (dx,dy) from the libration points, say X = Xy + dx,
Y =Y, + dy, where (X, Y2) coincides with one of the five stationary solutions; the
linearized equations can be written as
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1 () (©)

O — 20y = T+ ecos f [0, xx0x + Q2 xy O]
1 () ()

oy +20% = 1+ ecos f [y x0x + Qg yyov]

where Qéz)x x denotes the second derivative of {1y with respect to X computed at

the stationary solution (Xy,Y;) (similarly for the other derivatives). A numerical
procedure based on Floquet theory (see Appendix D) and on the computation of
the characteristic exponents (see [52]) provides the domain of the linear stability
in the parameter plane (u,e).

Figure 4.2 shows the regions of linear stability of the triangular solutions (com-
pare with [52]): at 1 ~ 0.028 one has linear instability for any value of the eccen-
tricity; at p =~ 0.038 one has instability also for e = 0, while the eccentricity can
have a stabilizing effect up to p ~ 0.047 (notice that the point D in Figure 4.2 has
coordinates D(0.047,0.314)). The collinear points are always unstable, as in the
circular case, for any value of the eccentricity and of the mass parameter.

Fig. 4.2. The shaded area denotes a region of equilibrium of the elliptic, restricted trian-

gular solutions as the parameters p and e are varied (after [52]; reproduced by permission
of the AAS).

4.4 The elliptic, unrestricted triangular solutions

Let Py, P2, P3 be three bodies of masses my, msy, ms which are subject to the
mutual gravitational attraction; we assume that the three bodies move in the same
plane and we denote the position vectors in an inertial reference frame by means
of the two—dimensional vectors ¢ 1 4y 4y The equations of motion can be written

° oU
iqg. = — =1,2,3, 4.23
mql 8 i (3 ( )

where
m;m;

Ulg) =

i< llg gl
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Following [154] (see also [134]) the generalization of the Lagrangian solutions of
the restricted case is obtained by looking for a periodic homographic' solution of
the form

Q,(t) = w(t)gz ) 1= ]-, 27 33 (424)

where z; are constant vectors and ¢(t) is an unknown function, which can be found
as follows. Inserting (4.24) in (4.23) one obtains

mim;(t)(z; — z;)
Z b

miz)(t) = = - i=1,2,3,
iz POPIz; — 2l
which can be split as
; v(t)
Y(t) = —v
|1h(t)?]
> e g Ly (4.25)

Nk
1<jage 12~ Al
where v is a real constant. From the first equation we recognize that (t) is a
solution of a Keplerian motion; summing the second equation in (4.25) over i =
1,2, 3, one obtains

Smiz =0, (4:26)
i=1
showing that the center of mass is located at the origin of the reference frame. Let
d be the length of the sides of the triangular solution; the scaling factor v can be set
to one by a proper choice of d. In fact, the first component of the second equation
in (4.25) is given by

1 M

vz = E[mQ(él — z3) + ma(z *§3)] = pA

where M = my + ms + mg3 denotes the total mass. Setting
d=Ms5 (4.27)

we obtain v = 1.
If P (i = 1,2,3) denote the momenta conjugated to 4, the Hamiltonian gov-
erning the three-body problem can be written as

e, 7 lp,l? e, lI?
H b b b b 9 - 71 72 73
I(Bl 22 BS gl g2 g?’) 2m1 2m2 + 2m3
_ mamg  mamg  Mamg (4.28)
lg, =, llag —q, I llgy — g,

1 A homographic solution is a configuration which remains similar to itself all times.
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The center of mass and the total linear momentum can be eliminated through a
transformation to Jacobi coordinates:

— = 7m2
U = 4,49, yl__m1+m2gl
1 ma
Uy = 95— m(”“% +mag,) Y2 = _M(Bl +p, +py) 1,
us = 37(mag, +mag, +mag,) U3 =p,+ P,y (4.29)

An alternative reduction is obtained through the transformation to heliocentric
coordinates as in Appendix E. Recalling (4.24) and (4.26), we obtain

3 3 3
Zmigi— Z miz; = Z Zm@:&
i=1 i=1 i=1

=1
which imply the elimination of the center of mass and of the total linear momentum,
since the above equations yield that u; = 0 and v3 = 0. Under the transformation
(4.29) the Hamiltonian (4.28) becomes:

\ )

o0y, 09, 101 11,) — loall® | llwell®  mamg  mumg  mgmg
PERERTE T oMy oMy ] (lug + Mawy || [lup + Maw, ||
(4.30)
where M; = T2 M, = mS(m]\lij), Mz = 12—, My = — " Transform-

ing to polar coordinates and making use of the constancy of the angular momentum
allows us to reduce to three degrees of freedom. More precisely, we start by per-
forming a coordinate change from (u;,v;) € R* to (r;, 9, R;,0;) € R*, defined
as

[ rjcosd; R; cosv; — —1s1n19 19
i = r;sind; )’ Y= R;sind; + 1cos19 ’ t=Lhe

The Hamiltonian (4.30) becomes

1 6? 1 03
Hs(R1, Ry, 01,09, 1r1,72,01,02) = R? + >+<R2 )
3( 1 2 1 2 1 2 1 2) 2M1( 1 1 2M2 7"2
_ mimp  Mmims 7m2m3’ (4.31)
1 P1 P2

where

pL = \/7"% + M27r3 + 2M3ri7r9 cos(V2 — V1)

p2 = \/rg + M2r3 + 2Myri7r9 cos(V2 — V1) .

Since (4.31) depends on 91, ¥5 through the difference ¥ — 191, we can perform the
canonical change of variables

E =% =3

A= ¥y — 1 A=0,,
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which makes the Hamiltonian (4.31) independent of £. Therefore, setting = = h,
where h denotes the constant angular momentum, the transformed Hamiltonian
becomes:

1 (h — A)? 1 A?

Ri,Ry, A A\ = R? R+ =

H4( 1,412, 4,71, T2, ) 2M1 ( 1+ 7"% +2M2 2+ T%

mims mims mams
_ _ — 4.32
- 5 5 (4.32)
where
h = \/7"% + M2r? + 2Msriracos A 8o = \/7"% + M3Fr? 4+ 2Myrira cos X .

Remark. In the planetary case one assumes that one mass is much larger than
the others, say my = p1, mo = eus, mg = eug, where ¢ is a small quantity and u;
(i =1,2,3) is of the order of unity. Then, applying the change of variables

) S‘:)‘v iL:ﬁ»

o~

Ri=—, =T, A=

one obtains the Hamiltonian

. A .
HS(RlaR27A77:177:27>\) = ° (R% + ( f2 ) ) + 26 (Rg —+ ~2>
1

2M; Mo T3
. N1~u2 _ Hiks _Eﬂzft:s : (4.33)
T1 01 0o

where 0; are the quantities §; with r;, A replaced by 7, A Observing that

€ 1 € 1
— =—+0(), — = —+0(e),
My pe (€) My ps3 (€)

one finds that the Hamiltonian (4.33) can be written as

_o 1 (-, (h—A)2 1 [z A2
HG(RlaRQaAv’rtha)‘):QpQ <R%+( f2 ) >+ <R§+ f2>
1

- M2 S L B(Ry, Ry, A, M) (4.34)

Fl 51

for a suitable function F' = F(Ry, Ry, A, 71,72, A). The Hamiltonian (4.34) is equal
to the sum of two decoupled Kepler’s motions, perturbed by a function of order ¢,
which can be considered as a small parameter. This model fits the planetary case
where one mass (corresponding to the Sun) is much larger than those of the other
bodies (the planets), which can be assumed to be of the same order of magnitude.

Coming back to the Lagrangian positions, let us denote by v = ~(¢) the periodic or-
bit corresponding to the triangular configuration with sides of length d as in (4.27).
Following [154] the stability of such configurations is investigated by linearizing the



80 4 The three-body problem and the Lagrangian solutions

equations of motion associated to the Hamiltonian function (4.32) around the peri-
odic solution. One obtains a time-dependent, periodic, linear system in the overall
set of variables z € RS of the form:

2= JD*Hy(y(t))z , (4.35)

0 I3
—I3 0
the n x n identity matrix) and D?H,(v(t)) denotes the Hessian of H4 computed
along the periodic orbit. Let T be its period; the linear stability analysis involves
the determination of the monodromy matrix C = Z(T'), where Z is the 6 x 6-
dimensional matrix, solution of (4.35) with initial data Z(0) = Is. The eigenvalues
of C' are the so—called characteristic multipliers, which are symmetric about the
unit circle, due to the Hamiltonian character of the dynamics. The system is linearly
stable if all multipliers have modulus one. In particular, two multipliers are unity:
one of them is associated to the periodic orbit and the other to the Hamiltonian.
Therefore, the linear stability is determined by the remaining four eigenvalues.
Indeed, a suitable change of variables allows us to decouple the system: one part
is associated to the unitary eigenvalues and a second part is a 4 x 4-dimensional
system associated to the other eigenvalues (see [154]). In the latter case, the secular
equation of order 4 depends on two parameters: the eccentricity and the mass
parameter 0 defined as

where J is the 6 x 6-dimensional matrix J = ( ) (being I,, with n € Z

B=27 mimsg + mims + mams

(m1 —+ mao =+ m3)2

In the circular case the characteristic multipliers can be analytically computed and
it is shown that they are purely imaginary if 0 < 3 < 1; this is a classical result,
already obtained by E.J. Gascheau in the 19th century ([74], see also [156]).

In the elliptic case the characteristic multipliers are obtained through a numeri-
cal integration; the results show that the triangular configuration becomes unstable
as the eccentricity increases (see [154]). In particular, the stability is lost through
a period—doubling bifurcation (namely two multipliers collide at —1 and move off
along the real axis). For g = % the system becomes unstable for any value of the
eccentricity; afterwards there is an interval where the stability is maintained locally
for non—zero values of the eccentricity, even though the circular solution is unsta-
ble. Finally the stability is lost through a Krein bifurcation, according to which
two multipliers collide on the unitary circle and move off in the complex plane (see
Figure 4.3).
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Fig. 4.3. The linear stability of the elliptic, unrestricted, triangular solutions within the
plane (3,e). The meaning of the labels is the following: S denotes a linear stability region,
pd is the period doubling curve ending at 3 = %, ke is the Krein collision curve starting
at 3 =1 (reprinted from [154] with permission from Elsevier).
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