8 Tensorial Generalization of Uniaxial Creep Laws to
Multiaxial States of Stress

In this chapter a method is developed in order to find tensorial constitutive
and evolutional equations based upon empirical uniaxial constitutive laws
found in experimental investigations. For engineering applications it is very
important to generalize uniaxial relations to multiaxial states of stress. This
can be achieved by applying interpolation methods for tensor functions , as
pointed out in detail in this chapter. It is illustrated that the scalar coefficients
in tensorial constitutive equations can be expressed as functions of the irre-
ducible invariants of the argument tensors and of the empirical constitutive
laws found in uniaxial tests.

Some examples should be discussed. For instance, the NORTON-BAILEY
creep law and a uniaxial damage relation are generalized to tensorial consti-
tutive equations.

8.1 Polynomial Representation of Tensor Functions

Let
Yij = fij(X) = podij + p1Xij + 802X¢(j2) (8.1)

be an isotropic tensor function where g, ©1, @2 are scalar-valued functions
of the integrity basis, the elements of which are the irreducible invariants of
the argument tensor X . Furthermore, they depend on experimental data.
First, it is possible to express the scalar functions through the principal
values X7, ..., Xyrand Y7, ..., Yy if we solve the system of linear equa-
tions )
Y = @0+ o1 X1 + 02 X7,
Yir =0+ 1X1 + 02 X7, (8.2)
Yir = o+ e1Xm + 02Xy -

The solution can be written in the form
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a1

o = Z PoX(arnX@rmYia) > (8.3a)
a=I
1
ZP (1) T Xarm) Yia) - (8.3b)
a1
= PaYu), (8.3¢)
a=1

where the abbreviation
I
Pyi= ] 1/(Xa - Xp) (8.4)
B
is introduced. A similar representation was used by SOBOTKA (1984) based
upon the SYLVESTER theorem (SEDOV, 1966).
Because of the products F,, the expressions (8.3a-c) can only be used if
all principal values are different. Therefore, in the following an interpola-

tion method is used in order to determine the scalar coefficients, even if two
principal values coincide.

8.2 Interpolation Methods for Tensor Functions

In extending the LAGRANGE interpolation method to a tensor-valued func-
tion, we consider the principal values of the argument tensor as interpolating
points and find the tensorial representation

1
Yij = fij(X) =) “LijYa + Rij(X) (8.5)

a=1

with the tensor polynomials
“Lij = Po (Xit — X(ar0)0i) (Xbj — X(at111)0k5) - (8.6)

Due to the HAMILTON-CAYLEY theorem, the tensor-valued remainder term
R;j in (8.5) is always equal to the zero tensor (BETTEN 1984; 1987b). As an
alternate approach, we find, by extending the NEWTON formula, the tensorial
representation

Yij = aodij + a1 (Xij — X16ij)

8.7)
+az (Xor — X16ix) (Xij — X1rdj)
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Further terms in (8.7) are not possible because of the HAMILTON-CAYLEY
theorem. The coefficients in (8.7) can be found by inserting the principal
values:

ap =Yr, ar = (Y7 = Yn)/ (X1 — Xu) , (8.8a,b)
as = (a1 — (Y = Y1)/ (X — X1))/ (X — Xur) (8.8¢)

The interpolation formula (8.7) can be written as an isotropic tensor function
(8.1) if we define

wo =ag — a1 X7+ ax X1 Xy, (8.92)
vr=a —ag (X1 + Xp) , 0 = as . (8.9b,¢)

In the case of coincident points, we need the derivatives of the tensor function
(8.1):

fij = 0Yip/0Xp; = p10i5 + 202 X35 , (8.10a)

fl=0fl,/ Xqj = 202045 . (8.10b)

v

For example, in the case of X; # X7 = X7, we find from (8.7) and (8.10a)
the coefficients

ap =Yr, ar = (Y7 —=Yn)/ (X1 — X11) (8.11a,b)
az = (a1 — f11)/ (X1 — Xn1) (8.11¢c)

if we substitute

Yr = fur (X =Xp),
Yir = fao (Xo2 = Xyp)
foo (Xoz = Xp1) = f11 -

Finally, if all principal values coincide, we calculate
ao = fr, ar = [, az= f7/2. (8.12a,b,c)

However, in this special case the argument tensor is a spherical one,
X;; = X/0;j, and therefore the formula (8.7) reduces to the trivial result:
Yi; = fi; = fr0;;. Note that the interpolation formula for a scalar function
y = f(x) approaches the TAYLOR expansion for f(x) at g if we make z,
a = 1,2,...,n, coincide at xg. An interpolation method for tensor func-
tions with two argument tensors can be developed in a similar way (BETTEN
1987b; 1987c¢).
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The interpolation method for tensor functions is a very useful and power-
ful tool. Besides many applications in tensor algebra or tensor analysis dis-
cussed by BETTEN (1987b; 1987c¢), engineering applications are also very
important.

In the theory of finite deformation the tensorial HENCKY measure of
strain and strain rate plays a central role see FITZGERALD (1980) and BET-
TEN (1987b; 2001a) because it can be decomposed into a sum of an isochoric
distorsion and a volume change. The problem to represent the logarithmic
function

Y=InhX or Y= {lnX}ij (8.13)

as an isotropic tensor function (8.1) is solved by determining the scalar func-
tions g, 1, 2. This can be done by using the interpolation method de-
scribed before by BETTEN (1987b; 2001a).

Other examples are Y = exp X or Y = sin X etc., which can be treated
in the same way. These functions play a central role, for instance, in problems
concerning vibro creep (JAKOWLUK, 1993).

8.3 Tensoral Generalization of NORTON-BAILEY’s Creep Law

The following example is concerned with the generalization of NORTON-
BAILEY s power law (Section 4.2)

d/dy = (c/09)" or d=Ko" (8.14a,b)

to multi-axial states of stress where d is the strain rate, o the uniaxial true
stress, and dy, og, n, K are constants. To solve this problem, we use an
isotropic tensor function

dij = fi5(0) = ©50i; + ¢ioi; + 5oy (8.15)

and determine the scalar coefficients ¢, . . . , ¢35 as functions of experimental
data (K, n) in (8.14b) and of the integrity basis, the elements of which are
the irreducible invariants of the CAUCHY stress tensor o.
Alternatively, we can represent the constitutive equation in the form
/(2
dij = fi (07) = odij + p10}; + pa0is (8.16)
where agj = 0j; — okk0;;/3 are the cartesian components of the stress

deviator o'. For the special case of incompressible behavior (d; = 0), we
find from (8.16) the condition
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30 + 9020,2(,3) =0 = o= —2p2J5/3 (8.17)

with the quadratic invariant J; = o,07},/2 of the stress deviator, so that the
constitutive equation (8.16) is reduced to the simple form

dij = 1075 + 207; (8.18)
containing the traceless tensors
0ij = 0J3/ doij and  of; = 9J3/ Doy (8.19a,b)

with the cubic invariant J3 = 07,07,07,/3 of the stress deviator. The uni-
axial equivalent state of stress (index V') is characterized through the tensor
variables

(0ij),, = diag {0, 0, 0} , (8.20a)
(04;), = diag {20/3, —0/3, =0 /3} , (8.20b)
(dij),, = diag {d, —vd, vd} , (8.20¢)

where v is the transverse contraction ratio.

In the following the diagonal elements in (8.20) are considered as inter-
polating points where two points coincide. Since the two coincident points
in (8.20a) are zero, it may be more convenient to determine the coefficients
©o, - - -, P2 in the constitutive equation (8.16) instead of (8.15). Thus, we use
the uniaxial creep law

d=(3/2)" K(o")" (8.21)

instead of (8.14b). Because of (8.20b), i.e. X;; = Xy = —0/3, and (8.21),
we find from (8.11a) the coefficient

ao=Y, =(3/2)" K(o')" = Ko™ . (8.22a)

Furthermore, because of (8.20b), (8.22a), and Y7 = —vd = —vKo", we
find from (8.11b) the coefficient

a1 =(1+v)Ko" L. (8.22b)

The derivative f }I at the coincident points X ;; = X7 can be determined
in the following way. From (8.21) we derive

f''=0d/00’ =n(3/2)" (/)" = nd/o", (8.23a)
S =ndi [o . (8.23b)
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From (8.20a,b) we read 0’ = —¢ /3 and djy = —vd; = —vd = —vKo", so
that (8.23b) can be written as

fir = 3vnKo" . (8.23¢)
Considering (8.20b) and (8.22b), we calculate from (8.11c) the coefficient

ag = (1+v—3vn)Ko" 2. (8.22¢)
Inserting (8.22a,b,c) in (8.9a,b,c), we finally determine the scalar functions
1
0o = 9 (1—-8v+6vn)Ko™, (8.24a)
2
pr=3(1+v+ 3yn) Ko™, (8.24b)
w3 =(14+v—3vn)Ko" 2. (8.24¢)

Assuming the incompressibility (8.18) and neglecting tensorial nonlin-
earity (92 = 0 = a2 = 0, g = 0, and 1 = a1) we find from (8.16) the
simplified constitutive equation

dij = a0, di; = 2Ko" o 8.25a,b

ij = alaij or ij — 5 (o UU s ( .2Ja, )

if we use (8.22b) with v = 1/2. The result (8.25b) is identical to a constitu-
tive equation proposed by LECKIE and HAYHURST (1977). If we insert the
MISES equivalent stress o = /3.J5, into (8.25b), we can find the constitutive

equation

3 (n=1)/2 s

dij = 5K (3J3) i (8.25¢)

used by ODQUIST and HULT (1962).

The equivalent stress o in (8.24a,b,c) can be determined as a function of
the stress invariants if we use the hypothesis of the equivalent dissipation
rate:

D = oydj; = od, (8.26)
where D is called the rate of dissipation of creep energy. The result is
034+ Ao’ +Bo+C=0, (8.27)
where the abbreviations
=—(1-8v+6wvn)J1/9, (8.28a)
B=—-4(1+v+3vn/2) Jy/3, (8.28b)

=—(1+v—3wn)(3J5+2J1J5/3) (8.28¢)
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have been used. Thus, the scalar coefficients (8.24a,b,c) are functions of the
irreducible invariants

Ji=owe, Jy=o0p0/2,  Jy=o0i05.0u/3  (8.29abc)
and of experimental data (K, n, v):
Ya = Pa (Jl, J, Jé; K, n, 1/) , a=0,1,2. (8.30)

This statement is compatible with the representation theory of tensor-valued
functions (4.80) in which the coefficients ¢, are scalar-valued functions of
the integrity basis (8.29a,b,c).

In the case of incompressible behavior (v = 1/2), the first invariant .J;
has no influence. The cubic equation (8.27) then takes the reduced form

o3+ B*0?+C* =0 (8.27%)
with the abbreviations
9
B*=—-(2+n)J, and C*= 2 (n—1)J} (8.28*b,c)

depending on the irreducible invariants (8.29b,c) of the stress deviator.

Some authors (BROWN et al. 1986) are losing faith in NORTON-BAI-
LEY’s law since they feel that their new 6 projection concept provides a far
more comprehensive description of creep behavior for design. In this new ap-
proach, normal creep curves are envisaged as the sum of a decaying primary
and an ascending tertiary stage, i.e., the secondary stage is merely the period
of ostensibly constant rate observed when the decay in the creep rate during
the primary stage is offset by the gradual acceleration caused by tertiary pro-
cesses. This concept neglects the secondary component and may be valid for
some special materials, e.g. %CT%M O%V , as has been discussed in detail
by BROWN et al.(1986). However, an extended secondary creep stage can be
observed for many materials. Thus, in spite of the discussion by BROWN et
al. (1986), it is very important that NORTON-BAILEY s law be generalized
to multi-axial states of stress. This can be achieved by applying a tensorial
interpolation method as has been illustrated above.

8.4 Tensorial Generalization of a Creep Law including Damage

Involving the damage state in the tertiary creep stage (section 4.3.1) the uni-
axial relation
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d/dy = (0/o0)" D™ with D :=1/(1—w) (8.31)

should be generalized to multi-axial states of stress where w is the dam-
age parameter (material deterioration) introduced by KACHANOV (1958) and
also used by RABOTNOV (1969).

To generalize (8.31), we consider the tensor-valued function

fij(o, D)
i = 2 ) ) (8.32)
ERER2RLT (o§' D + D) .

where v and p are exponents of the CAUCHY stress tensor o and the second-
rank tensor D with the components

Dyj = (83 —wiy) Y

given by the damage tensor w.

Now, the main problem is to determine the scalar coefficients ¢}, ;) as
functions of the integrity basis containing 10 irreducible invariants (BETTEN,
1987b; 1987¢) and experimental data. To solve this problem, we suggest the
following method which may be useful for practical applications as has been
discussed by BETTEN, (1988b; 2001c) .

A representation with the same tensor generators as contained in the func-
tion (8.32) can be found by seperating the two variables o and D in the
following way:

1
dij = fij (o, D) = 5 (XuYej + YieXij) (8.33)
where the isotropic tensor functions
X — X — F o x _(2)
1] i (U) P0ij + p10ij + $20,; (8.34)
oy = oi(tra™) = o5 (o1, o, o)

Yij = Yij(D) = @05 + P1D;; + WD’(J?)} (8.35)

&, = &,(tr D*) = &, (Dy, Dy, D)
(u, v=0,1,2and A =1, 2, 3) are used.

Thus, we find the representation (8.32) with the scalar coefficients

1/}[1/,/1} = (pi@u ) p,v=>0,1,2, (8.36)
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where the scalars ¢}, are determined by BETTEN (1986a; 1986b):

w6 =0 — Jip1/3+ Jip2/9, (8.37a)
0] = p1 —2J1p2/3, 05 = @2 . (8.37b,c)

The coefficients @, can be found by solving the following system of linear

equations:
G+ Dr®1 + Didy = (D)™,

o+ Dp®y + D} Dy = (D)™ | (8.38)
®o + Dy®y + Do = (D)™

The exponents my, ..., myr in (8.38) are determined by using the creep law
(8.31) in tests on specimens cut along the mutually perpendicular directions
X1, T2, T3.

Because of

Dij == (6;5 —wij) " = 1/12%_1) and ¢;; = diag{a, 8, v}

according to (4.84) and (7.40a), respectively, the principal values in (8.38)
can be expressed through

D[Zl/a, D[[El/,@, D[[[El/’y, (8.39)

where the essential components «, 3, v are fractions that represent the net
cross-sectional elements of CAUCHY’s tetrahedron perpendicular to the co-
ordinate axes (BETTEN, 1983a). In the case of two equal parameters, for in-
stance o # (3 = v, the scalars @, u = 0, 1, 2, in (8.38) can be determined
by using the interpolation method described above in (8.1) to (8.12).
Instead of (8.34), we can use the isotropic tensor function
Xij = Xij (67) = @odij + p107; + W;f) (8.40)

and find the representation

2
1 v v
dij =35 Y e (ol DY) + DY) | (8.41)
v, u=0

where the scalar coefficients ¢, are determined in the functions (8.24a,b,c)
and the @, are taken from (8.38).

The scalar coefficients ¢, ,) = ¢, P, in the representation (8.41) must
be functions of the integrity basis
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Jl = Okk, Jé = 0132071 ) Jé = Ugjo.gg.ko-;ﬂ )
Li=Dy,, Ly=DY L3=DY (8.42)

21 =0};Dyji , 25 = a£§2)Dji, 24 = o} D( ) ), = o2 pt2)

ji o ij i

and experimental data. To show this we can start from the hypothesis (8.26)
and find similarly to (8.27) the cubic equation

o>+ A*c?>+ B'o+C* =0, (8.43)

if we insert (8.33), (8.35) and (8.24a,b,c) into the hypothesis (8.26). In (8.43)
the following abbreviations are used:

A" = =1 (1= 8v + 6un) [BoJy + Py (2 + LI L)

8.44
@y (@ 4 LALo)]/ D" (G4

B* = -2 (1+ v+ 3vn) [200J; + &1 (125 + 5J192))

8.44b
© by (24 L n2)] ) D (8.440)

C*=—(14v—3vn) [3® (J5 + 21.J3)
+ @y (S8 + J3L1 + 5J192)) (8.44¢)
+ Dy (525 + JyLy + £ J1024)] / D™

D= (D DuDm)?,  m= (mi+mpg+mm)/3.  (8.44de)

We see that the elements of the integrity basis (8.42) and experimental data
are contained in (8.44a-e). Thus the coefficients w v, 1] = Py in (8.41) are
scalar functions of the integrity basis (8.42) and experimental data

K, n, vi mp, mp, mur; Dy, Dy, Dip

found in creep tests on specimens cut along three mutually perpendicular
directions.

In the case (4.79) of damage and initial anisotropy we can use for simpli-
fication the constitutive equation

= fi;(t, T) Z o (W07 + 7)) . 849)

V[,LO

where the linear transformations



8.4 Tensorial Generalization of a Creep Law including Damage 169

tij = DiquO'pq = tji with Diqu = (Dz‘ijq + Dz‘qup)/ 2, (8.46)

Tij = AijpeOpg = Tji » (8.47)

have been introduced in section 4.3.2 according to (4.94) and (4.95), respec-
tively. Then the scalar functions in (8.45) can be determined in a very similar
way as described above.

Further applications concerning the tensorial generalization of uniaxial
relations in continuum mechanics have been considered by BETTEN (1989;
2001c¢). For example, the plastic behaviour of solids loaded under uni-axial
stress 0 may be expressed by the stress-strain-relations

o/op = [tanh (Ee/op)"| V™ (8.484)
o/og = (Ee/or) /[l + (Ee/op)" |V | (8.48b)

proposed by BETTEN (1975b), where op ist the yield stress in a uni-
axial tension test, and F represents the modulus of elasticity - often called
”YOUNG‘s modulus”(1807); however, this modulus was already used by
EULER (1760). The exponent n regulates the elastic-plastic transition. For
instance, an elastic-perfectly plastic behaviour is characterized by n — oo.
It has been shown by BETTEN (1975¢) that independently of the param-
eter n the limit carying capacity coincides wth that for a percectly plastic
body (n — o). Hence a new aspect of the uniqueness of the limir load may
be formulated as we can read in the book of ZYCZKOWSKI (1981, page 210):

Uniqueness understood as the independence of that load of the
assumed stress-strain diagram belonging to the class of asymptoti-
cally perfect plasticity. Such independence may be observed in many
cases.

For engineering applications, it is very important to generalize the rela-
tions (8.48a,b) to multiaxial states of stress. This can be achieved by using
an isotropic tensor function (8.1).

Similar to (8.48a,b) we can assume the following creep functions

k() = [tanh (¢7)] /™) (8.49a)
k() =t/ (14t (8.49b)

which are compared with the creep function (11.8) of the KELVIN solid (Fig.
11.17) by using the following MAPLE program.



170 8 Tensorial Generalization of Uniaxial Creep Laws to Multiaxial States of Stress

>  kappa (t) [KELVIN] :=1-exp (-Gt /eta) ;

_Q)

k(t)keLviN ==1—e' "

> kappa(t) [tan_hyper]:=(tanh(t"n)) "~ (1/n);
1
K(t) tan_hyper = tanh(t")(n)
> kappa(t) [root]:=t/(1+t"n) " (1/n);
t
K(t)root 1= —————~
(14 tm) &)
> alias (H=Heaviside, th=thickness):
> plotl:=plot({1,H(t-5),1l-exp(-t)},
£t=0..5.001, th=1,color=black):
> plot2:=plot({tanh(t), (tanh(t"n)) " (1/n)},
t=0..5.001, th=4,color=black, style=point,
symbolsize=12, symbol=cross) :
> plot3:=plot ({t/(1+t), t/(1+t"n)"(1/n)},
t=0..5.001, th=2,color=black, style=point,
symbolsize=12, symbol=circle):
> plots[display] ({plotl,plot2,plot3});
0.8 +++ OOOOOOOOOoooooooooooooo
+ OOOOO ©
(o]
0.6 * 5o°°
+ OoO
+ oO
] ./ 0 +++ (8.49a
0.4 + oo ) > n= 1
+o 00O  (8.49b)
0.21 —— KELVIN
0 1 2 3 a 5

t

Fig. 8.1 Creep functions

Another example is the tensorial generalization of the RAMBERG-OSGOOD
relation, also discussed by BETTEN (1989; 2001c¢) including own experi-
ments on aluminium alloy.



