On Non-Welfarist Social Ordering Functions
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1 Introduction

Welfarism is defined as a methodology that evaluates social welfare according to
the level of satisfaction with regard to individuals’ subjective preferences. For this
methodology, the criticisms by Dworkin (1981a, 2000), Sen (1979, 1980), and oth-
ers are well known. They criticized the limited scope of information used to evaluate
social welfare in the aforementioned methodology. Moreover, they criticize the wel-
farist neutral attitude vis-a-vis the problem of what types of preferences are satisfied.
There are types of preferences, such as the utility of individual offensive tastes, that
of expensive tastes, that of formation of the adaptive preference, or that of cheaper
tastes such as in the case of the ‘termed housewife,” all of which should be carefully
and distinctively treated in the evaluation of social welfare from an ethical point of
view. The point of these critiques is that the welfarist evaluation has no concern for
such preferential differences.

The problems with welfarist methodology can emerge in a more acute form
within the arguments of welfare economics such as the hypothetical compensation
principle. For instance, let us take the Kaldor principle, which declares an alterna-
tive x to be superior to an alternative y if and only if there is another alternative z
which is reached through redistribution from x such that z is better than y according
to the Pareto principle. This principle is welfarist in nature, since it evaluates poli-
cies based only on satisfaction of individuals’ preferences of goods and services,
and it is also an extension of the Pareto principle as is clear from its definition. It
makes clear judgments on policy changes, based on whether or not there is a possi-
bility of potential Pareto improvement of said changes. It is also well known that the
validity of executing a policy according to the hypothetical compensation principle
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is possibly confirmed by means of such monetary measures as the gross national
income test, whenever the change in resource allocation caused by the policy is not
radical.

According to the above argument, the notion of social welfare that the hypo-
thetical compensation principle considers as its premise is no less than the sum of
subjective satisfaction levels obtained from the consumption of ‘marketable’ goods
and services, which can be evaluated by monetary measures. However, the notion
of social welfare in general is broad enough to encompass a wide range of ethical
viewpoints. The social welfare that welfarist’s welfare economics refers to is not as
broad, but it is limited to (market) economic welfare.

Against such an argument, the following objection may arise from the welfarist
position:

It is true that the social welfare analysis utilized in conventional applied economics
concerns only the social welfare as the total sum of satisfaction of individuals’ pref-
erences over goods and services, which is convertible to monetary value. However,
the concept of social welfare can be extended so as to consider the ‘utility’ from an
outcome other than the private consumption of goods and services, extending the
domain of the individual utility function if necessary.

Such an approach is one of the ways to expand the limited informational basis of
conventional welfarist’s welfare economics. However, even using this approach, we
would not be able to avoid the above-mentioned criticisms of Sen and Dworkin, be-
cause it treats and evaluates everything, including the private consumption of goods
and services as well as intrinsic goods such as friendship, through the prism of the
same subjective utility functions. The concept of social welfare in this approach
is still corresponding solely to the satisfaction of individual subjective preferences.
In contrast, this paper argues that the social welfare should be evaluated, not only
from the perspective of subjective preferences or tastes, but also from the perspec-
tive of welfare and well-being that cannot be grasped by utilizing such preferences.
For instance, the viewpoint of “respect for liberal rights” presented in Sen’s Liberal
Paradox (1970a,b), and his theory of “functioning and capability” (Sen, 1985) offer
such concepts of welfare and well-being.

The criticism of welfarism mentioned above becomes relevant not only in the dis-
cussion of the criteria of policy evaluation based on the hypothetical compensation
principle, but also in the general discussion of welfarist social welfare functions.
A social welfare function associates an ordering over social alternatives with each
social choice environment. According to the ordering derived from such a function,
the society can identify what the most desired policies are, which would realize the
most desired social alternatives.

The basic problem in this context is what type of social welfare function should
be constructed, and it is in the course of such discussions that the conventional
Bergson—Samuelson (B-S) social welfare functions are perceived as problematic.
The very reason for this is that in the B—S social welfare functions, the level of indi-
vidual satisfaction with their subjective preferences is the sole basis of information.
However, the orderings over social alternatives given by social welfare functions
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should reflect an adequate indicator of individuals’ well-being. The criticism of wel-
farism mentioned so far indicates that individual satisfaction with their subjective
preferences is no more than one aspect of welfare and therefore a more pluralistic
viewpoint is necessary.

To treat such a pluralistic viewpoint appropriately, a more comprehensive frame-
work is necessary. As such, we propose the extended framework within which not
only welfarist notions of individual well-being, but also non-welfarist notions of
consequential values, as well as non-consequential values, can be taken into consid-
eration. The extended framework in this paper takes a pair of feasible allocation and
allocation rule as an informational basis for the social evaluation of economic poli-
cies, and it also proposes to make use of extended social ordering functions, each
of which associates a social ordering over the set of pairs of feasible allocations and
allocation rules with each economic environment. Within such an extended frame-
work, we propose three basic criteria, each of which, respectively, represents: (1) a
value of individual autonomy, (2) a value of non-welfaristic consequentialism, and
(3) a value of welfarist consequentialism. Moreover, we examine the possibility of
extended social ordering functions which satisfy these three pluralistic values.

Recently, there has been some literature such as Blackorby, Bossert, and
Donaldson (2005) and Kaplow and Shavell (2001) which also discuss some sorts
of ‘extended’ social ordering functions satisfying some pluralistic values. In their
frameworks of social ordering functions, not only the profile of utility information,
but also the profile of non-welfaristic information are taken into account. Then,
both papers show that even in such frameworks with non-welfaristic information,
the feasible class of social ordering functions is reduced to that of the welfarist
types only, whenever the Pareto principle is required. Despite the conclusions of
Blackorby, Bossert, and Donaldson (2005) and Kaplow and Shavell (2001), we
show in this paper that it is possible to construct a desirable social ordering function
that has the properties of the welfarist Pareto principle and the non-welfarist criteria.
There is no contradiction between the results of these papers and ours, as discussed
in Section 5 of this chapter.

Section 2 introduces the basic framework and the basic three axioms. Section 3
discusses a fundamental incompatibility of these three axioms, and Section4
explores the possibility of second best extended social ordering functions. Section 5
gives some remarks on the related literature such as Blackorby, Bossert, and
Donaldson (2005) and Kaplow and Shavell (2001).

2 Beyond the Welfarist Limitation

The need for the pluralistic approach was argued by Parijs (1992, 1993, 1995),
Rawls (1971), and Sen (1980, 1985). Based on the normative theories of these three
non-welfarists, we propose three basic criteria.

The first criterion is that individual autonomy in contemporary society should
be guaranteed. It is a liberal value that contemporary civil societies respect as
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an important aspect for evaluating individual well-being. In fact, as opposed to
the feudal society and the centralized socialist society where individual autonomy
is suppressed, the modern civil society might be characterized as having a certain
level of political liberalism in legal systems, a certain level of freedom of choice
both in political and economic decision-makings, and a certain level of decentralized
decision-making mechanisms such as markets, all of which constitute a necessary
condition for the guarantee of individual autonomy. Such a viewpoint would sug-
gest a certain constraint over the class of ‘desired’ social ordering functions. That is
to say, if the social economic system cannot guarantee the decentralization and the
freedom of choice in decision-making, the welfare that individuals receive under
such social situations will not be highly valued by ‘desired’ social ordering func-
tions, even if the system may support a sufficient level of individual consumption.
Thus, this criterion represents a non-consequential value in nature.

The second criterion is that each and every individual should have as much op-
portunity to do whatever he might want to do as is feasibly possible. This criterion
represents a non-welfaristic consequential value in the sense of the following two
points: First, although this criterion pertains to social outcomes in terms of individ-
ual well-being, it hinges on an objective notion of individual well-being as opposed
to welfarist criteria. Second, this criterion does not concern the realization of indi-
vidual well-being itself, but rather it pertains to the opportunity to pursue or realize
individual well-being. Given these points, theories of distributive justice are rele-
vant in the discussion of what concept of individual well-being is appropriate, and
of what types of equity notions should be applied to the assignment problem of
individual opportunity sets.

The third criterion represents a well-known welfarist consequential value such as
the Pareto principle. It is worth noting that the standpoint of non-welfarism does not
exclude welfarist notions of well-being. I believe that satisfaction of individual sub-
jective preferences is still an important component of the informational basis used
to constitute an overall notion of individual well-being. Thus, the Pareto principle
is also taken into consideration as a condition imposed on ‘desired’ social ordering
functions.

With this discussion in mind, the question that arises here is whether it is possible
to construct a social ordering function consistent with the different pluralistic criteria
mentioned above.

2.1 A Framework of Extended Social Ordering Functions

On the basis of the problems propounded in the previous section, in the following
section, the notion of extended social ordering function is introduced, which is based
on the proposal of Gotoh, Suzumura, and Yoshihara (2005). There are two goods,
one of which is an input (labor time) x € R to be used to produce the other good
y€R,.! Thereisaset N = {1,...,n} of agents, where 2 < n < +o0. Each agent i's

! The symbol R denotes the set of non-negative real numbers.
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consumption is denoted by z; = (x;,y;), where x; denotes his labor time, and y; the
amount of his output. All agents face a common upper bound of labor time X, where
0 < X < oo, and so have the same consumption set Z = [0,%] x R.

Each agent i's preference is defined on Z and represented by a utility function
u; : Z — R, which is continuous and quasi-concave on Z, strictly monotonic (de-

creasing in labor time and increasing in the share of output) on 7= [0,%) x Ry 4,2
and u; (x,0) = 0 for any x € [0,%]. We use U to denote the class of such utility
functions.

Each agent i has a labor skill, s; € R. The universal set of skills for all agents
is denoted by S = R... The skill s; € S is i’s effective labor supply per hour mea-
sured in efficiency units. It can also be interpreted as i’s labor intensity exercised in
production. Thus, if the agent’s labor time is x; € [0,%] and his skill is s; € S, then
six; € R4 denotes the agent’s effective labor contribution to production measured in
efficiency units. The production technology is a function f: R, — R, that is con-
tinuous, strictly increasing, concave, and f (0) = 0. For simplicity, we fix f. Thus, an
economy is a pair of profiles e = (u,s) withu = (1;);.y €U" and s = (5;),cy € S".
Denote the class of such economies by £ =U" x S".

Given's = (s;);cy € S", an allocation z = (x;,y;),cy € Z" is feasible for s if Y. y; <
f(Esix;). We denote by Z (s) the set of feasible allocations for s € S". An allocation
2= (2i);ey € Z" is Pareto efficient for e = (u,s) € £ if z € Z(s) and there does not
exist z' = (zj);cy € Z(s) such that for all i € N, u; (z;) > u; (z;), and for some i € N,
u; (2) > u; (z;). We use P (e) to denote the set of Pareto efficient allocations for e € £.

To complete the description of how our economy functions, what remains is to
specify an allocation rule which assigns, to each i € N, how many hours he/she
works, and how much share of output he/she receives in return. In this chapter, an
allocation rule is a game form which is a pair y= (M, g), where M = M| X - -- X M, is
the set of admissible profiles of individual strategies, and g is the outcome function
which maps each strategy profile m € M into a unique outcome g (m) € Z". For each
m e M, g(m) = (g;(m)),.y, where g; (m) = (g;1 (m), gi» (m)) and g;; (m) € [O,fc]
and gp (m) € R, for each i € N. Let I" be the set of all possible such allocation
rules. Given y = (M, g) € I' and e € &, a non-cooperative game (y,e) € I' x £ is
obtained.

Throughout this chapter, we will focus on the Nash equilibrium concept in our
analysis of the performance of game forms as allocation rules. Given y = (M, g), let
m_; = (m],...,m,-,l,mlur],...,mn) eEM_;= ijN\{i}Mj foreachme M andieN.
Given an m_; € M_; and an m; e M, (mg;m,,-) is an admissible strategy profile
obtained from m by replacing m; with m}. Given a game (y,e) € I' x £, m* € M is
a (pure strategy) Nash equilibrium if u;(g;(m*)) > u;(g;(m;,m*;)) for each i € N
and each m; € M;. The set of all Nash equilibria of (7,e) is denoted by NE(7y,e).
A feasible allocation z* € Z(s) is a (pure strategy) Nash equilibrium allocation
of (7,e) if z* = g(m*) for some m* € NE(7y,u). The set of all Nash equilibrium
allocations of (7, e) is denoted by 7(7,e).

2 The symbol R , denotes the set of positive real numbers.
3 Note that g (mj,m_;) = x; is describing the work-hour supply of an individual i € N that the
outcome function designates corresponding to the strategy (m;,m_;) € M.
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The domain of social preference relations in this paper is given by pairs of al-
locations and allocation rules as game forms, which we call extended social alter-
natives. The intended interpretation of an extended social alternative, viz., a pair
(z,y) € Z" x T, is that an allocation z is attained through an allocation rule y.*
Moreover, given e € &, an extended social alternative (z,y) € Z" X I is realizable if
z< Z(s)N1(y,e). Let R(e) denote the set of realizable extended social alternatives
under e € £.

What we call an extended social ordering function (ESOF) is a mapping Q : £ —
(Z" x I')? such that Q(e) is an ordering on R(e) for every e € £.5 The intended
interpretation of Q(e) is that, for any (z!,y!), (22,7%) € R(e), ((',7"),(z*,7?)) €
Q(e) holds if and only if realizing a feasible allocation z' through an allocation rule
y! is at least as good as realizing a feasible allocation z* through an allocation rule
y? according to the social judgments embodied in Q(e). The asymmetric part and
the symmetric part of Q(e) will be denoted by P(Q(e)) and I(Q(e)), respectively.
The set of all ESOFs will be denoted by O.

The notion of extended social ordering functions enables us to treat the criteria
of individual autonomy, equitable assignment of opportunities in terms of objec-
tive well-being, and the Pareto principle in a unified framework. Within the domain
Z" x I of social preference orderings derived from ESOFs, the component of game
forms constitutes necessary data for formulating orderings based on the criterion
of individual autonomy, whereas the data of feasible allocations is relevant to the
remaining two criteria.

In the following part, the above-mentioned three criteria are formalized as axioms
applicable to ESOFs.

2.1.1 Individual Autonomy in Terms of Choice of Labor Hours

According to the theory of individual liberty that John Stuart Mill proposed (Mill,
1859), there ought to exist in human life a certain minimal sphere of personal liberty
that should not be interfered with by anybody other than the person in question. Such
a sphere should be socially respected and protected as part of individual rights in a
liberal society. The question where exactly to draw the boundary between the sphere
of personal liberty and that of social authority is a matter of great dispute, and,
indeed, how large of a sphere each individual should be entitled to is a controversial
issue. Nevertheless, the notion of the inviolability of a minimal sphere of individual
liberal rights seems to be deeply ingrained in our social and political fabric.

Thus, a resource allocation policy would rarely be accepted, if its goal or its
implementation were incompatible with this minimal guarantee of individual liberty.
Such a viewpoint is relevant to our first axiom of extended social ordering functions.

4 The concept of an extended social alternative was introduced by Pattanaik and Suzumura (1996),
capitalizing on the suggestion by Arrow (1963, pp. 89-91).

5 A binary relation R on a universal set X is a quasi-ordering if it satisfies reflexivity and transitivity.
An ordering is a quasi-ordering satisfying completeness as well.
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We will discuss what constitutes the minimal guarantee of individual rights in the
context of resource allocations that this paper considers.

In the cases of resource allocation problems, the components of political freedom
and the non-economic aspects of individual rights might be assumed to be already
established. However, there still remains non-established economic parts of individ-
ual rights, which might be either treated as parameters or as variables for relevant
resource allocation problems. For instance, we may view self-ownership as such
a right guaranteeing individual autonomy. The notion of self-ownership originates
from the argument of the Lockean proviso of John Locke and was used by Nozick
(1974) as the principle to justify private ownership in capitalist societies. Neverthe-
less, the notion of self-ownership can be connected with two versions of entitlement
principles, that is, the entitlement principles in the weak sense and in the strong
sense, as Parijs (1995) discussed.

The entitlement principle in the weaker sense regards self-ownership as a variable
for society. Thus, according to this weaker sense of the principle, self-ownership can
be seen as freedom or respect for the decision-making of individuals and identified
with political freedom and freedom of choice of occupations, etc.® In this version,
the notion of self-ownership is entirely consistent with redistribution policies which
may induce the reconstruction of a given rights structure to achieve a given distribu-
tional goal. This is actually the position that Parijs (1995) takes. On the other hand,
the entitlement principle in the stronger sense no longer views self-ownership as a
control variable, but as a parameter which society respects. This stronger sense of
the principle can be identified with the arguments made by John Locke. This prin-
ciple also made a solid basis for the original appropriation of unowned external
resources, which was proposed by Libertarians including Locke and Nozick.

We also take the same position as Parijs (1995) regarding the notion of self-
ownership, and identify the contents of individual liberal rights within the context of
resource allocation problems. First, individual liberal rights guarantee freedom of
choice in terms of personal consumption. That is, other than the individual in
question, no one else has the right to decide the way to dispose of private goods
and leisure time available to him/her. W. l.o.g., we should assume that the right of
freedom of choice in consumption, in the context of passive freedom, is presumed
to be guaranteed in standard economic models of resource allocation problems.

Second, individual liberal rights contain the right to freedom from forced la-
bor. This right consists of the freedom to choose a profession, the freedom to en-
ter into an employment contract, etc. However, in simple economic models like
this paper, this right may be reduced to the right to choose labor hours, because
there is no difference in profession, and all individuals engage in homogeneous
labor.

6 In fact, Parijs (1995) insists, “Though not strictly equivalent to ‘basic liberties’ or ‘human rights’
as expressed, for example, in Rawls’s first principle of justice or in the constitutions of liberal
democracies, self-ownership is closely associated with most of them.” (Parijs (1995, p. 235, Notes
Chaps. 1 and 8)).
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The right to choose labor hours is defined as follows:

Definition 1. (Kranich, 1994). An allocation rule y= (M, g) € I is labor-sovereign
if, for all i € N and all x; € [0,X], there exists m; € M; such that, for allm_; € M_;,
gin(mj,m_;) = x;.

Let I, denote the subclass of I which consists solely of allocation rules satisfying
labor sovereignty. Then:

Labor Sovereignty (LS) For any e € € and any (z,7),(Z,7Y) € R(e), if y €I,
and Y € T'\IL, then ((z,7),(z',7)) € P(Q(e)).

The axiom LS manifests that the extended social alternative with labor sovereign
rule should be given a higher priority than any alternative without it. This manifes-
tation should be implemented regardless of what resource allocations the labor sov-
ereign rule or the non-labor sovereign rule realizes as Nash equilibrium outcomes.
This expresses an extremely non-consequential value.

Note that if a society executes a non-labor sovereign rule, then such a society
might allow the policy-maker to execute some sort of forced labor. The axiom LS
rejects such a society and an economic institution. According to this axiom, even an
egalitarian redistribution policy would not be accepted unless it were implemented
without using forced labor. I believe that the principle of self-ownership based on
the weak sense of entitlement principle, and also, even Rawls’s first principle of
Jjustice (Rawls, 1971) should have the form of LS within this economic model.

2.1.2 Evaluation Based on a Criterion of Distributive Justice

Our next criterion is meant to capture an aspect of non-welfaristic egalitarianism. It
hinges on what theories of distributive justice we take, which requires an instrument
that incorporates the various criteria of distributive justice.

Such an instrument is given by a mapping J : £ — Z" x Z" which associates a
binary relation J (e) C Z(s) x Z(s) with each economy e € £. Denote the class of
binary relation mappings by 7. Such a binary relation J (e) represents a criterion
based on a certain theory of distributive justice and alternative feasible allocations
are ranked according to this criterion. For instance, if the mapping J represents
Sen’s theory of equality of capability, then J (e) provides a ranking over alternative
capability assignments available to each economy e € £, and the rational choice set,
derived from this J (e), is regarded as consisting of the most ‘equitable’ capability
assignments under e € £.7 In this case, the ranking made by J should be invariant
with respect to the change in the profile of utility functions: that is, J (e) = J (¢’)
holds whenever s = s’ holds. In contrast, if J represents Dworkinian theory of
“equality of resources” (Dworkin, 1981b, 2000), J might not have such an invari-
ance property: that is, J () # J (¢') may hold even if s = s’. Moreover, if J represents
the theory of “equality of welfare,” then J (e) = J (¢') should hold for any e,e’ € £
with u = u’. In such a way, this mapping can be universally applicable. Moreover,
if J represents the criterion of leximin assignment of opportunity sets suggested by

7 Gotoh, Suzumura, and Yoshihara (2005) argues this case.
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Parijs (1995), then J should rationalize feasible allocations satisfying undominated
diversity (Parijs, 1995).8 In any case, if J represents a criterion of distributive justice,
it should satisfy at least the following requirement.

Minimal Egalitarianism (ME). For eache = (u,s) € £ and eachz,7’ € Z (s) such
that for any i,j € N, s; = s; and x; = xj = x; = x',, if there exist i,j € N such that
Yi>yi >y >V, and yy =y for any k # i, j, then (z,2') € P(J (e)).

Denote the class of binary relation mappings satisfying ME by JME. This axiom
says that, any transfer from a poorer person to a richer person, given that these two
persons provide the same labor hours and other things remain the same, should be
undesirable, which shares the same spirit as the Pigou—Dalton principle. Note that
various types of distributive justice satisfy ME if each of those theories is formulated
as a particular J € J. In fact, Sen’s theory of equality of capability, Dworkin’s
theory of equality of resources, van Parijs’s undominated diversity, and even the
equity as no-envy (Foley, 1967), respectively, could have their own representations
within JME,

If J € JME represents a non-welfarist egalitarianism with objective well-being
indices, then J might satisfy the following requirement:

Objective Egalitarianism (OE). For each e = (u,s),¢' = (0',s') € £, if s=¥¢/,
then J (e) = J (¢).

Denote the class of mappings which satisfy ME and OE by JMOF, Note that any
J € JMOE is invariant with respect to change in the profile of individual utility func-
tions. Thus, for instance, Sen’s theory of equality of capability has its representation
within J MOE, as formulated in Gotoh, Suzumura, and Yoshihara (2005). In contrast,
the representation of van Parijs’s undominated diversity does not belong to JMOE,
since undominated diversity needs information about individual utility functions.

Now, our second axiom on ESOFs is given by means of the binary relation map-
ping J € J, as follows:

Respect for J-based fairness (J-RF). Foranye € € and any (z,7),(z,Y) € R(e),
if z=(x,y),z = (X,y") and x =X/, then:

((z, ), (z',}/')) €Q0(e) & (z,z') € J(e);
((z,7),(2,Y)) e P(Q(e) & (2z,2) € P(J (e)).

In evaluating the relative wellness of any two extended alternatives, the axiom J-RF
focuses only on the corresponding feasible allocations, and under a certain con-
straint, it claims that the evaluation by the ESOF over extended alternatives should
be consistent with the evaluation by J over the corresponding feasible allocations.
Here, the “certain constraint” is given by “z = (x,y), Z = (x',y') and x = x'.”

8 Given any economy e = (u,s) € &, a feasible allocation z € Z (s) meets undominated diversity if
for any i, j € N, there exists at least one individual k € N such that u (z;) > u (z;).
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It may well be asked why J-RF imposes the premise x = x’. The reasons are
twofold. First, the choice of individual labor hours is a matter to be left to indi-
vidual responsibility, and social value judgements should respect individual choices
accordingly. Second, if the requirement of J-RF is applied to ESOFs without the
premise x = X/, this instantly causes the incompatibility with the Paretian axiom,
which will be discussed later.

As such, J-RF evaluates the desirability of extended social alternatives only
from the viewpoint of J-fairness on resource allocations. Unlike the axiom LS,
J-RF represents a consequentialist value. This is because this axiom evaluates the
extended alternatives based solely on the evaluation of their corresponding resource
allocations.

2.1.3 Evaluation Based on the Welfarist Value

Finally, let us introduce the axiom of ESOFs based on the welfarist value. It is
defined as an extension of the standard Pareto principle:

Pareto in Allocations (PA). Foranye € € and any (z,7),(Z,y') € R(e), if ui(z;) >
ui(z;) foralli € N, then ((z,7),(',y")) € P(Q(e)), and if ui(z;) = u;i(z}) foralli € N,
then ((z,7),(z,Y)) € 1(Q(e)).

The axiom PA also focuses only on the feasible allocation in evaluating the rel-
ative wellness of any two extended alternatives, and it claims that the evaluation by
the ESOF over extended alternatives should be consistent with the Pareto superior-
ity relation or the Pareto indifference relation over feasible allocations. Thus, by the
almost same reason as the case of J-RF, PA also represents a position of consequen-
tialism.

3 Impossibility of ESOFs Satisfying LS, J-RF, and PA

Now, we are ready to discuss the existence of ESOFs which simultaneously satisfy
the axioms LS, J-RF, and PA. According to the technique introduced in Appendix 1
of this paper, we can see this problem by examining the properties of binary rela-
tion functions, each of which, respectively, represents one of the above-mentioned
axioms.

Let QL : € — (Z" x I')? be a binary relation function such that for any e € £ and
any (z,7),(z,y") € R(e), the following holds:

((2.7),(2,7)) e P(Q"(e))& [ye L &Y ¢11];
((z,7),(Z,7") € 1(Q" ()& (z,7) = (7).

Let Q'F : £ — (2" xI")? be a binary relation function such that for any e € £ and
any (z,7),(z,y") € R(e) withz =(x,y) and 2’ = (x',y’), the following holds:
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((z,7),(Z,7)) € 1(Q"(e)) & x=xand (z,2') € (J (e))

S 5
((z.7),(Z,7")) € P(Q"(e)) ©x=x and (z,2) € P(J(e)).
Let QP : € —» (2" x I")? be a binary relation function such that for any e € £ and
any (z,7),(z,y’) € R(e), the following holds:

((z,7).(,Y)) € P(QPA (e)) < ui(z:) >ui(z) (VieN);
((z,7).(.,Y)) € I(QPA (e)) < ui(zi) =ui(z) (VieN).

Let a binary relation function Q be called the minimal relation function w.rt. an
axiom a if Q satisfies the axiom a, and for any binary relation function Q' satisfying
the axiom a, Q’(e) 2 Q (e) holds. Note that each of Q%, Q'F, and Q™ is the minimal
relation function w.r.t. each of the axioms LS, J-RF, and PA.

Thus, if there exists an ESOF Q which satisfies these three axioms, Q(e) D
0" (e) UQ'F(e) U Q™ (e) holds for each e € £. Define Q-7 by QP (e) = QF(e) U
Q’F(e) U QP (e) for each e € £. According to Proposition 3 in Appendix 1, there
exists an ESOF which satisfies the axioms LS, J-RF, and PA if and only if Q"'F(e) is
consistent for each e € £.° Unfortunately, Q"'F (e) is not consistent for some e € &.
This is due to the following property:

Proposition 1. The union of any two of the relations Q" (e), Q’F(e), and Q™ (e) is
inconsistent for some e € £ and for any J € JME,

To begin with, the inconsistency of Q" (e) UQ'F (e) is easily confirmed by the fact
that Q" (e) is interested solely in the wellness of allocation rules, whereas Q'F(e)
represents the criterion which judges the wellness of extended alternatives, com-
pletely ignoring the wellness of allocation rules. A similar argument can be applied
to the case of Q"(e) U Q™ (e).

How about the binary relation Q’F (e) U QA (e)? This is related to the issue
known as the problem of compatibility between fairness and efficiency in resource
allocations, and its answer seems to depend on the criteria of distributive justice J.
However, as the following example shows, if J € JME, then Q'F (e) and orA (e) are
incompatible, regardless of what type of distributive justice this J represents.!”

Example 1. Let N = {1,2} and X = 3. The production function is given by
f(x)=x for all x € R;. Define an economic environment e = (u,s) € £ as
follows: Let s; = 1 for any i € N. Consider the following four feasible alloca-
tions: z* = ((1,1),(1,1)), z** = ((2,2),(2,2)), z*(6) = ((1,1+0),(1,1—0)),
and z**(0) = ((2,2—0),(2,2+6)), where 6 € (0,1). The utility function of
the individual 1 is assumed to have the following property: for z = (x,y) € Z, if
z=12;(0) or z=zj*, then

up(z) = (1-0+¢€)-(x—x)+y, where € > 0 is small enough;

9 The definition of consistent binary relations is given by Definition 4 in Appendix 1 below.
10° A similar incompatibility result is also obtained by Fleurbaey and Trannoy (2003).
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and if z = z]* (@) or z = z], then
u(z)=(1-0—¢)-(x—x)+y.

Also, the utility function of the individual 2 is assumed to have the following prop-
erty: for z = (x,y) € Z withx € [0, 1),

u(z) = (1-6)-(x=x) +;
for z= (x,y) € Z with x € [1,X], if z = 23* () or z = 23, then
u(2)=(1+6—¢)-(x—x)+y;
and if z = 25 (0) or z = z}*, then
w(z)=(1+06+¢) (x—x)+y.

Figure 1 illustrates such a situation.

Let y*, v**, y*(0), and y** (0) be the allocation rules respectively, in which
z*, 2", 2% (0), and z** (0) become, respectively, Nash equilibrium outcomes under
e € &£ Then, if J € JME, its corresponding Q'F (e) should have:

((z*,7"),(z" (0),7"(8))) € P(Q" (e)),

((2,7"), (2 (0),7 (8))) € P(Q (¢)).

z**(f) uy

z1*(8) zh*

z1**%(9)

z%(8)

Fig. 1 Example 1 in the consumption space
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On the other hand, by the definition of Q* (e), we have:
((z*(0),7"(8)),(z™, 7)) € P(Q™ (e)),
((z(0),7(9)).(z",7")) € P(Q™ (e)) .

Thus, the binary relation Q'F (¢) U Q™ (e) is not consistent. O

Thus, this incompatibility can be applied for any J representing any meaningful
equity criterion, such as the “equity as no-envy”!'! and Sen’s theory of “equality of
capability.'?” This is because any meaningful equity criterion should meet ME.

Note as the above example shows, the incompatibility between Q’F (e) and
QP (e) is obtained by using the weak Pareto principle only and without any help of
the Pareto indifference condition. The Pareto indifference condition is not a crucial
factor for this incompatibility.

4 On Possibility of Second-Best Extended Social Ordering
Functions

So far, Sect. 3 showed that there is no ESOF which satisfies the three basic axioms,
LS, J-RF, PA, simultaneously. Then, the next step is to examine the possibility of
the second-best ESOFs which satisfy some weaker requirements of the three basic
axioms. There are at least two types of methods used to solve this problem. The
first method is based on the pluralistic application of axioms proposed by Sen and
Williams (1982). The second method is based on the lexicographic application of
axioms. The formal definitions of these approaches are given in Appendix 2.

Here, we focus on the lexicographic application, which sometimes appeared in
the literature of normative theories such as Parijs (1995) and Rawls (1971). The
lexicographic application takes one priority order among axioms, and then makes a
ranking between any two alternatives in accordance with the first prior axiom. Then,
if the pair of alternatives is non-comparable with respect to the first prior axiom, then
the second prior axiom is applied for ranking them. In the following discussion, we
will show that even according to this lexicographic application, we cannot yet gen-
erally construct a consistent ESOFs. Then, we will consider a further concession to
construct the second-best ESOFs. It is a weaker variant of lexicographic application
in the sense that the second prior axiom is applied only to a subset, not to the whole
set, of non-comparable pairs of the first prior axiom. Based on this method, we will
show the existence of four types of the second-best ESOFs.

For any e € £ and any binary relation Q(e) C (2" xI')%, let N(Q(e)) C
(2" x I')? be defined by: for any (z,7),(z,7') € R(e),

11 The example of the latest successful research is Tadenuma (2002). Also, see Yoshihara (2005).

12 1 fact, Gotoh, Suzumura, and Yoshihara (2005) show that if J represents Sen’s theory of “equal-
ity of capability,” then J-RF is incompatible with PA.
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(7). (Z,7)) EN(Q(e) & ((z.7).(.7)) ¢ Q(e) and
(7). (z.7)) € Q(e).

Note that this relation is the non-comparable part of Q (e). To see the possibility of
the second-best ESOFs based on the lexicographic application, let us first examine
J-RF first-PA second priority rule, which is to consider a binary relation function
Ql'P . & — (2" xT')?, defined as follows: for any e € &,
0 (e) = 0 (e)U [N (0" (€)) N 0™ (e)]; and
P(0l (©) = P(Q (&) U [N (€7 (¢) NP (0™ (@))].
The relation let(P (e) ranks any two extended alternatives by applying the axiom
J-RF in the first place, and if this pair belongs to the non-comparable part of Q'F (e),
then PA is applied to rank them. In a similar way, we can also consider PA first-J- RF
second priority rule, and define the binary relation function QF\Y : & — (2" x I').
Unfortunately, we still obtain the following impossibilities:

Proposition 2. Both Q' F (e) and QF' 7 (e) are inconsistent for some e € E, if
J e JME,

This is checked by using the same four feasible allocations and the same economic
environment as in Example 1. In fact, we can see in Example 1 that

((Z*’ Y*) ) (Z* (6) ) Y* (9)>) EN (QPA (e)) and
((Z**, ,}/**) , (Z** (0) ’,y** (6))) eEN (QPA (e)) ,

which implies that the discussion of inconsistency in Example 1 can be applied to
OF' 7 (e). The same discussion is applied to the binary relation Qf' F (e).

As Proposition 2 indicates, we cannot construct any second-best ESWF based
on the lexicographic application. To secure the existence of a compatible lexico-
graphic combination of our basic axioms, a further concession seems to be required.
As such one, let us consider, for each e € £, to choose appropriately a subset
N*(Q™ (e)) from the whole set of non-comparable parts, N (Q'F (e)), to make

Q'F (e)u [N* (QJF (e)) norA (e)} consistent. Given J € J and x € [0,x]", let
B(J(e):x) = {(x,y) € Z(s) |V (x,¥) € Z(s):
(x¥),(xy)) € P(J (&)}

For any e € £ and any (z,7),(,7') € R(e), let N* (Q'F (e)) C N (0" (e)) be
given as follows:

((zy),(Z,7)) eN*(Q" (e)) & x#X &z € B(J(e);x)
&7 €B(J(e):xX).
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Thatis, ((z,7),(2,7’)) is a non-comparable pair in the sense of N* (Q'F (e)) if and
only if z and Z’ of this pair have mutually different labor supplies, x # X', and each
of them is a J (e)-maximal allocation within the same profile of labor supplies. Note
that the condition x # x implies that N* (Q'F (e)) is a subset of N (Q'F (e)). Then,
for any e € &, let:

Q" (e) = " () U [N (" (e)) O™ (e)]
P (" (@) = P(Q™ (€)) U N (0 (¢)) NP (0™ (e))].

The relation Q*J P (e) ranks any two extended alternatives by applying the axiom
J-RF in the first place, and if this pair belongs to the specific non-comparable part,
N* (Q' (e)), then PA is applied to rank them.

Next, let us define a subset N* (Q™ (e)) of N(Q™ (e)) to make QP (e)U
[N* (O™ (e)) NQ'F (e)] consistent. Forany e € £, let dS (e) = {u € R" | 3z € P(e) :
u; (z;) =u; (Vi € N)}. Then, for each u € dS(e), let us select only one allocation
2" € P (e) such that for each i € N, u; () =u;. Now let P* (e) = {z" }ueas( ) By

definition, P*(e) C P(e). Note that for any zi,z €P(e),u ;é u'. Then, for any
ec &, let N* (QP* (e)) C N (Q™ (e)) be such that

((z,7),(.7)) e N (Q™ (e)) & 2,2 € P'(e) andz #17..

Thatis, ((z,7),(z’,7’)) is a non-comparable pair in the sense of N* (Q™ (e)) if and
only if z and 2’ of this pair are different Pareto efficient allocations, and moreover,
their corresponding utility allocations are also different. Note that the latter property
follows from z,z' € P* (e). By this property, z and z’ are Pareto non-comparable, so
that N* (O™ (e)) is actually a subset of N (Q™ (e)). Then, for any e € &, let:

O’ (e) = Q™ (U [N* (0™ () N QT ()]
P05 () = P(Q™ (&) U N (0™ () NP (2" (¢))].

The relation Q*P w (e) ranks over any two extended alternatives by applying the
axiom PA in the first place, and if this pair belongs to the specific non-comparable
part, N* (O™ (e)), then J-RF is applied to rank them.

Using these concessive lexicographic binary relation functions, we obtain:

Theorem 1. Let J € JME, and for each e € €, J () be a continuous quasi-ordering
on Z(s)"? such that for each x € [0,%)", B(J (e);x) is a singleton. Then, there exist
at least four ESOFs such that each of which contains either of the following binary
relation functions as subrelation mappings:

Li-(+PHJ) (+PFJ)F L-(+J-P) (+JF-P)FL

() 0" (i) 01 5 i) 01 and (iv) 0}

13 A quasi-ordering R is continuous on X if for any x € X, its upper and lower contour sets at R is
open.



58 N. Yoshihara

Let QL (+FH)) (respectively QL (*/7P)y be an ESOF which is obtained as an order-

ing extension of Qlex P esp QILC: (/FP)y Note that both Q" P~/) and QLF(+/P)
are interesting from the v1ewpomt of non-welfaristic normative theories. Both of
them are given by the weaker sense of lexicographic application as discussed earlier,
and give the first priority to a non-consequential axiom LS rather than the other two
consequentialist axioms. Both the Rawlsian two principles of justice combined with
the Pareto principle and the Real Libertarianism (Parijs, 1995) combined with the

Pareto principle would be formalized as the Q") _type or the QX (*/"P)_type.

4.1 Rationally Chosen Allocation Rules via ESOFs

In this Section, we characterize allocation rules rationally chosen via QM (P7/)
and/or Q" */"P)_Given any Q € Q, the rational choice set C (Q) of allocation rules
associated with Q is defined by:

YEC(Q) & Vec&, Izet(y.e)st.V(Z,Y) € R(e),
((z.7),(Z.7)) € Q(e).

What kinds of allocation rules can be rationally chosen via ESOFs
and/or QL (/7P)9 If yeC (QU'(*PH)> uc (Q”'(*J"P) , then what kinds of feasible
allocations can this Y implement in Nash equilibria? To examine such questions, let
a rationally chosen allocation rule y € C (QLH*P = >) uc (QLH*J P )) be called the

first best allocation rule if for any e € £ and any z € 7(y,e), z is Pareto efficient
and z € B(J(e);x). Our particular interest is the existence issue of the first best
allocation rule rationalized by QX /) and/or QL= (+/FP),

Let us call y = (M,g) € I' an efficient allocation rule if, for any e € £, z €
7(y,e) implies z € P(e). Denote the subclass of I" which consists solely of efficient
allocation rules by Ipg. Let us call y= (M, g) € I' a J-fair allocation rule if, for any
ec &,z € 1(y,e) implies z € B(J (e);x). Denote the subclass of I" which consists
solely of J-fair allocation rules by Ijr. Then:

Q- (+PHT)

Theorem 2. Let J € JYOF, and for each e € &, J(e) be a continuous order-
ing on Z(s) such that for each x € [0,x]", B(J(e);Xx) is a singleton. Then,
there exists an ESOF QM (+/7F) (respectzvely QLE(+PH) ) such that for each e € &,

Q’“F (+JF-P) ( )DQLF (+JEP) ( ) (respecnvely, Qu_ (+PHJ) ( )DQLF (*PHJ) ( )),and @7&
C (QLF *JHD)> = I NIpg NIjg (respectively, @ # C (QLF (xPrJ) ) DI NIpe NIE).

Theorem 2 shows that if J € JM9E then the rationally chosen allocation rule via
QL (+/7P) hag the following desired properties: it is labor sovereign, and implements
Pareto efficient and J-fair allocations in Nash equilibria. The same property holds
for the case of QL (+PF/),
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This characterization in Theorem 2 is due to the objective egalitarianism of J. If
J € JMOE then B(J (e);x) = B(J(¢');x) for any x € [0,%]" and any e,e’ € £ with
s =¢'. This invariance property of B (J (+) ;x) plays an important role in the existence
issue of the first best allocation rules rationalized by QLH*J "P) and/or QLH*P ). In
contrast, if J € J ME\j MOE  then the existence of the first best allocation rules ratio-
nalized by Q" (*/"P) and/or QY *P"/) is not necessarily guaranteed. For instance, let
JUP ¢ gME\ 7MOE represent undominated diversity. Then, there is no first best allo-
cation rule in terms of Pareto efficiency and JYP-fairness, so that the corresponding
rationally chosen allocation rule does not have such desired properties.'*

5 Discussion

In this section, we provide some remarks on the relevant literature of ESOFs.
As mentioned in the introduction, Blackorby, Bossert, and Donaldson (2005) and
Kaplow and Shavell (2001) also discuss different types of ‘extended’ social order-
ing functions.

For instance, Kaplow and Shavell (2001) define any “non-welfarist” axiom as
being incompatible with the Pareto Indifference principle. Then, they show that if a
social welfare function satisfies continuity and such a “non-welfarist” axiom, then
it violates the weak Pareto principle. This is derived from the fact that the continu-
ity of the social welfare function and the weak Pareto principle immediately imply
the Pareto Indifference principle. 15 Blackorby, Bossert, and Donaldson (2005) show
that if a social welfare function defined over the domain of multi-profiles satisfies
Universal Domain, Pareto Indifference, and Binary Independence of Irrelevant Al-
ternatives, then it implies Strong Neutrality. Note that Strong Neutrality is regarded
as the axiom of Welfarism.

It is well known that, even in the case of B—S social welfare functions with the
domains of the utility profiles only, Roberts (1980) and Sen (1977) show that the
conventional Arrovian axioms of universal domain, Pareto indifference, and binary
independence of irrelevant alternatives together imply strong neutrality. The cru-
cial difference of Blackorby, Bossert, and Donaldson (2005) from Sen (1977) and
Roberts (1980) is that the former defines Binary Independence of Irrelevant Alter-
natives as requiring the social ranking of any two alternatives to depend on not only
the utility information but also the non-welfaristic information associated with those
two alternatives only. Hence, the independence axiom of Blackorby, Bossert, and
Donaldson (2005) is non-welfarist in nature, and it is weaker than the Sen—Roberts
independence axiom. Nevertheless, Blackorby, Bossert, and Donaldson (2005) con-
clude that even in such a framework, the possible social ordering function is only
welfarist in nature, if it is required to satisfy the other Arrovian axioms such as

14 This point is discussed in Yoshihara (2006a).

15 Kaplow and Shavell (2001) consider the Pareto indifference principle as the definition of wel-
farism for social welfare functions.
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Universal Domain and Pareto Indifference. This seems to provides us with a strong
justification of welfarism.

We review the relationship between our approach and the above-mentioned
works briefly. First, the welfarist theorem of Blackorby, Bossert, and Donaldson
(2005) relies strongly on the axiom of Universal Domain. Such a domain condition
cannot directly be applied to the resource allocation problems this paper considers
here. For instance, in this paper, all available utility functions are restricted so as to
be strongly monotonic and quasi-concave. In fact, as shown in Yoshihara (2006b),
if a reasonable domain restriction is imposed, then an ESOF of Q" **™)_type ex-
ists and it satisfies the independence axiom of Blackorby, Bossert, and Donaldson
(2005). The domain of this ESOF is restricted, because (1) the domain of welfarist
information /" is restricted to the class of profiles of continuous, strictly monotonic,
and quasi-concave utility functions, and (2) the domain of non-welfarist information
is also restricted.

Thus, our result on the possibility of the non-welfarist ESOFs is compatible with
the result of Blackorby, Bossert, and Donaldson (2005). Moreover, I believe that
the universal domain assumption of the non-welfaristic information is not sound
from an ethical point of view. This is because a well-being indicator expressing
non-welfaristic information should be defined as a binary relation function charac-
terized by a system of axioms,'® so it needs different formal treatment from the
welfarist indicator (individual utility functions) representing capricious subjective
preferences.

Second, the conclusion of Kaplow and Shavell (2001) gives us basically the same
message as that of Example 1 in this paper. However, Example 1 does not suppose
the continuity of social ordering, contrary to the assumption of Kaplow and Shavell
(2001). It is also worth noting that this resulting impossibility does not imply a jus-
tification of welfarism at all. This is because, as Fleurbaey, Tungodden, and Chang
(2003) point out, the Pareto indifference principle and the welfarist axiom are not
equivalent. In fact, our ESOF Q*"/)"L in Theorem 1 satisfies the weak Pareto prin-
ciple as well as the Pareto indifference principle, and it also has the properties of
the two types of non-welfarism (/-RF and LS). However, this type of function does
not meet the continuity axiom. This implies that the real factor inducing the im-
possibility is not the trade-off between welfarism and non-welfarism, but rather the
requirement of continuity.

To summarize this, despite the conclusions of Blackorby, Bossert, and Donaldson
(2005) and Kaplow and Shavell (2001), it is eminently possible to construct a desir-
able social ordering function that has the properties of the welfarist Pareto principle
and the non-welfarist criteria.

16 An example of this is a series of works by Pattanaik and Xu (1990), where the ranking over
opportunity sets is characterized by the system of axioms which reflect the viewpoint of “freedom
of choice.”
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6 Conclusion

In the earlier sections, we discussed that the welfarist’s framework developed in
traditional welfare economics provided us with a rather limited perspective for so-
cial evaluation, so a more comprehensive framework would be necessary. As such,
we proposed the extended framework within which not only welfarist consequential
values, but also non-welfarist consequential values and non-consequential values
can be taken into consideration. Moreover, we introduced extended social ordering
functions and, as axioms of which, Labor Sovereignty, Respect for J-based Fair-
ness based on non-welfaristic well-being notions, and the Pareto principle. Then,
we showed a method of applying these axioms based on a weaker lexicographic
approach, by which some consistent extended social ordering functions can be con-
structed in order to be compatible with the above three values.

Appendix 1

In this Appendix 1, the elementary properties of binary relations are provided, which
constitute an analytical technique useful to consider the existence issue of ESOFs.
Let X be the universal set of any alternatives and R be a binary relation defined over
this set. If R satisfies completeness and transitivity in particular, we shall call it an
ordering. Also:

Definition 2. An axiom a is represented by a binary relation R* C X x X if the fol-
lowing condition holds: for any x,x' € X,

(x,x') € R & according to the axiom a, X is at least
as desired as x';
(x,x) € P(R") < according to the axiom a, X s strictly
more desirable than x'.

In general, the binary relation representing an axiom is not necessarily a complete
ordering. In the following discussion, let us denote the representation of the axiom
a by R*. Then, let us see how an ordering R C X x X satisfies an axiom in general.

Definition 3. A binary relation R satisfies a class of axioms {a’1 } sca if the follow-
ing condition holds:

RD {UleARaq and P(R) 2 [UAeAP(R“l)].

As Definition 3 suggests, a binary relation R satisfies axioms a!,... 4" if and only
if it contains all of the axiom-representing relations R* ,...,R* " as its subrelations.



62 N. Yoshihara

Given a class of axioms on ordering relations, one interesting problem is to ex-
amine whether there exists an ordering relation that satisfies all of these axioms. To
discuss this question, the following notion is crucial.

Definition 4. (Suzumura, 1976). A binary relation R C X x X is consistent if, for
any finite subset {xl X2 ,x’} of X, the following condition does not hold:

[(x',22) € P(R), (ﬁ,wl) ER(Vk=2,....t—1)]= (¥,x') €R.

Proposition 3. There exists an ordering relation R C X x X which satisfies a class

of axioms {a’l }/leA if and only if [U,l E,‘R"l} is consistent.

According to Proposition 3, it is sufficient to confirm whether or not the union of

the axiom-representing relations {R" }A \ meets the consistency. This condition
S
can be useful when we discuss the existence of ESOFs satisfying some classes of

axioms.

Appendix 2

1. The pluralistic application of axioms (Sen and Williams, 1982)

Given any two axioms a and b which are mutually incompatible, the pluralistic
application of axioms is to construct a binary relation R“"” C X x X which is de-
fined as: R” = R*N R’ and P (R*?) = [P(R*)NR’] U [R*NP (R)]. Then, R"?
becomes consistent whenever R and R? are respectively, consistent. Thus, this kind
of second best resolution is to consider an ordering extension of R,

2. The lexicographic application of axioms

Given any binary relation R, let N (R) C X x X be defined as follows: for any
x, X' €X, (x,x) € N(R) < (x,x') ¢ Rand (X',x) ¢ R.!” Given any two axioms a and
b which are mutually incompatible, the lexicographic application of axioms is to
construct a binary relation R¢? C X x X which is defined by: for any x,x' € X,

(x,x') € RIb o (x,x') eR*U [N (RY) ORb} ; and

lex
(x.¥) € P(RiE?) & (v.4') € PR U [N (R) NP (R?)].

That is, suppose that the society gives a priority to axiom a rather than to axiom b.
Then, for any two alternatives, a is applied by Rﬁ;}’ in the first place to make a
comparison between them, and b is applied only if these two alternatives are incom-
parable by a. This is called axiom a first-axiom b second priority rule.

17 The definition of this binary relation is based on Suzumura (2004).
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According to Proposition 3, an ordering extension of R]“eib is possible whenever

Rf’g(b is consistent. Unfortunately, however, the consistency of Rﬁ;” is not guaranteed
in general. Thus, we need an algorithm to see what properties of the axioms a and/or
b can make Rlag(b consistent.

Suppose that Rlae’;b is not consistent. Our strategy is to choose an appropriate

subset N* (R*) from N (R“) such that

R =ROU [N (R)NR'|
becomes consistent. Then, the problem is to identify what conditions this N* (R%)
should satisfy so as to make Ri*e‘;"b consistent. A general solution to this problem is

given by Yoshihara (2005), and here we introduce a corollary of this solution given
in Yoshihara (2005).

Definition 5. (Yoshihara, 2005). Given a binary relation R C X x X, a subset
N*(R) C N(R) is said to be connected if for any (x,x'),(y,y’) € N* (R), there ex-
ists {z',....2} CX such that ' =¥, 2 =y, and (*,2"") € N* (R) holds for any
k=1,...1—1.

Proposition 4. (Yoshihara, 2005). Let R* be a quasi-ordering over X. Then, if the

relation N* (R*) C N (R“) is transitive and connected, then the relation Ri“™ C
X x X is consistent for any quasi-ordering R® C X x X.

Appendix 3: Proofs of Theorems 1 and 2

Proof of Theorem 1. We can see that for any e € £, both N* (Q'F(e)) and
N* (Q™ (e)) are connected and transitive, where the definition of connectedness is
given in Definition 5 of Appendix 2. Hence, by Proposition 4 of Appendix 2, both

«J-P «PHJ : : : ;
O and Oy, ™ are consistent binary relation functions. O

Lemma 1. For each e € £, Uyc|oxB (J (€);X) has a closed graph in Z(s).
Proof. It can be shown in a similar way to Lemma 4 in Gotoh et al. (2005). a

Lemma 2. (Yoshihara, 2000). For each s € 8", let h: [0,%]" — R’ be a continuous
Sunction such that, for each x € [0,x]", h(x) =y and f(Y¥ six;) = Y.yi. Then, for
any e = (w,s) € &, there exists X* € [0,%]" such that (x*,h(x")) is a Pareto efficient
allocation for e.

Proof. See Proposition 3 in Gotoh, Suzumura, and Yoshihara (2005). O

Lemma 3. For each e = (u,s) € &, there exists a Pareto efficient allocation z* €
Z (s) such that z* € Uyc(oxB (J (€);X).

Proof. See Lemma 5 in Gotoh, Suzumura, and Yoshihara (2005). O
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Lemma 4. (Yoshihara, 2000). Given J € JMOE, for each e € £, let PB’ (e) = P(e)N
[UsepoxB (J (€):x)]. Let h: [0,X]" — R’ be a continuous function such that, for
eachx € [0,X]", h(x) =y and f(¥ six;) = Y. yi. Then, there exists a game form y € I,
such that, for any e € £, z € 1(y,e) holds if and only ifz = (x,h(X)), and it is Pareto
efficient.

Proof. See Proposition 4 in Gotoh, Suzumura, and Yoshihara (2005). O
Lemma 5. There exists y* € IT. such that T(y*,e) = PB’(e) forall e € £.
Proof. See the proof of Theorem 1 in Gotoh, Suzumura, and Yoshihara (2005).'% 0O

Proof of Theorem 2. Given e € £, let S(e) be the utility possibility set of feasible allo-
cations, and dS(e) be its boundary. Since every utility function is strictly increasing,
dS(e) is the set of Pareto efficient utility allocations.

(1) Consider the case of Q" (*/™F)_ Define an ordering V (e) over S(e) as follows:
(1) Ifu,u’ € dS(e), then (w,w’) €1(V(e)).
(2) For any u,u’ € S(e), there exist i, u’ € [1,4o0) such that u-u,u’-u’ € 9S(e)

and (u,u’) € V(e) if and only if u < u’. This ordering V (e) is continuous over
S(e).

Define a complete ordering Re s over Uyc(oxB(J(e);x) as follows: for any
2,7 € UycpznB(J (€);%), (2,7)) € Rey < (u(z),u(z’)) € V(u). This ordering R
is continuous on Uy (o 5B (J (€);X), and its maximal elements constitute PB’ (e).
Given J € JMOE et J (e;x) be the restriction of J (&) into the set of feasible alloca-
tions with x.

Consider a binary relation Re ;U [UXE[O,X]Y,J (e;x)] over Z(s). Itis easy to see that
this binary relation is consistent, so that there exists an ordering extension Ry ; of
Re,; U [UxeonJ (€:X)] by Suzumura’s (1976) extension theorem. Based upon this

QL (+Pr])

Ry ;, let us consider an ordering function as follows: for each e € £ and

any (z,7),(2,7') € R(e),

(1) If ye I and Y € '\ I1, then ((z,7),(2, 7)) € P(Q*"*/"P(e)).
(2) Ifeither y,y’ € IT or y,y' € I'\ I}, then

((2.7), (7)) € Q" P)(e) & (2,2) € Ry,
((z.7),(2,7) € P(Q" ")) & (2.2) € P(Ry).

L+ (+J-P) (e)

Note that Q" (*/"P)(e) is complete and transitive, and O /") (e) D Q|

for each e € &, by the definition. Finally, we can see that C (QL'_(*J wP >) =Ii NIpgN
INEN A

(2) Consider the case of QL(+PH)) For each @ € dS(e), let us select only one al-
location 2" € P (e) such that for each i € N, u; (z}') = @;, and if for this @ € 95 (e),

18 Also, see Yamada and Yoshihara (2007).
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there exists z € PB’ (e) such that for each i € N, u; (z;) = @, then choose such an
allocation as z". Now, let P*(e) = {z"}__ as( - By definition, P’ (e) C P(e) and

P*(e) N PB’ (e) # @. Note that for any z%,z" € P*(e), U # .
Define an ordering R? ey over Z(s) as follows: for any z,2’ € Z(s),
Q) (z.2) €l (R ) if 2,2 € P (e) N PB’ (e)

(i) (z,2) € P (Rg ,) ifz € P’ (e)NPB’ (¢) and 2’ € P* (¢)\PB’ (e)

(iii) (z,2') €RY, & (z,2') € J (e) forz,z' € P* () \PB’ (e)

(iv) (z,Z) e P <R21> if there exist p, 1’ € [1,+o0) such that u-u(z),u’ -u(z') €
)
)

z
dS(u) and u < p’ and
(V) (z,2) € R, if there exist u, t” € [1,4-) such that - u( ), 1" -u(z') € dS(u)
)

and u = ', and <z“'“(z>,zﬂ u( )) € Re s for 2% 7 Wl € P*(e)

Denote the set of maximal elements over Z(s) in terms of Rg ; by B (RS J> C Z(s).
By definition, PB’ (¢) C B (Rg. J).

Based upon this R ;. let us consider an ordering function Q" (*P/) as follows:
for each e € £ and any (z,7),(z',7) € R(e),

() Ifye I and ¥ € [\ L, then ((z,9), (7)) € P(Q" ") (e))
(2) Ifeither y,y’ € IT or y,y' € I'\ I}, then

((z.7).(2,7)) € Q") (e) & (2,2) € R,
(2,7),(2,7) € P(Q“ ) (e) & (2,2) € P(RY ).

—~

Note that Q% *P/) (e) is complete and transitive, and Q" (*7/)(e) D QIL; *PH)(e)

for each e € £, by the definition. Finally, we can see that C (QL'_ (xPHJ )> DL.NIpeN
NN
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