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Abstract. Deciding strong and weak bisimilarity of BPP are challeng-
ing because of the infinite nature of the state space of such processes. De-
ciding weak bisimilarity is harder since the usual decomposition property
which holds for strong bisimilarity fails. Hirshfeld proposed the notion of
bisimulation tree to prove that weak bisimulation is decidable for totally
normed BPA and BPP processes. In this paper, we present a tableau
method to decide weak bisimilarity of totally normed BPP. Compared
with Hirshfeld’s bisimulation tree method, our method is more intuitive
and more direct. Moreover from the decidability proof we can derive
a complete axiomatisation for the weak bisimulation of totally normed
BPP.

1 Introduction

A lot of attention has been devoted to the study of decidability and complex-
ity of verification problems for infinite-state systems [1,15,16]. In [2], Baeten,
Bergstra, and Klop proved the remarkable result that bisimulation equivalence
was decidable for irredundant context-free grammars (without the empty prod-
uct). Subsequently, many algorithms in this domain were proposed. In [7], Hans
Hiittel and Colin Stirling proved the decidability of normed BPA by using a
tableau method, which can also be used as a decision procedure. Decidability of
strong bisimilarity for BPP processes has been established in [T3]. Furthermore,
[14] proved that deciding strong bisimilarity of BPP is PSPACE-complete.

For weak bisimilarity, much less is known. Semidecidability of weak bisimilar-
ity for BPP has been shown in [5]. In [6] it is shown that weak bisimilarity is de-
cidable for those BPA and BPP processes which are “totally normed”. P.Jancar
conjectured that the method in [T4] might be used to show the decidability of
weak bisimilarity for general BPP. However, the problem of decidability of weak
bisimilarity for general BPP is open.

Our work is inspired by Hirshfeld’s idea. In [6] Hirshfeld proposed the notion of
bisimulation tree to prove the decidability of weak bisimulation of totally normed
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BPP. Based on the idea, we show that weak bisimulation for totally normed BPP
is decidable by a tableau method. In [13], S. Christensen, Y. Hirshfield and F.
Moller proposed a tableau decision procedure for deciding strong bisimilarity
of normed BPP. The key for tableau method to work is a nice decomposition
property which holds for strong bisimulation, but fails for weak bisimulation. In
our work, instead of using decomposition property, we apply Hirshfeld’s idea to
control the size of the tableaux to make the tableau method work correctly. This
approach not only provides us a more direct decision method, but also has the
advantage of providing a completeness proof of an equational theory for weak
bisimulation of totally normed BPP processes, similar to the tableau method of
[13] provides such a completeness proof for strong bisimulation of normed BPP
processes. Moreover, the termination proof for tableau is greatly simplified.

The paper is organized as follows. Section 2 introduces the notion of BPP
processes and weak bisimulation and describes weak bisimulation equivalence.
Section 3 gives the tableau decision method and presents the soundness and
completeness results. In Section 4 we prove the completeness of the equational
theory. Finally, Section 5 sums up conclusions and gives suggestions for further
work.

2 BPP Processes and Weak Bisimulation Equivalence

Assuming a set of variables V, V={X,Y,Z,---} and a set of actions Act.,
Act; = {7,a,b,c,---} which contains a special element 7, we consider the set
of BPP expressions £ given by the following syntax; we shall use E, F)... as
metavariables over £.

E:= 0 (inaction)
| X (variables, X € V)
| E1 + E> (summation)
[WE (n€ Acty)
| E1[Ep  (merge)

A BPP process is defined by a finite family of recursive process equations
A={Xx;Y E<i<n

where the X; € V are distinct variables and each E; is BPP expressions, and free
variables in each F; range over set {X1,..., X, }. In this paper, we concentrate
on guarded BPP systems.

Definition 1. A BPP expression E is guarded if each occurrence of variable is
within the scope of an atomic action, and a BPP system is guarded if each E;
is guarded for 1 <1i < n.

Definition 2. The operational semantics of a guarded BPP system can be sim-
ply given by a labeled transition system (S, Act., —) where the transition re-
lation — is generated by the rules in Table 1.
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Table 1. Transition rules

a ’
act oF S FE rec E—F (X =EcA)
D Ny
aml E—@ sum2 F—>aﬂ
E+F-% o E+F—p
par ETQ par2 FTB

where the state space S consists of finite parallel of BPP processes, and the
transition relation —C S x Act, x S is generated by the rules in Table 1, in
which (as also later) we use Greek letters «, 3, - - - as meta variables ranging over
elements of S, Each such « denotes a BPP process by forming the product of
the elements of a, i.e. by combining the elements of « in parallel using the merge
operator. We write € for empty sequence. We shall write X™ to represent the
term X|---|X consisting of n copies of X combined in parallel. By length(a) we
denote the cardinality of a.

It is shown in [3] that any guarded system can be effectively transformed into

a 3-GNF normal form

{Xi d;f Z}l':ilaijaml S 7 S m}
where for all 4, j such that 1 <i <m, 1 < j < n,, length(a;;) < 3. So we only
considered BPP processes given in 3-GNF in this paper.

Moreover, we write a == 3 for a(—)*, and write a == j for a== —>==
3. Let": Act; — {Act; — 7} Ue be the function such that @ = a when a # 7
and 7 = ¢, then the following general definition of weak bisimulation on & is
standard.

Definition 3. A binary relation R C S x S is a weak bisimulation if for all
(o, B) € R the following conditions hold:

1. whenever o —— o/, then 3 N B’ for some 3" with (o/,3") € R;
2. whenever § —% ', then o == o’ for some o/ with (o/, ') € R.

Two states a and [ are said to be weak bisimulation equivalent, written o = [3,
if there is a weak bisimulation R such that (o, 3) € R.

It is standard to prove that =~ is an equivalence relation between processes.
Moreover it is a congruence with respect to composition on S:

Proposition 1. If o ~ (1 and as &~ (35 then aq|as = (1|fo.

Proposition 2. «o|f =~ (Gla.
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Proposition 3. (a|3)|y =~ a|(8|7).

Definition 4. A process « is said to be normed if there exists a finite sequence
o — ... — «a, — € transitions from « to €, and un-normed otherwise. The
weak norm of a normed « is the length of the shortest transition sequence of the
form o =2 ... = ¢, where each a; # 7 and == is counted as 1. We denote by
[la|| the weak norm of . Also, for unnormed «, we follow the convention that
[la|]| = o0 and oo > n for any number n. A BPP system A is totally normed if
for every variable X appears A, 0 < || X|| < oc.

With this definition, it is obvious that weak norm is additive: for normed «a, 8 €
S, [lalB| = ||la|]+|8]|- Moreover, the following proposition says that weak norm
is respected by ~.

Proposition 4. If a ~ 3, then either both «,[3 are un-normed, or both are
normed and ||| = ||5]]-

3 The Tableau Decision Method

From now on, we restrict our attention to the totally normed BPP processes in
3-GNF, i.e. processes of a parallel labeled rewrite system (S, Act,, —) where
oo > [|X]| > 0 for all X € V. And throughout the rest of the paper, we assume
that all the processes considered are totally normed unless stated otherwise.
With the preparation of the previous section, in this section we can devise
a tableau decision method. The rules of the tableau system are built around
equations o = (3, where «, 3 € S. Each rule of the tableau system has the form

a=p

name side condition.
o :ﬂl...an:ﬂn

The premise of a rule represents the goal to be achieved while the consequents

are the subgoals. There are three rules altogether. One for unfolding. T'wo rules
for substituting the states. We now explain the three rules in turn.

Table 2. Tableau rules

subl o1|B1 = 2|6 (if there is on < a2 and a dominated node labeled
a1|f1 = a1|B2
a1 =2 or az =i )
a1|61 = Oz2|,32 . . .
subr (if there is oo < a1 and a dominated node labeled
az|f1 = az|f2
a1 =2 or az =1 )
a=/ .
unfold M is a match for (o, 3)

for =" [ (o, 0") € M}
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3.1 Substituting the States

The next two rules can be used to substitute the expressions in the goal. The
rules are based on the following observation.

Definition 5. (dominate and improve)[6]

1. The pair (a1|az, B1|B2) dominates the pair (aq, ().

2. XM |XZ"'0 o | XEn improves XM - |X:;L"’° o | XM iff there is some
10 such that for i < iy the (total) number of occurrences of X; is equal in
both pairs, i.e. k; = m; while the number of occurrences of X;, is smaller in

(XF o X0 | XY than in (X7 ]- - | X0 | X dee. ki < Mg

20

Proposition 5. FEvery sequence of pairs in which every pair improves the pre-
vious one is finite.

Proposition 6. FEvery sequence of pairs in which no pair dominates a previous
one is finite.

Definition 6. By < we denote the well-founded ordering on S given as follows:
X | Xk < X X iff there exists j such that k; < 1j and for all i < j
we have k; = ;.

It is easy to show that < is well-founded. Moreover, We shall rely on the fact
that < is total in the sense that for any a, 8 € S such that a # [ we have a < 3
or 3 < a. Also we shall rely on the fact that a < § implies ala/ < G|’ as well
as a < f|a’ for any o’ € S. All these properties are easily seen to hold for <.

When building tableaux basic nodes might dominate other basic nodes; we say
abasic node n : a1|f1 = az|f2 or as|fz = a1|F1 dominates any node n’ : a1 = a
or n’ : @ = a1 which appears above n in the tableau. There n’ : a1 = ag or
n' : ap = o is called the dominated node.

Definition 7. We define a weight function w, s.t. for & = Xi|..-| Xk g =
Y Y w(ay B) = 1xkp+1xka+- -+ 1XEkp+1xmy+1xma+- -+ 1xmy,.

Proposition 7. For every ai, (1, if a ~ 3, then alay = B|61 iff a|lag = «a|f
iff Blay =~ Bl

Proof. For the only if direction, suppose ala; ~ 8|81, since a =~ § and 5 =~ (1,
then «|f; = B|81 by Proposition [[l by ala; =~ (§|81, so aja; = «a|f; since =~
is an equivalence. For the if direction, suppose a|a; &~ |8, since a ~ [ and
081 ~ b1, a|f1 = 8|51 by Proposition[l] by ala; ~ «|f1, so ala; ~ 3|5 since =~
is an equivalence. For /3 it is similar to previous proof. O

Proposition 8. One of the pairs (a|aq, a|B1) or (Blaa, B|61) is an improvement

of (a|aq, B]B1) where a £ 3.

This proposition guarantees the soundness and backwards soundness of subl, subr
rules.

In fact in section 2, from Proposition [}l we know that every sequence of pairs
in which every pair improves the previous one is finite. So this means that there
are only finitely many different ways to apply the rules.
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3.2 Unfolding by Matching the Transitions

Definition 8. Let (o, §) € S x S. A binary relation M C § x § is a match for
(a, B) if the following hold:

1. whenever o — o/ then 3 :> 3" for some (o/, ) € M;

2. whenever 3 —= 3’ then a =L o for some (o/,p") € M;
3. whenever (a/, ') € M then ||o/|| = ||#|| and either a %~ o/ or 3 % ' for
some a € Act.

Tt is easy to see that for a given (o, 3) € S x S, there are finitely many possible
M C S x S which satisfies 3. Above and moreover each of them must be finite.
And for such M it is not difficult to see that it is decidable whether M is a
match for (o, ).

The rule can be used to obtain subgoals by matching transitions, and it is
based on the following observation.

Proposition 9. Let o, € S. Then a = (3 if and only if there exists a match
M for (o, B) such that o = ' for all (¢/,3") € M.

This proposition guarantees the soundness and backwards soundness of unfold
rule.

As pointed out above there are finitely many matches for a given (o, ), so
there are finitely many ways to apply this rule on (o, ().

3.3 Constructing Tableau

We determine whether o = (3 by constructing a tableau with root o = 3 using
the three rules introduced above. A tableau is a finite tree with nodes labeled
by equations of the form a = 3, where o, 5 € S.

Moreover if a = ( labels a non-leaf node, then the following are satisfied:

L el = [I8]];
2. its sons are labeled by ay = (..., = [, obtained by applying rule subl,

subr or unfold in Table 2 to o = 3, in that priority order;
3. no other non-leaf node is labelled by a = .

A tableau is a successful tableau if the labels of all its leaves have the forms:

«a = 3 where there is a non-leaf node is also labeled a = ;
@

3.4 Decidability, Soundness, and Completeness

Lemma 1. FEvery tableau with root o = [ is finite, Furthermore, there is only
a finite number of tableaux with root o = (.

Theorem 1. If a ~  then there exists a successful tableau with root labeled

a= 0.
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Proof. Suppose a =~ 3. If we can construct a tableau T'(« = ) for a = 3 with
the property that any node n : « = § of T(a = () satisfies & = (3, then by
Lemma [Tl that construction must terminate and each terminal will be successful.
Thus the tableau itself will be successful.

We can construct such a T'(a = ) if we verify that each rule of the tableau
system is forward sound in the sense that if the antecedent relates bisimilar pro-
cesses then it is possible to find a set of consequents relating bisimilar processes.
For the rule subl or subr we know from Proposition[7l For the rest of the tableau
rules it is easily verified that they are forward sound in the above sense. a

Finally we must show soundness of the tableau system, namely that the existence
of a successful tableau for o = ( indicates that o =~ 3. This follows from the fact
that the tableau system tries to construct a family of binary relations which are
bisimilar.

Definition 9. A sound tableau is a tableau such that if « = (3 is a label in it
then o =~ (3.

Theorem 2. A successful tableau is a sound tableau.

Proof. Let T be a successful tableau. We define W = {B C § x S} to be the
smallest binary relations satisfies the following:

1. if & = g3 labels a node in T then (a, 3) € W;

2. if there is a node in T labeled a = [ and on which rule unfold is applied
then (o, 8) € W;

3. if (0117012) eWw, (0&1|ﬂ1,0&1‘ﬂ2) € W where oy < ag then (al‘ﬂl,&ﬂﬂg) eWw;

4. if (0&1,0&2) ew, (ag‘ﬂl,&ﬂﬂg) € W where as < aqthen (al‘ﬂl,&ﬂﬂz) eW.

We will prove the following properties about W:

A. If o = B labels a node in T then (o, 3) € W.
B. If (o, 5) € W, then the following hold:

(a) if @ % o' then N (3 for some ' such that (o/, ") € W;
(b) if 3 % B’ then a == o’ for some o’ such that (o/, ') € W.

Clearly property B. implies that

B ={(a,5) [ (e, 8) € W}

is a weak bisimulation. Then together with property A. it implies that T" is a
sound tableau.

We prove A. by induction on weight w’ = w(a, 8). If @« = § is a label of an non-
leaf node, there are three cases according to which rule is applied on this node.
If unfold is applied, then by rule 2. of the construction of W clearly («, 8) € W.
If subl is applied, in this case a = f is of the form 1|81 = as|fB2, and the node
has sons labeled by 1|81 = a1|f2. Clearly w(aq|f81, a1]82) < w(ai|f1, az|B2),
then by the induction hypothesis (aq1|81,a1|f2) € W. Then by rule 3. in the
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construction of W, (a1|081, a2|B2) € W. If subr is applied, it is similar to subl
proof. If &« = [ is a label of a leaf node, then since T is a successful tableau
either there is a non-leaf node also labeled by @ = 3 and in this case we have
proved that (a, ) € W, or @« =  must hold and in this case by rule 1. in the
construction of W we also have (a, 8) € W.

We prove B. by induction on the four rules define W. Suppose («, 3) € W,
there are the following cases.

Case of rule 1. i.e. a = (3. It is obvious B. holds.

Case of rule 2. i.e. there exists M which is a match for («, 3) such that o/ = 5’
is a label of T for all (o/,8") € M. Then by A. it holds that (o/,3) € W for all
(o/,3") € M, then by definition of a match, clearly B. holds.

Case of rule 3. i.e. there exist (a1, az) € W, (a1|f81, a1|B2) € W where a1 < aw
and o = a1|B1. If oy |81 —% o/, we have to match this by looking for a 3 such

that as|fe £ 3" and (o, 3") € W. By transition rule for o” has two cases:
the first case a3 — o) then o” = of|B1. Now (aq,a2) € W, by the induction

hypothesis there exists o € «a such that as == o and (a4, ah) € W. since
o161, a1|B2) € W, by the induction hypothesis there exists aj |32 € « such that
1

a1|f2 == a}| B2 and (o) |B1, oy |B2) € W. By rule 3 we have (o) |31, | (2) € W.
The another direction can be proved in a similar way; the second case §; —
B; then o = ay]f]. since (al\ﬂl,aﬂﬂ%) € W, by the induction hypothesis
there exists a1 |3] € a such that ay|f2 == a1 |} and (a;|8], a1|8) € W. Now
(a1, 2) € W, by rule 3 we have (a1]|0], az|85) € W. The another direction can
be proved in a similar way.

Case of rule 4. it is similar rule 3. proof. O

Theorem 3. Let a, 3 € S be totally normed. Then « ~ (3 if and only if there
exists a successful tableau with root a = (3.

4 The Equational Theory

We will develop the equational theory proposed by S¢ren Chirstensen, Yoram
Hirshfeld, Faron Moller in [13] for strong bisimulation on normed BPP processes
given in 3-GNF. We now describe a sound and complete axiomatisation for
totally normed BPP processes. We pay attention to BPP processes in 3-GNF.
The axiomatisation shall be parameterised by A and consists of axioms and
inference rules that enable one to derive the root of successful tableaux.

The axiomatisation is built around sequences of the form I' -5 E = F where
I is a finite set of assumptions of the form oo = 3 and F, I’ are BPP expressions.
Let A be a finite family of BPP processes in 3-GNF. A sequent is interpreted as
follows:

Definition 10. We write I' = E = F when it is the case that if the relation

{(a, B)le = B € T} U{(X;, E;)| X “E e A} is part of a bisimulation then
ExF.
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Thus, the special case ) =o E = F states that E ~ F (relative to the system
of process equations A).

For the presentation of rule unfold we introduce notation un f(«) to mean the
unfolding of « given as follows (assuming that a = Y1|Ya|- - |Y,):

unf(a) =Y 1" {ayi : aia; € Vil

where v; = ai|(]_[;n:1)#in) and the notation aa € Y means that ac is a
summand of the defining equation for Y.

The proof system is presented in Table 3. Equivalence and congruence rules
are R1-6. In [I3] the rule R5 of the axiomatisation for normed BPP processes
can not directly apply in our rules, since we know that weak bisimulation is not
preserved by summation, i.e. if £1 &~ Fy and I} ~ F5, but we can’t get F) +F} ~
FE5 + F5. So we increase two rules R5-6 to achieve summation. The rules R7-15
correspond to the BPP laws; notably we have associativity and commutativity
for merge. Finally, we have two rules characteristic for this axiomatisation; R16
is an assumption introduction rule underpinning the role of the assumption list
I' and R17 is an assumption elimination rule and also a version of fixed point
induction. The special form of R17 has been dictated by the rule unfold of the
tableau system presented in Table 2.

Definition 11. A proof of I' Vo E = F is a proof tree with root labeled
I' Ao E = F, instances of the axioms R1 and R7-R16 as leaves and where the
father of a set of nodes is determined by an application of one of the inference
rules R2-R6 or R17.

Definition 12. The relations =, for ordinals o are defined inductively as fol-
lows, where we assume that [ is a limit ordinal

E =~ F forall E, F

E ~,y1 F iff for a € (Act; U {e})

E =% E', then 3F'.F =% F' and E' ~, F'

F =% F', then 3E'.E =% E’ and E' ~, F'.
E~ FifVo<I|.E=~,F
So we can get a fact that is == [ =~,,.
n=0
Theorem 4. (Soundness) If I' o E = F then we have I =o E = F. In
particular if o E = F then E =~ F.

The similar proof for soundness can be found in [13].
Lemma 2. If '+p E=F then IT" -5 E = F for any I".

The completeness proof rests on a number of lemmas and definitions which tell
us how to determine our sets of hypotheses throughout a proof of £ ~ F' from
a successful tableau for E ~ F. We prove completeness from [13] idea.
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Table 3. The axiomatisation

Equivalence Congruence

F}—AE1:F1F|_AE2:F2

R1 I'FAaE=F R4
2 T Fa BBy = Iy |
R2 I'Fa E=F RS I'FA E=F
I'raF=E I'tAE=F+7E
R3 I''rAE=FT'FaAF=G R6 I'aA E=F
I'AE=@G I'FaaFE +R=aF +R
Axioms
R7 I''tAE+(F+G)=(E+F)+GR12 I'+A E|F =F|E
R8 I'AE+F=F+FE R13 I'tAEl0O=FE
R9 I''tAE+E=E R14 I'taTE=F
R10 F'FAE+0=E R15 I'taa(E+7F)+aF =a(E +7F)
R11 I'ta E|(F|G) = (E|F)|G
Recursion
R16 INa=8Fasa=0 R17 INa=praunf(a) =unf(B)
I'Faa=p4

Definition 13. For any node n of a tableau, Rn(n) denotes the set of labels of
the nodes above n to which the rule unfold is applied. In particular, Rn(r)=0
where r is the root of the tableau.

Theorem 5. (Completeness)If a« ~ (3 then I'Far o = (3

Proof. If a =~ f3, then there exists a finite successful tableau with root labeled
a = . Let T(a = ) be such a tableau. We shall prove that for any node
n:E =F of T(a = ) we have Rn(n) Fa E = F. In particular, for the root
r @« = f3, this reduces to Fao a = 3, so we shall have our result.

We prove Rn(n) o E = F by induction on the depth of the subtableau
rooted at n. As the tableau is built modulo associativity and commutativity
of merge and by removing 0 components sitting in parallel or in sum we shall
assume that the axioms R12-R14 are used whenever required to accomplish the
proof.

Firstly, if n : £ = F is a terminal node then either £ and F are identical
terms «, so Rn(n) - E = F follows from R1.

Hence assume that n : E = F is a internal nodes. We proceed to apply to n
according to the tableau rule.

(i) Suppose unfold is applied. Then n is the label E = F and the son n’ of
n is labeled E; = F;(i € {1---n}, E; = F; is match of F = F), by induction
Rn(E; = F;) —{FE = F} - E = F by R17, we know Rn(E = F) = Rn(FE; =
F)—-{E=F},soRn(FE=F)FE=F.

(ii) Suppose sub is applied wlog that is subl. Then the label F = F' is of
the form Fi|Fy = Es|F, with the corresponding node n” labeled F; = E5 and
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the son n’ of n is labeled F;|F; = E1|F3, by induction hypothesis Rn(E;|Fy =
E1|F2) H El‘Fl = El‘FQ since R’I’L(El‘Fl = El‘FQ) = Rn(El\Fl = EQ‘F2)7 and
E1 = E2 S R’I’L(El‘Fl = EQ‘FQ)’ SO Rn(El\Fl = E2|F2) H E1 = E2 by R16.
Hence from R1, R4, R3 we have Rn(E;|Fy = FEs|Fy) b Ei|Fy = Es|F, last
Rn(E =F)F E = F is required.

This completes the proof. a

5 Conclusions and Directions for Further Work

In this paper we proposed a tableau method to decide whether a pair of totally
normed BPP processes is a weak bisimilar relation. The whole procedure is direct
and easy to understand, while the termination proof is also very simple. This
tableau method also helps us to show the completeness of S¢ren Chirstensen,
Yoram Hirshfeld, Faron Moller’s equational theory on totally normed BPP sys-
tems. Recent results by Richard Mayr show that weak bisimulation of Basic
Parallel Processes is Hg—hard[IS].

The study of bisimulation decision problems in the fields of BPA and BPP
processes has been already rather sophisticated. All the results were recorded and
updated by J.Srba[17], as well as open problems in this field. About algorithms,
the things left should be concerned with lowing complexity and improving the
efficiency. As the equational theory depends on assumptions, it is somewhat
different from Milner’s equational theory for regular processes[9]. One direction
of interest is the construction of equational theory of ~ since many decision
results for weak bisimulation are already given.
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