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Invariant Measures

Integral geometry, as it is used in this book for the treatment of random
geometric structures with stationarity or isotropy properties, is based on the
notion of an invariant measure. Here invariance refers to a group operation
and thus to a homogeneous space. Invariant measures on topological groups
and homogeneous spaces are known as Haar measures. The general theory
of such measures can be found, for example, in Hewitt and Ross [342] and
Nachbin [571]. However, we do not presuppose here any knowledge of the
theory of Haar measure (with the exception of Section 13.3, which is rarely
used in this book and could be dispensed with). For the topological groups
and homogeneous spaces that are relevant for integral geometry in Euclidean
spaces, the existence and uniqueness of invariant measures will be proved in
Section 13.2 in a direct and elementary way, starting from Lebesgue measure
and assuming only basic facts from measure theory.

13.1 Group Operations and Invariant Measures

A topological group is a group G together with a topology on G such that
the map from G x G to G defined by (x,y) — zy (the product of z and y) and
the map from G to G defined by x — x~! are continuous. The topologies of all
topological groups occurring in this book are assumed to be locally compact
and second countable.

Let G be a group and E a nonempty set. An operation of G on F is a
map ¢ : G x E — FE satisfying

(g, 0(d,2)) = (g9’ x),  @le,x)=x

for all g,¢' € G, the unit element e of G, and all x € E. One also says
that G operates on E, by means of ¢. For ¢(g,z) one usually writes gz,
provided that the operation is clear from the context. The group G operates
transitively on E if for any z,y € F there exists g € G such that y = gz.
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If G is a topological group, E is a topological space, and the operation ¢ is
continuous, one says that G operates continuously on F.

The following situation often occurs: E is a nonempty set and G is a group
of transformations (bijective mappings onto itself) of E, with the composition
as group multiplication; the operation of G on FE is given by (g,z) — gz :=
image of x under g. When transformation groups occur in the following, mul-
tiplication and operation are always understood in this sense.

A basic situation considered in integral geometry is the operation of a
transformation group on some space together with the induced operation on
a space of geometrically significant subsets. Generally, let the space E be
as in Section 12.2, that is, locally compact and second countable, and let F
be the space of closed subsets of E. Let G be a topological group operating
continuously on F. For g € G and F C E, let

gF :={gx 2z € F}. (13.1)

For each g € G, the bijective map x — gz is continuous, and so is its inverse,
thus it is a homeomorphism. It follows that gF' € F for F' € F. Hence, (13.1)
defines an operation of G on the space F. This operation is continuous.

Theorem 13.1.1. If the topological group G operates continuously on E, then
the map

GxF— F

(9. F) = gF
18 continuous.

Proof. Suppose that (g;, F;) — (g, F) in G x F. We have to show that g;F; —
gF in F, and for this we use Theorem 12.2.2.

(o) Let ¢ € gF, thus = gy with y € F. Since F; — F in F, there are y; € F;
with y; — y. For z; := g;y; we have x; € ¢;F; and x; — .

(6) Let (gs\, Fi,, )ken be a subsequence and let z;, = ¢;,v;, with y;, € F;, be
such that z;, — x. Theny;, — y:=g 'z,andy € F, hencex = gy € gF. O

Let G be a topological group. A homogeneous G-space is a pair (E, ¢)
with the following properties: E is a topological space, ¢ : G X E — FE is a
transitive continuous operation of G on E, and for (one and hence for all)
p € E, the mapping ¢(-,p) is open. Up to isomorphism, all homogeneous G-
spaces are obtained in the following way. Let H be a subgroup of G (with
the trace topology) and let G/H be the factor space, that is, the space {aH :
a € G} of left cosets of H in G, equipped with the quotient topology. The
map 7 : G — G/H defined by 7(a) := aH for a € G is called the natural
projection. The quotient topology on G/ H is characterized by the properties
that 7 is continuous and open. By

¢(g,aH) := gaH for g€ G, aH € G/H,
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one obtains a transitive continuous operation ¢ of G on G/H; it is called the
natural operation of G on G/H. The pair (G/H,() is a homogeneous G-
space. Conversely, let (E, ) be a homogeneous G-space. For an arbitrarily
chosen point p € E let S}, be the stability group of p, that is, the subgroup
Sp:={g € G:gp=p} (with gp := ¢(g,p)). Then the map

8:G/S,— E
9Sp > gp

is a homeomorphism from G/S, onto E with the property that 3(gaS,) =
gB(aSy,) for all g € G and all aS, € G/S,. In this sense, the homogeneous G-
spaces (E, @) and (G/S,, {) are isomorphic. Hence, if a homogeneous G-space
is given, one can always assume that it is of the form G/H with a subgroup
H and that the operation is the natural one. The subgroup H is closed if and
only if G/H is a Hausdorff space.

We turn to invariant measures. Let the topological group G operate con-
tinuously on the topological space E. A Borel measure p on E is called G-
invariant (or briefly invariant, if G is clear from the context) if

p(gA) = p(A) for all A€ B(F) and all g € G.

This definition makes sense: for each g € GG, the mapping = +— gz is a homeo-
morphism, hence A € B(E) implies gA € B(FE). An invariant regular Borel
measure on a locally compact homogeneous space which is not identically zero
is called a Haar measure.

For a measure on a group, several notions of invariance are natural. A
topological group G operates on itself by means of the mapping (g, z) — gx
(multiplication in G) for (g,z) € G x G. The corresponding invariance of a
measure on G is called left invariance. More generally, for g € G and A C G
we write

gA:={ga:ac A},
Ag:={ag:a€ A},
Al i={a"':ac A}

If A € B(G), then also gA, Ag, A~! are Borel sets, because multiplication from
the left or the right and taking the inverse are homeomorphisms. Now let p
be a measure on G. It is called left invariant if p(gA) = p(4), and right
invariant if p(Ag) = p(A), for all A € B(G) and all g € G. The measure p
is inversion invariant if p(A=!) = p(A) for all A € B(G). If p has all three
invariance properties, it is called invariant. A left invariant (right invariant,
invariant) regular Borel measure which is not identically zero is called a left
Haar measure (right Haar measure, Haar measure).

Invariance properties of measures are equivalent to invariance properties
of integrals. Let p be a regular Borel measure on the topological group G. If
p is left invariant, then every measurable function f > 0 on G satisfies
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/ f(ag) pldg) = / £(9) p(dg) (13.2)
G G

for all @ € G. This follows immediately from the definition of the integral.
Conversely, if (13.2) holds for all continuous functions f > 0 with compact
support, then the left invariance of p is obtained from (12.1), (12.2). Similarly,
the right invariance of p is equivalent to

/ f(9a) p(dg) = / £(9) p(dg)
G G

for all a € G, and the inversion invariance of p is equivalent to

/f(g‘l)p(dg)=/ f(g) p(dg),
G G

in each case for all nonnegative functions f € C.(G).

We prove some uniqueness results for invariant measures. They are only
needed for the groups and homogeneous spaces of Euclidean geometry, but
without additional effort we can prove them in a more general setting.

Theorem 13.1.2. Fvery left Haar measure on a compact group G with a
countable base is invariant.

Proof. Let v be a left Haar measure on a group G satisfying the assumptions.
Since v is finite on compact sets, we may assume v(G) = 1, without loss of
generality. For a continuous function f > 0 on GG and for z € G we have

/ F(y~a) v(dy) = / (@ ty) ™) w(dy) = / f Yy, (133)

Here the integrations extend over all of GG; similar conventions will be adopted
in the following. Fubini’s theorem gives

[ van = [ [ 1 vag v
— [ [ 1oy vian) = [ f@yviao).

Hence, the measure v is inversion invariant. Using this fact and (13.3), we
obtain for x € G that

[ twyvian = [ o0 )
:/f(y’l)l/(dy) :/f(y)l/(dy),

which shows that v is also right invariant. a
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Clearly, in Theorem 13.1.2 the assumption ‘left invariant’ can be replaced
by ‘right invariant’.

The following uniqueness result for invariant measures makes special as-
sumptions, but in this form it is sufficient for our purposes and is easy to
prove.

Theorem 13.1.3. Let G be a locally compact group with a countable base, let
v be a Haar measure and p a left Haar measure on G. Then p = cv with a
constant c.

Proof. For measurable functions f,g > 0 on G we have

[ rav [ gan- / [ gt vida) wiay
— [ [ st wian viao) = [ [ r)ste ) niay viao)
- [ 1w / ola™ 'y v(do) uldy) = [ gav / fdu.

Here we have used, besides Fubini’s theorem, the right and inversion invariance
of v and the left invariance of u.

Since v # 0, there is a compact set Ag C G with v(Ag) > 0. For arbitrary
A € B(G) we put f:=14, and g := 14 and obtain v(Ag)u(A) = v(A)u(Ao),
hence p = cv with ¢ := u(Ag)/v(Ap). O

Next, we prove a formula of integral geometric type, generalizing Theo-
rem 5.2.1, which is useful for obtaining uniqueness results. It is slightly more
general than needed.

Theorem 13.1.4. Suppose that the compact group G operates continuously
and transitively on the Hausdorff space E and that G and E have countable
bases. Let v be a Haar measure on G with v(G) = 1.

Let p # 0 and « be locally finite Borel measures on E, let p be G-invariant.
Then

/G (AN gB) v(dg) = a(A)p(B)/p(E)
for all A,B € B(E).

Proof. If ¢ denotes the operation of G on E and if x € E, the mapping
(-, x) : G — E is continuous and surjective, hence F is compact. Therefore,
the measures a and p are finite. Let A, B € B(E). The mapping (g, ) — g~ 'z
from G x FE to E is continuous and thus measurable, hence the mapping

(g,2) — 1p(g~'z) is measurable. From

a(AﬁgB):/ElAmgBa(dx):/ElA(;E)IB(g_lx)a(da:)
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it follows that g — a(A N gB) is a measurable mapping. Fubini’s theorem
yields

[ atangmyvie) = [ 1@ [ 1660 g aa). (13.4)

The integral [, 15(g7"'x)v(dg) does not depend on z, since for y € E there
exists h € G with y = hx and therefore

/G 15(~") v(dg) = /G 15((h~g)"'2) v(dg) = /G 15(g7 ') v(dg).

Hence, we obtain

o(E) / 1o(s™'2)vtdg) = [ [ 15a7)v(dg) plao)
/ [ 15(5712) plda) ) = / p(9B) v(dg) = p(B).

Inserting this in (13.4), we complete the proof. O

Theorem 13.1.5. Suppose that the compact group G operates continuously
and transitively on the Hausdorff space E and that G and E have countable
bases. Let v be a Haar measure on G with v(G) = 1.

Then there exists a unique G-invariant Borel measure p on E with p(E) =
1. It can be defined by

p(B)=v({g € G:gxo € B)},  Be€B(E),
with arbitrary xo € E.

Proof. Let p be a G-invariant Borel measure on E with p(E) = 1. We choose
rg € F and let a be the Dirac measure on FE concentrated at zg. Then
Theorem 13.1.4 with A := {x¢} gives

p(B)=v({g € G:g 'z € B}

for B € B(E). Thus p is unique. Conversely, if p is defined in this way, it is
clear that it is a G-invariant normalized measure. a

Notes for Section 13.1

1. For an extensive treatment of topological groups and homogeneous spaces, we
refer to Hewitt and Ross [342], Nachbin [571], Gaal [242]. Information on invariant
measures is also found in Bourbaki [119] and Cohn [177].

2. Results in the spirit of Theorem 13.1.4 (which extends Theorem 5.2.1) go back
to Balanzat [55]. More general versions and further references are in Groemer [290]
and Schneider [683].
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13.2 Homogeneous Spaces of Euclidean Geometry

In this section we introduce the transformation groups and homogeneous
spaces that occur in Euclidean integral geometry. Our main aim is to construct
their Haar measures in an elementary way, presupposing only the knowledge
of Lebesgue measure and its properties.

We consider three groups of bijective affine maps of R? onto itself, the
translation group 7y, the rotation group SO, and the rigid motion
group G. The translations ¢t € Ty are the maps of the form ¢ = ¢, with
r € R where t,(y) = y + z for y € R% The mapping 7 : = + ¢, is an
isomorphism of the additive group R? onto Tj. Hence, we can identify T,
with R¢, which we shall often do tacitly. In particular, T, carries the topology
inherited from R¢ via 7. Since ¢, o ty = tz4y and t-1 = t_,, composition
and inversion are continuous, hence T} is a topological group. In view of the
topological properties of R? we can thus state the following.

Theorem 13.2.1. The translation group Ty is an abelian, locally compact
topological group with countable base. The operation of Ty on R? is continuous.

The elements of the rotation group SOy are the linear mappings 9 : R? —
R? that preserve scalar product and orientation; they are called (proper)
rotations. With respect to the standard (orthonormal) basis of R?, every
rotation 1 is represented by an orthogonal matrix M () with determinant 1.
The mapping p : ¢ — M (¥) is an isomorphism of the group SOy onto the
group SO(d) of orthogonal (d,d)-matrices with determinant 1 under matrix
multiplication. If we identify a (d, d)-matrix with the d-tuple of its entries, we
can consider SO(d) as a subset of R (this identification defines the topology
of SO(d)). This set is bounded, since the rows of an orthogonal matrix are
normalized, and it is closed in Rdz, hence compact. The mappings (M, N) —
MN from SO(d) x SO(d) to SO(d) and M +— M~ from SO(d) to SO(d) are
continuous, and so is the mapping (M, ) — Mz (where z is considered as a
(d,1)-matrix) from SO(d) x R? into R?. Using the mapping p~! to transfer
the topology from SO(d) to SO4, we thus obtain the following.

Theorem 13.2.2. The rotation group SOy is a compact topological group with
countable base. The operation of SO4 on R? is continuous.

The elements of the motion group Gy are the affine maps g : R — R?
that preserve the distances between points and the orientation; they are called
(rigid) motions. Every rigid motion g € G4 can be represented uniquely as
the composition of a rotation ¥ and a translation t,, that is, g = t; o ¥, or
gy = Yy + x for y € R, The mapping

v:R¥x SO — Gy

(z,0) > tz00 (13.5)

is bijective. We employ it to transfer the topology from R? x SO4 to G4. Using
Theorems 13.2.1 and 13.2.2, it is then easy to show the following.
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Theorem 13.2.3. G4 is a locally compact topological group with countable
base. Its operation on R is continuous.

After these topological groups, we consider the homogeneous spaces that
play a role in Euclidean integral geometry.

The unit sphere S~ is obviously a homogeneous SOg4-space.

For q € {0,...,d}, let G(d,q) be the set of all g-dimensional linear sub-
spaces of R?, and let A(d,q) be the set of all g-dimensional affine subspaces
of RZ. The natural operation of SOy on G(d,q) is given by (9, L) + 9L :=
image of L under ¢. Similarly, the natural operation of G4 on A(d, q) is given
by (g, F) — gE := image of E under g. We introduce suitable topologies on
G(d,q) and A(d, q). For this, let L, € G(d, q) be a fixed subspace and L(JI- its
orthogonal complement. The mappings

Bq: 504 — G(d,q)

13.6
¥ — VL, (13.6)

and
Yq: Ly x S04 —  A(d,q)

(@,9) — O(Ly+2) (13.7)

are surjective (but not injective). We endow G(d, ¢) with the finest topology
for which (; is continuous, and A(d, ¢) with the finest topology for which v,
is continuous. Thus, a subset A C A(d, ¢), for example, is open if and only if
Yo L(A) is open. It is an elementary task to prove the following.

Theorem 13.2.4. G(d,q) is compact and has a countable base, the map 3,
is open, and the operation of SOq4 on G(d,q) is continuous and transitive.

Theorem 13.2.5. A(d, q) is locally compact and has a countable base, the
map vq is open, and the operation of Gq on A(d,q) is continuous and transi-
tive.

It should be remarked that the topologies on G(d,q) and A(d, q), as well
as the invariant measures to be introduced soon, do not depend on the special
choice of the subspace L,. This follows easily from the fact that SOq operates
transitively on G(d, ¢) and G4 operates transitively on A(d, q).

The topological spaces G(d,q) are called Grassmann manifolds or
Grassmannians, and the spaces A(d, g) are called affine Grassmannians.

It was convenient here to introduce the topologies on G(d,q) and A(d,q)
as described. Generally in this book, we equip F(R?), the set of closed subsets
of R, with the topology of closed convergence, as summarized in Section 12.2.
The trace of this topology on G(d,q) or A(d,q) coincides with the topology
introduced above. To see this, for example for the case of A(d, q), we first note
that the mapping g — gL, from G into F is continuous, by Theorem 13.1.1.
In order to show that the topology of closed convergence on A(d, q) coincides
with the one introduced above, it therefore suffices to show the following. If
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E, F € A(d,q) and E; — E in F, then there exist motions g;,g € G4 such
that F; = g;Lq, E = gL, and g; — ¢ (in G4). This is easy to see with the aid
of Theorem 12.2.2.

By Theorem 13.1.1, the induced operation of the motion group G4 on the
space F = F(R?) of closed subsets of R? is also continuous. From this fact we
draw two conclusions, which are used occasionally. First, applying Theorem
13.1.1 again, but now to the space E = F' (= F(R?) \ {0}), we get:

Theorem 13.2.6. The map
(g,A) — gA :={gF : F € A}, g€ Gy, Ac F(F,
15 continuous.

The operation of G4 on R? induces also an operation on the space C’ of
nonempty compact subsets.

Theorem 13.2.7. The map

GygxC — C'
(9,C) = gC

where C' is equipped with the Hausdorff metric, is continuous.

Proof. Suppose that (g;,C;) — (g9,C) in G4 x C'. Then C; — C in (C', ),
hence C; — C in F by Theorem 12.3.2. From Theorem 13.1.1 it follows
that g;C; — gC in F. Since the sequence (C;);en is uniformly bounded and
gi — ¢, also the sequence (g;C;);en is uniformly bounded. By Theorem 12.3.3,
9:C; — ¢gC in (C',0). a

Now we construct invariant measures on the introduced groups and homo-
geneous spaces. (Since these are locally compact, second countable spaces, all
Borel measures on them are regular; see, for example, Cohn [177, Proposition
7.2.3].) We start from Lebesgue measure on R? and construct further mea-
sures by means of continuous (and hence measurable) mappings. The local
finiteness of the image measures has to be checked in every case. We shall,
however, not mention this fact explicitly, when it is easy to see.

The measures p to be considered below will depend on the dimension d of
the space R?. If different dimensions occur, corresponding measures and other
objects will be distinguished by lower indices. Symbols without lower index
always refer to the dimension d.

We suppose that the reader is familiar with the construction and the prop-
erties of the Lebesgue measure A on R?, including the following uniqueness
theorem. Recall that C? = [0, 1]¢ is the unit cube in R?.

Theorem 13.2.8. The Lebesgue measure X\ is the only translation invariant
measure on R? with \(C?) = 1.



584 13 Invariant Measures

Since the Lebesgue measure A is rigid motion invariant (as well as invariant
under reflections), it is the Haar measure on the homogeneous G4-space R?,
normalized in a special way. We note that

ey

ABY) =: kg = R

The Haar measure on the homogeneous SOg-space S~ 1, the unit sphere,
is easily derived from the Lebesgue measure. For A € B(S9™1) we define
A={azeR’:z€ A 0<a<l1}.

A standard argument shows that A € B(R?), hence we can define o(A4) =
d\(A). This yields a finite measure o on S?! for which

iR

2m
o(8Y = wy = drg = ——.
I(5)

The rotation invariance of A implies the rotation invariance of o. As the
Lebesgue measure, o is invariant under the full group O(d) of orthogonal
transformations (proper and improper rotations). We call o the spherical
Lebesgue measure. Up to a constant factor, o is the only rotation invariant
Borel measure on S9!, This follows from Theorem 13.1.5.

The spherical Lebesgue measure can be used to show the existence of the
Haar measure for the rotation group.

Theorem 13.2.9. On the rotation group SOy, there is a unique Haar measure
v with v(SOg4) = 1.

Proof. The uniqueness follows from Theorem 13.1.3. To prove the existence,
we denote by LI, the set of linearly independent d-tuples of vectors from S%1.
We define a map ¢ : LI; — SOy in the following way. Let (x1,...,xq) € LI .

By Gram—Schmidt orthonormalization we transform (z1,...,24) into the d-
tuple (z1,...,2q); then we denote by (z1,...,Z4) the positively oriented d-
tuple for which z; = z; fori=1,...;d— 1 and Z4 = z4 or —z4. If (e1,...,€q)

denotes the standard orthonormal basis of R?, there is a unique rotation
¥ € SOy satistying de; = z; for i = 1,...,d. We define ¢(x1,...,24) := 9.
Explicitly, we have z; = y;/|ly:|| with y; = 21 and

k—1
i

yk:xk_z<xk7yj>w, k=2,....d.
j=1 Yj

From this representation, the following is evident. If p € SOy is a rotation and
if the d-tuple (x1,...,24) € LI, is transformed into (z1, ..., 2z4) and then into
(z1,- .-, Za), then the d-tuple (pz1, ..., pxy) is transformed into (pz1, ..., pzq)
and subsequently into (pZz1, ..., pZ4). Thus we have
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T/J(Pfﬂl, s apmd) = pw(xla s 7xd)'

For (z1,...,74) € (S 19\ LI; we define ¥(x1,...,24) := id. For the

product measure
o =oR®...00,
d

the set (S4~1)4\ LI; has measure zero; hence for any p € SOy the equality
Y(pry, ..., prq) = p(z1,...,74) holds ol-almost everywhere. The mapping
¥ : (89714 — S04 is measurable, since L1, is open and 1 is continuous on
LI, and constant on (S9=1)4\ LI,.

Now we define 7 as the image measure of o¢ under 1, thus 7 = ¥(c?).
Then 7 is a finite measure on SOy, and for p € SO; and measurable f > 0
we obtain

F(p9) ()
SOq4

/ f(pz/)(:cl,...,xd))od(d(m‘l,...,xd))
(Sd*l)d

/Sd_l .../Sd_l fb(z1,...,2q))o(dzy) - o(dzg)

= f() v(dv).
S04
Here we have used the rotation invariance of the spherical Lebesgue measure.
We have proved that the measure 7 is left invariant and thus invariant, by
Theorem 13.1.2. The measure v := 7/0(S0y) is invariant and normalized. O

From now on, v will always denote the normalized invariant measure on
S0,.

The following special result on v null sets is needed at several instances.
Two linear subspaces L, L’ of R? are in general position if

dim (L N L") = max{0,dim L + dim L' — d},
otherwise they are said to be in special position. The latter is equivalent to
lin(LUL') #R? and dim (LN L) > 0.

Lemma 13.2.1. Let L, L' be linear subspaces of R?, and let A C SOy be
the set of all rotations ¥ for which L and YL’ are in special position. Then
v(A) =0.

Proof. We may assume that dim L + dim L' < d, since otherwise we can pass
to orthogonal complements. Let vy, ..., v, be an orthonormal basis of L’ and
put L; :=lin{vy,...,v;} fori =1,...,m and Lo := {0}. Then
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v({0 € SOy : dim (L NYL') > 0})

=v <U{19 € SOy : dim (LNYL;—1) =0, dim (L NYIL;) > 0})

i=1

= v({9 € S04 : Bv; €lin (LUDIL; 1)}).
i=1
We shall show that here each summand is zero. Let ¢ € {1,...,m} be fixed and
write lin (LUWYL; 1) =: M(¥). Put H := L; 1N S ! and H' := L}- ;NS4 1,
For z € S471\ (H U H') there is a unique decomposition z = tv + /1 — 2 2/
with v € H,2' € H',¢t € (0,1). Since Yv € M(9) for v € H, we have
Yz € M(V) if and only if 92’ € M(¥). Moreover, for ' € H' there exists a
rotation p, € SOy with pyv; =z’ and p,L;_1 = L;_1. We obtain

V({0 € SO4: 9z € M(¥)}) = v({) € SO4 : ¥z’ € M(9)})
=v({¥ € SO4 : ¥p,v;i € M(9pz)})
=v({v € SOq : Yv; € M(V)})

by the invariance of v. Integration with the spherical Lebesgue measure and
Fubini’s theorem yield

o (STH({9 € SO4 : Iv; € M(9)})

_ / v({9 € 804 : O € M(9)}) o(dx)
Sd—1\(HUH")

= / / 1@1(19)(191') U(dl’) l/(dﬂ) = 0,
SOq4 J SI=1\(HUH')

since dim M (J) < dimL+i—1<d—1. ]

With the aid of the invariant measures A and o, we can construct the
Haar measure on the rigid motion group G4. Since G4 it is not compact, an
invariant measure p on Gy cannot be finite, as is easy to see. In order to
normalize p, we specify the compact set Ag := y(C% x SO4) and require that
1(Ao) = 1.

Theorem 13.2.10. On the motion group G4 there is a Haar measure p with
w(Ag) = 1. Up to a constant factor, it is the only left Haar measure on Gyq.

Proof. The uniqueness assertion is a special case of Theorem 13.1.3. We define
1 as the image measure of the product measure A ® v under the homeomor-
phism v : R? x SO4 — G4 defined by (13.5). Then y is a Borel measure on
G g with u(y(C? x SO4)) = M(CHv(S0,) = 1.

To show the left invariance of u, let f > 0 be a continuous function on G4
and let ¢’ € G4. With ¢’ = y(t',¢’) we have
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| feauts) = [ [ o0 A o)
Ga SO, JRE
= [ 56+ oo xan v
S04 JR
- / FO(t, 9)) A(dt) ()
SO, JRE

= [ f(9)u(dg),

Gq

where we have used the motion invariance of A and the left invariance of v.
Hence, p is left invariant. Analogously, the right invariance of v implies via

/ f(9g') p(dg) = / O/t + 08, 90')) A(dt) v(dv)
Gy SO4 JRA

_ / FOE0)ANA) v(dD) = [ f(g) n(dg)
S04 JR4 Ga

the right invariance of u, and from
foutdg) = [ [ pa-ot o ) Mt vao)
Ga 504 JRE

_ / FOE0) Mt v(d9) = | f(g) u(dg),
SO, JR4 Gq

where the inversion invariance of v was used, we obtain the inversion invari-
ance of p. 0O

The notation p for the Haar measure on G4, normalized as above, will be
maintained in the following. The decomposition of the measure y inherent in
its construction is often used in the form

fdu= / f(ty 0 ¥) A(dx) v(d9)
Ga 504 JR?

_ / F(9 0 ) Adz) v(d9) (13.8)
SO, JR4

for p-integrable functions f on Gg; here ¢, is the translation by the vector
. The last equality follows from ¢ o t, = ty, o ¥ and the invariance of the
Lebesgue measure A under the rotation 1.

Now we turn to invariant measures on the Grassmannian G(d,q) of ¢-
dimensional linear subspaces and on the affine Grassmannian A(d, q) of ¢-
dimensional affine subspaces of R%. As above, we suppose that q € {0,...,d}
and L, € G(d,q) is a fixed g-dimensional linear subspace, and we use the
maps (B, and v, defined by (13.6) and (13.7), respectively.
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On G(d,q) and A(d,q), some of the transformation groups introduced
above operate continuously, for example on A(d, q) the groups T4, SO, and
G 4. Only the operations of G4 on A(d, ¢) and of SO, on G(d, q) are transitive.
Therefore, by an invariant measure on A(d, ¢) we understand a rigid motion
invariant (Gg-invariant) measure on A(d,¢), and an invariant measure on
G(d, q) is rotation invariant (SOg-invariant).

Theorem 13.2.11. On G(d, q) there is a unique Haar measure vy, normalized
by v4(G(d,q)) = 1.

This is just a special case of Theorem 13.1.5. We also notice that v, is the
image measure of v under the mapping g,.

A corresponding assertion for A(d, q) requires a normalization on a suitable
compact subset A%. We choose

Al :={Ec A(d,q) : ENB* # 0}.
Theorem 13.2.12. On A(d, q) there is a unique Haar measure i,, normal-

ized by pq(AR) = Ka—qg-
It satisfies

/ fdug = / FL+9) M qldy) vg(d)  (13.9)
A(d,q) G(d,q) J L+

for every measurable function f >0 on A(d,q).

Proof. We define
tq = Yg(Ad—q ® V).
If A C A(d,q) is compact, the sets

vo({x € Lj Szl <k} x SO0y), keN,

constitute an open covering of A, hence A is included in one of these sets. It
follows that p4(A) < co.

Let g = v(x,9) € Gq and let f > 0 be a measurable function on A(d, q).
Denoting by IT the orthogonal projection to Lf{, we obtain

/ F(9E) q(dE)

A(d,q)

- / Fan(Lg + ) Mg (dy) v(dp)
SOy4 L(J[

- / FOp(Ly + 3+ T (o™ 0712))) Aa_q(dy) v(dp)
504 JL}

_ / FOP(Ly + ) Ma—q(dy) v(dp)
504 J Lt
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_ / F(p(Lg + ) Ma—q(dy) v(dp)
504 JLE

- / F(E) g(dE),
A(d,q)

where we have used the invariance properties of Aq_, and v. This shows the
invariance of p.
We observe that we may also write

[ fdu= [ [ oL o) hande) o)
A(d,q) S04 /Lt

= / / JF(pLq +y) Aa—q(dy) v(dp).
SOq J(pLq)*

Since v, is the image measure of v under f3,, this can be written in the form
(13.9).

From the representation (13.9) we infer that p, does not depend on the
choice of the subspace L,. We also deduce that pu(Af) = kq_q.

To prove the uniqueness, we assume that 7 is another Haar measure on
A(d,q). Let G(d,q) (respectively A(d,q)) be the open set of all L € G(d, q)
(respectively E € A(d, q)) that intersect qu at precisely one point. The map-
ping N N

5'1 : Lé_ X G(d7 Q) - A(da Q)
(¢,L) +— L+=x

is a homeomorphism. For fixed B € B(G(d,q)) and arbitrary A € B(L;) we
define n(A) := 7(6,(A x B)). Then 7 is a Borel measure on L, which is

invariant under the translations of qu into itself. Theorem 13.2.8 implies that

N(A) = Ag—q(A)a(B) with a constant a(B) > 0. Hence we have
7(04(A x B)) = Ai—q(A)a(B)

for arbitrary A € B(Lf{) and B € B(G(d, q)). Obviously this equality defines

a finite measure a on B(G(d,q)), and 6, (1) = Ag—q ® . For a measurable
function f > 0 on /T(d, q) we obtain

/~ fdr = /~ f(L+x) Ag—q(dz) a(dL)
G(d,q) J Ly

A(d.q)

— / FE+ ) Mg(dy) 9(dD)  (13.10)
G(d,q) J L+

with a new measure ¢ on G(d,q), defined by dp(L) = D(Lgy,L*)"'da(L),
where D(L;-,LJ-) is the absolute determinant of the orthogonal projection
from L(JI- onto L.
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Now let B € B(G(d,¢)) and
B :={L+y:LeB, yecL*nB}.

By B(B) := 7(B’) we define a rotation invariant finite measure 3 on G(d, q).
According to Theorem 13.2.11 it is a multiple of v;. On the other hand, (13.10)
gives 7(B') = kq_qp(B) for B C G(d,q). Hence there is a constant ¢ with
@(B) = cvy(B) for all Borel sets B C G(d,q). From (13.10) and (13.9) we
deduce that 7(A) = cju,(A) for all Borel sets A C A(d, q). Since p, does not
depend on the choice of the subspace L, € G(d,q), it is easy to see that
T = Clig- O

From the introduced homogeneous spaces of flats and their invariant mea-
sures, we derive other ones, which are used occasionally in integral geometry.
For p,q € {0,...,d} and a fixed linear subspace L € G(d,p), let

{L'€G(d.q): L' C L} if g<p,

G(L,q) := {{L’EG(CZ,Q):L/DL} if ¢>p.

Similarly, for E € A(d, p) let

A(E.q) {E" € A(d,q) : E' C E} if ¢ <p,
VTN E € Adyq): B/ S EY if g > p.

In the case ¢ < p the spaces G(L, q) and A(E, q) are obviously homeomorphic
to G(p, q) and A(p, q), respectively. For ¢ > p, the situation is slightly different.
Here G(L,q) is homeomorphic to G(d — p,q — p), because each L' € G(L,q)
is of the form L' = L + L” with a unique subspace L” € G(L*,q— p), so that
G(L, q) is homeomorphic, in a natural way, to G(L*, g — p); the latter space is
homeomorphic to G(d —p, ¢ — p), by the preceding remark. The space A(E, q)
with ¢ > p is evidently homeomorphic to G(L, ¢), where L is the translate of
E through the origin. Thus A(FE, q), too, is homeomorphic to G(d — p,q — p).

On these spaces, we introduce invariant measures in the natural way. For
a linear subspace L € G(d, q) we first put

SO(L):={p€ SOy : pL =L, pr =z for x € L*},

which is the subgroup of all proper rotations of R? mapping L into itself and
fixing each point of L. Since SO(L) is isomorphic to SO,, it carries a unique
normalized invariant measure, which we denote by vy. As usual, we consider
vy, as a measure defined on the whole group SO4. We have

vor(VAY™1) = v (A) (13.11)

for A € B(SO,) and arbitrary rotations ¥ € SOy; this can be deduced, for
example, from Theorem 13.1.3.
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Let p,q € {0,...,d} and L € G(d,q). We fix a subspace L, € G(L, q). By
means of the map (13.6), that is, 8, : SOq — G(d,q), ¥ — VL4, we define

z/qL = fBq(vr)

for ¢ < p and

for ¢ > p. Then we have

vy (A)=vr({p € SO(L): pLy € A})

q

if g < p and
vy (A) = v ({p € SO(LY) : pLy € A})

if ¢ > p, in each case for all A € B(G(d,q)). Thus VqL is a normalized measure
concentrated on G(L, ¢); it does not depend on the choice of L, and is invariant
under SO(L) and SO(L*). Moreover,

Vi (WA) = vl (A) (13.12)

for A € B(G(d, q)) and all rotations ¥ € SOy, as follows from (13.11).

For a fixed flat E € G(d,p) we choose t € R? with E —t =: L € G(d,p)
and then a subspace L, € G(L, q). If ¢ < p, let A,_, be the Lebesgue measure
on L;- N L. We define

Yot : (qu NL)xSO(L) — A(d, q)
(z,9) — Y (Lg+x)+t

and
Mf = Yg,t(Ap—g ® VL)
If ¢ > p, we define
Vg SO(LY) — A(d, q)
0 — L, + 1t

and

Nf = Yg(vpL).
The measure qu is independent of the choice of ¢ and Lg; it is concentrated
on A(FE,q) and is invariant under the rigid motions of R? that map E into
itself. Moreover,

15F(gA) = g (A)
for A € B(A(d,q)) and all rigid motions g € Gg.

Let L € G(d,q). In analogy to (13.9) we see that for given ¢ € R? and for
measurable functions f > 0 on A(d, q) we have for ¢ < p the representation

/ fdpltt = / / JIM + 2+ t) A\p_g(dz) v} (dM). (13.13)
A(L+t,q) G(L,q) JMLNL
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The corresponding equality for ¢ > p is

/ fduktt = / f(M +t)yvl(dm). (13.14)
A(L+t,q) G(L,q)

For the following measurability assertion we recall that the measure /,Lg
is concentrated on A(F,p), but defined on all of A(d,p). A similar remark
concerns the measure 1/{;. We write

A(d,p,q) .= {(E,F) € A(d,p) x A(d,q) : E C F},
G(d,p,q) == {(L,M) € G(d,p) x G(d,q) : L C M}.

Lemma 13.2.2. Let 0 < p < ¢ < d, and let f : A(d,p,q) — R be a nonnega-
tive measurable function. Then the maps

Fe J(B,F)uf(AB),  F € Ad,q), (13.15)
A(F,p)

and
Er J(BF)uf(dF),  E e A(dp), (13.16)
A(E,q)
are measurable.

Analogous statements hold for the measures 1/;,‘4, v
surable functions on G(d,p,q).

qL and nonnegative mea-
Proof. First let f : A(d,p) — R be a continuous function with compact sup-
port. Let (F;);en be a sequence in A(d, q) converging to F. Then there is a

sequence (g;)icn in the motion group Gg, converging to the identity id and
such that g; ' F = F;. We have

/ J(E) pF (dE) = / FEB) i T (aE)
A(d,p) A(d,p)
=/ f(BE) pf (dg:E)
A(d,p)

- / (o7 B) uF (dE).
A(d,p)

The functions f; : E +— f(gi_lE) converge to f for i — oo. If A denotes the
compact support of f and C' C Gy is a compact set with g; € C for all ¢, then
C A is compact and | f(g; ' E)| < 1¢a(F) max |f|. The dominated convergence
theorem yields

/ F(E) i (dE) — / f(E) uF (dE)
A(d,p) A(d,p)
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for ¢ — oo. Thus the map

F f(B)p, (AE),  F € A(d.q),
A(d,p)
is continuous and hence measurable.

We remark that Lemma 12.1.1 now shows that the function F +— pul'(B)
is measurable for each B € B(A(d,p)), hence the mapping (F, B) — ut'(B),
F € A(d,q), B € B(A(d,p)), is a kernel.

Lemma 12.1.2 with £ = A(d,p) and T = A(d, q) gives the measurability
of the map (13.15) for nonnegative measurable functions f on A(d,p,q).

The measurability of the map (13.16) and the proofs of the remaining
assertions follow in a completely analogous manner. O

Notes for Section 13.2

1. The proof of Lemma 13.2.1 was communicated to us by Jirgen Kampf. A different
proof appears in Goodey and Schneider [274]. The point in both cases was to give
an elementary proof, avoiding an explicit representation of the invariant measure v
and using little more than its invariance.

2. Arguments similar to those used in the uniqueness proof of Theorem 13.2.12
appear, for example, also in the book by Ambartzumian [35].

13.3 A General Uniqueness Theorem

It was our aim in the preceding two sections to treat the special Haar measures
that are needed for the purposes of Euclidean integral geometry, in a direct
and elementary way. We present now a proof of a general uniqueness theorem
for relatively invariant measures. This proof, in which the existence of general
Haar measures is taken for granted, is adapted from Nachbin [571, pp. 138 ff].

In the following, we assume that G is a locally compact topological group
and H is a closed subgroup; then the factor space G/H is locally compact. The
following result is fundamental. On every locally compact group there is a left
Haar measure, and it is unique up to a positive factor. The uniqueness admits
a fairly quick proof (see, for example, Cohn [177], also for a lucid existence
proof). Not every locally compact homogeneous space carries a Haar measure.
This is shown, for example, by the standard operation of the affine group G.g
on R?. Any affine-invariant Borel measure on R? is, in particular, translation
invariant and thus, if it is locally finite, a multiple of the Lebesgue measure
A, but this is not affine-invariant. The Lebesgue measure satisfies

A(gA) = [det g|A(A)

for g € G.g and A € B(R?), and here the factor is independent of A. This
motivates the following definition.
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For the rest of this section, a measure on G or G/H is always a locally
finite Borel measure. The measure p on the homogeneous space G/ H is called
relatively invariant if it is regular and not identically zero and if there exists
a function y : G — R such that

p(gA) = x(g)p(4) for g € G and A € B(G/H).

In that case, the function y is called the multiplier of p. Obviously, x is a
homomorphism from G into the multiplicative group of positive real numbers.
It can be shown that x is continuous (cf. Hewitt and Ross [342, p. 204] or
Gaal [242, p. 265]).

The study of relatively invariant measures is equivalent to the study of
relatively invariant integrals. Here an integral on the locally compact space
E is a positive linear functional on the space C.(FE) that is not identically
zero. For f € C.(G) and a € G one writes (a.f)(z) := f(a"'x) for x € G;
then a.f € C.(G). The integral I on G is left invariant if I(a.f) = I(f)
for all f € C.(G) and all @ € G. For f € C.(G/H) and a € G one defines
(a.f)(xH) := f(a~'zH), then a.f € C.(G/H). The integral I on G/H is
called relatively invariant with multiplier x if I(a.f) = x(a)I(f) for
all f € C.(G/H) and all a € G. Every measure p # 0 on G/H induces
an integral T via I(f) = fG/H fdp for f € C.(G/H). Conversely, the Riesz
representation theorem implies that each integral I on G/H is generated in
this way, by a uniquely determined regular Borel measure p. An integral is
relatively invariant with multiplier x if and only if the same holds for the
corresponding measure.

We want to show that on a locally compact homogeneous space G/H there
is, up to a constant factor, at most one relatively invariant measure with a
given multiplier. For this, we first establish a relation between the spaces
C.(G) and C.(G/H). For a function f € C.(G) we define

f(a) = /H flay)ndy)  forzeg,

where 7 is a left Haar measure on H (so here we make use of its existence). The
function f’ is constant on the left cosets of H, since for z € zH, which means
x = zh with h € H, we have f'(z) = [ f(zhy)n(dy) = [ f(zy)n(dy) = f'(2).
Hence, there is a unique function f* : G/H — R satisfying f'(z) = f*(zH)
and thus

(@) = /H Flay) n(dy).

In this way, a linear map f — fT from C.(G) into the vector space of real
functions on G/H has been defined.

Lemma 13.3.1. The correspondence f — f+ maps C.(G) onto C.(G/H).

Proof. Let f € C.(G). The function f’ is continuous, because f is uniformly
continuous. Since 7 is an open map, fT is continuous. If fT(zH) # 0, there is
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an element y € H with f(zy) # 0 and thus zy € supp f (where supp denotes
the support), hence xH € w(supp f). We conclude that supp f* C m(supp f)
and therefore f+ € C.(G/H).

To prove that the mapping f +— f¥ is surjective, let h € C.(G/H) and
K :=supph. Let V be a compact neighborhood of the unit element of G. For
g € G the set (V) is a neighborhood of 7(g). Since K is compact, there are
finitely many elements g¢q,...,g, € G with K C U§:1 m(Vg;). Then the set
A:= (Vg U...UVg,)N7m L(K) is a compact subset of G with the property
that m(A) = K. We can choose a function u € C.(G) with u(A) = {1} and
0 <wu<1. For z € G/H we define

Rk ) Ao,

u
0 if ut(z)=0.

P(2) =

Then u™ = h. Since 9 vanishes outside K and K is contained in the open
set {z € G/H : ut(z) = 0}, the function v is continuous. Let f := (¢ o m)u;
then f € C.(G) and

+ X = X = i u\xr
£ (aH) /H f(ay) n(dy) /H ey H)u(zy) n(dy)

= vtatt) [ ulz)n(a)
= h(zH).
Thus f™ = h, which completes the proof. O

Theorem 13.3.1. On a locally compact homogeneous space G/H there is, up
to a constant factor, at most one relatively invariant measure with a given
multiplier.

Proof. Let p be a relatively invariant measure on G/H with multiplier x. Let
a € G. The relative invariance of p implies that

/ a.hdp = x(a)/ hdp
G/H G/H

for h € C.(G/H). For f € C.(G) we have (a.f)T = a.f", as follows immedi-
ately from the definitions. Since x is a homeomorphism, we have xy = x(a)a.x

and hence N1 fapyt S
(57) =xw (&) =xema(5)

I(f) = /G/H <£>+dp for f € C.(G).

Now we define
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Then [ is a positive linear functional on C.(G). For a € G we get

e, (4 e o (0

~ @) | . (£)+dp — 1)

Thus [ is a left invariant integral on C.(G) and is, therefore, unique up to a
constant factor; as mentioned, this uniqueness is equivalent to that of the left
Haar measure. If now p is another relatively invariant measure on G/H with

multiplier y, then
+ +
fo &) oo=e [, ()
G/H \X G/H \X

for all f € C.(G) with some constant ¢. Since by Lemma 13.3.1 the function
(f/x)* can be any element of C.(G/H), we conclude that p = cp. This
completes the proof of the theorem. g



