
Chapter 4
Heat Transfer in Single-Phase Flows

The subject of this chapter is single-phase heat transfer in micro-channels. Several
aspects of the problem are considered in the frame of a continuum model, corres-
ponding to small Knudsen number. A number of special problems of the theory
of heat transfer in micro-channels, such as the effect of viscous energy dissipa-
tion, axial heat conduction, heat transfer characteristics of gaseous flows in micro-
channels, and electro-osmotic heat transfer in micro-channels, are also discussed in
this chapter.

4.1 Introduction

Heat transfer in straight tubes and channels has been the subject of much research
for the last century. Theoretical predictions in this field agree fairly well with known
experimental data related to heat transfer in the conventional size channels (cf.
Petukhov 1967; Kays and Crawford 1993; Baehr and Stephan 1998; Schlichting
2000). The development of micro-mechanics during the last decades stimulated
a great interest in heat transfer studies in micro-channels (cf. Ho and Tai 1998;
Gad-el-Hak 1999). A number of theoretical and experimental investigations de-
voted to this problem were performed from 1994 to 2006, including Wang and
Peng (1994), Peng and Peterson (1995), Peng et al. (1995), Peng and Peterson
(1996), Ma and Peterson (1997), Mala et al. (1997a,b), Mala and Li (1999), Qu
et al. (2000), Qu and Mudawar (2002a,b), Gao et al. (2002), Zhao and Lu (2002),
Wu and Cheng (2003), Weigand and Lauffer (2004), Male et al. (2004), Lelea et al.
(2004), Gamart et al. (2005), Reynaud et al. (2005), Lelea (2005), and Yoo (2006).
Data on heat transfer in laminar and turbulent flows in micro-channels of different
geometry were obtained. Several special problems related to heat transfer in micro-
channels were discussed, including the effect of axial conduction in the wall and vis-
cous dissipation effect (Tso and Mahulikar 1998; Tso and Mahulikar 1999; Tso and
Mahulikar 2000; Tunc and Bayazitoglu 2001; Koo and Kleinstreuer 2004; Maran-
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zana et al. 2004). Comprehensive surveys may be found in Bailey et al. (1995),
Sobhan and Garimella (2001), Kandlikar and Grande (2002), Gua and Li (2003),
Garimella and Sobhan (2003), Celata et al. (2004), Hassan et al. (2004), and Morini
(2004).

We note that different methods of heating are used by various researchers, as
shown in Fig. 4.1.

Fig. 4.1a–c Different heating cases in experiments and numerical modeling. Reprinted from Lelea
(2005) with permission
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Considering the available literature on the experimental research, one can con-
clude that there is a large scatter in the results on heat transfer. There is no con-
vincing explanation of the difference between experimental and theoretical results
for laminar flow, and between experimental and semi-empirical results for turbu-
lent flow. On the one hand, several researchers argue that some new effects exist
in micro-channels, e.g., Ho and Tai (1998), Tso and Mahulikar (1998, 1999, 2000),
Gad-el-Hak (2003). On the other hand, the phenomenon can be related to the dis-
crepancy between the actual conditions of a given experiment, and theoretical or
numerical solution obtained in the frame of conventional theory (Herwig 2000; Her-
wig and Hausner 2003). The aim of the present chapter is to address this issue. The
problem of heat transfer is considered here in the frame of a continuum model,
corresponding to small Knudsen number. The data on heat transfer in circular, trian-
gular, rectangular, and trapezoidal micro-channels with hydraulic diameters ranging
from 10 to 2,000 µm are analyzed. The effects of geometry, axial heat flux due to
thermal conduction through the working fluid and channel walls, and energy dissi-
pation are also discussed. We focus on comparing experimental data, obtained by
a number of investigators, to the conventional theory of heat transfer. The analysis
includes a discussion of possible sources of unexpected effects reported in some
experimental investigations.

In our analysis, we discuss experimental results of heat transfer obtained by pre-
vious investigators and related to incompressible fluid flow in micro-channels of
different geometry. The basic characteristics of experimental conditions are given in
Table 4.1. The studies considered herein were selected to reveal the physical basis
of scale effect on convective heat transfer and are confined mainly to consideration
of laminar flows that are important for comparison with conventional theory.

Table 4.1 Basic characteristics of micro-channels and experimental conditions

Cross-
section

Micro-channel size Working
fluid

Walls Re

dh
[µm]

L
[mm]

L/dh Material Surface

Circular 125.4–
1,070

53–335 72–500 Distilled
water,
de-ionized
water

Stainless
steel

Smooth
Rough

10–2,600

Rect-
angular

133–2,000 25–325.125 13–433 De-min-
eralized
water,
de-ionized
water

Silicon,
copper

Smooth
Rough

40–9,000

Trapez-
oidal and
triangular

62.3–168.9 30 180–
500

R-134a
FC-84

Silicon Smooth
Rough

15–1,450
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4.2 Experimental Investigations

4.2.1 Heat Transfer in Circular Tubes

Laminar flow

The schemes of the test sections used by some investigators are shown in Fig. 4.2.
The geometrical parameters are presented in Tables 4.2 and 4.3.

Figure 4.2a shows the experimental set-up used by Lelea et al. (2004). The inner
diameters of smooth micro-tubes were 125.4, 300, and 500 µm and the flow regime
was laminar with Reynolds number Re = 95−774. The micro-tube was placed in-
side a vacuum chamber to eliminate heat loss to the ambient. It was heated by Joule
heating with an electrical power supply. Distilled water was used and the meas-
urements of heat transfer coefficient were performed under the thermal boundary
condition of a constant heat flux on the wall. In the experimental set-up, there were
two electrodes at both ends of the test tube. The insulated parts were included in the
test section. Thus, for the heating length of Lh = 250, 95, and 53 mm the total length
of the test section was L = 600, 123, and 70 mm, respectively. The experimental re-
sults have been compared both with theoretical predictions from the literature, and
the results obtained by numerical modeling under the same thermal boundary con-
ditions at the inlet and outlet of the tube. The experimental results confirm that the
conventional theories are applicable for water flow through micro-channels, includ-
ing the entrance effects (see Fig. 4.3a).

Table 4.2 Smooth circular micro-channels: experimental conditions

Author Number of
channels in
the test section

Inner dia-
meter din
[µm]

Outer dia-
meter dout
[µm]

Heating
length Lh
[mm]

Dimension-
less length
Lh/din

Reynolds
number
Re

Lelea et al.
(2004)

1 500
300
125.4

700
500
300

250
95
53

500
317
424

95–774

Hetsroni et
al. (2004)

1 1,070 1,500 335 313 10–450

Table 4.3 Rough circular micro-channels: experimental conditions

Author Number of
channels in
the test section

Inner dia-
meter din
[µm]

Relative
roughness
ks/din

Heating
length Lh
[mm]

Dimension-
less length
Lh/din

Reynolds
number
Re

Kandlikar
et
al. (2003)

1 1,067

620

0.00178–
0.00281
0.00161–
0.00355

76.5

67

72

108

500–
2,600
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Fig. 4.2a–c Circular micro-channels. (a) din = 125.4−500 µm. Test section used by Lelea et
al. (2004) (schematic view): 1 adiabatic section, 2 heated section, 3 micro-channel. (b) din =
1,070 µm. Test section used by Hetsroni et al. (2004): 1 electrical contact, 2 thermal developing
section, 3 measurement section. (c) Test section of rough circular micro-channel used by Kand-
likar et al. (2003) (schematic view). din = 1,067 µm, ks/din = 0.00178−0.00281; din = 620 µm,
ks/din = 0.00161−0.00355: 1 steel tube, 2 electrical contact. Reprinted from Lelea et al. (2004),
Hetsroni et al. (2004), and Kandlikar et al. (2003) with permission

The micro-channels utilized in engineering systems are frequently connected
with inlet and outlet manifolds. In this case the thermal boundary condition at the
inlet and outlet of the tube is not adiabatic. Heat transfer in a micro-tube under
these conditions was studied by Hetsroni et al. (2004). They measured heat transfer
to water flowing in a pipe of inner diameter 1.07 mm, outer diameter 1.5 mm, and
0.600 m in length, as shown in Fig. 4.2b. The pipe was divided into two sections.
The development section of Ld = 0.245 m was used to obtain fully developed flow
and thermal fields. The test section proper, of heating length Lh = 0.335 m, was used
for collecting the experimental data.
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DC current was supplied through the development and test sections for direct
heating. The outer temperature on the heated wall was measured by means of an
infrared radiometer. Experiments were carried out in the range of Re = 10−450.
The average Nusselt number was calculated using the average temperature of the
inner tube wall and mean temperature of the fluid at the inlet and outlet of the tube.

The dependence of the local Nusselt number on non-dimensional axial distance
X+ is shown in Fig. 4.3a. The dependence of the average Nusselt number on the
Reynolds number is presented in Fig. 4.3b. The Nusselt number increased drasti-
cally with increasing Re at very low Reynolds numbers, 10 < Re < 100, but this
increase became smaller for 100 < Re < 450. Such a behavior was attributed to the
effect of axial heat conduction along the tube wall. Figure 4.3c shows the depend-
ence of the relation Na/N on the Peclet number Pe, where Na is the power conducted
axially in the tube wall, and N is total electrical power supplied to the tube. Com-
parison between the results presented in Fig. 4.3b and those presented in Fig. 4.3c
allows one to conclude that the effect of thermal conduction in the solid wall leads
to a decrease in the Nusselt number. This effect decreases with an increase in the

Fig. 4.3a–c Experimental
results for smooth circular
tubes. (a) Dependence of
the Nusselt number on non-
dimensional axial distance
din = 125.4, 300 and 500 µm,
Re = 95−774. Reprinted
from Lelea et al. (2004)
with permission. (b) din =
1,070 µm. Dependence of
average Nusselt number on
Reynolds number. Reprinted
from Hetsroni et al. (2004)
with permission. (c) din =
1,070 µm. Dependence of
the relation of the power
conducted axially through
the heated wall to the power
supplied to the heat section.
Reprinted from Hetsroni et al.
(2004) with permission
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Reynolds number. It should be stressed that the heat transfer coefficient depends
on the character of the wall temperature and the bulk fluid temperature variation
along the heated tube wall. It is well known that under certain conditions the use of
mean wall and fluid temperatures to calculate the heat transfer coefficient may lead
to peculiar behavior of the Nusselt number (see Eckert and Weise 1941; Petukhov
1967; Kays and Crawford 1993). The experimental results of Hetsroni et al. (2004)
showed that the use of the heat transfer model based on the assumption of constant
heat flux, and linear variation of the bulk temperature of the fluid at low Reynolds
number, yield an apparent growth of the Nusselt number with an increase in the
Reynolds number, as well as underestimation of this number.

Turbulent flow

Adams et al. (1998) investigated turbulent, single-phase forced convection of wa-
ter in circular micro-channels with diameters of 0.76 and 1.09 mm. The Nusselt
numbers determined experimentally were higher than those predicted by traditional
Nusselt number correlations such as the Gnielinski correlation (1976). The data
suggest that the extent of enhancement (deviation) increases as the channel diam-
eter decreases. Owhaib and Palm (2004) investigated the heat transfer characteristics

Fig. 4.4a,b Plots of local
Nusselt number for differ-
ent ks/din ratios. (a) din =
1,067 µm (b) din = 620 µm.
Reprinted from Kandlikar et
al. (2003) with permission
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for single-phase forced convection of R-134 through single circular micro-channels.
The test sections consisted of stainless steel tubes with 1.7, 1.2, and 0.8 mm inner
diameters, and 325 mm in length. The results show good agreement between the
classical correlations (Dittus-Boelter 1930; Petukhov et al. 1973; Gnielinski 1976)
and the experimentally measured data in the turbulent region. Yang and Lin (2007),
Lin and Yang (2007) measured the heat transfer coefficients for water flow through
stainless steel micro-tubes with inner diameters ranging from 123 to 962 µm by the
method of liquid crystal thermography. In the range of Re = 200−20,000, rough-
ness surface of 1.16–1.48 µm the transfer correlations for laminar and turbulent flow
can be well applied for predicting the fully developed heat transfer performances
in micro-tubes. The transition occurs at Reynolds numbers from 2,300 to 3,000.
This is also the same range as that for convectional tubes. On the contrary, correla-
tions suggested for micro-channels (Wu and Little 1984; Choi et al. 1991; Adams
et al. 1998) do not agree with this test. Kandlikar et al. (2003) studied experimen-
tally the effect of surface roughness on heat transfer in circular tubes 1.067 and
0.62 mm in diameter. Brief details of these experiments are given in Fig. 4.2c and
Table 4.3. The results are presented in Fig. 4.4a,b. They concluded that tubes above
din = 1.067 mm with relative roughness ks/din about 0.003 may be considered as
smooth tubes. However, for small diameter tubes (din < 0.62 mm), the same relative
roughness increases the heat transfer.

4.2.2 Heat Transfer in Rectangular, Trapezoidal
and Triangular Ducts

The schemes of the test sections reported in the literature are shown in Fig. 4.5.
The geometrical parameters are presented in Tables 4.4 and 4.5. Peng and Peterson
(1996) investigated experimentally the single-phase forced convective heat transfer

Table 4.4 Rectangular micro-channels

Author Number of
channels in
the test section

Heating
length Lh
[mm]

Hydraulic
diameter dh
[µm]

Dimension-
less length
Lh/dh

Reynolds
number
Re

Peng and Pe-
terson (1996)

Not
reported

45 133–367 123–338 90–9,000

Harms et al.
(1999)

1
68

25 1,923
404

13
62

173–12,900

Qu and Mudawar
(2002b)

21 44.764 348 129 139–1,672

Warrier et al.
(2002)

5 325.125 750 433.5 557–1,552

Gao et al. (2002) 1 62 200–2,000 31–310 40–8,000

Lee et al. (2005) 10 25.4 318–903 28–80 300–3,500
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Fig. 4.5a–c Rectangular micro-channels. (a) dh = 133−367 µm. Test section used by Peng and
Peterson (1996) (schematic view): 1 electrical contact, 2 heated stainless steel block, 3 micro-
channel, 4 cover plate. (b) dh = 404−1,923 µm. Test section used by Harms et al. (1999) (schematic
view): 1 silicon wafer, 2 micro-channel, 3 heater, 4 cover plate. (c) dh = 348 µm. Test section used
by Qu and Mudawar (2002a) (schematic view): 1 copper block, 2 micro-channel, 3 heater, 4 cover
plate. Reprinted from Peng and Peterson (1996), Harms et al. (1999), Warrier et al. (2002), Qu and
Mudawar (2002a), Gao et al. (2002), and Lee et al. (2005) with permission

Table 4.5 Trapezoidal and triangular micro-channels

Author Number of
channels in
the test section

Length L
[mm]

Hydraulic
diameter
dh [µm]

Dimension-
less length
L/dh

Relative
roughness
ks/dh

Reynolds
number
Re

Qu et al.
(2000)

5 30 62.3
168.9

482
178

1.12×10−2

1.75×10−2
100–
1,450

Wu and
Cheng
(2003)

13 195.34–
453.79

3.26 × 10−5–
1.09×102

15–1,500

Tiselj et
al. (2004)

17 10 160 63 3.2–84

of water in micro-channel structures with small rectangular channels having a hy-
draulic diameter of 0.133–0.367 mm and the distinct geometric configuration shown
in Fig. 4.5a. The heat flux of the micro-channel structure was based on the micro-
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Fig. 4.5d–f Rectangular micro-channels. (d) dh = 750 µm. Test section used by Warrier et al.
(2002) (schematic view): 1 upper aluminum plate, 2 down aluminum plate, 3 micro-channel,
4 heater. (e) dh = 200−2,000 µm. Test section used by Gao et al. (2002) (schematic view): 1 brass
block, 2 micro-channel, 3 heater. (f) Thermally developing flow in rectangular micro-channel (Lee
et al. 2005) (schematic view): 1 cover plate, 2 micro-channel, 3 copper block, 4 heater. Reprinted
from Peng and Peterson (1996), Harms et al. (1999), Warrier et al. (2002), Qu and Mudawar
(2002a), Gao et al. (2002), and Lee et al. (2005) with permission

channel plate area. The heat transfer coefficient was evaluated using the log-mean
temperature difference. Thus, the heat transfer coefficient corresponds to some in-
tegral value of heat flux. The dependence of the heat transfer coefficient on the flow
and geometric parameters was presented.

Harms et al. (1999) obtained experimental results for single-phase forced con-
vection in deep rectangular micro-channels (Fig. 4.5b). Two configurations were
tested, a single-channel system and a multiple-channel system. All tests were per-
formed with de-ionized water, and Reynolds number ranging from 173 to 12,900.
For the single channel design, the experimental Nusselt number was higher than
theoretically predicted for heat transfer in laminar flow. For example, at Re = 1,383
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the Nusselt number was Nu = 40.9. Harms et al. (1999) concluded that this en-
hancement may be due to the effect of the inlet bend. The results for the multiple
channel design in the range Re = 173−1,188 showed an increase in Nusselt num-
ber with increasing Re. For example, at Re = 173 the Nusselt number was equal to
2.65, and at Re = 1,188 the Nusselt number was 8.41. This deviation from theor-
etical prediction was attributed to flow bypass in the manifold. The authors believe
that in systems with a small heater area compared to the projected channel area,
three-dimensional conduction occurs. However, for multiple channel design three-
dimensional conduction also occurs when the heater area covers the entire projected
channel area.

Qu and Mudawar (2002b) studied both experimentally and numerically heat
transfer characteristics of a single-phase micro-channel heat sink. The heat sink
was made from oxide-free copper and fitted with a polycarbonate plastic cover
plate (Fig. 4.5c). The heat sink consisted of an array of rectangular micro-channels
231 µm wide and 713 µm deep (Table 4.4). The Reynolds number ranged from 139
to 1,672. The three-dimensional heat transfer characteristics of the heat sink were
analyzed numerically by solving the conjugate heat transfer problem. The measured
temperature distributions showed good agreement with the corresponding numerical
predictions (Fig. 4.6a). These findings demonstrate that conventional Navier–Stokes
and energy equations can adequately predict the fluid flow and heat transfer charac-
teristics of micro-channel heat sinks.

Warrier et al. (2002) conducted experiments of forced convection in small rect-
angular channels using FC-84 as the test fluid. The test section consisted of five
parallel channels with hydraulic diameter dh = 0.75 mm and length-to-diameter ra-
tio Lh/dh = 433.5 (Fig. 4.5d and Table 4.4). The experiments were performed with
uniform heat fluxes applied to the top and bottom surfaces. The wall heat flux was
calculated using the total surface area of the flow channels. Variation of single-phase
Nusselt number with dimensionless axial distance is shown in Fig. 4.6b. The numer-
ical results presented by Kays and Crawford (1993) are also shown in Fig. 4.6b. The
measured values agree quite well with the numerical results.

The study of Gao et al. (2002) is devoted to investigations of the flow and as-
sociated heat transfer in micro-channels of large-span rectangular cross-section and
adjustable height in the range of H = 0.1−1 mm (Fig. 4.5e and Table 4.4). The
fluid used was de-mineralized water. The active channel walls were two plane brass
blocks of heating length Lh = 62 mm, which were separated by a foil with a hol-
lowed out central part of width W = 25 mm. The thickness of this foil fixed the
channel height, H. A set of foils allowed variations of the hydraulic diameter dh

from 200 to 2,000 µm. A typical temperature distribution along the channel for the
case of a very narrow micro-channel (dh = 200 µm) is shown in Fig. 4.6c, where
TC1 through TC5 denote thermocouples. The local Nusselt number Nux expressed
as a function of X+ = x/(dhPe), was compared with the theoretical solution of Shah
and London (1978). For H = 1 mm the results demonstrate good agreement with
the theoretical solution. However, for H = 0.1 mm, the plot Nu(X+) shows depar-
ture from the theoretical heat transfer law, as the Nusselt number is smaller than the
conventional value for large-scale channels. This trend is in agreement with results
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Fig. 4.6a–c Rectangular
micro-channels. Calculation
and experimental data for
(a) dh = 348 µm. Numeri-
cal predictions of average
Nusselt number, Re = 864
(Qu and Mudawar 2002).
(b) dh = 750 µm. Variation
of Nusselt number with axial
distance (Warrier et al. 2002).
(c) dh = 200 µm, Re = 1,780.
Temperature distribution
along the channel (Gao et
al. 2002). Reprinted from Qu
and Mudawar (2002), War-
rier et al. (2002), Goa et al.
(2002), and Lee et al. (2005)
with permission
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Fig. 4.6d,e Rectangular
micro-channels. (d) dh =
200−2,000 µm. Effect of
channel size on Nusselt
number (Gao et al. 2002).
(e) Comparison of the aver-
age Nusselt number obtained
from numerical analyses
for the 194 µm wide micro-
channels (Lee et al. 2005).
Reprinted from Qu and Mu-
dawar (2002), Warrier et al.
(2002), Goa et al. (2002), and
Lee et al. (2005) with permis-
sion

reported by Qu et al. (2000). Figure 4.6d shows the dependence of Nuav/Nuth as
a function of the channel height, where Nuth is the theoretical value of the Nusselt
number for the same value of X+. The significant reduction in the Nusselt number
cannot be explained by roughness effects. The modification of heat transfer laws by
electrokinetic effects also should be discarded, due to the large difference of scales
between the channel height and the double-diffusive layer thickness.

An experimental investigation was conducted by Lee et al. (2005) to explore the
validity of classical correlations based on conventional sized channels for predicting
the thermal behavior in single-phase flow through rectangular micro-channels. The
micro-channels ranged in width from 194 to 534 µm, with the channel depth being
nominally five times the width in each case (Fig. 4.5f and Table 4.4). Each test piece
was made of copper and contained ten micro-channels in parallel. The experiments
were conducted with de-ionized water, with Reynolds number ranging from ap-
proximately 300 to 3,500. The tests were carried out either at the hydrodynamically
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developed but thermally developing (TD) regime or a simultaneously developing
(SD) regime. The average heat transfer coefficient was determined by using the area
available for convection of channels, average temperature of the channel wall and
mean fluid temperature at the inlet and outlet of the micro-channels. In Fig. 4.6e
the numerical calculations that did not include the conduction in the substrate (thin
wall) are compared with the experimental results.

Qu et al. (2000) carried out experiments on heat transfer for water flow at
100 < Re < 1,450 in trapezoidal silicon micro-channels, with the hydraulic diam-
eter ranging from 62.3 to 168.9 µm. The dimensions are presented in Table 4.5.
A numerical analysis was also carried out by solving a conjugate heat transfer prob-
lem involving simultaneous determination of the temperature field in both the solid
and fluid regions. It was found that the experimentally determined Nusselt number
in micro-channels is lower than that predicted by numerical analysis. A roughness-
viscosity model was applied to interpret the experimental results.

Wu and Cheng (2003) investigated laminar convective heat transfer of water in
a single trapezoidal silicon micro-channel. They used a set of 13 micro-channels
having different dimensions and different relative roughness. The geometrical par-
ameters of micro-channels are presented in Table 4.5. A silicon chip was anodically
bonded with a thin Pyrex glass plate from the top. Figure 4.7a shows the effect of
relative surface roughness, a, on the Nusselt number, where Wt and Wb are the width
(µm) of the channels top and bottom, respectively, and H is the height of the chan-
nel (in microns). One can see that at the same Reynolds numbers the Nusselt num-
ber increases with increasing relative surface roughness. The laminar convective
heat transfer showed two different characteristics at low and high Reynolds number
ranges. Figure 4.7b shows the effect of geometric parameters on the Nusselt num-
ber, in the range of relative surface roughness a = 3.62×10−5−9.85×10−5. From
Fig. 4.7b it can be observed that for very low Reynolds number flow, Re = 0−100,
the Nusselt number increased acutely with the increase in the Reynolds number.
However, the increase in the Nusselt number when Re > 100 is gentle with an in-
crease in the Reynolds number.

4.2.3 Heat Transfer in Surfactant Solutions Flowing
in a Micro-Channel

The dependence of the average heat transfer coefficient on the bulk fluid velocity
is plotted in Fig. 4.8. These data are related to laminar flow of Habon G aque-
ous solutions of C = 530 ppm (H530) and C = 1,200 ppm (H1200) in a micro-
channel with the inner diameter of 1.07 mm (Hetsroni et al. 2004). The figure shows
that the heat transfer coefficient in surfactant solutions is higher than in laminar
pipe water flow. Figure 4.9 shows relative enhancement in heat transfer coefficient
DR(h) = (1−hsur/hwat) versus fluid bulk velocity, where hsur and hwat are the heat
transfer coefficients in the tube at the same bulk velocity of surfactant solution,
Habon G and water, respectively. Note that data for C = 530 ppm and C = 1,060 ppm
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Fig. 4.7a,b Trapezoidal micro-channels. (a) Effect of surface roughness on Nusselt number (Wu
and Cheng 2003). (b) Effect of geometric parameters on Nusselt number (Wu and Cheng 2003).
Reprinted from Wu and Cheng (2003) with permission

Fig. 4.8 Average heat transfer
coefficient dependence on
flow velocity. Reprinted from
Hetsroni et al. (2004) with
permission

are expressed as the same symbols. The negative values of DR(h) correspond to an
increase in the heat transfer coefficient. It can be seen from Fig. 4.9 that the increase
in the heat transfer coefficient does not depend on the solution bulk velocity. With
the addition of surfactant macromolecules to water, the viscosity and pressure drop
in laminar pipe flows increase. It is thus quite unexpected to find that for heat trans-
fer the opposite can sometimes take place. Kostic (1994) observed that some drag-
reducing solutions augmented the heat transfer in laminar flow in a non-circular



160 4 Heat Transfer in Single-Phase Flows

Fig. 4.9 Relative heat transfer
coefficient on liquid velocity.
Reprinted from Hetsroni et al.
(2004) with permission

duct. They suggested that the fluid elasticity may lead to secondary flows, which are
responsible for the increase in the heat transfer. The secondary flows increase the
pressure drops in both adiabatic and diabatic flows. However, in diabatic flow the
total pressure drop (due to friction and due to secondary flows) may be smaller com-
pared to that in the adiabatic flow. In this case the common effect includes also some
decrease in the fluid viscosity with an increase in the temperature of the surfactant
solution. On the other hand, it may be assumed that macromolecules of surfactant
change the flow structure in the near-wall region. It also may be responsible for the
increase in pressure drop and heat transfer.

The average Nusselt number, Nu, is presented in Fig. 4.10a,b versus the shear
Reynolds number, Resh. This dependence is qualitatively similar to water behavior
for all surfactant solutions used. At a given value of Reynolds number, Resh, the
Nusselt number, Nu, increases with an increase in the shear viscosity. As discussed
in Chap. 3, the use of shear viscosity for the determination of drag reduction is not
a good choice. The heat transfer results also illustrate the need for a more appropriate
physical parameter. In particular, Fig. 4.10a shows different behavior of the Nusselt
number for water and surfactants. Figure 4.10b shows the dependence of the Nusselt
number on the Peclet number. The Nusselt numbers of all solutions are in agreement
with heat transfer enhancement presented in Fig. 4.8. The data in Fig. 4.10b show

Fig. 4.10a,b The dependence
of the Nusselt number on
the Reynolds and Peclet
numbers. (a) Dependence of
the average Nusselt number
on the solution Reynolds
number. (b) Dependence of
the Nusselt number on the
Peclet number. Reprinted
from Hetsroni et al. (2004)
with permission
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that the use of the Peclet number may be considered for description of experimental
data of laminar pipe flow of certain non-Newtonian fluids.

4.3 Effect of Viscous Energy Dissipation

Under some conditions, the heat released due to viscous dissipation leads to a dras-
tic change of flow and temperature field: in particular, it leads to flow instability,
transition to turbulence, oscillatory motions, etc. (Gruntfest et al. 1964; Bastanjian
et al. 1965; Zel’dovich et al. 1985; Hetsroni et al. 2005). This problem was also
discussed by Tso and Mahulikar (1998, 1999, 2000). To reveal the effect of viscous
dissipation, the experimental data by Wang and Peng (1994) and Tso and Mahu-
likar (2000) were used. Experiments were performed using water flow in micro-
channels. The experimental data in the laminar flow regime were found to correlate
well with the Brinkman number. As a result, a semi-empirical equation for the Nus-
selt number was suggested and the dependence of Nu/Re0.62 Pr0.33 on the Brinkman
number was demonstrated. The Brinkman number, Br = μU2/kΔT , is the ratio of
the heat production due to viscous forces, to heat transferred from the wall to the
fluid. However, most of the data used for that correlation were obtained under con-
ditions in which the Reynolds number and the Prandtl number also varied, so that it
was difficult to separate the effect of the Brinkman number from the effects of the
Reynolds and Prandtl numbers. For instance, at 0.4559×10−5 ≤Br≤ 2.8333×10−5

the Reynolds and Prandtl numbers varied as 80 ≤ Re ≤ 107, and 4.80 ≤ Pr ≤ 6.71
(Tso and Mahulikar 1998). To estimate the real effect of viscous dissipation on heat
transfer it is necessary to determine the dependence of the Nusselt number on the
Brinkman number at fixed values of the Reynolds and the Prandtl numbers. This
is done for the data reported by Tso and Mahulikar (1998) as shown in Table 4.6.
One can see that the effect of the Brinkman number on the Nusselt number is negli-
gible. The same conclusion may be derived also from experiments performed by Tso
and Mahulikar (2000). According to their measurements (Table 4.7) variation of the
Brinkman number from 1.1195×10−8 to 2.3048×10−8 did not affect the Nusselt
number, when the Reynolds and the Prandtl numbers did not change significantly.
It should be stressed that the effect of viscous dissipation on heat transfer in micro-
channels at extremely small values of the Brinkman number, Br ∼ 10−8−10−5, is

Table 4.6 Experimental data in the laminar regime presented by Tso and Mahulikar (1998) at
approximately fixed values of the Reynolds and the Prandtl numbers

Br×105 Re Pr Nu

0.4559 107 4.80 0.35
1.4541 124 4.82 0.37
2.8333 80 6.71 0.46
4.4115 93 6.62 0.49



162 4 Heat Transfer in Single-Phase Flows

Table 4.7 Experimental data in the laminar regime obtained by Tso and Mahulikar (2000) at ap-
proximately fixed values of the Reynolds and the Prandtl numbers

Br×108 Re Pr Nu

1.1195 17.5 3.50 0.3031
2.3048 22.4 3.82 0.3068

not realistic from the physical point of view. At small Br the contribution of the
heat released due to viscous forces is negligible, consequently the effect on the heat
transfer is also negligible. It should also be noted that evaluation of the role of the
Brinkman number performed by Tso and Mahulikar (1998, 1999, 2000) was based
on the experiments that were carried out under some specific conditions (the heat
transfer characteristics were found to be affected by the channel geometry, axial
heat conduction in the channels walls, liquid velocity and temperature, etc.). Some
aspects of this problem were discussed by Herwig and Hausner (2003) and Gad-el-
Hak (2003).

The effect of viscous heating was investigated by Tunc and Bayazitoglu (2001)
when the fluid was heated (Tin < Tw) or cooled (Tin > Tw). In the range of 0 < Kn <
0.12 the Nusselt number decreased as the Knudsen number increased. The viscous
dissipation significantly affected heat transfer. Tunc and Bayazitoglu (2001) showed
that the decrease was greater when viscous dissipation occurred. The effect of vis-
cous dissipation on the temperature field was investigated by Koo and Kleinstreuer
(2004) for three working fluids: water, methanol and isopropanol. Channel size, the
Reynolds number and the Prandtl number are the key factors, which determine the
impact of viscous dissipation. Viscous dissipation effects may be very important for
fluids with low specific heats and high viscosities, even in relatively low Reynolds
number flows. For water the relative magnitude of the ratio, Ad, of convective heat
transfer to dissipation term is given in Table 4.8.

Experimental and numerical analyses were performed on the heat transfer char-
acteristics of water flowing through triangular silicon micro-channels with hydraulic
diameter of 160 µm in the range of Reynolds number Re = 3.2−84 (Tiselj et al.
2004). It was shown that dissipation effects can be neglected and the heat transfer
may be described by conventional Navier–Stokes and energy equations as a com-
mon basis. Experiments carried out by Hetsroni et al. (2004) in a pipe of inner
diameter of 1.07 mm also did not show effect of the Brinkman number on the Nus-
selt number in the range Re = 10−100.

Table 4.8 Ratio Ad of convective heat transfer to dissipation term in tubes

Tube radius r0 [m] Re = 20Ad Re = 200Ad Re = 2,000Ad

10−3 3.45×104 3.45×103 3.45×102

10−4 3.45×102 3.45×101 3.45×100

10−5 3.45×100 3.45×10−1 3.45×10−2
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Hetsroni et al. (2005) evaluated the effect of inlet temperature, channel size and
fluid properties on energy dissipation in the flow of a viscous fluid. For fully de-
veloped laminar flow in circular micro-channels, they obtained an equation for the
adiabatic increase of the fluid temperature due to viscous dissipation:

ΔT
Tin

= 2
ν2

r2
0

(
L
r0

)
Re

cpTin
. (4.1)

For an incompressible fluid, the density variation with temperature is negligible
compared to the viscosity variation. Hence, the viscosity variation is a function of
temperature only and can be a cause of radical transformation of flow and transi-
tion from stable flow to the oscillatory regime. The critical Reynolds number also
depends significantly on the specific heat, Prandtl number and micro-channel ra-
dius. For flow of high-viscosity fluids in micro-channels of r0 < 10−5 m the critical
Reynolds number is less than 2,300. In this case the oscillatory regime occurs at
values of Re < 2,300.

We can estimate the values of the Brinkman number, at which the viscous dissipa-
tion becomes important. Assuming that the physical properties of the fluid are con-
stant, the energy equation for fully developed flow in a circular tube at Tw = const. is:

ρucp
∂T
∂x

=
1
r
∂
∂ r

(
kr
∂T
∂ r

)
+ μ

(
∂u
∂ r

)2

(4.2)

where ρ , μ and k are the density, dynamic viscosity and thermal conductivity, re-
spectively, cp is the specific heat, and u is the actual streamwise velocity.

The actual velocity, u, may be expressed as:

u = 2U(1−R2) (4.3)

where U = 1
r2
0

∫ r0
0 ur dr is the average velocity, and R = r

r0
, r0 is the micro-channel

radius.
From Eqs. (4.2) and (4.3) one can obtain:

2
r0∫
0

∂
∂x

{
ρucp(T −Tw)

}
r dr

k(T −Tw)
= −Nu±8Br (4.4)

where T is the average fluid temperature, Tw is the wall temperature, Nu =
−
(

k (∂T/∂ r)r=r0
d
)

/
(
k(T −Tw)

)
is the Nusselt number, and Br is the Brinkman

number. The minus or plus sign in front of the last term in Eq. (4.4) corresponds to
cooling of fluid when T 0 > Tw or its heating when T 0 < Tw, respectively, where T 0

is the average fluid temperature at the inlet of the micro-channel.
A detailed study of the influence of viscous heating on the temperature field

in micro-channels of different geometries (rectangular, trapezoidal, double-trapezo-
idal) has been performed by Morini (2005). The momentum and energy conserva-
tion equations for flow of an incompressible Newtonian fluid were used to estimate
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the effect of viscous dissipation on bulk temperature. For steady two-dimensional
fully developed laminar flow with constant physical properties the following rela-
tion for longitudinal gradient of the bulk temperature was derived

dTb

dx
=
{

4
Ec
Re

(λRe)
}
ΔT
dh

(4.5)

where Tb = 1
A

∫
A u(y,z)T (x,y,z)dA is the bulk temperature, A is the cross-section

area, u(y,z) and T (x,y,z) are the longitudinal components of velocity and tempera-
ture, respectively, Re = Udh/ν and Ec = U2/

(
2cpΔT

)
are the Reynolds and Eckert

numbers, λ is the friction factor, ΔT is the temperature difference, x,y,z are the
Cartesian coordinates, and x is directed along the micro-channel axis.

The effect of viscous dissipation on temperature change along the micro-channel
axis is illustrated in Fig. 4.11, where the dependences dTb/dx on dh that correspond
to water and isopropanol flows are presented. One can see that under the conditions
corresponding to the Judy et al. (2002) experiments (dh = 74.1 µm, L = 114 mm,
L/d = 1,543), the rise of bulk temperature due to viscous dissipation is small
enough. So, at dh ≥ 100 µm the temperature gradient is dTb/dx ≤ 1 K/m. In this
case, the difference between outlet and inlet temperature is about 0.1 K. Under
conditions that are typical for micro-channels of electronic devices (L/dh ∼ 102)
this difference is about 0.01 K. The rise of temperature due to viscous dissipation
is small enough even at water flow in micro-channels with dh ∼ 20 µm. Thus, for
micro-channels with dh = 20 µm and L/dh = 102, we have Tout −Tin ≈ 0.8 K.

To estimate the value of the term on the left-hand side of Eq. (4.4), we use an ap-
proximate expression for the local and average fluid temperature in the tube. We use

Fig. 4.11 Temperature gradients due to viscous dissipation at Re = 300. Flow in rectangular (γ =
0.1), and square (γ = 1) micro-channel. Reprinted from Morini (2005) with permission
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as the initial guess the expressions for T (x,r) and T (x) that correspond to negligible
viscous dissipation. For Tw = const. they are:

T −Tw = (T0 −Tw)
∞

∑
n=0

Anϕn(R)exp

(
−2ε2

n
1
Pe

x
d

)
(4.6)

T −Tw = 8(T 0 −Tw)
∞

∑
n=1

Bn

ε2
n

exp

(
−2ε2

n
1
Pe

x
d

)
(4.7)

where Pe = Ud/α is the Peclet number, α is the thermal diffusivity, An and Bn are
constants, εn and ϕn(R) are the corresponding eigen functions (Petukhov 1967).

For large values of dimensionless axial distance, X+ = x/(Pe d) the following
relations were obtained from Eqs. (4.4), (4.6), and (4.7):

T −Tw = (T0 −Tw)A0ϕ0(R)exp

(
−2ε2

0
1

Pe
x
d

)
(4.8)

T −Tw = 8(T 0 −Tw)
B0

ε2
0

exp

(
−2ε2

0
1

Pe
x
d

)
(4.9)

and:

−2

d
dx

r0∫
0
ρucpTr dr

k(T −Tw)
=

1
4
ε4

0
A0

B0

1∫

0

(1−R2)ϕ0(R)RdR . (4.10)

Substitution of the values of ε0, A0, B0, as well as the expression for ϕ0(R) in the
right hand side of Eq. (4.10) gives:

1
4
ε4

0
A0

B0

1∫

0

(1−R2)ϕ0(R)RdR = 3.64 = Nu0 (4.11)

where Nu0 is the Nusselt number that corresponds to negligible viscous dissipation.
Equation (4.4) is rewritten as:

Nu = Nu0 ±8Br (4.12)

where the plus and minus signs correspond to the cooling T 0 > Tw or heating
T 0 < Tw regimes, respectively.

Equation (4.12) indicates the effect of viscous dissipation on heat transfer in
micro-channels. In the case when the inlet fluid temperature, T 0, exceeds the wall
temperature, viscous dissipation leads to an increase in the Nusselt number. In con-
trast, when T 0 < Tw, viscous dissipation leads to a decrease in the temperature gra-
dient on the wall. Equation (4.12) corresponds to a relatively small amount of heat
released due to viscous dissipation. Taking this into account, we estimate the lower
boundary of the Brinkman number at which the effect of viscous dissipation may
be observed experimentally. Assuming that (Nu−Nu0)/Nu0 ≥ 10−2 the follow-
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ing evaluation of the Brinkman number was obtained: Br ≥ 5×10−3. This estima-
tion shows that the conclusions of Tso and Mahulicar (1998, 1999, 2000) cannot
be derived from experiments performed at extremely low Brinkman numbers of
Br ∼ 108−105.

It should be noted that for some fluids, viscous dissipation can affect the devel-
opment length in tubes at this physical scale, particularly at high average fluid vel-
ocities. The influence of viscous dissipation was explored by Judy et al. (2002). Vis-
cous heating has the effect of increasing the temperature of the flowing fluid along
the tube axis, yielding continuously varying thermophysical properties. The Nahme
number is used by Judy et al. (2002) to estimate the importance of viscous dissipa-
tion. For pipe flow the Nahme number is defined as Na = −(4βμU2)/k where β
is the temperature sensitivity of viscosity defined as −(1/μ)(∂μ/∂T ), μ is the vis-
cosity, k is the thermal conductivity, and U is the average fluid velocity in the tube.

Viscous dissipation effects become significant for increasing Na. For the liquids
and Reynolds number ranges used in the study by Judy et al. (2002), the largest
Nahme number for the presented data was 0.02, and was found for isopropanol. This
small Na suggests that for the data presented in that study the viscous dissipation
effects were small. Despite this small Na, viscous heating of the fluid can affect the
results. Figure 4.12 illustrates the Poiseuille number Po as a function of Reynolds
number for a fused silica square micro-channel of length L = 11.4 cm and hydraulic
diameter dh = 74.1 µm (L/dh = 1,543) with isopropanol as the working fluid. The
maximum rise in liquid temperature for this case was 6.2 K, found at the maximum
Reynolds number tested, Re ≈ 300. The figure shows Po calculated in two ways:
(1) using a viscosity based on the tube inlet temperature, and (2) using a viscosity
based on the average of tube inlet and exit temperatures. Note that when the aver-
age temperature is used, Po is effectively independent of the Reynolds number. By
contrast, when the temperature at the tube inlet is used to evaluate the viscosity, the
friction factor drops with increasing Reynolds number, as the effect of viscous heat-
ing becomes more pronounced at higher fluid velocities. Even for the small Nahme

Fig. 4.12 Measured Po vs. Reynolds number with viscosity based on average tube fluid tempera-
ture represented by circles, and inlet temperature represented by squares for a fused silica square
micro-channel with isopropanol. Reprinted from Judy et al. (2002) with permission
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number characterizing this data set (Na = 0.02), the viscous heating and associated
viscosity variation can result in a 7–10% drop in Po. For the small Nahme numbers
and associated small rise in mean temperature over tube length found in tests re-
ported here, the average of the fluid temperatures at the tube inlet and exit appears
to be an appropriate reference condition for thermophysical properties.

It should be emphasized that under conditions of energy dissipation the definition
of the heat transfer coefficient as k (∂T/∂ r)r=r0

/(T −Tw), where T is the average
fluid temperature and Tw is the wall temperature, does not characterize the actual
heat transfer properly (Kays and Crawford 1993; Schlichting 2000).

The factors that determine the temperature distribution of the fluid are (1) con-
vective heat transfer, and (2) heat released due to viscous dissipation. For a cooling
regime when the fluid temperature at the inlet T0 > Tw, convective heat transfer
from the fluid to the wall leads to a decrease in the fluid temperature along a rela-
tively small dimensionless distance X+. The heat released due to viscous dissipation
causes an increase in the fluid temperature. The contribution of each component to
the behavior of the fluid temperature depends on X+. At small X+ the dominant
role belongs to convective heat transfer, whereas at large X+ the effect of viscous
dissipation becomes significant. These two factors determine the specific shape of
the temperature distribution along the micro-channel: the fluid temperature variation
along the micro-channel has a minimum. It is worth noting that under the condition
of viscous dissipation the fluid temperature does not reach the wall temperature at
any value of X+.

For the heating regime at small X+, the heat transferred from the wall to the
cold fluid and the heat released due to viscous dissipation lead to an increase in

Fig. 4.13a–d Temperature distribution (a) and (b) T 0 > Tw, (c) and (d) T 0 < Tw. The dotted line
corresponds to temperature distribution at X+ = 0; the arrows show the direction of the increase
of X+. Reprinted with permission from Hetsroni et al. (2005)
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fluid temperature. At some value of X+ the fluid temperature may exceed the wall
temperature (Fig. 4.13). The difference T −Tw decreases up to the inversion point
X+ = X+

inv. This leads to physically unrealistic results like infinite growth of the
Nusselt number in the vicinity of the inversion point.

The analysis of the behavior of the fluid temperature and the Nusselt number
performed for a circular tube at the thermal wall boundary condition Tw = const.
also reflects general features of heat transfer in micro-channels of other geometries.

4.4 Axial Conduction

4.4.1 Axial Conduction in the Fluid

This problem was the subject of a number of theoretical investigations carried out
for conventional size channels, e.g., Petukhov (1967), Hehnecke (1968), Nguyen
(1992), Nguyen et al. (1996), and Weigand and Lauffer (2004). We consider the
effect of axial conduction in the fluid on heat transfer in micro-channels. The energy
equation is formulated for the flow of an incompressible fluid with constant physical
properties. Assuming that the energy dissipation is negligible, we obtain:

ρucp
∂T
∂x

= k

{
1
r
∂
∂ r

(
r
∂T
∂ r

)
+
∂ 2T
∂x2

}
(4.13)

where x and r are the longitudinal and radial coordinates, ρ , cp and k are the density,
specific heat and thermal conductivity of the fluid, respectively.

For q = const. (q is the heat flux on the wall), we introduce new variables

ũ =
u

Uax
, R =

r
r0

, X+ =
2
Pe

x
d

, θ =
T −T0(

qd
k

) (4.14)

where Pe = Ud
α , ũ = (1−R2), d = 2r0, Uax and U = Uax/2 are the axial and average

velocities, respectively, T0 is the fluid temperature at the entrance of the heating
section, and α is the thermal diffusivity.

The dimensionless form of Eq. (4.13) is:

ũ
∂θ
∂X+ =

1
R
∂
∂R

(
R
∂θ
∂R

)
+

1

Pe2

∂ 2θ
∂X+2 . (4.15)

Transferring Eq. (4.15) to divergent form and integrating this equation through the
micro-channel cross-section we obtain:
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⎞
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Assuming that the exit of the micro-channel is connected to an adiabatic section the
boundary conditions are:

X+ = 0 , θ = 0 ; X+ > 0

⎧
⎪⎪⎨
⎪⎪⎩

R = 0,
∂θ
∂R

= 0

R = 1,
∂θ
∂R

=
1
2

; X+ = X+
∗ ,

∂θ
∂X+ = 0

(4.17)
where X+∗ corresponds to the micro-channel exit.

Taking into account conditions (4.17) we obtain from (4.16):

d
dX+

⎛
⎝

1∫

0

ũθRdR

⎞
⎠=

1
2

+
1

Pe2

d2θ
dX+2 (4.18)

where θ =
∫ 1

0 θRdR is the average temperature.
Assuming that θ is a weak function of R and θ ≈ θ we can estimate:

1∫

0

ũθRdR ≈ θ
4

. (4.19)

Then Eq. (4.18) becomes

∂ 2θ
∂X+2 − 1

4
Pe2 ∂θ

∂X+ +
1
2

Pe2 = 0 . (4.20)

The solution of Eq. (4.20) is:

θ = C1 +C2 exp

(
Pe2

4
X+

)
+ 2X+ (4.21)

where C1 and C2 are constants.
Using the first and third conditions of (4.17) we find:

C1 = C2, C2 = − 2(
Pe2/4

) exp

(
−Pe2

4
X+
∗

)
. (4.22)

The effect of axial conduction on heat transfer in the fluid in the micro-channel can
be characterized by a dimensionless parameter

M =
|qcond|
|qconv| (4.23)

that expresses the relation between heat fluxes due to conduction and convection.
In Eq. (4.23) qconv = ρUcp(T −T0), qcond = k dT

dx . Substitution of the expression for

variable θ and ∂θ
∂X+ in relation (4.23) gives:

M =
1
4

1− exp(χ+− χ+∗ )
χ+− exp(χ+− χ+∗ )+ exp(−χ+∗ )

(4.24)

where χ+ = Pe2X+

4 , χ∗ = Pe2X+∗
4 .
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The limiting cases are:

1. χ+ � 1, χ+
∗ 
 1

2. χ+− χ+
∗ � 1

{
a. χ+∗ 
 1
b. χ+∗ � 1

which correspond to heat transfer at the cooling inlet and heat transfer in the vicin-
ity of the adiabatic outlet, respectively. In the first case we obtain the following
evaluation of parameter M:

M =
1
4

1
χ+ 
 1 . (4.25)

It shows that close to the micro-channel inlet, heat losses to the cooling inlet due to
axial conduction in the fluid are dominant. In the second case parameter M is:

a. Long micro-channel

M =
χ+∗ − χ+

χ+∗ −1
� 1 (4.26)

b. Short micro-channel

M =
χ+∗ − χ+

χ+∗
� 1 (4.27)

Thus, M decreases when χ (and the Peclet number) increases. Accordingly, the
Nusselt number decreases when the Peclet number increases, and approaches its
limiting value Nu∞ that corresponds to Pe → ∞.

The existence of heat transfer due to axial conduction in the fluid leads to increas-
ing difference between wall and fluid temperatures and decreasing value of the Nus-

Fig. 4.14 Numerical calculations of the dependences Nu(X+): 1 Pe = 1, 2 Pe = 2.5, 3 Pe = 10,
4 Pe = 45
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selt number within the entrance section as compared to Nu∞. These effects are illus-
trated in Fig. 4.14, which shows the dependence Nu(χ+)/Nu∞ on χ+. It is possible
to estimate the critical value of the parameter M that subdivides the states at which
the effect of axial conduction dominates (M > Mcr) or it is negligible (M < Mcr).
According to the data of Petukhov (1967), this critical value is Mcr � 0.01. In line
with these results we obtain the following evaluation of the length where the effect
of axial conduction in the fluid should be taken into consideration: x

r0
Pe ≤ 20.

4.4.2 Axial Conduction in the Wall

The problem of axial conduction in the wall was considered by Petukhov (1967).
The parameter used to characterize the effect of axial conduction is P =(
1−d2

0/d2
in

)
(k2/k1). The numerical calculations performed for q = const. and neg-

lecting the wall thermal resistance in radial direction, showed that axial thermal con-
duction in the wall does not affect the Nusselt number Nu∞. Davis and Gill (1970)
considered the problem of axial conduction in the wall with reference to laminar
flow between parallel plates with finite conductivity. It was found that the Peclet
number, the ratio of thickness of the plates to their length are important dimension-
less groups that determine the process of heat transfer.

The effect of axial conduction in the wall on the heat transfer in micro-channels
was recently investigated by Maranzana et al. (2004) and Tiselj et al. (2004). In the
first study the thermal structure of laminar flow between parallel plates was investi-
gated. In the second one, heat transfer characteristics of water flowing through tri-
angular silicon micro-channels were analyzed. For the physical interpretation of the
effects due to axial conduction in the wall, Maranzana et al. (2004) introduced “ax-
ial conduction number” M defined as the ratio of conductive heat flux to convective
heat flux. Numerical calculations by Maranzana et al. (2004) showed that the effect
of axial conduction in the wall is significant when M > 10−2 or estimated using rela-
tion (Celata et al. 2005, 2006) suggested the relation kw

(
d2

out −d2
0

)
/kfd0L.01RePr,

where kw and kf are the thermal conductivity of wall and liquid, respectively, dout

and d0 are the outer and inner tube diameter, and L is the tube length. According to
Tiselj et al. (2004), axial conduction in the wall significantly affects the longitudinal
fluid and wall temperature distribution and longitudinal distribution of the normal
and axial heat flux. We will discuss these results in Sect. 4.5.

4.4.3 Combined Axial Conduction in the Fluid and in the Wall

The energy equations for the fluid and the wall are (Petukhov 1967):

∂ ũθ1
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∂
∂R
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R
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)
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Pe2
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1
R
∂
∂R

(
R
∂θ2

∂R

)
+

1

Pe2

∂ 2θ
∂X+2 = 0 (4.29)

where θi = (Ti −T0)/(qd1/ki), i = 1,2 for the fluid and wall, respectively.
Integration of Eqs. (4.28) and (4.29) through the cross-section of the micro-

channel gives:
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The sum of Eq. (4.30) and Eq. (4.31) is:
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Taking into account that

θ 1 =
1∫

0

θ1RdR, θ 2 = (R2
∗ −1)−1
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we obtain:
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Assuming that d2θ 1/dX+2 ≈ d2θ 2/dX+2 the following equation for average fluid
temperature was obtained

d2θ 1

dX+2 − Pe2

4R2∗

dθ1

dX+2 +
1
2

k1,2
Pe2

R2∗
= 0 . (4.36)

The longitudinal fluid temperature distribution is:

θ 1 = C1 +C2 exp

(
Pe2

4R2∗
X+

)
+ 2

k1

k2
X+ (4.37)

where C1 = −C2; C2 = − 2(k1/k2)

(Pe2/4R2∗)
exp

(
Pe2X+∗

4R2∗

)
.
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Then, the parameter M is

M =
1
4

1− exp(χ̃− χ̃∗)
(k1/k2)χ̃ − exp(χ̃ − χ̃∗)+ exp(−χ̃∗) (4.38)

where χ̃ = Pe2X+

4R2∗
, χ̃∗ = Pe2X+∗

4R2∗
.

For the limiting cases χ̃ � 1 and χ̃∗ 
 1 we obtain the following estimation:

M =
1

4k1,2

1
χ̃

=
Λ

4χ+ (4.39)

where Λ = (k2/k1) (r0/rout)
2. For conditions corresponding to flow in micro-chan-

nels, this factor is Λ 
 1. For example Λ equals 25 and 250 for water flows in
micro-channels of r0/rout = 1.1 made of stainless steel and silicon, respectively.
This shows that conduction in the wall has significant effect on the heat transfer in
the micro-channels. It can be an important factor that leads to changes in the heat
transfer coefficient.

4.5 Micro-Channel Heat Sinks

4.5.1 Three-Dimensional Heat Transfer
in Micro-Channel Heat Sinks

The cooling systems fabricated from a large number of rectangular (Qu and Mu-
dawar 2002a; Toh et al. 2002; Li et al. 2004), triangular (Tiselj 2004) or cir-
cular (Kroeker et al. 2004) micro-channels were investigated both theoretically
and experimentally. The micro-channel heat sinks are highly complicated systems
with a non-uniform distribution of thermal characteristics. The existence of a non-
uniform temperature field in the liquid and solid substrate leads to a non-uniform
distribution of heat fluxes in the streamwise and spanwise direction. Qu and Mu-
dawar (2002a) carried out calculations at Re = 140, 700, and 1,400 for heat sinks.
The micro-channels had a width of 57 µm and a depth of 180 µm, and were sep-
arated by a 43 µm wall. The major approximations introduced in the classical fin
analysis method for micro-channel heat sinks operating in the laminar flow regime
are summarized and assessed based on numerical results. The numerical results of
that study revealed that the classical fin method could only provide a qualitatively
correct picture of the heat transport in a micro-channel heat sink.

Numerical results of the heat transfer inside four 1 cm2 heat sinks with 150 and
200 channels were presented by Toh et al. (2002). Their calculation predicted the
local thermal resistance very well. The micro-heat sink modeled in the numerical
investigation by Li et al. (2004) consisted of a 10 mm long silicon substrate. The
rectangular micro-channels had a width of 57 µm, and a depth of 180 µm. The heat
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transfer calculations were performed for Reynolds numbers of 144, 77 and 42. The
longitudinal heat conduction along the silicon wafer at different Reynolds number
is different. In reality, because it is difficult to achieve an adiabatic boundary at the
inlet and outlet of the heat sink as assumed in the numerical model, a significant
portion of the heat is transferred to the inlet and outlet manifolds, especially for low
fluid flow conditions. Thus, when evaluating the heat transfer in micro-heat sinks
with low fluid flow rates, particular attention should be paid to the effects of heat
conduction through the wafer.

Kroeker et al. (2004) investigated thermal characteristics of heat sinks with
circular micro-channels using the continuum model based on the conventional
Navier–Stokes equations and the energy conservation equation. Developing flow
(both hydrodynamically and thermally) was assumed in the flow region and three-
dimensional conjugate heat transfer was assumed in the solid region. At the inlet
and outlet of the solid region (copper or silicon), adiabatic boundary conditions
were imposed. The calculations of local Nusselt number performed at Re = 500
and Re = 1,000 follow closely the classical solution reported by Shah and London
(1978) for forced convection in tubes with constant wall temperature.

One particular characteristic of conduction heat transfer in micro-channel heat
sinks is the strong three-dimensional character of the phenomenon. The smaller the
hydraulic diameter, the more important the coupling between wall and bulk fluid
temperatures, because the heat transfer coefficient becomes high. Even though the
thermal wall boundary conditions at the inlet and outlet of the solid wall are adia-
batic, for small Reynolds numbers the heat flux can become strongly non-uniform:
most of the flux is transferred to the fluid at the entrance of the micro-channel.
Maranzana et al. (2004) analyzed this type of problem and proposed the model of
channel flow heat transfer between parallel plates. The geometry shown in Fig. 4.15
corresponds to a flow between parallel plates, the uniform heat flux is imposed on
the upper face of block 1; the lower face of block 0 and the side faces of both blocks

Fig. 4.15 Effect of axial con-
duction, channel between
two parallel plates (Maran-
zana et al. 2004) (schematic
view): 1 cover plate, 2 micro-
channel, 3 silicon block 1,
4 silicon block 0, 5 heater
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are adiabatic. The two 10 mm long and 500 µm thick blocks are made of silicon,
water flows in the 100 µm thick channel. Figure 4.16a–c shows interface tempera-
ture, interface heat flux and the Nusselt number. The lower the Reynolds number,
the larger the axial conduction effects.

The numerical and experimental study of Tiselj et al. (2004) (see Fig. 4.17) was
focused on the effect of axial heat conduction through silicon wafers on heat transfer
in the range of Re = 3.2−84. Figure 4.17 shows their calculation model of a triangu-
lar micro-channels heat sink. The results of calculations are presented in Fig. 4.18.

Fig. 4.16a–c Effect of ax-
ial conduction. Numerical
simulation. (a) Interface tem-
perature. (b) Interface heat
flux. (c) The Nusselt numbers.
Reprinted from Maranzana et
al. (2004) with permission
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Fig. 4.17 Calculation model of triangular micro-channels heat sink: 1 cover plate, 2 micro-
channel, 3 silicon wafer, 4 heater. Reprinted from Tiselj et al. (2004) with permission

The thermal wall boundary conditions used by Tiselj et al. (2004) at the inlet and
outlet of the solid wall are not adiabatic (cf. Maranzana et al. 2004). The heat sink
was made from a square-shaped silicon substrate of 15×15 mm and 530 µm thick,
and in the silicon substrate, 17 parallel micro-channels were etched. The cross-
section of each channel was an isosceles triangle with a base of 310 µm, the length
of the micro-channels was L = 15 mm, the heating length was Lh = 10 mm. The
angles at the base were 55◦, the hydraulic diameter was dh = 160 µm. The experi-
mental results were used for numerical calculation. The bulk water temperature and
the inner heated wall temperature are shown in Fig. 4.18a. Both temperatures did
not change linearly along the longitudinal direction. In fact, a linear temperature
rise cannot be regarded as a good approximation for both temperatures. When axial
heat flux is directed to both the inlet and the outlet manifolds, the water and heated
surface temperatures did not change monotonically. The longitudinal distributions
of wall normal heat fluxes are presented in Fig. 4.18b. The heat fluxes are taken to be
positive if they are directed from the solid to the fluid, and negative otherwise. The
direction and the magnitude of the negative heat flux depend on relation between the
two thermal resistances: the first defines the heat transport from the wall through the
boundary layer to the fluid core, and the second one quantifies the possibility of heat
transport through the silicon wafer. The importance of the second alternative path-
way for the heat transfer can be truly appreciated only in a three-dimensional conju-
gate heat transfer problem. The thermal wall boundary conditions have a dominant
role in such a problem. Numerical predictions of the local Nusselt number variation
in the streamwise direction are plotted in Fig. 4.18c. As indicated by Incropera and
De Witt (1996) the thermal entry length of a circular tube is:

Ltherm = 0.05Pe ·dh . (4.40)

In the study by Tiselj et al. (2004), the thermal entry length was 0.13 and 3.3 mm
for Re = 3.2 and 84, respectively.
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Fig. 4.18a–c Effect of axial conduction. Triangular micro-channels. ṁ = 0.0356 g/s. (a) Average
water and silicon temperature distributions. N = 8.424 W. (b) Wall normal heat flux distribution in
the silicon chip. 3-1 N = 2.816 W, 3-2 N = 5.676 W, 3-3 N = 8.424 W. (c) Axial distribution of
the Nusselt number in the chip. 3-1 N = 2.816 W, 3-2 N = 5.676 W, 3-3 N = 8.424 W. Reprinted
from Tiselj et al. (2004) with permission
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4.5.2 Entrance Effects

The entrance effects in a single channel were extensively studied in the past
(Petukhov 1967; Kays and Crawford 1993; Baehr and Stephan 1998; Schlichting
2000; Toh et al. 2002; Gamart et al. 2005). We restrict our discussion to the effect
of inlet and the outlet manifolds on the flow and temperature distributions between
the parallel micro-channels. Hetsroni et al. (2001) and Klein et al. (2005) observed
an uneven liquid distribution in the parallel micro-channels. Depending on the par-
ticular manifold design, the difference between the flow rates into some parallel
micro-channels was up to about 20%. Furthermore, due to relatively high thermal
conductivity of the manifolds, fluid pre-warming occurred in the inlet manifold and
additional warming occurred in the outlet manifold. The behavior of the Nusselt
number depends, at least partly, on the entrance effects, which may be important in
the laminar regime. The problem was also studied by Gamart et al. (2005). Ideal-
izing the flow rate as uniform can result in a significant error when predicting the
temperature distribution of a heated electronic device. Lee et al. (2005) showed that
the entrance and boundary conditions imposed in the experiment need to be care-
fully matched in the predictive approaches. In this case numerical predictions based
on a classical, continuum approach were in good agreement with the experimental
data.

4.5.3 Characteristic Parameters

Two definitions were considered by Qu and Mudawar (2004) for heat flux to the heat
sink. The first is an “effective” heat flux defined as the total electrical power input
divided by the top area of the heat sink. The second definition is a mean heat flux
averaged over the micro-channel heated inside area. We determine heat flux as the
power calculated from the energy balance based on fluid temperature at the inlet and
outlet manifolds, divided by the heated area of the micro-channel side walls (Tiselj
et al. 2004). Often special effects are proposed to explain unexpected experimental
results. A common assumption often made (Wang and Peng 1994; Peng and Peter-
son 1995; Peng and Peterson 1996) is to consider the wall heat flux to be uniform
along the channels. However, according to Fig. 4.16b, the wall heat flux was far
from uniform. As shown in Figs. 4.6c and 4.16a, the bulk temperature of the fluid
did not vary linearly (Gao et al. 2002; Maranzana et al. 2004; Tiselj et al. 2004). This
effect is especially important when the M number is large. For example, Maranzana
et al. (2004) utilized exact modeling of heat conduction in the wall. The correspond-
ing simulated estimation of the convective heat transfer coefficient at M = 0.32 was
equal to 25,900 W/m2 K. By comparison, the one-dimensional model, assuming
that the bulk temperature is linear, yields a mean convective heat transfer coeffi-
cient of 6,100 W/m2 K. Axial conduction can be neglected for M number lower
than 0.01.
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4.5.4 Effect of Wall Roughness

Wall roughness leads to increasing friction factor at the same Reynolds number.
Existence of roughness leads also to a decrease in the value of the critical Reynolds
number, at which the transition from laminar to turbulent flow occurs. We suggested
a following estimation of the relative roughness, corresponding to the hydrodynamic
threshold that subdivides the flow in smooth and rough channels (Hetsroni 2005):
ks/r0 < 5/1.41Re0.5, where ks is the average height of roughness, r0 is the chan-
nel hydraulic radius, and Re is the Reynolds number. For Re ∼ 2,000, the relative
roughness that corresponds to the boundary between the smooth and rough channels
is about 0.08. Turner et al. (1999, 2000) concluded that micro-channel surfaces with
relative surface roughness of 0.06 did not cause any statistical change in the friction
factor for laminar flow. The effect of surface roughness on heat transfer depends on
the Prandtl number. Kandlikar et al. (2003) reported that for a 1,067 µm diameter
tube, the effect of relative roughness of about 0.003 on heat transfer in water flow
was insignificant. For 620 µm, the same relative roughness increases the heat trans-
fer. New experiments should be performed to clarify the effect of wall roughness on
heat transfer.

4.5.5 Interfacial Effects

Turner et al. (1999) reported that for the Knudsen number Kn < 0.04 (ratio of mean
free path to channel hydraulic diameter) the continuum-based equations can be
used for flow in micro-channels. Because the micro-devices have a large surface-
to-volume ratio, factors related to surface effects have more impact on the flow at
small scales. Among these are the surface electrostatic charges. If the liquid con-
tains even a small amount of ions, the electrostatic charges on the solid surface will
attract the counter-ions in the fluid to establish an electrical field. The arrangement
of the electrostatic charges on the solid surface and the balancing charges in the
liquid is called the electrical double layer (EDL). Mala et al. (1997b), Yang and Li
(1998), and Ren et al. (2001) reported numerical and experimental results for the
EDL effect with different liquids. They found that the EDL effect led to higher fric-
tion coefficient for pure water and dilute solutions. No results for heat transfer were
presented.

4.5.6 Effect of Measurement Accuracy

In experiments of flow and heat transfer in micro-channels, some parameters, such
as the Reynolds number, heat transfer coefficient, and Nusselt number, are difficult
to obtain with high accuracy. The channel hydraulic diameter measurement error
may play a very important role in the uncertainty of the friction factor (Hetsroni
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et al. 2005). The analysis carried out by Hetsroni et al. (2003) for micro-tubes re-
veals the following values of standard uncertainties: for infrared measurements, sys-
tematic error 0.1 K, random error 0.2 K; for thermocouples, systematic error 0.1 K,
random error 0.15 K; for temperature acquisition system, systematic error 0.1 K,
random error 0.16 K. The 95% confidence uncertainty of the heat transfer coeffi-
cient was 13.2%. The uncertainty must be taken into account in the presentation of
experimental data and in comparison between experimental results and theoretical
predictions.

4.6 Compressibility Effects

Two-dimensional compressible momentum and energy equations were solved by
Asako and Toriyama (2005) to obtain the heat transfer characteristics of gaseous
flows in parallel-plate micro-channels. The problem is modeled as a parallel-plate
channel, as shown in Fig. 4.19, with a chamber at the stagnation temperature Tstg and
the stagnation pressure Pstg attached to its upstream section. The flow is assumed to
be steady, two-dimensional, and laminar. The fluid is assumed to be an ideal gas.
The computations were performed to obtain the adiabatic wall temperature and also
to obtain the total temperature of channels with the isothermal walls. The governing
equations can be expressed as

∂ρu
∂x

+
∂ρv
∂y

= 0 (4.41)
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Fig. 4.19 A schematic diagram of parallel-plate micro-channels. Reprinted from Asako and
Toriyama (2005) with permission
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The equation of the state for the ideal gas is expressed by

h =
γ

γ−1
P
ρ

=
γR
γ−1

T (4.46)

where γ = Cp/Cv, R is the gas constant.
If the range of the channel height is limited to be above 10 µm, then the no-slip

boundary condition can be adopted. Furthermore, with the assumptions of uniform
inlet velocity, pressure, density, and specified pressure Pout at the outlet, the bound-
ary conditions can be expressed as follows:

On the walls (y = ±0.5H) : u = v = 0

At the inlet (x = 0) : u = uin,v = 0,P = Pin,ρ = ρin (4.47)

At the outlet (x = �) : P = Pout .

The thermal boundary conditions on the channel walls are

∂T
∂y

= 0 for the adiabatic channel (4.48)

T = Tw for the isothermal channel. (4.49)

Adiabatic wall temperature

The computations were performed for air of R = 287 J/kg K, γ = 1.4, μ = 1.862×
10−5 Pa s, and k = 0.0261 W/m K to obtain the adiabatic wall temperature. The
adiabatic wall temperature is a wall temperature of the channel with the adiabatic
walls. The channel height ranged from 10 to 100 µm and length was fixed at 30 mm.
The stagnation temperature was kept at Tstg = 300 K. The stagnation pressure Pstg

varied between 1.3×105 and 2.5×106 Pa. The outlet pressure was maintained at
atmospheric condition Pout = 105 Pa.

Since the kinetic energy is related to Ma2, the adiabatic wall temperature might
be reduced by a function of Ma2 for the cases where the viscous heat dissipation is
negligibly small. Then, the values of Tw/Tstg for all channels are plotted as a function
of Ma2 in Fig. 4.20.

Channels with isothermal walls

The computations were also performed for the channels with isothermal walls of
Tw = 305, 310, and 350 K. Air was assumed for the working fluid and the identical
thermophysical properties mentioned earlier were used. The channel height ranged
from 10 to 100 µm and the ratio of the channel length to its height was either 100 or
200. The stagnation temperature was kept at Tstg = 300 K. The stagnation pressure
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Fig. 4.20 Tw/Tstg as a func-
tion of Ma2. Reprinted from
Asako and Toriyama (2005)
with permission

Fig. 4.21 Bulk temperature
for H = 10 µm and Tw =
350 K. Reprinted from Asako
and Toriyama (2005) with
permission

Pstg was varied between 1.2×105 and 4×105 Pa. The outlet pressure was maintained
at atmospheric condition Pout = 105 Pa.

The values of (Tb − Tstg)/(Tw − Tstg) for the channel of H = 10 µm and Tw =
350 K are plotted as a function of X+ in Fig. 4.21 with the bulk temperature for the
incompressible flow. The value of the bulk temperature for the incompressible flow
is normalized as (Tb −Tin)/(Tw −Tin). As seen in the figure, the bulk temperature
of the gaseous flow increases along the channel downstream and then levels off. It
decreases when approaching the outlet due to conversion of the thermal energy into
the kinetic energy. The same trend can be seen for the channels of h = 20, 50, and
100 µm. Therefore, the bulk temperature of the gas flow in the micro-channel cannot
be estimated from the correlation for the incompressible flow.

4.7 Electro-Osmotic Heat Transfer in a Micro-Channel

Electro-osmosis generated flows are interesting for micro-electronics, biomedical
diagnostic techniques, and a number of other applications. Important results re-
lated to heat transfer in such flows were obtained recently by Maynes and Webb
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(2003) and Horiuchi and Dutta (2004). Below we follow the first of these works
and consider some results corresponding to fully developed electro-osmotic heat
transfer in circular micro-tubes. At the assumption of no pressure-driven contribu-
tion to the velocity field, constant electrical and thermal conductivities and constant
wall ζ -potential, the momentum and energy equations that describe flow in circular
micro-tubes are

μ
1
r

d
dr

(
r

du
dr
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+
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where u and T are the velocity and temperature, Φ is the applied potential field,
s is the volumetric energy generation (s = i2eσ , ie is the conduction current density,
σ is the liquid electrical resistivity), ε is the fluid dielectric constant, ψ is the excess
charge distribution, k is the thermal conductivity, α is the thermal diffusivity, and
μ is the viscosity.

For low wall potentials the Debye–Huckel linearization holds and the excess
charge distribution is

ψ = ζ
I0(r/λ )
I0(r0/λ )

(4.52)

where ζ is the zeta potential, λ is the Debye length, r0 is the micro-channel radius,
and I0 is the modified Bessel function of the first kind of order zero.

Integration of Eqs. (4.50) and (4.51), with correlation (4.52), yields the following
expression for velocity and temperature distribution, at qw = const.:

Fig. 4.22 Normalized electro-
osmotically driven velocity
profiles as a function of z for
circular tube. Reprinted from
Maynes and Webb (2003)
with permission
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where R = r/r0, Z = r0/λ , λ is the Debye length, Umax is the maximum possible
electro-osmotic velocity for a given applied potential field, θ − (T −Tm)(qwr0/k)
is the dimensionless temperature, Tm is the mixed mean temperature, qw is the wall
heat flux, S = sr0/qw is the dimensionless energy generation, u is the average vel-
ocity,

Fig. 4.23 Normalized tem-
perature profile for the circu-
lar tube as a function of R and
Z. Reprinted from Maynes
and Webb (2003) with per-
mission
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and I1 is the modified Bessel function of the first kind of order one.
The velocity and temperature distributions in a cross-section of a circular micro-

tube are plotted in Figs. 4.22 and 4.23. It is seen that the velocity profile is deter-
mined by a single parameter, Z, whereas the temperature profile depends on two
dimensionless groups, Z and S.

The shape of the velocity profile changes from parabolic corresponding to
Poiseuille flow (Z < 1) to a uniform, slug-like one which is typical for flow with
concentrated momentum source near the wall (Z 
 1) and thin boundary layer. As
can be seen in Fig. 4.23, the temperature distribution is independent from param-
eter s at large enough values of the ratio of micro-channel radius to the Debye length.
Taking into account that the Debye length in pure water is about 1 µm (Hunter 1981),
it is possible to estimate the micro-channel diameter, at which the electro-osmotic
effect on heat transfer is negligible, as about 200 µm.

A general case of heat transfer under the conditions of combined action of
electro-osmotic forces and imposed pressure gradient was considered by Chakra-
borty (2006). The analysis showed that in this case the Nusselt number depends not
only on parameters z and S, but also on an additional dimensionless group, which is
a measure of the relative significance of the pressure gradient and osmotic forces.

4.8 Closing Remarks

Heat transfer in micro-channels occurs under superposition of hydrodynamic and
thermal effects, determining the main characteristics of this process. Experimental
study of the heat transfer in micro-channels is problematic because of their small
size, which makes a direct diagnostics of temperature field in the fluid and the wall
difficult. Certain information on mechanisms of this phenomenon can be obtained
by analysis of the experimental data, in particular, by comparison of measurements
with predictions that are based on several models of heat transfer in circular, rectan-
gular and trapezoidal micro-channels. This approach makes it possible to estimate
the applicability of the conventional theory, and the correctness of several hypothe-
ses related to the mechanism of heat transfer. It is possible to reveal the effects of
the Reynolds number, axial conduction, energy dissipation, heat losses to the envi-
ronment, etc., on the heat transfer.

Theoretical models used for this purpose can be subdivided into two groups de-
pending on the degree of accuracy of their assumptions. The first of these groups
includes the simplest one-dimensional models assuming uniform heat flux, constant
heat transfer coefficient, etc. The comparison of these models with experiments
shows significant discrepancy between the measurements and the theoretical pre-
dictions. Using some “new effects,” which are not accounted for by conventional
Navier–Stokes and energy equations, the simple models may explain experimental
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results. The second group is based on numerical solution of full Navier–Stokes and
energy equations, which account for the real geometry of the micro-channel, axial
conduction in the fluid and wall, energy dissipation, non-adiabatic thermal boundary
condition at the inlet and outlet of the heat sink, dependence of physical properties
of fluid on temperature, etc. These models demonstrate a fairly good agreement
with available experimental data. As a rule, the numerical calculations using simple
models were performed for the following hydraulic boundary conditions:

1. A uniform velocity profile was set at the channel inlet.
2. The flow was assumed to be fully developed in the test section.
3. All the fluid properties were constant.

The thermal boundary conditions were set as follows:

1. Constant heat flux at the walls
2. Adiabatic conditions at the inlet and outlet

These boundary conditions are not in agreement with experiments for which the
“new effects” were assumed. As a result, some researchers concluded that con-
ventional Navier–Stokes and energy equations are not valid, and that only “new
effects” can explain the experimental data. The numerical solutions based on the
Navier–Stokes and energy equations with the proper boundary conditions demon-
strate a fairly good agreement with available experimental data. The results can be
generalized as follows:

1. The effect of energy dissipation on heat transfer in micro-channels is negligible
under typical flow conditions.

2. Axial conduction in the fluid and wall affects significantly the heat transfer in
micro-channels. In laminar flow, two heat transfer regimes may be considered.
The first takes place when Re > 150 and the axial conduction number M <
0.01, or estimated using the relation kw

(
d2

out −d2
0

)
/kfd0L.01RePr. Under these

conditions the heat transferred through the solid substrate may be neglected and
adiabatic boundary conditions may be imposed at the inlet and outlet manifolds
to solve a conjugate three-dimensional heat transfer problem. The second regime
occurs at Re < 150, M > 0.01. In this case, the heat transferred through the solid
substrate should be taken into account.

3. The following considerations must be taken into account in the evaluation of
any experimental results:

a. The experimental results based on the measurements of the fluid tempera-
ture only at the inlet and the outlet manifolds of the heat sink may lead to
incorrect values of the Nusselt number.

b. Since it is difficult to measure the local heat flux at the inner channel wall,
the definition of the heat transfer coefficient is very important and will
strongly influence its value.

4. Accurate estimation of the heat transferred through the solid substrate in ex-
periments should be obtained from energy balance that includes electric power
(simulating the electronic components on the top or bottom wall of the heat
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sink), convective heat transfer to the fluid (based on fluid mass flow rate and
bulk fluid temperature measured at the inlet and outlet manifolds), and heat
losses.

5. The heat transfer coefficient calculated numerically using an exact model with
regard to the heat transferred through the solid substrate represents the correct
variation of the Nusselt number with respect to the Reynolds number.

6. The thermal entry length should be considered by comparison between experi-
mental and numerical results.

Summary

1. A variety of studies can be found in the literature for the solution of the convec-
tion heat transfer problem in micro-channels. Some of the analytical methods
are very powerful, computationally very fast, and provide highly accurate re-
sults. Usually, their application is shown only for those channels and thermal
boundary conditions for which solutions already exist, such as circular tube and
parallel plates for constant heat flux or constant temperature thermal boundary
conditions. The majority of experimental investigations are carried out under
other thermal boundary conditions (e.g., experiments in rectangular and trapez-
oidal channels were conducted with heating only the bottom and/or the top of
the channel). These experiments should be compared to solutions obtained for
a given channel geometry at the same thermal boundary conditions. Results ob-
tained in devices that are built up from a number of parallel micro-channels
should account for heat flux and temperature distribution not only due to heat
conduction in the streamwise direction but also conduction across the experi-
mental set-up, and new computational models should be elaborated to compare
the measurements with theory.

2. A number of physical parameters or dimensionless groups formulated to de-
scribe the same phenomenon have different interpretations. For example, in
some studies heat flux is defined as based on a planform area of heat sink top sur-
face, and in other studies as based on a channel heated inside area. The Nusselt
number is defined in the literature as based on the difference between wall and
fluid temperature. It may be for developed or developing flows, and may present
a peripheral local or average value. Additionally this temperature difference may
be defined differently. For example, the averaged Nu in micro-channels may be
based on the difference (Tw,av −Tf,av) where Tw,av is the average temperature of
the channel bottom, or averaged peripheral temperature, or may be based on
the logarithmic temperature difference, etc. For the most part the temperature
Tf,av was defined as (Tf ,in + Tf ,out)/2. Such an assumption of linear varying the
fluid temperature along a micro-channel may lead to the conclusion which is not
physically sound, that the Nusselt number depends on the Reynolds number un-
der laminar flow. An effort to standardize the definitions of physical parameters
and dimensional groups for flow through micro-channels should be made.



188 4 Heat Transfer in Single-Phase Flows

3. Only a small number of solutions for the laminar forced convection problem and
experimental investigations are available in the literature with some variations
in the associated thermophysical properties. To the authors’ knowledge, for ex-
ample, no experimental study is available to clarify the effect of the Prandtl
number on the heat transfer in micro-channels with different duct geometries.

4. Depending on the particular design of inlet and outlet manifolds, the difference
between the flow rates into some parallel micro-channels may be up to 20%.
Idealizing the flow rate as uniform can result in significant error in prediction of
the temperature distribution of a heated electronic device.

5. For channels above dh = 1 mm the surface roughness generally does not af-
fect the Nusselt number as long as the height of the relative average surface
roughness is less than 1%. For small diameters tubes (dh < 0.6 mm) the relative
average roughness ks/dh > 0.003 increases heat transfer up to 25–30% in the
range of Re = 1,000−2,000. This effect is more pronounced at higher values of
relative surface roughness and Reynolds numbers.
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Nomenclature

A Cross-section
Ad Ratio of convective heat transfer to dissipation one
a Relative surface roughness
cp Specific heat
C Concentration
d Inner diameter
dh Hydraulic diameter
h Heat transfer coefficient, enthalpy
H Micro-channel height
I0 Bessel function
ie Current density
k Thermal conductivity
ks Average height of roughness
L Length
M Conductive to convective heat flux ratio
m Flow rate
Ma Mach number
N Power
P Pressure
q Heat flux
Resh Shear Reynolds number, based on the shear viscosity
r Radius
r0 Tube radius, inner hydraulic radius
R Gas constant, R = r/r0 dimensionless distance from tube axis
s Volumetric energy generation
T Temperature
T Average fluid temperature
U Average velocity
Um Normalized local velocity
u Streamwise velocity
umax Maximum possible electro-osmotic velocity
v Spanwise velocity
W Channel width
Wb Width of the channel bottom
Wc Spacing
Wt Width of the channel top
x Longitudinal coordinate

Br =
μU2

k(Tw −Tf)
Brinkman number

Ec =
U2

2cpΔT
Eckert number
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Kn =
λ
dh

Knudsen number

Na = −4βμU2

k
Nahme number

Nu =
hdh

kf
Nusselt number

Nu0 Nusselt number corresponds to negligible viscous dissipation

Pe =
Udh

α
Peclet number

Pr =
ν
α

Prandtl number

Re =
Udh

ν
Reynolds number

X+ =
x

dhPe
Dimensionless longitudinal coordinate

Greek symbols

α Thermal diffusivity
β Temperature sensitivity
ΔT = Tw −Tf Temperature difference
δ Thickness of tube
γ Aspect ratio, relation of cp/cv

ε Fluid dielectric constant
ζ Wall zeta potential
θ Dimensionless temperature
λ Friction factor, Debye length
λ Mean free path
μ Dynamic viscosity
ν Kinematic viscosity
Π Bejan number
ρ Density
σ Liquid electrical resistivity
Φ Applied potential field
ψ Excess charge distribution

Subscripts

ad Adiabatic
av Average
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ax Axial
b Bulk
cond Conduction
conv Convection
d Developed
f Fluid
h Heated
in Inner, inlet
inv Inversion
out Outer, outlet
sh Shear
sur Surfactant
stg Stagnation
th Theoretical
therm Thermal
tot Total
v Volume
w Wall
wat Water
1 Fluid
2 Wall
2.1 Ratio parameter of wall to fluid




